WeierstraB-Institut
fir Angewandte Analysis und Stochastik

Leibniz-Institut im Forschungsverbund Berlin e. V.

Preprint ISSN 2198-5855

An existence result and evolutionary ['-convergence for perturbed

gradient systems

Aras Bacho', Etienne Emmrich', Alexander Mielke 22

submitted: April 2, 2018

! Technische Universitat Berlin 2 Weierstrass Institute
Sekretariat MA 5-3 Mohrenstr. 39
StraBBe des 17.Juni 136 10117 Berlin
10623 Berlin Germany
Germany E-Mail: alexander.mielke@wias-berlin.de

E-Mail: bacho@math.tu-berlin.de
emmrich@math.tu-berlin.de

3 Institut fir Mathematik
Humboldt-Universitat zu Berlin
Rudower Chaussee 25
12489 Berlin-Adlershof
Germany

No. 2499
Berlin 2018

I\
SNl

2010 Mathematics Subject Classification. 35A15, 35K50, 35K85, 49Q20, 58E99.

Key words and phrases. Doubly nonlinear equations, differential inclusions, generalized gradient flows, perturbed gradient
flows, evolutionary Gamma convergence, homogenization, reaction-diffusion systems.

The research was partially supported by DFG via SFB 910 via the subprojects A5 and A8.



Edited by

WeierstraB3-Institut fiir Angewandte Analysis und Stochastik (WIAS)
Leibniz-Institut im Forschungsverbund Berlin e. V.

Mohrenstra3e 39

10117 Berlin

Germany

Fax: +493020372-303

E-Mail: preprint@wias—-berlin.de

World Wide Web: http://www.wias—-berlin.de/



An existence result and evolutionary I'-convergence
for perturbed gradient systems

Aras Bacho, Etienne Emmrich, Alexander Mielke

Abstract

The initial-value problem for the perturbed gradient flow

{ B(t,u(t)) € 0,y (u'(t)) + 0&(u(t)) for a.a. t € (0,T),
u(0) = wo,

with a perturbation B in a BANACH space V is investigated, where the dissipation
potential ¥, : V. — [0,+00) and the energy functional & : V — (—o0,+o0] are
nonsmooth and supposed to be convex and nonconvex, respectively. The perturbation
B:[0,T] xV — V* (t,v) — B(t,v) is assumed to be continuous and satisfies a
growth condition. Under additional assumptions on the dissipation potential and
the energy functional, existence of strong solutions is shown by proving convergence
of a semi-implicit discretization scheme with a variational approximation technique.

1 Introduction

The aim of this paper is to provide existence results for the initial-value problem for the
doubly nonlinear evolution inclusion

B(t,u(t)) € 0%, (u'(t)) + 0&(u(t)) in V™ fora.a. t € (0,T), (1.1)

with a continuous perturbation B in the separable and reflexive real BANACH space
(VoI - ), where 0¥, and O&; denote the subdifferential of ¥, and &, respectively. The
functional ¥, is supposed to be a dissipation potential for all u € dom(&;), i.e., it is proper,
lower semicontinuous and convex with ¥,(0) = 0 for all u € dom(&;). If the functionals ¥,
and & are FRECHET differentiable, the differential inclusion (1.1) becomes the abstract
evolution equation (also called doubly nonlinear equation in [CoV90, Col92])

D, (v (t)) = =D& (u(t)) + B(t,u(t)) in V* a.e. in (0,7T),

where D%, and D&, denote the FRECHET derivative of ¥, and &, respectively. The question
arises why it is interesting to study perturbed gradient systems. First of all, to consider
perturbed systems is sometimes important in order to describe physical systems near or
far from equilibrium properly. There are many ways to incorporate the perturbation in
the equation.

The most frequently used method is to consider an e-family of equations, where the
occurring terms depend on the parameter €, and then to pass to the limit as ¢ — oo,
where the limit equation corresponds to the unperturbed system. Another way to treat
perturbed systems is to use an additional term in the equations like the term B; in (1.1)
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A. Bacho, E. Emmrich, A. Mielke 2

or even a combination of both as in [Miel6a], where the author considered the family of
equations

DW5 i ('(t)) = =DE; (u(t)) + B(t, u(t))

to derive results on the so-called evolutionary I'-convergence.

Second, [Miel6a, p.235] highlights with an example that in some cases it can be
easier to treat a system with a nontrivial but exact gradient structure (X, g, @) perturbed
gradient system (V, £, ¥, B) with a simpler energy £ and simpler dissipation potentials ¥,.

While Section 2 provides the main existence result in Theorem 2.5, we devote Section
3 to the question of evolutionary I'-convergence of families (V, %, ¥¢, B®) of perturbed
gradient systems. This provides a generalization of the results developed in [SaS04, Serl11,
Miel6b] for exact gradient flows, i.e. the case where B* = 0. Following the ideas in
[MRS13, Thm.4.8], our Theorem 3.1 shows that under suitable technical assumptions,

including convexity of £°, it is enough to establish & EiN &Y (strong I'-convergence in V)

and Wy M, !1730 in V', where MOSCO convergence means weak and strong I'-convergence.
In Section 4 we show that the abstract result on evolutionary I'-convergence can be used
for the homogenization of quasilinear parabolic systems. For that application the Mosco

convergence ¥y —» WSO is too restrictive, such that it is necessary to generalize it to

situations where the strong I'-convergence ¥;_ L &030 is sufficient, see Corollary 3.3. Here
we rely on an novel argument from LIERO-REICHELT [LiR18], where the weak convergence
of u. — ug in WH(0,T; V) is circumvented by exploiting the strong convergence of the
piecewise affine interpolants @7 — g in Wh1(0,T;V) for e — 0 and 7 > 0 fixed.

The general structure is that we provide a full and detailed proof of the existence
result in Section 2, where we use DE GIORGI’S minimization scheme using variational
interpolators. The result on the evolutionary I'-convergence in Section 3 follows the same
lines but is considerably simpler as existence of solutions is assumed to be shown. Hence,
for getting an overview of the strategy in Section 2 it might be helpful to browse through
the more compact proof of Theorem 3.1 first. This will facilitate the subsequent reading
of the full details in Section 2. In particular, the elaborate time-discretization using DE
GIORGTI’s variational interpolants is only needed there.

2 The main existence result

Before making all the assumptions concerning the dissipation potential, the energy func-
tional and the perturbation, we need some basic tools from convex analysis.

2.1 Preliminaries and notation

In this section we collect some important notions and results on convex analysis and I'-
convergence, which we need later on for the existence result. First of all, we introduce the so-
called LEGENDRE-FENCHEL transform (or conjugate) ¥* of a proper, lower semicontinuous
and convex functional ¥ : V' — (—o0, +00] that is defined by

(&) = 325{<5’“> —V(u)}, §eVr

where (-, -) denotes the duality pairing between the BANACH space V' and it’s topological
dual space V*. From the definition, the FENCHEL-YOUNG inequality

(€ u) <U(u) +¥7(§), veV eV,
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immediately follows. It is also easy to check that the conjugate itself is proper, lower
semicontinuous and convex, see for example EKELAND and TEmAM [EkT74]. If) in
addition, ¥(0) = 0, then ¥*(0) = 0 holds too. For a proper functional F': V' — (—o0, +0o0],
the (FRECHET)-subdifferential of F is given by the multivalued map OF : V — 2V with

OF (u) = {g eV liminf LW =P =G o}

v lv = ull

for all elements u in the effective domain dom(F') := {v € V' | F(v) < 400} of F. For
convex and proper functions F', it follows by simple calculations that the subdifferential of
F' is given by

OF(u)={£&eV*: Flu) < F(v)+ ({,u—v) foralveV}.

The following lemma gives a relation between the subdifferential of a functional and it’s
LEGENDRE-FENCHEL transform.

Lemma 2.1. Let ¥ : V — (—o00,+0o0] be a proper, lower semicontinuous and convex
functional and let W* : V* — (—o00,+00] be the LEGENDRE-FENCHEL transform of W.
Then for all (u,&) € V- x V* the following assertions are equivalent:

i) £e€ed¥(u) inV*
i) w€ W) inV;
iii)  (§u)y ="(u)+P*(&) inR.
Proof. EKELAND and TEMAM [EkT74, Prop. 5.1 and Cor. 5.2 on pp. 21]. O

For the dissipation potentials ¥, we need the notion of I'-convergence, see [Dal93,
Bra02, Bra06] (also called epigraph convergence in [Att84]). We consider a functional ¥ :
V — (—o00, 00] and a sequence (¥, ),en of functionals all of which are lower semicontinuous

convex functionals. The (strong) I'-convergence ¥, L ¥ in V is defined via

(@)  vp v = ¥(v) <lminf &, (v,),

v, Ly e—
(b) VeV I(Up)nen: 0Un— v and ¥(v) > limsup,,_,. ¥ (vy).

Here (a) is called the (strong) liminf estimate, while (b) is called the (strong) limsup
estimate or the existence of recovery sequences. Similarly we define the (sequential) weak

I'-convergence ¥, L in Vv via
(a) v, —~v = ¥(v) < lim inf U (vn),

v, L — R ~ i
(b) V0 eV I([0n)nen: 0Unp — 0 and ¥(v) > limsup,,_, o Un(vn).

If both convergences hold, then we say that ¥, M0osco converges to ¥ and write ¥, Moy,
In [Att84, pp.271] the following fundamental relation between I'-convergence and the
LEGENDRE-FENCHEL transform was established:

v, Lo — u Ly (2.1)

which always holds on reflexive Banach spaces V' if all ¥,, and ¥ are nonnegative (as for
our dissipation potentials).
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2.2 Semi-implicit variational approximation scheme

The basic idea to show the existence of strong solutions to (1.1) with an initial condition
u = ug € V is to construct a solution via a particular discretization scheme, more precisely,
with a semi-implicit EULER method. The usual implicit Euler method does not work since
the equation (1.1) does not possess the gradient flow structure due to the nonpotential
perturbation. With our approach, it is possible to construct time-discrete solutions via a
variational approximation scheme. To illustrate this let for N € N\{0}

L ={0=ty<ty < - <th=nr<---ty=T} (2.2)

be an equidistant partition of the time interval [0, T with step size 7 := T'/N, where we
omit the dependence of ¢,, on the step size 7 for simplicity. The approximation of (1.1) is
then given by

Ur — yn-?

T

B(tn-1,Ur") € 00yn <

T

)+8&ﬂﬁ) n=1,---,N, (2.3)

where the values U ~ u(t,), which shall approximate the exact solution of (1.1) at
t,, are to determine. If both the dissipation potential and the energy functional are
FRrRECHET-differentiable the inclusion (2.3) becomes the equation

Ur — yn-!

T

T

B(tn—h Un_l) = Dl*pr71 < > + Dgtn(U:—l% n= 17 U )N' (24)

It is now simple to see that the value U can be characterized as a solution of the
EULER-LAGRANGE equation associated to the map
v Oty UM By, UM )5 0),

where

V—Uu

O(r,t,u, w;v) =¥, ( ) + Epr(v) — (w,v) (2.5)

r

forr e R*Y ¢t € [0,T) with r +¢ € [0,T], u,v € V, and w € V*. In fact, we determine the
value U by minimizing the functional @ in the variable v € V' under suitable conditions
on the dissipation potential and the energy functional. To assure that the value U satisfies
the inclusion (2.3) also in the nonsmooth case, which is in general not true, we make an
assumption to enforce property.

2.3 Assumptions for the main existence result

We now collect the assumption on the perturbed gradient system PG = (V, £, ¥, B) for
our existence result. They will be denoted in via (2.En), (2.Wm), and (2.Bk).
The assumptions for the energy functional are the following.

(2.Ea) Constant domain. For all t € [0,7], the functional & : V — (—o0,400] is
proper and lower semicontinuous with the time-independent effective domain
D =dom(&) C V for all t € [0,T7.

(2.Eb) Compactness of sublevels. There exists t* € [0, 7] such that the functional Ej
has compact sublevels in V.

