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Abstract

We continue our investigations of the improved Nernst—Planck—Poisson model intro-
duced in [DGM13]. In the paper [DDGG16] the analysis relies on the hypothesis that the
mobility matrix has maximal rank under the constraint of mass conservation (rank N — 1
for a mixture of IV species). In this paper we allow for the case that the positive eigen-
values of the mobility matrix tend to zero along with the partial mass densities of certain
species. In this approach the mobility matrix has a variable rank between zero and N — 1
according to the number of locally available species. We set up a concept of weak solu-
tion able to deal with this scenario, showing in particular how to extend the fundamental
notion of differences of chemical potentials that supports the modelling and the analysis in
[DDGG16]. We prove the global-in-time existence in this solution class.

1 Introduction

We consider a bounded domain €2 C R? representing an electrolytic solution. The boundary
of 2 possesses a disjoint decomposition J€2 = I' U X: The surface I" represents an active
surface, an interface between the electrolyte and an external material. In the context of bat-
teries this external material is often a metallic electrode. The surface . is an inert outer wall.
The electrolyte is a compressible mixture of N € N species A, ..., Ay with mass densities
p1s- - ., pn. Each species A, is a carrier of atomic mass m; € R, charge z; € Z and specific
volume V; € R,.. We assume that the system is isothermal. In |0, 7'[x {2 the mixture obeys the
following system of partial differential equations

opi .. ; 4
a—i—l—dlv(piv%—ﬂ):m fori=1,...,N (1)
dov . .
% +div(ov @ v — S°) + Vp = —nf" Vo 2)
—eo (14 x) AN =n” ) (3)
Here, v denotes the barycentric velocity of the mixture, while fori = 1, ..., N the quantities .J*

and 7; denote the dissipative diffusion flux, and the mass production due to chemical reactions
for the ith constituent. In the momentum balance (2), we have introduced the total bulk mass
density g := Zf\il i, the viscous stress tensor S, the pressure p, and the Lorentz force
—n! V¢ for a quasi-static approximation of the electro-dynamical phenomena. The function
nt' is the density of free charges. Moreover, € is the Gauss constant, while y denote the
dielectric susceptibility of the medium assumed constant as well.

In order to formulate constitutive equations for the quantities .J, r and p, the free energy of the
system must be specified. We assume that its density ot is given in the form oyp = h(6, p),



where the function A is defined via
N
h(@, p) _ Zpi h;ef + hmeCh(p) + hmix(e, P)
i=1

N
Wt = K F() n V) (4)
=1

N N
™ = kg 6 an Zyi In y;
=1  i=1

Here h®" (i = 1,..., N) are constants related to certain reference states of the pure con-
stituents. The number densities n1, ..., ny of the constituents are defined via n; := pi/mi
(z = 1,..., N). The mechanical free energy is an increasing function of the dimensionless
quantity ZZ]\LI n; V; =: n -V (a’volume density’ for the mixture). The constant X > 0 is
the compression modulus of the mixture. In the definiton of the mixing-entropy, k5 denotes the
Boltzmann constant and € is the absolute temperature assumed constant. The quantity Zf\il n;
is the total number density and y; := n;/ (vazl n;) (i = 1,..., N) are the number fractions
summing up to one.

The chemical potentials of the mixture are defined via p; = 0,,h(6, p1,...,pn) for i =
1,..., N. Thus, under the particular constitutive assumption (4)
,ui:ci—i-K%F’(n-V)—l—%lnyiforizl,...,N, (5)
where ¢y, . . ., ¢y are certain constants. The following constitutive equations and definitions are
assumed:
N
J'==> M;D fori=1,... N, (6a)
j=1
Dﬂ::v(ﬁ>+——3v¢ forj=1,....N (6b)
r = —Z@DZ\IJ(D?,...,DE)%{“, DY :=+F.p (6c)
k=1
S*¢(Vv) = nD(v) + A divold (6d)
N
p=—h(0, p)+ > i pi (6e)
=1
N
n =) Zp (6)
=1

In (6a), M is a symmetric, positive semi definite N x N matrix called the mobility matrix,
while D € RM*3 is the diffusion driving force. In (6¢c), s € N U {0} is the number of
chemical reactions. The vector 7’“ € RN (k = 1,...,s) does not as usual denote the sto-
ichiometric vector 7*°-F ¢ Z~ associated with the reactions. For reasons of notation we set



AR = ¥ mifori = 1,...,Nand k = 1,...,s. The reaction potential ¥ is defined on

R* and assumed convex. The entries of the vector DR € R* are called reaction driving forces.
The assumption (6d) is the usual expression for the Newtonian viscous stress tensor: Here
D(v) = (Ov; + 0;v;); j=1,..,3 while n > 0 and A + %77 > () are the coefficients of shear
and bulk viscosity. The constitutive assumption (6e) for the pressure is called the Gibbs-Duhem
equation, while (6f) is actually the definition of the free charge density.

The equations (1), (2), (3) with the constitutive equations (6) based on the choice (4) of the
free energy density are the constituent parts of a generalised model of Poisson—Nernst—Planck
type first proposed in [DGM13] and extensively developed in [DGL14], [DGM15] and [Guh14].
This model provides a general description of electrolytes in the presence of electrochemical
interfaces for non equilibrium situations. In this paper, the focus is on mathematical analysis and
we will consider for the system (1), (2), (3) simplified boundary conditions. At first we assume
no velocity slip, and Dirichlet conditions for the electrical potential on the active boundary

v =00n]0,T[x0 (7)
¢ =¢oon]0,T[xI", Vo-v=00n]0,T[xX%

At second, for the diffusion-reaction equation we assume that
J'-v=00n]0,T[x0Nfori=1,...,N

In connection to (7), this condition means that no adsorption of species is taking place on
10, T[x0S). Let us add that due to the preliminary work in the section 5.3 of [DDGG16], we
know that surface chemical reactions and surface adsorption can to a certain extend be mod-
elled by the condition J¢ - v = —71 + J?. Here 7! has the structure of a reaction term and .J°
can be understood as an external source. Our methods fully allow to consider also this more
general condition, but as it leads to additional technical work, we will not do it here.

The mobility matrix In [DDGG16], the existence of weak solutions was proved for the case
that the mobility matrix M is of the form M = M(p1, ..., py) with a matrix-valued mapping
M satisfying the following conditions:

(a) Continuity: M is a continuous map from RY into the set of RV symmetric, positive semi

definite matrices (Notation: Ré\yfnfﬁ);

(b) "Mass conservation’: M (p) 1V = Oforall p € RY (1V := (1, 1,...,1) € RV);
(c) Linear growth: There is a constant A > 0 such that [M (p)| < A (1 + |p|) for all p € RY;

(d) rank M = N — 1: Denoting A1 (p) > Xa(p) > ... > An(p) = 0 the ordered eigenvalues
of M(p), there is A > 0 such that the second smallest eigenvalue satisfies Ay_1(p) > A
forall p € RY.

The main result of [DDGG16] shows that, except for the possible occurrence of a complete
vacuum (which would be non-physical under the assumptions of the model), the weak solution



satisfies p; > 0 almost everywhere in |0, T[x€) for i = 1,..., N. This means that all N
components of the mixture are (almost) everywhere available. In particular, the choices of the
mobility matrix allowed in [DDGG16] are suited to describe mixtures that do not exhibit species
vanishing.

On the other hand, local species vanishing is certainly a phenomenon of interest. If the mass
density p; of a species tends to zero, then also the corresponding diffusion flux .J¢ must tend
to zero. This is a necessary consequence of the physical definition J! = p; (vi — v) of the
diffusion flux. Here v is the (partial) velocity of constituent ¢ and v is the barycentric velocity. In
the regime of finite velocities, we must expect the asymptotical behaviour

o ®)

pi

In this paper we investigate choices of the matrix M/, and we set up a concept of weak solution,
that allow for the local emergence of sub-mixtures of size strictly smaller than /N. More precisely,
we assume that the model specifies species that may vanish locally, for which the corresponding
fluxes have the property (8). In order to fix ideas, we shall call these species the critical species.
Thus, from the viewpoint of notation, there is an index set I35y C {1, ..., N} specified by the
model, such that for all i € I3, the diffusion flux J* of the species A; vanishes if its mass
density p; tends to zero. For the map M it is therefore natural to assume, instead of (d), that

rank M (p) = [{1,...,N}\ Igf| + {i € Iz : pi > 0}| — 1 (9)

Here | - | applied to a discrete set denotes the cardinality. The assumption (9) means that the
rank of the mobility matrix is N — 1 minus the number of vanishing species with index in the set
I57. In this paper, we will focus on the assumption that M degenerates at linear rate, meaning
that there is a constant C; > 0 such that

M, ;(p)| < Cyipiforalli, j € Iz, p€E ]Ré\’ﬂr. (10)

This is motivated by (8). At second, we require that M does not degenerate faster_than lin-
early. Denoting A1(p) > ... > An_1(p) > An(p) the ordered eigenvalues of M (p), we
choose a permutation {i;(p),...,in(p)} of the index set {1,..., N} such that the p first

indices {i1,...,%,} correspond to the non-critical species, that is, {i1,...,i,} = I3 =
{1,..., N} \ I3; and such that the indices i1, ..., iy correspond to the ordering p; ., >

..., > piy Of the mass densities. The mapping M degenerates at linear rate if there is some
c > 0 such that

Me—1(p) > cpi fork=p+1,....N. (11)

It might appear non trivial to verify the condition (11) for concrete choices of M. In the case of
a mapping M of class C'!, we can show that the handy criterion

8,%Mk7k(p) > cp > 0 onthe hypersurface {p € Ry 4 : pp, =0} forallk € Iy; (12
suffices for (11). Typical examples of a map M satisfying (a), (b), (c) and (10), (12) are

Mij(p) =dp; |61j— —22— ) fori,j=1,...,N.
k=1 Pk



Here, d > 0 is some diffusion constant. In this case I;; = {1,..., N}, and making use of
(6e), (6f) and ¢ := Zfil pi, the diffusion fluxes are

T = dp, (wi—%vpﬂ;—g—%)w) fori=1,....N.

Every diffusion flux is proportional to the corresponding mass density. A more subtle example
is the ansatz of the paper [DGM13], where

10 ...0 —1
01 0 —1
M(p) = P diag(dy p1,...,dy_1pv_1, VP, Pi=| = = + =+ | eRVV,
00 ... 1 -1
0 0 0 0
In this case, the assumption (10) holds true for I5; = {1,..., N — 1}, and the diffusion fluxes

are
o Jdin (V=) + (G - Z) Vo) i< N
ff:_ll J* fori=N
Thus the species Ay (the solvent in electrochemical applications) enjoys a singular status.

The assumption M = M(p) in connection to (10) leads to difficulties in mathematical analysis
in connection to two possible extreme behaviours of the total mass density o: emergence of a
vacuum (o = 0) or blow-up (0 = —+oc). We are not able to overcome them directly. Though
the principal modelling principles based on (4) and (6) in fact completely fail if the total mass
density is lower/larger than some critical positive values, the analysis has to require an extension
of the constitutive relations (6a) also in extreme cases. Instead of M = M (p), we will therefore
investigate a model where the mobility matrix depends on a regularised mass density

M = fo(0) M(5™). (13)
Here, fy € C’O’l(RJF) is a globally Lipschitz continuous function bounded away from zero by
some positive constant io' The parameter dg > 0 is an arbitrarily small, but fixed number, and
the modified mass density vector [)50 € Rﬂ\r’ associated with p € Rﬁ is chosen to satisfy

N
P =p fordp < > pi < 6" (14)

i=1

co0) P < pi < ci(o)pfori=1,...,N. (15)

The functions cg, ¢; in (15) are positive, continuous functions defined on |0, +oc[. The model
(13) possesses the following properties:

M ltis, due to (14), identical with the original model M = M(p) in the range of admissible
total mass densities 5y < o < ;! (for appropriate choices of fo);

H It provides, in view of (15), the correct asymptotic of species vanishing for all 0 < p <
+00;

B Allows to overcome the analytical difficulties associated with the possible emergence of
a vacuum, or the blow-up of the mass density.



