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Random walk on random walks: Higher dimensions

Oriane Blondel, Marcelo R. Hilario, Renato Soares dos Santos,
Vladas Sidoravicius, Augusto Teixeira

Abstract

We study the evolution of a random walker on a conservative dynamic random environment
composed of independent particles performing simple symmetric random walks, generalizing
results of [16] to higher dimensions and more general transition kernels without the assumption
of uniform ellipticity or nearest-neighbour jumps. Specifically, we obtain a strong law of large
numbers, a functional central limit theorem and large deviation estimates for the position of
the random walker under the annealed law in a high density regime. The main obstacle is the
intrinsic lack of monotonicity in higher-dimensional, non-nearest neighbour settings. Here we
develop more general renormalization and renewal schemes that allow us to overcome this
issue. As a second application of our methods, we provide an alternative proof of the ballistic
behaviour of the front of (the discrete-time version of) the infection model introduced in [23].

1 Introduction

Random walks on random environments are models for the movement of a tracer particle in a
disordered medium, and have been the subject of intense research for over 40 years. The seminal
works [22, 33, 34], concerning one-dimensional random walk in static random environment (i.e.,
constant in time), established a rich spectrum of asymptotic behaviours that can be very different
from that of usual random walks. In higher dimensions, important questions remain open despite
much investigation. For excellent expositions on this topic, see [35, 37]. The dynamic version of the
model, i.e., when the random environment is allowed to evolve in time, has been also studied for
over three decades (see e.g. [14, 27]). However, models with both space and time correlations have
been only considered relatively recently. For an overview, we refer to the PhD theses [1, 31]. We will
abbreviate “RWRE” for random walk in static random environment, and “RWDRE” for random walk
in dynamic random environment.

Asymptotic results for RWDRE under general conditions were derived e.g. in [5, 6, 12, 15, 19, 29,
30], often requiring uniform mixing conditions on the random environment (implying e.g. that the
conditional distribution of the environment at the origin given the initial state uniformly approaches
a fixed law for large times). This uniformity can be relaxed in particular examples, e.g. [10, 18, 28]
(supercritical contact process), or under additional assumptions, e.g. [2, 3] (spectral gap, weakly
non-invariant) and [11] (attractivity). But arguably, some of the most challenging random environ-
ments are given by conservative particle systems, due to their poor mixing properties. Such cases
have been considered in [4, 7, 8, 21, 32] (simple symmetric exclusion), and in [16, 17] (indepen-
dent random walks). Each of these works imposes additional conditions and explores very specific
properties of the environment in question. In particular, the works [16, 17, 21] introduce perturbative
approaches, where parameters of the system are driven to a limiting value where the behaviour is
known.

In the present paper, we consider as in [16] dynamic random environments given by systems of in-
dependent simple symmetric random walks. As mentioned above, asymptotic results for this model
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are challenging since the random environment is conservative and has slow and non-uniform mix-
ing. We extend the results of [16] to higher dimensions and more general transition kernels. Ad-
ditional difficulties arise in this setting due to the loss of monotonicity properties present in the
one-dimensional, nearest-neighbour case. Our main results are a strong law of large numbers, a
functional central limit theorem and large deviation bounds for the position of the random walker
under the annealed law in a high density regime. As an additional application of our methods, we
re-obtain a (slightly improved) ballisticity condition for (the discrete-time version of) the infection-
spread model considered in [23]. Some tools developed in the present paper will be also used in
the accompanying article [13].

1.1 Definition of the model and main results

Denote by N = {1,2,...} the set of positive integers and let Z, := {0} UN. Fix d € N and let
N = (N(z,t)),ez4 ez, be arandom process with each IV (z,t) taking values in Z., which we
call the random environment. Let o : Z, x Z — [0, 1] satisfy

Z a(k,x)=1 foreveryk € Z,. (1.1)

x€Z4

For a fixed a realization of IV, the random walker in random environment X = (X});cz, is the
Markov chain that, when at position z € Z% at time t € Z_, jumps to = + z € Z< with probability
a(N(z,t),z). Note that the chain is time-inhomogeneous when the random environment is dy-
namic. The law of X conditioned on NN is called the quenched law, and the quenched law averaged
over the law of NNV is called the annealed law.

We are interested in the case where N is given by the occupation numbers of a system of simple
symmetric random walks in equilibrium. More precisely, fix p € (0, 00) and let (N (z,0)) ¢z be an
i.i.d. collection of Poisson(p) random variables. From each site 2 € Z<, start N (x, 0) independent
simple symmetric random walks (which can be lazy or not). The value of N(z,t),t > 0 is then
defined as the number of random walks present at = at time ¢. The process N (-, 1) is a Markov
chain in equilibrium on the state-space (Z., )%". As already mentioned, N has relatively poor mixing
properties; for example, it can be shown that Cov(N (0, ), N (0, 0)) decays as t~%? whent — oc.

Let | - | denote the £*-norm on Z?. We will make the following assumptions on a:
Assumption (S): The set of possible steps
S = {xEZd: EIkeZ+,a(k,x)>0} (1.2)
is finite. We set R := max,cs ||, which we call the range of the random walk.

Assumption (D): We assume that

Ve = liminf » a(k,z)z e >0, (1.3)
k—o0
€S
where e is the first of the canonical base vectors e, . . ., e4 of Z°.

Assumption (R): There exists x, € S satisfying z, - ¢; > 0 and

liminf a(k, zs) > 0. (1.4)

k—o0
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Random walk on random walks: Higher dimensions 3

Assumption (D) means that, for sufficiently high particle density, the random walker has a local
drift in direction e;. Assumptions (S) and (R) are technical; (S) simplifies the execution of many
technical steps while (R) ensures some regularity for a(k, -) over large enough k& € N. Note that
(R) follows from (D) if either a(k, -) is constant for sufficiently large &, or the random walker moves
by nearest-neighbour steps, i.e., S C {x € Z¢: |z| < 1}.

Denote by IP” the joint law of NV and X and by I£” the corresponding expectation. We can now state
the main result of the present paper.

Theorem 1.1. For every v, € (0,v,), there exists a p, = p,(c, v,) < oo large enough such that,
for every p > p,, there exists av = v(a, p) € R? withv - e; > v, and:

(i) (Law of large numbers)

lim =t = v P’—almost surely. (1.5)
t—oo t

(ii) (Functional central limit theorem) There exists a deterministic covariance matrix ¥ = Y(«, p)

such that, under IP*,

X — v|nt
Vn £50

where B> is a Brownian motion on R® with covariance matrix ¥ and “= " denotes conver-

gence in distribution as n — oo with respect to the Skorohod topology.

(iii) (Large deviation bounds) For every € > 0, there exists ¢ > 0 such that
X
t

Theorem 1.1 may be interpreted as follows: Assumption (D) ensures that the random walker has a
positive local drift in direction e; inside densely occupied regions of Z¢. Theorem 1.1 shows that,
when the density p is large enough, this behaviour “takes over”, i.e., the random walker exhibits a
macroscopic drift in direction e, which introduces enough mixing for a law of large numbers and a
central limit theorem to hold.

> 6) < ¢ texp{—c(logt)**} foralit € N. (1.7)

Note that the matrix X in item (i7) above might be zero; indeed, our assumptions on « do not
exclude the case that X is deterministic. However, X will be non-zero as soon as X is non-trivial,
and it will be non-singular under mild ellipticity assumptions such as e.g. supyc, a(k,+e;) >0
forall 1 <1 < d; see (5.17). The speed of the decay in (1.7) is not optimal, and only reflects the
limitations of our methods.

As previously mentioned, one of the biggest obstacles to obtain Theorem 1.1 are the poor space-
time mixing properties of the random environment. A method to overcome this difficulty in ballistic
situations was developed in [16] for the high density regime in one dimension, see also [21] for a
similar approach when the random environment is given by a one-dimensional simple symmetric
exclusion process. However, these results rely on monotonicity properties of the random walker that
are in general not valid in higher-dimensional and/or non-nearest neighbour settings. A coupling
method (cf. [20], [11]) can sometimes be used to deal with this problem, but is limited to cases
where « belongs to a set of at most two transition kernels. Here we follow a different approach,
exploiting properties of the random environment through more general renormalization and renewal
schemes that also bypass the requirement of uniform ellipticity.

As another application of our methods, we provide a short proof of ballisticity for the one-dimensional
discrete-time version of the model for the spread of an infection studied in [23]. In this model, parti-
cles can be of two types: healthy or infected. Fix p € (0, 00). At time zero, we place on each site
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of Z an independent number of particles, each distributed as a Poisson(p) random variable. Given
the assignment of particles to sites, we declare all particles to the right of the origin to be healthy
and all particles to its left, including those on the origin, to be infected. Then the system evolves as
follows: each particle, regardless of its state, moves independently as a discrete-time simple sym-
metric random walk (with a fixed random walk transition kernel), and any healthy particle sharing
a site with an infected particle becomes immediately infected. We are interested in the position X,
of the rightmost infected particle at time ¢ € Z . Still denoting by P” the underlying probability
measure, we obtain:

Proposition 1.2. Forany p > 0, there existv > 0 and ¢ > 0 such that
P’ (X, < vt) < ¢ 'exp{—c(log )%} foralit € N. (1.8)

The above proposition offers a slight improvement to the deviation bound given in [23], which is
an important ingredient in establishing finer results about the infection front. For example, a similar
statement was used in [24] to prove a law of large numbers, and in [9] to establish a central limit
theorem for (the continuous-time version of) X,.

The rest of the paper is organized as follows. Section 1.2 below contains a short heuristic descrip-
tion of ideas used in our proofs. In Section 2, we give a particular construction of our model with
convenient properties. In Section 3, we develop a renormalization procedure for general classes
of observables, relying on a key decoupling result for the environment (Theorem 3.4 below) whose
proof is given in Appendix A. Applications of the renormalization scheme to show ballisticity of the
random walker and of the infection front, including the proof of Proposition 1.2, are discussed in
Section 4. Finally, in Section 5 we define and control a regeneration structure for the random walker
path and finish the proof of Theorem 1.1.

Throughout the text, we denote by ¢ a generic positive constant whose value may change at each
appearance. These constants may depend on all model parameters discussed above but, in Sec-
tion 3 and in Appendix A, they will not be allowed to depend on p, as we recall in the beginning of
these sections.