DOI 10.20347/WIAS.PREPRINT.2499 Berlin 2018



An existence result and evolutionary I'-convergence for perturbed gradient systems )

(2.Ec) Energetic control of power. For all u € D, the power map t — &(u) is
continuous on [0, 7] and differentiable in (0,7") and its derivative 0,&; is controlled
by the function &, i.e., there exist C' > 0 such that

10:&(u)| < C&(u) forallt e (0,7)and u € D.

(2.Ed) Chain rule. For every absolutely continuous curve v € AC([0,7]; V) and every
BOCHNER integrable functions £ € L!(0,T; V*) such that

sup |&(u(t))| < 400, &(t) € 0&(u(t)) a.e. in (0,7),

te[0,7]

/Wt) ))dt < +00 and /LV‘ £(t))dt < 400,

the map ¢ — & (u(t)) is absolutely continuous on [0, 7] and

d

Eﬁt(u(t)) > (£(t), W' (t)) + 01 (u(t)) a.e. in (0,T).

(2.Ee) Strong-weak closedness. For all ¢ € [0, T] and all sequences (t,,, &, )neny C V XV*
with &, € 0 (u,) such that

u, vueV, &—~&eV* &Eu,) - E€R and 0&(u,) - PR
as n — 00, we have the relations

f c 85t(u), P S atc‘ft(u) and & = St(u)

We first give a few relevant comments on these assumptions that will be important below.

Remark 2.2.
i) From Assumption (2.Ec) we deduce with GRONWALL’s lemma the chain of inequalities

e~ tlg (1) < E(u) < eColE (u)  for all s,t € [0,T). (2.6)
In particular there exists a constant C7 > 0 such that

G(u) = sup &(u) < Cy inf &(u) forallu e D. (2.7)

te[0,7) t€[0,7]

i1) From Assumptions (2.Eb) and (2.Ec) we deduce the existence of a real number S
which bounds the energy functional from below, i.e.,

E(u)>S forallueV,tel0,T]. (2.8)

i7i) From the strong-weak closedness property of the graph of OF in (2.Ee) and MOR-
DUKHOVICH [Mor(06, Lem. 2.32, p. 214] one can argue as in [MRS13, Prop. 4.2, p. 273],
in order to show the following variational sum rule:
If for upg € V, r > 0, and t € [0,7] the point u € V is a global minimizer of
O(7,t, up, w;-), then

3¢ €06 (u): w—¢ € v, (“;“‘)); (2.9)

or equivalently w € 0%, (u — u0> + 04 (u).

DOI 10.20347/WIAS.PREPRINT.2499 Berlin 2018
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iv) Assumption (2.Eb) and point ) in this remark yields immediately that the functional
& has compact sublevels for all ¢ € [0, 7.

v) It is possible to relax Assumption (2.Ec) by assuming not the time differentiability
but a kind of LIPSCHITZ continuity and a conditioned one-sided time differentiability
of the map ¢ + & (u), see [MRS13]. We shall confine ourselves to Assumption (2.Ec)
just to simplify the proofs.

Now, we collect the assumptions concerning the dissipation potential V.

(2.Wa) Dissipation potential. For all u € V' the functional ¥, : V' — [0, +00) is lower

semicontinuous and convex with ¥(0) = 0. Furthermore if wy, ws € 0¥, (v) for any
v € V then ¥ (wq) = ¥} (ws).

(2.Wb) Superlinearity. The functionals ¥, and ¥ are coercive uniformly with respect
to u € V in sublevels of F, i.e., for all R > 0 there hold

1 1
lim ( inf W{f(f))zoo, lim ( inf Wu(v)):oo,
lell—+oo [JE]1 \ nev oli=-+oo [ll| \ uev
(W<R G(u)<R

where G(u) 1= sup,¢jo 7y E(u) for all u € V.

(2.Wc) State-dependence is Mosco continuous. The functional ¥ is continuous in
the sense of MOsCO-convergence, i.e., for all R > 0 and sequences (u,)en C V

with u,, = v € V as n — oo and sup,,cy G(u,) < R, we have ¥, M, 7,.

Remark 2.3.
i) Since dom(¥,) =V for all u € V| the lower semicontinuity and convexity of ¥, yields

the continuity of ¥, and 0¥, (v) # 0 for all u € V,u € D. Together with Assumption
(2.Wh), this implies that the LEGENDRE-FENCHEL conjugate ¥* is everywhere finite,
i.e., dom(¥*) = V*, and the operator 0¥, : V — 2V is for all u € D bounded, i.e.,
it maps bounded subsets of V' into bounded subsets of V*. The former in turn entail
the same properties for ¥ for all u € V.

it) The M0SCO convergence of ¥, - ¥, from Assumption (2.Wc) implies MOSCO

convergence of the dual potentials, namely ¥ My w2 see (2.1). In particular,
this implies that for all R > 0, all sequences (u,)ney C V' with u,, — u € V and
sup, ey G(u,) < R, and all sequences (&,)neny C V* with &, — £ € V* we have

7 < liminf 7, (&), (210

Finally, we make the following assumptions on the non-variational perturbation B.
(2.Ba) Continuity. The map (t,u) — B(t,u) : [0,T7] x V — V* is continuous on
sublevels of G, i.e. (t,,u,) — (t,u) in [0,7]xV and sup,cy G(u,) < R implies
B(ty,u,) — B(t,u) in V*.
(2.Bb) Control of B by the energy. There exist § > 0 and ¢ € (0, 1) such that
1
cvr (B(t,u)) < 6(1 + Et(u)) forallu € D, t € [0,T].
c
Remark 2.4. We note that Assumption (2.Ba) ensures that the NEMYTSKIJ operator
associated to B maps strongly measurable functions contained in sublevels of G into strongly

measurable functions, i.e., for all strongly measurable functions u with sup,¢jo ) G(u(t)) <
R, the map t — B(t,u(t)) is strongly measurable.

DOI 10.20347/WIAS.PREPRINT.2499 Berlin 2018
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2.4 Statement of the existence result

Before we state the main result, we say that u € AC(]0,7]; V) is a solution to (1.1) with
the initial datum ug € D if u satisfies the differential inclusion (1.1) with u(0) = uy.

Theorem 2.5 (Main existence result for PG = (V,&,¥, B)). Let the perturbed gradient
system (V,E,¥, B) satisfy the Assumptions (2.E), (2.¥), and (2.B). Then for every uy € D
there exists a solution uw € AC([0,T]; V) to (1.1) with u(0) = uy and an integrable function
£ e LY0,T;V) with £(t) € 0&(u(t)) for a.a. t € (0,T) such that the following energy-

dissipation balance holds:

Eu0) + [ (B (7)) + W (Bl ) — €07))) dr

) . (2.11)

— &, (uls)) + / 0,&, (ulr)) dr + / (B(r,u(r)),d(r))dr  for all s,t € [0, T].

It is clear that every solution of (2.11) is already a solution for the perturbed gradient
system PG = (V, €, ¥, B), since by the chain rule can and the LEGENDRE-FENCHEL theory
we easily recover (1.1), see e.g. [AGS05, RoS06].

Our proof will be done by time discretization and solving variational problems for each
time interval (,,t,.1]. To obtain a useful discrete counterpart of the energy-dissipation
balance proper we employ DE GIORGI’s variational interpolant, see [Amb95, Lem. 2.5]
or [RoS06, Sec.4.2]. We then follow the ideas in [MRS13], but need to generalize to the
case of a nontrivial perturbation B, which only satisfies our mild assumptions (2.Ba) and
(2.Bb). The proof will be completed in Section 2.7.

2.5 Estimates on the MOREAU-YOSIDA regularization

In order to prove the existence result, we need to show some properties of the ¥~-MOREAU-
Y OSIDA regularization

Dri(wiu) = inf O(r,t, u,w;v)

for r > 0,t €[0,T) with r+t € [0,T] and v € D as well as w € V*. Therefore, we have
to ensure that the resolvent set J, ;(w;u) := argmin, ., ©(r, ¢, u,w;v) is not empty.

Lemma 2.6. Let the perturbed gradient system (V,E, ¥, B) satisfy the Assumptions (2.Ea)-
(2.Eb) and (2.Wa). Then for allr > 0,t € [0,T) witht+r <T, uw € D, and w € V*, the
resolvent set J,.,(w;u) is nonempty.

Proof. Let w € D;w € V* and r > 0,t € [0,T) with r + ¢ € [0,T] be given. First of all,
we see with the FENCHEL-YOUNG inequality and with (2.8) that

V—Uu

O(r, t,u,w;v) =¥, ( > + Erir (V) — (w,v)

> (1) + Evp () — (w0, ) (2.12)
> —r¥i(w) + S — (w, u).

This implies @, ;(w;u) > —oo. On the other hand, we observe that

inf {r![/u (“ - “) & (v) — <w,v>} < &y o(w) — (w, ), (2.13)

veV

DOI 10.20347/WIAS.PREPRINT.2499 Berlin 2018
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so that we also have @, ;(w;u) < +00. Let now (v,)neny C V' be a minimizing sequence
for @(r,t,u,w;-). From (2.12), we deduce with (2.6) that (v,),ey C V is contained
in a sublevel set of &. Thus, by Assumption (2.Eb) and Remark 2.2 iv) there exists a
subsequence (not relabeled) which converges strongly in V' towards a limit v € V. Together
with the lower semicontinuity of the map v — ®(r,t,u, w;v), we have

O(r, t,u,w;v) < lirrlgglf(l)(r,t,u,w;vn) = jrel‘f/d)(r,t,u,w;@)

and therefore v € J,.,(w;u) # 0 from what v € D follows. O

Lemma 2.6 is important for justifying the existence of a sequence of approximate values
(UMN_, C D that complies with

Ure Joy, (B(tp_1, UMY, U1 foralln=1,--- N, (2.14)

in order to construct discrete solutions of (2.3), where U? := uqy and the time ¢ € [0,7T) as
well as the time step 7 € (0,7 — t) are fixed.

The following lemma is crucial in order to proof the existence result and in particular
to derive a priori estimates for the interpolation functions we define later on. The result is
an adaptation to the case w # 0 of [RoS06, Lem. 4.2] and [MRS13, Lem. 6.1].

Lemma 2.7. Let the perturbed gradient system (V,E,W¥, B) satisfy the Assumptions (2.E),
(2.¥), and (2.B). Then for every t € [0,T),u € D and w € V* there exists a measurable
selection v+ u, : (0,7 —t) — J,¢(w;u) such that

Up — U

w € av, ( ) +0Ess(u) (2.15)

and there exists a constant C > 0 such that

G(u,) < C(G(u) + ¥ (w)) forallre (0,7 —1) (2.16)
Furthermore, there holds

lim sup |lu,—ul| =0 and lig(l)@m(w;u) =& (u) — (w, u) (2.17)

r—0 urGJr,t (wvu)

forallt € [0,T),u € D and w € V*. Finally the map r — @, (w;u) is almost everywhere
differentiable in (0,7 —t) and for every ro € (0,1 —t) and every measurable selection r —
u 1 (0,79) = Jrt(w;u) there exists a measurable selection r+— &, : (0,7 —t) — 0& 4. ()
with w — &, € 0¥, (%) such that

Upy — U

Eitry(try) + 1oy ( ) —l—/o ’ Ur(w =& )dr

< St(U) + /0 ’ argtJrr(ur) dr + <U), Ury — U)

"o (2.18)

Proof. Let t € [0,T),u € D and w € V* be given. The non-emptiness of the resolvent set
Jrt(w;u) for all r € (0,7 —t) is guaranteed by Lemma 2.7. The existence of a measurable
selection r — w, : (0,7 —t) — J,¢(w;u) is provided by CASTAING and VALADIER
[CaVT77, Cor.111.3, Prop. I11.4, Thm. II1.6, pp. 63]. The inclusion (2.15) follows then by

DOI 10.20347/WIAS.PREPRINT.2499 Berlin 2018
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the variational sum rule (2.9). Further, we obtain from (2.12) for v = u,,r € (0,7 —t)
and (2.13) the inequality

gt—i—r(ur) S €t+r(u) + Twz(w)a

so that together with the estimate (2.7) it follows the inequality (2.16) with C' = Cy, where
C} > 0 is the constant in (2.7). In order to show the convergences in (2.17), we note that
Assumption (2.Wb) implies: For all R > 0 and v > 0, there exists K > 0 such that

W (v) = Al

for all w € D with G(u) < R and all v € V with ||v]| < K. Based on this fact, we infer

tr ~ uH <y, (ur — u> +~K  for every r > 0. (2.19)
r

d
g

Together with (2.8), (2.12) and (2.13), we obtain

M = ull < {w, vy =) + Ecpr(u) = Evirlur) + 17K
< Joolllur = ull + Ecir(w) = S + K.