Assumptions on the remaining data For the analysis we assume F' € C(RRq ) N C?*(R™)
is convex. Moreover, we assume that there are % < a < 400 and constants 0 < ¢y, ¢ such
that

F(s) > cos*—c¢ foralls > 0. (16)

In the neighbourhood of zero, we assume that F'(s) behaves like s In s, more precisely we
assume that there is so > 0 and constants kg, k; > 0 such that

ko < F'(s) < b forall s € [0, so] - (17)
s s

It was show in the paper [DDGG16] that these assumptions are favourable. For the reaction
potential ¥, we assume that it is of class C?(R#), non-negative, that V¥ (0) = 0 and moreover
that

U(DR)
| DR|

— oo for | DR — o0o. (18)

The domain €2 C R? possesses a boundary of class C%!. In connection to the optimal regularity
of the solution to the Poisson equation with mixed-boundary conditions, we need to introduce a
further exponent (€2, I') as the largest number in the range [2, +oo| such that

—Au = fin W (Q)]" implies u € W27 (Q)
forall f € W27 (Q)]* and all 8 €], r[. (19)
We require that (see [DDGG16] for details)
’ «

o = <r
a—1 ’

whit v from (16). This of course might be a restriction only if & < 2. For the boundary data, we
assume that

P’ e L¥(2 (Ry)Y)

0 € L™(Q; R?)

B0 € L=(0,T; WH(Q)) N L>(]0, T[x)
Do € W10, T[xQ) N LY (]0, T[x9) .

2 Sub-mixtures

In this section we show that the assumption (4) on the free energy function h and the assumption
(10) for the mapping M allow at the formal level for a model consistent local reduction of the
number of constituents of the mixture. We define for (¢, x) € () the local dimension number

Ni(p(t, x)) = [{i € {1,..., N} = pilt, ) > 0}].

If N7 < N, a sub-mixture occurs locally in (). We then expect that the equations (1) and the
constitutive equations (6) possess natural extensions so that the sub-mixture is described by
the same modelling principles. In the remainder of the paper I C {1,..., N} always denote
an ordered index set, and I® := {1,... , N} \ I.



Proposition 2.1. Assume (10) for a given index set I5;. Then, the model for a mixture of N
species based on the equations (1) and the constitutive relations (6) allows (formally) for the
consistent occurrence of every sub-mixture associated with an index set I = {iy,... iy, } 2
I3 Then, by definition p; > 0 fori € I and p; = 0 fori € I°. We define ol = (piy, - .  Pin,)
and further

W0, p") = Wi+ KFQO Ving) + kg0 Y ni > yi Iny,, (21)
iel iel iel el

and p! := V ,1h! (0, p'). Then there are:

—1 —1
(1) A continuous mapping M from Rfl into Ré\j,}nﬁv Usuchthat M 1M =0 on ]Rivl ;

(2) Anumbers’ € NU {0}, s’ <'s;

(3) Vectors "1, ... 41" € RN satistying )" = 0 fori € I° and the conditions

Lk Ik i
v, =0, g 72-’#:Ofork::1,...,sl;
i€l iel ¢

(4) A convex, non negative potential U’ defined on R*" such that VU (0) = 0

such that the constitutive relations (6) allow for the following natural extensions:

1

) _ , , 4 1 2

J= =SV D priel, D’ ::v(-’éﬂ) +5—:;jv¢ forj el
jel

I

T = —Z@k\IfI(D{’H, . .,Di}ﬁ) Y forie 1 DM =~1k itork=1,... s

k=1
= —hl 6 f)I —+ E i P = E —i 0;
p ( ’ ) » m;

i€l iel "
The remainder of the section is devoted to the formal proof of this result. At first it is obvious that
if p; tends to zero for i € I°, then h(6, p) converges to h'(6, p'), and yi;, tendsto V1 h'(p")
ke

fork = 1,..., N;. Since we can verify that p; ji; tends to zero for i € I°, the pressure p tends
top’ == —hl + 3. pi i

Second, the theory of mixtures in [DGM13] requires the existence of a mobility matrix M’ €
RN %Nt gupject to the constraint A/ 1N = 0 such that the diffusion fluxes obey

sym,—+
-1 Zje[ Mz{j <V,Uj + ;—JJ qu) fort €1
0 fort € I°

Under (10), we simply call MI(,O) € RY1*M the sub-block associated with cancelling in M (p)

the raws and columns of indices in /€. Then, we can verify that

rank M = Ny —1, MM =0,



For the chemical reactions, the situation is more complex. We start with some elementary alge-
braic considerations. If I = {i1,...,in, } C {1,..., N} is an ordered index set of cardinality
Ny, we introduce for X € RY the vector P;(X) € RY such that (P(X)); = X, forj € I
and (P(X)); =0forj € I°.

Letv!,...,~* be the vectors associated with the reactions. We introduce
V =V = span{Pr(7),..., Pr(v%)}
d=d" :=dimV < min{|I°|, s}.
For notational simplicity, we will assume that the d first vectors Pre(y1), ..., Pr(v?) are lin-

early independent. If the number of reactions s is strictly larger than d, then we can moreover
introduce coefficients {A}},;—1..s—d, ¢=1,.. a4 such that

d
Pre(y*9) =Y " AjPre(v"). (22)
=1
Fork =1,...,s — d we now define a reduced vector

d
LN ZA§ ’YZ-
=1

We verify easily that Prc(y!*) = 0. Since moreover v!'* belongs to the span of v, ..., ~%,

the properties of these vectors imply that
z
AR AN =0, AR S =0frk=1,...,s—d.
m

so that the vectors v/°1, . . .. v/*=¢ vectors can be identified again as describing admissible re-
actions for the mixture associated with the indices in I. In order to finish the proof of Proposition
2.1 concerning the reactions, we now need to quote an auxiliary Lemma. The proof is entirely
algebraic and we give it in the Appendix.

Lemma 2.2. Let [ = {iy,...,in,} C {1,...,N} be an ordered index set of cardinality
1 < Ny, < N. Denoted' = dim V!, and s’ .= s — d’.

Then, there are:

W A function U7 cC! (R*" x RY), (Y, w) — W(Y, w) such that for allw € R the
mapping Y — W (Y, w) is of class C*(R*"), strictly convex, and achieves its minimum
at zero;

B A mappingr® : RY — span{y"*},_, . of class C'(R?") with°(0) = 0;

such that the algebraic equations — Y .y _, O W (v - g, ...,y ) v* = r are valid for n € RY
andr € span{vy',...,v*} ifand only if

st dl
r=—> U s )Y R (),
k=1 j=1
where 71, ..., T4 are the coordinates of Pre(r) in V! (in the basis { Pre(v*) }j=1..._a1)-

8



Assuming for now the validity of Lemma 2.2, we consider the sub-mixture such that p; = 0 for
¢t € I°in a point of (). Then, the function p; has a global minimum in this point such that also
the derivatives satisfy 9,p; = 0 = 0,.p;. Then, the Pdes (1) formally yield

i = Oup; + pi diivW' + W' Vp; = 0fori € I° (23)
Wh=v+J"/pifori=1,...,N.

Thus the coordinates 71, . . ., 74 of r in V! are trivial. For Y € R*', we define ¥!(Y) :=
~ I

W1(Y, 0), and the Lemma 2.2 yields (at the formal level) 7 = — Y25 _ 9, Wl (y01op, ... 4%
) v1*. This finishes the proof of the Proposition 2.1.

3 The concept of solution

As in the paper [DDGG16], the analytical apparatus requires a relaxation of the concept of
solution in order to deal with 1) the fact that the mobility matrix has not full rank and 2) the
possible occurrence of vacuum. In this paper we must in addition relax the formal model set
up in the section 2 concerning sub-mixtures, because the non-linearity of the reaction rates
introduces effects that are not captured by the formal reduction of section 2.

We at first introduce a notation. Let I = {i1,...,4;} C {1,..., N} be an ordered index set
of cardinality |/|. Then we define

QU :={(t,2)€Q : pi(t,z) >0Viec I, pi(t,z)=0VieclI} (24)

For two different index sets 17, I we have \y(Q* N Q%) = 0. Due to the problem of occur-
rence of a possible vacuum described in [DDGG16], we can expect to meaningfully introduce
the variable ¢ only on the set

Q" (o) :=A{(t, x) € Q : o(t, ) > 0}.

We next introduce the main concepts needed to describe the solution class: relative chemical
potentials, representation of diffusion and reaction phenomena.

3.1 Relative chemical potentials

For a mixture of IV constituents, we used in the paper [DDGG16] the variables [Ty € RN
and called the components of this vector relative chemical potentials’. Here IT : RY — R¥—!
is a linear reduction operator defined by means of an arbitrary, but fixed basis {771, e ,nN‘l}
of the plane

N
(AN ={X eRY : 1V X => "X, =0}
i=1

via Ty := (p-nt, ..., -7V 71). In the case that the mixture is allowed to reduce locally its
index IV, this procedure has no natural extension. Nevertheless there is a way to meaningfully



introduce relative chemical potentials: We define for ;1 € RY

q:ﬂ—j:nilaxN,uj 1. (25)

20ty

We immediately see that ¢; < Ofori = 1,..., N. Moreover there is ¢ such that g; = 0. Thus
the natural domain of the variable g is the N — 1 dimensional hypersurface OR".

If only N7 < N species, corresponding to an index set I of indices, are available on a subset
Q!, then p, = —oo for all k € I°. Thus, ¢; = j1; — max;—i,. N[ = [ — MaXjer i, for
1 € I. Inthis way, the finite relative chemical potentials are nothing else but the relative chemical
potentials of the smaller mixture, and we see that this concept is robust under the reduction of
the number of species. Now, a solution to the system of diffusion—reaction equations (1) by
given barycentric velocity and electric fields consists of

M A scalar function o : ) — R (total mass density);

B A vector field ¢ : @ — ORY (relative chemical potentials).

The state-variables pq, ..., pny are recovered from the total mass density and the (relative)
chemical potentials using a similar strategy as in the paper [DDGG16].

Proposition 3.1. Assume the free energy function h satisfies the ansatz (4), and that the func-
tion I belongs to C%*(R,)NC (R +), is convex and possesses a surjective first derivative F".
Then there are mappings:

B ./ € C(R, x ORY) N CL(R, x IRY)

such that the non-linear algebraic equations ;1 = V ,h(p) are valid for pi € RY and p € ]Rf if
and only if there are p € R, and g € ORY such that

p=2%0 q), p-1"=candp— max p;1% =g, max ;=4 (e q).