Acknowledgments. OB acknowledges the support of the French Ministry of Education through the
ANR 2010 BLAN 0108 01 grant. MH was partially supported by CNPq grants 248718/2013-4 and
406659/2016-8 and by ERC AG “COMPASP”. RSdS was supported by the German DFG project
KO 2205/13 “Random mass flow through random potential” and the DFG Research Unit FOR2402
“Rough paths, stochastic partial differential equations and related topics”. AT was supported by
CNPq grants 306348/2012-8 and 478577/2012-5 and by FAPERJ grant 202.231/2015. OB, MH and
RSdS thank IMPA for hospitality and financial support. AT and MH thank the CIB for hospitality and
financial support. RSdS thanks the ICJ for hospitality and financial support. The research leading
to the present results benefited from the financial support of the seventh Framework Program of
the European Union (7ePC/2007-2013), grant agreement n°266638. Part of this work was carried
on while MH was on a sabbatical year on the University of Geneva. He thanks the mathematics
department of this university for the financial support. OB and AT thank the University of Geneva for
hospitality and financial support.

1.2 Proof ideas

The proof of Theorem 1.1 is split into two main steps that can be informally described as: a ballisticity
condition and a renewal decomposition. They are performed respectively in Sections 4 and 5. Let
us now describe them in more detail.
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Our first result for the random walker described above is reminiscent of the (7"”)-condition of Sznit-
man (see [35]): in Theorem 4.1, we show that, for p large enough, X; - e; diverges to infinity in a
strong sense, i.e., the random walker is ballistic. This is done via a renormalization argument. Once
ballisticity has been established, our intuition tells us that, as time passes, the random walker will
see “fresh environments” since the particles of the random environment have no drift; this informal
description is made precise by defining a regeneration structure for the path of the random walker.
Here this step must be performed differently from [16] because of the higher dimensions and non-
nearest neighbour transition kernels. Moreover, because of the lack of monotonicity, the tail of the
regeneration time must also be controlled differently.

Proposition 1.2 is proved using a similar argument as for Theorem 4.1. First, the problem is reduced
to showing that, with large probability, we can frequently find particles near X;, cf. Lemma 4.4.
Indeed, this implies the existence of a density of times where X, behaves as a random walk with a
drift, which is enough because it always dominates a simple symmetric random walk. The reduced
problem can then be tackled using the renormalization procedure, driving not p to infinity but the
size of the window around X; where we look for particles. See Section 4.2.

2 Construction

In this section, we introduce a construction of the environment of simple random walks in terms
of a Poisson point process of trajectories as in [16]. This construction provides a convenient way
to explore certain independence properties of the environment. We also provide a construction
for the random walker and discuss positive correlations of certain monotone observables of the
environment (cf. Proposition 2.2 below).

Define the set of trajectories
W:{w:Z—>Zd: w(i +1) — w@)| < 1 vzez}. (2.9)

Note that the trajectories in 1} are allowed to jump in any canonical direction, as well as to stay put.
We endow the set IV with the o-algebra YV generated by the canonical coordinates w +— w(%),
1€ 7.

Let (S*%).cz4.:cn be a collection of independent random elements of W, each S*¥ = (S;")sez
distributed as a double-sided simple symmetric random walk on Z? started at z, i.e., the past
(Si’é)gzo and future (Szz’i)gzo are independent and distributed as a simple symmetric random walk
on Z% started at z (lazy or not).

For a subset K C Z® x Z, denote by Wy the set of trajectories in W that intersect K, i.e.,
Wy :={weW: 3ieZ, (w(i),i) € K}. This allows us to define the space of point measures

0= {w = Zéwi; w; € Wand w(Wy,y) < oo forevery y € 74 x Z}, (2.2)

endowed with the o-algebra generated by the evaluation maps w — w(Wy), K C 7 x 7.
Fix p € (0,00) and let N (z,0), x € Z% be i.i.d. Poisson(p) random variables. Defining the random

element w € () by
W= Y b, (2.3)

ZEZd ’LSN('Z7O)
it is straightforward to check that w is a Poisson point process on {2 with intensity measure pp,

where
= Z P, (2.4)
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and P, is the law of S*! as an element of I¥/. Setting then
N(y) == w(Wy,), fory € 2% x Z, (2.5)

we may verify that N has the distribution described in Section 1.
We enlarge our probability space to support i.i.d. random variables U,, y € Z? x 7 sampled
independently from w, where each U, is uniformly distributed in the interval [0, 1]. We then define
IP? to be the joint law of w and U = (U, ),ezixz. Our configuration space may be thus identified as
= Q x [0,1)2"%Z, equipped with the product o-algebra.
To define our random walker, recall Assumption (R) and let

pe(k) == }ga(f, T.), ke€Z,. (2.6)
For each k € Z,, fix a partition of [0, 1] into intervals I¥, x € S such that |I¥| = a(k, ) and
[0, pe(k)] C Nyoy 12, - Finally, for y € Z¢ x Z, we define YV = (Y} )sez, by

Yby =y, }/KZ-IH = )/Ky + Z(:L’, 1>1{U N(ng>}7 {>0. (2.7)

zeS$S Y/ el
Fory = (x,t) € Z* x Z we write X/ for the projection of Y,/ into Z%, i.e., Y/ = Yg(m’t) =
(X7,¢ 4+ t). When y = 0 we omit it from the notation. One may verify that the random walker
X = (X¢)ez, is indeed distributed as described in Section 1.

We discuss next an important property of our random environment: the FKG inequality (cf. e.g. [26]
Corollary 2.12 p. 78). It states that monotone functions of w are positively correlated. This result
will be used in the proof of Lemma 5.4, which is an important ingredient to control the tail of the
regeneration time constructed in Section 5. We first need the following definition.

Definition 2.1. A measurable function f : 2 — R is called non-decreasing if f(w') > f(w)
whenever W', w € Q satisfy w'(B) > w(B) for all B € W, and it is called non-increasing if
— f is non-decreasing. If either f or — f is non-decreasing, we say that f is monotone. An event
A € o(w) is said to be non-decreasing, non-increasing or monotone if the corresponding property
is satisfied by its indicator function 1 4.

The inequality reads as follows.

Proposition 2.2 (FKG inequality). Let f,g : 2 — R be bounded measurable functions that are
either both non-decreasing or both non-increasing. Then

E? [f(w)g(w)] > E* [f(w)] E” [g(w)] . (2.8)
Proof. One may follow the proof of Theorem 3.1 in [36]. O

We extend the notion of monotonicity to functions defined on Q as follows.

Definition 2.3. A measurable function f : Q — R is called non-decreasing, non-increasing or
monotone if, for all U € |0, 1]Zd, the function w — f(w, U) satisfies the same property in the
sense of Definition 2.1, and analogously for events in o (w, U).

Remark 2.4. Note that monotone functions in the sense of Definition 2.3 are not necessarily posi-
tively correlated under P* : consider e.g. the indicator functions of the events {U, € (0,1/2)} and
{Uy € (1/2,1)}. However, such monotone functions are positively correlated under the conditional
law given U, as can be deduced from Proposition 2.2.
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Random walk on random walks: Higher dimensions 7

We give next a few other useful definitions. For a measurable function g :  — E (with E some
measurable space), we will abuse notation by writing g to refer also to the random variable g(w, U),
distributed according to the push-forward of IP*.

Definition 2.5. We say that the function g : Q@ — E is supported on the set K C Z% x 7 if
gw,U) e a(N(y),U,: y € K). (2.9)
Fory = (z,n) € Z? x Z and w € W, define the space-time translation 6,w as
O,w(i) =w(—n)+x, i€l (2.10)

For A C W, 0,A is defined analogously, i.e., 0,A := |J,,c4{0,w}. We may then define space-
time translations operating on €2 as follows. For (w, U) € €, let

Oy(w,U) :== (O,w,0,U)

2.1
where (0,w)(A) == w(0,4) VAW, (0,U):=U,, YucZxZ. =10

The translations of a measurable function g : Q — E are then defined by setting
gy = 0,9 :=go0,. (2.12)

Note that 8, N (u) = N(y + ), and that the law of (w, U) is invariant with respect to the space-
time translations, i.e., 6, (w, U) is distributed as (w, U) under P* for any y € Z% x Z. In particular,
the law of Y'Y — y in (2.7) does not depend on y since YV =y + 0, Y.

3 Renormalization

In this section, we develop an important tool in the analysis of our model, namely, a multi-scale
renormalization scheme. We will keep the setup reasonably general so that it may be used in future
applications. An important consequence of the technique developed here is the ballisticity of the
random walker (cf. Theorem 4.1), which is an essential ingredient for proving Theorem 1.1. All
constants in this section will be independent of p, but may depend on other parameters of the
model.

3.1 General procedure
To describe the renormalization procedure, we introduce the sequence of scales

Lo=10" and Ly = |L/?|Ly, fork > 0. (3.1)

The choice of constants 10°° and 1/2 appearing above is not crucial; many other choices would
have been equally good for our purposes. Note that

L/ > L% > 10 forallk > 0. (3.2)

Fix R € N. In the relevant applications, R will be taken as in Assumption (S). Given a scale k, we
will consider translations of the space-time boxes

Byo = {[—2RLy,3RLy)"* x [0, Ly) } N (Z* x Z). (3.3)

DOI 10.20347/WIAS.PREPRINT.2435 Berlin 2017
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More precisely, let

My, ={k} x (Z* x Z), k>0, (3.4)
be the set of indices of scale k and, for /% >0, let
M., = My (3.5)
k>k

be the set of indices of all scales greater or equal to k. For m = (k,y) € My, we define the
corresponding translation of the box By,

By, = Bro + Liy. (3.6)

The base of the box By is given by the set I o = ([0,RL;)? x {0}) N (Z¢ x Z) and its
corresponding translations are

Im = Ik,O + ka, form = (k,y) € Mk, (3.7)

see Figure 1.

By,
I,

Figure 1: The box B,, for some m & M} . At the bottom we picture the corresponding base /,,
and, in the upper left corner, a box B, in the previous scale k.

Having this in place, we introduce the following definition.

