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Abstract

We investigate a mathematical model for milling where the cutting tool dynamics is considered together
with an elastic workpiece model. Both are coupled by the cutting forces consisting of two dynamic components
representing vibrations of the tool and of the workpiece, respectively, at the present and previous tooth periods.
We develop a numerical solution algorithm and derive error estimates both for the semi-discrete and the fully
discrete numerical scheme. Numerical computations in the last section support the analytically derived error
estimates.

1 Introduction

Milling is a process that allows the shaping of metal or other solids. Its basic components are a rotating cutter
and a table on which the workpiece is mounted. The modelling of milling dynamics, the determination of stable
cutting conditions and the design of more efficient milling machines are important research topics in production
technology. Effective methods to predict stable processes have been developed in recent years (cf., e.g., [2, 5]). An
essential part of these methods is an abstract dynamical model, represented by an ordinary differential equation.
Adjusted to vibration measurement data it reproduces local characteristics of the actual milling system in terms of
the dynamics at the tip of the cutter. The combination with a process model to describe the cutting forces leads to
a delay-differential equation (DDE). The last decade has seen a number of approaches to identify efficiently stable
machining parameters by means of bifurcation analysis of these DDE systems (cf., e.g., [7, 11]).

However, these methods provide only few detailed information about the dynamics of the entire process. Therefore,
in [10] an improved model has been developed allowing for the inclusion of workpiece effects. In addition to the
DDE model for the cutter the workpiece is accounted for by a thermoelastic material model. The coupling is realised
through the cutting force. This approach allows for a refined stability analysis and will eventually lead an improved
theoretical derivation of stable cutting conditions.

Considering workpiece effects in the dynamics of milling processes leads to an interesting novel mathematical
model comprising of a PDE model to describe the workpiece mechanics together with a DDE for the machine
dynamics coupled by a force condition with time dependent support on the boundary. In [10] it has been shown that
the systems admits a unique weak solution.

In the present paper we present a numerical scheme for the workpiece coupled milling process and derive error
estimates for its numerical solution. The paper is organized as follows: in the following section we describe the
model and formulate the main convergence results. The error estimate for the semi-discretized problem is derived
in Section 3, while the the fully discretized scheme is investigated in Section 4. The paper is concluded with some
numerical results in Section 5.

2 Problem formulation and main results

2.1 Modelling and problem setting

Figure [1] depicts a schematic view of the milling process. The workpiece €2 is in contact with a cutting tool on the
time-dependent contact boundary I'(¢). The tip of the cutter is modelled as a two degree of freedom multibody
system. More precisely, we assume €2 C R? to be a bounded Lipschitz domain. Let I' C 0f2 be a relatively open
and non-empty part of the boundary and define the relatively closed set I'g := 0D \ I". We call I' Neumann part
of the boundary and I"y Dirichlet part. We assume that the Neumann part I" is decomposed into two disjoint parts

I'=T(t) UTr(?),



Figure 1: Main components of milling process model.

where the load transmission I'(t) C I' is a measurable subset of the boundary I, whose evolution ¢ +— I'(¢) in
time is known and I'r(t) := 9Q\(T'g UT'(¢)). To avoid technicalities, we may assume that the surface measure
of the set I'(¢) is never zero, which technically means that the cutter has several teeth such that at least one is
always in contact with the workpiece.

Assumption 1. There is a constant~y > 0 so that (I'(t)) > ~ foralit € [0, T].

We assume elastic material behaviour for the workpiece 2. Then the constitutive relation between strain o and
stress £(u) = (Ju + du')/2 has the form

o(x,t) = Ae(u(zx, t)) + de(a(x, t)), (1)

where A is the constant second order elasticity tensor with entries Ajjr = Adi0k + 1 (051051 + d51041) for
i,7,k,l € {1,2,3}. The constants 11, A > 0 are the material dependent Lamé coefficients and § > 0 is a
constant. We suppose that the body is homogeneous which is reflected in the fact that the mass density gg of the
body in the reference configuration is a positive constant. Furthermore, we assume that there are no body-forces
so that the local form of the linearized momentum balance reads (see [3])

o00pu(x,t) — div (Ae(u(x, t)) + de(u(x,t))) =0, 2
where Oy denotes the second partial derivative with respect to time ¢.

In order to obtain a complete model we have to impose boundary and initial conditions. Since in milling machine the
workpiece is usually fixed somewhere at the boundary it is natural to impose Dirichlet boundary conditions on I’

u(z,t)=0 onTyx[0,7]. (3)

Next we introduce a simple model for the cutter that acts on the workpiece. The cutter is modeled as two degree of
freedom oscillator described by:

M(t) + Dq(t) + Kq(t) = N(t)(q(t) — ¢-(t) — a(t) +u-(t)) in[0,T]. 4)



Here, q-(t) := q(t — 7), U, (t) := u(t — 7) are delay terms and the mean of u at time ¢ € [0, T'] is defined by
1
U(t) := = [ u(y,t)ds(y). (5)
IT@)] Jrw

The cutting force on the right-hand side of (4) is based on the so-called uncut chip thickness, see, e.g., [1]. It consists
of two dynamic components caused by vibrations of the tool and of the workpiece, respectively, at the present and
previous tooth periods. For the derivation of the model including workpiece effects we refer to [10]. Note that the
force has no static component since we assume zero deed velocity and just consider the dynamical effect of cutting
forces between cutter and workpiece.

Assumption 2. The matrices M € R>*3 is invertible.

In addition to the boundedness of the family (I'(%));[o,7) we assume.
Assumption 3 (Continuity of I'(¢)). Foreveryt' € [0, T)] the mappings
t— D)\ T (t)| and t — |D(¢) \ T(t)] (6)

are continuous att'.

Notice that the previous assumption implies the continuity of ¢ — |I'(¢)| on the interval [0, T'].
The surface traction exerted by the cutter on I'(t) is assumed to have the following form F': T' — RS3,

0 if (x,t) € Tr(t) x [0,T]
flg, 0, qr,0s)  if (x,t) € T(t) x [0,T]

Assumption 4. The function f is assumed to be (globally) Lipschitz continuous with respect to all arguments.

F(w7t7 q, qT7ﬁ7 ﬁt) = { (7)

The function F' has to obey Newton’s second law: actio = reactio. To be more precise suppose = € J2 \ I'y and
x = q(t) then the surface force F'(x, q), by virtue of Newton’s law, should be the negative of the force exerted from
the cutter ¢(t) to the mass point . Again, for details, we refer the reader to [9]. Therefore, the Neumann boundary
condition reads

o(x,t)yv(x) = F(x,t,q,q-,0,0;) onT x [0,T], (8)

where v/(+) is the outwarding unit normal along I'. Let us summarize the equations of motion for (u, ¢) describing
the cutter and the workpiece, respectively. We seek u : 2 x [0, 7] — R3 and ¢ : [0, 7] — R? satisfying

oou(zx,t) — dive(e,t) = 0 in Q x (0,7
u(z,t) = 0 onTy x [0,T] )
olx,tyv(x) = f(x,t,q,q9,0,0;) onI x[0,7T]
Mi(t) + Dq(t) + Kq(t) = N(t)(q(t) — ¢-(t) — u(t) + u-(¢)) in[0,77]} (10)
with the initial conditions
u(0)=¢° and u0)=hr" InQ, (11a)
and
¢g=1" and a=1» on[-70]. (12)
The functions ¢°, 0, I and [? are assumed to be given with
9" € Hp(Q,R), h’ € Ly(%R?), (13)
1t e whe([—7,0], R3), 1> € C([-7,0;R?). (14)

We assume N € C([0,T]; R33). The force F(x,t) is not continuous since if we fix t then the function exhibits
a discontinuity while passing from I'p(¢) to I'(¢). Note that F’ depends not only on the spatial and time variable x
resp. t but also on u and q.