=1,.,N i=1,...,

We prove Proposition 3.1 in the section 4 devoted to preliminary results below. As a fundamental
peculiarity of the present problem, the chemical potentials might assume infinite values. Indeed
it is obvious to verify that ¢; = —oo for all ¢ such that p; = 0. We will therefore need the
following complement to Proposition 3.1:

Lemma 3.2. The mappings %, .# possess natural extensions
B Zc CRy x 0RY; RY)NCJ(Ry x ORY; RY);
B ./ cCRy xIRY)NC),(Ry x ORY).

This means that for every ordered index set I = {iy,...,in,} C {1,..., N} of cardinality
1 < N; < N, there are

10



B %€ C(Ryp x ORM; RM) N CL(R, x 9RY; RM);
B /" e C(Ry x ORM) N CL(Ry x ORM)

such that if {q" } ,en C ORY is a sequence satisfying

dg; = lim ¢ fori € I, limsupgq] = —oo fori € I°,
n—00 n—o00
then #(0, ") — #'(0, ¢') and A (0, ¢") — A" (0, ¢"), with ¢" = (¢iy, -, Giy, )-
Moreover for the function h' from (21) the non-linear algebraic equations 11’ = V ,ih' (p") are
valid for i’ € RN and p! € RY" if and only if there are o € R, and q' € OR™" such that

ol =%"0,q), p 1M =p

- PN =g’ max i =.4"(0.q).

This statement is proved in the algebraic section 4 as well.

3.2 Diffusion fluxes and diffusion entropy production

Due to the fact that the chemical potentials are allowed to assume infinite values, we must in
comparison to [DDGG16] change our approach on diffusion phenomena. Basically the vector J
of diffusion fluxes is incorporated to the solution vector.

In order to obtain a global representation of the fluxes J that is making the connection to the
chemical potentials, we exploit a new (weighted) estimate that shows that the so-called nor-
malised mass densities p™™ = Z¢(1, q) are bounded in the class W, (Q; RY). Here %
denotes the mapping mentioned in the Proposition 3.1 and the Lemma 3.2. Making use of the
identity ¢ = Vh(p™™) — max;—1__n V;h(p™™) 1V, we obtain the equivalent representation

'''''

N
Z Mi,j Vq] = Z Z MJ k’h norm) V«%}Al, Q) . (26)
j=1

k=1

-

=D; k

We call the newly introduced matrix D := M D?h(p™™) a diffusion matrix.

The natural energy identity for the problem (1), (2), (3) has been derived in [DDGG16], Definition
4.2. In comparison to this paper, we also use another representation of the entropy production
due to diffusion. In the case that the rank of the mobility matrix M is N — 1 we have

N
&pi=Y J-D'=MD-D=M"J-J




Here, A1 (M), ..., Ax_1(M) denote the positive eigenvalues of M. The corresponding eigen-
vectors are denoted (M), ..., eN"1(M). Assume now that the mixture can locally reduce
its index. If the eigenvalues of M are ordered in such a way that A; (M) > ... > Ay_1(M),
then we obtain a natural representation of the entropy production due to diffusion via

Na(t,x)—1 1
— M- J)?=M1‘tJ-J.

Here N is the number defined via Na(, =) := [I5;| + [{i € I7 : pi > O}].

3.3 Representation of the reactions

The representation of the reaction term for weak solutions is affected by the fact that in approx-
imating schemes, we do not obtain the strong, or pointwise convergence of the components
of relative chemical potentials that tend to —oco. Thus, the reaction driving forces ~* - ¢ might
oscillate. On the other hand, the relationship between production rate and driving forces is given
by —R = VW(DR) and is in general non-linear. Thus we see that, in general, weak limits of
production rates and driving forces do not satisfy the latter identity. In fact, a weak limit of the
vector DR cannot even be called a driving force for the reactions, since its vanishing does not
imply R = 0 any more.

We introduce the vector field R of the reaction rates, assuming values in R?, as a new variable in
the solution vector. In this way, the reaction term associated with the weak solution has globally
arepresentationr; = Y ;| RgyFfori=1,..., N.

The weak limit of the reaction driving force still contributes to entropy. On a set Q' of the struc-
ture (24), we can split the driving force D as

Di =+%-q=7"Pi(q) ++* Pr(q).

Since P;(q) is finite on Q! and since DR satisfies a bound in the Orlicz class Ly due to the
energy identity, the component " - Prc(q) remains finite even if ¢; — —oo fori € I°. Introduce
a linear space V! := span{P;c(7!), ..., Prc(7*)}. Due to the latter consideration, we obtain
that the projection of Py<(g) in V! is bounded in L!(QF). Thus, a weak limit of v* - ¢ can be
described as

7* - (Pr(q) + X?) for acertain X' € V.
Recall that for the reaction entropy production £ we have the representation
&a=—-R-DF =U(D") +U*(-R).
For the weak solution, we obtain due to the previous considerations

GV (-R)+ > xg V(- (Pig)+X'),....7° - (Prlg) + X))
Ic{1,.,N}
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Thus, if we define

V(g = it Wy (Prla) + XD,y (Prle) + X)), (28)

we see that &g > U (—R) + 3, xor V(") =: U*(—R) + ¥(q).

We will make use the latter inequality as a relaxation of the entropy concept concerning the
reactions. Only in the case that R depends linearly on DR we also recover the representation
of Proposition 2.1 of the reaction density. In this case

- ZZI:I vk‘;[llcyLl g, ... 77178[ : Q) ’YZI’k fore € I
ri<t7 I) = .
fort € I¢

3.4 Weak solution

An essential property of solutions is the energy identity. In the context of weak solutions, it is
relaxed to a dissipation inequality.

Definition 3.3. We say that (o, q, v, ¢, J, R) satisfies the (global) energy (in)equality with
free energy function h and mobility matrix M if and only if the associated fields and variables
(6) satisfy for almost all t €]0, T'[

/Q{%QUQ%—%GO(l +x)|Vo|? +h(p)} (t)

+/ {S(w) : vu+M*1J'J+(‘i(q)+\P*(—R>>}

2 [{FalP+ a0 FaOF + 16"

+ {”F ot —€ (1+x)Vo- V¢0,t} )

- / (0" do — co (1 4+ X) V6 - Vo)
Q 0 Qt

Here U is defined via (28).

The estimates resulting from the energy identity and the assumptions on the data yield the
natural solution class for the problem. For the variables o, ¢ and v we introduce the conditions

0 € L™*(Qr; Ro ) (29)

€ W, 9(Qr; R?) (30)
Vov € L®?(Qr; R?) (31)
¢ € L¥(Qr), V¢ e L (Qr; R?), (32)

with the exponents o > 3/2 and (2, I") > 2 of the conditions (16) and (19), and with

8 := min {T(Q, I), @E—aaﬁ} .

13



Due to weighted regularity, the natural class for the variable ¢ is intricate. The relative chemical
potentials are a Lebesque measurable mapping ¢ : Q" (9) — IRY = {q € [—o0, 0]V :
¢; = 0 for at least one 7} such that

Z(1, q) € L(Q; RN ) N W5 (Q; RY). (33)

Here, we define f € )N(Q (X = L>®(Q) or X = W,°(Q)) via the condition

dg € X : g = f almost everywhere in Q" () (34)
I7lz, = _nf lgllx-

For the variables J, we have the regularity
J e LZ’%(Q; RN*3) 1V . J = 0 almost everywhere in (35)
and the weighted regularity
M'J-JeLl'YQ), (36)
with the definition (27). For the variable R we consider the conditions
—R € Ly-(Q; R?) . (37)

The natural class B also encodes an information concerning the conservation of global mass.
We additionally introduce the auxiliary variable

ﬁ:—/p—/%’(p, q), (38)
Q Q

and a function ®* € C(R, x R ) constructed from the function ¥ as in the paper [DDGG16].
We are now in the position to introduce the solution class.

Definition 3.4. Let (o, q, v, ¢, J, R) such that o satisfies (29), v satisfies (30), (31), ¢ satis-
fies (32), and q satisfies (33). We define a number

[(Qv q, v, ¢, J’ R)]B(T,Q,a,ﬁ,\l’) =
lellze@) + Ivllwpog) + IVevli=aemn + Iélle@ + IVolr=r@)

I e P

15 1
(@) min{1+a,§—a}(Q)

+ [Plogqom + 121 dllgoq) -

We say that (o, q, v, ¢, J, R) belongs to the class B = B(T, 0, o, M, V) if and only if
[(0, @, v, & J, R)lir,0. 0,31, w) iS finite.

We now give the definition of a weak solution.

14



Definition 3.5. We call weak solution to the Problem (P) a vector (o, q, v, ¢, J, R) €
B(T, Q, «, M, W) such that the energy inequality and the global mass identity of Definition
3.3 are valid and such that the quantities p := %(0, q) Xg+(s)» @nd r, p and n*' obeying the
definitions (6), satisfy the relations

_/Qp.@z;t—/Q(piv+Ji).v%:/gpo-@/)(o)Jr/QT'@/) (39)
_/ng.m_/QgU@U;vn—/deivn+/QS(vv):vn (40)

f— 00 _— F .
= [ n0) = [ "o
eo(l—l—x)/Vd)-VC—/nFC, ¢ = ¢y as traces on |0, T[xT". (41)
Q Q

forallyy € C2([0,T[; C* (4 RY)),n € CL([0,T[; CX(2; R?)) and¢ € L*(0,T; Wp*(Q2)).
Moreover, the following identities are valid: If I C {1, ..., N} is an ordered set of indices with
cardinality larger than one, then

i {zifl Dix VA1, @) + S0, Myj 22V forie

A
a.ein@,
0 fori € I°

with the matrix D defined in (26) and Q' as in (24).

3.5 Main result

Theorem 3.6. Let ) € C"'. Assume that the free energy function I satisfies (16) and (17)
and that the mobility matrix M is given by (13) with M satisfying (a), (b), (c) and the conditions
(10), (12) for a fixed index set I3z C {1,..., N} arbitrary. Let W € C?*(R®) be convex, and
satisfy VU (0) = 0 and (18). Assume that the initial data p° and v°, and the boundary datum
¢ satisfies (20). Assume moreover that one of the following conditions is valid:

(1) a > 2;
@
(3)

<a<2andr(Q, ) >d;

Nl ol©

<a<2,r(QT) > d andthe vectorsm € RY andV € RY are parallel.
Then, the problem ( P) possesses a weak solution in class B(T, Q, ., M, W).

For the case that the index set I3; is a strict subset of {1,..., N}, we have an additional
information for the species corresponding to the indices in I3, = {1,..., N} \ I3

Proposition 3.7. Assumptions of Theorem 3.6 with Icﬁ # (). Foralli € ]CM and all compact
sets K CC {t €]0,T[: pi(t) > 0}

il 2@+ (@nix =) < +0o0.
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In words, this statement means that at every time for which the total mass p; = fQ p; dx of
constituent ¢ &€ ]CM does not vanish, the domain 2 is decomposed into a set in which this
constituent is almost everywhere available and a set occupied by a complete vacuum. Thus,
in the physical regime (no vacuum), the constituents with index in ICM (for instance the solvent
Ay in the original model of [DGM13]) do not locally vanish as long as they are not entirely
consumed.

The remainder of the paper is devoted to the proof of these results. In the next section we set
up the preliminaries that allow to deal with the new condition (10).

4 Preliminaries

4.1 Relative chemical potentials, normalised mass densities

At first we introduce the mappings Z and .# associated with the equations it = V ,h(p).