This implies the estimate
(v = llwll)lfur—u] < Epr(u) = S +ryK < e“TE(u) = S +ryK

for all v > 0,7 € (0,7 —t) and u, € J,1(w;u), where we used again (2.6). By taking the
supremum over all u, € J,;(w;u) and taking the limes superior as  — 0, we finally obtain

(v — |w||l.) limsup  sup  |ju, — u|| < e“TE(u) =S for every v > |Jw)l.
r=0  wupedri(wiu)

By choosing v > 0 sufficiently large, we conclude

limsup sup |lu, —ul| =0,
r—=0  upeJdp(wiu)

which shows the first convergence in (2.17). We now use the lower semicontinuity and the
time continuity of the energy functional, the estimate

5t+r(ur) - <U),"U/T> S @r,t<w; U)

= (M) ) = () < Eugl) = (),

and the fact that liminf, ,o &, (u,) = liminf, 5 & (u,), which follows from (2.6). Hence,
the second convergence in (2.17) follows from the estimate

E(u) — (w,u) < 111}331f (Eiar(uy) — (w,u,))

<liminf &, ;(w;u) < limsup @, (w;u)
r—0 r—0

< limsup (Evyr(u) = (0, 1)) = E(u) = (w, ).

r—0
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In order to show the last assertion of this lemma, let u,, € J,(w;u),i = 1,2, with
0<ry <reg<T—t. Then we have

¢T2,t (w; u) - ¢T1,t (w; u) - <5t+7‘2 (un) - gt-H"l (um))

S TZWu (uﬁ — u) - rlwu (uﬁ — u>
T2 (&1
-t () () (7))
) (&1
(ro —m ( <u” — ) — <w%, Un = u>) (2.20)
T2
)

—(ry — 1) ¥ (wy) < (2.21)

where we used in (2.20) the fact from Remark 2.3 7) which states wy € 0¥, (%) # (), in

(2.21) the statement of Lemma 2.1 and the last inequality the fact that by the FENCHEL-
YOUNG inequality we have ¥*(w) > 0 for all w € V*. Further, we deduce with the aid of
(2.Ec), (2.7) and the already proven inequality (2.16) that

QSTQ,‘D (’LU U) < 451”1 t(w. U) (gt-H”Q (uh) - €t+7"1 (uﬁ ))
/ 0, 5t+7' (U‘T1 ) dr

Ju) —
( ,u) (ro —r1)CC1G(uy,)
) (7"2 — rl)CCl(G(u) -+ Tlﬂp*('LU))
su) + (ro — ) CCLH(G(u) + TV (w)). (2.22)

We conclude that the map r — @, (w;u) — rCCy(G(u) + TW¥*(w)) is non-increasing on
(0,7 —t) and therefore as a real-valued function almost everywhere differentiable. Since
the map r — @, (w;u) is a linear perturbation of a monotone function, it is also almost
everywhere differentiable in (0,7 — t). Thus there exists a negligible set 4" C (0,7 —t),
such that the map r +— @, ((w;u) is differentiable on (0,7 — t)\.#". We remark that
the negligible set depends on w and w, that is A4 = .4, ,,. Now, to conclude, we want
to use the inequality (2.21). For this let r € (0,7 — t)\./#" be fixed. Additionally let
(hp)nen € R7Y be a sequence which converges from above towards zero and whose elements
are sufficiently small. Let also the sequence (w}),eny C V* be given by w!, € 0¥, (“’“ “) for
all n € N. The boundedness of the operator 0¥, according to Remark 2.3 i) implies that
the sequence (w!),eny C V* is bounded in V*. Thus there exists a subsequence, labeled as
before, and an element w, € V* such that w] — w, weakly in V*. From the strong-weak
closedness of the graph of 0¥, in V' x V* it follows w, € 0¥, (“T;“) Since the conjugate
v is convex and lower semicontinuous, it is also weakly lower semicontinuous. Then we
find with Lemma 2.1 and the continuity of ¥, that

¥, (wy) < lim inf &7 (wy,) < lim sup ¥, (wy,)
n—00 n—00

s ((on, 25 ) = % ()
= limsu w -,
n%oop "y + hn T+ hn

(o) e () i

r

and thus lim,, . ¥ (w]) = !P* *(w,). Due to the inclusion (2.15) there exist &, € &, (u)
such that w — &, € 0¥, ( . By AuBIN and FRANKOWSKA [AuF90, Thm. 8.2.9, p. 315],

DOI 10.20347/WIAS.PREPRINT.2499 Berlin 2018



An existence result and evolutionary I'-convergence for perturbed gradient systems 11

the selection r — &, : (0,7 —t) — 0&(u) can be chosen to be measurable. Further,
from Assumption (2.Wa) we get ¥} (w,) = ¥} (w — &,). By the differentiability of the map
r+— &, (w;u) in r, we obtain with (2.21)

d P, su) — D (w; .
a@rvt(w;uﬂr:r%—ﬂf(w —§&) = Jﬁ%( it (W u}zn (w; ) +Wu(w;)>

E _
< lim inf ( HTM”(U%) gt”(ur)) = 0;FEi i, (u,) fora.a. re(0,7—t), (2.23)

where we also used the fact that the map t — &; is differentiable. The claim finally follows
by integrating (2.23) from r = 0 to r = ¢ and by using (2.17). O

2.6 Time discretization and discrete energy-dissipation estimate

With the help of the preceding lemma, we derive in the forthcoming result a priori estimates
for the approximate solutions, more precisely for both the piecewise constant interpolation
functions U, and U, and for the piecewise linear _interpolation function U, as well as for
the so-called DE GIORGI interpolation function U,. In order to define the interpolation
functions, let the initial value uy € D and the time step 7 > 0 be fixed. Further let
(UMN_, C D be the sequence of approximate values, which are defined by the variational
approximation scheme

U7(—) = Uy,
(2.24)
Ur e J(B(t,_, UMY 0 Y), n=1,2,...,N.

The piecewise constant and linear interpolation functions we define by

U,(0) =U,(0) = U,(0) := U? and

. th—t b=t
U.(t):=U"", U.(t):= + %Uﬁ for t € [ty_1,tn),
U,(t):=U" fortée (t,_1,t,] andalln=1,... N. (2.25)

Furthermore, we define by the approximation scheme

ZNJT 0) :=U°

U-(0) = U, R (2.26)
U-(t) € J(B(tn—1,Ur1);UrY)  fort=t,—1 +71 € (th1,tnl,

n =1,2,...,N, the DE GIORGI interpolation U,. We note that we can assume the

measurability of the function U, since by Lemma 2.7 there always exists a measurable
selection of the DE GIORGI interpolation. Due to the fact that for all ¢t € I, the
approximation scheme (2.26) yields the usual scheme in (2.24), we can assume without
loss of generality that all interpolation functions coincide on the nodes t,,, i.e.,

U (ty) = Ur(tn) = U, (t,) = Uy(t,) = U" foralln=1,--- N.

Moreover, we denote by E; the interpolation function obtained from Remark 2.2 i11) with
the variational sum rule by choosing t = t,,_1,uq = U,(t),u = U " and w = B(t,_1, U™ 1),
and which satisfies

&(t) € 8E, (U (t) fort =ty +7€ (tay,tnl, (2.27)
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and

—_— _ n—1
W ) for t =ty +7 € (tor,ty]  (2.28)
0

Blty-1,Ur™") — &(t) € OWyn-s (

foralln =1,..., N. The measurability of the function E; : (0,T7) — V* again follows from
Lemma 2.7.

For notational convenience, we also introduce the piecewise constant interpolation
functions t, : [0, 7] — [0,7] and t, : [0,T] — [0,T] given by

t,(0):=0 and t.(t) :=t, for t € (tp_1,tn), n=1,..., N,
t(T):=T and t.(t) :=t,1 forte|t,—1,t,), n=1,...,N.

Obviously, there holds t,(¢) — t and t.(t) — t as 7 — 0.
We are now in the position to show a priori estimates for the approximate solutions.

Lemma 2.8. Let the perturbed gradient system (V,E, ¥, B) satisfy the Assumptions (2.E),
(2.¥), and (2.B). Furthermore, let U.. U, U.,U, and & be the interpolation functions
defined in (2.25)-(2.27) associated to a fized initial datum ug € D and a step size T > 0.
Then, the discrete upper energy estimate

&0 / (¥, (T20)) + 95y (Bt ), U (1) = (1)) dr

— t (1) . tr (1) .
<& (Ur(s)) + | o & (Ur(r))dr + | " (B(t-(r), U.(r), Ur(r))dr  (2.29)
t-(s t-(s
holds for all 0 < s <t <T. Moreover, there exist positive constants M, 7* > 0 such that
the estimates

sup &((U.(1) <M,  sup &((U.(1) <M, sup [§&((U. (1) <M (2.30)

te(0,T) te(0,T) te(0,T)
(@ (010)) + 7y (Bl (), L) — &) ) dr < M (231)
0

hold for all 0 < 7 < 7*. Besides, the families (U)ocr<r C LY0,T:V) as well as
(B(t,,U,))ocr<r € LY0,T;V*) and (§;)o<r<- C L'(0,T;V*) are integrable uniformly
with respect to T in the respective spaces. Finally, there holds

1U, = Urlloo + 1U- = Urlloo + 1Ur = Uslloc — 0 (2.32)
as ™ — 0.

Proof. In order to show the discrete upper energy estimate (2.29), it is sufficient to restrict
ourselves to the case s =1t,_; and t =t, forn en=1,..., N. The general case follows by
summing up the particular inequalities on the submtervals But this case follows from (2.18)
in Lemma 2.7 by choosing t = t,_1,u = Ul"", 19 =t — 1, Up, = Ur(t), ty = Un(tn_y +7)
and & = & (t,—1 + ), where we chose t € (tn,l, tn] to be fixed. Then, we find

U Un 1 _ _
(t = toe1)Wyn ( i ; ) / Wy (Bltaor, UZ) = &(r) dr + E(U- (1))
- tn-—-1 n 1
t ~
<&, (U + 0, & (U (1)) dr + (B(tn 1, Ur™H), U = UM,

tn—1

(2.33)
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By choosing t = t,,, we obtain

Lﬁ(%MGMM+wmxmwmmmwém»w+@wwm

< (Ut + [ OO dr+ [ (Bltaos U, (1), ULy dr (2.34)

th—1 tn—1

foralln =1,---, N, which yields the discrete upper energy estimate. Further, we notice
that from Assumption (2.Bb), we obtain the estimation

[ B UL, D)

tn—1
in

~ tn
< Wy (Or) drte [ g g (

th—1 C

B(tnl,UT(r») dr

tn ~
S W (UL(r)) dr+7B8(1+ &, (UF))
tn A~
<cf Wy (UUr) dr+ 781+ GUET), (2.35)

tn—1

where we used also the FENCHEL-YOUNG inequality. Since ¢ € (0, 1), inequality (2.34)
and (2.35) together yield the estimation

£ (UM <& (U + [ 0.6T.(r)dr + 78(1 + GU™ )

tn—1

~ [in
<&, UMY+ +GUrY) +CC [ G dr

tn—1
tn
+ (r = tn)¥n1 (B(tnr, UF)) dr (2.36)

tn—1

~ [ln
<& (U H 7B+ O + 00 [ G

T . . (B USE UT(T))> dr (2.37)
tn—1 T C

<&, (UMY + 7801+ GUMY) + COTGUMY)

+78(1+ GUMY))

=&, (UY+7(28+CC)GUMY) + 218 (2.38)

foralln=1,...,N and 0 < 7 < 1, where we used in (2.36) the inequality

G(U-(t)) < C(GUF™) + (t = tat) s (B(taor, UF ), t € (tumay ],

T

from Lemma 2.7 and in (2.37) the fact that the map r +— r¥} (%) is non-decreasing on