2.2 Notation

For ), I" and I'y as above and for m > 1, we define,

CE(Q,R™) :=={fla: feC®(R*R™), suppf N2 =0}
CR(LR™) = {flo: f€C®R*R™), suppf NIy =0}
Cr(Q,R™):={f: f€CE,R™), f=0 onTp}.

In the scalar valued case, that is, m = 1, we omit the last argument, for instance, we write C=°(Q2) := C°(Q, R1Y).

For all finite integers p, p’ > 1 with 1/p 4+ 1/p’ = 1, we define the Sobolev space
7‘/[/1
Wi, (Q,RY) = CR(Q,RY) 7, Wi (Q,RY) := (Wi, (2,RY)*". (15)

Incase I' = () we write Wl(Q RY) .= W} 28 RY). In the scalar valued case we set VVF Q) := VVF1 (Q,RY
and similarly for the other spaces. In case p = 2 we the use the notation WF (2, RY) = HL(Q,R? ) and in

case I' = () also HI(Q RY) = I/V1 (2, RY).
2.3 Weak solutions and well-posedness

Let us first study the function ¢ — a(?).
Lemma 1. Let Assumption@ be satisfied and suppose thatu € C(0,T; H* (2, R?)) then the map
[0,T] >t @(t) € R? (16)

is continuous after possibly redefining ti on a set A C [0, T'| of measure zero, i.e., i € C([0,T]; R?).

Proof. Due to Assumption [38] the mapping [0, 7] = ¢ — |T'(¢)] is continuous. Thus it is sufficient to show that
0,T] >t~ fF t) ds is continuous. Indeed we have for a.e. t,t' € [0, 7]

/F(t) u(t)ds — /1“(t’) u(t') ds /F(t) u(t) —u(t')ds+ /F(t) u(t')ds — /1“(t’) u(t') ds
< Cllu(t) —u) |z + VIFO\NTE)[ulleo,rymy + VIFE)NT@lIullego,r);m)-

The last two terms on the right-hand side of the inequality are controlled by Assumption[6]and for the first note that
uc C([0,T]; HY(Q,R3)). [ |

(17)

In what follows we use the abbreviation

f(t7 u, Q) = f(q<t)?ﬁ(t)¢%’(t)7ﬁ7(t)) (18)

It is convenient to introduce for every linear mapping A : R?2 — R33 the bilinear form
a’t(u,v) = / Ae(u) s e(v)dz, u,ve H(Q;R?). (19)
Q
In case A = I is the identity we write a(u,v). Since A is positive definite and symmetric, and due to Korn’s

inequality the bilinear form a (-, -) is Hp (€2, R?)-coercive, continuous and symmetric. At first we give the definition
of a weak solution of the governing equations (9) and (10).



Definition 2.1 (Weak solution). A pair (u,q) € L2(0,T; HE(Q,R?)) x L2(0, T; R?) with
u € Ly(0,T; HE(Q,R?)) andii € Ly (0, T; Hy ' (Q, R?)), (20)

and
ij q € L2(07 Ta R3>7

is a weak solution of the initial-boundary value problem (9) and (10), if

{oota(t), v) g1 1 + a’(u(t),v) + a(u(t),v) = f(t,2) - / v ds, (1)
I'(t)

forallv € HE(Q,R3) andae. t € (0,T),

M(t) + Dq(t) + Kq(t) = N(#)(q(t) = ¢-(t) — a(t) +ur(2)), (22)

fora.e.t € (0,T), and

u0) =¢° and w(0)=hronQ,

q(s) =1'(s) and t(s)=1%(s) forae s¢c[-T,0].
We refer to [10] for the following result:

Lemma 2. For every T' > 0 there exists a unique weak solution (¢, ) to the equations (9) and (T0). Moreover,
we have the following regularity

U € Loo(0,T; HH(Q,R?)), 1€ Loo(0,T; La(R*)NL2(0, T; HE(QL R?)), i € Lo(0,T; Ho ' (Q, R?)),

0,4 € Loo(0,T;R?), G € Ly(0,T;R?).

We now introduce a semi-discrete and a fully discrete scheme for the state system (25)-(27) and derive error
estimates for the respective discretization.

2.4 Semi-discretization

We consider the following semi-discrete approximation of the solution to (25), (26):

Definition 2.2 (Semi-discrete scheme). Let Sy, C H%(Q, R3) be a finite dimensional subspace. We call the pair
(up, qn) € La(0,T;8p) x L2(0, T; R3) semi-discrete solution of () and with respect to Sy, if

Uy, iy € Lo(0,T;8,)  and  dn,dn € La(0,T; R?), (24)
solves
/ 00ty (t) - vp, dx + a (up(t), vy) + da(y(t), vy) = f(t,2) - / vy, ds, (25)
Q

I(t)

forallv, € HL(Q,R?) andae. t € (0,7),

Mp(t) + Dgn(t) + Kqn(t) = N()(qn(t) — (qn)-(t) — Ua(t) + (W) (1)), (26)



fora.e.t € (0,T), and

u,(0) = T\’,h(go) and u,(0) = Ph(ho) on (), )
an(s) =1:(s) and (s) =13(s) forae sec[—,0].

Here Py, : HE(Q;R3) — Sp, and Ry, : La(;R3) — Sy, are projections from HE(Q; R?) and Lo (€2; R?)
respectively into S, satisfying limp, o || R4 (g%) — ¢°|l L, = 0 and limp, o | Pr(h®) — RO|| ;1 = 0. The function
1}, 12 satisty ||}, — 1|1, — 0and ||l — 3|, — 0ash \,0.

To prove error estimates, we assume that our state system has the following additional regularity:

Assumption 5. Thereis ¢ > 0 so thatu € H2(0,T; H3/>7¢(Q; R?)).

Recall the embedding H2(0, T'; H3/2¢(Q; R?)) c C*([0,T); H3/?~<(; R3)).

Remark 2.3. Under the regularity assumption on u the duality paring on the left hand side of becomes an
proper integral, i.e.,

(001 (t), V) ;=1 ;1 = go/ i(t) - v do
r »=°r Q
for almost allt € [0, T and allv € HL(2, R3).

Remark 2.4. Notice that we cannot expect the solution associated with the bilinear form aA(-, -) to belong to
H 2(Q; R3) due to the mixed boundary conditions. At best (cf. Grisvard [8]) we can expectu € H*(£2; R3) for
some s < 3/2, which motivates the above regularity assumption.