It turns out convenient to introduce the relative chemical potentials in the following way: For
i=1,...,N,and u € RY, we define ¢; = p; — sup,_; . H;- Then the variable g takes
values in the ORY. Throughout the paper we employ the notations Ry . = R, U dR, and
R{, = RY U dRY. Moreover we abbreviate 1 := 17, and we denote 1+ := {X € RV :
X -1 =0}

Lemma 4.1. There are a function # € C(R, x ORY) and a vector field # € C(Ry . x
ORY; R, ) such that the equations (cp. (5))

1= Vh(p) (42)
are valid for i € RY and p € RY if and only if there are o € R and g € ORY such that

p=%0,q), p-1=0, p— sup wl=gq, sup ;=40 q)-.

i=1,....N i=1,...,.N

Moreover % establishes a bijection between R, x ORY and RY.

Proof. Assume that i = Vh(p) for some € RY and p € RY. Letig € {1,..., N} be arbi-

trary. We consider the basis {£1,..., &V} of RY given by {e!, ... elo~t elotl N 1}
Then the associated basis vectors ', ..., n™ suchthatn’ - & = §; ; fori,j =1, ..., N are
ek — elo fork=1,...,i9—1
=< ekt —¢io fork=ig,...,N—1.
eto fork=N

We apply the Corollaries 5.2, 5.3 of [DDGG16] and obtain that there are mappings #Z = %
and .4 = .#" € C'(R,, RN~1) such that the validity of (42) is equivalent with the existence
of apair (r, p) € R, , RV~! depending on iy such that

p=%"(r,p), r=p-1
p=(w-n' ™Y, i, =0 (r, ).

16



For the proof we must recall from the proof of Corollary 5.2 of [DDGG16] that the number
A (r, p) is defined as the unique solution to the implicitly equation

N—-1
r=1-Vh" (Zpk§k+//fi°(r, p)]l) . (43)
k=1
Here, h* is the Legendre-transform of the free energy function A which is a convex function of
class C? defined on the entire R™. Moreover, the vector field Z" is defined via Z(r, p) :=
Vh (S pen + (7, p) 1).

We now introduce the maps % and .# . At first we define these mappings on R, x (ORY),.
The surface (ORY), consists of the relative interiors of the planar faces of IRY . If ¢ € (ORY)
there is a unique iy € {1,..., N} such that ¢;, = 0. For s > 0 we then define

(03]

p = plio) = (q1, - Gip—15 Tig+1,-- -+ qN)

M(s, q) = M"(s,p), (s, q):=R"(s,p).
We easily see that these definitions at once yield continuous extensions of .#, % to ORY.
Indeed, if ¢ € ORY is such that there are i # i1, ¢;, = 0 = ¢;,, then

N

jmm i) = qie'=> qe'=> ge = ipk(il) 4 (in).

1#£ig =1 117
Call Il := Zg;l pi(io) €% (ig). Then, using the construction (43), we see that
1- VR (I + .4 (r, plio)) 1) =7 =1 - VA" (Il + 4" (r, p(ir)) 1),

and it follows first that .2 (r, p(ig)) = .#"(r, p(i1)), and second, making use of the def-
inition of Z% that Z (r, p(ig)) = %" (r, p(i1)). This shows that .# is of class C'(R, x
ORN). Moreover, Z is of class C'(R, x ORY; RY). Making use of the additional information
Zi(s, q) < 32N, pi = s, we obtain even via trivial extension that Z € C'(Ry ;. x ORY; RY).

At last, it remains to prove the bijective character of Z. Let p € Rf arbitrary. Then, we can
choose i such that V; h(p) = max;—1__n V;h(p), and since we know that Z" is a bijection
(see the Corollary 5.3 in [DDGG16]), there is p € RV~ such that p = Z(p - 1, p). We then
define

q = (pla"'7pio—l7 07 piov"'7pN)7

and by definition we obtain that p = Z(p - 1, q). This proves the surjectivity. In order to prove
the injectivity, assume that Z(s1, ¢') = Z(ss, ¢*) =: p. Then s, = SN Zi(s1, ¢") =
Zi]\ilc%(s% q?) = so. We call s; = s = sy. Further

VI (g + (s, q") 1) = (s, q') = Z(s, ¢*) = VI (¢* + A (s, ¢*) 1),
and since Vh* is invertible, it follows that
¢+ M (s, q" )L =q"+.M(s,¢) 1.
On the other hand, since .# (s', ¢') = max;_1__n V;h(p) = 4 (s*, ¢*) by construction, it
follows that .7 (s, q') = .# (s, ¢*) and finally that ¢! = ¢*. O
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Lemma 4.2. Define .# and X% as in the Lemma 4.1. Then there is a positive constant C' such
that for all ¢ € ORY

| (s, )] < C (14 max{s*!, s'}). (44)
The function .4 is of class C;W(R+ x ORYN) and its derivatives satisfy the inequalities

F/l
L < |05t (s, q)| < KFs)

c, 1/2
T < _K F//
= o Vs 0l < (GRS E)

The vector field % is of class C;W(RJr x ORY; RN) and its derivatives satisfy the inequalities

1/2
s, 0l < (GRS F0)) L Vs 0l < Crs.

Here Cy, C' are positive constants, and V7 is the tangential gradient on ORY . Moreover, for
ij=1,....,N

|05,2:(s, @)| < C min{p;, p;} if e/ is tangential to ORY .
Proof. Let (s, q) € Ry x ORY. We define p := (s, q) and pu := q + .# (s, q) 1. Since

A (s, q) = max;—y,_ N 4, We can resort to the representation (4) of the free energy function
to see for a certain i that

kg6

0 m’lo

Vi
M (s, Q)S%‘i‘mo KF(X.p)+ In y;, .

Thus, as y;, < 1,

Vi - - —
M (5, ) < cio + —E K [FTHp) <@ (14" S (14577,

20

Choose an index ¢; such that n;, = max;—;,__nn;. Theny; > 1/N and it follows that

In N

Vi, . kg6
%(87 Q)Z/Jilzcil_ KHF] (%P”_ >
mil mil

>—co(1+s7).

Thus, we can conclude that (44) is valid. Next we investigate the derivatives. The Corollaries
5.2 and 5.3 of [DDGG16] yield the representation
1 D2h*et - 1

OsM (s, 4) = pamg 05 0= g g

T D21 fortr=1,...,N. (45)

Here, h* is the Legendre-transform of the free energy function h. In (45), it is evaluated at the
point u = Vh(p).
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Owing to the Lemma 5.7 of [DDGG16], we can rely uniformly on ]Rf on the estimates

|D?;h*(Vh(p))| < C1 min{p;, p;} < Cis

2,

1
D*h*(Vh(p)) 11> Cyp——

K F"(s)
Therefore it follows that

1 K F"(s)

— <0, Lq) < ———=

a5 = M (s, q) < Ce

DQh’f 1/2 Cl 1/2

K, < | = <|=—KsF" .
s 0l < (prgy) < (Sxsr6)

Next we compute from (43) that the tangential derivatives on the planar face F;, are given by

D?h*el -1 . .
0y, (s, q) = —mfow c{l,...,N}\ {io}
.. D?h*ed -1 D?h*et - 1
. M21* % y )
04, %i(s, q) = D*h*e’ - e — Dl 1 forje{l,....,N}\{io} (46)

We obtain the estimates

c ) 1/2
|Vg///(s, q)| < (al)KsF (8)> , |V;9‘?(s, Q| <Cis.

Here V7 is the tangential gradient on (ORY),. We also obtain that
|05,2%:(s, @)| < C min{p;, p;} for ¢’ tangential to ORY .
O
Next we show a compactification property of the functions % and .# which is necessary to
deal with chemical potentials of infinite value. We introduce the following way of speaking:

Remark 4.3. We say that a sequence {q" },en C ORY converges in ORY if there exist k €
{1,...,N} and an ordered set I = {iy,...,i;} C {1,..., N} such that

3 lim ¢ € Ry foralli € 1
n—oo

limsupgq;' = —oo foralli € {1,... ,N}\ I.

n—o0
We call ¢* := (lim,,_,oo q, .- limy e gt ) € IR the ’limit element’ of {q" } nen-

Lemmad4.4. Letl < k < NandI = {iy,...,ix} C {1,..., N} be an ordered index set.
Then, there are a function .#" € C(Ry x OR¥) N Cj,(Ry. x OR" ) as well as a functions
Ry ... R € C(Roy x ORE) N Cp(Ry x IRY) with values in Ro, with the following

property: If ¢* — ¢’ in ORY (sense of Remark 4.3), then for s > 0 arbitrary

M (s, q") = M (s, q"), R(s, q") = R (s, q"),
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and moreover

sl (5, ") — Ol (s, q")

0uR (s, ") — 0% (s, q")

Oy, A (s, q")%aqu,//ﬂ(s, ¢forj=1,...,k
A(s, q")

i
Oy X(s, ¢" —>8q]g¢931(s, ¢ )forj=1,... .k

3

s, q"

Proof. Preliminary consideration: We consider a sequence {(p", u")}nen C RY x RY
connected via f1, = Vh(p"). We assume that there exists lim,, . p"” € R{’, and that
p"-1 — s> 0.Fori € {1,..., N} arbitrary, it then obviously follows that p}* — 0 if and only
if it — —o0. We define

J:={je{l,...,N} : lim pj >0} |J|:= cardinality of .J..
n—oo

Then, there is an ordered representation J = {ji, ..., jjs }, and we easily show that h(p") —
h (s, - - -5 Py, ), with b’ given by the formula (21) (with I := .J). Thus the conjugate function
satisfies

N
W) = et = h(p") =Y i — b (g piy)
=1

jeJ
= (hJ)*(/ujN R an\J\)) (47)
Vi b (u") = pf, —pj, = V(b)) (g, - - - s Hg,) for =1, | J].

Here (h”)* is the Legendre transform of the function A7 in R/

Consider a sequence {¢"} € ORY converging to ¢’ in the sense of Remark 4.3. We define
corresponding p™ := ¢" + . (s, ¢"),and p" := Vh*(u") = Z(s, ¢").

At first we have to show that there is a function .#! defined in R, x OR* suchthat.Z (s, ¢") —
M (s, q"). We define .#' := x as the unique solution to the implicit equation

s=Y Vi) (¢" +21).

Indeed, from the construction of the implicit function .# in (43), we know that
s=1-Vh*(¢"+ 4 (s,q")1).

Since | (s, q™)| < C(s) (see the inequality (44)), we can extract from every subsequence a
sub-subsequence, say n;, such that .# (s, ¢"7) — & € Ras j — oo. For this sequence, the
criterion (47) yields

s=Y_ Vih')(¢" +31).

(=1

20



Thus, it follows that lim,, . .# (s, q") exists and is equal to the implicit function .# (s, ¢").
Next we observe that Z (s, ¢") = Vh*(q" + .# (s, q") 1) satisfies

X, (s, q") — 9?][(5, q") = V(B (" + A (s, ¢ ) 1) forj=1,... Kk,

With the convergence of & at hand, the convergence of the derivatives follows from the repre-
sentation formula (45), (46). O

Remark 4.5. Making use of the Lemma 4.2, we see that % and its derivatives admit a continu-
ous extension on ORY in a very precise sense. We from now on write shortly

Z € (CnN (J,;W)(]RJr x ORY; Rf)
as an abbreviation for the convergence properties stated in Lemma 4.4.

Next we investigate the curves s — (s, q). We introduce to this aim the mass fraction

mapping X (s, q) = @ which is obviously well-defined from R, x ORY into the set

RY, ={X eRY; ¥V, X, =1}.