(0, +00) for every & € V*. Defining A := (26 + CC) and summing up the inequalities
(2.38), we obtain

G(U?) < C1&,(UF) < Ci&o(ug) +2C1TB+ 7C1AD  G(UET) (2.39)
k=1
foralln =1,..., N and 0 < 7 < 1. Then, applying the discrete version of the GRONWALL

Lemma to (2.39) yields the uniform boundedness of G(U”) for all n = 1,..., N and
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0 <7 <min{l,1/(2C1A)} =: 7*, from what we deduce

sup &(U.(t) <C, forall0 <7< 7" (2.40)

te(0,T)
for a positive constant C'; > 0 independent from 7. Taking into account the inequality
(2.38) and the Assumptions (2.Bb) and (2.Ec), we also obtain the last two inequalities
n (2.30). By employing (2.34) and (2.35), and arguing as before, we also get (2.31). The
constant M can be chosen by the sum of all constants obtained from the shown inequalities
of this lemma. Further, the uniform integrability of (U)gcr<s as well as (B(t,, U, ))ocr<r-
and (£;)g<r<r- in Ll(O, T;V) and L'(0,T;V*), respectively, follows from the superlinear
growth of ¥, and ¥;; (Assumption (2.¥bh)), inequality (2.31) and the growth condition
(2.Bb). To clarify this, let ¢ > 0 and M := max{5(1 + M), M} be given, where M is
the constant obtained from the boundedness in (2.30) and (2.31). Then, by Assumption
(2.Wh) there exists for M and M /e positive numbers K7, Ky, such that

w2 Lol and 0 = L. (2.41)
for all v € V' with |jv|| > Ki, all n € V* with ||n]|. > Ky and all u € D with G(u) <
For notational convenience, we define f : [0,7] =V, g, : [0,T] — V* and h, : [0,T] — V*

by fr(t) := UL(t), 9-(t) == B(t,(£),U.(t)) and ho(t) := (B(t, (1), U,(t)) — &(1)) for all
t € [0,7]. Then, by (2.41), (2.30) and (2.31) there hold

€
(t dtgj/ Uy o (F(8)dt < &
/{te[O,T]:fT(t)>K1} - M J{te[o,T): f-(t)> K1} u, ()
g
AO)]dt < = 7, H(t)dt <e
/{te[o T)igr(£)> K2} lg- @)l M J{te[0,T):9-(t)>K>} Qf(t)(g (t))

e
ho(t *dt<i/ v (ho(8)dE <
A=l M J{t€[0,T]:h- (1) > Ko} Qf(t)< (t)di <e

for all 0 < 7 < 7%, which yields the uniform integrability. Since the sum of two uniformly
integrable functions is again uniformly integrable, it follows that ({NT)(KTST* is also uniformly
integrable in L'(0, T; V*) with respect to 7 > 0. For the last assertion, we first notice that
inequality (2.33) considering (2.30) and (2.31) implies

t_tfr(t) -

/{tG[O,T]:hT(t)ZKg}

sup (t —t,(t)%_«) <

t€[0,T]

for a constant Cy > 0. Then, again Assumption (2.Wb) implies that for every R > 0 and
~v > 0 there exists K > 0 such that

200 - L0 < (-t 00,0 (2 )+@—m@hK
<M+71yK forallte[0,T]and all 0 <7 < 7" (2.42)

Taking the supremum of the left hand side over all ¢t € [0, 7] and taking then the limes
superior as 7 — 0, we obtain

7 lim sup sup, 1U-(t) = U ()] < M, (2.43)

=0 tel0,T

for any v > 0, which implies necessarily lim; o sup;¢jo |U,(t) — U, (t)|| = 0. Since (2.43)
holds for every t € [0, 71, it is particularly satisfied for t = t,, n = 1,..., N, so that we also
get lim, o sup;cio ) [U+(t) — U.(t)|| = 0. The latter convergence in turn implies finally

lim; 0 Supejo 7 |U,(t) — U,(t)|| = 0 which completes the proof. O
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2.7 Limit passage and completion of the proof

The next step in constructing a solution to our CAUCHY-Problem relies on compactness
arguments in order to show the existence of a limit function, which obeys the differential
inclusion (1.1) and satisfies the initial datum. For this, it is natural to make use of the fact
that the interpolation functions are contained in a sublevel set of the energy functional,
which by hypothesis is compact. We elaborate on this in the following result, which
provides also the characterization of the limit function by YOUNG measures.

Lemma 2.9. Under the same assumptions of Lemma 2.7, let ugy € D and (7,)nen
be a wvanishing sequence of positive real numbers. Then, there exists a subsequence
(Tny )ken, @ absolutely continuous curve u € AC([0,T]; V) with w(0) = wug, an inte-
grable function & € LY0,T;V*), a function & : [0,T] — R of bounded variation, an
essentially bounded function & € L>=°(0,T), and a time-depended YOUNG measure
= (pe)ecpo,r) € 20, TV x V* x R), such that

UrsUn, Uy Ur = u in L°(0,T3V), (2.44a)
o, —u inLN0,T;V), (2.44D)
&, — & in LY0, T3 V), (2.44c)
B(t,, .U, ) — B(u() inL>(0,T;V7), (2.44d)
0&i( Tnk< ) =" in L=(0,7T), (2.44e)
and
&(U,, (1) = &F)  forallt €0, T], E(uo) =&(0),
E(u(t )) < &(t) for allt €10, T] (2.45)
E(u(t)) = &(t) for a.a. t € (0,7),
as k — oo. Furthermore, there holds
u'(t) = /V e dpe(v, ¢, p)  for a.a. t €10,T), (2.46a)
£t) = /\/XV*XRC dpe(v, ¢, p)  for a.a. t €0,T], (2.46Db)
P(t) = /v vorr? dpe(v, ¢, p) < 0 & (u(t))  for a.a. t €[0,T]. (2.46¢)

and the following energy inequality

[ (Bt 0 0)) 05 (B () — E0r) dr 610

< () + & (B(r,u(r)) —¢)) du.(v, ¢, p) dr + E(t
[ o) (Bru(m) = Q) dpn(v.C.p) b

gg(s)+/s @(r)dr+/s (B(r,u(r)), ' (r)) dr

< &(s) +/st &&(u(r))dr—i—/:(B(r,u(r)),u’(r))dr

forall0 <s<t<T.
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Proof. Let the initial datum uy € D and the sequence (7,,)nen of vanishing time steps be
given, such that 7,, < 7* for all n € N. In order to show the existence of an absolutely
continuous function, we employ the ARZELA-ASCOLI theorem on the family of continuous
functions (U, Jnen € C([0,T); V). First, we notice that the uniform integrability of
(U;n)neN leads to the equicontinuity of (Um)neN Second, the fact that the set {U, () }epo,]
belongs to a sublevel set of the energy functional E for all n € N, which by Assumption
(2.Eb) are compact, implies by MAZUR’s lemma that the set {U,, (¢)}+ejo.r] also belongs
for all n € N to an compact subset of V. Therefore by ARZELA-ASCOLI, there exists a
continuous function u € C([0,T]; V) such that [|U,, — ullcqorsv) — 0 as k — oo so that
in particular u(0) = ug. Then, the convergences in (2.44a) follows from those in (2.32).

Further, from the DUNFORD-PETTIS theorem, see e.g. DUNFORD and SCHWARTZ
[DuS59, Cor. 11, p. 294], which can be applied since both V' and V* are reflexive BANACH
spaces, we obtaln with the uniform integrability of (U Jnen and (&, Jnen in L'(0,T5V)
and L'(0,T;V*), respectively, the existence of a subsequence (labeled as before) and weak
limits v € Ll(O T;V) and € € L}(0,T;V*) such that U. — v weakly in L'(0,7;V) and
f - f weakly in L1(0,T,V*) as n — oo. From a well known argument, one can identify
v as weak derivative of u, i.e., v’ = v in the weak sense which yields u € WH(0,7; V') and
due to continuity of u, u € AC([0,T]; V).

Now, we shall prove the convergence (2.44d) of the perturbation. We first note that the
functions ¢ — B(t,u(t)) and ¢ — B(t,, (t),U,, (¢)) both belongs to the space L*>*(0,T; V),
where the measurability follows from the continuity of v and B, and Assumptions (2.Ba)
together with (2.50), respectively, whereas the (essential) boundedness is a consequence
of Assumptions (2.Bb) and (2.Wb) as well as the a priori estimates. Now, since the
interpolation functions are contained in a sublevel set of the energy functional, uniformly
in 7 > 0 and for all t € (0,7, it is also contained in a compact set of V', uniformly in
7 > 0 and for all ¢ € (0,7). Therefore, there exists a compact set  C V such that by
TYCHONOFF’S theorem the set [0, T'] x K is compact with respect to the product topology of
[0,7] x V. This, in turn implies with Assumption (2.Ba) the uniform continuity of the map
(t,u) = B(t,u) on [0, T]x K. Together with the convergence of (t., (¢),U,, (¢))) — (t,u(?))
uniformly in ¢ € (0,7), we obtain

lim sup [|B(t,, (t),U,, (t)— B(t,u(t))l. as n — 0o. (2.48)
"0 4 (0,T) k
In order to show the convergence in (2.44e), we notice that due to (2.30) there holds
(0:&i( Tnk))kEN C L*>(0,T). Since the LEBESGUE space L>°(0,7) is the dual space of a
separable BANACH space L(0,T) there exists a limit £ € L°>°(0,T) such that (up to a
subsequence) atst(ﬁmk) —* P weakly® in L>*(0,T) as k — oc.

Now, we shall prove (2.45). For this, we define

wt) =& @ 0) - [ e mar - [T (B0).0, ), 0 ar

for t € [0,7] and we deduce from the discrete upper energy estimate (2.29) that the
map t — 7.(t) : [0,7] — R is non-increasing. Then, by HELLYs theorem there exists a
non-increasing function 7 : [0,7] — R and a subsequence (labeled as before) such that
Nra, (t) = 1(t) as k — oo for all t € [0, T]. Moreover, we define

~

wrtt) = [ (B, L), Oy ar for t € 0.7
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Since we have strong convergence of the perturbation B(t,,U,, ) in L>(0,7;V") and

weak convergence of the derivative ﬁ;nk in L1(0,T;V) as k — oo, there holds

Vr,,, (8) = P(t) == /Ot(B('r,u(r)),u'(r)}dr as k — oo (2.49)

for all ¢ € [0, T]. Considering convergence (2.44¢), we obtain
— t
ey Un (1) = 6@ i=n(t) + [ 2()dr+u(t) forallte0,T]

as k — oo. Since the function 7 is monotone and both the function ¢ and the map
t — [3 P(r)dr are absolutely continuous, it follows that the function & is of bounded
variation. In order to conclude the convergence in (2.45), we notice that

|gfmk w0 (Ur,, (1) = E(U, ()] =0 ask — oo

which follows from (2.6), (2.30) and the fact that t,, (t) =t as k — oo for all ¢ € [0,T7].
Further, by the lower semicontinuity of the energy functional, we obtain due to the
convergence (2.32)

E(u(t)) <lminf &(U,, (1) =&(t) <M forallt €[0,T], (2.50)

where the last inequality follows from (2.30). The last assertion in (2.45) follows from
Assumption (2.Ee).

