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ABSTRACT. This article is concerned with the study of weak solutions of a linear
transport equation on a bounded domain with coupled boundary data for general
non smooth space and time dependent velocity fields. The existence of solutions,
its uniqueness and the continuous dependence of the solution on the initial and
boundary data as well on the velocity is proven. The results are based on the
renormalization property. At the end, the theory is shown to be applicable to the
continuity equation on a network.

1. INTRODUCTION

In this article, we study linear transport equations on bounded domains with cou-
pled boundary values and prove their well-posedness. As a main application we have
in mind transport phenomena on a network which occur in various fluid dynamical ap-
plications. In that case, on each edge of a graph a linear transport equation is imposed.
The equations are coupled at the nodes by linear boundary conditions mapping from
the outflow part of the boundary to the inflow part. From an abstract point of view,
one can see this as a multivariate transport equation on a one-dimensional domain
with coupled boundary data

pt+(Up)e +Cp=f in (0,7) x ©
p(0,-) = po in
(vU) " p = (vU) H(plr,) on I'r.

We will prove existence, boundedness, uniqueness, and stability of solutions p €
C([0,T7, LP((0,1))™) for non-smooth matrix-valued velocities U = diag(u) with u €
LY((0,T), WbHi((0,1))") and u, € L*((0,T),L>((0,1))") without any restrictions on
the sign of the velocity. In the Lipschitz continuous setting, every change of the sign
of the velocity implies a change of the direction of a characteristic. This can lead to
additional difficulties since it has two effects:

First, even if the data is smooth, there does not have to exist a classical smooth
solution as the domain is bounded. For example, by the method of characteristics the
solution of

pi+ (2= 1)p), =0
on (0,1) x (0,1) is given by

po (& —t(t — 1)) ift<lorz>(t—1)
t,x) =
plt, ) Pin <% + (t — %)2 — x) otherwise,

which has possibly a discontinuity if no further conditions are imposed. The only way
to get smooth solutions is to require additional conditions on the initial and boundary
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data pp and pin, which depend on the characteristics and thus on the velocity. In many
applications however, the velocity is not known a priori.

The second issue concerns the coupled boundary data. In this case, we can compute
the characteristics, but due to the coupling conditions, we are not able to use them
directly to find a solution if the velocity has an infinite number of changes of the sign
in a finite time. On a network, this can lead to a characteristic of the form of an
infinite tree. Each time the characteristic intersects an inner node it divides itself into
multiple parts.

For these reasons we will use a different and very general approach looking for weak
solutions. This approach is based on the concept of the renormalization property,
which was introduced in 1989 by Lions and DiPerna [§] for tangential velocity fields.
This concept was extended to bounded domains in RY with inflow boundary conditions
and velocity fields with a kind of Sobolev regularity by Boyer [2] in 2005 and Boyer
and Fabrie [3]. Recently, these results were generalized to velocity fields with BV
regularity by Crippa et al. [4), [5] and to stochastic differential equations by Neves and
Olivera [I4]. For constant velocity fields, the transport equation on a network was
studied by Sikolya in her dissertation [I8] in 2004. In 2008, this was expanded to
infinite networks by Dorn [9, [10]. Especially, the long time behaviour was analysed by
a semigroup approach.

In this article, we generalize the results of Boyer and Fabrie to the case of coupled
boundary data. In particular, we will study a vector valued transport equation with
affine linear coupled boundary conditions and a time and space dependent velocity
field.

Our results for the transport equation can e.g. be applied to study the existence
of solutions of a low Mach number model on a network. Details to this topic can be
found in a forthcoming paper or in the PhD thesis [I6]. However, transport equations
on networks occur also in various other contexts as traffic flow [12] [I1], gas flow in
pipe lines [I] or river flow [6] [15]

The article is divided in six sections. In Section [2] we introduce the notations and
requirements. Section[3|recalls the renormalization property and it provides uniqueness
and boundedness results. In section [} we prove the continuous dependence of the
solution on the data before we show the existence of a solution in Section Bl In the
last section, we illustrate how these general results can be applied to the continuity
equation on a network.

2. ASSUMPTIONS AND REQUIREMENTS

In this section, we introduce the precise setting. For simplicity, we will only consider
the one-dimensional domain 2 = (0, 1) and denote the boundary I' = 9Q = {0, 1} and
I'r =[0,7] x T'. Since we have in mind to consider one-dimensional edges of a graph
this is no restriction for the application. The outer normal vector on I' is called v and is
given by v = —(—1)* for w € T'. We use the integral notation fr although the boundary
consists only of two single points, i.e. dw is the counting measure. An advantage of
this notation is the easy generalization to higher dimensions. All considerations in this
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article could also be done for the case of bounded multidimensional domains €2 with
Lipschitz boundaries.

