
Weierstraß-Institut
für Angewandte Analysis und Stochastik

Leibniz-Institut im Forschungsverbund Berlin e. V.

Preprint ISSN 2198-5855

On convergences of the squareroot approximation scheme

to the Fokker–Planck operator

Martin Heida

submitted: May 9, 2017

Weierstraß-Institut

Mohrenstr. 39

10117 Berlin

Germany

E-Mail: martin.heida@wias-berlin.de

No. 2399

Berlin 2017

2010 Mathematics Subject Classification. 35B27, 35Q84, 49M25, 60H25, 60K37, 80M40, 35R60, 47B80.

Key words and phrases. Finite volumes, Voronoi, discretization, Fokker-Planck, Smoluchowski, Langevin dynamics,

square root approximation, stochastic homogenization, G-convergence.

This research has been funded by Deutsche Forschungsgemeinschaft (DFG) through grant CRC 1114 ”Scaling Cascades

in Complex Systems”, Project C05 ”Effective models for interfaces with many scales”.



Edited by

Weierstraß-Institut für Angewandte Analysis und Stochastik (WIAS)

Leibniz-Institut im Forschungsverbund Berlin e. V.

Mohrenstraße 39

10117 Berlin

Germany

Fax: +49 30 20372-303

E-Mail: preprint@wias-berlin.de

World Wide Web: http://www.wias-berlin.de/

preprint@wias-berlin.de
http://www.wias-berlin.de/


❖♥ ❝♦♥✈❡r❣❡♥❝❡s ♦❢ t❤❡ sq✉❛r❡r♦♦t ❛♣♣r♦①✐♠❛t✐♦♥

s❝❤❡♠❡ t♦ t❤❡ ❋♦❦❦❡r✕P❧❛♥❝❦ ♦♣❡r❛t♦r

▼❛rt✐♥ ❍❡✐❞❛

❆❜str❛❝t

❲❡ st✉❞② t❤❡ q✉❛❧✐t❛t✐✈❡ ❝♦♥✈❡r❣❡♥❝❡ ♣r♦♣❡rt✐❡s ♦❢ ❛ ✜♥✐t❡ ✈♦❧✉♠❡ s❝❤❡♠❡ t❤❛t
r❡❝❡♥t❧② ✇❛s ♣r♦♣♦s❡❞ ❜② ▲✐❡✱ ❋❛❝❦❡❧❞❡② ❛♥❞ ❲❡❜❡r ❬✷✸❪ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❝♦♥❢♦r♠❛✲
t✐♦♥ ❞②♥❛♠✐❝s✳ ❚❤❡ s❝❤❡♠❡ ✇❛s ❞❡r✐✈❡❞ ❢r♦♠ ♣❤②s✐❝❛❧ ♣r✐♥❝✐♣❧❡s ❛♥❞ ✐s ❝❛❧❧❡❞ t❤❡
sq✉❛r❡r♦♦t ❛♣♣r♦①✐♠❛t✐♦♥ ✭❙◗❘❆✮ s❝❤❡♠❡✳ ❲❡ s❤♦✇ t❤❛t s♦❧✉t✐♦♥s t♦ t❤❡ ❙◗❘❆
❡q✉❛t✐♦♥ ❝♦♥✈❡r❣❡ t♦ s♦❧✉t✐♦♥s ♦❢ t❤❡ ❋♦❦❦❡r✲P❧❛♥❝❦ ❡q✉❛t✐♦♥ ✉s✐♥❣ ❛ ❞✐s❝r❡t❡ ♥♦t✐♦♥
♦❢ ●✲❝♦♥✈❡r❣❡♥❝❡✳ ❍❡♥❝❡ t❤❡ sq✉❛r❡r♦♦t ❛♣♣r♦①✐♠❛t✐♦♥ t✉r♥s ♦✉t t♦ ❜❡ ❛ ✉s❡❢✉❧❧ ❛♣✲
♣r♦①✐♠❛t✐♦♥ s❝❤❡♠❡ t♦ t❤❡ ❋♦❦❦❡r✲P❧❛♥❝❦ ❡q✉❛t✐♦♥ ✐♥ ❤✐❣❤ ❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡s✳ ❆s
❛♥ ❡①❛♠♣❧❡✱ ✐♥ t❤❡ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ st❛t✐♦♥❛r② ❱♦r♦♥♦✐ t❡ss❡❧❧❛t✐♦♥s ✇❡ ✉s❡ st♦❝❤❛st✐❝
t✇♦✲s❝❛❧❡ ❝♦♥✈❡r❣❡♥❝❡ t♦ ♣r♦✈❡ t❤❛t t❤✐s s❡tt✐♥❣ s❛t✐s✜❡s t❤❡ ●✲❝♦♥✈❡r❣❡♥❝❡ ♣r♦♣❡rt②✳
■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❝❧❛ss ♦❢ t❡ss❡❧❧❛t✐♦♥s ❢♦r ✇❤✐❝❤ t❤❡ ●✲❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧t ❤♦❧❞s ✐s
♥♦t tr✐✈✐❛❧✳

✶ ■♥tr♦❞✉❝t✐♦♥

■♥ ❛ r❡❝❡♥t ✇♦r❦ ❬✷✸❪✱ t❤❡ s♦✲❝❛❧❧❡❞ sq✉❛r❡r♦♦t ❛♣♣r♦①✐♠❛t✐♦♥ ✭❙◗❘❆✮ ♦♣❡r❛t♦r ❤❛s ❜❡❡♥
✐♥tr♦❞✉❝❡❞✱ ❜❛s❡❞ ♦♥ ❡❛r❧✐❡r r❡❧❛t❡❞ ✇♦r❦s ❬✶✷✱ ✷✷❪✳ ❚❤❡ ❙◗❘❆✲s❝❤❡♠❡ ✇❛s ✐♥tr♦❞✉❝❡❞
❛s ❛ ✜♥✐t❡ ✈♦❧✉♠❡ s❝❤❡♠❡ ♦♥ ❛ r❛♥❞♦♠ ❱♦r♦♥♦✐ ❞✐s❝r❡t✐③❛t✐♦♥ ❞❡s✐❣♥❡❞ ❢♦r ♥✉♠❡r✐❝❛❧
s✐♠✉❧❛t✐♦♥ ♦❢ ❧❛r❣❡ ♠♦❧❡❝✉❧❡s ✐♥ ❝♦♥❢♦r♠❛t✐♦♥ ❞②♥❛♠✐❝s✳ ❍❡♥❝❡ ✐t ✐s ✐♥t❡r❡st✐♥❣ t♦ ❦♥♦✇
✇❤❡t❤❡r t❤❡ ❙◗❘❆✲♦♣❡r❛t♦r ❝♦♥✈❡r❣❡s ✐♥ s♦♠❡ s❡♥s❡ t♦ ❛ ♣❤②s✐❝❛❧❧② r❡❛s♦♥❛❜❧❡ ❝♦♥t✐♥✉♦✉s
♦♣❡r❛t♦r ❛s t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ❜❡❝♦♠❡s ✜♥❡r ❛♥❞ ✜♥❡r✳ ❆ ♠❛❥♦r ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤✐s ✇♦r❦
✐s ❛ ♣♦s✐t✐✈❡ ❛♥s✇❡r t♦ t❤❛t q✉❡st✐♦♥✱ ✐✳❡✳ t❤❛t t❤❡ ❙◗❘❆✲♦♣❡r❛t♦r ❝♦♥✈❡r❣❡s t♦ t❤❡
✭♣❤②s✐❝❛❧❧② ❡①♣❡❝t❡❞✮ ❋♦❦❦❡r✲P❧❛♥❝❦ ♦♣❡r❛t♦r✱ ✇❤✐❝❤ ✐s ❛❧s♦ ❦♥♦✇♥ ❛s t❤❡ ❙♠♦❧✉❝❤♦✇s❦✐
♦♣❡r❛t♦r ✐♥ ❝♦♥❢♦r♠❛t✐♦♥ ❞②♥❛♠✐❝s✳ ❚❤✐s ✇✐❧❧ ❜❡ ❝♦♥s✐❞❡r❡❞ ❢♦r ❉✐r✐❝❤❧❡t ❛♥❞ ❢♦r ♣❡r✐♦❞✐❝
❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s

❚❤❡ ❱♦r♦♥♦✐ ❞✐s❝r❡t✐③❛t✐♦♥ ✐s ❡ss❡♥t✐❛❧ ❢♦r t❤❡ ❙◗❘❆ ♠❡t❤♦❞ ❛s ✐t ❛✈♦✐❞s t❤❡ ❝✉rs❡ ♦❢ ❞✐✲
♠❡♥s✐♦♥❛❧✐t② ✐♥ ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡s✳ ❯s✉❛❧❧②✱ t❤❡ ❱♦r♦♥♦✐✲❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ ❛♥ ❡❧❧✐♣t✐❝
♦♣❡r❛t♦r ♥❡❡❞s ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡ ✈♦❧✉♠❡ ♦❢ t❤❡ ❱♦r♦♥♦✐ ❝❡❧❧s ❛s ✇❡❧❧ ❛s ♦❢ t❤❡ n − 1✲
❞✐♠❡♥s✐♦♥❛❧ ✈♦❧✉♠❡ ♦❢ t❤❡ ❝❡❧❧✲✐♥t❡r❢❛❝❡s✳ ❍♦✇❡✈❡r✱ t❤❡ ♣❤❛s❡ s♣❛❝❡s ♦❢ ♠♦❧❡❝✉❧❡s ❛r❡ ♦❢
✈❡r② ❤✐❣❤ ❞✐♠❡♥s✐♦♥ ✭♦r❞❡r 103✮ ❛♥❞ ✐t ✐s ❝♦♠♣✉t❛t✐♦♥❛❧② ♥♦t ❢❡❛s✐❜❧❡ t♦ ❝♦♠♣✉t❡ t❤❡
r❡s♣❡❝t✐✈❡ ✈♦❧✉♠❡s ✐♥ r❡❛s♦♥❛❜❧❡ t✐♠❡✳ ❚❤✉s✱ ✐♥ ❝♦♥tr❛st t♦ ♦t❤❡r ♥✉♠❡r✐❝❛❧ ❛♣♣r♦❛❝❤❡s✱
t❤❡ ❙◗❘❆ s✐♠♣❧② ❛ss✉♠❡s t❤❛t t❤❡ ❱♦r♦♥♦✐✲❝❡❧❧s ❛r❡ ❛❧❧ ♦❢ ❛♣♣r♦①✐♠❛t❡❧② ❡q✉❛❧ s✐③❡ ❛♥❞
t❤❛t t❤❡ s❡✈❡r❛❧ ✐♥t❡r❢❛❝❡ ❛r❡ ❛❧s♦ ♦❢ ❛♣♣r♦①✐♠❛t❡❧② t❤❡ s❛♠❡ s✐③❡✳ ❚❤✐s ❛♥s❛t③ ✐s t❤♦✉❣❤t
t♦ ♠✐♠✐❝ ❛♥ ❛❧♠♦st ♦♣t✐♠❛❧ ♣❛rt✐t✐♦♥ ♦❢ t❤❡ s♣❛❝❡ ❜② ❜❛❧❧s ♦❢ ❡q✉❛❧ s✐③❡✳

■♥ ♦r❞❡r t♦ ✐♥tr♦❞✉❝❡ t❤❡ ❙◗❘❆ ♦♣❡r❛t♦r✱ ❧❡t Q ❜❡ ❛ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ ✇✐t❤ ❛ ❢❛♠✐❧②
♦❢ ♣♦✐♥ts (Pm,i)i=1,...m✳ ❋r♦♠ t❤❡s❡ ♣♦✐♥ts ✇❡ ❝♦♥str✉❝t ❛ ❱♦r♦♥♦✐ t❡ss❡❧❧❛t✐♦♥ ♦❢ ❝❡❧❧s

❉❖■ ✶✵✳✷✵✸✹✼✴❲■❆❙✳P❘❊P❘■◆❚✳✷✸✾✾ ❇❡r❧✐♥ ✷✵✶✼



▼✳ ❍❡✐❞❛ ✷

Gm,i t❤❛t ❝♦rr❡s♣♦♥❞ t♦ Pm,i ❢♦r ❡✈❡r② i✳ ❲❡ ✇r✐t❡ i ∼ j ✐❢ t❤❡ ❝❡❧❧s Gm,i ❛♥❞ Gm,j ❛r❡
♥❡✐❣❤❜♦r❡❞✳ ❚❤✉s✱ t❤❡ ✜♥✐t❡ ✈♦❧✉♠❡ s♣❛❝❡ ❢♦r t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ (Gm,i)i=1,...m ✐s ✐s♦♠♦r♣❤✐❝

t♦ Rm✳ ●✐✈❡♥ ❛ ♣♦t❡♥t✐❛❧ V ∈ C2(Q) ❛♥❞ ✇r✐t✐♥❣ vmi ∶= exp (−1
2
βV (Pm,i))✱ t❤❡ sq✉❛r❡r♦♦t

❛♣♣r♦①✐♠❛t✐♦♥ ♦♣❡r❛t♦r ♦♥ Pm,i ✐s t❤❡♥ ❞❡✜♥❡❞ ❛s

(Fmu)i ∶= Cm∑
i∼j

(uj vmi
vmj
− ui

vmj

vmi
) , ✭✶✮

✇❤❡r❡ Cm ✐s ❛ ♥♦r♠❛❧✐③✐♥❣ ❝♦♥st❛♥t✳ ■t t✉r♥s ♦✉t t❤❛t t❤✐s ♥♦r♠❛❧✐③✐♥❣ ❝♦♥st❛♥t ❝❛♥ ❜❡
❡st✐♠❛t❡❞ ❢r♦♠ t❤❡ ❝❛s❡ V ≡ 0✱ ✐✳❡✳ ❢r♦♠ t❤❡ ❞✐s❝r❡t❡ ▲❛♣❧❛❝❡ ♦♣❡r❛t♦r Lm ✇❤✐❝❤ ✐s ❣✐✈❡♥
❛s (Lmu)i ∶= Cm∑

j∼i

(uj − ui) . ✭✷✮

▼♦r❡ ♣r❡❝✐s❡❧②✱ ❚❤❡♦r❡♠ ✶✳✺ st❛t❡s t❤❛t t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ❜❡❤❛✈✐♦r ♦❢ Fm ✐s ♠♦st❧② ❝❤❛r❛❝✲
t❡r✐③❡❞ ❜② t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ❜❡❤❛✈✐♦r ♦❢ Lm✿ ■❢ Lm ✐s ●✲❝♦♥✈❡r❣❡♥t ✭✐♥ t❤❡ ❞✐s❝r❡t❡ s❡♥s❡✮
t♦ Lu = ∇ ⋅ (Ahom∇u)✱ t❤❡ s♦❧✉t✐♦♥s um ♦❢ t❤❡ ❡q✉❛t✐♦♥ Fmum = fm ❝♦♥✈❡r❣❡ t♦ s♦❧✉✲
t✐♦♥s Fu ∶= ∇ ⋅ (Ahom∇u) + div (uAhom∇V ) = f ✱ ♣r♦✈✐❞❡❞ fm → f ✐♥ ❛ ✇❡❛❦ s❡♥s❡✳ ◆♦t❡
t❤❛t t❤❡ ♦♣♣♦s✐t❡ ❞✐r❡❝t✐♦♥ ✐s tr✐✈✐❛❧✿ ■❢ t❤❡ ❙◗❘❆ ❝♦♥✈❡r❣❡s ❢♦r ❛❧❧ V ∈ C2(Q) t❤❡♥Lm → ∇ ⋅Ahom∇✳

✶✳✶ ◆✉♠❡r✐❝❛❧ ❛♥❞ ♣❤②s✐❝❛❧ r❡❧❡✈❛♥❝❡ ♦❢ r❡s✉❧ts

❚❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ s❝❤❡♠❡ ✭✶✮ ♣r♦♣♦s❡❞ ✐♥ ❬✷✸❪ ✐s ✐♠♣❧❡♠❡♥t❡❞ ❛♥❞ ❛♣♣❧✐❡❞ t♦ ❛❧❛♥✐♥❡
❞✐♣❡♣t✐❞❡ ✭❆❝✕❆✕◆❍▼❡✮ ✐♥ ❬✾❪✳ ❚❤❡ ♦♣❡r❛t♦r Fm ❤❛s ♣r❡❝✐s❡❧② ♦♥❡ ❡✐❣❡♥✈❡❝t♦r u0 t♦ t❤❡
❡✐❣❡♥✈❛❧✉❡ 0✱ ♥❛♠❡❧② ui = v2i ✳ ❍❡♥❝❡✱ ✇r✐t✐♥❣ πm

i ∶= exp (−βV (Pm,i)) = v2i ✱ ✇❡ ♦❜t❛✐♥
(Fmu)i ∶= Cm∑

i∼j

⎛
⎝uj
√
πm
i√
πm
j

− ui

√
πm
j√
πm
i

⎞
⎠ , Fmπ

m = 0.
❍❡♥❝❡✱ t❤❡ ❝♦❡✣❝✐❡♥ts ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ t❡r♠s ♦❢ t❤❡ sq✉❛r❡ r♦♦ts ♦❢ t❤❡ st❛t✐♦♥❛r②
s♦❧✉t✐♦♥✱ ✇❤✐❝❤ ✐s t❤❡ r❡❛s♦♥ t❤❡ ♠❡t❤♦❞ ✐s ❝❛❧❧❡❞ sq✉❛r❡r♦♦t ❛♣♣r♦①✐♠❛t✐♦♥✳ ❆s ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥s ♦♥❡ ✉s✉❛❧❧② ✉s❡s ❉✐r✐❝❤❧❡t ❝♦♥❞✐t✐♦♥s ✐♥ s♣❛❝❡ ✈❛r✐❛❜❧❡s ♦♥ ♣❡r✐♦❞✐❝ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥s ❢♦r ❛♥❣❧❡s✳

❚❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ ✭✶✮ ✐♥ ❬✷✸❪ ✇❛s ♠♦t✐✈❛t❡❞ ❜② ❝♦♥❢♦r♠❛t✐♦♥ ❞②♥❛♠✐❝s✳ ■♥ s❤♦rt✱ ❛ ❝♦♥❢♦r✲
♠❛t✐♦♥ ♦❢ ❛ ✭❧❛r❣❡✮ ♠♦❧❡❝✉❧❡ ✐s ❛ r❡❣✐♦♥ R ✐♥ t❤❡ ♣❤❛s❡ s♣❛❝❡ ♦❢ t❤❡ ♠♦❧❡❝✉❧❡✱ s✉❝❤ t❤❛t t❤❡
❡①✐t t✐♠❡ ❢♦r t❤❡ ♠♦❧❡❝✉❧❡ t♦ ❧❡❛✈❡ t❤✐s r❡❣✐♦♥ ✐s ❧❛r❣❡ ❝♦♠♣❛r❡❞ t♦ t❤❡ st♦❝❤❛st✐❝ ✈✐❜r❛✲
t✐♦♥s✳ ❚❤✉s✱ ❝♦♥❢♦r♠❛t✐♦♥ ❞②♥❛♠✐❝s ❞❡❛❧s ✇✐t❤ t❤❡ ✏❧♦♥❣ t✐♠❡✑ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❞②♥❛♠✐❝s
♦❢ ❧❛r❣❡ ♠♦❧❡❝✉❧❡s✳ ❚❤❡ ♦♣❡r❛t♦r Fm ✐s ❛ s❤♦rt t✐♠❡ tr❛♥s✐t✐♦♥ ♠❛tr✐① ❢r♦♠ ✇❤✐❝❤ ♦♥❡ ❝❛♥
✐❞❡♥t✐❢② t❤❡ ❝♦♥❢♦r♠❛t✐♦♥s ✉s✐♥❣ P❡rr♦♥ ❝❧✉st❡r ❛♥❛❧②s✐s ❬✼❪✳ ❚❤❡ ♣r❡s❡♥t r❡s✉❧t t❤❛t ✭✶✮
❝♦♥✈❡r❣❡s t♦ ❛ ♣❤②s✐❝❛❧❧② ♠❡❛♥✐♥❣❢✉❧ ♦♣❡r❛t♦r ✐s t❤✉s ❛♥ ✐♠♣♦rt❛♥t s✉♣♣♦rt ❢♦r t❤❡ sq✉❛r❡✲
r♦♦t ❛♣♣r♦①✐♠❛t✐♦♥ ♠❡t❤♦❞✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❚❤❡♦r❡♠ ✶✳✺ ♣r♦✈❡s t❤❛t t❤❡ ❧✐♠✐t ♦♣❡r❛t♦r F
✐s t❤❡ ❣❡♥❡r❛t♦r ♦❢ t❤❡ ▲❛♥❣❡✈✐♥ ❞②♥❛♠✐❝s ✐♥ ❢♦r♠ ♦❢ t❤❡ ❙♠♦❧✉❝❤♦✇s❦✐ ❡q✉❛t✐♦♥✳

■♥ ❝♦♥tr❛st t♦ t❤❡ ❛ss✉♠♣t✐♦♥s ✐♥ ❚❤❡♦r❡♠ ✶✳✶✶✱ t❤❡ ✉♥❞❡r❧②✐♥❣ ♣♦✐♥t ♣r♦❝❡ss ♦❢ t❤❡
❱♦r♦♥♦✐✲❞✐s❝r❡t✐③❛t✐♦♥ ✐♥ ❬✷✸❪ ✐s ✉s✉❛❧❧② ♥♦t ❡r❣♦❞✐❝ ♦r st❛t✐♦♥❛r②✳ ❍♦✇❡✈❡r✱ t❤❡ s❝❤❡♠❡ ✐♥
❬✾❪ s✉❣❣❡sts t❤❛t Pm s♦♠❡t✐♠❡s ✐s ✏r❡❛s♦♥❛❜❧② ❝❧♦s❡✑ t♦ s✉❝❤ ❛ st❛t✐♦♥❛r② ❡r❣♦❞✐❝ ♣r♦❝❡ss✳
■♥❞❡❡❞✱ t❤❡ r❡s✉❧ts ✐♥ ❬✾❪ s❤♦✇ t❤❛t t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ✭✶✮ ❤❛s ❣♦♦❞ ♣r♦♣❡rt✐❡s ✐♥ ❛♣♣❧✐✲
❝❛t✐♦♥✳ ❆ ❢♦r♠❛❧ ❝❛❧❝✉❧❛t✐♦♥ ✐♥ ❬✾❪ s❤♦✇s t❤❛t ♦♥ t❤❡ ❱♦r♦♥♦✐✲❣r✐❞ Zn t❤❡ ♦♣❡r❛t♦r Fm

❉❖■ ✶✵✳✷✵✸✹✼✴❲■❆❙✳P❘❊P❘■◆❚✳✷✸✾✾ ❇❡r❧✐♥ ✷✵✶✼



❖♥ ❝♦♥✈❡r❣❡♥❝❡s ♦❢ t❤❡ sq✉❛r❡r♦♦t ❛♣♣r♦①✐♠❛t✐♦♥ s❝❤❡♠❡ ✸

❝♦♥✈❡r❣❡s t♦ t❤❡ ❋♦❦❦❡r✲P❧❛♥❝❦ ♦♣❡r❛t♦r✳ ❚❤❡r❡❢♦r❡✱ ✐♥ t❤❡ ❣❡♥❡r❛❧ ❚❤❡♦r❡♠ ✶✳✺ ✇❡ ♣r♦✈❡
❝♦♥✈❡r❣❡♥❝❡ ♦❢ ✭✶✮ ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t t❤❡ ❞✐s❝r❡t❡ ▲❛♣❧❛❝❡ ♦♣❡r❛t♦r ●✲❝♦♥✈❡r❣❡s✳
▼♦r❡♦✈❡r✱ ❚❤❡♦r❡♠ ✶✳✺ t❡❧❧s ✉s t❤❛t t❤❡ ♥♦r♠❛❧✐③✐♥❣ ❝♦♥st❛♥ts ✐♥ ✭✷✮ ❛♥❞ ✭✶✮ s❤♦✉❧❞ ❜❡
t❤❡ s❛♠❡✳ ❍❡♥❝❡✱ ✐♥ ♥✉♠❡r✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥✱ ♦♥❡ ❝❛♥ ❞❡t❡r♠✐♥❡ Cm ❜② ❝♦♠♣❛r✐♥❣ t❤❡ ✜rst
❡✐❣❡♥✈❛❧✉❡ ♦❢ Lm ✇✐t❤ t❤❡ ✜rst ❡✐❣❡♥✈❛❧✉❡ ♦❢ ∆✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤✐s ❛♥s❛t③ ♣r♦✈✐❞❡s
✉s ✇✐t❤ ❛ ♣r❛❝t✐❝❛❧ ❝r✐t❡r✐❛ t♦ q✉❛❧✐t❛t✐✈❡❧② ✈❛❧✐❞❛t❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ Fm ❛♣r✐♦r✐✳ ▼♦r❡
♣r❡❝✐s❡❧②✱ ✇❡ ❝❛♥ ❡①♣❡❝t t❤❛t t❤❡ ♥✉♠❡r✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ✐s ❣♦♦❞ ✐❢ −Lmu ≈ −C∆u ❢♦r
t❤❡ ✜rst k ❡✐❣❡♥✈❡❝t♦rs ♦❢ −∆ ♦♥ Q✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❚❤❡♦r❡♠ ✶✳✶✶ ②✐❡❧❞s ●✲❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ♦♣❡r❛t♦r Lm t♦ ❛ ❤♦♠♦❣❡✲
♥✐③❡❞ ♦♣❡r❛t♦r ∇ ⋅ (Ahom∇u) ✐♥ t❤❡ st❛t✐♦♥❛r② ❡r❣♦❞✐❝ ❝❛s❡✳ ❋r♦♠ ✇❡❧❧ ❦♥♦✇♥ t❤❡♦r②✱ ♦♥❡
❝❛♥ t❤❡♥ ♦❜t❛✐♥ s♣❡❝tr❛❧ ❝♦♥✈❡r❣❡♥❝❡✱ s❡❡ ❬✷✶✱ ❈❤❛♣t❡r ✶✶❪✳ ❚r❛♥s❧❛t❡❞ t♦ t❤❡ ❉✐r✐❝❤❧❡t
❝❛s❡✱ ❚❤❡♦r❡♠ ✶✳✶✶ ②✐❡❧❞s t❤❛t t❤❡ st❛t✐♦♥❛r② ❡r❣♦❞✐❝ s❡tt✐♥❣ s❛t✐s✜❡s ❛❧❧ r❡q✉✐r❡♠❡♥ts ❢♦r
t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✶✳✺✳ ❚❤✐s ✐♥ t✉r♥ ♣r♦✈✐❞❡s ✉s ✇✐t❤ t❤❡ ❦♥♦✇❧❡❞❣❡ t❤❛t t❤❡
❝❧❛ss ♦❢ ❱♦r♦♥♦✐ ❞✐s❝r❡t✐③❛t✐♦♥s s❛t✐s❢②✐♥❣ t❤❡ ●✲❝♦♥✈❡r❣❡♥❝❡ ♣r♦♣❡rt② ✐s ♠✉❝❤ ❜✐❣❣❡r t❤❛♥
Zn✳