We obtain the following error estimate for the semi-discrete approximation:

Theorem 1. Let (u, q) be the weak solution of (©),(T0), and let (uy, qn,) be the corresponding Galerkin solution.
Furthermore, suppose Assumption[z holds true. Then there are constants C1,Cy > 0, independent of h, such
that for all small h > 0:

[ —ap| oy 0 = Wl Lo (Ly) + 10— pll L,y < Cih (28)

and
1 = anllLe +11d — dnllLe < Cah. (29)

The constants C1, C depend onu, ¢° and h°.

2.5 A fully discrete scheme of order two
We divide [0, T into J > 1 equidistant pieces of width x := T'/.J,
O=tho<ti<to<--- <ty 1<ty="T,

where t, = nk,n =0,1,2,...,.J. Assume that there is a smallest number .J’ € N such that .J'x = 7. We also
sett, j :=t, —7forn < J'. Let (u, q) denote the weak solution. In what follows, we use the abbreviations

u":=u(t,) onQ) (n=0,1,2,...,J)

and
q" =q(t,) (n=0,1,2,...,J).



For the initial data [1, [ specified in (T3),(T4), we set

=1t —7) and 12" :=013t,—7) (n=0,1,2,...,.J). (30)
Moreover, we introduce the following notation
ntl)2 qn+1 + qnfl 8 _ qﬂ+1 _ qnfl
q L 2 9 Kq - 2/4] 9
n+l _ . n n__ n—1
ofqr=t—L grgn=1 "1 (31)
K K
g2gn . 20"+ "
g = 3 .

Now we define a fully discrete approximation of the solution to (25),(26):
Definition 2.5. (Fully discrete scheme) Find U 0, U J e Sy, such that
(000U" w11, + 0 (U2, 0p) + 6a(0.U™ o) = F(Q", T, Q™. U"") - / vnds  (32)
I'(tn)
forallvy, € Sp,n=1,2,...,J —1and@°,...,Q7 € R3 such that
M32Q™ + D3, Q" + KQ"™V2 = Nt,)(Q" - U" - Q" +U™), n=1,2,....,0 -1, (33

where Q"7 U™~" is prescribed forn = 1,2, ..., J' by the initial data [}, 12, respectively.
Note that U%, U as well as Q°, Q' have to be chosen before calculating U2, . .., U” respectively Q?, ..., Q7

from the above schemes. In what follows we assume that U, Q* are good approximations of u(x), q(k), respec-
tively and we set U := W (0) and Q° := ¢(0) = [1(0), where W}, is defined as usual by (7).

The fully discrete scheme is a second order consistent scheme and as a second main result of this paper we show
second order in time and 1/2 — e convergence in space.

Theorem 2. Let (u, q) be the weak solution of (25), and let U™, Q™ be defined by the scheme (32), (33).
Suppose thatAssumption is fulfilled. Then exist constants C, Cy > 0 independent of k and h, so that

[0cu™ — 8, U 1, < C1(h/?7 + ?), (34)
forn=1,2,...,J —1and
lg" = Q" + l[u" = U™ < Ca(h?7¢ + %), (35)
forn=0,1,2,...,J — 1.

3 The semi-discrete problem — proof of Theorem(i]

In what follows, we assume that (u, ¢) is the weak solution satisfying (25), and (uy, qp,) is the Galerkin solution
with respect to S,. We split u(¢) — uy() into two parts for fixed ¢ € (0, 7):

u,(t) —u(t) = up(t) — Wi(t) + Wy(t) —u(t), (36)
=Cu (1) Ny (t)
where the function Wy, : [0, 7] — S}, is defined for every ¢ in [0, T'] by

ad (Wp(t) —u(t),vy) =0 forallvy € Sp. (37)

For each ¢ the function W, (#) is the projection of u(t) in S}, with respect to the inner product defined by a (-, -).
The existence of the function W, (¢) for every t € [0, T'] is ensured by the Theorem of Lax-Milgram. We next show
that W, is differentiable with respect to ¢ if u is.



Lemma 3. Let W be the projection of u onto Sy, defined in (37).
(a) Supposeu € W§(0,T; HE(Q,R?)). Then W, : [0,T] — HE(Q,R?) is k times almost everywhere
differentiable when H{ (2, R?) is equipped with the weak topology. The kth derivative ng) (t) € Sy is
the projection of the kth derivative of u(t), i.e.,

AWP @) —u® (1), v,) =0 roralivy, € Sp. (38)

(b) Suppose u € C*(0,T; HE(Q,R?)). Then W, : [0, T] — HL(2, R3) is k-times differentiable. The kth
derivative W,(lk) (t) € S, is the projection of the kth derivative of u(t) and as in (a) given by (38).

(c) Moreover, ifu € H*(0,T; HE(Q, R3)) we have fori = 0,1,2,... k,
W) —uD (@)l < C inf [Jop — O ()] (39)
vRES)
fora.e.t € [0,T], where C > 0.

Proof. (a) By definition of W, we have for all ¢ € (0,7") and all small At,

at <Wh(t + AAti ~ W) — un(t + AAti —u(?) , 'vh> =0 forallvy € Sp. (40)

Hence testing with vy, = (W, (t + At) — W, (t))/At, using the coercivity of a” and applying Young’s
inequality yields for some constant C' > 0,

W (t + At) — Wi(t) <C uh(t+At)—uh(t)H 1)
At gl At e
Now thanks to [6, p.286, Thm. 2] we have uy, (t + At) — uy(t) = At uy,(s) ds and consequently (47) yields
At
Wit + At) — Wi(t) C At
|t s [ Il ds 42)
H

At every Lebesgue point ¢ of s — ||T1,(s)]| ;1 the right hand side of is bounded for all small h. It follows
that for almost all ¢ in (0, T") the sequence fa:(t) := W’L(HAA?*W’L(U is bounded in H: (€2, R®) and hence for
every null-sequence (Aty) there is a subsequence still indexed the same so that ( fa¢, (t)) converges weakly to

some element f in H%(Q, R3). As a result we may pass to the limit in to obtain

at(f(t) —a(t),v,) =0 forallv, € Sp. (43)

As the previous equation admits a unique solution we must have fa:(t) — f(t) weakly in H(Q, R?) as At — 0
for almost all ¢ in (0, T"). This shows (a) in case k = 1 and the case k > 2 follows easily by induction.

(b) The proof is similar to the one of (a) and omitted.

(c) Finally equation follows from Cea’s Lemma; cf.[4]. |

Assumption 6 (Interpolation property of Sp). Letl < m < k < oo be two integers. Suppose the family of spaces
Sp C H™(Q; R3) N HLE(Q, R3) has the property that for allu € H*(Q; R3) N HE(Q, R3)

inf Hu — U||Hm(Q;R3) < Chm_kHUHHk(QVR% (44)
vES)



The previous assumption only provides us with estimates on integer Sobolev spaces. However, [4, Theorem 14.4.2,
p. 379] shows that Assumption [6]implies for s < m and m < r < k,

inf (h%[lu— vl gs@rs) + h" [0 = vl pm@rs)) < b ullgrors) (45)

VES)
forallu € H"(2; R3). Now [@5) applied with r = 3/2 — ¢, s = 0 and m = 1 yields for i = 0,1, 2
inf ([0 () — vl s ey < B0 (1) garseiorres) (46)
veSy ’ 5
fora.e. t € (0,7"). Combining with the previous equation shows fori = 0, 1, 2,
W (1) = a®D (@)1 < eh>= 0D ()| /2 oms) (47)
fora.e.t € (0,7).