Lemma 4.6. There is a constant C' = C(0, K, V, m) > 0 such that for all ¢ € ORY and all
0<s; <89 < +00

1 —
K(s2, q) < RH(s1, q) (max{1, s — D k(s1, ),
1
1+C ifSQ < 1
51’ S9) 1+C ! —max{sy,1}*71) otherwise

and moreover

R(s2, q) > R(s1, q) (min{1, s})¢ k(s1, s2)

{320 ifsy < 1

K(s1, 82) 3= 4 " e (ot maxgs 1)0-) otherwise

Proof. We fix ¢ € O(RY),. Throughout the proof Z(s) := % (s, q). Due to Lemma 4.1, there
holds

D?*h*et 1 Ri(s)
0,:(5) = Tyt (VH(A(s) = Z (14 61(s))
%(s)1 R(s)-V
m; — —— Vi — (m-%(s) — —=
o(s) = anZ G0 B
s s ——%(s) RH(s)V
+ 2 | m- R(s) + —= -2
K F/(@#() 0) (R(s) a2 Fe ( Bt o L %(s)-%)
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Fors€R+,X6]Rfj+andi:1,...,N,Wedefine

vi(s, X) :=~(s, X; 6, K, V, m)

1 " x.

~ ksd 1 1 Yx XV
2 x 4+ m _gx
K F/(sX-) s Xoo (Xo) T (MY (Z.X)? x. <

m

Making use of the latter abbreviation, we equivalently express the latter relation via
0:%i(s) = Xi(s) (1 + (s, X(s)))) - (48)
We recall that cg < F”(t)t < ¢; max{1, t}* ' forallt € R,. Moreover,fori = 1,..., N

we can introduce A; = (m; X;)/? and B; := (5 - X)~' V; (5£)"/? and see that

V2
F'X X'V 2
m - X + -X)2_2X-%:|A_B| >0.

Thus, we easily show that |;(s, X)| < C(0, K, V, m) max{1, s*"'}. Owing to (48), it now
follows that

max{1, s*~'}

OsInZ;(s) < (1+C)

max{1, s* '}

S

8, In Z;(s) > —C
The claim follows easily. O

For p € RY, there is ¢ € ORY such that p = Z(p - 1, q) (Lemma 4.1). We define the
normalisation p"™ of p via

P =21, q) .

N norm

Making use of the properties of %, we show that Zi:1 P;
Lemma 4.6 we find that

= 1. Moreover, applying the

C pr_mrm 1 l+C .
(0 1)° < £ < () fp 1<
14C (1) norm C_(pq)o- .
e~ act (P 2 PP o S5 (P DT ierwise

4.2 Preliminary properties associated with the mobility matrix

In this section, we consider a mapping M € C* (R, ; R *T) such that the properties

sym,—+
M(p)1 = (49)
M;j(p) < Cp; fori,j € Iyy C{1,...,N} (50)
rank M (p) = |I<| + |{i € I3 : p; > 0} — 1. (51)
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are satisfied uniformly. Here I5; is an ordered index set fixed by the model. We moreover as-
sume linear growth of M so that the norm || M || is in fact a global Lipschitz constant. We
commence with two technical lemmas.

Lemma 4.7. Let M € C*(RY,; Ry, %Y) satisfies the conditions (49), (50) and (51). Assume

moreover that there is a constant ¢, > 0 such that for all p € Ry, \ {0}
Dy My 1(p) > co forallk € Iz . (52)

Denote \i(p) > ...,> An(p) = O the ordered eigenvalues of M(p). For p € RY,
let {i1,...,in} be a permutation depending on p of the index set {1,..., N} such that
{ir, ... ip} = IZ- and such that p;, ., > pi,., > ... > piy. Then there are \ > 0 and

a constant c; > 0 depending on cy, || M ||c1 and on N such that for all p € RY

Aj(p) > e min{l, p;,, }forj=p,...,N —1.

Proof. We abbreviate p := [I$;| > 0. Due to (51), the rank of M(p) is at least p — 1 on

R, so that the eigenvalues A1(p), . .., A,_1(p) are strictly positive on R, . Thus, since M
is continuous, A,_; achieves a strictly positive minimum on Ré\f+, which we denote \.

The remainder of the proof is devoted to the second inequality. We introduce the planar faces
of ORY via F; := {p € Ry, : p; =0} fori =1,..., N. Consider a vector / in the relative
interior F, , of Fj,, jo € Iz;. This means that jj is exactly the one index such that p;, = 0.

Then, owing to (50), the matrix M(ﬁ) has a trivial eigenvalue associated with the eigenvector
elo.

Consider next p € RY, and let £'(p), ..., £N"1(p), 1/v/N be any system of orthonormal
eigenvectors of M(p) If p approaches some element pin F;, , the second smallest eigenvalue
Anv_1(p) tends to zero. The limiting eigenvector £ ~1(p) satisfies £V ~1(p) € span{e’, 1},
and since V1. 1 = 0 it follows that

1
2(1—1/v/N)

&N (p) = (e - %) sa et

Thus as p — p we have the convergence
Avaa(p) =0, €Y7 Hp) —ae® + 51 (53)

On the other hand, exploiting the orthonormalty of {{*};—1__ y we obtainforallé, j = 1,..., N
and p € RY the formula

0p\i(p) = (9, M)(p) €' (p) - € (p) -
Forp — p € Fj,0oand j = N — 1, we obtain from (53) and (49), (52) that

a”jo AN_l(ﬁ) = CYQ (anOMJ'OJD)(ﬁ) > Cp -
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Thus, since M is of class C, there is a neighbourhood U of the hyper-surface Uielﬁ}} in
RY such that Ay_1(p) > ¢ minser_ p; = Co piy therein. Recall that in RY \ U we must

have rank M (p) = N — 1. Thus
Anv_1(p) > min{ inf Ay_q, inf Ay_q}
RN\U U
> ¢; min{l, p;, }.
The procedure can be iterated. In the next step we consider the matrix M(p) on a planar face
of ORY, say Fj,. jo € Iy;. Denote M"(p) the (N — 1) x (N — 1) matrix associated with
cancelling the row and column with index j in M (p). The relative boundary of F;, is composed

of the (IV — 2)—dimensional manifolds C; = {p € F;, : pi =0}, 1€ {1, ..., N} \ {Jjo}-
The relative interior C; , is the subset of C; such that p; = 0 for exactly the index i.

Just as before, we can show for each part le,o of 8.7-"]-0 such that j; € I5; that
0jy Aint (M (p)) = (9, M}, ,)(p) = co onCj -

Thus, 0;, An—2(p) > ¢y on Cj, ,, and there is a neighbourhood of the set |
the face Fj, such that Ax_a(p) > ¢y pj, = Co piy_,- Thus for all jo € I3;

J1€I57, 17Jo Cj in
)‘N—2(p) > min{l, piN71} on 'Fjo

For p € RY, it follows that

An—2(p) = An=2(p1; - Pin=1, 0, Piy+1,---, PN) — | M| Pin
= min{L piN—1} - HMHCl Piy -

Thus, for the case that p;,, < ¢1/(2||M||c1) min{1, p;,_, }, we obtain that
c1 .
>‘N—2<p) > 5 mln{la piN—l} .
Otherwise p;,, > ¢1/(2||M||c1) min{1, p;,_,} and it follows that

/\N*2(p> > )‘Nfl(p) >0 Hlil’l{l, piN} > G min{la piN—l} :

Overall Ay _2(p) > ¢ min{1, p;,_, }. We spare the reader with the details of the continuation
of this rather tedious procedure. O

Lemma 4.8. Let M € C'(R) ; R} ") satisfy the conditions (49) and (50). For p € RY, let
{i1,...,in} be a permutation of the index set {1, ..., N} such that {iy, ...,i,} = I3 and
such that p;,., > pi,., > ... > piy. Then there is a constant ¢ > 0 depending on || M ||
such that for any system of orthonormal eigenvectors £*, ... & N of M (p) associated with the

ordered eigenvalues \; > ..., > Ay andforeveryk € {p+2,...,N}

dist(£"1, span{e™, ... ™ 1} N By) < cpi, -
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Proof. Letk € {p+2,...,N}.Supposethatp;, = ...=p;y, =0,whilep; ,...,p; , >
0. Then, the assumption (50) implies that e+, . . ., ', 1 are eigenvectors of M(p) associated
with a trivial eigenvalue. These eigenvalues are precisely Ay, . .., Ar_1. Thus, the correspond-
ing eigenvectors £V ... £¥~1 have to span the linear space span{e®, ..., e'N, 1},

Forp € Rf we can use the Lipschitz property of M to see that
€9(p) = E(pryeevs 0,000 .py)| < Cyppy, forallj,
1k ,---,t Nthcomponents
Thus, as €1 € span{e™*, ... e"¥, 1} N By whenever p;, = 0, we obtain that
dist(¢¥71(p), span{e®™, ... e 1} N By) < Cy7 pi, -
O

After establishing these two technical points we now turn to the properties actually of interest to
us in order to obtain estimates on the chemical potentials.

Lemma 4.9. Letb € L>®(R{,; 1*) be a vector field such that b;(p) < ¢, p; fori = 1,..., N
and all p in RY,. Forr € RY, denote {i1(r),...,in(r)} a permutation of the index set
{1,...,N} asin Lemma 4.7. For all r, p € RY, the system of equations M (r) X = b(p)
possesses a unique solution X = X (r, p) € 1+ such that

Vi Pi
| X| < C(N, M)y Z;+|P|
ich; *

Proof. Consider the system of equations M (1) X = b(p). Then, the unique solution X € 1+
is given by X = ZN LYo 5 (T £'(r). We now apply the Lemma 4.8, and we obtain for k& =
p+2,...,Nthe eX|stence of vectors a¥, c® € RYN such that

)y =av+ ¢, d¥ espan{e*, ... e 1IN By, |F| <ery, .
Note that since ¢ = £"~1(r) —a”, it follows that |c*| < 2, and therefore |c*| < ¢ min{1,r;, }.

Clearly, since b - 1 = 0, it follows that
N

> b(p)

N
< & E Pi;
Jj=k Jj=k

|b(p) < ck| < caeplp| min{l, r; }.

[b(p) - a*| < |a*]

Thus [b(p) - €1(r)| < ¢ (Z;V:k pi; + c|p| min{1, nk}> Making use of the Lemma 4.7,
Ai—1(r) > ¢; min{1, r; }. Thus

Z gk | Z 5’“ 1< )
1X| < +
)\k 1( Rt >\k 1(
N
< -1 )
A |pl+a Z mln{mk, 1 & ZPzJ
k=p+2
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Next we observe by the definition of 7,1, ..., 7y that

N
Pi
1 < C -
Z mm{’rlk, 1} & Zp] - Z me{r 1} = ol =+ Z i
k=p+ k=p+2 j=k i€lzr
The claim follows. O

Corollary 4.10. Letb € L>(R{',; 1) be a vector field such that b;(p) < ¢, p; fori =
1,...,Nandallpin Raﬂr. Letq € ORY and0 < s, t < +00. Then, the system of equations

M(%(s, q)) X = b(Z(t, q)) possesses a unique solution X € 1+ such that
Ce, (max{l, sT'V+Ck(s, t)+1) ifs<t
- { s (max{1, s PHCR(s, 1) +1)

1 .
Ca (WH ifs >t

where k(-, -), k(-, -) are the functions defined in the Lemma 4.6.