✶✳✷ ❈♦♠♣❛r✐s♦♥ t♦ ❧✐t❡r❛t✉r❡

■♥ ✇❤❛t ❢♦❧❧♦✇s✱ ✇❡ ❜r✐❡✢② s✉♠♠❛r✐③❡ s♦♠❡ ♦❢ t❤❡ r❡❧❡✈❛♥t ❧✐t❡r❛t✉r❡ ♦♥ ❱♦r♦♥♦✐ ✜♥✐t❡
✈♦❧✉♠❡ s❝❤❡♠❡s ❛♥❞ ♦♥ st♦❝❤❛st✐❝ ❤♦♠♦❣❡♥✐③❛t✐♦♥✳

❚❤❡ ♠❛✐♥ ♣✉r♣♦s❡ ♦❢ t❤✐s ✇♦r❦✱ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❙◗❘❆ s❝❤❡♠❡✱ ✐s ❛❝t✉❛❧❧② ❛
❤♦♠♦❣❡♥✐③❛t✐♦♥ r❡s✉❧t ❢♦r ❛ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ❋♦❦❦❡r✲P❧❛♥❝❦ ♦♣❡r❛t♦r✳ ❆❧t❤♦✉❣❤ ✐t ✐s
❧✐❦❡❧② t❤❛t s✉❝❤ ❛ s❝❤❡♠❡ ❤❛s ❜❡❡♥ ♣r♦♣♦s❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ❜❡❢♦r❡✱ t❤❡ ✜rst ❛♥❞ ♦♥❧②
✇♦r❦ ❦♥♦✇♥ t♦ t❤❡ ❛✉t❤♦r ✐s ❞✉❡ t♦ ▼✐❡❧❦❡ ❬✷✻❪✱ ❙❡❝t✐♦♥ ✺✳ ❍❡ tr❡❛t❡❞ t❤❡ ✶✲❞✐♠❡♥s✐♦♥❛❧
❝❛s❡ ✇✐t❤ ❝❡❧❧s ♦❢ ❡q✉❛❧ s✐③❡✳ ❚❤✐s ✇♦r❦ ❛♣♣❡❛r❡❞ s✐♠✉❧t❛♥❡♦✉s❧② ❜✉t ✐♥❞❡♣❡♥❞❡♥t❧② ✇✐t❤
t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ t❤❡ ❙◗❘❆ ✐♥ ❬✷✸❪✳

❱♦r♦♥♦✐ ✜♥✐t❡ ✈♦❧✉♠❡ s❝❤❡♠❡s ❛r❡ ✉s❡❞ ✇✐❞❡❧② ✐♥ ❧✐t❡r❛t✉r❡✳ ❆ ✜rst ❜r❡❛❦t❤r♦✉❣❤ ❢♦r
t❤♦s❡ ♠❡t❤♦❞s ✇❛s t❤❡ ❙❝❤❛r❢❡tt❡r✲●✉♠♠❡❧ s❝❤❡♠❡ ❬✷✽❪✱ ✇❤✐❝❤ ❤❛s ❜❡❡♥ ✉s❡❞ ❡①t❡♥s✐✈❡❧②
✐♥ t❤❡ s✐♠✉❧❛t✐♦♥ ♦❢ s❡♠✐❝♦♥❞✉❝t♦r ❞❡✈✐❝❡s✱ t❤♦✉❣❤ t❤❡ ✐❞❡❛ ❡✈❡♥ ❣♦❡s ❜❛❝❦ t♦ ❛ ✇♦r❦ ❜②
▼❛❝♥❡❛❧ ❬✷✹❪✳ ❍♦✇❡✈❡r✱ ✐♥ t❤❡ ❧❛st ②❡❛rs t❤❡r❡ ❤❛s ❜❡❡♥ ❛♥ ❡①t❡♥s✐✈❡ ♠❛t❤❡♠❛t✐❝❛❧ st✉❞②
♦❢ ✜♥✐t❡ ✈♦❧✉♠❡ ❱♦r♦♥♦✐ ❞✐s❝r❡t✐③❛t✐♦♥s ♦❢ ❡❧❧✐♣t✐❝ ♦♣❡r❛t♦rs ♦❢ ✇❤✐❝❤ ✇❡ r❡♣r❡s❡♥t❛t✐✈❡❧②
♠❡♥t✐♦♥ t❤❡ ✇♦r❦s ❬✽✱ ✶✵✱ ✶✶✱ ✷✼✱ ✷✾❪✳ ❚❤❡s❡ ❛♣♣r♦①✐♠❛t✐♦♥ s❝❤❡♠❡s ✉s❡ t❤❡ ❦♥♦✇❧❡❞❣❡
♦♥ t❤❡ ✈♦❧✉♠❡s ♦❢ t❤❡ ❝❡❧❧s ❛♥❞ t❤❡ ✐♥t❡r❢❛❝❡s✱ ❛s t❤❡✐r ❛✐♠ ✐s t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ❛
♣❛rt✐❝✉❧❛r❧② ❣✐✈❡♥ ❡❧❧✐♣t✐❝ ♦♣❡r❛t♦r✱ ✇❤② t❤❡ ❙◗❘❆ ✐s ❛ ♣❤②s✐❝❛❧❧② ♠♦t✐✈❛t❡❞ ♠❡t❤♦❞ t❤❛t
s✐♠♣❧② s✉♣♣♦s❡s t❤❛t ❛❧❧ ❝❡❧❧s ❛r❡ ❛❧♠♦st ❡q✉❛❧ ✐♥ s✐③❡ ❛♥❞ s❤❛♣❡✳ ❍❡♥❝❡✱ ✇❡ ❝❛♥♥♦t
✉s❡ t❤❡ r❡s✉❧ts ♦r t❤❡ ♠❡t❤♦❞s ❞❡✈❡❧♦♣❡❞ t❤❡r❡✳ ■♥ ❝♦♥tr❛st✱ ✇❡ ✇✐❧❧ ✉s❡ ♠❡t❤♦❞s ❢r♦♠
❤♦♠♦❣❡♥✐③❛t✐♦♥ t❤❡♦r②✳

❚❤❡ st♦❝❤❛st✐❝ ❤♦♠♦❣❡♥✐③❛t✐♦♥ ♦❢ t❤❡ ❞✐s❝r❡t❡ ▲❛♣❧❛❝❡ ♦♣❡r❛t♦r ✭❛❧s♦ ❦♥♦✇♥ ❛s ❤♦♠♦❣❡✲
♥✐③❛t✐♦♥ ✐♥ t❤❡ r❛♥❞♦♠ ❝♦♥❞✉❝t❛♥❝❡ ♠♦❞❡❧✮ ❤❛s ❜❡❡♥ st✉❞✐❡❞ ✈❡r② ✇❡❧❧ ✐♥ r❡❝❡♥t ②❡❛rs✱ ❛s
✐t ✐s ♦❢ ❣r❡❛t ✐♥t❡r❡st ❢♦r ♣❤②s✐❝✐sts ✭s❡❡ ❬✸❪✮ ❛♥❞ ♠❛t❤❡♠❛t✐❝✐❛♥s ✭s❡❡ ❬✷❪✮✳ ❚❤❡ ♠♦t✐✈❛t✐♦♥
♦r✐❣✐♥❛❧❧② ❝♦♠❡s ❢r♦♠ r❛♥❞♦♠ ✇❛❧❦ t❤❡♦r②✱ ✇❤❡r❡ t❤❡ ❡❧❧✐♣t✐❝ ♦♣❡r❛t♦r ✐s t❤❡ ❣❡♥❡r❛t♦r ♦❢
t❤❡ s❡♠✐❣r♦✉♣ ❣❡♥❡r❛t❡❞ ❜② t❤❡ r❛♥❞♦♠ ✇❛❧❦✳

■♥ ✈✐❡✇ ♦❢ t❤❡ ✈❛st ❧✐t❡r❛t✉r❡ ♦♥ st♦❝❤❛st✐❝ ❤♦♠♦❣❡♥✐③❛t✐♦♥ ♦❢ ❡❧❧✐♣t✐❝ ♣r♦❜❧❡♠s✱ ❚❤❡♦r❡♠
✶✳✶✶ ✐s ♥♦t ❛ s✉r♣r✐s✐♥❣ r❡s✉❧t✳ ❍♦✇❡✈❡r✱ ✇❡ ❛r❡ ♥♦t ❛✇❛r❡ ♦❢ ❛ s✉✐t❛❜❧❡ ♣r♦♦❢ ✐♥ ❧✐t❡r❛t✉r❡
t❤❛t ❛♣♣❧✐❡s t♦ t❤✐s ♣❛rt✐❝✉❧❛r s❡tt✐♥❣✳ ❚❤❡ ♠❡t❤♦❞ ✉s❡❞ ✐♥ ♦r❞❡r t♦ ♣r♦♦❢ ❚❤❡♦r❡♠ ✶✳✶✶
✐s ❛ ✇❡❛❦∗ ❝♦♥✈❡r❣❡♥❝❡ ♠❡t❤♦❞ ❝❛❧❧❡❞ t✇♦✲s❝❛❧❡ ❝♦♥✈❡r❣❡♥❝❡✳ ■t ✐s ❜❛s❡❞ ♦♥ t❤❡ t✇♦✲s❝❛❧❡
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▼✳ ❍❡✐❞❛ ✹

❝♦♥✈❡r❣❡♥❝❡ ✐♥tr♦❞✉❝❡❞ ❜② ❩❤✐❦♦✈ ❛♥❞ P✐❛t♥✐ts❦② ✐♥ ❬✸✵❪ ❛♥❞ ❣❡♥❡r❛❧✐③❡❞ ❛♥❞ ❛♣♣❧✐❡❞ ✐♥
t❤❡ ❝♦♥t❡①t ♦❢ r❛♥❞♦♠ ✇❛❧❦ t❤❡♦r② ✐♥ t❤❡ ✇♦r❦s ❬✶✸✱ ✶✹❪✳ ■♥ ❛ s❧✐❣❤t❧② ❞✐✛❡r❡♥t ✇❛②✱
t✇♦✲s❝❛❧❡ ❝♦♥✈❡r❣❡♥❝❡ ❤❛s ❛❧s♦ ❜❡❡♥ ❛♣♣❧✐❡❞ ✐♥ ❬✷✺❪✳

❆ ♥♦✈❡❧t② ♦❢ t❤❡ t❤❡♦r② ♣r❡s❡♥t❡❞ ❜❡❧♦✇ ✐s t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t✇♦✲s❝❛❧❡ ❝♦♥✈❡r❣❡♥❝❡ t♦
❛ ❣r✐❞ t❤❛t ❞✐✛❡rs ❢r♦♠ Zn✱ ✇❤✐❝❤ ♠❛❞❡ ✐t ♥❡❝❡ss❛r② t♦ ♠♦❞✐❢② ❝❡rt❛✐♥ ♥♦t✐♦♥s ❛♥❞ ❝♦♥✲
❝❡♣ts✳ ■♥ t❤✐s ❝♦♥t❡①t✱ ♥♦t❡ t❤❛t ♦✉r s♣❛❝❡s L2

pot ❛♥❞ L
2
sol

✐♥❞❡❡❞ ❞✐✛❡r ❢r♦♠ t❤❡ st❛♥❞❛r❞
❞❡✜♥✐t✐♦♥ ✐♥ ❬✷❪✱ ❛s ✇❡ ❞r♦♣ ❢♦r ❡①❛♠♣❧❡ t❤❡ ❝♦✈❛r✐❛♥❝❡ ❝♦♥❞✐t✐♦♥✳ ❆♥♦t❤❡r ❛♣♣r♦❛❝❤ t♦
✉♥str✉❝t✉r❡❞ ❣r✐❞s ❤❛s r❡❝❡♥t❧② ❜❡❡♥ ❢♦❧❧♦✇❡❞ ❜② ❆❧✐❝❛♥❞r♦✱ ❈✐❝❛❧❡s❡ ❛♥❞ ●❧♦r✐❛ ❬✶❪✳ ❚❤❡②
st✉❞② ❤♦♠♦❣❡♥✐③❛t✐♦♥ ♦❢ ♥♦♥❧✐♥❡❛r ❡❧❛st✐❝✐t② ♣r♦❜❧❡♠s ❛♥❞ ✐♥ t❤❡ q✉❛❞r❛t✐❝ ❝❛s❡ t❤❡✐r
r❡s✉❧t ❝♦✉❧❞ ❛❧s♦ ❜❡ ❛♣♣❧✐❡❞ t♦ t❤❡ ❡❧❧✐♣t✐❝ ♦♣❡r❛t♦r Lm✱ ②✐❡❧❞✐♥❣ s♦♠❡❤♦✇ ❛ ❞✐✛❡r❡♥t ❝♦♥✲
❝❡♣t ♦❢ ♥♦t❛t✐♦♥ ✭✐✳❡✳ Γ✲❝♦♥✈❡r❣❡♥❝❡✮ ❛♥❞ ❛ ❢♦r♠❛❧❧② ❞✐✛❡r❡♥t ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❧✐♠✐t✐♥❣
♠❛tr✐① Ahom✳

❋♦r ❢✉rt❤❡r r❡❢❡r❡♥❝❡ t♦ t❤❡ r❛♥❞♦♠ ❝♦♥❞✉❝t❛♥❝❡ ♠♦❞❡❧✱ ✇❡ r❡❢❡r t♦ t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞
r❡✈✐❡✇ ❜② ❇✐s❦✉♣ ❬✷❪✳

▲❡t ✉s ✜♥❛❧❧② ❝♦♠♠❡♥t ♦♥ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡✳ ❲❡ ✇✐❧❧ ♦♥❧② ♣r♦✈❡ q✉❛❧✐t❛t✐✈❡ ❝♦♥✲
✈❡r❣❡♥❝❡ ❛♥❞ t❤❡ q✉❡st✐♦♥ ♦❢ q✉❛♥t✐t❛t✐✈❡ ❝♦♥✈❡r❣❡♥❝❡ ✐s ❝♦♠♣❧❡t❡❧② ♦♣❡♥✳ ❍♦✇❡✈❡r✱ ✇❡
❦♥♦✇ ❢r♦♠ ❧✐t❡r❛t✉r❡ ♦♥ st♦❝❤❛st✐❝ ❤♦♠♦❣❡♥✐③❛t✐♦♥ ♦❢ t❤❡ ❝♦♥t✐♥✉♦✉s ❛♥❞ t❤❡ ❞✐s❝r❡t❡
▲❛♣❧❛❝❡ ♦♣❡r❛t♦r t❤❛t t❤❡ ❜❡st ❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ✇❡ ❝❛♥ ❡①♣❡❝t ✐s ε

1
2 ✐♥ ♣r❡s❡♥❝❡ ♦❢ ❉✐r✐❝❤✲

❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ s❡❡ t❤❡ ❛❜♦✈❡ ♠❡♥t✐♦♥❡❞ ❧✐t❡r❛t✉r❡ ❢♦r ❱♦r♦♥♦✐ ❋❱✲♠❡t❤♦❞s✱ ❛♥❞
ε ❢♦r ✉♥❜♦✉♥❞❡❞ ❞♦♠❛✐♥s ♦r ♣❡r✐♦❞✐❝ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ s❡❡ t❤❡ r❡❝❡♥t ✇♦r❦ ❬✶✺❪ ❛♥❞
r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✳ ❙✐♥❝❡ t❤❡ ❋♦❦❦❡r✲P❧❛♥❝❦ ❡q✉❛t✐♦♥ ✐s ❛ ❧✐♥❡❛r❧② ♣❡rt✉r❜❡❞ ▲❛♣❧❛❝❡ ❡q✉❛✲
t✐♦♥✱ ✇❡ ❡①♣❡❝t t❤❡ s❛♠❡ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ❢♦r t❤❡ ❙◗❘❆✲♦♣❡r❛t♦r ❛s ❢♦r t❤❡ ✉♥❞❡r❧②✐♥❣
❞✐s❝r❡t❡ ▲❛♣❧❛❝❡ ♦♣❡r❛t♦r✳ ❍♦✇❡✈❡r✱ ❢♦r t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ♣r❡s❡♥t ✇♦r❦✱ t❤❡ ❛✉t❤♦r
✐s ♥♦t ❛✇❛r❡ ♦❢ r❡s✉❧ts ❢♦r t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ♦❢ t❤❡ ❞✐s❝r❡t❡ ▲❛♣❧❛❝❡ ♦♣❡r❛t♦r✳

✶✳✸ ▼❛✐♥ r❡s✉❧ts

❲❡ ♥♦✇ ❢♦r♠✉❧❛t❡ t❤❡ ♠❛❥♦r r❡s✉❧ts ♦❢ t❤✐s ❛rt✐❝❧❡ ✐♥ ❛ r✐❣♦r♦✉s ✇❛②✳ ❋♦r ❛ ❞❡✜♥✐t✐♦♥ ♦❢
t❤❡ ♥♦t✐♦♥s st❛t✐♦♥❛r✐t② ❛♥❞ ❡r❣♦❞✐❝✐t②✱ ✇❡ r❡❢❡r t♦ ❙❡❝t✐♦♥ ✷✳

❋♦r ❡✈❡r② ε > 0 ❧❡t P ε = ⋃i∈NP
ε
i ❜❡ ❛ ❝♦✉♥t❛❜❧❡ ❢❛♠✐❧② ♦❢ ♣♦✐♥ts ✐♥ Rn ✇✐t❤ ❝♦rr❡s♣♦♥❞✐♥❣

❱♦r♦♥♦✐ ❝❡❧❧s Gε ∶= ⋃iG
ε
i ✳ ❲❡ ❞❡♥♦t❡ ❜② Eε t❤❡ s❡t ♦❢ ❛❧❧ ♥❛t✉r❛❧ ♣❛✐rs (i, j) ∈ N2 s✉❝❤

t❤❛t Gε
i ❛♥❞ G

ε
j ❛r❡ ♥❡✐❣❤❜♦r❡❞ ✇❤❡r❡ ✇❡ ✐❞❡♥t✐❢② (i, j) ✇✐t❤ (j, i) ❛♥❞ ✇r✐t❡ i ∼ j✳ ❋♦r

(i, j) ∈ Eε ✇❡ ❞❡✜♥❡ Γε
ij ∶= 1

2
(P ε

i + P ε
j )✳

◆♦t❛t✐♦♥ ✶✳✶✳ ❲❡ ❞❡♥♦t❡ ❜② Sε t❤❡ s❡t ♦❢ ❛❧❧ ❢✉♥❝t✐♦♥s (P ε
i )i∈N → R✳ ❋♦r ❡✈❡r② u ∈ Sε ✇❡

✇r✐t❡ uεi ∶= u(P ε
i ) ❛♥❞ ❢♦r ❡✈❡r② f ∶ Γε → R ✇❡ ✇r✐t❡ f ε

ij ∶= f(Γε
ij)✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ✇r✐t❡

ūεij ∶= 1
2
(uεi + uεj) s✉❝❤ t❤❛t ūεij ∶ Γε → R✳

❲❡ ❞❡✜♥❡ Rε ∶ L2
loc(Rn)→ Sε t❤r♦✉❣❤

(Rεφ)i = ∣Gε
i ∣−1
ˆ

Gε
i

φ ,

❛♥❞ t❤❡ ♦♣❡r❛t♦r R∗ε ∶ Sε → L2
loc(Rn) t❤r♦✉❣❤
(R∗εu) [x] = u(P ε

i ) ✐❢ x ∈ Gε
i ,

s✉❝❤ t❤❛t (Rε)∗ = R∗ε ✳
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❖♥ ❝♦♥✈❡r❣❡♥❝❡s ♦❢ t❤❡ sq✉❛r❡r♦♦t ❛♣♣r♦①✐♠❛t✐♦♥ s❝❤❡♠❡ ✺

■❢ (i, j) ∈ Eε✱ ✇❡ ❞❡♥♦t❡ ∂Gε
ij t❤❡ ✐♥t❡r❢❛❝❡ ❜❡t✇❡❡♥ Gε

i ❛♥❞ Gε
j ❛♥❞ νij t❤❡ ✉♥✐t ✈❡❝t♦r

♣♦✐♥t✐♥❣ ❢r♦♠ P ε
i t♦ P ε

j ✳ ❍❡♥❝❡✱ ✇❡ ✜♥❞ νij = −νji✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ❞❡✜♥❡
Γε ∶= ⋃

(i,j)∈Eε

Γε
ij ❛♥❞ ∂Gε ∶= ⋃

(i,j)∈Eε

∂Gε
ij .