Definition 3.1. Fix k > 0 and a collection of events (Am)me M., - We say that this collection is
adapted if the indicator function of A,, is supported in B,,, (as in Definition 2.5) foreachm € M Si-

We aim to bound the probability of certain events A,,, inductively in k. For this, we will need another
definition, concerning the occurrence of A,,, in consecutive scales.
Definition 3.2. Fix k > 0 and a collection of events (Am)me M. - This collection is said to be

cascading if, for every k > k andm € M.+, we have

A, C U Apy N Ap,y (3.8)

mi<>mso
m

where my <+, My Stands for pairs of indices my, mo € M), such that B,,,,, B,,,, C B,, and such
that the vertical distance between the boxes B,,,, B,,, is at least Ly,.

In the definition above, if m; = (k,y;) and me = (k,y2) with vy = (x1,t), y2 = (29,5) €
7% x 7. we say that the vertical distance between the boxes B,,, and B,,, is equal to [(|t — s| —
1)Ly + 1]T.

Intuitively speaking, the above definition says that the occurrence of A, implies that two similar
events happened in well-separated boxes of the smaller scale. The imposition that the boxes indexed
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Random walk on random walks: Higher dimensions 9

by my and ms in (3.8) are vertically separated will be useful to decouple the events A4,,,, and 4,,,
via Theorem 3.4. Examples of cascading events will be given in Section 3.2.

Given a family (Am)meM>k, we will be interested in the following quantities:

pr(p) = sup PP(A,,), k> k. (3.9)
me My,
Let us also denote
Ly 1= exp {2 > L,;l/lﬁ} e (0, 00). (3.10)
k>k

The next theorem is the main result that we will use in order to bound p(p).

Theorem 3.3. For any v € (1,3/2], there exists k, = k,(d,y) € Z, such that the following
holds. Fix k > k, and a collection (Am)mE M. ; that is adapted and cascading. Assume that the

A,.’s are either all non-increasing or all non-decreasing and that, for some p > L;l/ 10

pi(p) < exp{—(log Ly)"}. (3.11)
Then, writing p, = t;.p and p,, = Lglﬁ, for all k > k we have

Vp > pe in the non-increasing case,

. ) 3.12
Vp < p.« in the non-decreasing case. ( )

pi(p) < exp{—(log L)} {

The upper bound 3/2 appearing in Theorem 3.3 is not sharp; any number 3 satisfying (3/2)° < 2
would suffice (see (3.16) below).

The statement of the previous theorem has two different cases, depending on whether the events
A, are non-increasing or non-decreasing. All applications considered in this paper concern non-
increasing events, but we choose to keep the exposition general in order to be able to use our results
in the accompanying paper [13].

One of the main ingredients for the proof of Theorem 3.3 is a recursion inequality for pg, cf.
Lemma 3.5 below. As the cascading property suggests, the key to obtain such a recursion is to
decouple pairs of events A,,, and A,,, supported in boxes that are well-separated in time. Recalll
however that the environment of simple random walks, being conservative, presents poor mixing
properties, which makes decoupling hard. We overcome this difficulty using a “sprinkling technique”,
which consists in performing a change in the density of particles in the environment in order to blur
the dependency between such events. Thus, up to an error term, we bound IEI’fj(flm1 N Ap,) by the
product P*(A,,, )P?(A,,,), where p is slightly different from p. This is the content of Theorem 3.4
below, which has different statements for the cases where the events A,,, are non-increasing or
non-decreasing.

Theorem 3.4. There exist constants n, € N, C, > 1 and ¢, > 0, depending only on d and
on the law of S%', such that the following holds. Let B = ([a,b]? x [n,n']) N Z% x Z be a
space-time box satisfying n > n,, and let D = 7% x 7._ be the space-time lower half-space. Let
f1, fa: Q — [0, 1] be measurable functions supported respectively in D and B (cf. Definition 2.5).
Denote by diam(B) the diameter of B. Then, for all p > 0:

(a) If both f1 and fo are non-increasing (cf. Definition 2.3), then

BP0 [ 1, £,] < BPUT O£ OS] + C (diam(BB) + n)d e~ (3.43)
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(b) If both f1 and f5 are non-decreasing (cf. Definition 2.3), then

B[ fy fo] < BP[fi] BPOH O 1] 4 C, (diam(B) +n)* e 20" (3.14)

The proof of Theorem 3.4 is given in the Appendix A, and is very similar to the proof of Theorem C.1
in [16].

We may now identify the constant k, appearing in Theorem 3.3. Fix v € (1, 3/2] and let n,, C,, ¢,
as given by Theorem 3.4. Then fix k, = k,(d,~y) € Z such that

Ly, > n, (3.15)

and

1/16

Code-H (6—(2—(3/2)3/2)(108;Lk)7 4+ e—CoLy +(3/2)3/2(10ng)3/2> <1 Vk>k,. (3.16)

As anticipated, Theorem 3.4 leads to the following recursion inequality for py.

Lemma 3.5. Fixy € (1,3/2] and letk, € Z, as in (3.15)—3.16). Fix k > k, and a collection
(Am)me M. that is adapted and cascading. Assume that the A,,,’s are either all non-increasing or

all non-decreasing. For fixed p > 0 and k > l%, define

) p(1+ L,;l/ '%Y " in the non-increasing case, (347)
p(1— L,;l/ ') in the non-decreasing case. '
Then we have
_ 1/8
Pt (9) < CoLF (pr(p)? + exp{—copLy/®}), (3.18)

where C,,, ¢, are as in Theorem 3.4.

Proof. We start with the case when the A,,’s are all non-increasing. Using that the A,,’s are
adapted and cascading and that, by (3.15), L, > n,, we apply Theorem 3.4 to the indicator func-
tions of A,,,, A, to obtain

per1(p) =  sup PP(A,) < sup Z PP(A,, N A,)
meMy.1q meMpy1 M1 ma

(3.1)

3.1 1/2 p

< LL];/ J2(d+1) sup  sup PP(An, NAy,) 3.19
meEM41 m1srma ( . )

Theorem 3.4 "

< LT sup (PP(A )PP (Aw,) + CoLf exp{—2c,pL}/"})

m1,mo€ My
1/8
Co L2 (pr(p)? + exp{—2copL;/*}),

This finishes the proof of (3.18) in the first case.

Am’s non-increas.

Now assume that the events A,,, are all non-decreasing. As before, we can estimate

prea(p) = sup PP(A,) < sup > P(A,, NA,)
mEMk+1 mGMk+1 mi<yme
< C, L2 <10;€(p)2 + exp{—QcOﬁL,i/g}) (3.20)
Since, by the definition of Lo, p > p/2, (3.18) follows. O
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Now that we know how large the sprinkling should be as we move from scale k£ + 1 to k in order to
obtain a good recursive inequality for the py’s, we will introduce a sequence of densities pg.

Given p; > 0, define py, for k > ki recursively by setting

pe(1+ L;l/m) when the A,,,’s are all non-increasing,
Pk+1 = “1/16 , . (3.21)
pr(l—L, ") whenthe A,,s are all non-decreasing.
Note that, with the above definition, when the A,,’s are non-increasing,
k 00
log p, = log p;, + Z log(1 + L;I/IG) <log p;, + Z L;l/w <log(tpp;) < oo (3.22)
i=k i=k
while, when the A,,’s are non-decreasing, since ¢ 2% < 1 — x for all z € (0, Lal/lﬁ),
log pi. > log p; — 2 Z L;l/w = log(nglp,;) > —00. (3.23)

i=k
This shows that the sequence of densities py, is not asymptotically trivial.
We are now in position to prove Theorem 3.3.

Proof of Theorem 3.3. Given v € (1, 3/2], take k, as in (3.15)—(3.16). The first step in the proof is
to show how one can use (3.18) to transport the bound py(pr) < exp{—(log Lx)?} to the scale
k + 1. This can be summarized by saying that:

if (3.18) holds with p = pj, > Ly /'®, then

3.24
Pr(pr) < exp{—(log Ly)7} implies pri1(pr+1) < exp{—(log Li41)"}. (324

To see why this is true, let us first use (3.18) in order to estimate

Pr+1(Pr+1) 2d+1 ( —2(log Ly )" —coprL}/®
<dC,L e “VOB LR 4 eTCoPkby )ex log Ly.1)"}. (3.25)
exp{—(log Ly+1)"} g pillog L)}

Now, since p; > L,;l/lﬁ and by (3.1), (3.25) is at most

CodeH (e*(2*(3/2)3/2)(10ng)” 4 e*CoLi/l6+(3/2)3/2(logLk)3/2) (3.26)

which is smaller than 1 by (3.16), proving (3.24).

Let us now see how (3.12) follows from (3.24) and Lemma 3.5. Let p;, = p (from (3.11)) and define
pr for k > k through (3.21). We claim that, for all £ > £,

Pr(pr) < exp{—(log Ly)"} . (3.27)

Then (3.12) follows since, by the definition of ¢4 and (3.22)—(3.23), if p > ¢;p; and the A,’s are
non-increasing (resp. p < Lglp,; and the A,,’s are non-decreasing), then p(p) < pr(px). Thus
we only need to prove (3.27).

To this end, we first claim that, for all k > /%,

1/16

pe> Ly (3.28)
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Indeed, if the A,,’s are all non-increasing, then p, > p; > L;/m > L,;l/lﬁ by (3.21) and our
definition of p; while, if the A,,’s are all non-decreasing, then (3.28) follows by induction using
(8.21), (3.1) and the assumption that p > L 1/16

Let us now prove (3.27) by induction on k. The case k = k holds by hypothesis. Assume now that
(8.27) holds for some k& > k. Noting that py1 > L,H{ by (3.28) and that (3.18) holds for p; and
Pr+1 replacing p and p respectively (because the relation between py41 and py is exactly as for
p and p in Lemma 3.5) we conclude by (3.24), that (3.27) also holds with k£ 4 1 replacing k. This
concludes the induction step and the proof of the theorem. O

3.2 Constructing cascading events

We provide in this section a systematic way to construct certain collections of cascading events
based on averages of functions of the random environment along Lipschitz paths. Our ultimate goal
is to obtain Corollary 3.11 below, which provides in this context a short-cut to ballisticity-type results
with minimal reference to the bulkier technical setup of the previous section.