Proof. In the statement of Lemma 4.9, we choose r = Z(s, q) and p = Z(t, q). We apply
the estimates of Lemma 4.6 and the claim follows. O

Corollary 4.11. Let p € RY such that Zfil pi > 00> 0. Letky € {1,..., N} be an index
such that p,, = max;—_.n p;. Then, for all i € I¢ the equations M(p) X = e' — *
possess a unique solution X* € (1V)+ such that | X*| < ¢(dp).

)

Proof. The unique solution to M (p) X = e’ —
(=) E(p)
Ai(p)

Due to the Lemma 4.8, there are for j = p + 2, ..., N vectors a’, ¢/ € R" such that

g p)=d +, o espan{e’,... eV 13N By, | <cpy.

ko is given by

& (p).

From the choice of # € IS, and of ip;1,...,in € Iy, we obtain that ¢’ - ¢ = 0 for j =
p+1,..., N.Moreover

Moreover, note that |¢/| = \59_1(;)) — a’/| < 2, and therefore |¢/| < ¢ min{1, p;,}, and
(e — €M) < ¢7| < e min{1, p;,}. Therefore

|(e — eko aJ| =
0 otherwise

{1 if ko € I3z and pr, < py;

(e =) - g71(p)] (¢ = eh) - &1 (p)]
A= Z -1(p) +j§2 Aj-1(p)
min{1, p;, } 1
= PR (DS )

J=p+2
< O (1 + xr (ko) min{1, Prot ).

It remains to observe that the definition of &, implies that py, > N1 ZzNﬂ pi > N716. O

J€{p+2,.. N}, piy 2 pkg
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5 The existence procedure

At first using the main existence Theorem 4.4 for the case of positive mobilities (cp. [DDGG16]),
we construct approximate solutions. We will prove existence for the model where the mobility
matrix is given by

M = fo(e) M(%(Ts,(0). 9))-

Here Tj,(0) := min{max{dy, o}, d;'} is a cut-off operator from below and above, while
fo is a globally Lipschitz continuous, strictly positive function on Ry . Moreover, we choose a
convex non-decreasing weight function w € C?(R) via the formula (148)-(150) of [DDGG16] in
order to regularise the free energy. Further specification is not necessary here.

Proposition 5.1. Forn € N, and ;i € RY define

q=p— Slume Z b () + — w(uz))
M = M (1) = fo(e) T (Tno(0), 0)) + % .

Assume that > 3. Then, there is a vector (", v", ¢"™) € B(T, 2, o, N, V) (see [DDGG16],
Definition 4.1) solving (P) = (P, in the sense of Definition 4.3 in [DDGG16].

Proof. We can apply the approximation/existence procedure of the section 11 in [DDGG16]
based on a Galerkin ‘discretisation’. Note that M™ is a function of p instead of p as in fact
required in this paper. But on the one hand, we easily show that the correct growth condition

folo) IM(T5,(0), @) < C(bo, fo) (L4 pl), p:=Z(0. q)

is satisfied. On the other hand, since M™ has full rank = N for all n € N, the estimate of
Lemma 8.19 in [DDGG16] guaranties that vacuum does not occur. Thus, pointwise conver-
gence of the chemical potentials p is equivalent with pointwise convergence of the partial mass
densities p, and the strategy of section 11 of [DDGG16] can be applied one to one. O

5.1 A priori estimates

Since the Definition 3.5 implies that an energy inequality is satisfied, we automatically obtain
the natural a priori estimates. We define (see [DDGG16] for details)

Ti= bt () + T (pf) fori=1,... N,
DR i=AF yfork=1,...,s

Jim = M (wy + 2 Vo,)

n
Pn = —i—%Zw ), nszp?%
‘ i=1



Proposition 5.2. Let 3 := min{r(Q2, I'), (33’#} > o/. Then

10" | Loowo(@) + [[v/0n 0" || Loo2(qsrsy < Co s
10" w10 rey < Co s

|Dnlloo (@) + |n | oo o,m wis )y < Co
1D Ly (0 mo) S Co

Z 1750 2 gy + [ B e i) < Co
Pn 12 1 S C
|| || b :

Vo, <Cy.
I, ¢ I« £ oy = 0

Proof. These are direct consequences of the energy inequality and of the Navier-Stokes equa-
tions (pressure bound). Compare to the Propositions 8.1, 8.2 and the Lemma 8.5 in [DDGG16].
O

The main difference to the paper [DDGG16]is that we do not possess a global control on Vg,
but only weighted estimates. Thus, the procedure described in the section 8.2 of [DDGG16] to
control the chemical potentials must be adapted.

Lemma 5.3. Letu € C'(Q, R, ). Then the shifted mass density vector ;" := Z(u, q")
satisfies HvﬁnHLQ(Q;RNX?’) < CO(HUHCQ(@))

Proof. Throughout this proof we forget about the indices n. We compute

N
Vpi =V&i(u, q) = %is(u, q) Vu + Z%’qu Vg, .

Jj=1
Making use of (46), we can resort to the representation
N-1 . .

, DQh*eZ -1 D?h*el - 1
v ~i - ‘%Z S 9 v Dzh* ‘ * V .
P , (U q) ;1: ( D2h*1 -1 > 4q;

ANV . Dhrel -1 Dhel -1
D?h*et . e .

We now call b;(p) := D?*h*e" - el — DQh*g’;ﬁ?’f@j'ﬂ at u := Vh(p). We obtain owing to

Lemma 4.2 that b;(p) < ¢, p; for j = 1,..., N. Moreover we obviously have b - 1 = 0. Let
s1 := Ts,(0). Invoking the Corollary 4.10, the system of equations

M(Z(s1, q)) X = b(p) = b(%(u, q)),
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possesses a unique solution X € 1+ such that | X| < O(||u|| <, ). Thus

N
Vpi = Ris(u, ) Vu=> M(%(s1, q)); Vaj - X
j=1

I
11

N
M, ) (Vi + 2 96) X = Vo S M )y 22 X
j 1

J

=

(%(sl,q))D-X—Vq§%~b.

Further, it follows that

IV — B, q) Vul <\/M(%(s1, ) D- D/ M (% (51, 4) X - X
+ 121Vl ey [Z(u, )]

The choice of our approximation mappings A" guaranties that M (% (s, q)) < L;l M™ inthe
sense of positive semi definite matrices. It follows that

Vi — Bislu, @) Vul < £V DD\ M(#(s1, 0)) X - X +C V6| Ju
< C(|lull (@) (VAT D~ D + V) .

We note that M D - D is the dissipation due to diffusion which is bounded in L'(Q). Finally
we observe that | % (u, q) Vu| < C |u|*z" |Vul, and the claim follows from the bounds of
Proposition 5.2. O

We also note a special estimate for associated with the index set ICM.

Lemma 5.4. Fori € Icﬁ and parameters €, > 0, define

T =t 0T o gt a) > ] 28}, |-]i= Ay

Then the sequence of functions ¢ (t, x) x gim (t) satisfies a uniform bound in L?(Q).

Proof. Define ko = ko(t, x) as an index such that %y, (s1, ¢) = sup;—, _n %k(s1, q). Here
and throughout this proof, we omit the n indices and we abbreviate s; := T5,(0). Due to the
Corollary 4.10, we can solve for all i € %, the equations M (Z(s1, ¢")) X = ¢’ — ¢, and
the solutions satisfy | X*| < ¢(dp). Thus

M(Z(s1,4") X - D =V(g —aqi) + (= — =) Vo.

msg Mg

It follows that

V(g — ai)| < 2121 V6] + /T @(s1, ¢) D - D /M (s1, q7)) X - X

= 212( V| +/M(#(s1, ) D+ D /(e = ) - X
<c(|Vo|+VvMD-D).
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Thus, V(¢ — aro)llz2@) < Co. Next recall that gr, = Vi h(#(s1, q)) — A (s1, q).
Since . (s1, q) < c1 (1 + s¢71) (Proof of Lemma 4.2), and since the choice of kq ensures
Hro (51, 0)/s1 2 N7

kg6
Qky = Cko +K%F/(% “K(s1, q)) + % g, — A (51, 9)
0

> —¢1(00) (1+ 771

Since moreover g, < 0, it follows that |gx,| < ¢ (do) (1 + s7') < ¢1(dp) and we conclude

that || gk, || o= (g) < Co. Next we make use of an inequality in the paper [DDGG16] (Lemma 8.7,
(191)). For €, 6 > 0 arbitrary and ¢ €]0, T'[ we obtain the alternative

lg: () = aro ()l 212y < C*(0) (IV(gi(t) = go (D)l 222) +€7)

Hz @ q(t,r) —qu(t,z) < e '} <dor{z : ¢(t,x) — qu(t,x) > —e 1} < 4.
We are going to precise this alternative. First, making use of the Sobolev embedding theorem
1:(£) = qro (D)l 220y < CNV(6i(8) — o ()| z2(0) + 14:(8) — o (D) |21 -
Thus, we obtain for ¢ €]0, T'| the new alternative

lg: (D)1l 2@y < (C*(6) + 1) (IV(gi(t) = o ()l 222) + €71 + llawo @)
or

Hz @ q(t,r) —qu(t,z) < e '} <dor{z : ¢(t,r) — qu(t,x) > —e 1} < 4.
Second, for ¢ appropriate, we have |{z : |qx, ()| > ¢ '}| = 0, therefore
Hr @ qi(t,r) — qu(t,2) > —e '} < 5= |{z : qs(t,z) > 2 '} <0.
Moreover, recalling the Lemma 8.8 of [DDGG16]
Ho @ q(t,r) > -2} <= [{z : pi(t, 2) > ¢/2}| < I+ Cpe”.
Thus we attain for ¢ €]0, T’ the new alternative
12 ()l 22y < (C*(0) + 1) ([V(ai(t) — o (1))l L2(@) + €71) + llamollz=(@)

or
Hx @ pit, x) > €/2} <0+ Che”.

5.2 Extraction of weakly convergent subsequences

The extraction of weakly convergent subsequences has been extensively described in the sec-
tion 9 of [DDGG16]. Exploiting informations on distributional time-derivatives of p, o v and ¢, it
is possible to identify the weak limits of the products o v and p v ® v and to obtain the compact-
ness of V¢. Since we have no new conceptual input, we quote without further comments the
following Lemma.
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Lemma 5.5. It is possible to extract a subsequence such that
p" — pweakly in L*(Q; RY), p"(t) — p(t) weakly in L*($; R™) fora. a.t € [0,T)
J" — J weakly in LZ%(Q; RN *3)
R™ — R weakly in L*(Q; R®)
V" — v weakly in W,°(Q; R?)

. ltmin{s, 2oL
Dn — p weakly in L a’3”a’(Q)

¢n — @ strongly in W;’O(Q)
Z . "V, = Z - pVe weakly in L' (Q; R?)

0 V" @ V" — 00 ® v weakly in L 5e (Q; R¥)
0, (V™ —v) — 0 strongly in L*(Q; R?).

Note that Lemma 5.5 guaranties the passage to the limit in the distributional relations (39), (40),
(41). All the problem is to prove the connection relation between p and p and to introduce limit
chemical potentials in order to connect .J and R with the driving forces.