❚❤❡ ❥✉♠♣ ♦♣❡r❛t♦r ♦♥ ∂Gε
ij ❢♦r ❛ ❢✉♥❝t✐♦♥ u ∈ Sε ✐s ❣✐✈❡♥ t❤r♦✉❣❤ [u]ij ∶= (uj −ui)✳ ❚❤❡♥✱

❢♦r ❡✈❡r② φ ∈ Sε ❛♥❞ ψ ∈ C1
c (Rn)n ✐t ❤♦❧❞s✿

ˆ

Gε

(R∗εφ) ∇ ⋅ ψ dL =∑
i

∑
i∼j

ˆ

∂Gε
ij

φiνij ⋅ ψdHn−1 = − ∑
(i,j)∈Eε

ˆ

∂Gε
ij

⟦φ⟧ij ⋅ ψdHn−1 , ✭✸✮

✇❤❡r❡ ✇❡ ✐♥tr♦❞✉❝❡❞ ⟦φ⟧ij = [φ]ijνij = [φ]jiνji✱ ✇❤✐❝❤ ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r t❤❡ tr❛♥s❢♦r♠❛t✐♦♥(i, j)→ (j, i)✳ ❍❡♥❝❡✱ t❤❡ ♦♣❡r❛t♦r ⟦φ⟧dHn−1 ✐s ❛ ❞✐str✐❜✉t✐♦♥❛❧ ❣r❛❞✐❡♥t ♦❢R∗εφ✳ ▼♦r❡♦✈❡r✱
❢♦r φ ∈ Sε t❤❡ q✉❛♥t✐t② ⟦φ⟧ij ❝❛♥ ❜❡ ❡q✉❛❧❧② ✐♥t❡r♣r❡t❡❞ ❛s ❛ ❢✉♥❝t✐♦♥ ♦♥ Γε

ij✳

❚❤❡ ❣❡♥❡r❛❧ ❝❛s❡

❖♥ ❛ ❣✐✈❡♥ ❜♦✉♥❞❡❞ ▲✐♣s❝❤✐t③ ❞♦♠❛✐♥Q ❛♥❞ ❢♦r ❛ ❣✐✈❡♥ ❢❛♠✐❧② ♦❢ ♣♦✐♥ts Pε ❛♥❞ ❛ ❜♦✉♥❞❡❞
❝♦♥t✐♥✉♦✉s❧② ❞✐✛❡r❡♥t✐❛❜❧❡ ❢✉♥❝t✐♦♥ v ∈ C1(Q) ✇✐t❤ v /= 0 ♦♥ Q✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣
t✇♦ ♦♣❡r❛t♦rs ♦♥ u ∈ Sε✿

(Lεu)i ∶= 1

ε2
∑

(i,j)∈Eε

(uεj − uεi) ,
(F ε

vu)i ∶= 1

ε2
∑

(i,j)∈Eε

(uεj vεivεj − u
ε
i

vεj

vεi
) ,

✇❤❡r❡ ✇❡ ✉s❡ t❤❡ ◆♦t❛t✐♦♥ ✶✳✶✳

❈♦♥❞✐t✐♦♥ ✶✳✷✳ ❋♦r ❛ ❜♦✉♥❞❡❞ ▲✐♣s❝❤✐t③ ❞♦♠❛✐♥ Q ❛♥❞ ❡✈❡r② ε > 0 ❧❡t (P ε
i )i∈N ❜❡ ❛

❢❛♠✐❧② ♦❢ ♣♦✐♥ts ✐♥ Rn ❛♥❞ ❧❡t (Gε
i)i∈N ❜❡ ❛❧❧ ❱♦r♦♥♦✐ ❝❡❧❧s t❤❛t ✐♥t❡rs❡❝t ✇✐t❤ Q✳ ❲❡ s❛②

t❤❛t (P ε
i )i∈N ✐s ❛❞♠✐ss✐❜❧❡ ✐❢ t❤❡r❡ ❡①✐sts α > 0 s✉❝❤ t❤❛t

∀ε > 0 ∶ αε ≤ inf
i∈N

diamGε
i ≤ sup

i∈N
diamGε

i ≤ ε , ✭✹✮

✇❤❡r❡ diamGε
i ❛♥❞ diamGε

i ❞❡♥♦t❡ t❤❡ ♠✐♥✐♠❛❧ ❛♥❞ t❤❡ ♠❛①✐♠❛❧ ❞✐❛♠❡t❡r ♦❢ t❤❡ ❝❡❧❧ Gε
i ✱

r❡s♣❡❝t✐✈❡❧②✳

❈♦r♦❧❧❛r② ✶✳✸✳ ▲❡t Q ❜❡ ❛ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ ❛♥❞ ❧❡t supi diamGε
i < ε✱ t❤❡♥ ❢♦r ❡✈❡r②

u ∈ L2(Q) ❤♦❧❞s (R∗εRεu)→ u ✐♥ L2(Q) ❛s ε→ 0✳

■♥ ❢❛❝t✱ ❈♦♥❞✐t✐♦♥ ✶✳✷ ✐s ❛❧r❡❛❞② s✉✣❝✐❡♥t t♦ ♣r♦♦❢ ✉♥✐q✉❡ ❡①✐st❡♥❝❡ ♦❢ s♦❧✉t✐♦♥s t♦ t❤❡
❙◗❘❆ s❝❤❡♠❡✱ ❛s ✇❡ ✇✐❧❧ s❡❡ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠

❉❡✜♥✐t✐♦♥ ✶✳✹ ✭●✲❝♦♥✈❡r❣❡♥❝❡✮✳ ▲❡t Q ❜❡ ❛ ❜♦✉♥❞❡❞ ▲✐♣s❝❤✐t③ ❞♦♠❛✐♥✳ ❋♦r ❡✈❡r② ε > 0✱
❧❡t P ε ❜❡ ❛ ❢❛♠✐❧② ♦❢ ♣♦✐♥ts✳ ❲❡ ❝❛❧❧ (P ε)ε>0 ●✲❝♦♥✈❡r❣❡♥t ✐❢ t❤❡r❡ ❡①✐sts ❛ s②♠♠❡tr✐❝ ♣♦s✲
✐t✐✈❡ ❞❡✜♥✐t❡ ♠❛tr✐① Ahom s✉❝❤ t❤❛t ❢♦r ❡✈❡r② f ∈ L2(Q) t❤❡ s❡q✉❡♥❝❡ ♦❢ ✉♥✐q✉❡ s♦❧✉t✐♦♥s
uε ∈ Sε0(Q) t♦ t❤❡ ♣r♦❜❧❡♠ Lεuε = Rεf

s❛t✐s✜❡s R∗εuε → u str♦♥❣❧② ✐♥ L2(Q) ✇❤❡r❡ u ∈H2(Q) ∩H1
0(Q) s♦❧✈❡s

∇ ⋅ (Ahom∇u) = f . ✭✺✮

❉❖■ ✶✵✳✷✵✸✹✼✴❲■❆❙✳P❘❊P❘■◆❚✳✷✸✾✾ ❇❡r❧✐♥ ✷✵✶✼



▼✳ ❍❡✐❞❛ ✻

❚❤❡ ♥♦t✐♦♥ ♦❢ ●✲❝♦♥✈❡r❣❡♥❝❡ ❝♦♠❡s ❢r♦♠ ❤♦♠♦❣❡♥✐③❛t✐♦♥ t❤❡♦r②✱ s❡❡ ❬✷✶✱ ✺❪✳ ❖✉r ❞❡✜♥✐t✐♦♥
❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ❣❡♥❡r❛❧ ❞❡✜♥✐t✐♦♥ ♦❢ ❉❛❧ ▼❛s♦ ❬✺❪ ❛♣♣❧✐❡❞ t♦ t❤❡ ♣❛rt✐❝✉❧❛r s❡tt✐♥❣ ♦❢
t❤✐s ✇♦r❦✳ ◆♦t❡ t❤❛t t❤❡ ❉✐r✐❝❤❧❡t✲✈❡rs✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✶✳✶✶ ❜❡❧♦✇ ❣✉❛r❛♥t✐❡s t❤❛t t❤❡ ❝❧❛ss
♦❢ ●✲❝♦♥✈❡r❣❡♥t ♣♦✐♥t ♣r♦❝❡ss❡s ✐s ♥♦t ❡♠♣t②✳

❚❤❡♦r❡♠ ✶✳✺✳ ▲❡t Q ⊂ Rn ❜❡ ❛ ❜♦✉♥❞❡❞ ▲✐♣s❝❤✐t③ ❞♦♠❛✐♥ ❛♥❞ ❢♦r ❡✈❡r② ε > 0 ❧❡t
P ε ❜❡ ❛ ❞✐str✐❜✉t✐♦♥ ♦❢ ♣♦✐♥ts ♦♥ Rn s✉❝❤ t❤❛t (P ε)ε>0 s❛t✐s✜❡s ❈♦♥❞✐t✐♦♥ ✶✳✷✳ ▲❡t
v(x) = exp (−1

2
βV (x)) ❢♦r s♦♠❡ ❜♦✉♥❞❡❞ ❛♥❞ t✇✐❝❡ ❝♦♥t✐♥✉♦✉s❧② ❞✐✛❡r❡♥t✐❛❜❧❡ ❢✉♥❝t✐♦♥

V ∈ C2(Q)✳ ❚❤❡♥✱ ❢♦r ❡✈❡r② ε > 0 ❛♥❞ f ε ∈ Sε t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ uε ∈ Sε
0(Q)

t♦ −(F ε
vu

ε)i = f ε
i ∀P ε

i ∈Q . ✭✻✮

s❛t✐s❢②✐♥❣ t❤❡ ❡st✐♠❛t❡

∥R∗εuε∥2L2(Q) + ∥R∗ε (Lεuε)∥2L2(Q) ≤ C (∥f ε∥2P ε , ∥v∥2C2(Q)) . ✭✼✮

■❢ (P ε)ε>0 ❛❞❞✐t✐♦♥❛❧❧② ✐s ●✲❝♦♥✈❡r❣❡♥t ❛♥❞ R∗εf ε ⇀ f ✇❡❛❦❧② ✐♥ L2(Q)✱ t❤❡♥ t❤❡r❡ ❡①✐sts
❛ ❢✉♥❝t✐♦♥ u ∈H1

0(Q) s✉❝❤ t❤❛t R∗εuε → u str♦♥❣❧② ✐♥ L2(Q) ❛♥❞ 1
ε
⟦uε⟧dHn−1 → ∇u ✐♥ t❤❡

s❡♥s❡ ♦❢ ❞✐str✐❜✉t✐♦♥ ❛s ε→ 0✳ ❋✉rt❤❡r♠♦r❡✱ u ✐s ❛ s♦❧✉t✐♦♥ t♦ t❤❡ ♣r♦❜❧❡♠

−∇ ⋅ (Ahom∇u) −∇ ⋅ (Ahomuβ∇V ) = f . ✭✽✮

❋✐♥❛❧❧②✱ ✇❡ t❛❦❡ ❛ ❧♦♦❦ ♦♥ t❤❡ t✐♠❡✲❞❡♣❡♥❞❡♥t ❝❛s❡✳

❚❤❡♦r❡♠ ✶✳✻✳ ▲❡t Q ⊂ Rn ❜❡ ❛ ❜♦✉♥❞❡❞ ▲✐♣s❝❤✐t③ ❞♦♠❛✐♥ ❛♥❞ ❢♦r ❡✈❡r② ε > 0 ❧❡t P ε ❜❡ ❛
❞✐str✐❜✉t✐♦♥ ♦❢ ♣♦✐♥ts ♦♥ Rn s✉❝❤ t❤❛t (P ε)ε>0 s❛t✐s✜❡s ❈♦♥❞✐t✐♦♥ ✶✳✷ ❛♥❞ ✐s ●✲❝♦♥✈❡r❣❡♥t✳
▲❡t v(x) = exp (−1

2
βV (x)) ❢♦r s♦♠❡ ❜♦✉♥❞❡❞ ❛♥❞ t✇✐❝❡ ❝♦♥t✐♥✉♦✉s❧② ❞✐✛❡r❡♥t✐❛❜❧❡ ❢✉♥❝t✐♦♥

V ∈ C2(Q) ❛♥❞ ❢♦r ❡✈❡r② ε > 0 ❧❡t f ε ∈ L2(0, T ;Sε) ❛♥❞ uε0 ∈ Sε ✇✐t❤

sup
ε
(∥R∗εuε0∥2L2(Q) + ε

n−2∑
i∼j

(uε0,j − uε0,i)2) <∞ .

❚❤❡♥✱ t❤❡r❡ ❡①✐sts ε0 > 0 s✉❝❤ t❤❛t ❢♦r ❡✈❡r② ε < ε0 t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ uε t♦

∂tu
ε
i − (F ε

vu
ε)i = f ε

i . ✭✾✮

■❢ R∗εf ε ⇀ f ✇❡❛❦❧② ✐♥ L2(0, T ;L2(Q))✱ t❤❡♥
sup
ε
(∥∂tR∗εuε∥2L2(0,T ;L2(Q)) + ∥R∗ε (Lεuε)∥2L2(0,T ;L2(Q)) +

ˆ T

0

εn−2∑
i∼j

(uε0,j − uε0,i)2) <∞
❛♥❞ t❤❡r❡ ❡①✐sts ❛ ❢✉♥❝t✐♦♥ u ∈ L2(0, T ;H1

0(Q)) ✇✐t❤ ∂tu ∈ L2(0, T ;L2(Q)) s✉❝❤ t❤❛tR∗εuε → u str♦♥❣❧② ✐♥ L2(0, T ;L2(Q))✱ ∂tR∗εuε ⇀ ∂tu ✇❡❛❦❧② ✐♥ L2(0, T ;L2(Q)) ❛♥❞
1
ε
⟦uε⟧dHn−1 → ∇u ✐♥ t❤❡ s❡♥s❡ ♦❢ ❞✐str✐❜✉t✐♦♥ ❛s ε → 0 ❛♥❞ u ✐s t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥

t♦ t❤❡ ♣r♦❜❧❡♠
∂tu −∇ ⋅ (Ahom∇u) −∇ ⋅ (Ahomuβ∇V ) = f . ✭✶✵✮

❲❡ ✇✐❧❧ ♣r♦✈❡ t❤❡ ❚❤❡♦r❡♠s ✶✳✺ ❛♥❞ ✶✳✻ ✐♥ ❙❡❝t✐♦♥ ✹✳

❘❡♠❛r❦ ✶✳✼✳ ❚❤❡♦r❡♠ ✶✳✺ ❛♥❞ ✶✳✻ ❝❛♥ ❛❧s♦ ❜❡ ❢♦r♠✉❧❛t❡❞ ❛♥ ♣r♦✈❡❞ ✇✐t❤ ♣❡r✐♦❞✐❝ ❜♦✉♥❞✲
❛r② ❝♦♥❞✐t✐♦♥s ♦♥ ❛ r❡❝t❛♥❣✉❧❛r ❞♦♠❛✐♥✳ ❚❤❡ ♠♦❞✐✜❝❛t✐♦♥ ♦❢ t❤❡ ♣r♦♦❢s ❛r❡ ♠✐♥♦r ❛♥❞
str❛✐❣❤t ❢♦r✇❛r❞✳
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❖♥ ❝♦♥✈❡r❣❡♥❝❡s ♦❢ t❤❡ sq✉❛r❡r♦♦t ❛♣♣r♦①✐♠❛t✐♦♥ s❝❤❡♠❡ ✼

❚❤❡ st❛t✐♦♥❛r② ❡r❣♦❞✐❝ ❝❛s❡

▲❡t (Ω,F ,P) ❜❡ ❛ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ❛♥❞ ❧❡t ω ↦ P (ω) = (Pi(ω))i∈N ❜❡ ❛ st❛t✐♦♥❛r②
r❛♥❞♦♠ ♣♦✐♥t ♣r♦❝❡ss ♦♥ Rn✳ ❲❡ t❤❡♥ ❞❡✜♥❡ P ε(ω) ∶= εP (ω) ❛♥❞ ❝♦♥str✉❝t ❢r♦♠ P ε(ω)
t❤❡ s❡ts Gε

ij(ω)✱ Γε(ω) ❛♥❞ Eε(ω) ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ❙❡❝t✐♦♥ ✶✳✸✳

❈♦♥❞✐t✐♦♥ ✶✳✽✳ ❯s✐♥❣ t❤❡ ♥♦t❛t✐♦♥ ♦❢ ❈♦♥❞✐t✐♦♥ ✶✳✷✱ ❛ ❱♦r♦♥♦✐✲t❡ss❡❧❧❛t✐♦♥ (Gi)i∈N✱ ❜❛s❡❞
♦♥ ❛ ♣♦✐♥t ♣r♦❝❡ss (Pi)i∈N ✐s ❛❞♠✐ss✐❜❧❡ ✐❢ t❤❡r❡ ❡①✐sts α > 0 s✉❝❤ t❤❛t

α ≤ inf
i
diamGi ≤ sup

i

diamGi ≤ 1 . ✭✶✶✮

❆ s✐♠✐❧❛r ❝♦♥❞✐t✐♦♥ ❤❛s ❜❡❡♥ ✐♠♣♦s❡❞ ✐♥ ❬✶❪✳ ◆♦t❡ t❤❛t ✐❢ P (ω) s❛t✐s✜❡s ✶✳✽✱ t❤✐s ✐♠♣❧✐❡s
t❤❛t P ε(ω) s❛t✐s✜❡s t❤❡ ❛❞♠✐ss✐❜✐❧✐t② ❈♦♥❞✐t✐♦♥ ✶✳✷✳

■❢Q ✐s ❛ ❝✉❜♦✐❞✱ ✇❡ ❞❡♥♦t❡ P ε
per(Q, ω) t❤❡ ♣❡r✐♦❞✐③❛t✐♦♥ ♦❢Q∩P ε(ω)✳ ❋r♦♠ t❤❡Q✲♣❡r✐♦❞✐❝

♣♦✐♥t ♣r♦❝❡ss P ε
per(Q, ω)✱ ✇❡ ❝♦♥str✉❝t Gε

per(Q, ω)✱ Γε
per(Q, ω) ❛♥❞ Eε

per(Q, ω) ❛❝❝♦r❞✐♥❣
t♦ t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ❙❡❝t✐♦♥ ✶✳✸✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ s❡t Sεper(Q, ω) t❤❡ s❡t ♦❢ ❛❧❧ ❢✉♥❝t✐♦♥s
P ε
per(Q, ω)→ R t❤❛t ❛r❡ Q✲♣❡r✐♦❞✐❝✳ ❚❤❡ ♦♣❡r❛t♦rs Rε ❛♥❞ R∗ε ❛r❡ ❞❡✜♥❡❞ ♦♥ Sεper(Q, ω)

✐♥ ❛♥ ♦❜✈✐♦✉s ✇❛②✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ❞❡♥♦t❡ H1
per(Q) t❤❡ s❡t ♦❢ ❛❧❧ H1(Q)✲❢✉♥❝t✐♦♥s ✇✐t❤

♣❡r✐♦❞✐❝ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳

❘❡♠❛r❦ ✶✳✾✳ ◆♦t❡ t❤❛t ❢♦r t❤❡ ♣❡r✐♦❞✐③❡❞ ♣♦✐♥t ♣r♦❝❡ss ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❱♦r♦♥♦✐
t❡ss❡❧❧❛t✐♦♥ t❤❡ ❈♦♥❞✐t✐♦♥ ✶✳✽ ✐s st✐❧❧ s❛t✐s✜❡❞ ✇✐t❤ α ✐♥ ✐♥❡q✉❛❧✐t② ✭✶✶✮ ❜❡✐♥❣ r❡♣❧❛❝❡❞ ❜②
α
2
✳

❋♦r t❤❡ st♦❝❤❛st✐❝ r❡s✉❧ts✱ ✇❡ ✇✐❧❧ ♥❡❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❆ss✉♠♣t✐♦♥✳

❆ss✉♠♣t✐♦♥ ✶✳✶✵✳ ❚❤❡ r❛♥❞♦♠ ♣♦s✐t✐✈❡ ♥✉♠❜❡rs aij(ω) ❛r❡ s✉❝❤ t❤❛t t❤❡ ♠❡❛s✉r❡

µaΓ(ω) ∶= ∑
(i,j)∈E(ω)

aij(ω)δΓij(ω) ✭✶✷✮

✐s ❛ st❛t✐♦♥❛r② ❛♥❞ ❡r❣♦❞✐❝ r❛♥❞♦♠ ♠❡❛s✉r❡✳

■❢ aij(ω) ≡ 1 ❢♦r ❛❧❧ (i, j) ❛♥❞ ❛❧♠♦st ❡✈❡r② ω✱ t❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡ ♣♦✐♥t ♣r♦❝❡ss (Pi(ω))i∈N
❤❛s t♦ ❜❡ st❛t✐♦♥❛r② ❛♥❞ ❡r❣♦❞✐❝✳ ■❢ ✇❡ ✇♦r❦ ♦♥ t❤❡ ♣❡r✐♦❞✐③❡❞ ❧❛tt✐❝❡✱ ✇❡ s❡t aij = 1 ❢♦r
❡✈❡r② (i, j) ∈ Eε

per(ω)/Eε(ω)✳ ❚❤❡♥✱ ✇❡ ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐s❝r❡t❡ ❡❧❧✐♣t✐❝ ♦♣❡r❛t♦r✿

(Lεωu)i ∶= ∑
(i,j)∈Eε

per(ω)

1

ε2
aij(ω) (uj − ui) . ✭✶✸✮

❙✐♥❝❡ ✇❡ ✇♦r❦ ♦♥ ♣❡r✐♦❞✐❝ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ ✇❡ ✇✐❧❧ r❡str✐❝t ♦✉rs❡❧✈❡s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣
❢✉♥❝t✐♦♥ s♣❛❝❡

Sεper,0(Q, ω) ∶=
⎧⎪⎪⎨⎪⎪⎩u ∈ S

ε
per(Q, ω) ∶ ∑

P ε
i
∈P ε

per(ω)

u(P ε
i ) = 0

⎫⎪⎪⎬⎪⎪⎭ .
❚❤❡ ♦♣❡r❛t♦r Lεω ❛❞♠✐ts t❤❡ ❢♦❧❧♦✇✐♥❣ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ♦♥ Sεper,0(Q, ω)✳
❚❤❡♦r❡♠ ✶✳✶✶✳ ▲❡t t❤❡ ♣♦✐♥t ♣r♦❝❡ss P ε(ω) ❛❧♠♦st s✉r❡❧② s❛t✐s❢② ❈♦♥❞✐t✐♦♥ ✶✳✽ ❛♥❞ ❧❡t
t❤❡ r❛♥❞♦♠ ♥✉♠❜❡rs aij(ω) ❜❡ s✉❝❤ t❤❛t 0 < c−1 ≤ aij(ω) ≤ c < ∞ ❛❧♠♦st s✉r❡❧② ❢♦r s♦♠❡
♣♦s✐t✐✈❡ ❝♦♥st❛♥t c ❛♥❞ s✉❝❤ t❤❛t ❆ss✉♠♣t✐♦♥ ✶✳✶✵ ❤♦❧❞s✳ ❋♦r s✉❝❤ ω ❧❡t f ε ∈ Sεper,0(Q, ω)
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▼✳ ❍❡✐❞❛ ✽

❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ❢✉♥❝t✐♦♥s s✉❝❤ t❤❛t R∗εf ε ⇀ f ✇❡❛❦❧② ✐♥ L2(Q) ❢♦r s♦♠❡ f ∈ L2(Q)✳
❚❤❡♥ ❢♦r ❛❧♠♦st ❡✈❡r② ω t❤❡ s❡q✉❡♥❝❡ uε ∈ Sεper,0(Q, ω) ♦❢ s♦❧✉t✐♦♥s t♦ t❤❡ ♣r♦❜❧❡♠s

−Lεωuε = f ε ✭✶✹✮

❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✿ ❚❤❡r❡ ❡①✐sts ❛ ❢✉♥❝t✐♦♥ u ∈ H1
per(Q) s✉❝❤ t❤❛t R∗εuε → u

str♦♥❣❧② ✐♥ L2(Q) ❛♥❞ 1
ε
⟦uε⟧dHn−1 → ∇u ✐♥ t❤❡ s❡♥s❡ ♦❢ ❞✐str✐❜✉t✐♦♥ ❛♥❞ ❛s ε → 0✳

❋✉rt❤❡r♠♦r❡✱ u ∈H1
per(Q) ∩H2(Q) ✐s t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ t♦ t❤❡ ♣r♦❜❧❡♠

−∇ ⋅ (Ahom∇u) = f ,
ˆ

Q

u = 0 , ✭✶✺✮

✇❤❡r❡ Ahom ✐s ❞❡✜♥❡❞ ❜❡❧♦✇ ✐♥ ✭✸✷✮✳

❚❤❡♦r❡♠ ✶✳✶✶ ❡✈✐❞❡♥t❧② ✐♠♣❧✐❡s ●✲❝♦♥✈❡r❣❡♥❝❡✳ ◆♦t❡ t❤❛t ✐t ❝❛♥ ❛❧s♦ ❜❡ ❢♦r♠✉❧❛t❡❞ ❛♥❞
♣r♦✈❡❞ ❢♦r ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳ ■♥ t❤❡ ❧❛tt❡r ❝❛s❡✱ t❤❡ ♣r♦♦❢ t✉r♥s ♦✉t t♦ ❜❡
s✐♠♣❧❡r ✇❤✐❝❤ ✐s ✇❤② t❤❡ ❚❤❡♦r❡♠ ✇❛s ❢♦r♠✉❧❛t❡❞ ❢♦r t❤❡ ♣❡r✐♦❞✐❝ ❝❛s❡✳

✷ ❊r❣♦❞✐❝ ❚❤❡♦r❡♠s ❢♦r ❱♦r♦♥♦✐✲t❡ss❡❧❧❛t✐♦♥s

■♥ t❤✐s ✇♦r❦✱ ✇❡ r❡❧② ♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣t✐♦♥s✳

❆ss✉♠♣t✐♦♥ ✷✳✶✳ ▲❡t (Ω,F ,P) ❜❡ ❛ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡✳ ❲❡ ❛ss✉♠❡ ✇❡ ❛r❡ ❣✐✈❡♥ ❛ ❢❛♠✐❧②(τx)x∈Rn ♦❢ ♠❡❛s✉r❛❜❧❡ ❜✐❥❡❝t✐✈❡ ♠❛♣♣✐♥❣s τx ∶ Ω↦ Ω✱ ❤❛✈✐♥❣ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ ❛ ❞②♥❛♠✐❝❛❧
s②st❡♠ ♦♥ (Ω,F ,P)✱ ✐✳❡✳ t❤❡② s❛t✐s❢② ✭✐✮✲✭✐✐✐✮✿

✭✐✮ τx ○ τy = τx+y ✱ τ0 = id ✭●r♦✉♣ ♣r♦♣❡rt②✮

✭✐✐✮ P(τ−xB) = P(B) ∀x ∈ Rn, B ∈F ✭▼❡❛s✉r❡ ♣r❡s❡r✈✐♥❣✮

✭✐✐✐✮ A ∶ Rn ×Ω→ Ω (x,ω) ↦ τxω ✐s ♠❡❛s✉r❛❜❧❡ ✭▼❡❛s✉r❛❜✐❧✐t② ♦❢ ❡✈❛❧✉❛t✐♦♥✮

❲❡ ✜♥❛❧❧② ❛ss✉♠❡ t❤❛t t❤❡ s②st❡♠ (τx)x∈Rn ✐s ❡r❣♦❞✐❝✳ ❚❤✐s ♠❡❛♥s t❤❛t ❢♦r ❡✈❡r② ♠❡❛s✉r✲
❛❜❧❡ ❢✉♥❝t✐♦♥ f ∶ Ω→ R t❤❡r❡ ❤♦❧❞s

[f(ω) = f(τxω) ∀x ∈ Rn , a.e. ω ∈ Ω]⇒ [f(ω) = const ❢♦r P − a.e. ω ∈ Ω] . ✭✶✻✮

■♥ ✇❤❛t ❢♦❧❧♦✇s✱ ✇❡ r❡❝❛♣✐t✉❧❛t❡ ♣❛rts ♦❢ t❤❡ t❤❡♦r② ❢r♦♠ ❬✻❪✳ ●✐✈❡♥ ❛ st❛t✐♦♥❛r② ♣♦✐♥t
♣r♦❝❡ss (Pi)i∈N✱ ✇❡ ❞❡✜♥❡ Γε

ij(ω) ∶= 1
2
(P ε

i + P
ε
j ) t❤❡ ♠✐❞♣♦✐♥t ♦❢ t❤❡ str❛✐❣❤t ❧✐♥❡ ❝♦♥♥❡❝t✐♥❣

P ε
i ❛♥❞ P ε

j ❛♥❞
Γε(ω) ∶= ⋃

(i,j)∈Eε(Ω)

Γε
ij(ω) .