We continue by showing (2.46). For this purpose, we define the (reflexive) BANACH
space V = V x V* x R endowed with the product topology space and employ the
fundamental theorem of weak topologies (Theorem A.2) applied to the sequence wy, :=

(U;nk,gmk,@t&(f] ))ken which belongs to L'(0,7;V) by the a priori estimates, and is

Tnk
uniformly integrable in L'(0,T; V) since every component is in the respective space. Thus,
there exists a YOUNG-measure g = (1)icor] € Z(0, T3V x V* x R) such that p, is for

almost everywhere ¢ € (0,77) concentrated on the set

o)

Li(t) := () closwear ({wi(t) : k > p})

p=1

of all limit points of wy(t) with respect to the weak-weak-strong topology of V' x V* x R,
i.e. sppt(p¢) C Li(t). Since the weak limits in (2.44b), (2.44¢) and (2.44e) are unique, the
identities in (2.46a) and (2.46b) are direct consequences of the fundamental theorem of
weak topologies, whereas the inequality in (2.46¢) is true due to the fact that for almost
every t € (0,7), there holds

¢ €0&(u(t)) and p<o&(u(t)) forall (v,(,p) € Li(t). (2.51)

Property (2.51) in turn follows from Assumption (2.Ee) with the convergences in (2.44a)eq:LP.all
and (2.45) as well as the inclusion (2.27): Let N' C (0,7T) a negligible set such that for all
t € (0,T)\N the set Li(t) is non-empty. Now let t € t € (0,T)\N and (v,(,p) € Li(t),
then there exists a subsequence (k;)eny such that U’;—"kl (t) — v, E% (t) —=* ¢ and
8t€t([77nkl (t)) — p as Il — oo, where the latter convergence follows from the fact that
in finite dimensional spaces the weak topology coincides with the strong topology. In
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view of convergence (2.44a) and the inclusion (2.27), (2.51) follows by Assumption (2.Ee).
Integrating the inequality in (2.51) with respect to the BOREL probability measure yields
(2.46¢). In order to show the energy inequality (2.47), we notice first of all that from
JENSEN’s inequality, we obtain for almost every ¢ € (0,7T)

!pu(t)(u/(t)) S VsVt SR !pu(t)<v) d,ut(va Cap>7 (252)

oy (B(t, u(t)) — (1)) < Wiy (B(t,u(t)) — Q) due(v, ¢, p). (2.53)

VxV*xR
This can also be obtained by integrating the inequalities

Wu(t)(u:(t)) < Uy (v) + (W' (t) —v) forallveV
Wy (B(t u(t) = £(t) < Wi (Bt u(t)) = Q) + (¢ = &(t),w) forall (e V*

using the identities in (2.46) as well as the fact that w* € 0W,q)(v'(t)) # 0 and w €
aW*(t)( (t,u(t)) — E(t)) # (), see Remark 2.3 1).

Defining Hy : [0, 7] x V — R by

Hk<,r U}) - X[tmk(s) t"'nk( )]q—/U.,n (T)(v)v (T’,U,C,p) € [OaT] X V,

k

together with (2.30) and (2.44a), the Mosco continuity (2.Wc) leads to

H(T, ’LU) = X[s,t]%m (’U) S lilgginf ’Hk(r, wn), (2‘54)

for all (r,w) = (r,v,(,p) € [0,T] x V and all weak convergent sequences wy — w € V,
where s,t € [0,T] with s < t are chosen to be fixed. As the space BANACH space V is
reflexive, the map

(0, ¢ p) = (llvll + licl« + )

has compact sublevel sets with respect to the weak topology of V. Together with the
boundedness of the afore-defined sequence (wy)xen, which follows from (2.44), we obtain
the weak-tightness of (wy)ren. Therefore, for a subsequence of (ng)ren (not relabeled),
Theorem A.1 provides the inequality

/ / H(r, w)dp,(w)dr < hmmf Hk(r wg) dr,
0

ie.,

t E"'n (t) -~
/ / Ty (0)du(o, ¢ p)dr <liminf [ Wy (0% (1)dr < 400, (2.55)
s JY

k—o00 tmk (s) ™k

where the boundedness follows from the a priori estimate (2.31). Taking into account
Remark 2.3 #ii), then Theorem A.1 applied to the function

My (r,w) = Xg,,, (5)n, 010

iq—n b

(T)(B(LTnk (r)7QTnk (T)) - C)? (TﬂU7C7p) S [O,T] X V,
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yields
t
| [ i (BErur) = O du(v. ¢ p)ar
Eru () _ (2.56)
<tiint [0 (Bt (1)U, (1) = &, (0)dr < oc,

where again the boundedness follows from (2.31). Integrating (2.52) and (2.53) with
respect to ¢ yields the first inequality in (2.47). The second and third inequality follow by
passing to the limit in the discrete upper energy estimate (2.29) as k — oo and considering
(2.44¢), (2.45), (2.46¢), (2.49), (2.51) as well as (2.55) and (2.56). This proves Lemma
2.9. O

We are now ready to complete the proof of our main existence result in Theorem 2.5.

Proof of Theorem 2.5. In order to show that the absolutely continuous curve u €
AC([0,T]; V) obtained from Lemma 2.9 is a solution to the differential inclusion (1.1),
we make use of the chain rule for YOUNG measures in Lemma A.3 which is justified by
(2.44e), (2.46a), (2.51), (2.55) and (2.56), where p = (j1t)scior] € Z(0,T;V x V* x R) is
to be chosen as in Lemma 2.9. Hence by the chain rule condition, the map t — & (u(t)) is
absolutely continuous on (0,7") and there holds

—&( (t)) > (¢, u' (1)) dpe(v, ¢, p) + 0:E(u(t)) for a.a. t € (0,T).

VxV*xR
Thus, together with (2.45), (2.46¢) and (2.47), we obtain with s =0

/Ot /‘/_Xv*XR (Lpu(r)(u’(fr)) + Wz(r)(B(’r,u(r)) — C)) dpr(v, ¢, p) dr + E(u(t))

t t
< Eo(up) —i—/@r&ur d7“+/ (B(r,u(r)),u (r))dr

(2.57)
<&®)= [ [ G0 dul, e+ [ (Bl ), v () dr
=& (u +/ /V o R (ryu(r)) — ¢, (r)) du,(v,¢,p)dr  for all t € [0,T].
Therefore, there holds
L @) + B (Bl u(r) =€) 258

—(B(r,u(r)) — ¢,/ (r)))dp (v, ¢, p)dr <0 forall t € [0,T].

Then, from the FENCHEL-YOUNG inequality we deduce the non-negativity of the integrand
n (2.58) and infer therefore

Lo (B 0) + g (B 0(2) — O — (Bt ) — ./ (0) (o, . )
=0 foraa.te(0,7). (2.59)

It follows that all inequalities in (2.57) become equalities for all ¢ € [0,7], so that we
obtain the equation

/: /V><V*><]R (@) (' (1)) + @3y (B, u(r) = Q) dpae(v, ¢, p) dr + E(ul?))

t . (2.60)
N+ [ 0 wm)dr+ [(Blrulr)).o(r)dr
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for all 0 < s,t < T. Defining the marginal v = (v4)cjo,r) = ﬂigu of w by 1(B) =
pe((7%3)~1(B)) for all B € B(V* x R), where 723 : V x V* x R — V* x R denotes the
canonical projection and #(V* x R) the BOREL c-algebra of V* x R. Setting

S(t,u(t), u'(t)) = {(¢,p) € V" xR ¢ € 9&(u(t)) N (B(t, ult)) — 0y (u'(t))

and p < 9,&(u(t))} (2.61)

we notice that by (2.51) and (2.59) it follows that v, (S(¢, u(t), v (t))) = 1 for a.a. t € (0,T")
and assumption (A.7) is fulfilled. Therefore, by Lemma A.4 there exists a measurable
selections £ : [0,7] — V* and p : [0,T] — R with

/0 ' o (B(t, u(t)) — £(8)) dt < +o0, (2.62)
such that (£(t),p(t)) € S(t,u(t),v'(t)) and there holds

T (Bt u(®) —€0) =p() = min 0 (BEu) = O —p  (263)

Since (2.62) holds and B(-,u()) € L*(0,7;V*), we deduce from Assumption from the
superlinearity of ¥* that ¢ € L'(0,7;V*), so that the pair (u,£) solves the differential
inclusion (1.1) and wu satisfies the initial condition u(0) = ug, where the former follows
from (2.63) and the latter by Lemma 2.9.

Furthermore, taking into account property (2.51) and equation (2.59), then Lemma 2.1
yields v4(S(t, u(t),v'(t)) = 1 for almost every t € (0,7"). Thus from equality (2.63) and
the definition of S(-,u(:).u/(-)), there holds

/st Gy (B(r,u(r) — &(r)) dr — /stp(r)dr
= /st /VXV*XR WJ(T)(B(T’U(T» — Q) dpy(v, ¢, p)dr — /:p(T‘) dr

Now, by comparison with equation (2.60), we infer

[ (@ 0)) + 7 (Bl ) — £()) dr + Ex(u0)
< &uls)) + [ 0E ) dr + [ (Bl u(r)),u () dr

for all 0 < s <t < T. On the other hand, applying the chain rule condition (2.Ed) to the
pair (u,§) yields

d

&&(u(t)) > (E(t),u' (1)) + 0 (u(t)) for ae. t e (0,7T).

Together with the identity

V() (1)) + Py (B(ryu(r)) = £(r) = (B(r,u(r)) = &(r),u'(r))  ae. in € (0,7),

which again follows from Lemma 2.1 and the definition of S(-, u(-).«'(+)), we conclude the
energy-dissipation balance (2.11). O
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Remark 2.10. It is not difficult to prove that for every sequence (7;,),en there exists a
subsequence (denoting as before) such that the following convergences holds:

&(U (1)) = &E(u(t)) forall t € [0,T],
/WU (r) dr—>/ Wy (u'(r))dr  and

TG o (Bl ()0, (1) = &, () dr = [ 02, (Blru(r) — £6)dr

s T~ n

t

forall 0 < s <t < T asn — oo. Furthermore, if we additionally assume that the
dissipation potential ¥, and its conjugate ¥ are strictly convex for all uw € V', then there
holds 7r71% = 0y () and 7@5 I = d¢(r), respectively, and there holds

~

U, (t) —=d/(t) and &, (1) —&(t) for aa. t € (0,7T).

as well as &, — & in L1(0,T;V*) as n — oo.

3 A result for evolutionary /'-convergence

In this section we consider a family of perturbed gradients systems PG® := (V, %, ¥, B®),
where ¢ € [0, 1] is a small parameter. Here the case ¢ = 0 is the supposed limit equation,
also called effective equation. The major question what type of convergence of £°, ¥*,
and B¢ is sufficient to conclude that solutions w. : [0,7] — V for PG® with ¢ > 0
have subsequences ¢; — 0 that convergence pointwise in ¢ € [0,77] to a limit function
ug : [0,7] — V and that wq is indeed a solution for PGY.

The theory developed here follows [MRS13, Thm. 4.8], where the case of pure gradient
systems (i.e. B. = 0) was considered.

3.1 Assumptions and results

Our assumptions follow closely the assumption for the existence theory in Section 2.3,
where we need uniformity with respect to e € [0, 1]. For definiteness we now list the precise
assumptions on PG*®. For describing energy functionals £ w define the auxiliary

Ge()—sup{ ’te OT]}
G(u) = mf{ 'tE 0,77, 66[01]}
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Without loss of generality we may assume that G is bounded from below by a positive
constant v > 0.

Constant domains. V¢ e [0,7] Ve € [0,1] :

E 1V — (0,00] is proper and lower semicontinuous with

time-independent domain D? := dom(&;) C V for all ¢t € [0,T]. (3.Efa)
Equi-compactness of sublevels.
The sublevels of G have compact closure in V. (3.EDb)

Uniform energetic control of power.
Vee[0,1]Vue D*: ¢+ & (u) is differentiable on (0,7")and

3Cr >0Ve€[0,1]Vt € (0,T)Vue D*: |0,& (u)| < Cr& (u). (3.E%¢c)

Chain rule. Ve € [0,1]: the chain rule of (2.Ed) holds for (V, &%, ¥*°). (3.E°d)

Liminf estimate. (g, u;) — (0,u) implies & (u) < h;?l inf £ (uy). (3.E%e)
—00

Strong-weak closedness in the limit ¢ -+ 0. For all ¢t € [0,7] and
all sequences (&, Un, & )nen C [0, 1] XV xV* with &, € 0&;" (u,) and
en—0, u, mueV, §—=86eV* & (u,) — &, 0&E™(u,) — P
for n — oo, we have the relations

€€ o8 (u), E)u)==&, and 0,E(u)>P. (3.E°f)

As in the existence theory we use a control of the time-derivative, see (3.E°c), which gives
E:(u) > e Crlt=slg2(u). Thus, for all ¢ € [0,1] and ¢ € [0, 7] we have the relations

G(u) < G(u) <178 (u) < TG (u).