We gather our findings in the following lemma.

Lemma 4. Let Assumption[§ and[6 be satisfied. Then there is a positive constant c such that

Il a1y + 10l e (arty =+ N300 oy < chM27E (48)
Proof. This follows at once from and Assumption |

In view of the decomposition we only need to find an estimate for ¢;, in order to get an estimate for u — uy,
which we recall is our final goal.

Using the projection equation and the definition of the weak solution u (see Definition |25), we find
i37) (25) .. .
(Wi (), ) @ ot (u(t), 04) E —(0ii(t), vi)r, + / o (t,u,q) - vp ds — Sa(a(t),vn)  (49)
NG

for all vy, € S and fora.e. t € (0,7). Consequently

(Q()Wh(t), 'Uh)Lg + ClA(Wh(t), ’Uh) + 5a(Wh(t), ’Uh) =
(50)
= (00 (t),vn)L, + 5/ e(Mn(t)) : e(vp) dr + f(t,a,q) vy ds
Q (1)

for all vy, € S, and fora.e. t € (0, T). Now subtracting from the Galerkin equation for uy, and then inserting
¢ (t) € Sp, as atest function (recall {;, () = up(t) — Wp(t)), we get

L 1Ch )7, + 0 (Cat), Cu8)) + 3a(Ch(t), (1)) =
(f(t,up, qn) — f(t,0,q)) - /F(t) Cn(t) ds —(e0iin (t), Cu(t)) Ly — Sl (), €1 (1)) (51)

:=B(t)

fora.e. t € (0,7"). We get from Korn’s inequality
LIS ONZ, + 350 (Ch(1), Ch(0)) + darc /2] Ch ()31

< B(t) + cllin N7, + 19 @)1F) + 3lI¢a @01,

fora.e. t € (0,7). Since f is Lipschitz continuous with constant L > 0, we obtain from Holder’s inequality and
the trace theorem,

1B(t)| <L\/10QEh @) | (1An )] + [CR(8)] + |a(t) — an ()] + [a-(t) — anr ()]
+ 70, ()] + [Cnr ()]),

fora.e. t € (0,T). The next lemma shows how to handle the term |¢ — g,| on the interval (0, 7).

(52)

(53)



Lemma 5. Let (u,q) and (uy, qn) be the weak and the Galerkin solution (with respect to Sy,), respectively. Then
there exists a positive constant c, such that

la(t) = (D) + 1d(t) — dn()* < Rp + 6/0 |u(s) — an(s)|* ds (54)

fora.e.t € (0, 7). Here Ry, is independent of time and given by

0
Ry = c (uk(m SPOP+ [ ) = PR + () — PGP +1d(0) - %(0)12) )

—T

Proof. Introduce (11, §) = (u—uy, g—qp,). Subtracting the differential equations for ¢ and g, (multiyplied by M ~!
on both sides) and integrating over (0,¢) C (0, 7) and using Young’s inequality yields setting D := M~'D and
Ky i= M71K and Ny (t) := M~IN(¢),

i(t)+ Dard(t)+ Koy | ds) ds = / ' Nar(5) (@ () — @ (5) + (s) — (5)) ds + Dard(0) + 4(0)
(56)

forae.t € (0,7). Let us set [* := I} — 1! and 2= 12 — I? and recall I'(t) = G(t) and I2(t) = T(t) for
t € [—7,0]. Then multiplying with ¢ and integrating over (0,¢) C (0, 7) and using Young's inequality gives,

Lo < claor+ [P+ EEEds+ [ O+ ) ds+ QO + {0 67
21401 = C(ja()] +/0 [a(s)]” + [uls)] s+/_7\ ()7 + 15 (s) 7 ds +1q(0) 1" +[(0)F) (57

fora.e t € (0,T). Gronwall's lemma in differential form yields

. 0
A7 < COaOP + P + [

-7

(s)|2 12(s)|2 ds t S/ASZ i(s)|? ds s’
()2 + [12(s)] d>+c/0 (/ G(3)2 + [ () d+>d

. 0 t .
< C<Ié(0)|2+!é(0)l2+/ [ (s)” + |(s)[? ds+/0 |d(s)|* + [u(s)? ds> (58)

fora.e t € (0,T). Another application of Gronwall's lemma in integral form yields
R ) 0 t
at)* <c <|ll(0)l2 +1q(0)[? +/ ()17 + [P(5)[* ds +/ [u(s)|? ds) (59)
p— 0

fora.e t € (0,7). Finally inequalities and show that also |(t)|? is bounded by the right hand side of
and this finishes the proof. [ |

K: I improved the lemma, so now it is valid for M only invertible and no conditions on D and K.

Notice that the mean satisfies |u(t)| < ’yl_l/ZHu(t)HM(p(t);Rs) for almost every ¢ in (0, 7). Hence Lemma

gives

t
la(t) = an(t)* < Ry, + 0/0 1n() 1771 + 1€ (5) 71 ds - forae.t € (0,7). (60)

Return now to inequality and apply the estimates and Young’s inequality to (53),

t t )
B()] < < [+ Imn (O + 1Ch (0120 + / 1 (5) 20 ds + / Hch<s>uipds]+vuch<t>rip )
Y 0 0

10



fora.e. t € (0, 7). Further, combining and and choosing v > 0 sufficiently small gives

d, 1d : 1,
%%"Ch(ﬂ”%g + 57 9(Cn (1), Ca(1)) + arc/4ICh (1) [ < §||Ch(t)||%2
t
+ICh@OlFn + /0 1€ ()1 72 ds + 0[9% + @)1 + a1 (62)

t
+ [ ol ds+ \mh(t)n%g],

fora.e. t € (0, 7). Now integrating the previous equation over (0,t) C (0,7") yields
1RO, + 1<h 017 + /Ot ICh(8)II71 ds <
C(/Ot 724, ()70 + llma ()72 + 72 ()12, ds + PRy, (63)
+ /Ot 1R ()T, + 1R ()7 ds + 1€ O)1Z, + HCh(O)H%{l>'

Now Gronwall’'s Lemma in integral form yields

ICHONZ, + IS + Jo I€n(9)]3: ds < Cy(t), (64)

fora.e. t € (0,7), where C' > 0 is some constant and
t
9(t) 22/0 190 () 702+ 1m0+ litn ()1Z, ds + 1€ OZ, + 1€ (0)]I7 + R

Suppose that the following assumption is satisfied.

Assumption 7. There holds _
1€h(O)|z, = OR),  [[€h(O)]| 2 = O(h)

Then the function g can be estimated as follows

T
o(t) <ch ( [ 10 s+ 1806 ey s+ 1) |

We conclude from that

. t .
ICHOIZ, + €O + [ ICa()IFds < ch. (85)
0

and hence taking the supremum on both sides yields

Héh”%w(O,T;Lg) + ||Ch||%oo(O,T;H1) + ||éh||%2(0,‘r;H1) < ch. (66)

Remark 3.1. Although we have only shown the estimate for times in (0, T) it can be readily seen via a bootstrap
argument that we have indeed

1ChlIZ 0.520) + ICHIT .m0y + ICRIT 0,1y < che (67)

To see this suppose that (28),(29) holds on (0, T) and replace Ry, by

Fp = c (|qh<r> )P+ /0 “lan(s) — a()P + [an(s) — a(s)? + li(r) — q’h<r>2) R

11



Then it can be readily checked thati)?ih < ch by using the estimates for q;, — q and Uy, — U already shown for the
interval (0, 7). A close inspection of the proof of Lemma@ shows that the estimate still remains valid with R,
replaced by R;,. So we can proceed as before and obtain

HChH%OO(O,QT;Lg) + HChH%m(OQT;Hl) + ||éh||%2(o,27;H1) <ch (69)

and consequently (28),(29) on the interval (0, 27). Repeating these steps successively shows that (28),(29) must
hold true on (0, T).