6 Compactness

6.1 Compactness of the total mass density

The first task is to prove the compactness of the sequence of total mass densities { 0" } ,en. The
core of the method is the Lions-technique described extensively in the section 10 of [DDGG16],
which relies on the estimates of Proposition 5.2, the (weak) compactness statements of Lemma
5.5 and the structural properties of the Navier-Stokes system. In fact, we need only to derive
one single property of the pressure function which will turn out sufficient in order that the Lions
machinery of section 10 the paper [DDGG16] applies. The pressure function P : R, x ORY
is defined via P(s, q) := h*(q + .# (s, q) 1). Itis elementary to show using (6e) that

P(s,q) = (—F+idF')(X-%(s, q))forall (s, ¢) € Ry x IR . (54)
The derivatives of the pressure function are given by the expressions

S
0Pl 0) = P 1

D?h*1 - el

Oq, P(s, a) = Z;(s, q) — s el 1

where h* is evaluated at n = g + .# (s, q) 1 = Vh(Z(s, q)). Owing to the Lemma 4.2, this
implies the inequalities

1 K
< < "
o < 0sP(s, q) < C. F"(s) s (55)

10, P(s, )| < CZ;(s, q) (1+ K F"(s) s).

if ¢/ is tangent to ORY .

31



From our approximation scheme of Proposition 5.1, we obtain that
pn = Plon, ¢").
We shall make use of the Lemma 4.9 in order to obtain a control on modified pressure gradients.
Lemma 6.1. Let P be the pressure function of (54). Letu € C’l(@; Ro ).
Then ||V P(u, ¢")| r2(q) < Co(u).

Proof. We make use of the representation P(u, ¢") = (—F + Id F')(X - Z(u, ¢")). Thus
%
VP(u, ¢") = (dF") (X - Z(u, ¢")) o V% (u, q") .

On the one hand (Id F") (7 - Z(u, ¢")) < (Id F")(| ] |2 (u, ¢")]) < C [[u]|5= ) On the
other hand, we apply the Lemma 5.3 in order to control V.Z (u, ¢™). O

With this statement we can establish the uniform-in-time compactness of the sequence {o"}
as long as a > 3. We follow the lines of section 10 in [DDGG16)]. For k € N, and s € R, we
denote Ty (s) := min{s, k}, and we extract a diagonal subsequence such that

T (0n) — aj weakly in LP(Q)) for some p > 1.
It turns out that everything is reduced to the conclusion of the following Lemma.
Lemma 6.2. Forallt € [0, 1] there holds:
imsup [ (o Tule.) —par) = e linsup [ (Tule) = ).
n—oo + n—oo +
If P is moreover a convex function of o, then

iimsup [ PuTilon) 2 / (o) + o imsp | @) - T,

n—o0 n—oo +

Proof. We can represent p,, = P(o,, ¢"). Due to (55), 0s P > c¢o. For arbitrary non-negative
u € CY(Q), we have

(Pen: ") = Plu, ¢") (Ti(en) — Ti(w)) = co (Ti(on) — Ti(u)*.

In particular, we choose u = u, 5 := (¢s * T (0n)), where ¢; is a smooth time-space con-
volution kernel and 6 > 0 is fixed. We note that | P(uy,, 5, ¢")| < ¢|uns]* < Cs. Moreover,
the Lemma 6.1 yields |V P (uns, ¢")||2(@) < C(||tn,s]|wreo(q)) < Cos. Thus, we can find
b e LY(Q), Vb € L*(Q) and a subsequence in n such that P(u, s, ¢") — b weakly in
Lr(Q)forall 1 < p < 400 and VP(u,s, ¢*) — Vbin L*(Q). Exploiting the weak conver-
gence p,, — p and T;(0,) — ay, we then show that

limsup/ pnTk(Qn)_/ pTi (s * a,)

n—o0

> / b(ar — Ti(ds * ax)) + co limsup / (T(00) — Tuls % ax))?

n—oo +

Letting & tend to zero lim sup,, . [, (Pn Th(0n) — par) > co limsup,, ., [o, (Ti(on) —
ak)Q. I
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We can conclude this subsection with the following statement (see [DDGG16], Lemma 10.6 and
Lemma 10.10):

Proposition 6.3. Leta > 3. Then, the family | J,c)o 7 U,.en{0n(t)} is compact in LY(Q).

6.2 Compactness of the partial mass densities

We prove a preliminary inequality.

Lemma 6.4. Consider the mapping % of Corollary 4.1. Let K C L(; RY) be a weakly
sequentially compact set, and K* C LEF(Q) a sequentially compact set. Let ¢*, ¢*,... €
C>=(Q, RY) be a countable, dense subset of C>°(§), RY).

For all 6 > 0, there are C'(§) > 0 and k(6) € N such that
122(w") = Z(w?)l|ri) <6 Y V2L, @]y

i=1,2
k

+ C(6) Z

i=1

[ @) - a0
forallw’ = (wi, w') € L'(Q; Ry x ORY) (i = 1,2) such that Z(1, w') € WH(Q; RY)
and such that

%(wz) € K, wi e K*fori =1,2, ||9?(w1) - %(w2)’|L1(Q) >0.

Proof. If the claim is not true, there is 09 > 0 such that for all n € N, we can find for ¢ =
1,2 aw™™ € L'(Q; Ry, x ORY) such that Z(w*™) € K, wy" € K* and such that
|2 (w'™) — Z(w*™)|| 11 () > do satisfying moreover the property

12 (w"") = (WPl ) 200 Y IVR(L, @)1 e

i=1,2
n

+n Z
i=1

As the set K is bounded, we obtain first that ||V.Z2(1, w"")||fi1q) < C 8" foralln € N.
Therefore, we can extract a subsequence such that

/ﬂ (B (™) — B(w™)) -

3 lim Z(1, w"™) almost everywhere in ).
n—oo
Thus, using the bijective character of Z, we easily show that w"" converges pointwise almost
everywhere in the sense of the compactification 4.3.

We further note that w'™ € K* implies for a subsequence that w’ () := lim,_, w}™(z)
exists in Ry ; for almost all z € Q. Thus, the limit of Z2(w}", w"™) exists almost everywhere
in {2 and the claim follows, since the condition |2 (w""™) — Z(w*™)|| ;1) > 0y is violated for
large values of n. 0
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Corollary 6.5. There is a subsequence for which there exists lim,, . p™(t, ) for almost all
(t, ) € Q. Moreover, in the set Q" () there exists lim,,_,. ¢"(t, x) in the sense of the
Remark 4.3.

Proof. We apply the inequality of the previous Lemma with w' := (0, (¢), ¢"(t)) and w? :=
(0n+p(t), ¢"7(t)). We choose K := UneN, te]O,T[{pn<t>} and K* = UneN, te]O,T[{Qn(t)}-
Thus, we obtain that either || p"(t) — p"*?(t)|L1(q) < 0, or that

lp" (&) = p" P ()l 2@y <0 (IVZ2(1, ¢" ()]l L1y + IVZ2(L, ()] 21 )

k(5) |
oy / (6(t) — pP(1)) - ] .

=1

Thus it easily follows after integration on [0, 7] that

p™ = p" ||y < 0 (1+2 i IVZ(1, ¢")||21 @)

k(o) .

+C(6) > /

i=1 70

k(3) T

<01 64+2C(0) Zsup/
0

i=1 J2n

/ (P (t) — pP(0)) - &
Q

/Q P (t) = p(t)) - &

Therefore

limsupsup [|p" — p" || 11(q)
n—oo p>0

k(9) T
<C1d+2C(0) Zlimsupsup/
0

i—1 oo j>n

/ Pt = plt)) - &
Q

k(6) T
=C10+2C(0) Zlimsup/
0

- n—o0
=1

/Q (0" () — p(1))) - &

The integrand | [, (p™(t)—p(t)))-¢'| is majorated by cy: ||p" | Lo=.1(¢) and converges pointwise
to zero. Thus, limsup,, ., sup,sq [[0" — p"?|L1@) = 0, and this establishes the strong
convergence in L!(Q; RY).

It also follows that Z (o, ¢™) converges almost everywhere, and we use the properties of Z to
show that ¢™ converges in the sense of the Remark 4.3 in Q" (). This means that for every
index set / C {1,..., N} with cardinatlity |I| > 1, there exists a vector field ¢’ : Q' — Rl
such that

g — qj almost everywhere in Q" for I = {i1, ..., i}

lim sup ¢!' = —oc almost everywhere in Q' for all i € I°
n—oo
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6.3 Limit identification

Consider an index set I C {1,..., N} with |[I| > 1. It is obvious by definition that Q' C
Q1 (0). On the other hand, ¢ > 0 implies that there is at least one index such that plo > 0.
Therefore, up to a set of measure zero

Q= U @

IC{1,...N}, I#0

Thus, ¢" — ¢ almost everywhere in Uzg{1 N, T£D @', and this implies that

3 lim p™™™ = %'(1, ¢') almost everywhere in Q" .
n— oo

Moreover, since p = %(0, q) in Q™ (o) due to the same reasons, we obtain that

7n,,norm

lim p =%(1, q) = p"™ almost everywhere in Q™ (o) . (56)

n—oo

On the other hand, the sequence {p™"™} is uniformly bounded in the class L>°(Q; R™) N
L0, T; W12(Q; RY)). Thus, there is u € L>=(Q; RY) N L?(0,T; WH2(Q; RY)) such
that

PO — wweakly in L2(Q)  Vp™™™ — Vu weakly in L*(Q) .

Combining with (56), we clearly obtain that p"™ = w in Q™ (o). This shows that the normalisa-
tion of the limit mass densities in QT (o) belongs to the restriction of elements of L>°(Q; R™)N
L2(0,T; W2(Q; RY)) to this set.

Consider next the sequence of total mass densities {ﬁn}neN. Due to the estimate in the class
Co- ([0, T]), we obtain that " — p = |, p uniformly on [0, T]. Let K CC {t : p;(t) > 0}.
Then inf, >, tex p"(t) > 0 for ny appropriate. Thus, we can find parameters €, 6 > 0 such
that

K C gl ={te0,T[: {z : p}(t, x) >} > 6} .
Recall now the statement of Lemma 5.4. For ? € ICM, we obtain that
17" |22 x) < N6 X gon (O] 220 x0) < Co(K) -

Thus, by Fatou’s Lemma ||¢;]| z2(o+nirx)) < liminf, o |67 22(k <) < -+00. This proves
the statement 3.7.

We next investigate the limit diffusion fluxes J. We start from the equivalent representation

)

N
. 1
JTL,Z = E DZ]C vpz,norm + V¢n Mn% . 61 _|_ 5 Vpn’norm
k=1

D?Jc = fO(Qn) ZM(%(T%(Qn)a qn))i,j Dzhj’k(pnmorm).
7j=1
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We make use of (differentiate in (5))

Vi Vi kg0 1
D2hj’k(pn,norm) Vi Yk K F”(% . pn,norm) __MB : —
m; myg mg;myg e P
kg0 6
+— z n, norm -
m; pj

Since SN | pi™™ = 1 it follows that | D?h; 4 (p™"™)| < ¢ (1 + nnorm) We recall also that
|M(p);;| < C min{p;, p;}, and we obtain that

D%l < ¢ folon) (L%’(T(;O 0n), Z o( ) ))

< C<5Oa fO) (1 + Qn)

We make use of the pointwise convergence of p™"™ in the set Q, and we obtain that D" —
D = M, j D?h;;(p™™) pointwise almost everywhere in Q™ (o). Moreover, we can choose for
every e > Oaset QF C QF, \(QT \ QF) < € such that g, converges uniformly on )
(Egoroff theorem). It clearly follows that

ﬁl%Ejukvwm+V¢Mifﬁwﬂme@E%

k=1

This shows that J = D Vp™™ + V¢ M = first in QF, and then letting ¢ tend to zero also
almost everywhere in Q.