Note that we cannot use a uniform upper bound G¢(u) < G(u) as this would exclude
many useful results on ['-convergence.

In the present form of condition (3.Ef) we do not ask for the strong-weak closedness
for £ with a given positive e. However, in our main result we simply assume the existence
of solutions u. : [0,7] — V for PG®. If we want to show this with the theory of Section 2,
then one has to impose (2.Ee) for all £ > 0 as well (which is the same as allowing constant
sequences ¢, = ¢ in (3.E°f).

The closedness condition (3.E°f) looks rather strong, however in Remark 3.2, see after
the statement of the main convergence result, we will show that convexity of & () and
strong I'-convergence to & already imply the desired closedness.

The conditions of the dissipation potentials ¥¢ : V' — [0, 00) are the following.

Dissipation potentials. Ve € [0,1]VueV :

eV — [0, 00) is lower semicontinuous and convex with ¥;(0) = 0. (3.Wea)
Superlinearity. ¥V R >0 3Jgg: [0,00) — [0,00) superlinear :

Veel0,1] V(v,§) € VXV* Vu €V with G(u) < R :

W (v) = gr([lv]]) and ¥ (§) = gr([[€]])- (3.9°D)
Mosco convergence. For all R > 0 and sequences (&, uy, )nen C [0, 1]xV
with G(u,) < R and (e, v,) — (0,0) 1 ¥» BN (3.W=c)
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Again we have formulated the M0SCO convergence of the dissipation potentials only with

the limit e,, — 0, which is sufficient for the limit passage when solutions w. : [0,7] — V

are given. To show the existence of solutions we need (2.Wc) for all € € (0, 1] as well.
Finally, we impose the conditions of the non-variational perturbation B¢, namely

0,1]x[0,T|xV —  V*
(e,t,u) —  Be(t,u),
Control of B° by the energy. ICp > 0V (g,t) € [0,1]x]0,T]
Vue D Wi (B(t,u)) < Créf(u). (3.B%D)

Continuity. The map { is continuous.  (3.B%a)

We are now ready to formulate our result of evolutionary I’-converge. In [Miel6b]
the convergence we will established is called “pE-convergence” as we have to impose the

well-“p”reparedness of the initial conditions u?, viz.

u? — v’ in V oand &) — ') < oo for e — 0. (3.1)

Moreover, in the sense of [LM*17, DFM17] we even have the much stronger notion of
EDP convergence, which means convergence in the sense of the energy-dissipation balance.
Indeed, as for the existence result in Section 2 we will also strongly rely on the energy-
dissipation principle and perform the limit & — 0 in the energy-dissipation balance (2.11).
Our proof will be an adaptation of [MRS13, Thm. 4.8].

Theorem 3.1 (Evolutionary I'-convergence). Assume that the family PG® = (V, %, W<, BF),
e € [0, 1] satisfy the assumptions (3.E%), (3.W9), and (3.B%). Moreover, assume that for
e > 0 we have solutions u. : [0,T] — V of PG such that the initial conditions u.(0) = u?
satisfy (3.1). Then, there exists a subsequence €, — 0 and a solution u : [0,T] — V of the
limit system PG with u(0) = u® such that the following convergences hold:

ue, (1) — u(t) in C°([0,T); V); (3.2a)
Vie[0,T]:  EF(ue (1) = &(u(t)); (3.2b)

— mL( T;V), (3.2¢)
Vi <s: / T Gl () dE - /Swg(t)(u'@))dt; (3.2d)

Vr<s: [ et (B (8 uey (1) =60, () At — [ W (Bt uo(t) &) b, (3.2¢)
where &.(t) € OE; (uc(t)) fore € [0,1] and a.a. t € [0,T].

The proof of this result is contained in the following two Sections 3.3 and 3.4. However,
we do not give all the details and refer to the full proof of Theorem 2.5 in Section 2 for
the details.

Remark 3.2 (Strong-weak closedness and I'-convergence). It is a well-know fact that the
strong-weak closedness in the limit ¢ — 0 as assumed in (3.E°f) often follows from the

I'-convergence & L &Y. For the readers convenience we give the argument for the convex
case where 0&; (u) is simply the convex subdifferential, i.e.

0&;(u) = { eV

VweV: &(w) > & (u) + (& w—0) }.
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Thus, having a sequences u. — w and £ — & with & € 0&; (u.) for € > 0 and &; (u.) — €,
we can find, for each w € W a recovery sequence w, — w with & (w.) — &P (w). Hence,
we obtain

& (we) > & (ue) + (€, we—u.) for e > 0.

Passing to the limit ¢ — 0 we obtain
& (w) > &+ (&, w—uq), (3.3)

where we used the strong convergence w.—u. — w—ug. By & L4 &Y we already know
EX(up) < €, but choosing w = wug in (3.3) gives £ (ug) = € as desired. With this, (3.3)
immediately gives & € 9E(uq).

The above result is only one of many possible versions and several generalizations are
possible. For instance, we may combine time discretization with time step 7 — 0 with
the limit ¢ — 0. More precisely, if we solve the time discretized problem (see Section
2.6) for PG® with time step 7 we obtain an approximation (A]Tg. Then, it can be shown
that these approximations satisfy good a priori estimates and hence for every sequence
(Tn,€n) — (0,0) there exists a subsequence and a solution of PG’ such that the above
convergences hold. We refer to [MRS08, Thm. 4.1] or [MRS16, Thm. 3.12] for results of
this type.

3.2 A priori estimates

The energy-dissipation principle states that every solution u. € AC([0,7]; V) for PG®, i.e.
(1.1) is satisfied, also satisfies the energy-dissipation balance in the sense that there exists
a measurable selection & : (0,7) — V* such that &.(t) € 07 (u.(t)) a.e. in (0,7T) and that

€2 (ua(T +/ (gp +w€>; (B (ru(r)) —fg(r))>dr
N+ [ (at () + (B (¢, (), (t)>) dr. (3.4)
Estimating the last term via the YOUNG-FENCHEL inequality and (3.B°b) we obtain

(B (ryus(r), ul(r)) < WG o (ul(r) + 0 (B (rue(r))) < W5 (ul(r) + CpEF (uc(t)

for the last term. Thus, the terms involving ¥; ) (uz(r)) and using %" > 0 and (3.E°b)
we arrive at

5 (1) < £5(ue(0)) + | (O Cp) € (uar) o
With u.(0) = u? and the well-preparedness (3.1) the GRONWALL lemma yields
CHua(t) < & uet)) < 2E(u) €O CP) < B 1= 280 Cr 1T,
Thus, assumption (3.E°b) guarantees that there exists a compact set K € V such that

u-(t) € K for all (e,t) € (0,1)x[0,T]. As K C Br(0) C V we can apply the superlinearity
(3.¥°b) and the control (3.B°b) of B® to estimate

g (B (1 ue(1))) < 055 (B (1, ue(1))) < O ((t) < CF.
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This implies the boundedness of the non-variational perturbation, viz.

AR >0V (e, t) € (0,1)x[0,T]: || B*(t,us(t))]

v < R (3.5)

Inserting the bounds for & (u.(t)) (and hence for 0;&5 (u.(t))) and for B°(t,u.(t)) into
(3.4) we obtain

L (220 (000)) = By + 225 (B ) = €0) ) dr < e

Using that ¥¢ and ¥=* are bounded from below by the superlinear function gg (cf. (3.Wh))
and using (3.5) again we arrive at

5Cy>09ec 01 [ (onllhlv) +on(l&Iv))de < G (36)

3.3 Convergent subsequences

By (3.6) and the criterion of DE LA VALLEE-POUSSIN for uniform integrability, the family
us : [0,7] — V is equi-continuous. As all values u.(t) lie in the compact set K the
ARZELA-AscoOLI theorem (e.g. [AGS05, Prop. 3.3.1]) gives a subsequence ¢, — 0 such
that the uniform convergence (3.2a) holds. Moreover, (3.6) also implies weak compactness,
hence we may also assume u._— ug in L'(0,7; V), which is (3.2c).

By the continuity (3.B%a) we obtain convergence of the non-variational terms, namely

Vte[0,T): B%*(t,u.(t)) — B°(t,uo(t)) uniformly in V*. (3.7)

Using the positivity of &< and ¥=* we then obtain that € : t — &7 (u.(t)) are uniformly
bounded in BV([0, 77), such that Helly’s selection principle allows to extract a subsequence
(not relabeled) such that

Ve [0,T]: e (t) — e (t) > Euo(t)), (3.8)

where the last estimate follows from (3.E%e).

Again based on the superlinear bounds (3.6) we can define extract further subsequence
(not relabeled) such that ¢ — (ul ()&, (1), 0:E* (ue, (1)) generates a YOUNG measure
1= (f1e)ecor) € Y([0,T]; VxV*xR) in the sense that

[P0 008 @) d - [ ] FeGnduwnd, 69

for all continuous functions F': [0, T|xV xV*xR — R, where V' xV* is equipped with the
weak topology, with F(t,v,(,p) < C(1+|v|| + ||C]|«). We refer to Appendix A.

3.4 Limit passage and conclusion of the proof of Theorem 3.1

We can now go back to the energy-dissipation balance (3.4) and pass to the limit ¢, —
0, where we employ BALDER’s lower semicontinuity result [Bal84] for weakly normal
integrands in the form of [Ste08, Thm. 4.3], see Theorem A.1. The main point here is that
for a = (a1, g, a3) € [0, oo)3 the mappings

Fe o [0, TIXVXVIXR = R; (t,0,(,p) = a1, )(v) + a2!l7§:; (C) + asp,
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satisfy a liminf estimate, namely

(vk:?Ckapk) - (U7<7p> in VXV*XR g h]?l)ggf Fka(tavlmglmpk) Z F;(t,'l}, C7p>7

where F2(t,v,(,p) = alwgo(t) (v) +042W3(;>’Et)(§ )+ asp. But the latter liminf estimate follows
easily from the Mosco convergence condition (3.%c), because we already now u., — uo(t)
and &*(ue, (t)) < E. In particular, we obtain the three liminf estimates

/ (gt dt<hm1nf/ WsK p(uL, (1)) dt, (3.10a)
[ Wﬁg?t>(B°k<t,uO<t))—£o(t))) dt < lim inf / W (B (1 e, (1) —€., (1)) dt, - (3.10D)
/ "0, (uo(t)) dt < lim inf / T 0,E5 (u, (D) dt, (3.10¢)

where 0 < r < s < T are arbitrary.
Adding the three inequalities in (3.10) and using the limit €° in (3.8) we arrive at

/ /V><V*><R( wo(t) (V) + wjj;;r) (BO(T, uo(r)) — C) — p) Ay (v, ¢, p)dt
< &3)+ [ (B0 uolr), () dr a.11)

Here the convergence of the right-hand side follows from the well-preparedness (3.1) and
the fact that the strong L convergence (3.7) and the weak convergence (3.2¢) imply the
convergence of the integral.

Now we exploit the main structural property of the YOUNG measure p which states
that for a.a. t € [0, 7] the supports of y; lie in the set of accumulation points of defining
sequences. More, there is a null set N C [0,7] (i.e. |[N| = 0) such that

Vi € 0 TIN © sppt(p) C Lit) i= (] losyan( { (u, (1), (007 e, )] 2 m } ).

m=1

Hence, the closedness condition (3.E°f) guarantees that
Vi€ [0, T\N Y (v,¢,p) € sppt(pe) : ¢ € 0 (uo(t)), p < & (uo(t)), () = & (uo(t)).