Remark 3.2. Assumption[7l makes sense as we may estimate

1€ (0)]|z, = 118,(0) = Wa(0)l|z, < [[aa(0) = 0(0) ||z, + [|0(0) — W (0)]]L,
= [|Rn(h) = ROllz, + K0 = Wi (0)]| L.,

where R, is the projection defined in Definition The first term constitutes the approximation of the initial data,
whereas an estimate for the second is given by ([@7). The discussion of ||}, (0)|| g1 is completely analogous.

4 The fully discrete problem — proof of Theorem 2

At first we recall a discrete version of Gronwall’s lemma that will be frequently used.

Lemma 6. Let N € N and suppose that the non-negative real numbers a, by, 0 < n < N, satisfy
n—1

an <p+ Y agbp, 0<n<N. (71)
k=0

Then

n—1

an < pexp (Zbk>, 0<n<N. (72)

k=0
In particular, ifb, = b for0 < n < N then
an < pexpnb. (73)

As an immediate consequence of the previous lemma we obtain.

Lemma 7. Let N € N and suppose that the non-negative real numbers ay,, by, pn, 0 < n < N, and assume
that p,, is non-decreasing. If

n—1
an < pn+ Y akby, 0<n<N (74)
k=0
then
n—1
an < pp €Xp (Zbk>, 0<n<N. (75)
k=0

Let us first show that the system (33),(32) admits a unique solution.

Lemma 8. The system (33),(32) admits a unique solution U°, ..., U’ € S, and Q°,..., Q7 € R3.

Proof. We start with scheme (32),(33) and expand each function U™ in the basis {v1, . .., vy, } of Sp

U™x) = dpvg(a), (76)
k=1

12



where d;* € R are constant numbers and . runs from 0 to ./ — 1. Note that ~ indicates the approximating accuracy
in time and A in space. With each U" we associate a row vector d” := (d},...,d",) " containing the coefficients
of the basis expansion (76). Now inserting in and selecting vy, = v, k = 1,2,...,J, the scheme

(32),([33) reads
MO2d" + Kd" /% + Do.d™ = F(Q™, d"),

. , _ , (77)
MOZQ" + DOQ" + KQ" /2 = N(tn)(Q" - U" = Q""" + U™,
forn=1,2,...,J — 1. The components of M, D, K and F are
Mz’j := 00(Vi, Vj) Ly, Gy o= a’ (v;,v5), Dz’j = da(vi, vj), (78)
and
m
E(Q",d") = f(Q, ng/ vp ds, IL7 127 - / v; ds, (79)
k=1 JT(n) L (tn)
where i,j = 1,2,. .., m. Reordering the vectors d* !, d", d"*! and Q" 1, Q™, Q"L in yields:
KA KE 1 kA K 1 - 92
(M + §D + 7K)d"+ =—(M — §D + ?K)d"’ +2Md" + *F(Q", d") (80)
K ’%2 n+1 K ’{2 n—1 n 2 n m
(M+§D+?K)Q :—(M—§D+?K)Q +2MQ" + k°G(Q™,d"), (81)
forn=1,2,...,J — 1. Moreover,
m
n mn n mn 1 —
G(Q™,d") := N(t,)(Q" — de T / vgds — q(t, — 1)+ U(t, — 7)) (82)
— "] e
form = 1,2,...,J — 1. Recall that the set of invertiable matrices in R are open. Thus since M and M are
~ ~ 2 A 2
invertiable it follows that also M + 5D + %K and M + 5§D + - K are invertible for small x > 0. As a
consequence the system (80),(81) admits a unique solution provided « is small enough. [

Remark 4.1. Note that once given the space Sy, we have to compute the matrices M , D and K only once. If
d’,d" and Q°, Q' are given we can compute d* and QQ? by solving the linear systems and (81). Also note
that to compute U(t,, — ) we only need to store the values of u(x,t) onT'(t,).

Suppose we have computed d2, e ,d‘] and Qz, e ,QJ. Furthermore, assume (u, q) is the weak solution of
(9),(70). The following holds

m
u(z, t,) ~ Z divi(z) andalso q(t,) =~ Q", (83)
k=1
wheren = 0,1,...,J and x € §2. For that reason we define as before uy, to be the piecewise constant functions
m
up(@,t) =Y djvp(), itt € [tn, tni1] (84)
k=1
and
qn(t) == Q" ift € [tn, tnt1]. (85)
Let us first consider the local error eg := q(tn) — Q™. We are going to derive an analogous equation to for

the points ¢" € R3,n=1,...,J.

As in the semi-discrete case, we need to assume a certain regularity of (u, ¢) to derive error estimates of the above
scheme.
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Assumption 8. We assume thatu € C°([0,T]; H3/>~¢(Q; R?)) and ¢ € C*([0,T]; R?).

Let us introduce the remainders

= 62 (tn) 7'2 = nq Q(tn)a 7“2 = qn+1/2 - Q(tn)- (86)

n

Not that -}, 2 € O(k ) They represent the consistency error of the time discretization for the ODE.

nr'n

All constants ¢ or C' appearing in the following are independent of the subdivision of the interval [—7, T].

Lemma 9. Let (u, q) denote the weak solution of (25),(86) andU°, ..., UN,QY, ... QY the solution of (32),(3),
respectively. There is a constant C' > 0, so that

J’ k

|0 es|+lef T +les] < C| (107 el +leql+leq]) +HZ!€;1 n—g )|+ (- Jf)\+Zf€(\€ﬁ|+l7“nD] (87)
n=1 n=1
fork =0,1,...,J — 1, where
ep (tn) = Ih(tn) = 1'(tn)  and e (tn) = I (tn) — I(tn).- (88)

Proof. By definition of the remainders equation is equivalent to
2q" + D" + Kaiq" ™2 + 1 = Nyr(t)(¢" — ¢ — " +1?), (89)

forn = 1,2,...,J — 1, where r%,, i = 1,2,3 are the Taylor remainders in (86). Here, we introduced the
remainder 7, := rl 4+ DyrZ + Kyrd € O(k). By assumption there is a constant ¢ > 0 so that 7y max =
max;—o,... N—1 |17| satisfies

"N max < K2c forall N > 1.

Recall the notation Dy = M 1D, Kj; = M1 K and Ny (t) = M 1N (t) and define the pointwise error
ey ==q(ty) —Q", and ey :=u(ty,) —U".