❚❤❡ ♠❡❛s✉r❡ µP ∶= ∑i δPi
✐s st❛t✐♦♥❛r② ❛♥❞ t❤❡ ♠❛♣♣✐♥❣ ω ↦ µP (ω)(B) ✐s ♠❡❛s✉r❛❜❧❡ ❢♦r

❡✈❡r② ♦♣❡♥ s❡t B ⊂ Rn✳ ❙✐♠✐❧❛r❧②✱ ✇❡ ❝❛♥ ❞❡✜♥❡ µΓ(ω) ∶= ∑(i,j)∈E(ω) δΓij(ω) ❤❛✈✐♥❣ t❤❡ s❛♠❡
♣r♦♣❡rt✐❡s ❛s µP ✳ ❍❡♥❝❡✱ µP (ω)✱ µΓ(ω) ❛♥❞ µaΓ(ω) ❢r♦♠ ✭✶✷✮ ❛r❡ r❛♥❞♦♠ ♠❡❛s✉r❡s✱ ✐✳❡✳
♠❡❛s✉r❛❜❧❡ ♠❛♣♣✐♥❣s Ω→M✱ ✇❤❡r❡M ✐s t❤❡ s❡t ♦❢ ❛❧❧ ❘❛❞♦♥ ♠❡❛s✉r❡s ♦♥ Rn ❡q✉✐♣♣❡❞
✇✐t❤ t❤❡ ✈❛❣✉❡ t♦♣♦❧♦❣② ❛♥❞ ❝♦rr❡s♣♦♥❞✐♥❣ σ✲❛❧❣❡❜r❛✳
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❖♥ ❝♦♥✈❡r❣❡♥❝❡s ♦❢ t❤❡ sq✉❛r❡r♦♦t ❛♣♣r♦①✐♠❛t✐♦♥ s❝❤❡♠❡ ✾

❍❡♥❝❡✱ ❢♦r ✜①❡❞ ω✱ t❤❡ ♠❛♣♣✐♥❣ ω ↦ µω ∶= µaΓ(ω) + µP (ω) ✐s ❛ r❛♥❞♦♠ ♠❡❛s✉r❡ ❛♥❞
t❤❡r❡❢♦r❡ (µ(Ω),µ(F ),µ#P) ✐s ❛ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✈❛❣✉❡ t♦♣♦❧♦❣②✳
❉✉❡ t♦ t❤✐s ♦❜s❡r✈❛t✐♦♥✱ ✇❡ ♠❛② ❛ss✉♠❡ t❤❛t Ω ⊂ M ❛♥❞ P ✐s ❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ ♦♥M✳ ❚❤✐s ❤❛s t❤❡ ❛❞✈❛♥t❛❣❡ t❤❛t M ✇✐t❤ t❤❡ ✈❛❣✉❡ t♦♣♦❧♦❣② ✐s ❛ ❝♦♠♣❧❡t❡ s❡♣❛r❛❜❧❡
♠❡tr✐❝ s♣❛❝❡✳ ❍❡♥❝❡ t❤❡ σ✲❆❧❣❡❜r❛ F ❜❡❝♦♠❡s s❡♣❛r❛❜❧❡ ❛♥❞ t❤❡ s❡t Cb(Ω) ♦❢ ❜♦✉♥❞❡❞
❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s ✐s ❞❡♥s❡ ✐♥ Lp(Ω, µ) ❢♦r ❛♥② 1 ≤ p <∞ ❛♥❞ ❛♥② ✜♥✐t❡ ♠❡❛s✉r❡ µ ♦♥M✳ ❋✐♥❛❧❧②✱ ✇❡ ♦❜s❡r✈❡ t❤❛t t❤❡ ♠❛♣♣✐♥❣ Rn ×M →M✱ (x,ω)↦ τxω ✐s ❡✈❡♥ ❝♦♥t✐♥✉♦✉s
✭s❡❡ ❬✶✻❪✮✳

❚❤❡♦r❡♠ ✷✳✷ ✭❊①✐st❡♥❝❡ ♦❢ P❛❧♠ ♠❡❛s✉r❡ ❬✻❪✮✳ ▲❡t ω ↦ µω ❜❡ ❛ st❛t✐♦♥❛r② r❛♥❞♦♠
♠❡❛s✉r❡✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ♠❡❛s✉r❡ µP ✱ ❝❛❧❧❡❞ P❛❧♠ ♠❡❛s✉r❡ ♦❢ µ✱ ♦♥ Ω s✉❝❤
t❤❛t

ˆ

Ω

ˆ

Rn

f(x, τxω)dµω(x)dP(ω) =
ˆ

Rn

ˆ

Ω

f(x,ω)dµP(ω)dx
❢♦r ❛❧❧ L ⊗ µP✲♠❡❛s✉r❛❜❧❡ ♥♦♥ ♥❡❣❛t✐✈❡ ❢✉♥❝t✐♦♥s ❛♥❞ ❛❧❧ L ⊗ µP✲ ✐♥t❡❣r❛❜❧❡ ❢✉♥❝t✐♦♥s f ✳
❋✉rt❤❡r♠♦r❡ ❢♦r ❛❧❧ A ⊂ Ω✱ u ∈ L1(Ω, µP) t❤❡r❡ ❤♦❧❞s

µP(A) =
ˆ

Ω

ˆ

Rn

g(x)χA(τxω)dµω(x)dP ✭✶✼✮
ˆ

Ω

u(ω)dµP =
ˆ

Ω

ˆ

Rn

g(x)u(τxω)dµω(x)dP
❢♦r ❛♥ ❛r❜✐tr❛r② g ∈ L1(Rn,L) ✇✐t❤ ´

Rn g(x)dx = 1 ❛♥❞ µP ✐s σ✲✜♥✐t❡✳

❉❡✜♥✐t✐♦♥✳ ❲❡ ❞❡♥♦t❡ µP,P ❛♥❞ µΓ,P t❤❡ P❛❧♠ ♠❡❛s✉r❡ ♦❢ µP ❛♥❞ µΓ r❡s♣❡❝t✐✈❡❧②✳

❆♥ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ ❘❛❞♦♥✲◆✐❦♦❞②♠ t❤❡♦r❡♠ ②✐❡❧❞s t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳ ❋♦r
❛ ♣r♦♦❢✱ ✇❡ r❡❢❡r t♦ ❬✶✻✱ ▲❡♠♠❛ ✷✳✶✹❪✳

▲❡♠♠❛ ✷✳✸✳ ❚❤❡r❡ ❡①✐sts ❛ ♠❡❛s✉r❛❜❧❡ s❡t P̃ ⊂ Ω ✇✐t❤ IP (ω)(x) = IP̃ (τxω) ❢♦r L + µP (ω)✲

❛❧♠♦st ❡✈❡r② x ❢♦r P✲❛❧♠♦st ❡✈❡r② ω✳ ❋✉rt❤❡r♠♦r❡ P(P̃ ) = 0 ❛♥❞ µP,P(Ω/P̃ ) = 0✳ ❚❤❡
s❛♠❡ ❛♣♣❧✐❡s t♦ Γ(ω)✳
▲❡♠♠❛ ✷✳✸ ✇✐❧❧ ♥♦t ❜❡ ✉s❡❞ ❜❡❧♦✇✱ ❜✉t ✐t ❤✐❣❤❧✐❣❤ts t❤❡ str♦♥❣ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ ❛ ♣♦✐♥t
♣r♦❝❡ss ❛♥❞ ✐ts P❛❧♠ ♠❡❛s✉r❡✳ ❍♦✇❡✈❡r✱ t❤❡ s❛♠❡ ♣r♦♦❢ ❛❧s♦ ②✐❡❧❞s t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✱
✇❤✐❝❤ ✇❡ ✇✐❧❧ ✉s❡ ❢r❡q✉❡♥t❧②✳

▲❡♠♠❛ ✷✳✹✳ ▲❡t ω → µ1,ω ❛♥❞ ω → µ2,ω ❜❡ t✇♦ st❛t✐♦♥❛r② r❛♥❞♦♠ ♠❡❛s✉r❡s s✉❝❤ t❤❛t ❢♦r
❛✳❡✳ ω ✐t ❤♦❧❞s µ1,ω ≪ µ2,ω✳ ❚❤❡♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ P❛❧♠ ♠❡❛s✉r❡ µ1,P ❛♥❞ µ2,P s❛t✐s❢②
µ1,P ≪ µ2,P ❛♥❞ t❤❡r❡ ❡①✐sts ❛ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥ f1,2 ∶ Ω→ R s✉❝❤ t❤❛t µ1,P = f1,2µ2,P ✳

❍❡♥❝❡✱ ✐❢ µP ❞❡♥♦t❡s t❤❡ P❛❧♠ ♠❡❛s✉r❡ ❢♦r µω✱ ✇❡ ✜♥❞ µP,P = P̃µP ✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡
✜♥❞ ❡①✐st❡♥❝❡ ♦❢ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥s a ∶ Ω → R s✉❝❤ t❤❛t aij(ω) = a(τΓij(ω)ω) ❛♥❞
µaΓ,P = aµΓ,P ✳ ❋✐♥❛❧❧②✱ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ✐s ❡ss❡♥t✐❛❧ ❢♦r ❛❧❧ ❢♦❧❧♦✇✐♥❣ ❝❛❧❝✉❧❛t✐♦♥s✳

❚❤❡♦r❡♠ ✷✳✺ ✭❊r❣♦❞✐❝ ❚❤❡♦r❡♠ ❬✻❪✮✳ ▲❡t t❤❡ ❞②♥❛♠✐❝❛❧ ❙②st❡♠ τx ❜❡ ❡r❣♦❞✐❝ ❛♥❞ ❛ss✉♠❡
t❤❛t t❤❡ P❛❧♠ ♠❡❛s✉r❡ µP ♦❢ t❤❡ st❛t✐♦♥❛r② r❛♥❞♦♠ ♠❡❛s✉r❡ µω ❤❛s ✜♥✐t❡ ✐♥t❡♥s✐t②✳ ❚❤❡♥✱
✇✐t❤ µε

ω(B) ∶= εnµω(ε−1B)✱ ❢♦r ❛❧❧ g ∈ L1(Ω, µP) ✐t ❤♦❧❞s
lim
t→∞

ˆ

A

g(τx
ε
ω)dµε

ω(x) = ∣A∣
ˆ

Ω

g(ω)dµP(ω) ✭✶✽✮

❢♦r P ❛❧♠♦st ❡✈❡r② ω ❛♥❞ ❢♦r ❛❧❧ ❜♦✉♥❞❡❞ ❇♦r❡❧ s❡ts A t❤❛t ❝♦♥t❛✐♥ ❛♥ ♦♣❡♥ ❜❛❧❧ ❛r♦✉♥❞
0✳
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▼✳ ❍❡✐❞❛ ✶✵

❋r♦♠ t❤❡ ❧❛st r❡s✉❧t✱ ♦♥❡ ❝❛♥ ❞❡r✐✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❣❡♥❡r❛❧✐③❛t✐♦♥✳

❚❤❡♦r❡♠ ✷✳✻ ✭❬✶✼❪✱ ❙❡❝t✐♦♥ ✷✮✳ ▲❡t t❤❡ ❞②♥❛♠✐❝❛❧ ❙②st❡♠ τx ❜❡ ❡r❣♦❞✐❝ ❛♥❞ ❛ss✉♠❡
t❤❛t t❤❡ st❛t✐♦♥❛r② r❛♥❞♦♠ ♠❡❛s✉r❡ µω ❤❛s ✜♥✐t❡ ✐♥t❡♥s✐t②✳ ❚❤❡♥✱ ❞❡✜♥✐♥❣ µε

ω(B) ∶=
εnµω(ε−1B)✱ ✐t ❤♦❧❞s✿ ❢♦r ❛❧❧ g ∈ L1(Ω, µP) ✇❡ ✜♥❞ ❢♦r P✲❛❧♠♦st ❡✈❡r② ω✱ ❛♥❞ ❛❧❧ ϕ ∈
Cc(Rn) t❤❛t

lim
t→∞

ˆ

Rn

g(τx
ε
ω)ϕ(x)dµε

ω(x) =
ˆ

Rn

ˆ

Ω

g(ω)ϕ(x)dµP(ω)dx . ✭✶✾✮

▲❡♠♠❛ ✷✳✼✳ ▲❡t t❤❡ ♣♦✐♥t ♣r♦❝❡ss P ε(ω) ❜❡ st❛t✐♦♥❛r② ❛♥❞ s✉❝❤ t❤❛t ❈♦♥❞✐t✐♦♥ ✶✳✽ ❤♦❧❞s
❛❧♠♦st s✉r❡❧② ❛♥❞ ❧❡t Q ❜❡ ❛♥ ♦♣❡♥ ❝✉❜♦✐❞ t❤❛t ❝♦♥t❛✐♥s 0✳ ❚❤❡♥ ❢♦r P✲❛❧♠♦st ❡✈❡r② ω ✐t
❤♦❧❞s ❢♦r ❛❧❧ ϕ ∈ Cper(Q) t❤❛t

lim
ε→0

εn ∑
(i,j)∈Eε

per(ω)

ϕ(Γε
per,ij) =

ˆ

Q

ˆ

Ω

ϕ(x)dµΓ,P dx . ✭✷✵✮

Pr♦♦❢✳ ▲❡t η > 0 ❛♥❞ φη ∈ Cc(Q) s✉❝❤ t❤❛t 1 ≥ φη ≥ 0✱ φη = 0 ♦♥ Q/(1− η)Q ❛♥❞ φη = 1 ♦♥
Qη ∶= (1 − 2η)Q✳ ❉❡✜♥❡ µε

ω(B) ∶= εnµΓε(ω)(B) ❛♥❞ µε
per,ω(B) ∶= εnµΓε

per(ω)(B) ✳
❙✐♥❝❡ supi diamGi < ∞✱ ✇❡ ❝❛♥ ✜♥❞ εη > 0 s✉❝❤ t❤❛t ❢♦r ❛❧❧ ε < εη ✐t ❤♦❧❞s µε

ω = µε
per,ω ♦♥

suppφη✳ ❉✉❡ t♦ ❈♦♥❞✐t✐♦♥ ✶✳✽✱ t❤❡ ✐♥t❡❣r❛❧ µε
per,ω ((1 + 2η)Q/Qη) ✐s ❜♦✉♥❞❡❞ ❢r♦♠ ❛❜♦✈❡

❜② Cη ❢♦r s♦♠❡ ❝♦♥st❛♥t C t❤❛t ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ η✳ ❍❡♥❝❡ ❢r♦♠ ❚❤❡♦r❡♠ ✷✳✻ ♦♥❡
♦❜t❛✐♥s

∣lim
ε→0

ˆ

Q

ϕ(x)dµε
per,ω(x) −

ˆ

Q

ˆ

Ω

ϕ(x)dµP dx∣
≤ ∣lim

ε→0

ˆ

Q

ϕφηdµ
ε
per,ω(x) −

ˆ

Q

ˆ

Ω

ϕφηdµP dx∣
+ ∥ϕ∥∞ lim sup

ε→0

µε
per,ω ((1 + 2η)Q/Qη) + ∥ϕ∥∞ ∣(1 + 2η)Q/Qη∣

≤ ∥ϕ∥∞Cη ,
✇❤❡r❡ C ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ η✳ ❆s η > 0 ✇❛s ❛r❜✐tr❛r②✱ st❛t❡♠❡♥t ❢♦❧❧♦✇s✳

✸ ❋✉♥❝t✐♦♥ s♣❛❝❡s ❛♥❞ t❤❡ ❡✛❡❝t✐✈❡ ♠❛tr✐① Ahom

✸✳✶ ❚❤❡ ❥✉♠♣ ♦♣❡r❛t♦r

▲❡t u ∈ H1
loc(Rn) ❛♥❞ φ ∈ C1

c (Rn;Rn)✳ ❚❤❡♥✱ φ ❛♥❞ ∇ ⋅ φ ❛r❡ ✉♥✐❢♦r♠❧② ❝♦♥t✐♥✉♦✉s ♦♥ t❤❡
s✉♣♣♦rt ♦❢ φ ❛♥❞ ❢♦r ε→ 0 ✇❡ ✜♥❞ ✐♥ ✈✐❡✇ ♦❢ ❈♦r♦❧❧❛r② ✶✳✸

−

ˆ

∂Gε(ω)

⟦Rεu⟧ ⋅ φdHn−1 =
ˆ

Gε(ω)

(R∗εRεu)∇ ⋅ φ
→
ˆ

Rn

u∇ ⋅ φ = −
ˆ

Rn

∇u ⋅ φ . ✭✷✶✮

❚❤✐s ✐♠♣❧✐❡s t❤❛t ⟦Rεu⟧dHn−1 → ∇u ✐♥ t❤❡ s❡♥s❡ ♦❢ ❞✐str✐❜✉t✐♦♥s ❛s ε→ 0✳

❚❤❡ ❝♦♥✈❡r❣❡♥❝❡ ✭✷✶✮ r❡q✉✐r❡s ♠♦r❡ ❛tt❡♥t✐♦♥✱ ❛s t❤✐s ✐s t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ❜❡❤❛✈✐♦r ✇❡
❡①♣❡❝t ❢♦r t❤❡ s♦❧✉t✐♦♥s ♦❢ ❡q✉❛t✐♦♥s ✭✻✮ ♦r ✭✶✹✮✳ ❲❡ st❛rt ❞❡♥♦t✐♥❣ γεij ∶= ε1−n∣∂Gε

ij ∣ ❛♥❞
q✉♦t✐♥❣ ❛ P♦✐♥❝❛ré ✐♥❡q✉❛❧✐t② ❞✉❡ t♦ ❍✉♠♠❡❧✳
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❖♥ ❝♦♥✈❡r❣❡♥❝❡s ♦❢ t❤❡ sq✉❛r❡r♦♦t ❛♣♣r♦①✐♠❛t✐♦♥ s❝❤❡♠❡ ✶✶

▲❡♠♠❛ ✸✳✶ ✭❈♦♠♣❛❝t♥❡ss ♣r♦♣❡rt②✱ s❡❡ ❛❧s♦ ❬✶✾❪✮✳ ▲❡t Q ❜❡ ❛ ❜♦✉♥❞❡❞ ▲✐♣s❝❤✐t③ ❞♦♠❛✐♥
✐♥ Rn ✇✐t❤ ▲✐♣s❝❤✐t③ ❜♦✉♥❞❛r② ❛♥❞ ❧❡t t❤❡ ❢❛♠✐❧✐❡s ♦❢ ♣♦✐♥ts (P ε

i )i∈N s❛t✐s❢② ❈♦♥❞✐t✐♦♥ ✶✳✷✳
❚❤❡♥✱ ❢♦r ❡✈❡r② s ∈]0, 1

2
[ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t Cs ✐♥❞❡♣❡♥❞❡♥t ❢r♦♠ ε s✉❝❤ t❤❛t ❢♦r ❡✈❡r②

ε > 0 ❛♥❞ ❡✈❡r② uε ∈ Sε0(Q)✿
∥R∗εuε∥2Hs

0
(Q) ≤ Cs

⎛
⎝εn−2 ∑(i,j)∈Eε

⟦uε⟧2ijγij⎞⎠ . ✭✷✷✮

■❢ Q ✐s ❛ ❝✉❜❡ ❛♥❞ uε ∈ Sεper(Q, ω)✱ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥ ❤♦❧❞s✿

∥R∗εuε∥2Hs
per(Q)

≤ Cs

⎛
⎝εn−2 ∑

(i,j)∈Eε
per(ω)

⟦uε⟧2ijγij(ω) + (
ˆ

Q

R∗εuε dL)
2⎞
⎠ . ✭✷✸✮

❚❤❡ ❝♦♥st❛♥t Cs ♦♥❧② ❞❡♣❡♥❞s ♦♥ t❤❡ ❝♦♥st❛♥t α ✐♥ ✭✹✮ r❡s♣✳ ✭✶✶✮ ❛♥❞ t❤❡ ❞✐♠❡♥s✐♦♥✳

❙❦❡t❝❤ ♦❢ ♣r♦♦❢✳ ■♥❡q✉❛❧✐t② ✭✷✷✮ ✐s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❬✶✾✱ Pr♦♣♦s✐t✐♦♥ ✸✳✶✻❪ ✭❛ ♣❡r✐✲
♦❞✐❝ ✈❡rs✐♦♥ ✐s ❣✐✈❡♥ ✐♥ ❬✶✽❪✮✱ ♥♦t✐♥❣ t❤❛t ❢♦r ❢✉♥❝t✐♦♥s uε ∈ S0(Q) ✐t ❤♦❧❞s

εn−2 ∑
(i,j)∈Eε

⟦uε⟧2ijγij = ε−1
ˆ

∂Gε

⟦uε⟧2 dHn−1 .