Let us first describe the type of paths that we will consider. We say that a function o : Z — Z%is
MR-Lipschitz if for any =,y € Z, we have |o(z) — o(y)| < R|x — y|. The set of R-Lipschitz paths
is defined as

S:={0:Z. =7 5(0)=0,lo(i+1)—o(i)] <RVieZ,}, (3.29)

We will further restrict the class of paths using a function H : Q x Z¢ — {0, 1} as follows. Given
such a function H and a path o : [n, 00) — Z%, we define, for t > n,

hg(t) = H(e(a(t),t) (w, U), U(t + 1) — O'(Zf)). (3.30)

The interpretation is that h,,(t) = 1 if and only if the jump o (t + 1) — o (¢) is allowed by the random
environment according to the rule . The formal definition is as follows.

Definition 3.6. Given a box index m € M., we say that an R-Lipschitz function o : [n,00) NZ —
Z% is an m-crossing if (o(n),n) € I, (recall the definition of B,, and I,,, in (3.6) and (3.7)). In
addition, if for H : Q x Z¢ — {0, 1} we have h,(j) = 1 forall j € [n,n + Ly) N Z, we say that
o is an (m, H )-crossing.

Figure 2 illustrates an (m, H)-crossing. Note that an (m, H )-crossing does not exit B,, through
its sides. Furthermore, if m € M4, every (m, H)-crossing induces L1/ Ly (m;, H)-crossings
for m; € M, such that B,,, C B,,. Note that in the particular case where = 1 the notions of
m-crossing and (m, H)-crossing coincide.

Remark 3.7. In the remainder of this paper, we will only be interested in applications where H = 1,
which implies that every R-Lipschitz function starting in I, is an (m7 H ) -crossing. The more gen-
eral set-up to be used in [13] will allow us to consider only paths o that coincide with the trajectory
performed by the random walker.

The following definition plays a central role in our construction.

Definition 3.8. Given g : ) — [—1,1], an indexm € M), and anm-crossing o : [n,00) N Z —
7%, we define the average X7 of g along o by

n+Lk 1

X (w, U) Z Ity (@, U), (3.31)

where g, = 0,9 as in (2.12).
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| | B,
L,
Figure 2: The box B,, for some m &€ M., and an illustrative m-crossing o.
Given a scale k > 0 and vy, € [L;l/w, 1], recursively define (compare with (3.21))
Ukp1 = 0p(1 = L), k> k. (3.32)
Note that v, decreases monotonically to (see (3.23))
Voo 1= U H(l — L,;l/lﬁ) € (0,1). (3.33)
k>k
Given g : Q0 — [—1,1], H : Q x Z* — {0,1} and an integer k > k, define the events
A, = {there exists an (m, H)-crossing o such that y7 < vk}, m € M. (3.34)

Note that the events defined by (3.34) are not necessarily adapted or monotone. However, as al-
ready anticipated, we have the following.

Lemma 3.9. The family (A.,)me m., defined by (3.34) is cascading.

1/16

Proof. Fix k > k and recall that we have assumed v > L; . The first thing we note is that this

inequality holds for all £ > k. This indeed follows by induction using the definition of vy exactly as
for (3.28).

Next we claim that:

if A,, occurs for some m € My, then there exist at least three elements
m; = (k,y;) in My, i =1,2,3, withy; = (x;,8;) € Z¢ x Z and B,,, C B, (3.35)
satisfying s; # s; when ¢ # j and such that A,,,, occurs for ¢ = 1,2, 3.

Indeed, assume by contradiction that

there are at most two elements m’ = (k,y'), m” = (k,y") in M, with ¢’ = (2, §')
andy” = (2,5"), s’ # s" and B/, B,,» contained in B, (3.36)
for which the events A,,» and A,,,» happen.

Let o be an (m, H )-crossing. We split its domain into disjoint intervals of length Ly:
J
{n,...,n+Lg1—1} = U{n+ (j—1ULg,...,n+jLy—1}, where J = Ly,1/Lyg, (3.37)
j=1

Let us denote by 0;, j € {1,...,J}, the restriction of o to [n + (j — 1)Ly, n + jLj) which is
again an (m;, H )-crossing for an appropriate index m; in M, with B, C By, (see Figure 2). We
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now estimate

n+Lpy1—1 J nt+(j+1)Li—1 I J
k
Xg = 9o Y(o(i)i) = Xa,;
7 Lk+1 Z Lk+1 Z . ;Lk (700 L1 ; 7
(3:36) Lk Ly (LkJrl )
> -2 + U, —2 (3.38)
Litq L1 \ Ly
Ly,
>, —4 :vk+1+(vk—vk+1)—4 ,
k+1 Lk+1
where, in the first inequality, we used the fact that, if A,,,, does not occur for some i € {1,..., J},
then 1 > x¥ > vy. From the definition of vy, we see that
_ 1 4 L
v — v = vl 10> o > = (3.39)

LT L
where for the second inequality we use L;, > 10°° (cf. (3.1)). Substituting this into (3.38), we get
X¥ > vg41 so that A, cannot occur. This proves the claim (3.35).

Thus, on the event A,,,, we may assume that there exist m; = (k, y1), ms = (k, y3) in My, where
y1 = (x1,81) and y3 = (w3, 53) with s3 > s + 2 (meaning that the vertical distance between
B,,, and B,,, is at least L) and such that both A,,, and A,,,, occur. This finishes the proof of the
lemma. O

The events defined by (3.34) may be analysed with the help of Theorem 3.3 whenever they are
adapted and monotone. We next give a complementary result stating that, whenever the conclusion
of Theorem 3.3 holds for (Am)meMN;, it can be extended by interpolation to boxes of length L € N
(not necessarily of the form L;). We first need to extend the above definitions.

Fory € Z¢ x Z and L € N, let

B, =y + {[-2RL,3RL)* x [0,L)} N (Z* x Z) (3.40)
and similarly

I =y+ ([0,RL)" x {0}) N (2 x 7). (3.41)

Given a function H : Q x Z? — {0,1} and y = (x,n), we define a (y, L, H)-crossing to be
an R-Lipschitz function o : [n,00) N Z — Z% such that (o(n),n) € I, and h,(j) = 1 for
every j € [n,n + L) N Z. If the function H is identically equal to one we simply say that o is a
(y, L)-crossing.
Finally, given o a (y, L, H)-crossing, we let

n+L 1

X2 (w, U) Z 9o U). (3.42)

Our interpolation result reads as follows.
Proposition 3.10. Fixk > 0,v; € [L;l/m, 1] and two functions g : Q@ — [—1,1], H : Qx Z¢ —
{0, 1}. Define (Am)men., by (3.34). Fix p > 0,y € (1,3/2] and assume that

pr(p) = max PP (A,,) <exp{—(logLy)"} Vk> k. (3.43)

mEMk

Then, for every ¢ > 0, there exists ¢ > (0 such that
P? (3 a (0, L)-crossing o s.t. X% < veo — ) < ¢ Le7el8D)” [ > 1 (3.44)

where v is given by (3.33).
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Proof. We follow the proof of Lemma 3.5 in [16]. We may assume L to be so large that, defining k
by 2L,y < L < 2Ly thenk > kand 24 > 14 2/cforall k > k.

We first consider multiples of Ly, k > k. Defme

My, :={m € My : B,, C B(yt2,0)}, (3.45)
Bi=() () A5 (3.46)
>k meM],
Lyio/Ly
and  Jp = U {IL,} C N. (3.47)
k>k =

Let us see that B;, has high probability. Indeed,

Z Z 343 Z ¢ (L£+2>d+1 6_(10ng)'v

k>k meM;, E>k k
S C—le—c(long)'y S C—le—c(logL)"/ (348)

I

where for the last inequality we used that L; > L(2/3) %L@/?’)B.

We now claim that:
on By, forany L' € J; and any ((0, L"), h)-crossing o, we have 7 > v,.. (3.49)

Let us prove this for fixed & > k by induction on | < Lo/ L. For I = 1, the claim holds since
any ((0, L), h)-crossing o is indeed an (m, H)-crossing for m = (k,0) so that, on the event
AS C Bj, we have X9 > vy, > Uy Assume that it holds for L' = [ Ly with 1 < | < Lo/ Ly. Fix
a ((0,(I 4+ 1)Lg), h)-crossing o. Notice that there exists m € M. such that (o(ILy),[Ly) € L.

Therefore, o restricted to times ¢ = [ Ly, ..., (I+ 1)L, — lis an (m, H)-crossing and o restricted
totimesi = 0,...,lL;, — lisa ((0,lLg), h)-crossing. Hence, by induction and since we are on
B;.,
(I+1)Ly—1 ILg—1 (I+1)Ly—1
Z 9(oli)i) = Z I(o(i)i) T Z 9o
=0 =0 i=lLy,
Z ’UoolLk + UkLk Z ’Uoo(l -+ 1)Lk, (3.50)

completing the induction step and proving (3.49).
We now prove (3.44). In fact, we show that
on By, x4 > v — € for any (0, n)-crossing o with n > 2L, . (3.51)

To this end, for n as in (3.51), define k = k(n) to be the smallest integer such that n € [I L, (I +
1)L;) for some 1 < [ < Li,,/L;. Note that k& > & and that, by the minimality of &, we have
n > Li,., and thus [ > 2/c. Then estimate

n-1 ILy—1 n—1
Zg(o(i),i) = Z 9(o(i),i) + Z 9(a(i)i)
i=0 i=lLg,
> UOOZL,; — Lj = Li((veo — €)l_+ el — 1)
> Li(veo — &)+ 1) > n(ve — €), (3.52)
where we used (3.49), | < 1and vy, < 1. This finishes the proof. O

DOI 10.20347/WIAS.PREPRINT.2435 Berlin 2017



O. Blondel, M.R. Hilario, R.S. dos Santos, V. Sidoravicius, A. Teixeira 16

We may now state our target corollary, which conveniently summarizes ballisticity-type results with-
out explicit reference to most of the technical renormalisation setup. Recall (3.42) and the definition
above.