Subtract from to obtain

826" + DyOgeg + KMe"H/2 Ny (tn)(eg — & + e — ef;*‘]/) — T, (90)
forn=1,2,...,J — 1. Inview of 92l = (9 el — 9} el 1) /K we have
. 1
Z@ieg = E(@:e’; — e 0 28 €y k+1 + e e; — 62). (91)
n=1

Hence summing over k and multiplying the result by 2k yield

20, e¥ + Dpy(ehtt 4 ek +/€ZKMen+1/2 =207 ¢) + Dys(ep + )

n=1

k
+ 2 Z /{NM(tn)(eZ —at e - eg_J,) — KTy,

n=1
fork=1,...,J" — 1orequivalently

k k—1
e, +e
28:62 + DM(e’;Jrl + e’;) + kK <q2q> = ay, (93)
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with

k—1
ap =k Y Kuyep™/? — 205 e) + Dys(e + € —l—QZ&NM (t)(el —Ea" + &7 —en ™) — ki
n=1 n=1

On account of

k
elgﬂ = n@,je’; + e’; and e’(jﬂ = Z /i@,jeé + 62 (94)
1=0
we have
k—1
DM(e§+1+eq) Dy (26 +/<Z@ > +I€DM6+€];
l O

ek—i-ek 1 I E—1
HKM<q2>—I{KM(€ + = Za+ > KM(?;'eq_

Plugging these identities into gives

2 k—2
(21 + KDy + %KM)8+ek + Dy <2e + nZ@*eé) + kK (eg + g Zaﬁé) =a;  (96)

=0 1=0
fork =1,...,J — 1. Now according to [13, Lemma 2.8] there is a constant ¢ > 0 so that for all sufficiently small
~ we have )
K
elcl <12+ wDa + - Ku)(| forall (€ R3. (97)
Hence estimating gives
k—1
k 0 +
0 el <c <|eq| +rY |ofe) > + |ag| (98)
n=0
fork =0,1,...,.J" — 1. Applying the discrete version of Gronwall’s lemma yields
J'—1
|0 ek| < |ak|exp (Z ca) < |ag| exp(cr). (99)
n=0

Now using we may estimate ay, as follows

la| < ex D10 er| + by, k=0,1,...,0 1, (100)
with
i :—C<I3+ 0!+|€q\+’€°|+HZ\€u”I+\eu( n—s/)| + leg (tn— Jf)|+\rn|> (101)
n=1

Thus plugging (700} into gives
;fe’;\ SCZM@:eZ\—i—cbk, E=0,1,...,J —1. (102)
n=0

Another application of the discrete version of Gronwall’'s lemma gives |8;Le’;\ < cbgfork=0,1,...,J" —1which
is nothing but

k
10,5 ey <c(!6* ol + legl + legl + £ 1o + leg (bnms)] + les2 (tn J/>r+|rn\) (103)

n=1
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fork = 0,1,...,J — 1. In view of also ]e’;| can be bounded by the right hand side of (T03) which finishes
the proof.

|
The previous lemma is the discrete analog of Lemmal5] In particular, we get from
k k J’
k k
la(tr) = Q% <Y enlral* + w2e(Y lu(tn) = UFFn + 82 le (bam )| + leg (tng)|?)
n=1 n=1 , n=1 (1 04)
k J
< 1% + 523 IR + ISR + Y leg (bnmn) P + legg (tn))
n=1 n=1
fork=1,...,J — 1, where rymax = maxj—o,. n—1 |71]-
Now let us consider the local error €% := u(t,) — U™ forn =0,1,2,...,J.
Assumption 9. There are constants c1, co > 0 such that
|u(0) = U° g < c1x and  |ju(k) — U1 < eok. (105)
To derive an asymptotic estimate we split the error at each time step ¢,, as follows
u(ty,) — U™ =u(ty) — Wh(tn) + Wy(ty) = U", (106)

:;"72 :CZ

forn = 0,1,2,...,J. Recall that Wy, : [0,T] — S}, was defined in (87). As in the derivations above we use
pointwise Taylor expansions of u : [0, 7] — Hﬁ/%e(Q, R3), t — u(t). First define the remainders 77, 7% and
%

= 0%u" —ii(t,), 7= (0.u" + 0u")/2 —u(ty,), (107)
and

= u""2 —u(t,), (108)

forn=1,2,...,J — 1. Inview of Assumptionwe getr € HY(Q,R3), n=1,2,...,J — 1. By definition of
the function u and (T07) it follows that u’, ut, u?, ..., u’ € HE(Q, R?) satisfy

(Qoaguna 'Uh)Lz + aA(un—i-l/Q’ 'Uh) + 6aA(8Nunv ’Uh) = Rn(vh) + f(qn7 ﬁna qn—J’7 ﬁ?) : /F( ) Vh ds
tn

(109)
for all v;, € Sy, andforn = 1,2,...,J — 1. Here, we introduced the continuous (on H') functional v;,
R™(vy) := — (00, vp) 1, — (13, vp) —da(rl, vy,) which satsfies | R (vp,)| < ¢||R"||||va] g2 and || R?|| <

¢k for all n and all vy, € Sy. The functional R,, represents the consistency error of our time discretization in time
for the PDE. Now using the definition of the projection W7}’ and (109), we find

1/2
(000F W, vp) L, + a (W 12 vp) + 6a(0. W, vi) = (00021, vn) Ly + 6a(am)t, v1)
, , (110)
+R™(vp) + f(¢" @, ¢" 7, a7 / vy, ds,
L(tn)
forallvy, € Sp,andn = 1,2,...,.J" — 1. On the other hand by definition of U?, . . . U’ esy,

(QOanUnv vh)LQ + aA(Un+1/2a ’Uh) + 5&(&{(]”, vh) = f(Qn’ Un’ Qn_le U"‘J/) ‘ /( ) o o o
I'(tn
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forallv, € Sp,andn = 1,2,...,J — 1. Hence subtracting {17) from (170) yields

(0002CT, vn) Ly + & (CIT2 0p) + 6a(0xCY, vn) = (002N}, Vh) L, + 6a(0em}, vn) + R™ (v))
n =n n—J —n—J n ymmn n—=J jn—J’ (112)
L a ) - QT QU J))-/F( s
tn

For the next step we recall that 92¢} = (93¢} — 9F¢) 1) /k and 9,.¢) = (91 ¢ — 05 ¢}) /2. Hence using
vy, = 0,C} as atest function in (T12) and summing up the resultovern =1,...,k < J — 1, we find

—go||a+ch\|L2+Zéa (1. Hch>+—( ACHT ¢h) + 0t (¢ ¢h)

n=1

1

= ool ¢RI,

k

+ > 6a(0xm}, 0xCH) Z (Ot

k
1
- (0GR CR) + 0 (G C) + D (0007mh, 0uCi) s
n=1

E

k

+ Z (f(q ’ 7q le ﬁn_J/) - f(Qna Unv Qn_le Un_J,)) / aHC;LL ds

n=1 —.3n I(tn)

fork = 1,2,...,J — 1. We next apply Korn’s inequality to the left hand side and Youngs’s inequality to the left
hand side to shift the term (¢} — ¢71) /2 on the left-hand side

10 CRIZ, + IS T + ISk + ZHHa Chllin < ch (1R NZ, + 10wmi 1)
(113)

k
+) KB + Z ck|| Rl + a(Ch, ¢h) + a(C. ¢ + 00]10:CH112,

n=1 n=1

for k = 1,2,...,J" — 1. For later reference notice that the consistency error Ry max = max;—o,. ~N—1 || Rl
satisfies