■♥❡q✉❛❧✐t② ✭✷✸✮ ♥♦✇ ❢♦❧❧♦✇s ❢r♦♠ ❬✶✾✱ Pr♦♣♦s✐t✐♦♥ ✸✳✶✻❪ ❛♥❞ ❘❡♠❛r❦ ✶✳✾✱ s✐♥❝❡ Γε
per(ω) ❛♥❞

Gε
per(ω) s❛t✐s❢② ❈♦♥❞✐t✐♦♥ ✶✳✽ ✇✐t❤ ❛ α r❡♣❧❛❝❡❞ ❜② α

2
✳

❯s✐♥❣ ▲❡♠♠❛ ✸✳✶✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳

▲❡♠♠❛ ✸✳✷✳ ▲❡t Q ❜❡ ❛ ❝✉❜❡✱ (Gε
i(ω))i∈N ❛ r❛♥❞♦♠ ❱♦r♦♥♦✐✲t❡ss❡❧❧❛t✐♦♥ s❛t✐s❢②✐♥❣ ❈♦♥✲

❞✐t✐♦♥ ✶✳✽ ❛♥❞ uε ∈ Sεper(Q, ω) ❛ s❡q✉❡♥❝❡ s✉❝❤ t❤❛t

⎛
⎝εn−2 ∑

(i,j)∈Eε
per(Q,ω)

⟦uε⟧2ijγεper,ij(ω) + (
ˆ

Q

R∗εuεdL)
2⎞
⎠ ≤ C ✭✷✹✮

❢♦r s♦♠❡ C ✐♥❞❡♣❡♥❞❡♥t ❢r♦♠ ε✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ s✉❜s❡q✉❡♥❝❡✱ ♥♦t r❡❧❛❜❡❧❡❞✱ ❛♥❞
u ∈ H1

per(Q) s✉❝❤ t❤❛t R∗εuε → u str♦♥❣❧② ✐♥ L2(Q) ❛♥❞ ⟦uε⟧dHn−1 → ∇u ✐♥ t❤❡ s❡♥s❡ ♦❢
❞✐str✐❜✉t✐♦♥s ❛s ε→ 0✳ ❋✉rt❤❡r♠♦r❡✱ ✐t ❤♦❧❞s

∥∇uε∥2L2(Q) ≤ C lim inf
ε→0

εn−2 ∑
(i,j)∈Eε

per(ω)

⟦uε⟧2ijγεper,ij(ω) ✭✷✺✮

❢♦r C = µΓ,P(Ω) 12 supij ∣γij ∣ 12 ✳
Pr♦♦❢✳ ❉✉❡ t♦ ▲❡♠♠❛ ✸✳✶✱ ✇❡ ✜♥❞ u ∈ L2(Q) s✉❝❤ t❤❛t R∗εuε → u str♦♥❣❧② ✐♥ L2(Q) ❛❧♦♥❣
❛ s✉❜s❡q✉❡♥❝❡✳ ❋✉rt❤❡r♠♦r❡✱ ❢♦r ❡✈❡r② φ ∈ C1

per(Q;Rn) ✇❡ ✜♥❞
−
ˆ

Q∩∂Gε
per(ω)

⟦uε⟧ ⋅ φdHn−1 =
ˆ

Q∩Gε
per(ω)

(R∗εuε)∇ ⋅ φ→
ˆ

Q

u∇ ⋅ φ . ✭✷✻✮
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▼✳ ❍❡✐❞❛ ✶✷

❯s✐♥❣ ✜rst t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t② ✇✐t❤ ✭✷✹✮ ❛♥❞ t❤❡♥ t❤❡ ❜♦✉♥❞❡❞♥❡ss ♦❢ γij ❛♥❞
❡q✉✐❝♦♥t✐♥✉✐t② ♦❢ φ ✇❡ ❤❛✈❡

RRRRRRRRRRR
ˆ

Q∩∂Gε
per(ω)

⟦uε⟧ ⋅ φdHn−1

RRRRRRRRRRR ≤ C
1
2

⎛
⎝ε
ˆ

∂Gε
per(ω)

φ2dHn−1
⎞
⎠

1
2

≤ C 1
2 sup

ij

∣γij ∣ 12 ⎛⎝εn ∑
(i,j)∈Eε

per

φ2
ij

⎞
⎠

1
2

+Cη ,

✇❤❡r❡ η ❛s ❛ ♠♦❞✉❧✉s ♦❢ ❝♦♥t✐♥✉✐t② ♦❢ φ ✐s ❛r❜✐tr❛r② s♠❛❧❧ ✐❢ ε ✐s s♠❛❧❧ ❡♥♦✉❣❤✳ ■♥ t❤❡
❧✐♠✐t ε→ 0✱ ▲❡♠♠❛ ✷✳✼ ❛♥❞ ✭✷✻✮ ❛♣♣❧✐❡❞ t♦ t❤❡ ❧❛st ✐♥❡q✉❛❧✐t② ❜❡❝♦♠❡s

∣
ˆ

Q

u∇ ⋅ φ∣ ≤ C 1
2 sup

ij

∣γij ∣ 12 (µΓ,P(Ω)
ˆ

Q

φ2)
1
2

. ✭✷✼✮

❙✐♥❝❡ C1
per(Q) ✐s ❞❡♥s❡ ✐♥ H1

per(Q) t❤✐s ✐♠♣❧✐❡s ∇u ∈ L2(Q) ❛♥❞ ✭✷✺✮ ✭s❡❡ ❇r❡③✐s ❬✹✱
Pr♦♣♦s✐t✐♦♥ ✾✳✸❪✮✳

❊q✉❛t✐♦♥ ✭✷✻✮ t♦❣❡t❤❡r ✇✐t❤
´

Q
u∇ ⋅ φ = − ´

Q
∇u ⋅ φ ♣r♦✈❡s ⟦u⟧dHn−1 → ∇u ✐♥ t❤❡ s❡♥s❡ ♦❢

❞✐str✐❜✉t✐♦♥s ❛s ε→ 0✳

▲❡♠♠❛ ✸✳✸✳ ▲❡t Q ❜❡ ❛ ❝✉❜❡✱ (Gε
i)i∈N ❜❡ ❛ ❢❛♠✐❧② ♦❢ ❱♦r♦♥♦✐✲t❡ss❡❧❧❛t✐♦♥s s❛t✐s❢②✐♥❣

❈♦♥❞✐t✐♦♥ ✶✳✷ ❛♥❞ uε ∈ Sε0(Q) ❛ s❡q✉❡♥❝❡ s✉❝❤ t❤❛t

⎛
⎝εn−2 ∑(i,j)∈Eε

⟦uε⟧2ijγεij⎞⎠ ≤ C
❢♦r s♦♠❡ C ✐♥❞❡♣❡♥❞❡♥t ❢r♦♠ ε✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ s✉❜s❡q✉❡♥❝❡✱ ♥♦t r❡❧❛❜❡❧❡❞✱ ❛♥❞
u ∈ H1

0(Q) s✉❝❤ t❤❛t R∗εuε → u str♦♥❣❧② ✐♥ L2(Q) ❛♥❞ ⟦uε⟧dHn−1 → ∇u ✐♥ t❤❡ s❡♥s❡ ♦❢
❞✐str✐❜✉t✐♦♥s ❛s ε→ 0✳ ❋✉rt❤❡r♠♦r❡✱ ✐t ❤♦❧❞s

∥∇uε∥2L2(Q) ≤ C lim inf
ε→0

εn−2 ∑
(i,j)∈Eε

⟦uε⟧2ijγεij .
Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ❢♦❧❧♦✇s t❤❡ ❧✐♥❡s ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✸✳✷✱ ❡①❝❡♣t ❢♦r ❡q✉❛t✐♦♥ ✭✷✼✮✱
✇❤❡r❡ µΓ,P(Ω) ✐s r❡♣❧❛❝❡❞ ❜② nnα−n✳

❚❤❡ ❞✐str✐❜✉t✐♦♥❛❧ ❣r❛❞✐❡♥ts ⟦⋅⟧dHn−1 ❛r❡ ✈❡❝t♦r✲✈❛❧✉❡❞✳ ❍♦✇❡✈❡r✱ ❛t ❡✈❡r② ❡❞❣❡ (i, j) ∈
Eε✱ t❤❡ ❥✉♠♣ ⟦u⟧ ♦❢ ❛ ❢✉♥❝t✐♦♥ u ∈ Sε ✐s ♦r✐❡♥t❡❞ ♦♥❧② ❛❧♦♥❣ t❤❡ ❞✐r❡❝t✐♦♥ νij = −νji✳ ❍❡♥❝❡✱
❢♦r ❡✈❡r② (i, j) ∈ Eε t❤❡ s❡t {⟦u⟧ij ∶ u ∈ Sε} s♣❛♥s ❛ ✶✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡✱ ✇❤✐❝❤ s✉❣❣❡sts t♦
✇♦r❦ ✇✐t❤ t❤❡ s❝❛❧❛r q✉❛♥t✐t✐❡s ⟦u⟧ij ⋅νij ✐♥st❡❛❞ ♦❢ ⟦u⟧ij✳ ❍♦✇❡✈❡r✱ t❤❡ q✉❛♥t✐t② ⟦u⟧ij ⋅νij
✐s ♥♦t ✐♥✈❛r✐❛♥t ✉♥❞❡r t❤❡ ♣❡r♠✉t❛t✐♦♥ ♦❢ i ❛♥❞ j✳ ❚❤✉s✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣
❞❡✜♥✐t✐♦♥✳

❉❡✜♥✐t✐♦♥ ✸✳✹ ✭◆♦r♠❛❧ ❋✐❡❧❞✮✳ ▲❡t e0 = 0 ❛♥❞ (ei)i=1,...,n ❜❡ t❤❡ ❝❛♥♦♥✐❝❛❧ ❜❛s✐s ♦❢ Rn✳
❉❡✜♥❡✿

Dn−1
∶= {ν ∈ Sn−1 ∣ ∃m ∈ {1,⋯, n} ∶ ν ⋅ ei = 0 ∀ i ∈ {0,1,⋯,m − 1} ❛♥❞ ν ⋅ em > 0}

❚❤✉s✱ ❢♦r ❡✈❡r② ν ∈ Sn−1 ✐t ❤♦❧❞s ν ∈Dn−1 ✐❢ ❛♥❞ ♦♥❧② ✐❢ −ν /∈Dn−1✳
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❖♥ ❝♦♥✈❡r❣❡♥❝❡s ♦❢ t❤❡ sq✉❛r❡r♦♦t ❛♣♣r♦①✐♠❛t✐♦♥ s❝❤❡♠❡ ✶✸

❋♦r ❡❛❝❤ (i, j) ∈ Eε ❧❡t ν̃ij = νij ✐❢ νij ∈ Dn−1 ❛♥❞ ν̃ij = νji = −νij ✐❢ νji ∈ Dn−1✳ ❍❡♥❝❡✱
ν̃ij = ν̃ji ✐s st❛t✐♦♥❛r② ❛♥❞ ✐♥✈❛r✐❛♥t ✉♥❞❡r t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ (i, j) → (j, i)✳ ◆♦t❡ t❤❛t
νij ❛♥❞ ν̃ij ❞♦ ♥♦t ❤❛✈❡ ❛♥ ✐♥❞❡① ε ❢♦r s✐♠♣❧✐❝✐t② ♦❢ ♥♦t❛t✐♦♥ ❛s t❤❡② ✇✐❧❧ ♦♥❧② ❜❡ ✉s❡❞ ✐♥
❝♦♥t❡①t ✇✐t❤ ♦t❤❡r q✉❛♥t✐t✐❡s ❤❛✈✐♥❣ ❛♥ ✐♥❞❡① ε✳ ■♥ ❝❛s❡ Eε(ω) ❛♥❞ Eε

per(ω) t❤❡ ♥♦r♠❛❧
✜❡❧❞ ✐s ❞❡✜♥❡❞ ❛❝❝♦r❞✐♥❣❧②✳

❯s✐♥❣ ν̃ ✇❡ ❞❡✜♥❡ t❤❡ ✐♥✈❛r✐❛♥t ✜❡❧❞ ⟦u⟧∼ij ∶= ⟦u⟧ij ⋅ ν̃ij✳ ❚❤❡ ♦♣❡r❛t♦r ⟦⋅⟧∼ t❤❡♥ ❞❡✜♥❡s ❛
❧✐♥❡❛r ♦♣❡r❛t♦r

Sε → L2
loc(Γε, µε

Γ)
♦r Sεper(Q, ω) → L2

loc(Γε
per(Q, ω);µε

Γ(ω),per)
✇✐t❤ µε

Γ ❞❡✜♥❡❞ ✐♥ ✭✷✾✮ ❜❡❧♦✇✳ ❲❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ❛❞❥♦✐♥t ♦♣❡r❛t♦r ✭✇✐t❤ r❡s♣❡❝t t♦
t❤❡ t♦♣♦❧♦❣✐❝❛❧ str✉❝t✉r❡ ✐♥ ❙❡❝t✐♦♥ ✸✳✷✮✱ ✇❤✐❝❤ ✇❡ ❞❡♥♦t❡ −divP ∶= (⟦⋅⟧∼)∗ ❛♥❞ ✇❤✐❝❤ ❝❛♥
❜❡ ❝❛❧❝✉❧❛t❡❞ ❛s ❢♦❧❧♦✇s✿

●✐✈❡♥ u ∈ Sε ❛♥❞ φ ∶ Γε → R ❤❛✈✐♥❣ ❝♦♠♣❛❝t s✉♣♣♦rt ✐♥ Q✱ ✇❡ ✉s❡ ⟦u⟧ij = ujνij + uiνji =⟦u⟧∼ij ν̃ij t♦ ❣❡t

∑
(i,j)∈E

⟦u⟧∼ijφij = ∑
(i,j)∈E

⟦u⟧∼ij ν̃ij ⋅ ν̃ijφij

= ∑
(i,j)∈E

(ujνij + uiνji) ⋅ ν̃ijφij

= ∑
i

ui∑
j∼i

νji ⋅ ν̃ijφij = −∑
i

ui∑
j∼i

νij ⋅ ν̃ijφij .

❍❡♥❝❡✱ ✇❡ ♦❜t❛✐♥

(divPφ)i = ∑
j∼i

νij ⋅ ν̃ijφij . ✭✷✽✮

❚❤❡ ❝❛❧❝✉❧❛t✐♦♥s ❢♦r t❤❡ ❝❛s❡ ♦❢ ♣❡r✐♦❞✐❝ ❢✉♥❝t✐♦♥s Sεper(Q, ω) ❛♥❞ φ ∶ Γε
per(ω) → R ❛r❡

s✐♠✐❧❛r✳

❘❡♠❛r❦ ✸✳✺✳ ❚❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ t❤❡ ♦♣❡r❛t♦rs ⟦⋅⟧∼ ❛♥❞ divP ❛r❡ ❝♦✉♣❧❡❞ t♦ t❤❡ ❝❤♦✐❝❡ ♦❢
t❤❡ ♣♦✐♥t ♣r♦❝❡ss P ε ❛♥❞ ❛❧s♦ ✈❛r② ✇✐t❤ s❝❛❧✐♥❣ ε✳ ❍♦✇❡✈❡r✱ t❤❡② ❞♦ ♥♦t s❝❛❧❡ ✇✐t❤ t❤❡
♣❛r❛♠❡t❡r ε✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ❢♦r u ∈ S1(ω) ❛♥❞ uε ∶= u(x

ε
) ✇❡ ❤❛✈❡ uε ∈ Sε(ω) ❛♥❞

⟦u⟧∼(x
ε
) = ⟦uε⟧∼(x) ,

✇❤✐❧❡ ❢♦r ❢✉♥❝t✐♦♥s φ ∈ C1(Rn) ❛♥❞ t❤❡ ✉s✉❛❧ ❣r❛❞✐❡♥t ✇❡ ❤❛✈❡ ∇φ(x
ε
) = ε∇φε(x)✳

✸✳✷ ❋✉♥❝t✐♦♥ s♣❛❝❡s

■♥ t❤❡ r❡st ♦❢ t❤✐s ♣❛♣❡r✱ ✇❡ ✇✐❧❧ ❢r❡q✉❡♥t❧② ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❡❛s✉r❡s

µε
P ∶= µP ε ∶= εn∑

i∈N

δP ε
i
,

µε
Γ ∶= µΓε ∶= εn ∑

(i,j)∈Eε

δΓε
ij
,

✭✷✾✮
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▼✳ ❍❡✐❞❛ ✶✹

❛♥❞ ✉s❡ t❤❡♠ t♦ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ s❝❛❧❛r ♣r♦❞✉❝ts✿

⟨u, v⟩P ε,Q = ⟨u, v⟩Sε,Q ∶ = εn ∑
P ε
i
∈Q

u(P ε
i ) v(P ε

i )
=
ˆ

Q

u(x)v(x)dµP ε(x)
⟨u, v⟩Γε,Q ∶ = εn ∑

Γε
ij
∈Q

u(Γε
ij) v(Γε

ij)
=
ˆ

Q

u(x)v(x)dµΓε(x)
✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♥♦r♠s ∥⋅∥P ε,Q ❛♥❞ ∥⋅∥Γε,Q ♦♥ Sε(Q) ∶= L2(Q;µP ε) ❛♥❞ L2(Q;µΓε)✳
❇② ❛♥ ❛❜✉s❡ ♦❢ ♥♦t❛t✐♦♥✱ ✇❡ ❛❧s♦ ✇r✐t❡ ⟨u, v⟩Sε,Q r❡s♣✳ ⟨u, v⟩Γε,Q ❢♦r t❤❡ ♣❛✐r✐♥❣ ♦❢ L1✲
❛♥❞ L∞ ❢✉♥❝t✐♦♥s✳ ❲❡ ❡♠♣❤❛s✐③❡ t❤❛t ❞✉❡ t♦ t❤❡ ❞✐s❝r❡t❡ ❝❤❛r❛❝t❡r ♦❢ t❤❡ ♠❡❛s✉r❡s µP ε

❛♥❞ µΓε ❡✈❡r② ✐♥t❡❣r❛❧ ✇✐t❤ r❡s♣❡❝t t♦ ♦♥❡ ♦❢ t❤❡s❡ ♠❡❛s✉r❡s ♦✈❡r ❛ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥
❝♦rr❡s♣♦♥❞s t♦ ❛ ✜♥✐t❡ s✉♠ ❛♥❞ ✇❡ ✇✐❧❧ ❢r❡q✉❡♥t❧② ♠❛❦❡ ✉s❡ ♦❢ t❤✐s ❞✉❛❧✐t②✳ ■♥ ♣❛rt✐❝✉❧❛r✱
✇❡ ❡♠♣❤❛s✐③❡ t❤❛t ❢♦r u ∈ C(Q)✿

εn ∑
P ε
i
∈Q

u(P ε
i ) =
ˆ

Q

u(x)dµP ε(x) , εn ∑
Γε
ij
∈Q

u(Γε
ij) =

ˆ

Q

u(x)dµΓε(x) ,
❛♥❞ ✇❡ ❝❤♦♦s❡ t❤❡ ♥♦t❛t✐♦♥ ❞❡♣❡♥❞✐♥❣ ♦♥ ✇❤❛t ❛s♣❡❝t s❡❡♠s s✉✐t❛❜❧❡ ❢♦r ♣r❡s❡♥t❛t✐♦♥✳

■❢ t❤❡ ♣♦✐♥t ♣r♦❝❡ss P (ω) ✐s st❛t✐♦♥❛r②✱ s♦ ✐s t❤❡ ♠❡❛s✉r❡ ω ↦ µ∂G(ω) ∶= Hn−1(⋅ ∩ ∂G(ω))
❛♥❞ t❤❡ ♠❡❛s✉r❡ µγΓ(ω) ∶= ∑(i,j)∈E(ω) γij(ω)δΓij(ω)✱ ✇❤❡r❡ γij(ω) = ∣∂Gij(ω)∣✳ ❚❤❡♥✱ ❜②
▲❡♠♠❛ ✷✳✹ t❤❡r❡ ❡①✐sts ❛ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥ γ ∶ Ω → R s✉❝❤ t❤❛t γij(ω) = γ(τΓij(ω)ω)✳
❋✉rt❤❡r♠♦r❡✱ ❜② ❈♦♥❞✐t✐♦♥ ✶✳✽✱ 0 < γij(ω) ≤ C <∞ ❢♦r s♦♠❡ ❝♦♥st❛♥t C ✐♥❞❡♣❡♥❞❡♥t ❢r♦♠
ω✳ ❇② ▲❡♠♠❛ ✷✳✹ ✇❡ ✜♥❞

ν̃ ∶ Ω→ R
n s✉❝❤ t❤❛t ν̃ij(ω) = ν̃(τΓij(ω)ω) . ✭✸✵✮

■♥ t❤❡ ♣❡r✐♦❞✐❝ ❝❛s❡ ✇❡ s✐♠✐❧❛r❧② ❝♦♥str✉❝t Γε
per(Q, ω) ∂Gε

per ❛♥❞ γ
ε
per,ij(ω)✱ ✇❤❡r❡ γεper,ij(ω)

❛r❡ t❤❡ ✐♥t❡r❢❛❝❡ ✈♦❧✉♠❡s ♦❢ ε−1∂Gε
per ♦♥ t❤❡ t♦r✉s Q/ε✳

❋♦r ❡✈❡r② f ∈ Cb(Ω) ❛♥❞ ✜①❡❞ ω ∈ Ω ❢♦r t❤❡ ❢✉♥❝t✐♦♥s fω(x) ∶= f(τxω) ❛♥❞ fω,ε(x) ∶=
f(τx

ε
ω) ✐t ❤♦❧❞s fω ∈ Cb(Rn)✳ ❋✉rt❤❡r♠♦r❡✱ ❜② t❤❡ ❊r❣♦❞✐❝ ❚❤❡♦r❡♠✱ ❢♦r ❡✈❡r② f ∈

Lp(Ω, µP,P) ✐t ❤♦❧❞s fω,ε ∈ Lp
loc(Rn;µP ε(ω)) ❢♦r ❛❧♠♦st ❡✈❡r② ω ∈ Ω ❛♥❞ ❡✈❡r② ε✳ ❚❤❡ s❛♠❡

❤♦❧❞s ❢♦r f ∈ Lp(Ω, µΓ,P) ✇❤❡r❡ fω,ε ∈ Lp
loc(Rn;µΓε(ω)) ❢♦r ❛❧♠♦st ❡✈❡r② ω ∈ Ω ❛♥❞ ❡✈❡r② ε✳

❍❡♥❝❡✱ ❢♦r ❡✈❡r② f ∈ Cb(Ω) ❛♥❞ ✜①❡❞ ω ∈ Ω ❛♥❞ t❤❡ ❡①♣r❡ss✐♦♥ ⟦f⟧∼Om(ω) = ⟦fω⟧∼(0) ✐s ✇❡❧❧
❞❡✜♥❡❞ ♣r♦✈✐❞❡❞ 0 ∈ Γ(ω)✳ ❚❤❡r❡❢♦r❡✱ ⟦f⟧∼Om(ω) ✐s µΓ,P✲❛❧♠♦st ❡✈❡r②✇❤❡r❡ ✇❡❧❧ ❞❡✜♥❡❞✳
■♥ ❛ s✐♠✐❧❛r ♠❛♥♥❡r✱ ✇❡ ♠❛② ❞❡✜♥❡ divOm ❛s ❛♥ ♦♣❡r❛t♦r ♦♥ Cb(Ω;Rn) ✈✐❛ t❤❡ r❡❛❧✐③❛t✐♦♥s
❛♥❞ ❡q✉❛t✐♦♥ ✭✷✽✮✳ ❲❡ ♦❜s❡r✈❡ t❤❛t ⟦⋅⟧∼Om ✐s ❛ ❧✐♥❡❛r ♦♣❡r❛t♦r ❢r♦♠ Cb(Ω) t♦ L2(Ω;µΓ,P)
❛♥❞ ❧✐❦❡ ❢♦r t❤❡ ♦♣❡r❛t♦r ⟦⋅⟧∼ ♦♥ Rn ✇❡ ❝❧❛✐♠ t❤❛t −divOm = (⟦⋅⟧∼Om)∗ ❛❧s♦ ❤♦❧❞s ♦♥ Ω✳

❙✐♠✐❧❛r t♦ t❤❡ ❛❜♦✈❡ s❝❛❧❛r ♣r♦❞✉❝ts ❢♦r ❢✉♥❝t✐♦♥ s♣❛❝❡s ♦♥ Rn✱ ✇❡ ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣
s❝❛❧❛r ♣r♦❞✉❝ts ❢♦r ❢✉♥❝t✐♦♥ s♣❛❝❡s ♦♥ Ω✿

⟨u, v⟩P,P ∶ =
ˆ

Ω

uv dµP,P ,

⟨u, v⟩Γ,P ∶ =
ˆ

Ω

uv dµΓ,P .
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❖♥ ❝♦♥✈❡r❣❡♥❝❡s ♦❢ t❤❡ sq✉❛r❡r♦♦t ❛♣♣r♦①✐♠❛t✐♦♥ s❝❤❡♠❡ ✶✺

▲❡♠♠❛ ✸✳✻✳ ❋♦r ❡✈❡r② u ∈ Cb(Ω)✱ f ∈ L1(Ω, µΓ,P ;R
n) ✇✐t❤ divOmf ∈ L1(Ω, µP,P) ❛♥❞

❡✈❡r② ϕ ∈ Cc(Rn) ✐t ❤♦❧❞s ❢♦r ❛❧♠♦st ❡✈❡r② ω ∈ Ω
lim
ε→0

εn ⟨divP (fω,εϕ) , uω,ε⟩P ε(ω) =
ˆ

Rn

ϕ(x) ⟨divOmf, u⟩P,P dx .
❚❤❡ s❛♠❡ ❤♦❧❞s ✐❢ u ∈ L1(Ω, µP,P)✱ f ∈ Cb(Ω;Rn)✳
▲❡♠♠❛ ✸✳✻ ❝❛♥ ❜❡ ✉♥❞❡rst♦♦❞ ✐♥ t❤❡ s❡♥s❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠❛❧ ❝❛❧❝✉❧❛t✐♦♥✿

⟨divP (fω,εϕ) , uω,ε⟩P ε(ω) = − ⟨fω,εϕ, ⟦uω,ε⟧∼⟩Γε(ω) = −⟨fω,εϕ, ⟦u⟧∼Om,ω,ε⟩Γε(ω)

→ −
ˆ

Rn

⟨fϕ(x), ⟦u⟧∼Om⟩Γ,P dx
=
ˆ

Rn

ϕ(x) ⟨divOmf, u⟩P,P dx
❍♦✇❡✈❡r✱ s✐♥❝❡ ✇❡ ❞♦ ♥♦t ❦♥♦✇ ✇❤❡t❤❡r −divOm = (⟦⋅⟧∼Om)∗✱ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ❜❡❝♦♠❡s
s❧✐❣❤t❧② ♠♦r❡ ✐♥✈♦❧✈❡❞✳ ❖♥❝❡ ▲❡♠♠❛ ✸✳✻ ✐s ♣r♦✈❡❞✱ ♦♥❡ ❡❛s✐❧② ♦❜t❛✐♥s t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦r♦❧✲
❧❛r②✳

❈♦r♦❧❧❛r②✳ ❚❤❡ ♦♣❡r❛t♦r −divOm ∶ L2(Ω, µΓ,P ;R
n) → L2(Ω, µP,P) ✐s t❤❡ ❛❞❥♦✐♥t ♦❢ ⟦⋅⟧∼Om✳

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✸✳✻✳ ❲❡ ❞❡✜♥❡ fij(ω) ∶= f(τΓij(ω)ω) = f(τΓε
ij
(ω)/εω) ❛♥❞ ui(ω) ∶= u(τPi