We can now estimate further in (3.11). By (3.8) the first term €°(T) is estimated from
below by E9(ug(T)). The term involving ¥2(v) can be estimated by the convexity of ¥(-)
and the fact that y, is a probability measure with v-expectation uy, i.e.

ué)(t) = /VXV*XR /Ud,ut(va Cap)

This follows simply by testing (3.9) by F(t,v,(,p) = (n(t),v) for all n € L>(0,T;V*).
Thus, we have

/ Lpuo u() dt </ / uo )d:ut( ,(7p)dt
VxV*xR

For the term involving ¥*(v) we cannot apply Jensen’s inequality as 9&(u) may not
be convex. Thus, for ¢ € [0, T]\N we select () € OE? (ug(t)) with

v (BY(ruo(r) = &(t)) = min { w5 (B (r,uo(r) = ¢) | ¢ € 060 (uo(1)) }
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Such a measurable selection exists, see Lemma A.4 in Appendix A.
Finally using p < ;€ (uo(t)) on Li(t) the estimate (3.11) yields, for all s € (0, 7],

0 unls)) + [ (8,00 (uh(0) + 2350, (B walr) = €0(1)) = 4P uo(0) )
< E%(ul) +/0 (BY( t,uo(t)),ug(t)>dt. (3.12)

Moreover, by the FENCHEL-YOUNG inequality and the chain-rule inequality (3.E°d), which
is used for € = 0 only, the left-hand side can be estimated from below via

E9(ug(s +/( 0 (1) + 0% (Bt uolt)) — &olt)) — D€ (uo(t))> d
= Eunls) + [ ( (Bt ua(1)~60(t). (1)) — D€L (1) )

chain

2" Euo(s)) + [ ({8t uo0). (1)) — S (EXCmo0) )
— E9uo(0)) + /O (Bt uo(1), up(t) ) dt. (3.13)

Thus, we conclude that all inequalities in (3.12) and (3.13) are equalities, which implies
the the FENCHEL-YOUNG estimate has to hold with equality a.e. in [0, 7], which gives the
desired differential inclusion B°(t,uo(t)) — &o(t) € 0%, 4 (ug(t)) or

BO(t, ug(t)) € 0%, 1 (ug(t)) + O (uo(t))  a.e. in [0,T7.
Additionally, we observe that the liminf estimates

& (up(t)) < (t) = lim &7 (ue, (1))

er—0

as well as the liminf estimates in (3.10) are indeed equalities as well. Thus, (3.2b), (3.2d),
and (3.2b) are established and the proof of Theorem 3.1 is complete.

3.5 Improved result for state-independent dissipation

The result on evolutionary I'-convergence given in Theorem 3.1 has a rather strong
assumption, namely the M0OScoO convergence of (g,u) — @5(-) in the space V. This
assumption is too strong for a series of important applications. For instance, for the
parabolic equation

(2 + Cos(x1/€)>u’ = div (A(%x)Vu) in 2 C RY, u =10 on 02,
we may choose the gradient structure (Q, £%,¥*) with

2+ cos(xy /¢)

5 v(z)?d.

V = L2(02), / V- A(L2)Vudz, !PE(U):/Q
However, ¥¢ I'-converges to Wp.m in the weak topology of L2(f2) while it I'-converges to
Y.rith in the strong topology.

Here we want present a generalized version of [LiR18] where evolutionary I"-convergence
was established under the weaker assumption ¥*® L w0 i.e. I'-convergence in the strong
topology only.
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If we inspect the proof in the previous subsection, then we see that the weak I'-
convergence of W7 was used only once, namely for deriving the liminf estimate (3.10a).
The point is that we only derived the weak convergence u., — ug in LY(0,T;V). However,
the “weak” convergence may have two origins, namely first due to oscillations in time
and second due to weak convergence of u.(t) — uj(t) in V. The idea in [LiR18] is to
consider piecewise affine interpolants u. , of u. for fixed time steps 7 > 0. This averages
potential oscillations in time as u , is piecewise constant. Moreover, we can use the strong
convergence of u, (t) — uo(t) which implies that u.,_, () — ug,(t) in V for a.a. [t € [0,T].
Finally, the limit 7 — 0 is done after the limit ¢, — 0 is already performed.

Our precise assumptions, which replace (3.W°c), are the following:

Uniform continuity. Forall R >0
3 modulus of continuity wg Ve € [0, 1] Vuq, us with G*(u;) < R

Vo eV | (v) = ¥, (0)] < wlllm—usllv)ga(llvlv), (3.14a)
Strong ['-convergence. For all R > 0 we have
ue — ug and sup & (u.) <R = W, L v (3.14Db)

where gp is the coercivity function defined in (3.Wh).

Corollary 3.3 (Strong I'-convergence for £° and ¥¢). All results of Theorem 3.1 remain
true if assumption (3.W=c) is replaced by (3.14).

Proof. To start with, we recall that the strong I"-convergence of (3.14b) implies the weak

I'-convergence of the LEGENDRE-FENCHEL dual, i.e. 5" EN w0* see (2.1). Thus, the
liminf estimate (3.10b) follows exactly as above.
Thus, it remains to find a new proof for the liminf estimate (3.10a). Using the notation

T (u,v) = /0 ! s (v(t)) dt

!/

L) > J°(uo, up), where our sequence (ue, ) satisfies

we have to show liminfy_,., J*(u.,, u

T
(@) 1t —uolleogoryy = 0, (0) lu, ~wllaory = 0, (©) [ gm(lut, ()t < C,,

where R > sup{ ||uc, ||l | k € N }.

For time steps 7 = T/N > 0 with N € N we define piecewise constant and piecewise
affine interpolants 7, and 4, as in (2.25). By the uniform convergence (a) we have
equi-continuity of the sequence (u., )i, and hence

[y = sup{ ||u5k _ﬂskHCO([O,T];V) | k€ N} — 0 forT—0.

With (3.14a) and (c) we obtain the lower bound

T
I (el 2 I l,) = [ oon (e ) gn () dt = I (@, o) = wnlr)C

On the intervals ((n—1)7,n7) the integrand ¥t ) (-) is independent of ¢ and convex.
K

Hence, we can apply Jensen’s inequality and replace vi(t) = u_, (-) by its average over this
interval, which is exactly

1 nr / 1 ~T7/

/( ur, (r)dr = ;(usk(nT) - ugk((n—l)T)) =ul/(t) forte ((n—1)7,n7).

T J(n-1)T
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Thus, we have the lower bound J& (u,,,u., ) > J(ul ,ul') — wr(u,)Cy.

6k7 €k
For k — oo we have T, — T in V and a7’ — 4§’ in V a.e. in [0, T]. Hence, we can

exploit the liminf estimate of the strong I"-convergence ¥;_ EiN 11730. FATOU’s lemma leads
to

Ek’ €k

li]gninf (U, ul, ) > hm 1an (@l ,al) — wr(p.)C,y
— 00

@ ) — wrli)Cy = S, B) = 2r(1ar)Co,
where we used ||ug — Tf||oo < - for the last step.

Thus, using wg(i,) — 0 for 7 — 0 it remains to show that L := lim inf, o J°(ug, u}’) >
J%(ug, up). Choose a subsequence 7, such that J°(ug,ui™") — L. We now use the well-
known fact that af™ — wj in L'(0,T;V), which imphes that there exists a further
subsequence (not relabeled) such that ag™’(t) — wuy(t) in V a.e. in [0,7]. Moreover,
@y () : V= [0, 00) is continuous, because it is convex and bounded from above by the
LEGENDRE-FENCHEL dual of § + gg(||{]|v-). This gives &) (@5 (t)) — ¥y, ) (up(t)) ace.
in [0, 7], and FATOU’s lemma implies L = liminf,, Jo(uo, ai™') > J%(ug, up) as desired.

Altogether we have established lim inf, o0 J* (uc, , ul, ) > J%(uq, uf)), and thus Corollary
3.3 is proved. O

4 Homogenization of reaction-diffusion systems

In this section we provide a nontrivial example that highlights the applicability of our
abstract existence theory as well as the theory of evolutionary I'-convergence. We refer to
[MRT14, Reil6, Reil7] and the references therein for general homogenization results that
are typically for semilinear systems where the leading order terms are decoupled. Our
example of a reaction diffusion system is a general quasilinear parabolic system, where the
leading terms may be coupled but need to have a variational structure.

Our system for the vector u(t,z) € R! reads as follows:

Af(z,u(t,x))Owu(t, x) = div <((9VUFE (x, u(t, z), Vu(t, a:)))
— 0y F°(z,u(t,z), Vu(t,x)) + b°(x, t,u(t,z)) in 2, (4.1)
0 = Oy F* (:c, u(t, x), Vu(t, x)) (x) on 0f2.
Generally we assume that 2 C R? is a bounded domain with Lipschitz boundary 912.
For simplicity, we have imposed Neumann boundary conditions only, but more general
conditions including Dirichlet or Robin boundary conditions could be used as well.
We first summarize the needed assumptions on the functions A¢, F*, and 0%, then show

that these assumptions imply the once needed for the existence theory in Section 2, and
finally discuss under which conditions we have evolutionary I'-convergence for ¢ — 0.

4.1 The existence result
For the matrix A°(z,u) € RIX[ .= {A e R™ | A= AT} we make the assumption

Vee[0,1]: A% 2xR" — R is a CARATHEODORY function, (4.2a)

1
30, >0Ve€[0,1] Vo € 2Vu,veR : o —|v|* < (A%(z,u)v,v) < Calv]®.  (4.2b)
A
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Here G : 2xRM — RY is called a CARATHEODORY function, if 2 — G(z, 2) is measurable
for all z € R™ and z — G(z, 2) is continuous for a.a. x € (2.

For simplicity, we will assume that the functions F¢(x, -, -) are convex, but much weaker
conditions would be possible (e.g. A-convexity in u or poly-convexity in U = Vu).

Vee[0,1]: F°: 02 x (R'xR™) = R is a CARATHEODORY function, (4.2¢)
Ve €[0,1] Vaur € 2: F(x,-,-): RIXR™ — R is convex,
3Cr>03p,g>1Vec[0,1]V(z,u,U) € QxR xR

Fe(2,u,U) > Cp(1+ [ul? + |UP). (4.2¢)

For the non-gradient terms 0 we impose the following conditions:

Vee[0,1]: b : 2 x ([0,T]xR") — R’ is a CARATHEODORY function, (4.2f)
Jh e L3(2), Cp >0, r > 1Y (e, t,x,u) € [0,1]x2x[0, T] xR :
6 (z,£,10)| < h(x) + Clul" (4.28)

We choose basic space V' = L2(£2;R!), the energy functionals

o0 otherwise,

ga(u) _ { /QFE(QT,U(CE),VU(QT))(].[L' for u € Wl,p(Q;R[)’

and the dissipation potentials

Vi) = [ ;<A€(x,u(g;))v(az),v(x»dx.

Thus, the perturbed gradient systems PG® = (V, €5, W*, b°) is fully specified, and we want to
apply our abstract theory. Before doing so, we note that in the our conditions the exponent
q appears three times: (i) the first relation in (4.3) below implies W'?(§2) C L4(2), (ii)
the coercivity (4.2¢) of F' asks for the lower bound Cr|ul?, and (iii) the second relation in
(4.3) says that B(-,u(-)) is controlled by C(1+4|ul|?).

Proposition 4.1. Let the functions A, F*, and b° satisfy the conditions (4.2), where the
coefficients p, q, and r satisfy the relations

d d
l—=—>——  and q>2r (4.3)
p q

Then, for each initial condition v € L2(2;R!) with £(u) < 0 there is a solution
ue : [0, T] — L2(2;RY) of (4.1) such that u. € H(0,T;12(2)) N C° . ([0, T]; WhP(£2)).

weak

The proof is a consequence of our abstract existence result in Theorem 2.5. We easily
find the LEGENDRE-FENCHEL dual ¥5*(€) = [, 3(€(2), (A%(z, u(z)))*¢(x)) dz. Clearly,
(2.Wa) holds and we have the equi-coercivities

) 1 E,% 1
Ua(v) = ool and  ¥5*(€) = S =-l¢|

2
w — 20y — 20 Ve

which imply the desired superlinearities (2.Wb). Finally, the MOSCO convergence ¥;, M,
e (here € > 0 is still fixed) follows since u, — win V implies that A%(-, u,(-)) — A°(-, u(+))
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a.e. in {2 along suitable subsequences. To see that this is sufficient for M 0OSCco-convergence,
we use the MOREAU-Y OSIDA regularizations

A
e (v) = mf{ v (w) + §Hw—vy|iz w e L2(2;RY) }

where A > 0. It is easy to see that WS is still quadratic, but now with the matrix

AAZ(ASHAI)~L. By [Att84, Thm. 3.26] we have w5 % W if and only if for all v € V =
L2(£2;R’) and all A > 0 we have the pointwise convergence ¥g*(v) — ¥ (v). But this
follows immediately by the boundedness of A and LEBESGUE’s dominated convergence
theorem. Hence, (2.Wc) is shown as well.