Corollary 3.11. Let (Ly)rez, be given by (3.1). Forany y € (1,3/2], there exists an index k, =
k,(v,d) € N satisfying the following. Fix two functions g : Q — [—1,1], H : Q x Z¢ — {0, 1}
and two non-negative sequences v(L), p(L). Assume that, for some L, € N and all L > L.,
v(L) A p(L) > L™/16 and, for any © > 0, the event

{there exists a (0, L, H)-crossing o such that x% < 0} (3.53)

is measurable in o(N(y),U,: y € By, ) and non-increasing (respectively non-decreasing). As-
sume additionally that, for some k > k, such that L; > L,

P(Li)(3 a (0, L, H)-crossing o such that x% < v(L;)) < exp(—(log L;)7). (3.54)
Then there exist (explicit) poo, Voo > 0 such that, for eache > 0,

P?(3 a (0, L, H)-crossing o such that X% < vy, —¢) < ¢ exp(—c(log L)?) (3.55)
for some ¢ € (0,00), all L € N and all p > p (respectively, all p < poo)-

Before we proceed to the proof, a few words about Corollary 3.11. Assumption (3.54) can be in-
terpreted as a triggering condition, i.e., an a-priori estimate that must be provided in order to start
the renormalisation procedure. The measurability and monotonicity assumptions must be checked
in each case. Note that measurability follows whenever g and H (-, x) (for all x € 7% are local
(i.e., supported in a finite set in the sense of Definition 2.9) and instantaneous, where we say that a
function f : © — R is instantaneous if f(w,U) € 0(N(z,0),Up0): z € Z%), i.e., f depends
only on one time slice of the random environment.

Proof of Corollary 3.11. Let k, € N be as in the statement of Theorem 3.3, and fix k > k, sat-
isfying L; > L, and (3.54). Setting v;, := v(L;), define vy, k > k as in (3.32) and v., as in
(3.33). For k > k, let A,, be defined as in (3.34) and pr(p) asin (3.9). Note that the events A,,, for
m € M. ; as above are cascading, adapted and non-decreasing (resp. non-increasing) according
to Lemma 3.9 and our assumptions.

Set now p := p(L;) and note that, by (3.54),

pi(p) <exp (— (log Ly)). (3.56)

Therefore we can use Theorem 3.3 to conclude that, for some p., > 0 (more precisely, po = ps
in the non-increasing case, or P, := P4« iN the non-decreasing case),

pr(p) < exp{ — (log L)}, forevery k > k (3.57)

for any p > poo in the non-increasing case, or any p < p in the non-decreasing case. The
conclusion then follows from Proposition 3.10. O

4 Applications

This section is dedicated to applying the renormalization setup developed in Section 3 to show bal-
listic behavior of two processes. Namely, for a random walker in the environment of simple random
walks and for the front of an infection process.
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4.1 Random walker on random walks (large density)

In this subsection, we will prove a ballisticity result for the random walker in the environment of
simple random walks, generalizing Theorem 1.5 of [16]. Let

Hyr = {(x,n)GdeZ: x-elg—L—i—vn}. (4.1)

Theorem 4.1 (Ballisticity condition). For any v, € (0,v,), there exists p, € (0,00) and ¢ > 0
such that, for all p > p,,

3/2

PP (An>0: Y, € Hy, 1) < ¢ temeWe ™ v > (4.2)
Theorem 4.1 will be proved by means of two propositions stated and proved below. Both the theorem
and these intermediate results will be crucial to control the tail of the regeneration time constructed
in Section 5.

The next proposition is very intuitive, stating that if the density is high enough then all paths stay
most of their time on points with a large number of particles.

Proposition 4.2 (Uniform density control along paths). Forall K € N ande € (0, 1), there exists
c¢>0andp(K,e) € (0,00) such that, forall p > p(K, ),

/-1
P? <3€ Z L/(2%), c€eG: Z ﬂ{N(a(i),i)ZK} < (1 — 8)6) S Cileic(logL)d/2 (43)
i=0

forall L > 1.

Proof. Take k, as in the statement of Theorem 3.3 for v = 3/2, and let l% > k, be large enough
suchthat [[,-;(1 —L,;l/w) > 1—¢/2.Choose v, =1, g := Lynw,0)>k}, H = 1 (thus, we will
say only m-crossing instead of (1, H )-crossing). Define the family (Am)menr, @sin (3.34) and
note that it is adapted and that each A,, is non-increasing. For a fixed p > 0, consider the crude
bound

IN

pi(p) P? (3(y,n) € By, suchthat N(y,n) < K)
< (BRL)LPP(N(0,0) < K) < (5RL) L K(p Vv 1)Ke . (4.4)

/16 such that the right-hand side of (4.4) is less than

exp(—(log L;)*'?). Therefore, by Theorem 3.3 and Proposition 3.10, there exists ¢ > 0 such that,
forall p > p(K, ) := ¢;p (with ¢, asin (3.10)) and all £ > 1,

For fixed K, l%, we can choose p > L;

-1
Pr (there exists a (0, £)-crossing o with Z Lin(e@)>ky < (1 — 5)€> < ¢ leellogd)
=0

3/2

The proposition follows by noticing that the first £ steps of any o € & form a (0, £)-crossing, and
then applying a union bound. O

Our second proposition is a quenched deviation estimate for the position of the random walk. In-

tuitively speaking, it says that if all paths spend a large proportion of their time in sites with many
particles, then the random walker itself has to move ballistically.
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For technical reasons we first have to restrict our attention to the collection of paths that behave well
in a certain sense. For L € Nand v € (0, ], let G¥ L be those paths of & that never touch Ho -
More precisely

G ={0e€&: (0(i),i) ¢ Hy Vi EZLy}. (4.5)

For K € N,e >0andy € Z¢ x Z, let

-1
A;,’U,K,E — {Hf 2 L/(QS%),U c GU,L: Z H{N(er(U(i),i))zK} < (1 — E)g} (46)

1=0

Proposition 4.3 (Quenched deviation estimate). For all v, € (0,v,), there existk, € N, ¢, €
(0,1) and ¢ > 0 such that, forall p € (0,00),y € Z¢x Z,v < v, and K > k,, P*-almost surely,
if the event AL-*"*+ does not occur then

PP(30>0: V) —y€Hyp|w) <cle (4.7)

Proof. Lety = (z,n) € Z% x Z be fixed. Fix §, € (0, 1) satisfying v, + 25, < v,. By Assumption
(D), there exists a k, € N such that

inf alk,z)z - e; > v, + 26,. (4.8)
K>k

Take €, € (0, 1) small enough such that 2(R + 1)e, < d,, and fix K > k,, v < v,.
For (2,1) € Z% x Z, let

d“(z,1) .= EF [(Xl(z’l) —z)-e1 ‘ w} = Zu ce;a(N(z,1),u) (4.9)

denote the quenched local drift in direction e; at the point (z,1). For o € &, let

-1

Do) =>_ d*(y+ (o(k),k)) (4.10)

k=0

be the total drift accumulated along the path that starts at ¥ and has increments given by o up to
time ¢ € N. When o = XV — x we omit it and write Dy. On (AL*"%5+)¢, forall £ > L/(29) and
allo € GVF,

-1 /-1
Di(o) > (vx +264) Y Lin@+okyk)2k} — R Z LN (y+(o (k) k) <K}
k=0 k=0
2 [U* + 25* - 5*(7}* + % + 25*)] g
> (Ve 4+ 0)0 > (v + )L (4.11)

by our choice of d,, k, and &,.

Note that, under IP*(- |w), the process

My :=(X] —x)- ey — DY
(-1
=) (XP X)) -e =B (X — X)) e | X8, XY w)
k=0

(4.12)
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is a zero-mean martingale with respect to the filtration J(Xg, e ,Xé’), and its increments are
bounded by 293. By Azuma'’s inequality and a union bound, there exists a ¢ > 0 such that

PP (30> L/(2R): |My| > 6,4 |w)<c e VLeEN. (4.13)
Now we argue that, on (AL )e,
{3¢>0: Y —yeH, .} C{IL>L/2R): | M| > 6.0} . (4.14)

Indeed, let /5 € N be the smallest time satisfying Yez —y € Hypr.Thenly > L/(R +v) >
L/(2%R). Setting o0 = XY — x up to time ¢, — 1 and equal to an arbitrary R-Lipschitz path that
does not touch H,, ;, for times greater than ¢y, then o € &% and we obtain by (4.11) that, on
(Ajvfoee, Dy > (v + 0,)0o. If additionally [My,| < 8,4y would hold, then we would have a
contradiction since

(Xy —x)-e1 > Dy (o) — [My| >vly = Y] —y¢&H,r (4.15)
This shows (4.14), and the conclusion follows by (4.13). O
Propositions 4.2—4.3 imply the ballisticity condition (4.2) as follows.

Proof of Theorem 4.1. For v, € (0,v,), fix k, € N, e, > 0 as in Proposition 4.3 and set p, :=
p(k, €,) as in Proposition 4.2. The theorem follows by noting that

-1
A;’U’K’E C {Hf > L/(2R),0 € &: Z TN+ (o k) k) =K < (1-— 8)@} (4.16)
k=1
and that the probability of the right-hand side of (4.16) does not depend on . O

4.2 Infection

In this subsection, we prove Proposition 1.2 regarding the front of the infection process described in
the introduction. We start with a precise construction of the model.

Fix p > 0,d = 1 and let N(z,0) and S*' be as in Section 2, i.e., (N(z,0)).cz are i.i.d. Poisson(p)
random variables and (Sz’i — 2)sezien are i.i.d., each distributed as a double-sided simple sym-
metric random walk on Z started at 0.

We also introduce random variables 77(z, i, n) € {0, 1} to indicate whether the particle correspond-
ing to S* is healthy (1(z,7,n) = 0) or infected (n(z,7,n) = 1) at time n. We will define them
recursively as follows. Set the initial configuration to be

n(z,1,0) =1 ifz<0andi < N(z,0), (4.17)
n(z,4,0) =0 otherwise. (4.18)

Supposing that, for some n > 0, n(z,4,n) is defined for all z € Z, i € N, we set

if i < N(z,0)and there exists
n(z,i,n+1) = 2 € Z,i' € Nwithn(z',i',n) = 1,87 = S, (4.19)
0 otherwise.

This definition means that, whenever a collection of particles share the same site at time n, if one
of them is infected then they will all become infected at time n + 1.

DOI 10.20347/WIAS.PREPRINT.2435 Berlin 2017



O. Blondel, M.R. Hilario, R.S. dos Santos, V. Sidoravicius, A. Teixeira 20

We are interested in the process X = (X,,)nez, defined by
X, = max{S>": n(z,i,n) =1}, (4.20)

i.e., X, is the rightmost infected particle at time n. We call X the front of the infection.