ω)
❛s ✇❡❧❧ ❛s ϕε

i(ω) ∶= ϕ(P ε
i (ω)) ❛♥❞ ϕε

ij(ω) ∶= ϕ(Γε
ij(ω))✳ ❋♦r r❡❛❞❛❜✐❧✐t②✱ ✇❡ ♦♠✐t ω ✇❤❡♥❡✈❡r

♣♦ss✐❜❧❡ ❛♥❞ ♦❜s❡r✈❡ t❤❛t

⟨divP (fω,εϕ) , uω,ε⟩P ε(ω) = εn ∑
P ε
i
∈Q

ui∑
i∼j

fijνij ⋅ ν̃ijϕ
ε
ij

= εn ∑
P ε
i
∈Q

ui∑
i∼j

fijνij ⋅ ν̃ijϕ
ε
i + ε

n ∑
P ε
i
∈Q

ui∑
i∼j

fijνij ⋅ ν̃ij [ϕε
ij −ϕ

ε
i ] . ✭✸✶✮

❋♦r t❤❡ ✜rst s✉♠ ♦♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ✭✸✶✮ ✇❡ ♦❜t❛✐♥

εn ∑
P ε
i
∈Q

ui(ω)∑
i∼j

fij(ω)νij ⋅ ν̃ijϕ(P ε
i ) = ⟨divP (fω,ε) , ϕuω,ε⟩P ε(ω) = ⟨(divOmf)ω,ε , ϕuω,ε⟩P ε(ω)

→
ˆ

Rn

ϕ(x) ⟨divOmf, u⟩P,P .
❚❤✉s ✐t ♦♥❧② r❡♠❛✐♥s t♦ ❡st✐♠❛t❡ t❤❡ s❡❝♦♥❞ t❡r♠ ♦♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ✭✸✶✮✳

❉✉❡ t♦ ❈♦♥❞✐t✐♦♥ ✶✳✽ ❛♥❞ t❤❡ ✉♥✐❢♦r♠ ❝♦♥t✐♥✉✐t② ♦❢ ϕ✱ ❢♦r ❡✈❡r② η > 0 t❤❡r❡ ❡①✐sts ε0 s✉❝❤
t❤❛t ❢♦r ❛❧❧ ε < ε0 ❛♥❞ ❛❧❧ i, j ✐t ❤♦❧❞s ∣ϕ(Γε

ij) −ϕ(P ε
i )∣ ≤ η✳ ❲❡ ❞✐st✐♥❣✉✐s❤ t✇♦ ❝❛s❡s✳

❈❛s❡ ✶✿ ▲❡t u ∈ Cb(Ω)✱ f ∈ L1(Ω, µΓ,P ;R
n)✳ ❲❡ ✇r✐t❡ ūij ∶= 1

2
(ui + uj) ❛♥❞ f̃ij ∶= fij ν̃ij

❛♥❞ ♦❜t❛✐♥ ✭♦♠✐tt✐♥❣ t❤❡ ω✮

εn∑
i

ui∑
i∼j

f̃ij ⋅ νij [ϕε
ij −ϕ

ε
i ]

= −εn ∑
(i,j)∈Eε(ω)

[ūij f̃ij ⋅ νij (ϕε
j −ϕ

ε
i) + 1

2
(ui − uj) f̃ij ⋅ νij (2ϕε

ij −ϕ
ε
i −ϕ

ε
j)]

= −εn ∑
(i,j)∈Eε(ω)

[ūijfij⟦ϕε⟧∼ij − 1

2
⟦uω⟧∼ijfij (2ϕε

ij −ϕ
ε
i −ϕ

ε
j)] .
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▼✳ ❍❡✐❞❛ ✶✻

❚❤❡ ✜rst t❡r♠ ♦♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ❜❡❝♦♠❡s ❛r❜✐tr❛r✐❧② s♠❛❧❧ s✐♥❝❡ ⟦ϕε⟧∼ij < η ❛♥❞

∥u∥∞ < ∞✳ ❚❤❡ s❡❝♦♥❞ t❡r♠ ♦♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ❜❡❝♦♠❡s s♠❛❧❧ s✐♥❝❡ ∣2ϕε
ij −ϕε

i −ϕε
j ∣ < 2η

❛♥❞ ∥⟦u⟧∼ij∥∞ < 2 ∥u∥∞✳
❈❛s❡ ✷✿ ▲❡t u ∈ L1(Ω, µP,P)✱ f ∈ C(Ω;Rn)✳ ❋♦r t❤❡ ❧✐♠✐t ♦❢ t❤❡ s❡❝♦♥❞ s✉♠✱ ✇❡ ❞❡✜♥❡
P ε
ϕ(ω) = P ε(ω) ∩ suppϕ ❛♥❞ ♦❜t❛✐♥ ❢♦r ε > ε0 t❤❛t

∣εn∑
i

ui(ω)∑
i∼j

fij(ω) [ϕ(Γε
ij) −ϕ(P ε

i )]∣ ≤ ηC ∥f∥∞
ˆ

P ε
ϕ(ω)

∣u(τx
ε
ω)∣dµε

P (ω)(x)
→ η ∣suppϕ∣C ∥f∥∞

ˆ

Ω

∣u∣ dµP,P .

❆❣❛✐♥✱ s✐♥❝❡ η ✐s ❛r❜✐tr❛r✐❧② s♠❛❧❧✱ t❤❡ st❛t❡♠❡♥t ❢♦❧❧♦✇s✳

❲❡ ✉s❡ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ⟦u⟧∼ t♦ ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ s✉❜s♣❛❝❡ ♦❢ L2(Ω, µaΓ,P)✱ ✇❤❡r❡
dµaΓ,P(ω) = a(ω)dµΓ,P(ω)✿

L2
pot(Γ) = closureL2(Ω,µaΓ,P) {⟦f⟧∼ ∶ f ∈ Cb(Ω)}
L2
sol(Γ) = L2

pot(Γ)�
❛♥❞ ♠❛❦❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦❜s❡r✈❛t✐♦♥✿

▲❡♠♠❛ ✸✳✼✳ ❋♦r ❡✈❡r② f ∈ L2
sol
(Γ) ✐t ❤♦❧❞s divOm (fa) = 0 µΓ,P✲❛❧♠♦st s✉r❡❧②✳ ❍❡♥❝❡✱ ❢♦r

❛❧♠♦st ❡✈❡r② r❡❛❧✐③❛t✐♦♥ fω ❤♦❧❞s divP (aωfω) = 0 ❧♦❝❛❧❧② ♦♥ P (ω)✳
Pr♦♦❢✳ ▲❡t f ∈ L2

sol
(Γ) ❛♥❞ ❧❡t ϕ ∈ Cc(Rn)✳ ❚❤❡♥✱ ❢♦r ❡✈❡r② u ∈ Cb(Ω) ✇❡ ♦❜t❛✐♥ ❢r♦♠

❚❤❡♦r❡♠ ✷✳✻ ❛♥❞ ▲❡♠♠❛ ✸✳✻ ❢♦r s♦♠❡ ω ∈ Ω t❤❛t

0 =
ˆ

Rn

ϕ ⟨⟦u⟧∼Om , af ⟩Γ,P
= lim

ε→0
⟨ϕfω,εaω,ε , (⟦u⟧∼Om)ω,ε⟩Γε(ω)

= − lim
ε→0
⟨divP (fω,εaω,εϕ) , uω,ε⟩P ε(ω)

= −
ˆ

Rn

ϕ(x) ⟨divOm (fa) , u⟩P,P .
❙✐♥❝❡ t❤✐s ❤♦❧❞s tr✉❡ ❢♦r ❡✈❡r② ϕ ∈ Cc(Rn) ❛♥❞ ❡✈❡r② u ∈ Cb(Ω)✱ t❤❡ ❝❧❛✐♠ ❢♦❧❧♦✇s✳

✸✳✸ ❚❤❡ ❤♦♠♦❣❡♥✐③❡❞ ♠❛tr✐① ✐♥ t❤❡ st❛t✐♦♥❛r② ❡r❣♦❞✐❝ s❡tt✐♥❣

▲❡t (ei)i=1,...n ❜❡ ❛♥ ♦rt❤♦♥♦r♠❛❧ ❜❛s✐s ♦❢ Rn✱ ν̃ ❢r♦♠ ✭✸✵✮ ❛♥❞ ❧❡t χi ∈ L2
pot(Γ) ❜❡ t❤❡

✉♥✐q✉❡ ♠✐♥✐♠✐③❡rs ♦❢ t❤❡ ❢✉♥❝t✐♦♥❛❧

Ei ∶ L2
pot(Γ) → R

χ↦
ˆ

Ω

a ∣ei − χν̃∣2 dµΓ,P .

❲❡ ❞❡✜♥❡ t❤❡ ♠❛tr✐① Ahom t❤r♦✉❣❤

Ahom = (Ai,j)i,j=1,...,n
✇✐t❤ Ai,j =

ˆ

Ω

a (ei − χiν̃) ⋅ (ej − χj ν̃) dµΓ,P .
✭✸✷✮
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❖♥ ❝♦♥✈❡r❣❡♥❝❡s ♦❢ t❤❡ sq✉❛r❡r♦♦t ❛♣♣r♦①✐♠❛t✐♦♥ s❝❤❡♠❡ ✶✼

❆s ✉s✉❛❧ ✐♥ r❛♥❞♦♠ ❝♦♥❞✉❝t❛♥❝❡ t❤❡♦r②✱ t❤❡ ♠❛tr✐① Ahom ❛♥❞ t❤❡ s♣❛❝❡ L2
sol
(Γ) s❛t✐s❢②

t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✳

▲❡♠♠❛ ✸✳✽✳ ❚❤❡ ♠❛tr✐① Ahom ✐s ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡✳

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ✐s st❛♥❞❛r❞ ✭s❡❡ ❬✶✹✱ ▲❡♠♠❛ ✺✳✺❪✮ ❛♥❞ ✇❡ ♣r♦✈✐❞❡ ✐t ❤❡r❡ ❢♦r ❝♦♠♣❧❡t❡✲
♥❡ss✳

❙t❡♣ ✶✿❘❡❝❛❧❧ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ γij ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ❙❡❝t✐♦♥ ✸✳✶✳ ❲❡ ✜rst ♣r♦✈❡ t❤❛t
❡✈❡r② v ∈ L2

pot(Γ) s❛t✐s✜❡s
∀ξ ∈ Rn ∶

ˆ

Ω

vν̃ ⋅ ξγdµΓ,P = 0 . ✭✸✸✮

■♥ ♦r❞❡r t♦ ♣r♦✈❡ ✭✸✸✮ ❧❡t u ∈ Cb(Ω) ❛♥❞ ❝❤♦♦s❡ ❛ ❜♦✉♥❞❡❞ ♦♣❡♥ ❜❛❧❧ B ❛r♦✉♥❞ 0 ✇✐t❤
♥♦r♠❛❧ ✈❡❝t♦r νB✳ ▲❡t ũεω(P ε

i ) ∶= u(τP ε
i
ω) s✉❝❤ t❤❛t ũε ∈ Sε(ω)✳ ❲❡ ♦❜t❛✐♥

∣B∣ ∣
ˆ

Ω

⟦u⟧∼Omν̃ ⋅ ξγdµΓ,P ∣ = lim
ε→0
∣
ˆ

B∩Γε(ω)

(⟦u⟧∼Omγν̃) (τx
ε
ω) ⋅ ξdµε

Γ(ω)∣
= lim

ε→0
∣ε
ˆ

B∩∂Gε(ω)

⟦R∗ε ũεω⟧ ⋅ ξdHn−1∣
= lim

ε→0
∣ε
ˆ

∂B

R∗ε ũεωξ ⋅ νB dHn−1∣
≤ lim

ε→0
ε ∥u∥∞ ∣ξ∣ ∣∂B∣ = 0 .

❍❡♥❝❡ ✭✸✸✮ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❞❡♥s✐t② ♦❢ ⟦u⟧∼ ✐♥ L2
pot(Γ)✳

❙t❡♣ ✷✿ ▲❡t ξ ∈ Rn/0✳ ❯s✐♥❣ ✭✸✸✮ ❛♥❞ t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t② ✇❡ ✜♥❞ ✇✐t❤
Cγ = ´Ω γdµΓ,P > 0

ξ2k = ξkC−1γ
ˆ

Ω

ξ ⋅ ekγdµΓ,P

= ξkC−1γ
ˆ

Ω

ek ⋅
n∑
i=1

(ξiei − ξiχiν̃)γdµΓ,P

≤ ∣ξk∣C−1γ (
ˆ

Ω

γ2a−1 dµΓ,P)
1
2 ( n∑

i,j=1

ξiξjAij)
1
2

.

❙✉♠♠✐♥❣ ✉♣ t❤❡ ❧❛st ✐♥❡q✉❛❧✐t② ♦✈❡r k = 1, . . . , n ②✐❡❧❞s

∣ξ∣22∣ξ∣1 ≤ C
√
ξ ⋅Ahomξ .

❚❤❡ ▲❡♠♠❛ ♥♦✇ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ♥♦r♠s ✐♥ Rn✳

▲❡♠♠❛ ✸✳✾✳ ■t ❤♦❧❞s Rn = span{´
Ω
fν̃dµΓ,P ∶ f ∈ L2

sol
(Γ)}✳

Pr♦♦❢✳ ❲❡ ❢♦❧❧♦✇ t❤❡ ♣r♦♦❢ ♦❢ ❬✶✸✱ ▲❡♠♠❛ ✹✳✺❪✳ ❉✉❡ t♦ t❤❡ ♠✐♥✐♠✐③✐♥❣ ♣r♦♣❡rt✐❡s ♦❢ χi ✐♥
L2
pot(Γ) ✇❡ ❤❛✈❡ (ei − χiν̃) ⋅ ν̃ ∈ L2

sol
(Γ)✱ ✐✳❡✳

∀i, j ∶

ˆ

Ω

((ei − χiν̃) ⋅ ν̃)χjadµΓ,P = 0 . ✭✸✹✮
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▼✳ ❍❡✐❞❛ ✶✽

❉❡✜♥✐♥❣ V ∶= span{´
Ω
fν̃dµΓ,P ∶ f ∈ L2

sol
(Γ)} ✇❡ ❝❤♦♦s❡ ξ ∈ V �/{0}✳ ❚❤❡♥✱ ❢♦r ❛❧❧ i =

1, . . . , n ✐t ❤♦❧❞s
ˆ

Ω

ξ ⋅ ν̃ ((ei − χiν̃) ⋅ ν̃)adµΓ,P = 0 . ✭✸✺✮

❈♦♠❜✐♥✐♥❣ ✭✸✹✮ ❛♥❞ ✭✸✺✮ ✐♠♣❧✐❡s t❤❛t

ˆ

Ω

n∑
j=1

ξj (ej ⋅ ν̃ + χj) ((ei − χiν̃) ⋅ ν̃)adµΓ,P = 0 .
▼✉❧t✐♣❧②✐♥❣ t❤❡ ❧❛st ❡q✉❛❧✐t② ❜② ξi ❛♥❞ s✉♠♠✐♥❣ ♦✈❡r i ②✐❡❧❞s

ξAhomξ = 0 .
❉✉❡ t♦ ▲❡♠♠❛ ✸✳✽ t❤✐s ✐♠♣❧✐❡s ξ = 0✱ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

✹ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠s ✶✳✺ ❛♥❞ ✶✳✻

❲❡ ✜rst ♦❜s❡r✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❜❡❤❛✈✐♦r✳

▲❡♠♠❛ ✹✳✶ ✭L2 ✲ ●✲❝♦♥✈❡r❣❡♥❝❡✮✳ ▲❡t t❤❡ ❢❛♠✐❧② (Pε)ε>0 ❜❡ ●✲❝♦♥✈❡r❣❡♥t ✐♥ s❡♥s❡ ♦❢
❉❡✜♥✐t✐♦♥ ✶✳✹ ❛♥❞ ❧❡t ❈♦♥❞✐t✐♦♥ ✶✳✷ ❜❡ s❛t✐s✜❡❞✳ ▲❡t fε ∈ Sε(ω) ❛♥❞ f ∈ L2(Q) s✉❝❤ t❤❛tR∗εf ε ⇀ f ✇❡❛❦❧② ✐♥ L2(Q) ❛♥❞ ❧❡t t❤❡ s❡q✉❡♥❝❡ uε ∈ Sε0(Q) ❜❡ s♦❧✉t✐♦♥s ♦❢ t❤❡ ♣r♦❜❧❡♠s

ε−2∑
i∼j

uεi − u
ε
j = f ε

i ✭✸✻✮

❛♥❞ ❧❡t u ∈H1
0(Q) ∩H2(Q) ❜❡ t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ t♦

−∇ ⋅ (Ahom∇u) = f . ✭✸✼✮

❚❤❡♥ R∗εuε → u str♦♥❣❧② ✐♥ L2(Q) ❛♥❞ 1
ε
⟦uε⟧dHn−1 → ∇u ✐♥ t❤❡ s❡♥s❡ ♦❢ ❞✐str✐❜✉t✐♦♥ ❛s

ε→ 0✳

Pr♦♦❢✳ ❚❤❡ ♦♣❡r❛t♦r −Lε ✐s str✐❝t❧② ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ❛♥❞ s②♠♠❡tr✐❝ ❛s ❢♦❧❧♦✇s ❢r♦♠

− ⟨Lεuε, uε⟩ = εn−2∑
i∼j

(uεj − uεi)2 .
❉✉❡ t♦ ▲❡♠♠❛ ✸✳✶✱ t❤❡ ❢❛♠✐❧② Lε ✐s ✉♥✐❢♦r♠❧② ❡❧❧✐♣t✐❝ ✐♥ ε ❛♥❞ ✇❡ ♦❜t❛✐♥ t❤❡ ❛♣r✐♦r✐
❡st✐♠❛t❡ ∥uε∥2P ε = εn∑

i

(uεi)2 ≤ Cεn−2∑
i∼j

(uεj − uεi)2 ≤ C ∥f ε∥P ε ∥uε∥P ε . ✭✸✽✮

❇② t❤❡ ▲❛①✲▼✐❧❣r❛♠ ▲❡♠♠❛✱ t❤❡ s♦❧✉t✐♦♥ t♦ ✭✸✻✮ ❡①✐sts ❛♥❞ ✐s ✉♥✐q✉❡✳ ▲❡t ûε ❜❡ t❤❡
✉♥✐q✉❡ s♦❧✉t✐♦♥ ♦❢ −Lεûε = R∗εf ✳ ❚❤❡♥ ûε s❛t✐s✜❡s ✭✸✽✮ ✇✐t❤ f ε r❡♣❧❛❝❡❞ ❜② R∗εf ❛♥❞ ✇❡
✜♥❞

∥R∗ε (uε − ûε)∥2L2(Q) ≤ εnC ∑
(i,j)∈Eε(ω)

1

ε2
⟦uε − ûε⟧2ij

= εnC∑
i

(f ε
i − (R∗εf)i) (uε − ûε) .
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❖♥ ❝♦♥✈❡r❣❡♥❝❡s ♦❢ t❤❡ sq✉❛r❡r♦♦t ❛♣♣r♦①✐♠❛t✐♦♥ s❝❤❡♠❡ ✶✾

❉✉❡ t♦ ▲❡♠♠❛ ✸✳✶✱ R∗εuε ❛♥❞ R∗ε ûε ❛r❡ ❜♦t❤ ♣r❡❝♦♠♣❛❝t s❡q✉❡♥❝❡s ✐♥ L2(Q)✳ ❙✐♥❝❡ P ε

✐s ●✲❝♦♥✈❡r❣❡♥t ❛♥❞

R∗ε (Rεf) −R∗εf ε
i ⇀ 0 ✇❡❛❦❧② ✐♥ L2(Q) , ✭✸✾✮

✇❡ ♦❜t❛✐♥ ❢r♦♠ ▲❡♠♠❛ ✸✳✸ ❛♥❞ t❤❡ ❛❜♦✈❡ ❡st✐♠❛t❡s t❤❛t

lim
ε→0

⎛
⎝∥R∗ε (uε − ûε)∥2L2(Q) + εn ∑

(i,j)∈Eε(ω)

1

ε2
⟦uε − ûε⟧2ij⎞⎠ = 0

❛♥❞ ❤❡♥❝❡ R∗εuε → u str♦♥❣❧② ✐♥ L2(Q) ❛♥❞ 1
ε
⟦uε⟧dHn−1 → ∇u ✐♥ t❤❡ s❡♥s❡ ♦❢ ❞✐str✐❜✉t✐♦♥✳

❙✐♥❝❡ P ε ✐s ●✲❝♦♥✈❡r❣❡♥t✱ ✇❡ ♦❜t❛✐♥ t❤❛t u s♦❧✈❡s ✭✸✼✮✳

▲❡♠♠❛ ✹✳✷✳ ▲❡t t❤❡ ❢❛♠✐❧② (Pε)ε>0 ❜❡ ●✲❝♦♥✈❡r❣❡♥t ✐♥ s❡♥s❡ ♦❢ ❉❡✜♥✐t✐♦♥ ✶✳✹ ❛♥❞ ❧❡t
❈♦♥❞✐t✐♦♥ ✶✳✷ ❜❡ s❛t✐s✜❡❞✳ ❚❤❡♥✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C > 0 s✉❝❤ t❤❛t ❢♦r ❡✈❡r② ε > 0
❛♥❞ ❡✈❡r② φ,u ∈ Sε ✐t ❤♦❧❞s

εn∑
i

∣vi∣∑
j∼i

∣uj − ui∣ ≤ C ∥v∥P ε ∥⟦u⟧∥Γε .

Pr♦♦❢✳ ❲❡ ♦❜t❛✐♥

εn∑
i

∣vi∣∑
j∼i

∣uj − ui∣ ≤ ∥v∥P ε (εn∑
i

2C∑
i∼j

∣uj − ui∣2)
1
2

≤ 4C ∥v∥P ε (εn∑
i∼j

∣uj − ui∣2)
1
2

,

✇❤❡r❡ C ❞❡♥♦t❡s t❤❡ ♠❛①✐♠✉♠ ♥✉♠❜❡r ♦❢ ♥❡✐❣❤❜♦rs ♦❢ ❛ ❝❡❧❧✱ ✇❤✐❝❤ ✐s ❜♦✉♥❞❡❞ ❞✉❡ t♦
❈♦♥❞✐t✐♦♥ ✶✳✷✳

▲❡♠♠❛ ✹✳✸✳ ▲❡t ❧❡t t❤❡ s❡q✉❡♥❝❡ uε ∈ Sε0(Q) s❛t✐s❢② R∗εuε → u str♦♥❣❧② ✐♥ L2(Q) ❛♥❞
sup
ε>0

εn ∑
(i,j)∈Eε(ω)

1

ε2
⟦uε⟧2ij + εn∑

i

(ε−2∑
i∼j

(uεj − uεi))
2 < ∞ . ✭✹✵✮

❚❤❡♥ u ∈H1
0(Q) ❛♥❞ ❢♦r ❡✈❡r② φ ∈ C1

c (Q) ✇✐t❤ φε
i = φ(P ε

i ) ✐t ❤♦❧❞s
εn ∑
(i,j)∈Eε(ω)

1

ε2
⟦uε⟧ij⟦φε⟧ij →

ˆ

Q

∇u ⋅ (Ahom∇φ) .
Pr♦♦❢✳ ❚❤❡ r❡❣✉❧❛r✐t② u ∈ H1

0(Q) ❢♦❧❧♦✇s ❢r♦♠ ✭✹✵✮ ❛♥❞ ▲❡♠♠❛ ✸✳✶✳ ❲r✐t✐♥❣ f ε ∶=
ε−2∑i∼j (uεj − uεi) ✇❡ ✜♥❞ supε>0 ∥f ε∥P ε <∞ ❛♥❞ ❤❡♥❝❡ ❛❧♦♥❣ ❛ s✉❜s❡q✉❡♥❝❡ ✇❡ ✜♥❞ R∗εf ε ⇀
f ∈ L2(Q) ❛♥❞ ●✲❝♦♥✈❡r❣❡♥❝❡ ✐♠♣❧✐❡s f = ∇ ⋅ (Ahom∇u)✳ ❚❤❡r❡❢♦r❡

εn ∑
(i,j)∈Eε(ω)

1

ε2
⟦uε⟧ij⟦φε⟧ij = −εn∑

i

1

ε2
f ε
i φ

ε
i

→ −
ˆ

∇ ⋅ (Ahom∇u)φ =
ˆ

Q

∇u ⋅ (Ahom∇φ) .
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Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✺

❲❡ ❞❡✜♥❡ U ε
i ∶= uεi / (vεi )2 s❛t✐s❢②✐♥❣

− 1
ε2
∑
j∼i

vεi v
ε
j (U ε

j −U ε
i ) = f ε

i . ✭✹✶✮

❙t❡♣ ✶✿ ❆♣r✐♦r✐ ❡st✐♠❛t❡s ♦♥ U ε✳ ❚❡st✐♥❣ ✭✹✶✮ ✇✐t❤ U ε
i ❛♥❞ ✉s✐♥❣ ❜♦✉♥❞❡❞♥❡ss ♦❢

v ≥ C > 0 ❢r♦♠ ❜❡❧♦✇ ✇❡ ♦❜t❛✐♥ s✐♠✐❧❛r t♦ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✹✳✶ t❤❛t

εn∑
i

(U ε
i )2 ≤ Cεn−2∑

i∼j

(U ε
j −U ε

i )2 ≤ C ∥f ε∥2P ε ,

❛♥❞ ❤❡♥❝❡ t❤❡ s❡q✉❡♥❝❡ R∗εU ε ✐s ♣r❡❝♦♠♣❛❝t ❛♥❞

1

ε2
∥⟦U ε⟧∼∥2Γε + ∥U ε∥2P ε ≤ C ∥f∥2P ε . ✭✹✷✮

◆❡①t✱ ✇❡ r❡❝❛❧❧ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ Lε ❛♥❞ t❡st ✭✹✶✮ ✇✐t❤ φε
i ∶= (LεU ε

i ) = ε−2∑j∼i (U ε
j −U ε

i )
❛♥❞ ✉s❡ ∑

i∼j

vεi v
ε
j (U ε

j −U ε
i ) = (vεi )2∑

i∼j

(U ε
j −U ε

i ) + vεi∑
i∼j

(vεj − vεi ) (U ε
j −U ε

i )
❛♥❞ ▲❡♠♠❛ ✹✳✷ t♦ ♦❜t❛✐♥

εn∑
i

(vεi )2 (LεU ε
i )2 ≤ −εn∑

i

f ε
i (LεU ε

i ) + ∥∇v∥∞ 1

ε
∥⟦U ε⟧∼∥Γε ∥LεU ε∥P ε

≤ ∥f∥P ε ∥LεU ε∥P ε + ∥∇v∥∞ 1

ε
∥⟦U ε⟧∼∥Γε ∥LεU ε∥P ε .