RN max < ck? forall N > 1

for some ¢ > 0 which depends on the third derivative of u. Therefore we may estimate as follows

k
Z K’zHRnH2 < CRJ2V,max'

n=1

It remains to estimate the term involving the Lipschitz continuous function f. Taking into account estimate (704),
we get

k k
Z |%n|2 < ZC(Hun _ Un”%ll + |qn _ Qn|2 + |eZ—J/|2 + |63—J/|2)
n=1 =1 P (114)
< CTNmax +CZ HCh”Hl + thHHl + Zc‘ell n— J’)| + |€li(tn—J’)|2
n=1 n=1

for k = 1,2,...,J’ — 1. Notice that Assumption [g| ensures |¢' — Q| < cx and |[u(k) — Ul||gn < ck.
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Combining (114) and (113) we obtain

J/
k k+1 k
”a:ChH%g + HC}L+ ”%{1 +HChH%{1 < c("£27,]2\7,max + R?V,max) + CRQ Z ‘el}lL(tn—J’”Q + |6l% (tn—J’)|2
n=1

k
+> e (102717, + 103 + lmh]7) (115)
n=1
HIChIFn + ICRIF + 0018 ChIIE,
fork =1,2,...,J — 1. Choosing ck < 1/2 we may shift cm||C’fL||§{1 to the left hand side and get
k-1
k k+1 k k k41 k
18 ChlE, + ICE 13 + ICEITn <er D N0FCEIT, + ICET T + ICE I3 + ek (116)
n=0
fork=0,1,...,J — 1, where
k-1 J!
Ck ::c(’%zrlz\ﬂmax + R?\/,max) + Z CHHCZH%H + oK’ Z ‘elll1 (tan’)|2 + ’elz (tan’)P
n=0 n=1
: 2 2. 12 2 2 (17)
+ > er® (10mmRl1Z, + 10emillFn + Inhl30)
n=1
FICHIF +ICRIZ + ol O ChIIE,
Consequently, an application of the discrete lemma of Gronwall yields
k
k k k
105 CRlT, + I 13 + ICRIFn < D & (102mil1, + 10smill 3 + i1 F)
n=1
2,2 2 2 a 2 2 (118)
+ C(K‘ TN max + RN,max) tcR Z |eli (tan’)| + |el% (tan’)|
n=1
FIICHIE + IR + eollBr CRIIZ,
fork = 0,1,...,.J" — 1. To obtain a final estimate, we inspect the two terms on the right-hand side of the last
inequality. Using Taylor’s formula it can be readily checked that
Ha,‘%nZHLQ(Q,Rg) < /ﬁ:Hfi;’h,|‘L2(tn+17tn71;L2(Q,R3)) (119)
from whence we get
J-1
> wllozny? < cllili? ' (120)
whll Qr3) = Mh L2(0,T;L2(S1;R3))
n=1
Now due to Assumption [8|we deduce from equation
t
| (o) s < C2RIP Y, o sy (121)
and thus we derive from
J—1
S a2, < B ECH, o e oum) (122)

n=1
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In a similar fashion we may show that
1/2—
il < CRY Uall Ly 01372 (r3))- (123)
In order to estimate the other terms we pose the following natural assumption.

Assumption 10. There are constants cy, ca > 0, so that

ISRl < erw?, (IChllan < can®. (124)

Recall that JJ/ € N is assumed to be the smallest integer such that T'.J' = 7. We have proved the following result:

Lemma 10. Let (u,q) be the weak solution of (25), and let U™, Q™ be defined by the scheme (32), (33).
Suppose that Assumption[10|is satisfied. Then we have

105 CE s + ICET [ 1 < C (R + K2), (125)

fork=1,2,...,J —1.

In view of [[u(t,) — U"|| < ||n}|| + [|¢} || equation (T25) of the previous lemma proves Theorem[2on the interval
[0,7],ie fork =1,...,J" — 1. However using a bootstrap argument as in Remarkshows that Theorem
holds indeed on [0, T'].

Remark 4.2. We conclude this section with some comments about the computation of U 0, U' and QO, Ql. We
setUY := W,(0) where W ,(0) solves the following variational problem

W,(0)€Sy: a(Wi(0),vy) =a(g’,vp), forallvy € Sh.

Furthermore, we take U' := W ,(0) + kW ,(0) + 2x2W,(0) whereas W/, is a solution of

W, eSy: a(Wy(0),v,) =a(h® vy), forallvy, € S, (126)
and Wh is a solution of
. . 1
W, eS,: a(Wp(0),v) = Q—a(div (0(-,0)),vyn), forallvy € Sy. (127)
0

Note that div (o (-, 0)) is completely determined by g° and h°, but we require that the functions are smooth enough
such that div (o (-,0)) makes sense. U" is simply the projection of u(0) onto Sy, whereas U is the projection of
the Taylor expansion of u around zero up to the second derivative evaluated at k. In case of the ODE we choose
Q" := ¢(0) and do a Taylor expansion around zero to get Q*. Let ¢° := q(0) and ¢* := ¢(0). We compute (0)
from the ODE as follows:

§(0) = =M ~'Dq(0) — M~ K4(0) + M~'N(0)(q(0) — go(~7) — 6(0) + "o ().

Finally, we define Q" := G(0) + xq(0) + %2(j(0)

5 Numerical examples

In this chapter we present numerical simulations of the coupled model calculated with the fully discrete scheme
(32),(33). The used code was developed by one of the authors as part of his PhD thesis [12] and is based on the
semi-discretization explained above. We will use our fully discrete scheme (32),(33) and verify the convergence
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rates shown in Theorem |2, Since no analytic solution is available, we construct an auxiliary system for which a
solution is known.

The space S}, is constructed using linear (Lagrange) finite elements. Assuming that v € H3/2_€(Q; RS), we have
the interpolation property
1/2—
1o — Tuoll g gomsy < b2 |ollgra/o-e (s (128)

where Z;, denotes the usual (global) interpolation operator and 7}, a triangulation of €2, see [4] for definitions. The
triangulation 7, consists of 3-simplices K C () and h is defined by[] h = maz ke, diam(K). The inequality
shows that the interpolation property (with s = 1 and [ = Q) from the previous Chapter is satisfied. We
define, as usual, the finite subspace

Sy :={v e C(GR3), v|x € PHK;R3), K €T}, (129)

where Pl(K; R3) denotes the restriction of the space of polynomials of degree one.