Note that the process 7 differs slightly from that described in the introduction, where particles shar-
ing a site with an infected one were required to become immediately infected. However, it is easy
to check that the process X is not affected by this difference, and we choose to work with 7 for
simplicity.

Our first result towards Proposition 1.2 is a reduction step, stating that it suffices to find, with high
probability, enough times n when the front X, of the infection process is close to another particle.
For this we fix r > 0 and define g, by

g =1 ) (4.21)
' {er[—r,r]ﬁ(QZ)N(xv O) 2 2}

that is, g, is the indicator function of the event that, at time zero, there are at least two particles at

even sites within distance r from the origin. Our lemma reads as follows.

Lemma 4.4. Fixp > 0 andr > 0 and suppose that, for some h € (0,1), ¢ > 0,

3/2

pr ( 9r > h for every 1-Lipschitz path

>1_ 1 —c(log L)
a:{O,...,L}—>Zwith|a(O)]<L>—1 €

VL >1, (4.22)

where g, is as in (4.21) and xJ" as in (3.31). Then (1.8) holds for some some v, c > 0.

Proof. One can check from the definition of the rightmost infected particle that the increment
X'HH - X, always dominates that of a symmetric random walk on Z. At some steps, however,
this increment has a drift to the right, namely when there is more than one particle at X,,. The idea
of the proof will be to bound the number of times at which such positive drift is observed.

We first note that the front starts close to the origin. Indeed,
P (Xo < —ﬁ) — pr (N(z, 0)=0V2¢e[-vVI,0N Z) < ce VT, (4.23)

Now, at every time n’ at which there is another particle at distance at most 7 from the front X, ata
site with the same parity as .X,,/, we can use the Markov property to see that, with uniformly positive
probability, this additional particle will reach the front within the next r steps. This means that, if n’
is such a time, the increment Xn’+r+1 — )_(n/ stochastically dominates (under the conditional law
given (N (-, ¢))¢<,) a random variable ¢ with positive expectation satisfying [(| < r + 1. We will
show that v = hE[(]/(3(r + 1)) fulfills (1.8).

Consider the 1-Lipschitz path given by the front ()_(4)5:0. Denote by D the intersection of the event
appearing in (4.22) with { X, > —+/L}. On D, we see that, for at least | L | steps between times
zero and L, the front X is r-close to another particle. Therefore, the same happens for at least
kr := ||hL|/(r 4 1)| steps that are at least r + 1 time units apart from each other, and we can
estimate using the Markov property

PP[X), < vL] < PP(D) + PP(C + -+ + Gy, < 20L 4+ VL) 4+ PP(S)!

“rip, < L)

where the (;’s are i.i.d. and distributed as (. Applying standard large deviation estimates to the sum
of the (;’s and to S!, we see that

P(X, < vL) < P(D) + ¢ L exp{—cL}+ < ¢ P exp{—c(log L)*?}, (4.24)

finishing the proof of the lemma. O
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We next present the proof of Proposition 1.2. In light of Lemma 4.4, all we need to prove is (4.22),
and for this we will use the renormalization procedure developed in Section 3. One might try to
obtain (4.22) by direct application of Theorem 3.3, defining the events A,,, in a natural way and then
taking 7 large enough. There is however a serious problem with this approach: for large values of
r, the family A,,, will no longer be adapted in the sense of Definition 3.1. To circumvent this issue,
we define intermediate classes of events that will certainly be adapted, although not necessarily
cascading. The details are carried out next.

Proof of Proposition 1.2. Given p > 0, let p := Lglp (cf. (8.10)). Fix hy = 1/2 and define in-
ductively the sequence hy, by hyy1 = hi(l — L,ZI/IG). Since hy > Lg”lﬁ, using (3.1) it fol-

lows by induction that k), > L;l/w for every £ > 0. Moreover, h;, decreases monotonically to

hoo := (200) ™" > 0. Form € Mj, let
Al = {there exists an m-crossing ¢ such that X;ZL’“ < hk}. (4.25)

In the definition of A/ we have used the local function gz, , which means that we are looking for
particles on even sites at distance at most L, from the origin. Intuitively speaking, this task will
become easier and easier to accomplish as & grows. This is made precise in the following claim:
there exists a ¢ > 0 such that

PP(A ) < ¢ texp{—cLy}, foreverym € My, k > 0. (4.26)

Indeed, this follows from a union bound over the points of the box B,,, together with a simple large
deviations estimate on the sum of independent Poisson(p) random variables.

By (4.26), there exists a k, € N such that
PP(A" ) < exp{—(log Li,)*/?}, forevery m € M, k > k,. (4.27)

As mentioned above, the family A/ may not be cascading, however it is clearly adapted. We now
define angther collegtion that will indeed be qascading. Let k, as in the statement of Theorem 3.3
and take & > k, \V k,. Then define, for k > k and m € M, C M;,

. . gL
A, = {there exists an m-crossing o, such that x, * < hk}. (4.28)

Note here that the local function gr; is fixed, i.e. it does not depend on the scale k associated with
m. This allows us to employ Lemma 3.9 and conclude that

the family (Am)meMN; is cascading. (4.29)

Moreover, this collection is adapted and composed of non-increasing events.

In view of (4.27) and (4.29), we have p;(p) = sup,cpr, PP (An) < exp{—(log L;)*?} since
Al = A, form € M;. Applying Theorem 3.3 and Proposition 3.10, we obtain, since p = ¢op >
t;,p and by translation invariance,

p( there exists a 1-Lipschitz path o : [0, L) N Z — Z that is either )

a (0, L)-crossing or a ((—L, 0), L)-crossing with Xf,L’% < heo/2 (4.30)
< C_1€_C(IOgL)3/2
implying (4.22). Proposition 1.2 then follows from Lemma 4.4. O
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5 Regeneration: proof of Theorem 1.1

In this section, we adapt Section 4 of [16] to our setting using Propositions 4.2 and 4.3. Theorem
1.1 will then follow as a consequence of the resulting renewal structure.

Hereafter, we fix v, € (0,v,) and take k, € N and ¢, € (0,1) as in Proposition 4.3. We then
define p, = p(k,’*, e*) as given by Proposition 4.2 and Theorem 4.1. We will also fix p > p, and
write [P := IP” from now on. By Assumption (R) and Proposition 4.3, we may assume that

Dy i= Pe(ky) = klg}f* alk,ze) >0, (5.1)

see also (2.6).

Let

U,:=v, A5 and ©U:= 30, (5.2)

W=

Fory € R? x IR, we define the following space-time regions:

Z(y) =y + £(0,0), £(0,0):={(x,n) €Z* x Zy: x-e; > tn,|z| <NRn}, (5.3)
7)) =y+ 7(0,0), 7(0,0):={(x,n) €Z* X Z_: x-e; < n}, (5.4)

where ‘R is as in Assumption (S). As in [16], we define the sets of trajectories

WZ

Yy
Wy7 = trajectories in W that intersect /(y) but not Z(y), (5.5)

W, = trajectories in W that intersect both /(y) and /().

trajectories in W that intersect Z(y) but not /(y),

Note that Wf Wy7 and W are disjoint, and therefore the sigma-algebras
Gl =0 (w(A): ACW,],AeW),I=21L7,+, (5.6)

are jointly independent under IP. Define also the sigma-algebras

Mfzo(Uz: z € L(y)), 57)
U’ =oU.: z€ 7(y)), '
and set
]:y = U( y77 g;,U;). (58)

Note that, for two space-time points y, y' € Z% x Z,ify € /(y') then F, C F.

In order to define the regeneration time, we first need to introduce certain record times (Rj,)en:-
The definition here will be different from the one in [16]. To this end, set Ry := 0 and, recursively
for k € Ny,

Ry =inf{n > Ry +1: (X, — Xg,)-e1 >0(n—Ry)}. (5.9)

Note that (XRk+1 — XRk) -ep > 0 if and onIy if Rk—f—l = Rk + 1.
Define now a filtration (Fy x>0 by setting, for & > 0,

Fi ::{B €o(w,U):
(5.10)
Vy e Z! x Z, 3B, € F,with BN {Yg, =y} = B, N {Yz, = y}},
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i.e., the sigma-algebra generated by Yz, , all U, with z € /(Yg,) and all w(A) such that A C
Wyﬁk U W;Rk. In particular, (Y;)o<i<r, € Fk-
Finally we define the event

AV ={Y e Lly) Vi€ L} (5.11)
in which the walker started at y remains inside Z(y), the probability measure
PA() =P (- |w(W) =0, A% (5.12)

with corresponding expectation operator E<, the regeneration record index
Z = inf {k €N: w(Wy, ) =0, A occurs } (5.13)
Ry
and the regeneration time
T =Rz (5.14)
The following two theorems are the analogous of Theorems 4.1—4.2 of [16] in our setting.

Theorem 5.1. Almost surely on the event {T < oo}, the process (Y:1; — Y;)icz, under either
the law P( - | 7, (Yi)o<i<r) or P“( - | 7, (Y;)o<i<-) has the same distribution as that of (Y;)icz.,
under P4 (-).

Theorem 5.2. There exists a constant ¢ > 0 such that
E [eC(IOgT)g/Q} < 0 (5.15)
and the same holds with E replacing E.

The proof of Theorem 5.1 follows exactly as that of Theorem 4.1 in [16] and thus we omit it here.
Theorem 5.2 will be proved in the next section. From them follows the:

Proof of Theorem 1.1. Using Theorems 5.1-5.2, one may follow almost word for word the argu-
ments given in Section 4.3 of [16], with the difference of having now random vectors instead of
real-valued random variables. In particular, we obtain the formulas

B [X/] (5.16)
V= —F—, .
E<[]
E[(X, —vT) - e; (X, —vT) - e,
Yij = (X —or) e (X o) ) (5.17)
| EZ[r]
for the velocity v and the covariance matrix 2, from which the comments made after Theorem 1.1
may be deduced. The fact that v - e; > v, follows from Theorem 4.1. O

5.1 Control of the regeneration time

In this section, we prove Theorem 5.2 by adapting Section 4.2 of [16] to our setting. The two most
important modifications are as follows. First, in order to bypass the requirement of uniform ellipticity,
we do not require the random walker to make jumps in a fixed direction independently of the envi-
ronment but instead only over points containing enough particles. For this, we need to estimate the
probability of certain joint occupation events, cf. Lemma 5.3 below. Second, we need a substitute
for Lemma 4.5 of [16], which gave a quenched estimate on the backtrack probability of the random
walker and was obtained therein using a monotonicity property only available in one dimension. This
is the role of Lemma 5.4 below, obtained with the help of Propositions 4.2—4.3.