❯s✐♥❣ ✭✹✷✮ ✇❡ ♦❜t❛✐♥ t❤❛t

1

ε2
∥⟦U ε⟧∼∥2Γε + ∥U ε∥2P ε + ∥LεU ε∥2P ε ≤ C (∥f∥2P ε , ∥v∥2C2(Q)) . ✭✹✸✮

❙t❡♣ ✷✿ ❆♣r✐♦r✐ ❊st✐♠❛t❡s ♦♥ uε✳ ■♥ ✇❤❛t ❢♦❧❧♦✇s✱ ✇❡ ✇r✐t❡ ṽεi ∶= (vεi )2✳ ❋r♦♠ uεi = ṽεiU ε
i

✇❡ ♦❜t❛✐♥

uεj − uεi = 1

2
(ṽεj − ṽεi ) (U ε

j +U ε
i ) + 1

2
(ṽεj + ṽεi ) (U ε

j −U ε
i )

✇❤✐❝❤ ❣✐✈❡s ❛♥ ❡st✐♠❛t❡ ♦♥ 1
ε2
∥⟦uε⟧∼∥2Γε ✳ ■♥ ♦r❞❡r t♦ ♣r♦♦❢ t❤❡ ❡st✐♠❛t❡ ♦♥ Lεuε✱ ✇❡

♠✉❧t✐♣❧② Lεuε ✇✐t❤ ❛♥ ❛r❜✐tr❛r② t❡st ❢✉♥❝t✐♦♥ φ ∈ C∞c (Q) ❛♥❞ ♦❜t❛✐♥

−⟨Lεuε, φ⟩P ε = εn−2∑
i∼j

(ṽεjU ε
j − ṽεiU ε

i ) (φε
j − φε

i)
= εn−2∑

i∼j

(1
2
(ṽεj + ṽεi ) (U ε

j −U ε
i ) (φε

j − φε
i) + 1

2
(ṽεj − ṽεi ) (U ε

j +U ε
i ) (φε

j − φε
i))

= εn−2∑
i∼j

1

2
((U ε

j −U ε
i ) (ṽεjφε

j − ṽεiφε
i) + (ṽεj − ṽεi ) (φε

jU
ε
j − φε

iU
ε
i ))

+ εn−2∑
i∼j

(ṽεj − ṽεi ) (U ε
j −U ε

i ) (φε
j + φε

i)
= εn∑

i

φε
iU

ε
i

1

2ε2
∑
j∼i

(ṽεj − ṽεi ) + εn∑
i

φε
i ṽ

ε
i

1

2ε2
∑
j∼i

(U ε
j −U ε

i )
+ εn−2∑

i∼j

(ṽεj − ṽεi ) (U ε
j −U ε

i ) (φε
j + φε

i)
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❖♥ ❝♦♥✈❡r❣❡♥❝❡s ♦❢ t❤❡ sq✉❛r❡r♦♦t ❛♣♣r♦①✐♠❛t✐♦♥ s❝❤❡♠❡ ✷✶

❍❡♥❝❡✱ ✇❡ ♦❜t❛✐♥ ✇✐t❤ ❤❡❧♣ ♦❢ ▲❡♠♠❛ ✹✳✷

∣⟨Lεuε, φ⟩P ε ∣ ≤ ∥U ε∥P ε ∥φ∥P ε C ∥v∥C2(Q) + ∥LεU ε∥P ε ∥φ∥P ε C ∥v∥∞
+ ∥φ∥P ε C ∥∇v2∥∞ 1

ε
∥⟦U ε⟧∼∥Γε ,

✇❤❡r❡ C ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ ε✳ ❚♦❣❡t❤❡r ✇✐t❤ ✭✹✸✮✱ ✐t ❢♦❧❧♦✇s

lim sup
ε→0

∥R∗εLεuε∥L2(Q) ≤ lim sup
ε→0

C (∥f∥P ε + ∥v2∥
C2(Q)

) ∥v2∥
C2(Q)

≤ ∞ .

❚❤✐s ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢✳

❙t❡♣ ✸✿ ❈♦♥✈❡r❣❡♥❝❡✳ ❲❡ ✉s❡ t❤❡ ❛❜♦✈❡ ❡st✐♠❛t❡s ✐♥ ♦r❞❡r t♦ ♣❛ss t♦ t❤❡ ❧✐♠✐t ✐♥ ✭✹✶✮✳
❲❡ ❝❤♦♦s❡ ❛ ❝♦✉♥t❛❜❧❡ ❞❡♥s❡ ❢❛♠✐❧② Φ ∶= (φk)k∈N ⊂ H1

0(Q) ♦❢ ❢✉♥❝t✐♦♥s φk ∈ C∞c (Q) ❢♦r
❡✈❡r② k ∈ N ❛♥❞ ✉s❡ t❤❡s❡ ❛s t❡st ❢✉♥❝t✐♦♥s ✐♥ ✭✹✶✮✳

❲❡ ✇r✐t❡ vεij ∶= v(Γε
ij)✱ r❡❝❛❧❧ ✭✷✾✮ ❛♥❞ ❞❡✜♥❡

Iε1 ∶ = εn ∑
(i,j)∈Eε

vεi v
ε
j

1

ε
⟦U ε⟧∼ij 1ε⟦φ⟧∼ij

= εn ∑
(i,j)∈Eε

(vεij)2 1ε⟦U ε⟧∼ij 1ε⟦φ⟧∼ij + Iε2 .
❙✐♥❝❡ v ✐s ✉♥✐❢♦r♠❧② ❝♦♥t✐♥✉♦✉s✱ ❢♦r ❡✈❡r② η > 0 t❤❡r❡ ❡①✐sts ε0 s✉❝❤ t❤❛t ❢♦r ε < ε0 ✐t ❤♦❧❞s∣(vεij)2 − vεi vεj ∣ < η ❢♦r ❡✈❡r② (i, j) ∈ Eε✳ ❍❡♥❝❡ ✇✐t❤

∣Iε2 ∣ ≤ η ∥∇φ∥∞ ∥⟦U ε⟧∼∥Γε≤ η ∥∇φ∥∞ sup
ε>0
∥⟦U ε⟧∼∥Γε

❍❡♥❝❡✱ ✇❡ r❡♠❛✐♥ ✇✐t❤

lim
ε→0
∣Iε2 ∣ ≤ ηC ∥∇φ∥∞ .

❉✉❡ t♦ ▲❡♠♠❛ ✹✳✸✱ ✇❡ ♦❜t❛✐♥ ❢♦r ❡✈❡r② φ ∈ Φ t❤❛t

εn ∑
(i,j)∈Eε

1

ε
⟦U ε⟧∼ij 1ε⟦φ⟧∼ij →

ˆ

Q

∇φ ⋅ (Ahom∇U) . ✭✹✹✮

❋✉rt❤❡r♠♦r❡✱ ✇❡ ♥♦t❡ t❤❛t

sup
ε>0

εn ∑
(i,j)∈Eε

1

ε2
⟦U ε⟧2ij 1ε2 ⟦φ⟧2ij ≤ ∥∇φ∥2∞ sup

ε>0
εn ∑
(i,j)∈Eε

1

ε2
⟦U ε⟧2ij <∞ .

❍❡♥❝❡✱ ❢♦r ❡✈❡r② φ ∈ Φ✱ t❤❡ ♣❛✐r (1
ε
⟦U ε⟧∼ij 1ε⟦φ⟧∼ij, µΓε) ✐s ❛ ♠❡❛s✉r❡✲❢✉♥❝t✐♦♥ ♣❛✐r ✇✳r✳t✳ t❤❡

q✉❛❞r❛t✐❝ ❢✉♥❝t✐♦♥ ✐♥ t❤❡ s❡♥s❡ ♦❢ ❍✉t❝❤✐♥s♦♥ ❛♥❞ ✇❡ ❝❛♥ ❛♣♣❧② ❬✷✵✱ ❚❤❡♦r❡♠ ✹✳✹✳✷❪✳ ■♥
♣❛rt✐❝✉❧❛r✱ s✐♥❝❡ Φ ✐s ❝♦✉♥t❛❜❧❡✱ ✇❡ ♦❜t❛✐♥ ❢r♦♠ ❬✷✵✱ ❚❤❡♦r❡♠ ✹✳✹✳✷❪ t❤❛t

∀φ ∈ Φ ∶ εn−2∑
i∼j

(vεij)2 1ε⟦U ε⟧∼ij 1ε⟦φ⟧∼ij →
ˆ

Q

v2∇φ ⋅ (Ahom∇U) .
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❋✉rt❤❡r♠♦r❡✱ ✇❡ ♦❜t❛✐♥ ❢r♦♠ t❤❡ ❛❜♦✈❡ ❛♣r✐♦r✐ ❡st✐♠❛t❡s ❛♥❞ ▲❡♠♠❛ ✸✳✷ t❤❛t U ε → U

❛♥❞ uε → u str♦♥❣❧② ✐♥ L2(Q) ❛♥❞ ❞✉❡ t♦ U ε
i ∶= uεi / (vεi )2 ✇❡ ✜♥❞ u = v2U ✳ ❋r♦♠ t❤❡ ✇❡❛❦

❝♦♥✈❡r❣❡♥❝❡ ♦❢ f ε ✇❡ ✜♥❛❧❧② ♦❜t❛✐♥ t❤❛t u s♦❧✈❡s
ˆ

Q

v2∇φ ⋅ (Ahom∇( u
v2
)) =

ˆ

Q

fφ ,

♦r ❡q✉✐✈❛❧❡♥t❧②
ˆ

Q

∇φ ⋅ (Ahom∇u) − 2
ˆ

Q

u

v
∇φ ⋅ (Ahom∇v) =

ˆ

Q

fφ .

❯s✐♥❣ t❤❛t v = exp (−β

2
V )✱ ✇❡ ♦❜t❛✐♥ t❤❛t u s♦❧✈❡s ✭✽✮✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✻

❉✉❡ t♦ t❤❡ ✜rst ♣❛rt ♦❢ ❚❤❡♦r❡♠ ✶✳✺ t❤❡ ♦♣❡r❛t♦r F ε
v ✐s ✐♥✈❡rt✐❜❧❡ ❢♦r ε s♠❛❧❧ ❡♥♦✉❣❤ ❛♥❞

✉♥✐q✉❡ ❡①✐st❡♥❝❡ ♦❢ s♦❧✉t✐♦♥s t♦ ✭✾✮ ❢♦❧❧♦✇s✳ ▲❡t ✉s ✜rst ♥♦t❡ t❤❛t ✇r✐t✐♥❣ V ε
i ∶= V (xεi) ❛♥❞

✉s✐♥❣ t❤❡ ❚❛②❧♦r ❢♦r♠✉❧❛ ✇❡ ♦❜t❛✐♥

vεi
vεj
= exp(−β

2
(V ε

i − V
ε
j )) = ∞∑

k=0

1

k!

βk

2k
(V ε

j − V
ε
i )k

❛♥❞ ❤❡♥❝❡

(uεj vεivεj − uεi
vεj

vεi
) = ∞∑

k=0

1

k!

βk

2k
(uεj − (−1)k uεi) (V ε

j − V
ε
i )k

= (uεj − uεi) + 1

2
(uεj + uεi)β (V ε

j − V
ε
i )

+

∞∑
k=2

1

k!

1

2k
((−1)k uεj − uεi)βk (V ε

i − V
ε
j )k . ✭✹✺✮

❚❡st✐♥❣ ✭✾✮ ✇✐t❤ uε✱ ✉s✐♥❣ ✭✹✺✮ ❛♥❞ ▲❡♠♠❛ ✹✳✷ ②✐❡❧❞s

1

2
∥uε∥2P ε ∣T

0

+
1

ε2

ˆ T

0

∥⟦uε⟧∼∥2Γε ≤
ˆ T

0

∥f ε∥2P ε ∥uε∥2P ε +C
1

ε
∥∇v∥∞

ˆ T

0

∥⟦uε⟧∼∥Γε ∥uε∥P ε

+Cε ∥∇v∥∞
ˆ T

0

1

ε
∥⟦uε⟧∼∥Γε (1

ε
∥⟦uε⟧∼∥Γε + ∥uε∥P ε) .

❋r♦♠ t❤✐s ✐♥❡q✉❛❧✐t②✱ t❤❡ ❛♣r✐♦r✐ ❡st✐♠❛t❡ ♦♥ ∥uε∥2P ε ❛♥❞ 1
ε2

´ T

0
∥⟦uε⟧∼∥2Γε ❢♦❧❧♦✇s ✉s✐♥❣ t❤❡

●r♦♥✇❛❧❧ ✐♥❡q✉❛❧✐t②✱ ♣r♦✈✐❞❡❞ ε ✐s s♠❛❧❧ ❡♥♦✉❣❤✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ❧❛st ✐♥❡q✉❛❧✐t② ②✐❡❧❞s
uε = 0 ✐❢ f ε = 0 ❛♥❞ uε0 = 0✳ ◆❡①t✱ ✇❡ t❡st ✭✾✮ ✇✐t❤ ∂tuε ❛♥❞ ✉s❡ ♦♥❝❡ ♠♦r❡ ✭✹✺✮ ❛♥❞ ▲❡♠♠❛
✹✳✷ t♦ ♦❜t❛✐♥
ˆ T

0

∥∂tuε∥2P ε +
1

ε2
1

2
∥⟦uε⟧∼∥2Γε ∣T

0
≤
ˆ T

0

∥f ε∥2P ε ∥∂tuε∥2P ε +C
1

ε
∥∇v∥∞

ˆ T

0

∥⟦uε⟧∼∥Γε ∥∂tuε∥P ε

+Cε ∥∇v∥∞
ˆ T

0

1

ε
∥⟦uε⟧∼∥Γε (1

ε
∥∂t⟦uε⟧∼∥Γε + ∥∂tuε∥P ε) .

❍❡♥❝❡ t❤❡ t❤❡ ❛♣r✐♦r✐ ❡st✐♠❛t❡ ♦♥ ∥∂tuε∥2P ε ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ●r♦♥✇❛❧❧ ✐♥❡q✉❛❧✐t②✳ ❋r♦♠ t❤❡
❛♣r✐♦r✐ ❡st✐♠❛t❡s✱ ▲❡♠♠❛ ✸✳✶ ❛♥❞ t❤❡ ❆✉❜✐♥✲▲✐♦♥s ❚❤❡♦r❡♠✱ ✇❡ ♦❜t❛✐♥ str♦♥❣ ❝♦♥✈❡r❣❡♥❝❡
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❖♥ ❝♦♥✈❡r❣❡♥❝❡s ♦❢ t❤❡ sq✉❛r❡r♦♦t ❛♣♣r♦①✐♠❛t✐♦♥ s❝❤❡♠❡ ✷✸

R∗εuε → u ✐♥ L2(0, T ;L2(Q)) ❢♦r s♦♠❡ u ∈ L2(0, T ;L2(Q))✳ ❋r♦♠ ▲❡♠♠❛ ✸✳✷ ✇❡ ✐♥❢❡r
t❤❛t u ∈ L2(0, T ;H1

0(Q)) ❛♥❞ 1
ε
⟦uε⟧dHn−1 → ∇u ✐♥ t❤❡ s❡♥s❡ ♦❢ ❞✐str✐❜✉t✐♦♥✳ ❚❤❡ ✇❡❛❦

❝♦♥✈❡r❣❡♥❝❡ ∂tR∗εuε → ∂tu ✐♥ L2(0, T ;L2(Q)) ❛s ✇❡❧❧ ❛s ∂tu ∈ L2(0, T ;L2(Q)) ✐s str❛✐❣❤t
❢♦r✇❛r❞✳

■♥t❡❣r❛t✐♥❣ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ f ε ❛♥❞ t❤❡ s♦❧✉t✐♦♥s uε ♦❢ ✭✾✮ ♦✈❡r t✐♠❡ ✐♥t❡r✈❛❧s (s, t) ⊂(0, T ) ❛♥❞ ❛♣♣❧②✐♥❣ ❚❤❡♦r❡♠ ✶✳✺ ✐t ❢♦❧❧♦✇s t❤❛t u s♦❧✈❡s ✭✶✵✮✳

✺ ❚✇♦✲s❝❛❧❡ ❈♦♥✈❡r❣❡♥❝❡

❲❡ r❡❝❛❧❧ t❤❡ ♥♦t❛t✐♦♥ ✭✷✾✮✳ ❙✐♥❝❡ Cb(Ω) ❧✐❡s ❞❡♥s❡❧② ✐♥ t❤❡ s❡♣❛r❛❜❧❡ s♣❛❝❡ L2(Ω;µΓ,P)✱
✇❡ ❝❛♥ ❝❤♦s❡ ❛ ❝♦✉♥t❛❜❧❡ ❞❡♥s❡ ❢❛♠✐❧② ΦΩ = (φi)i∈N ⊂ L2(Ω;µΓ,P) ♦❢ Cb(Ω)✲❢✉♥❝t✐♦♥s ❛♥❞
❛ ❝♦✉♥t❛❜❧❡ ❞❡♥s❡ ❢❛♠✐❧② ♦❢ ❢✉♥❝t✐♦♥s ΦQ = (ψi)i∈N ⊂ C0(Q) ♦❢ ❢✉♥❝t✐♦♥s ψi ∈ Cc(Q)✳
❲❡ ❢✉rt❤❡r♠♦r❡ ❛ss✉♠❡ t❤❛t ΦΩ = Φpot ⊕Φsol ❢♦r ❞❡♥s❡ s✉❜s❡ts Φsol ⊂ L2

sol
(Γ) ❛♥❞ Φpot ⊂

L2
pot(Γ) ✇❤❡r❡ Φpot ✐s s✉❝❤ t❤❛t v ∈ Φpot ✐❢ ❛♥❞ ♦♥❧② ✐❢ v = ⟦u⟧∼Om ❢♦r s♦♠❡ u ∈ Cb(Ω)✳

❋✐♥❛❧❧②✱ ❧❡t ΩΦ ⊂ Ω ❜❡ t❤❡ s❡t ♦❢ ❛❧❧ ω s✉❝❤ t❤❛t t❤❡ ❊r❣♦❞✐❝ ❚❤❡♦r❡♠s ✷✳✼✕✷✳✺ ❤♦❧❞ ❢♦r ❛❧❧
v ∈ ΦΩ ❛♥❞ φ ∈ ΦQ✳

❉❡✜♥✐t✐♦♥ ✺✳✶ ✭❚✇♦✲s❝❛❧❡ ❝♦♥✈❡r❣❡♥❝❡✮✳ ▲❡t Q ❜❡ ❛ ❜♦✉♥❞❡❞ ♦♣❡♥ ❞♦♠❛✐♥✱ ω ∈ ΩΦ ❛♥❞
❧❡t vε ∈ L2(Q;µε

Γ(ω)
) ❜❡ ❛ s❡q✉❡♥❝❡ s✉❝❤ t❤❛t

sup
ε>0
∥vε∥Γε(ω) <∞

❛♥❞ ❧❡t v ∈ L2(Q;L2(Ω;µΓ,P))✳ ❲❡ s❛② t❤❛t vε ❝♦♥✈❡r❣❡s ✐♥ t✇♦ s❝❛❧❡s t♦ v✱ ✇r✐tt❡♥

vε
2s⇀ω v ✐❢ ❢♦r ❡✈❡r② φ ∈ ΦΩ ❛♥❞ ❡✈❡r② ψ ∈ ΦQ ✐t ❤♦❧❞s

lim
ε→0
⟨vε , φω,εψaω,ε⟩Γε(ω) =

ˆ

Q

⟨v(x, ⋅), φa⟩Γ,P ψ(x)dx .
❚❤✐s ❞❡✜♥✐t✐♦♥ ♠❛❦❡s s❡♥s❡ ✐♥ ✈✐❡✇ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳

▲❡♠♠❛ ✺✳✷ ✭❊①✐st❡♥❝❡ ♦❢ t✇♦✲s❝❛❧❡ ❧✐♠✐ts✮✳ ❋♦r ❡✈❡r② ω ∈ ΩΦ ✐t ❤♦❧❞s✿ ▲❡t vε ∈ L2(Q)
❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ❢✉♥❝t✐♦♥s s✉❝❤ t❤❛t supε>0 ∥vε∥Γε(ω),Q ≤ C ❢♦r s♦♠❡ C > 0 ✐♥❞❡♣❡♥❞❡♥t

❢r♦♠ ε✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ s✉❜s❡q✉❡♥❝❡ ♦❢ (uε′)ε′→0 ❛♥❞ v ∈ L2(Q;L2(Ω;µΓ,P)) s✉❝❤ t❤❛t

vε
′ 2s⇀ω v ❛♥❞ ∥v∥L2(Q;L2(Ω;µΓ,P))

≤ lim inf
ε′→0

∥vε′∥
Γε′(ω),Q

. ✭✹✻✮

❚❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✺✳✷ ✐s st❛♥❞❛r❞✳ ❍♦✇❡✈❡r✱ ✇❡ ♣r♦✈✐❞❡ ✐t ❤❡r❡ ❢♦r ❝♦♠♣❧❡t❡♥❡ss✳

Pr♦♦❢✳ ▲❡t ω ∈ ΩΦ✱ ❧❡t (φk)k∈N ❜❡ ❛♥ ❡♥✉♠❡r❛t✐♦♥ ♦❢ ΦΩ ❛♥❞ (ψj)j∈N ❛♥ ❡♥✉♠❡r❛t✐♦♥ ♦❢ ΦQ

❛♥❞ ❢♦r ε > 0 ✇❡ ✇r✐t❡ φk,ω,ε(x) ∶= φk(τx
ε
ω)✳ ❋♦r ✜①❡❞ j, k ∈ N✱ ✇❡ ♦❜t❛✐♥ ❢r♦♠ ❚❤❡♦r❡♠

✷✳✻ t❤❛t

lim sup
ε→0

∣⟨vε, ψjφk,ω,εaω,ε⟩Γε(ω)∣ = lim sup
ε→0

∣
ˆ

Q

vε(x)ψj(x)φk,ω,ε(x)a(τx
ε
ω)dµε

Γ(ω)(x)∣
≤ C lim sup

ε→0

(
ˆ

Q

ψj(x)2 (φk(τx
ε
ω))2 a(τx

ε
ω)dµε

Γ(ω))
1
2

= C ∥ψj∥L2(Q) ∥φk∥L2(Ω;µΓ,P)
.
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▼✳ ❍❡✐❞❛ ✷✹

❚❤❡r❡❢♦r❡✱ ✇❡ ❝❛♥ ✉s❡ ❈❛♥t♦r✬s ❞✐❛❣♦♥❛❧✐③❛t✐♦♥ ❛r❣✉♠❡♥t t♦ ❝♦♥str✉❝t ❛ s✉❜s❡q✉❡♥❝❡ ♦❢
vε✱ ♥♦t r❡❧❛❜❡❧❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ s✉❝❤ t❤❛t

∀j, k ∈ N ⟨vε, ψjφk,ω,εaω,ε⟩Γε(ω) → Lj,k ❛s ε→ 0

❛♥❞ Lj,k ✐s ❧✐♥❡❛r ✐♥ ψjφk ∈ L2(Q;L2(Ω;µΓ,P))✳ ❚❤❡r❡❢♦r❡✱ t❤❡r❡ ❡①✐sts v ∈ L2(Q;L2(Ω;µΓ,P))
s✉❝❤ t❤❛t

Lj,k =
ˆ

Q

⟨v(x, ⋅) , ψj(x)φka⟩Γ,P dx ∀k ∈ N .
❙✐♥❝❡ t❤❡ s♣❛♥ ♦❢ t❤❡ ψjφk ✐s ❞❡♥s❡ ✐♥ L2(Q;L2(Ω;µΓ,P))✱ t❤❡ ❢✉♥❝t✐♦♥ u ✐s ✉♥✐q✉❡✳