6.4 Passage to the limit in the energy identity

Passage to the limit with the entropy production due to diffusion M/™ D" - D™ Here we
use the equivalent representation

N-—1
n mnn n nl— n n 1 ,n % n
MD-DzWﬂUszzxwwuwﬂMW.
:1 1

Atfirstwe note thatfori = 1,..., N —1, the sequence [\;(M™)]~1/2 J"-£(M™)) is bounded
in L2(Q; R?). Thus, there is a limiting element @’ € L?(Q; R3) such that [\;(M™)]71/2 J» .
§'(M™)) — o’ weakly in L? and [|a|| ;2 < liminf, o [, M™ D" - D™

Next we consider the set Q"¢ := {(t, z) € Q" : p'(t, z) > eforalli € I}. Due to the
Egoroff Theorem, we can find Q"¢ C Q" with A,(Q"\ Q") < eand p"™ — p' uniformly
on Q<.

Assume now that the cardinality of [ satisfies |/| > 2. Then by assumption, the |I| — 1 first
eigenvalues A (M™), ..., Ajzj—1(M") form sequences uniformly bounded away from zero on

Q[,e.
X (M™)] Y2 — [N(M)] /2 strongly in LP(Q") .
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Since on the other hand J™ - £/(M™) — J - £€/(M) weakly in L**/0+2)(Q+), it follows that
a’ = P\z‘(M)]*l/zJ‘fi(M) a.e.inQfori=1,..., Il —-1,

and letting € tend to zero, we obtain the latter representation almost everywhere in Q?. Thus

17]-1
1 .
E ——|J" - E(M)]? < liminf M™D"™. D™,
/QI i=1 )‘Z(M)’ SOl < 1752101‘} Q!

Passage to the limit with the entropy production due to reaction fQ(\I/(DR’”) +U*(—R"))

Let I be an index set. Recall that ;' — g; pointwise almost everywhere in Q! foralli € I.Due
to the Egoroff theorem, there is for all ¢ € N a set A* C Q! such that \4(Q' \ A) < ¢~' and
the convergence is uniform on A*. Consider now for £ € N a set

QM = {(t,z) € Q' : |¢'| < £} n A",

We split the reaction driving forces 7* - ¢" = 7% - Pr(¢") + v* - Pr<(¢"), and we obtain for n
an estimate

/ (v Pr(q") -7 Pre(d") < [D*]1y0) + C(0). (57)
Qf

We define X" to be the orthogonal projection of ¢ on the space V! = span{PIc(yk)}k:LMS.
Due to (57), we can extract a subsequence such that X" converges weakly in Ll(Qé; R*) to
a limit element X, and this yields

lim U(DRY™) > /

n—00
Q¢ QLe

VO (B £ X)y (P + X)) 2 [ W),

where we make use of the definition

U (q") = Jnf W(y"-(Prla) + X),y" - (Prla) + X))

Thus, if we make use of the fact that R* — R in L'(Q; R?), it follows that
lim inf / (U(DR*™) 4+ U*(—R")) > / (T (-R)+ > xor¥(d").
"l Jq Q IC{1,..,N}

This finishes the proof of Theorem 3.6 in case that o > 3.

6.5 Thecasea < 3

The matrices M ™ have full rank and generate a perturbation in the equation of conservation of
total mass. It was a technical requirement of the Lions method that the pressure growth satisfies
«a > 3 to pass to the limit n — oo. If the growth exponent of the mechanical free energy (via
the function F') is in the range % < a < 3, we assume first that we have replaced F' by
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Fy, with F5(s) = F(s) + d s*. Using the approximation method of Proposition 5.1, we then
establish existence for the regularised problem and we obtain a solution family indexed by ¢. In
this subsection we briefly indicate how to pass to the limit 6 — 0 in order to complete the proof
of the Theorem 3.6.

In fact, it turns out that the compactness of the family of mass densities {p5}5>0 is sufficient to
derive the result. In order to prove the compactness, we will use the following information (the
validity of which follows from the definition of the class B): For all u € C1(Q; R, ) there is an
extension function f = f5, € L=(Q; RY), Vf € L*(Q; RN*?) such that

1 f Il oo mny + IV f Il 2(grixsy < Co([|uller)

5 . (58)
Z(u, q°) = f almost everywhere in Q™ (os) .

Recall that % (u, ¢°) is well defined in Q*(o5) for ¢° in the class B.

Let us now show how we derive the validity of the Lemma 6.2. We express

/ (P(0s, ¢°) Tk(0s) — Plos, ¢°) u)
Qt(os)

= / (P(os 4") = P(u, ¢°)) (Ti(es) — u) + / P(u, ¢")) (Ti(0s) — u)
QF(es)

Q7*(0s)
> ¢ / (Te(os) — u)? + / P(u, ¢*) (Tu(es) — )
Q*(os) Q*(os)

We now call ps := (—F +1d F')(X - f). Then, ps = P(u, ¢°)) on Q. Moreover, on Q \ @,
we have ps (Ti(05) — u) = —ps u < 0. It follows that

/(P(Qa, ¢") Ti.(05) — P05, ¢°) u) = / (P(os, ¢°) Ti(05) — P(0s, ¢°) u)
Q Q*(os)

> ¢, /(Qﬂgé)(m@é) —up /Q B (Teos) — u).

Thus, denoting p the weak limit of {ps} we then obtain as in the proof of Lemma 6.2

liminf/ ps Tr(0s) — / pu > co liminf/ (T (05) — u)?.
=0 Jg Q 20 J(Q+(es)

Thus, as u — ag

liminf/ ps Tr(05) — / pax > co liminf/ (Te(0s) — ar)?.
=0 Jq Q 020 J (@ (es)

This is sufficient to obtain the uniform in time compactness of the family of total mass densities
{os}s0-

We obtain the compactness of the partial mass densities with an inequality similar to Lemma
6.4, 6.5, Here we have to replace Z(1, qi) which are not defined in vacuum by the extension

functions given in the definition of the class WQIQO(Q) We spare the reader with the technical
details.
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A Appendix

Proof of Lemma 2.2 Letr € span{~',...,7*} and u € R" be given.

We denote D? = (4! -y, ..., % - u) € R°. LetI C {1,..., N} be an ordered index set. We
are going to construct the solution operator of the algebraic equations

S
—> 0 U(D") Af =rifori € I°. (59)
k=1 \s
- =:Ry,
By assumption, Pr(r) € V. Therefore, there is a representation r; = EZ:1 Tk fyf for all

i € I° with the coordinates 71, . . ., 74 of Pr(r) in V. Making use of the matrix A from (22),
we see that the conditions (59) are then equivalent for € I° to

d s d d
SR+ Y RO AT =D il
k=1 /=1

k=d+1 (=1

Obviously, making use of the fact that { Pre(7*) }1=1 . 4 is a basis of V, the latter is valid if and
only if

Rg—l— Z Ag_de:fg for€:1,...,d. (60)

k=d+1
We next interpret (60) as implicit equation as follows: For X € R% and Y € R*~? we define

LIX,Y):=(X, Y +AX)eR xR

U(X,Y):=TU(L(X,Y)).
Consider now the points Y and X defined via
Yy =~ ptort=1,...,s—d, X;:=~" ptort=1,....d.

Then, we have the identities

j X; fory=1,...,d
Vo= d j—d .
}/}—d+2k:1Ak Xk forj:d+1,...,s.

Straightforward calculations now show that the equations (60) are equivalentto —0x, U (X, V) =
rofor{ =1,...,d, or more precisely

aXlIl :}/1'1“’7"'7fyd'/b:yl’l':u’?"'?fylﬁid‘/'[’ =-—T. (61)

=X =Y

Next we want to compute the functional matrix of the system (60),_(61). To this aim, we make
use of the potential U and we split its variable D? € R® as (D, D) € R? x R*~% Then for
k,0=1,...,d

8§(k,quj(X’ Y) - 8123k,Dz\I/ + AETaQDk,D\I[ + Aga%e,D\Ij + Az AgaQD,D\I} ) (62)
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where U is evaluated at £(X, Y'). For n € R? arbitrary, it follows that

0%, xU(X, Y)n-n=0V(n, An)-(n, An)
> Aint(07W) (17° + [An[*) > co [n]*.
Thus, it turns out that \U' is strictly convex in the first variable, and the equations —0x ¥ (X Y)=
7 define implicitly the variable X as a function of 7 € R? and Y € R® Nd. We denote G,
(Y, 7) = X the solution mapping. Clearly, G(Y, 7) is nothing else but V¥*(—7, Y') of the
convex conjugate in the first variable X of the function W. For the derivatives of the solution
mapping GG, we obtain that

d

Gi7)/j<Y, f) - — Z(azq]xx) 8 \Ing
=1

d
Z (0 xx)it (0,0, + AT G}, V)
l=

G;(K ’I:) - —(8 \IIX,X) ! .
Due to (61) we obtain for { =1, ..., d that
V=G AT 7).

We define s’ := s — d the reduced number of reactions. For (Y, 7) € R*" x R<, introduce the
reduced potential

WY, 7) =U(L(G(Y, 7), Y)) + 7 G(Y, 7)
—Y - Vp¥U(L(G(0, 7), 0)) — (¥(L(G(0, ), 0)) +7-G(0, 7).  (63)
Next we shall prove that ¥ € C'(R*" x R%) is non-negative, and the function Y — ¥(Y, 7)

is C2 and convex for all 7 € R<.

Making use of the definition (63), we compute for k = 1,. .., s’

O, U(Y, 7) = (OxU(G(Y, 7), Y) +7) - Gy, (Y, 7) + Uy, (G(Y, 7), V)
= Uy, (G(Y, 7), Y) = Vp, U(L(G(0, 7), 0))
= OkraV(L(G(Y, 7), Y)) = Opra ¥ (L(G(0, 7), 0)) . (64)
Here we use that (G is the solution mapping to —8X (X, Y) = 7. Since VV is of class Cl,
we obtain from (64) that GY\I/ is of class C' as well. Moreover it is obvious that GY\II(O 7) = 0.

Fork, ¢ =1,...,s, we further compute
aYk Ye (Y 7”) ®Yk,X<G(Y7 f)7 Y) ’ GY@(Y7 7:) + quk)Yl(G(Y7 7:)7 Y)

Due to (60) that we can differentiate in Y, we have form = 1,...,dand k = 1,... , s that

3% WY, 7) =Ty y, — (Uxx) " Uy, x Uy, x
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where D2 is evaluated at (G(Y, 7), Y'). Thus, 0%, is the Schur complement of the block
9% x ¥ of the Hessian D*W. Since U is a strictly convex function (see (62)), this proves that

D2V is strictly positive definite, which is sufficient for the strict convexity. Further, making use
the identity (60),

T:ZRﬁ'Y —ZRe7 + Z Ry

(=d+1
S S AR Y R
k=d-+1 k=d-+1
d
S e YA
k=d-+1 =1
—ZW b Y Rt
k=d+1
Using now (64), we seefor k = 1, ..., s’

—Rpra = Oy, W(Y, 7) 4 OppaW(L(G(0, 7), 0)), Y = (4" gy 4" )

It follows that

SI
i L
r=—y VO A ) A
k=1

st d
=) Oera®(L(G(0, 7), 0) 7+ 7y
k=1 (=1

We set 70 := — Zk 1Ok d Y (L(G(0, 7), 0)) y'* and the claim follows.
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