In our first lemma, we construct a path for the random walk to follow where all the points have a
large number of particles. This has a cost that is at most exponential.
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Lemma 5.3. There exists ¢, € (0, 1) such that, for all L. € N,

P (w (Wigai \ (W7, LUWS)) > ke Vi=0,...,L—1) > cl. (5.18)
Proof. We proceed by induction in L. Recall the definition of S%! in Section 2 and let

=P (N(0) > k)P (SO ¢ 7(0) U L(za, 1)V € Z)™ > 0. (5.19)

Since P (w (Wo \ (W}, UW{)) > ki) > c,, the claim holds for L = 1. Assume that it holds
for some L > 1. Notmg 'that Z((i+ 1D)ze,i + 1) C L(ize, 1), write

]P’(ﬁ {w (Wm.z \ (W&H Yoo L1 Y WJ)) 2 k*} )

=0

( m {w iTe,i WIZ.,L U W(;L)) 2 k*} N

{ (WLQ’"L (7, (L+1 Yoo Lt1 WZ&?.,L)) > k’*} ) (5.20)

Using now that forany i = 0,...,L — 1, the sets of trajectories Wi, ; \ (W/,. LU Wy) and
Wizer \ (W, L+1)z 141 UYWL, 1) are disjoint, and using also the translation invariance of P, we
see that the right-hand side of (5.20) equals

(ﬂ{w w;.,Luwmzz@}) (o (Wo\ (W, UTZ) = k) > et

(5.21)
by the induction hypothesis, concluding the proof. O

Our next result is an estimate on the conditional backtrack probability of the random walker, which
as already mentioned can be seen as a substitute for Lemma 4.5 of [16]. Recall the definition of
=~ 1
Ve = Uy N\ 5

Lemma 5.4. There exists a constant c, > 0 such that
PYY-y¢HsoVneN|F) >c Pas Vye Z¢ x 7. (5.22)

Proof. Fory € Z% x Z and L € N, write y (1) := y + (L., L) and let

L-1

Bﬁ = m {w <Wy+(iw-,i) \ <W?ZL> Y W+)> 2 k*} ’

= ﬂ {Uyt(iwaiy < i} - (5.23)
i=0

Recall (2.6) and the discussion below it. Put L, := [ (1—0,) L] and abbreviate AL+ := AL+ xhes

(cf. (4.6)). Note that B), C are measurable in 7, to obtain, P-a.s.,
)

P(Yf’ —y ¢ HpoVi€EN ‘ Fy)
> P (CL BE (AL, ), Y™ =y & Hoop, Yo €N | F,)

=E [ﬂcybﬂsg P ((AL* ), Yo' =y ¢ Ha,or,

YL)

y(L)) ‘ F, } (5.24)
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H L* y<L) H 7
Now, since ‘Ay(Ly YY) are independent of Z/{y(L)

P((ALs)) Y =y € Hoon Y €N |7,,)

Y(L)

Ly Y £
=P (AL ), Vi — iy & Ho,n, ¥ €N [GZ, VG )
> (1= ¢ Lol )P ((Ag(; ) ym) as. (5.25)

by Proposition 4.3 (recall that 7, < v,). Substituting this back into (5.24) and using that B, .Aj(* "
o(w),Cl € o(U), we obtain that (5.24) is a.s. larger than

i P (BE (AL )

+
MY Qy ) (5.26)
when L is large enough. Reasoning as for equation (4.16) in [16], we see that, P-a.s.,

L Ly
Lo P (BE (AL )

Y(L)

y v QJ) = Lwawy )=o) P (By's (AL, )¢ | w(W5) = 0) .

Moreover, since BL <A5(*L )¢ is non-decreasing (in the sense of Definition 2.1), its conditional

probability given Qy7 V G only increases if w(W,) # 0. Hence, P-a.s.,

P (B (AL ) | 6] v Gy ) = P (BE. (AL, ) | w(W§) =0)
=P (Bé, (AL ) ) (5.27)
where
/—1
Ay L= {302 LJ2R), 0 € 6™ 50 S Ty wzi < (1- 2L,
= (5.28)

Since BE and (ﬁé;hL)c are functions of w only and are both non-decreasing, it follows from Propo-
sition 2.2 and Lemma 5.3 that (5.27) is at least

P (BE) P (AL, ,)7) = P (AL, ,)° | w(W) = 0). (5.29)

Now note that, by Proposition 4.2,

]ID(Aé* L) -1 — 3/2
< T, < c(log L) _
P (Al |00V) =0) S ey Zgp 5S¢ (5.30)

for some constant ¢ > 0. For fixed L large enough, (5.30) is smaller than 1/2, and thus (5.22)
follows from (5.24)—(5.30) with ¢, := 1 (cop.)*~. O

We proceed with the adaptation of Section 4.2 of [16]. As in equation (4.21) therein, we define the
influence field

h(y) := inf{l €Zy: w(W, N Wyi o t) = 0} , YEZ'XZ. (5.31)

Using =, - €1 > 1 and similar arguments as for Lemma 4.3 in [16], we obtain:
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Lemma 5.5. There exist constants c,, c, > 0 such that, for all y € 7% x 7,

P(h(y) > 1) < e, leZy. (5.32)

Let
D= cypy >0 (5.33)

where p, is as in (5.1) and ¢, as in (5.18). Analogously to equations (4.28)—(4.29) in [16], we set,
forT > 1,

1

D\ @A, T=1T), T"=dlog(T)], (.34

5= (—dlog(p) ", c:=
and we define the local influence field at a space-time point y & 7% x 7 to be:

T e . + + Z _

h (y) = inf {l - Z+ : W(Wy N Wy—‘r(lx.,l) N Wy—([(ﬁ/iﬁ)T’Jx.,L(E/SR)T’D) = O} . (535)
Note that our definition is slightly different from that of [16]. As in Lemma 4.4 therein, we obtain:
Lemma 5.6. ForallT > 1andally € Z% x 7,

P (A" (y) > 1| Fye(oyonr feat@onyr ) < e V1€ Z, P-as, (5.36)
where c,, c, are the same constants as in Lemma 5.5.
Proof. Note that h” (y) is independent of Fy_(|(5/9)7" |z, (5/9)77]) @nd AT (y) < h(y). O

As in [16], an important definition is that of a good record time (g.r.t.): for £ € N, we call R; a g.r.t.
if

hT(YRk) < TH? (5.37)

“ (WYRW(ZI-J) \ (W;Rk Y W;RkJr(T”x.,T”))) = Vi=0,...,7" -1, (5.38)
and UYRk—l—(lx.,l) < D«

W(W;Rk—i-(T”a:.,T”) N W?Rk) =0, (5.39)

Yo, € Z(YR, ) foralln € {Ryypo, ..., Ryyr . (5.40)

Note that, when (5.38) occurs, Y, + (1"x.,1T") = YR\

With the above definitions and results in place, only minor modifications are required to adapt the
rest of Section 4.2 of [16] to our setting. For completeness, we provide below all the details.

The following proposition is the main step in the proof of Theorem 5.2.

Proposition 5.7. There exists a constant c, > 0 such that, for all'I' > 1 large enough,
P[Ryisnotag.rt foralll <k <T]< e T, (5.41)
Proof. First we claim that there exists a ¢ > 0 such that, for any & > 17,

P [Rk is a g.r.t.|}"k_T/} > (01080) g g, (5.42)
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To prove (5.42), we will find ¢ > 0 such that

P[(5.37) | Fo-rr] > ¢ as., (5.43)
P[(5.38) | F;| > T°'°5@ a.s., (5.44)
(5.39) | (5.38), F| > ¢ a.s., (5.45)
P[(5.39) | ( ]

P[(5.40) | Fiirn] > ¢ a.s. (5.46)

Proof of (5.43): For B € Fj,_v, write
P(h"(Yr,)>T".B)= > P(h"(y2) >T" Yr, =4, Yn, ,, =t1.B,). (547)

Y1,Yy2€2LIXZ

Y !
Note that, if Y, *~7 — Yr, ., & Hs,oforalln € N, then Ry, < Ry_7+ CT" for some constant
C > MR > 1,and moreover Yz, € 7 (Yg, — ([(0/R)T"]x,, | (0/R)T"])). Thus we may
upper-bound (5.47) by

3 S P (h"(y2) > T",Yr, , = ¥1, By,)

Y1 E€EZAXTZ Y2E€Z4X L |y2a—y1]eo <CT',
y1€ 7 (y2—(L(8/R) T’ |z, [ (3/R)T"]))

+ > P@EAneN: Y —y € Moo Ya, o = 1. By,)

Y1EZAXT

< {O(T')d“cze—csT” +1- 01} P(B) < {C’czecsT_%éc3 11— 01} P(B)  (5.48)

for some constant C' > 0, where for the first inequality we use Lemmas 5.4 and 5.6 (see also the
comment after (5.8)), and for the second we use the definition of €. Thus, for T’ large enough, (5.43)
is satisfied with ¢ = ¢, /2.

Proof of (5.44): Let B} as in (5.23) and note that ByT”, (Uyt(ize.) 1cz, and F, are jointly indepen-
dent. For B € F, write

P (Bﬂkj Uy, +(1zal) < Prs B) = > P (lS’yT s Uyt(izad) < Pos YR, = y,By>

YyEZAXZ
— TP (BT”) (B) (5.49)

to conclude that (5.38) is independent of F;.. Then (5.44) follows by Lemma 5.3 and (5.34).

Proof of (5.45): We may ignore the conditioning on (5.38) since this event is independent of (5.39)
and F,. For B € Fj,, write

P (w(Wka n W;Rk-&-(T”,T”) ) Z P ( WZ M W;(T” T”)) =0.Yr, =y, By)
yEZ2
= P (@Wf AW, ) = 0) B (Y, =3, B,) = P (w(Wg) = 0) P(B),  (650)
yez?

where the second equality uses the independence between g; and F,,.
Proof of (5.46): For B € Fj 1, write

P (Y, € Z(YR, ) ¥V Ry < < Ry, B)
>N PV ¢ Hoo VY EN, Y, ., =y.B,)

yEZ?