5.1 An analytical solution

For numerically illustration of the above theory we consider a simplified situation, where the domain is a rectangular
block with edge lengths L 2 3,i.e. 2 = [0, L1] x [0, L] x [0, L3]. We assume that the load is transmitted on the
whole face 22 = 0, and consequently

Ty = {(z1,29,23)" €R®| 22 =0,0< 21 <Ly, 0< 23 < L3}

is constant. Then we obtain

~ = ~ = 1 ~ ~ = =
f(a(t),u(t), q(t —7),ult - 7)) = L1L3N(t)(q<t) —q(t —7) —u(t) +u(t —7)). (130)
For the other faces of the block we assume homogenous Dirichlet conditions. Since we have no analytic solution
to (9) and we proceed as follows. Suppose we are given two smooth enough functions 7 : £ x [0, 7] — R3
satisfying @(z,t) = 0 on Ty x [0, 7] and G : [0, 7] — R such that the following expressions make sense. Then
define

f(z,t) = Oytu(x,t) — div (6(u(x,t))), (131)
g9(@,t) :=6(u(x,t)) - v(z) + LlngN(t)(G(t) —q(t—71)—at) +alt—7)) (132)
and
3() := M(t) + Di(t) + Ka(t) — N(t)(@(t) — a(t — 7) — () + it — 7). (133)
One readily verifies that 4 = u and ¢ = ¢ solve
ooti(z,t) — divo(x,t) = f(z,t) in 2 x (0,7
u(z,t) = 0 on Iy x [0, 7]
oz, v(z,t) = LN —q(t—7) (134)
— a(t) —a(t—7)) +g(x,t) onT x[0,T)
Mi(t) + Dq(t) + Kq(t) = N(t)(q(t) — ¢-(t) —a(t) + w(—7)) + g(t) in[0,T]. (135)

Let € be the rectangular domain as described above. We prescribe the displacement field @ : Q0 x [0, 7] — R?
by
A sin(wit) + Ay cos(wat)

’11(1‘1, x9,x3,t) := x123(01 — L1) (29 — LQ)(xg — L3) B; sin(wgt) + By COS(W4t> (136)
0
'For K C R we define its diameter by diam (K ) := sup, ,c [|[= — yl| , here || - || denotes the euclidean norm on R®.
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Xin (kg/mm?) | win (kg/mm?) | ooinkg ) min (kg) | di,dg,dsin (kg/s%) | k1, ko, ks in (kg * mm?/s>K)
51083591.33 26315789.47 | 2.70e — 6 | 1.0e —2 | 0.039930 462.6367147 1340049.648

Table 1: Cutter parameters and material parameters corresponding to aluminum.

wyin (1/s) | wain (1/s) | wgin (1/s) | wain (1/s) | A1, A, B1, Bz in (mm)
27100 2md 25 2m50 1

Table 2: Data for analytic solution.

and the cutter displacement q : [0, 7] — R? by

Cl sin(Qlt)
qt) = D cos(§2at) . (137)
E; sin(Q3t) 4+ Es cos(Q4t)

Here, w;, ), Aj, Bj, Ej (i = 1,2,3,4 j = 1,2) and C, Dy are non-negative constants. The reason why we
have chosen this particular form is that we want to see how good our scheme can approximate solutions with high
frequency oscillations. Let A\, u € R™ denote the Lamé constants. The outward unit normal vector along OS2
orthogonal to the {x5 = 0} plane has the simple form v/(x) = (0, —1,0)". To calculate @, we parametrize

Ty = {(21,20,23)" €R} 29 =0,0< a1 <Ly, 0<az3< L3}

by & : [0, L] x [0, L3] — R?
E(v,w) := vey + wes. (138)

Furthermore, inserting the parametrization & into u(x, t) the mean u is given by
Aj sin(wit) + Ag cos(wat)

u(t) = —L?LyL3 | By sin(wst) + By cos(wat) | . (139)
0

Figure 2: Simulation snapshot of |u|.
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On the other hand we require N (%) to be of the form

N(t):

Psin(vyt) P cos(yt)
= | —Pcos(yt) Psin(~t)
0 0

0
0],
1

(140)

where ~y, P are non-negative constants. We can view the matrix N as an indicator for the strength of the coupling
between the PDE and ODE. Let us assume further for M, D, K that M = diag(m, m,m), D = diag(d1, d2, d3)
and K = diag(k1, k2, k3) for some constants m, d;, k; € RT i = 1,2, 3. Now we are in the position to calculate
the corrections f, g and g given by (137), (132) and (133), respectively. Tables contain a selection of parameters
we used to compute the convergence results.

Remark 5.1.

It should be noticed that the auxiliary system (134), in contrast to the former equations (@) and

(T0), possesses additional terms g(x,t), f(x,t) and g(t). But as can be easily seen in the derivation of the
error estimates for the fully discrete scheme (32),(33), this doesn't affect investigations since we take differences
u — up, q — qp and the inhomogeneities drop out.
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Figure 3: Temporal evolution of ¢(t) =

discretizations.
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To conclude, we summarize the numerical scheme to be solved iteratively:

2
(M+§D+%KWM:

22

0 0.01

0.03

2
4M—gD+%KMWH4MW+¥F@ﬂW%

u(t) (right), both for two different time
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and

2
(M + gD - %K)Q”+1 =

2
(M — gD 4 %K)Q”_l FOMQ" + K2G(Q™, d™),

forn =1,2,...,J — 1. The functions G and F are defined by
1 -
G@"d") =N E:d / vpds — 1T+ 137 + §(tn)
o I [Tl Jry,
and
B(Q™dv) = F(Q", Zdn/ vkds,liﬁz”)-/ vs ds
'y
/ 9(y, tn vlds—k/fa:t Jvi(x) dz,
fort =1,2,...,m
=100 . ‘ 0.1 — :
R SRR - RETOMEE R
& ]
S 10t &
8 S
= 8
= 1l =
S . S
[ e [
o 01t 3
= < -
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Figure 4: Graphical error representation for cutter tip displacement (top left), workpiece displacement (top right),
and a tabular representation for fixed space discretization h = 6.614177¢ — 02 (bottom).

5.2 Numerical illustration of the convergence results

Figure |2| shows a snapshot of a numerical simulation at fixed time, the face in the foreground corresponds to
{2 = 0} where the load is transmitted. Figureshows several oscillation periods for g and .

In the following we study the absolute errors ||g — g ||oo and [[u — up ||, (o,;#1) for different time discretization
k and space discretization h. Here, u = @, ¢ = ¢ are given by (136) and (137), respectively. The approximations
up(x,t), qn(t) are computed with (T47),(T42). We have chosen 7' = 0.1 and set 7 = T/ J with J € N. All used

parameters can be found in the tables at the end of the previous subsection. Note that we have (cf. (84),(85))

|w =l 0,71

shaens

23

= t —
[t

U || g

(143)



and

la—anlloe = _max la(tn) — Q"] (144)
Figure depicts the error for cutter ¢ and workpiece u displacements for fixed space discretization 4 and varying
time step-size ~. Due to the additive decomposition of the error there is a threshold value depending on h such
that the error remains invariant if we reduce k below that threshold. Besides of this one can observe the predicted
quadratic convergence behaviour.

Figureshows the error in workpiece displacement for a fixed time step-size. The resulting linear convergence in h
is better than the h'/2 — ¢ rate predicted by Theorem 2, which is due to the higher regularity of the chosen explicit
solution.

o
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= F O
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2.308362¢ — 01 4.424603¢ — 02 ::
1.367782¢ — 01 2.570469¢ — 02 3
1.107746¢ — 01 2.059262¢ — 02 .
6.614177¢ — 02 1.186822¢ — 02 = 0.001

Q

0.0625 0.1‘25 0.‘25 0.5

space discretization log(h)

Figure 5: PDE error with fixed time discretization x = le — 5 and varying space discretization /.
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