The energy functionals £° are convex and independent of time. Hence (2.Ea) and
(2.Ec) hold trivially. By the coercivity of F'* we obtain the coercivity of £%, namely

£5(u) > /Q Cr(1+ [ul? + [Vul) de > elulfgni?® - €, (4.4)

such that sublevels are bounded in WP (£2; RY). Because this space is compactly embedded
in V = L%(2;RY) by assumption (4.3), we conclude that (2.Eb) holds. The chain rule
(2.Ed) and the weak-strong closedness of the FRECHET subdifferential (which is the same
as the convex subdifferential) follows by convexity, see Remark 3.2 or [MRS13].

We now set B*(t,u)(z) = b°(x,t,u(x)) and obtain the continuity (2.Ba) simply from
the continuity of b°(z, -, -) and 2r < g. The energy control (2.Bb) follows from (4.2¢) and
the second condition in (4.3). Thus, all the abstract assumptions of Theorem 2.5 are
established, and Proposition 4.1 is established.

4.2 The homogenization result

We want to apply the evolutionary I'-convergence of Section 3 for homogenization, i.e. we
assume that the z-dependence of A%, F¢, and b° is of oscillatory type, namely

A(wyu) = ALe,w),  Fo(e,u,U) = F(la,u,U), 0(z,t,u) =B(Le,u),  (45)

where the functions A, F, and B are assumed to be 1-periodic in all directions, i.e.
G(y+k) = G(y) for all y € R? and k € Z.
For the quadratic dissipation potentials ¥ we have the following I'-convergences:

(e, tn) = (0,u) € RxLA(2;R") — (wgg Logham and ger Ly y'fjvef), (4.6)

where the harmonic-mean functional ¥*™ and the average functional ¥2'" are defined via

wham () — /Q ;(Aharm(u(:l:))v(m)aU(x»dx with AP ()™t = /(0,1)d Ay, u)~" dy,

werw) = [ o

3 (A™(u(z))v(z),v(x))dx  with A (u) = / Ay, u)dy.

(0,1)¢

The strong I'-convergence ¥;" EiN yaver follows simply from the pointwise convergence
win(v) — Ya¥e'(v) for all v and the equi-LIPSCHITZ continuity. The weak I'-convergence

wen Lo gaver follows by (2.1) and LEGENDRE-FENCHEL transform as W2* is given in terms
of (A%)~1, see also [Bra02, Exa.2.36].
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In particular, we see that M OSCO convergence only holds for the case that the harmonic
and the arithmetic mean are equal, which means that A(y,u) has to be independent of y.

For the energy functional £° we can rely on the general theory of homogenization as
surveyed in [Bra06]. Using the uniform coercivity (4.4) we obtain weak I'-convergence
in WhP(£2; R?) and, by the compact embedding, strong I'-convergence in V = L2(2; RY)
towards the limit

E%u) = /QFhom(u(x),Vu(x))dx with

oy, ) min{ /( Fl, U+V () dy ‘ b € WL2((0, )% RY) }
0,1
see [Bra06, Thm. 5.1, pp. 135]. Of course, £ : V — [0, 00] is a again a convex and lower
semicontinuous functional. Finally, setting

BY(t,u) : o+ 6™ (t,u(z))  with 6™ (t,u) = /(0 b B(y,u)dy
we obtain the desired convergence B®"(t,,u,) — B°(t,u) if (e,,tn,u,) — (0,¢,u) in
[0, 1]x[0, T|x V.

Hence, we see that Theorem 3.1, which is the main result on evolutionary I'-convergence,
is only applicable if we have the M0OsSCO convergence ¥;* M, ¥0 which means ¥harm =
yaver Thus, we need to assume that A(y, u) does not depend on the microscopic periodicity
variable y € R?/,4. In summary we obtain the following result.

Theorem 4.2 (Homogenization I). Consider the perturbed gradient system PG® =

(L2(02;RY), E2,0% bF) be given as above. Assume that (4.2) holds and that (4.5) holds

with A independent of the variable y = %x, the we have evolutionary I'-convergence in

the sense of Theorem 3.1 to the perturbed gradient system (L2(§2;RT), E0, waver paver) e,
solutions u. of the reaction-diffusion system (4.1) converge to solutions of the homogenized
system
AY(u)Opu = div (8quh°m(u, Vu)) — O, F"™(u, Vu) + b™(t,u)  in §2,
0 = Oy F"™(u, Vu)v on 0f2. (4.7)

The case where A(y,u) depends on y € R?/,zq is more difficult. Under additional
assumptions we will be able to use the improved theory developed in Corollary 3.3, as

we can use Wgr L waver which gives assumption (3.14b). However, we need to establish
the uniform continuity (3.14a). For this we note that G*(u;) < R implies ||u;||wir» < Cg.
Now, assuming p > d we first observe [|u;|lp~ < Cr < 0o, and a Gagliardo-Nirenberg
estimate yields

[t — || < Canllur—us {2 [ur—us gty < Can(2CR) " [Jur—usl|72.
Now assuming the uniform continuity
¥ p > 0 3 modulus of contin.w, Vy € (0,1)? Vu; € B,(0) C R’ :
Ay, 1) — Ay, )| < wpllua ), 4

we can estimate the difference ¥ (v) —¥; (v) of the dissipation potentials pointwise under
the integral and obtain

Vu; € V with G*(u;) < R:

W, (v) — U, (0)] < g, (Con(2CR)" lur—uafs) o]

DOI 10.20347/WIAS.PREPRINT.2499 Berlin 2018



An existence result and evolutionary I'-convergence for perturbed gradient systems 33

This is exactly the desired uniform continuity (3.14a). Thus, Corollary 3.3 is applicable
under the additional assumption that p > d and that (4.8) holds, which gives our second

homogenization result, where A now may depend periodically on y = %1‘

Theorem 4.3 (Homogenization I1). Consider the perturbed gradient systems (L*(§2;RT), £, W b°)
given as above. Assume that (4.2) holds with p > d and that (4.5) together with (4.8).
Then all the conclusions of Theorem 4.2 remain true.

Indeed, we conjecture that these two additional conditions (either A independent of y =

Ly or (4.8)) are not really necessary. Using two-scale unfolding as in [MRT14, Reil6, Reil7]

€
and a suitable version of IOFFE’s theorem it should be possible to prove the fundamental
liminf estimate
T aver [,/ . . T Ek
/0 iy (W' (t))dt < hg_l)ggf v

0 uey, (1)

(ug, (£)) dt

€k

in much more general cases.

A Appendix

In this section, we provide some tools on parametrized YOUNG measures which we made
use in the last section. First, we give some notions related to YOUNG measures and which
was originally introduced by BALDER [Bal84].

In the following, let V be a reflexive (separable) BANACH space. In fact, we employed
the following results to the separable and reflexive BANACH space V = V x V* x R endowed
with the product topology. Further, let for an interval .%o 7y be the LEBESGUE o-algebra
of (0,7") and let #(V) be the BOREL o-algebra of V.

Then, we say that a £ 1) ® Z(V)-measurable function H(0,7") x V — (—o00, +-00] is a
weakly-normal integrand if for almost every t € (0,7 the map w +— H(t,w) is sequentially
lower semicontinuous with respect to the weak topology of V.

Furthermore, we denote by .#(0,7;V) the set of all Zor)-measurable functions
y : (0,7) — V. Then, a sequence (w,)neny C #(0,T;V) is said to be weakly-tight if
there exists a weakly-normal integrand H : (0,7") x V — (—o00, +00] such that the map
w — H(t,w) has weakly compact sublevels in V for a.a. t € (0,7"), and there holds
T

sup | H(t,w,(t))dr < 4o0. (A1)

neN J0
Finally, a family p = (4¢)1c(o,r) of BOREL probability measures on V is called YOUNG
measure if on (0,7") the map t — u,(B) is Zor)-measurable for all B € (V). With
%(0,T;V) we denote the set of all YOUNG measures in V.

Theorem A.1. Let H,,H : (0,7) x V — (—o0,+0o0] be for all n € N weakly normal
integrand such that for all w € V and for almost every t € (0,T) we have

H(t,w) < inf{lim inf H, (¢, wn) | wp —=w in V}. (A.2)

Let (wp)neny C A (0,T;V) be a weakly-tight sequence. Then, there exists a subsequence
(Wny Jken and a YOUNG measure po = (p)ieo,r) such that for almost every t € (0,T) we
have

o

sppt(s1e) C Li(t) := () closyeak ({wn, () | k > p}), (A.3)

p=1
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i.e. juy is concentrated on the set of all limit points of the sequence (wy, (t))ken with respect
to the weak topology W of V, where A" denotes the weak closure of a subset A CV, and
if the sequence t — H,, (t,wy, (t)) = max{—H,(t, wn, (t)),0} is uniformly integrable, there
holds

T T
T
/0 /V H(t, w) dpy(w) dt < Timpin /0 Ho (t, wn (1)) dL. (A.4)
Proof. This is shown in STEFANELLI [Ste08, Thm. 4.3, pp. 1626]. O

As corollary of the previous theorem, we have the so-called Fundamental Theorem for
weak topologies which provides a characterization of weak limits by YOUNG-measures.

Theorem A.2. (Fundamental Theorem for weak topologies)

Let 1 < p < o0 and let (wy,)nen C LP(0,T;V) be a bounded sequence. If p =1, we suppose
further that (wy,)nen is uniformly integrable in 1L1(0,T; V). Then, there exists a subsequence
(Wny Jken and a YOUNG measure po = (pi)ico,r) € Z(0,T;V) such that for almost every
t € (0,7T) relation (A.3) holds and, setting

W(t) = /v wdp(w)  a.a. t e (0,T). (A.5)
there holds

Wy, =W in LP(0,T;V) ask — oo, (A.6)
with — replaced by —* if p = oco.

Lemma A.3. Let the perturbed gradient system (V,E, ¥, B) satisfy the Assumptions (2.E),
(2.¥), and (2.B) and let uw € AC(0,T;V) be an absolutely continuous curve such that

0E(u(t)) #0  for a.a. t € (0,T), and sup &(u(t)) < +oo. (A7)

te(0,T)

Furthermore, let p = (pe)ico,r) € 2 (0,T;V) be a YOUNG measure such that

L] (o) + W (Bl ul) — O) dufo,Gp)de < 400, (A

W)= [ vdu(e.Cp) forae te (0.7),

and for almost all t € (0,T) for all (v,(,p) € supp(u:) there holds ¢ € 0&(u(t)) and
p < 0:&(u(t)). Then,

the map t — & (u(t)) is absolutely continuous on (0,7T), and

d (A.9)

&) = [ (W0, +p)duv.Cp) for aa. te (0.7).

Proof. This can be proven in exactly the same manner as in [MRS13, Prop. B.1, pp. 305].
O
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Lemma A.4. (Measurable selection) Let the perturbed gradient system (V,E, W, B) satisfy
the Assumptions (2.E), (2.¥), and (2.B). Furthermore, letw € AC([0,T]; V') be an absolutely
continuous curve complying with (A.7), and suppose that the set

S(t,u(t),u'(t)) = {(C,p) € V" xR | ¢ € 0&(u(t)) N (B(t, u(t)) — W (u'(1)),
p < 0&(u(t))} is non-empty for allt € (0,T). (A.10)

Then, there exists measurable functions £ : (0,7) — V*,p:(0,T) — R such that

(£(2),p(t)) € argmin{Wy, (B(t, u(t)) — ) —p [ (¢, p) € S(t,u(t), w'(t)}  (A11)
for a.a. t € (0,T).

Proof. Like the previous result, this can also be proven in the same way as [MRS13,
Lem. B.2, pp. 307]. O
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