> ¢, P(B) (5.51)
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by Lemma 5.4.
Thus, (5.42) is verified. Since { Ry, is a g.r.t.} € Fy. 1, we obtain, for T large enough,

P(Ryisnotagrt.foranyk <7T) <P (R(QkH)T/ is not a g.r.t. for any k < T/3T’)

c T1+5log(ﬁ)
con

< exp {—ET%} (5.52)

by our choice of € and 9. O
The proof of Theorem 5.2 can then be finished as in [16].

Proof of Theorem 5.2. Since P#(-) = P(-|A%, w(Wy") = 0) and P(A°,w(W7) = 0) > 0, itis
enough to prove the statement under IP. To that end, let

By = {3y € [-2RT,2RT)* x [-T,TINZ* x Z: h(y) > [(v/R)T"|},

5.53

Ey = {3y € [-2RT,2RT)* x [-T,T)NZ" x Z: Y touches y + Hs, o1 }- (5:59)
Then, by Lemma 5.5, (4.2) and a union bound, there exists a ¢ > 0 such that

P(E, UE,) < ¢ le ey 1, (5.54)

Next we argue that, for all 7" large enough, if Ry, is a good record time with &£ < (v/9%)T" and both
F; and E5 do not occur then 7 < Ry v < T. Indeed, if T < vT/9R, then on ES we have
R|@/9)r)+7 < T since otherwise Y touches Hg, 57| Thus we only need to verify that

wWy.,  )=0 (5.55)

k+T"

and that
A Pesr occurs (5.56)

under the conditions stated.
To verify (5.56), note that, on E5, we have Y, ,, € [=20T,2RT]* x [0,T] N Z* x Z and,
moreover, if 7" < 1T" then

YRk+T’+l 6 Z(YRkJrT”) \V/l E Z+, (557)

which together with (5.40) implies (5.56).
To verify (5.55), first note that, by (5.37) and (5.39), it is enough to check that

w(W;Rk Nnwr

Vi, (/B 2, (a/93)17)) = O (5.58)

on E§N ES. Noting that, on ES, Yz, — (| (0/R)T" |z, | (v/R)T]) € [-2RT, 2RT)* x [0, T] N
7% x 7, (5.58) follows from the definitions of F; and of h.
In conclusion, for 1" large enough we have

P(r>T)<P(EyUE;)+P(Ryisnotag.rt.Vk <oT)
S C*lefc(IOgT)‘;/Q + 6704(@’1—')1/2 (559)

from which (5.15) follows. O
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A Decoupling of space-time boxes

The aim of this section is to prove Theorem 3.4. The proof is very similar to the proof of Theorem C.1
in [16]; only the most important changes are described here. In the following subsections, we will
concentrate on intermediate results required for item (b) of Theorem 3.4, i.e., the case where f,
f2 are both non-decreasing. The non-increasing case will be discussed in the proof of Theorem 3.4
itself at the end of this Appendix.

The constants in this section will be all independent of p; this is crucial for the perturbative argu-
ments of Section 3.

A.1 Soft local times

We start with a coupling result. For a Polish space > and a Radon measure 1 on Y, let m denote
the Poisson point process on > X R with intensity measure i ® dv, where dv is the Lebesgue
measure on R . We write m = ), 0., ,, With (2;,v;) € 3 x R,

Fix a sequence of independent X-valued random elements 7, j € N. Assume that the law of Z;
is absolutely continuous with respect to 2 with density g;. As in Appendix A of [16], we define the
soft local times G; : ¥ — [0, 00), j € N by setting

& =inf {t > 0: tgi(z;) > v; foratleastone i € N},
Gi(2) = &191(2),
: (A.1)
& =inf {t > 0: tg;(2;) + Gr_1(z;) > v; for at least k indices i € N},
Gr(z) =&1g1(2) + - + & gr(2)

This construction can be used to prove the following.

Lemma A.1. The random variables (§;) en in (A.1) are i.i.d. Exp(1). Furthermore, there exists a
coupling Q of (Z;) jen and'm such that, forany J € N, p > 0,
Q|1 > 6z, <Ly Y 6| >Q[sup Gy(z) < p (A-2)

!
G<J it vi<p 2€H

for all compact H' C X.

Proof. Follows from Proposition A.2 in [16] (compare to Corollary A.3 therein). O

A.2 Simple random walks

As in [16], we will need some basic facts about the heat kernel of random walks on Z¢. Let
pu(x, ') = P(S® = 2'), z,2’ € Z% with P,, S*' as defined in Section 2. Hereafter we
will assume that S is lazy; non-lazy S** are bipartite, and the argument below may adapted as
outlined in Remark C.4 of [16]. Lazy S'¥ are aperiodic in the sense of [25], and thus there exist
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constants C, ¢ > 0 such that the following hold for all n € N:

sup pa(0,2) < 55, (A-3)
Clz — 2|

1P(0,2) — pn(0,2)| < — @ Y x, 2’ € 7% (A.4)

Po(|S,| > v/nlogn) < Ceclog™ ™, (A.5)

For (A.3), see e.g. Lawler and Limic [25, Theorem 2.4.4]. To get (A.4), use [25, Theorem 2.3.5 and
equation (2.2)], while (A.5) follows by an application of e.g. Azuma’s inequality.

The above inequalities will be used to prove Lemma A.3 below, regarding the integration of the heat
kernel over a sparse cloud of sample points. In order to state it, we need the following definitions.

Definition A.2. (a) We say that a collection of intervals {C; };c; is an L-paving if
Cil=L'Viel, |JCi=2" ad C;NC;j=0 Vi#jel (A.6)
icl

(b) For p € (0, 00), we say that a collection of points () jc; C Z% is p-sparse with respect to the
L-paving {C;};cr when
#{j:x; €C} <pL* Viel (A7)

In the above definition, by interval, we mean a subset of Z¢ that is a Cartesian products of intervals
of Z.

The next lemma provides an estimate of the sum of the heat kernel over a sparse collection (z;) ;e ;.

Lemma A.3. There exists ¢ > 0 such that the following holds. Let {C;};c; be an L-paving and
(x;)jes be p-sparse collection with respect to {C; }cr. Then, foralln > L,

cL(logn)?
jeszn(owfj) SP{1+T} (A.8)

Proof. Foreachi € I, choose z; € C; such that

pn(0, z;) = max p, (0, x). (A.9)

zeC;
Then we have
an(0>$j) = Z Z pn(0,25) < ZpLdpn(O, zi)
jeJ i€l j:z;€Cy i€l

<pD> > Ipa(0,2) = pa(0, )] + p. (A.10)

i€l xeC;

On the other hand, by (A.4)—(A.5) we have (since p,, (0, z;) < Py (S%! € C)))

n>L cL
SN pa(0.2) = pa(0,2)] < (140D P(|Su] > Valogn) + Y — a7
iel zeC; |z|<v/nlogn
< cL(logn)?//n (A.11)
and the claim follows by combining (A.10) and (A.11). O
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A.3 Coupling of trajectories

Given a sequence of points (z;);ecs in 74, let (Z,{)n%, J € J, be a sequence of independent
simple random walks on Z starting at z;, and let ®j€J P, denote their joint law. The next lemma,

analogous to Lemma B.3 in [16], provides a coupling of (Z%)jeJ with a product Poisson measure
on Z4.

Lemma A.4. There exists a constant ¢ > 1 such that the following holds. Let (z;);jc; C Z% be
p-sparse with respect to the L-paving {C;};cr. Then for any p' > p there exists a coupling Q of
®je Jij and the law of a Poisson point process » e (5yj . on Z* with intensity p' such that

L2(1 d
Q1> 0, < 1w > by, | = 1-|H exp {—(p’ —p)L+ (M)} (A12)

jeJ ’ j'ed’ ’ vn
for all finite H' C Z% and alln > cL?.

Proof. By Lemma A.1, there exists a coupling Q such that

Q[ILH,Z(SZ%gILH/ZéyJ,,] ZQ[GJ(Z)Sp’VZEH’], (A.13)
jed j'e

where G j(2) = > e ; & Pu(®j, 2) with (§;); i.id. Exp(1) random variables. Write

Q[3z € H': Gy(2) > p/] < |H'| sup Q[Gs(2) > p]

z€H'
<|H'|e ™" sup E®[exp{LG;(2)}]. (A.14)
zeH'
If n > cL? with large enough ¢ > 1, then, by (A.3),
1
sup Lp,(0,2) < =. (A.15)
€L 2

Thus we may write, for any z € Z,

E%exp{LG,(2)}] = [[E?[exp{&;Lpales. 2)}] =[] (1 — Lpn(z;, z))_l. (A.16)

jeJ jeJ
Using (A.15) and — log(1 — x) < x + z% forall = € [0, 1/2], we obtain

H(l — Lpu(z,2;)) ' < H exp {Lpn(z, ;) (1 + Lpa(z,25)) }

jedJ jeJ

<exp { Z Lp,(z,x;) (1 + sup Lp, (0, x)) }
= zeZ (A.17)

<exp {pL(1+ L) (14 %) |
<expqpL(l+ %)}

where the last two inequalities are justified using n > c¢L? > L, Lemma A.3 and (A.3). Inserting
this estimate into (A.14), we get the claim. O
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A.4 Proof of Theorem 3.4
We can now finish the:

Proof of Theorem 3.4. The proof of item (a) can be obtained by adapting Appendixes B—C of [16]
to higher dimensions as follows. First of all, (B.1)—(B.3) therein should be substituted by their d-
dimensional counterparts (A.3)—(A.5) above. Definition B.1 therein should be substituted by the p-
dense analogue of Definition A.2 above, i.e., changing “<” to “>"in (A.7). One may then follow the
arguments given in [16] to re-obtain Lemmas B.2—-B.3 therein with the following differences: in both
(B.6) and (B.10) therein, log n should be substituted by (log n)? (analogously to Lemmas A.3-A.4
above). The proof of Theorem 3.4(a) then follows from these results exactly as in the proof of The-
orem C.1 in [16]. The proof of Theorem 3.4(b) is completely analogous, following from Lemma A.4
above as Theorem C.1 in [16] follows from Lemma B.3 therein. O
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