❚❤❡ ♥❡①t r❡s✉❧t ♣r♦✈✐❞❡s ❛ ❦✐♥❞ ♦❢ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✷✳✻✳ ■t ✐s ♥❡❡❞❡❞ ✐♥ ♦r❞❡r t♦
♣r♦♦❢ t❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ t❤✐s s❡❝t✐♦♥✳

▲❡♠♠❛ ✺✳✸✳ ❋♦r ❛ r❛♥❞♦♠ t❡ss❡❧❧❛t✐♦♥ (G(ω),Γ(ω)) t❤❛t ❢✉❧✜❧❧s t❤❡ ❝♦♠♣❛❝t♥❡ss ♣r♦♣✲
❡rt② ✸✳✶ ✐♥ Rn ✇✐t❤ Q ⊂ Rn ❜♦✉♥❞❡❞ ▲✐♣s❝❤✐t③ ❞♦♠❛✐♥ ❛♥❞ ✜①❡❞ ω ∈ Ω ❧❡t uε ∈ Sε(ω) ❛♥❞
u ∈ H1(Q) s✉❝❤ t❤❛t R∗εuε → u str♦♥❣❧② ✐♥ L2(Q)✳ ❚❤❡♥ ❢♦r ❡✈❡r② b ∈ L2(Ω;µΓ,P) s✉❝❤
t❤❛t t❤❡ ❊r❣♦❞✐❝ ❚❤❡♦r❡♠s ✷✳✼✕✷✳✺ ❛r❡ ✈❛❧✐❞ ❢♦r b ✐t ❤♦❧❞s t❤❛t ❢♦r ❡✈❡r② φ ∈ C1

c (Q) ❛♥❞
ψ ∈ C(Q)

lim
ε→0

εn ∑
(i,j)∈Eε(ω)

ūεijbij(ω)ψij

1

ε
⟦φ⟧∼ij =

ˆ

Q

uψ∇φ ⋅

ˆ

Ω

bν̃dµΓ,Pdx , ✭✹✼✮

✇❤❡r❡ ūεij ∶= 1
2
(uεi + uεj)✳

❘❡♠❛r❦ ✺✳✹✳ ▲❡♠♠❛ ✺✳✸ ✐s ❛❧s♦ ✈❛❧✐❞ ❢♦r t❤❡ s♣❛❝❡ Sεper(ω,Q) ❛♥❞ H1
per(Q) ✐❢ Q ✐s ❛

❝✉❜♦✐❞✳

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ❢♦❧❧♦✇s ❝❧♦s❡❧② t❤❡ ❧✐♥❡s ♦❢ ❙t❡♣ ✷❛ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✺✳ ❍♦✇❡✈❡r✱
✇❡ ♣r♦✈✐❞❡ t❤❡ ❢✉❧❧ ♣r♦♦❢ ❢♦r ❝♦♠♣❧❡t❡♥❡ss✳ ❋♦r δ > 0 ❧❡t ϕδ ❜❡ ❛ s♠♦♦t❤ ♠♦❧❧✐✜❡r ✇✐t❤
s✉♣♣♦rt ✐♥ Bδ(0) ❛♥❞ ❧❡t uεδ ∶= (R∗εuε) ∗ ϕδ ❛♥❞ u0δ = u ∗ ϕδ✳ ❙✐♥❝❡ (R∗εuε) → u str♦♥❣❧② ✐♥
L2(Q) ✇❡ ♦❜t❛✐♥ t❤❛t ❢♦r ❡✈❡r② ✜①❡❞ δ > 0 t❤❡ ❢❛♠✐❧② (uεδ)ε>0 t♦❣❡t❤❡r ✇✐t❤ u0δ ✐s ✉♥✐❢♦r♠❧②

❡q✉✐❝♦♥t✐♥✉♦✉s ❛♥❞ uεδ → u0δ ✐♥ C(Q)✳ ❚❤✐s ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t uεδ ∈ C∞c (2Q) ❛♥❞
∥∇uεδ∥∞ ≤ C ∥∇n+1uεδ∥L2

≤ C ∥∇n+1ϕδ∥L1
∥R∗εuεδ∥L2(Q) ,

❞✉❡ t♦ t❤❡ ❙♦❜♦❧❡✈ ✐♥❡q✉❛❧✐t② ❛♥❞ t❤❡ ❝♦♥✈♦❧✉t✐♦♥ ✐♥❡q✉❛❧✐t②✳

❋♦r s❤♦rt♥❡ss ♦❢ ♥♦t❛t✐♦♥✱ ✇❡ ✇r✐t❡ ∥⋅∥L2
ε
∶= ∥⋅∥Γε(ω),Q ❛♥❞ ❞❡✜♥❡

Iε1 = εn ∑
(i,j)∈Eε(ω)

ūεijψijbij
1

ε
⟦φ⟧∼ij .

❋♦r (i, j) ∈ Eε(ω) ✇❡ ✐♥tr♦❞✉❝❡ uδ,ij = uδ(Γε
ij(ω)) ❛♥❞ ūδ,ij,ε = 1

2
(uεδ(P ε

i (ω)) + uεδ(P ε
j (ω)))✳

❚❤❡♥✱ ✇❡ ✇r✐t❡

Iε1 = εn ∑
(i,j)∈Eε(ω)

uδ,ij,εbijψij

1

ε
⟦φ⟧∼ij + Iε2 , ✭✹✽✮

✇✐t❤

∣Iε2 ∣ ≤ C ∥∇φ∥∞ ∥ψ∥∞ ∥uδ − ūε∥L2
ε
∥b∥L2

ε

≤ C ∥∇φ∥∞ ∥ψ∥∞ ∥b∥L2
ε
(∥uδ − uεδ∥L2

ε
+ ∥uεδ − ūεδ∥L2

ε
+ ∥ūεδ − ūε∥L2

ε
)
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❙✐♥❝❡ ∥uδ − uεδ∥C(Q) → 0 ❛s ε→ 0✱ ✇❡ ♦❜t❛✐♥ ❢r♦♠ t❤❡ ❊r❣♦❞✐❝ ❚❤❡♦r❡♠ ✷✳✺ t❤❛t ∥uδ − uεδ∥L2
ε

→
0 ❛s ε→ 0✳ ❋✉rt❤❡r♠♦r❡✱ ✉♥✐❢♦r♠ ❡q✉✐❝♦♥t✐♥✉✐t② ♦❢ (uεδ)ε>0 ❛♥❞ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ♠❛①✐♠❛❧
❝❡❧❧ ❞✐❛♠❡t❡r ❢r♦♠ ❈♦♥❞✐t✐♦♥ ✶✳✽ ✐♠♣❧② t❤❛t ❢♦r ❡✈❡r② η > 0 t❤❡r❡ ❡①✐sts ε0 > 0 s✉❝❤ t❤❛t
❢♦r ❛❧❧ ε < ε0 ✇❡ ✜♥❞ ∥uεδ − ūεδ∥L2

ε

≤ η ∥1∥L2
ε
→ η∣Q∣µΓ,P(Ω)✳ ❋✉rt❤❡r♠♦r❡✱ ❈♦♥❞✐t✐♦♥ ✶✳✽

✐♠♣❧✐❡s t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ♥❡✐❣❤❜♦rs ♦❢ ❛ ❝❡❧❧ ✐s ❜♦✉♥❞❡❞ ❢r♦♠ ❛❜♦✈❡ ❜② nnα−n✳ ❍❡♥❝❡✱
✇❡ r❡♠❛✐♥ ✇✐t❤

lim
ε→0
∣Iε2 ∣ ≤ lim

ε→0
C ∥∇φ∥∞ ∥ψ∥∞ ∥b∥L2

ε
∥ūεδ − ūε∥L2

ε

≤ lim
ε→0

C ∥∇φ∥∞ ∥ψ∥∞ ∥b∥L2
ε

⎛
⎝εn ∑

Γε
ij
∈ suppφ

[(uεδ,i − uεi)2 + (uεδ,j − uεj)2]⎞⎠
1
2

≤ lim
ε→0

C ∥∇φ∥∞ ∥ψ∥∞ ∥b∥L2
ε

⎛
⎝εn ∑

i∶Γε
ij
∈ suppφ

(uεδ,i − uεi)2∑
j∼i

1
⎞
⎠

1
2

= C ∥∇φ∥
∞
∥ψ∥

∞
∥b∥L2(Ω;µΓ,P)

∥u0δ − u∥L2(Q)
.

❋♦r t❤❡ ✜rst t❡r♠ ♦♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ✭✹✽✮ ✇❡ ✜♥❞ ❜② ❚❤❡♦r❡♠ ✷✳✻ t❤❛t

− lim
ε→0

εn ∑
(i,j)∈Eε(ω)

uδ,ijψijbij
1

ε
⟦φ⟧∼ij = − lim

ε→0
εn ∑
(i,j)∈Eε(ω)

uδ,ijψijbij ν̃ij ⋅ ∇φ(Γε
ij(ω))

= −
ˆ

Q

uδψ∇φ ⋅

ˆ

Ω

bν̃dµΓ,Pdx .

❍❡♥❝❡ ✇❡ ♦❜t❛✐♥

∣lim
ε→0

Iε1 +

ˆ

Q

uδψ∇φ ⋅

ˆ

Ω

bν̃dµΓ,Pdx∣ ≤ C ∥∇φ∥∞ ∥ψ∥∞ ∥b∥L2(Ω;µΓ,P)
∥u0δ − u∥L2(Q)

,

✇❤✐❝❤ ✜♥❛❧❧② ②✐❡❧❞s ✭✹✼✮✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ✐s ♦✉r ♠❛✐♥ t✇♦✲s❝❛❧❡ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧t ❛♥❞ ✐s ❛t t❤❡ ❤❡❛rt ♦❢
t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✶✶✳

Pr♦♣♦s✐t✐♦♥ ✺✳✺✳ ❋♦r ❛ r❛♥❞♦♠ t❡ss❡❧❧❛t✐♦♥ (G(ω),Γ(ω)) t❤❛t ❢✉❧✜❧❧s ❈♦♥❞✐t✐♦♥ ✶✳✽ ✇✐t❤
Q ⊂ Rn ❜♦✉♥❞❡❞ ❛♥❞ ♦♣❡♥ ❝✉❜♦✐❞ ❛♥❞ ✜①❡❞ ω ∈ ΩΦ ❧❡t uε ∈ Sεper(ω,Q) ✇✐t❤

1

ε2
∥⟦uε⟧∼∥2L2(Q;µε

Γper(ω)
) ≤ C

❚❤❡♥ t❤❡r❡ ❛r❡ u ∈H1
per(Q) ❛♥❞ v ∈ L2(Q;L2

pot(Γ)) s✉❝❤ t❤❛t✿

R∗εuε → u ✐♥ L2(Q)
⟦uε⟧∼ 2s⇀ω ∇u ⋅ ν̃ + v

✭✹✾✮

Pr♦♦❢✳ ❇② ▲❡♠♠❛ ✸✳✷ t❤❡r❡ ❡①✐sts u ∈ H1
per(Q) s✉❝❤ t❤❛t R∗εuε → u str♦♥❣❧② ✐♥ L2(Q)

❛♥❞ ⟦uε⟧dHn−1 → ∇u ✐♥ t❤❡ s❡♥s❡ ♦❢ ❞✐str✐❜✉t✐♦♥s ❛❧♦♥❣ ❛ s✉❜s❡q✉❡♥❝❡ ❛s ε → 0✳ ❋r♦♠
▲❡♠♠❛ ✺✳✷ ✐t ❢♦❧❧♦✇s t❤❛t t❤❡r❡ ❡①✐sts w ∈ L2(Q;L2(Γ, µΓ,P)) s✉❝❤ t❤❛t ❛❧♦♥❣ ❛ ❢✉rt❤❡r
s✉❜s❡q✉❡♥❝❡

1

ε
⟦uε⟧∼ 2s⇀ω w .
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▼✳ ❍❡✐❞❛ ✷✻

◆♦✇ t❛❦❡ ψ ∶= φv ✇✐t❤ φ ∈ C∞c (Q) ❛♥❞ v ∈ L2
sol(Γ)✳ ■♥tr♦❞✉❝✐♥❣ t❤❡ ♥♦t❛t✐♦♥ bij(ω) =

vij(ω)aij(ω) ✇❡ ♦❜t❛✐♥
1

ε
⟨⟦uε⟧∼, φvω,εaω,ε⟩Γε(ω),Q = −1ε ⟨uε , (divPφvω,εaω,ε)⟩P ε(ω),Q

= −εn−1 ∑
P ε
i
∈Q

uε(P ε
i )∑

i∼j

bij(ω)φ(Γε
ij)

= −εn−1 ∑
P ε
i
∈Q

uε(P ε
i )φ(P ε

i )∑
i∼j

bij(ω)ν̃ij ⋅ νij
− εn−1 ∑

P ε
i
∈Q

uε(P ε
i )∑

i∼j

bij(ω)ν̃ij ⋅ νij (φ(Γε
ij) − φ(P ε

i )) .
❙✐♥❝❡ divP b = 0 ❜② ▲❡♠♠❛ ✸✳✼✱ t❤❡ ✜rst t❡r♠ ♦♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ✈❛♥✐s❤❡s✳ ❲❡ ❞❡♥♦t❡
t❤❡ s❡❝♦♥❞ t❡r♠ ❛s Iε1 ❛♥❞ ♦❜t❛✐♥

Iε = −εn−1 ∑
P ε
i
∈Q

uε(P ε
i )∑

i∼j

bij(ω)ν̃ij ⋅ νij (φ(Γε
ij) − φ(P ε

i )) .
■♥ ✇❤❛t ❢♦❧❧♦✇s✱ ✇❡ s✐♠♣❧✐❢② ♥♦t❛t✐♦♥s✳ ❲❡ ✇r✐t❡ uεi ∶= uε(P ε

i )✱ ūεij ∶= 1
2
(uεi +uεj)✱ b̃ij ∶= bij ν̃ij✱

φij = φ(Γε
ij) ❛♥❞ φi = φ(P ε

i ) ❛♥❞ ♦❜t❛✐♥

ε1−nIε = − ∑
P ε
i
∈Q

uεi∑
i∼j

b̃ij ⋅ νij (φ(Γε
ij) − φ(P ε

i ))
= − ∑

(i,j)∈Eε(ω)

[ūεij b̃ij ⋅ νij (φj − φi) + 1

2
(uεi − uεj) b̃ij ⋅ νij (2φij − φi − φj)]

= − ∑
(i,j)∈Eε(ω)

[ūεijbij⟦φ⟧∼ij − 1

2
⟦uε⟧∼ijbij (2φij − φi − φj)] . ✭✺✵✮

❉✉❡ t♦ t❤❡ ✉♥✐❢♦r♠ s✐③❡ ♦❢ t❤❡ ❱♦r♦♥♦✐✲❝❡❧❧s✱ ✇❡ ♦❜t❛✐♥ t❤❛t ❢♦r ❡✈❡r② δ > 0
lim
ε→0

RRRRRRRRRRRε
n ∑
(i,j)∈Eε(ω)

1

2ε
⟦uε⟧∼ijbij (2φij − φi − φj)

RRRRRRRRRRR ≤ δ .
❯s✐♥❣ t❤❡ ❧❛st ❡st✐♠❛t❡ ❛♥❞ ✭✺✵✮✱ ▲❡♠♠❛ ✺✳✸ ②✐❡❧❞s

lim
ε→0

Iε = −
ˆ

Q

u∇φ ⋅

ˆ

Ω

bν̃dµΓ,Pdx .

❍❡♥❝❡✱ ✇❡ ♦❜t❛✐♥ ✐♥ t❤❡ ❧✐♠✐t✿

ˆ

Q

ˆ

Γ

wψdµΓ,Pdx = −
ˆ

Q

u∇φ ⋅

ˆ

Ω

bν̃dµΓ,Pdx .

❙✐♥❝❡ u ∈H1
per(Q) ✇❡ ❝❛♥ ❛♣♣❧② ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts t♦ ♦❜t❛✐♥

ˆ

Q

ˆ

Γ

(wν̃ −∇u)φ ⋅ bν̃ a dµΓ,P dx = 0 .
❚❤✐s ✐♠♣❧✐❡s t❤❛t ❢♦r ❛❧♠♦st ❡✈❡r② x t❤❡ ❢✉♥❝t✐♦♥ (w −∇u ⋅ ν̃) (x, ⋅) ❧✐❡s ✐♥ L2

pot(Γ)✱ ✐✳❡✳
w −∇u ⋅ ν̃ ∈ L2(Q;L2

pot(Γ))✳
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✻ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✶✶

▼✉❧t✐♣❧②✐♥❣ ✭✶✸✮ ❜② ❛ ❢✉♥❝t✐♦♥ φ ∈ Sεper(ω,Q)✱ ❛♥❞ s✉♠♠✐♥❣ ✉♣ ♦✈❡r P ε
per,i(ω,Q)✱ ✇❡

❛rr✐✈❡ ❛t

− ∑
P ε
i,per
(ω,Q)

(Lεωu)i φi = − ∑
P ε
i,per
(ω,Q)

∑
(i,j)∈Eε

per(ω)

1

ε2
aij(ω) (uj − ui)φi

= ∑
(i,j)∈Eε

per(ω)

1

ε2
aij(ω) (uj − ui) (φj − φi) .

❍❡♥❝❡✱ t❤❡ ❡q✉❛t✐♦♥ ✭✶✹✮ ✐s ❡q✉✐✈❛❧❡♥t ✇✐t❤ t❤❡ ❞✐s❝r❡t❡ ✇❡❛❦ ❢♦r♠✉❧❛t✐♦♥

∀φ ∈ Sεper(ω,Q) ∑
(i,j)∈Eε

per(ω)

1

ε2
aij(ω) (uεj − uεi) (φj − φi) = ∑

P ε
i,per
(ω,Q)

f ε
i φi ✭✺✶✮

▲❡t ω ∈ ΩΦ ❜❡ ✜①❡❞✳ ❉✉❡ t♦ t❤❡ P♦✐♥❝❛ré ✐♥❡q✉❛❧✐t② ✭✷✸✮ ✇❡ ✜♥❞ t❤❛t

∥u∥2Sε
per,0
∶= εn−2 ∑

(i,j)∈Eε
per(ω)

⟦uε⟧2ij
✐s ❛ ♥♦r♠ ♦♥ t❤❡ s✉❜s♣❛❝❡ Sεper,0✳ ❙✐♥❝❡ γ ✐s ❜♦✉♥❞❡❞ ❢r♦♠ ❛❜♦✈❡✱ t❤✐s ♥♦r♠ ❤❛s t❤❡
♣r♦♣❡rt② t❤❛t

∥uε∥2P ε(ω),Q ≤ ∥R∗εuε∥2Hs
per(Q)

≤ Cεn−2 ∑
(i,j)∈Eε

per(ω)

⟦uε⟧2ijγεper,ij(ω) ≤ C ∥uε∥2Sε
per,0

. ✭✺✷✮

❚❤❡ ▲❛①✲▼✐❧❣r❛♠ ▲❡♠♠❛ ❤❡♥❝❡ ②✐❡❧❞s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ uε ∈ Sεper,0 t♦ ♣r♦❜❧❡♠ ✭✺✶✮✳
❚❡st✐♥❣ ✭✺✶✮ ✇✐t❤ φ = uε ❛♥❞ ✉s✐♥❣ ✭✺✷✮ ❛♥❞ t❤❡ ❧♦✇❡r ❜♦✉♥❞ ♦♥ a ②✐❡❧❞s t❤❡ ❡st✐♠❛t❡

∥uε∥2P ε(ω),Q ≤ C ∥uε∥2Sε
per,0
≤ C
ˆ

P ε
per(Q)

f εuε dµε
P

❛♥❞ ❤❡♥❝❡ ∥uε∥2P ε(ω),Q + εn−2 ∑
(i,j)∈Eε

per(ω)

⟦uε⟧2ij ≤ C ∥f ε∥2Sεper(Q) .
❇② Pr♦♣♦s✐t✐♦♥ ✺✳✺ t❤❡r❡ ❡①✐sts ❛ s✉❜s❡q✉❡♥❝❡✱ ♥♦t r❡❧❛❜❡❧❡❞✱ ❛♥❞ u ∈ H1

per(Q)✱ v ∈
L2(Q;L2

pot(Ω)) s✉❝❤ t❤❛t

uε → u str♦♥❣❧② ✐♥ L2(Q) ❛♥❞
1

ε
⟦uε⟧∼ 2s⇀ω ∇u ⋅ ν̃ + v .

❲❡ ❝❤♦♦s❡ ϕ ∈ ΦQ ❛♥❞ w ∈ Φpot ✇✐t❤ ψw ∈ Cb(Ω) s✉❝❤ t❤❛t w = ⟦ψw⟧∼Om ❛♥❞ ❞❡✜♥❡
φε,ω(x) ∶= εϕ(x)ψw(τx

ε
ω)✳ ❲❡ ✉s❡ φε,ω ❛s ❛ t❡st✲❢✉♥❝t✐♦♥ ✐♥ ✭✺✶✮ r❡❝❛❧❧ t❤❛t ϕ ∈ Cc(Q)

❛♥❞ ♦❜t❛✐♥ ❢♦r ε s♠❛❧❧ ❡♥♦✉❣❤ t❤❛t

∑
(i,j)∈Eε

per(ω)

aij
1

ε
⟦uε⟧∼ij (ε 1ε⟦ϕ⟧∼ijψw(τPj

ω) +ϕ(P ε
i )w(τΓij

ω)) = ε ∑
P ε
i,per
(ω,Q)

f ε
i ϕ(P ε

i )ψw(τPi
ω) .

❆s ε→ 0✱ ✇❡ ✜♥❞ t❤❛t ε−1⟦ϕ⟧∼ij ✐s ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ❜② ∥∇ϕ∥∞✳ ❍❡♥❝❡✱ t❤❡ ✜rst t❡r♠ ♦♥

t❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡ ✈❛♥✐s❤❡s ❛s ε→ 0 ❛♥❞ ✉s✐♥❣ t✇♦✲s❝❛❧❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ 1
ε
⟦uε⟧∼✱ ✇❡ ♦❜t❛✐♥

t❤❡ ❢♦❧❧♦✇✐♥❣ ❧✐♠✐t ❡q✉❛t✐♦♥✿

∀ϕ ∈ ΦQ, w ∈ Φpot ∶

ˆ

Q

⟨∇u(x) ⋅ ν̃ + v(x, ⋅) , awϕ(x)⟩Γ,P dx = 0 . ✭✺✸✮
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▼✳ ❍❡✐❞❛ ✷✽

●✐✈❡♥ u ∈H1(Q)✱ ❡q✉❛t✐♦♥ ✭✺✸✮ ❛❞♠✐ts t❤❡ s♦❧✉t✐♦♥

v = n∑
i=1

∂iuχi , ✭✺✹✮

✇❤❡r❡ χi ❛r❡ t❤❡ s❛♠❡ ❛s ✐♥ ✭✸✷✮✳ ❙✐♥❝❡ ΦQ ✐s ❞❡♥s❡ ✐♥ L2(Q) ❛♥❞ Φpot ✐s ❞❡♥s❡ ✐♥ L2
pot(Γ)✱

❡q✉❛t✐♦♥ ✭✺✸✮ ❛❧s♦ ❤❛s t♦ ❤♦❧❞ ❢♦r ❛❧❧ ϕ ∈ L2(Q) ❛♥❞ w ∈ L2
pot(Q)✳ ❚❤❡ ▲❛①✲▼✐❧❣r❛♠

▲❡♠♠❛ t❤❡♥ ②✐❡❧❞s t❤❛t t❤❡ s♦❧✉t✐♦♥ v ✐s ✉♥✐q✉❡ ❢♦r ❣✐✈❡♥ u ∈H1(Q)✳
◆❡①t✱ ✇❡ ✉s❡ ❛ t❡st✲❢✉♥❝t✐♦♥ φ ∈ ΦQ ✐♥ ✭✺✶✮ ❛♥❞ ♦❜t❛✐♥ t❤❡ ❧✐♠✐t ❡q✉❛t✐♦♥

∀φ ∈ ΦQ ∶
ˆ

Q

⟨∇u(x) ⋅ ν̃ + v(x, ⋅) , a∇φ(x) ⋅ ν̃⟩Γ,P dx = µP,P(Ω)
ˆ

Q

fφ . ✭✺✺✮

❲❡ ❝❛♥ ✉s❡ ∂iφχi ❛s ❛ t❡st❢✉♥❝t✐♦♥ ✐♥ ✭✺✸✮ ❛♥❞ ❛❞❞ t❤❡ r❡s✉❧t✐♥❣ ❡q✉❛t✐♦♥ t♦ ✭✺✺✮✳ ❯s✐♥❣
✭✺✹✮ ❛♥❞ ✭✸✷✮✱ t❤✐s ②✐❡❧❞s

ˆ

Q

ˆ

Ω

∇u ⋅Ahom∇φdµΓ,Pdx = µP,P(Ω)
ˆ

Q

fφ ,

❛♥❞ ❤❡♥❝❡ u ∈H2(Q) ❛♥❞ u ✐s ❛ str♦♥❣ s♦❧✉t✐♦♥ ♦❢ ✭✶✺✮✳
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