The aim of this article is to find and characterize a solution p(¢,x) € R™ of the
problem

pt+(Up)z+Cp:f in (OaT) x Q
p(0,-) = po in (1)
(vU)"p = (wU) " H(plrs) on I'r

with initial conditions pg € L>°(2)" with py > 0 almost everywhere and with an affine
linear boundary operator H. We assume

we LY(0,T), wht()"),
ce LY(0,T) x Q)",
(ug +¢)~ € LY((0,T), L°°(Q)"), (2)
(uz)™ € LY((0,T), L=()")

and
FeL((0,1), L=(Q)")
with f > 0 and denote by U = diag(u) and C = diag(c) diagonal matrices with the

diagonal entries u’/ and ¢’, respectively. On I'r we define component-by-component
the measure

dpty, = (vu)dwdt (3)

and introduce its positive part du;” = (vu)Tdwdt, its negative part du, = (vu)~dwdt
and its absolute value |du,| = dut + du,; . For each j, these measures divide the
boundary I'r into two parts, the inflow part I';; with vu; < 0 and the outflow part F;
with vu; > 0. For p € [1,00) the space LP(I'p,duf) = LP(T'p,R",du) is provided

with the norm 1
T P
pw,t = </ /ﬁ(g|)TW(Vu)idwdt>
o Jr

with the function f(z) = («f - xﬁ)T and with a positive definite diagonal weight

lg

matrix W € R"*". Here, the absolute value has to be understood component-by-
component. We do also consider the space L= (I'r,dul) = L>®(I'7, R", du) equipped
with the maximum norm of the componentwise L°°-norm, i.e.

Iglloc, = = max | ess  sup |¢’|
J (w,t)elr
w? (t,w)T#£0

The boundary operator H has to assign a boundary value to the inflow part of the
boundary, i.e. H is a mapping
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We assume the mapping to be affine linear, i.e. it is given as H(p) = pin + G(p) where
it is pin € L*™(T'p,dp., ) with pin(t, ) > 0 for du, -almost all (¢,w). Here, G is a linear
operator fulfilling the following conditions:

The operator G: L= (D, du) — L (T'r, du,;, ) is weakly-* continuous, i.e. for
all p, € L®(T'p,dut) with p, = pin LTz, duf) it holds

G(pn) = G(p)
in L®(Tr,duy, ).

There is a positive definite diagonal weight matrix W € R™*™ such that the
L!-operator norm of G is less or equal one, i.e. for all p € L>(T'r,dpt) it holds

G 1w, < Nloll120,4-

. The operator G is causal, i.e. for all p € L= (I'y, dy;}) and almost all ¢ € [0, T
it holds

X[0,49 (X[0,41) = X[0,49(p)- (4)
The operator G is du,t-almost everywhere positive, i.e. it holds G(p) > 0 du,, -
almost everywhere for all p € L (T, du;l) with p > 0 dpt-almost everywhere.

There exists a constant vector py.x € R™ such that component-by-component
the inequalities

Din €XD (— /0 t a(s)ds) — Fy +G(Fy) + G(pmax) < Pmax (5)

for dp, -almost all (t,w) € I'r and

Po S Pmax

for almost all x € Q are valid. Here, it is a(s) = |[(uz(s,-) +¢(s,-)) " ||L=(a)»
and

1(fr(s, ) F e

Fo(t) = /O t exp <— /0 Sa(r)dr)

1(Fus, ) Il

As we will see later, this construction of H is motivated by the transport equation on
a network.
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To conclude this section, we observe three properties of the operator G. First, for
all p € L*®(Tr,dpt) and all ¢ € [0, 7] the inequality

t T
/O / 1G(0)| "W (vu) ™ dwdt = / / Y0119(0) "W (vu) ot
T
— [ [ 1900 W) dwde
0 T

= 1G(x10,02)l11,w,~
< lIxp0.901,w,+

T
= / /F X0, W (vu) " dwdt
0

¢
:/ /\p\TW(Vu)+dwdt
0o Jr

is true. Second, the equation holds in fact for all essential bounded functions
g € L>=([0,T]): Let p € L®(Tr,du}), p # 0 and € > 0 be given. Since the step
functions are dense in L>([0,7) we can choose a step function g, = Y ;_, Ak X[ty tosn]
with

€

g—4g > ([0, < /7
” n“L ([0, 77) 2||p|

1,w,+ .
Then, because of G(fn,p) = fnG(p) it follows

1G(9p) — 9G(P)|1,00,— < 1G((9 = gn)P)1,0,— + 11(g — 9n)G (P 11,00,
< g = gn)pllw+ + 119 = gullLe o 1G (P10, —
<Ilg = gullze o lpliw,+ + 119 = gullzee o,y 12110, +
<e€
and thus
G(gp) = 99(p) (7)

holds dy, -almost everywhere.
The third observation concerns the positivity of the operator. Using the positivity
of G and the triangle inequality, we estimate for p € L (T'r, dut)

(6" = 5 (G(0) +16(0))
=5 (60" = 6(o7) + |96") = 6] -
<3 (6(:) = 6(r) + |6 +[6(07)))

=G(p*)
almost everywhere in I'p. In the same way, we can prove that

(G(p) <G(p7) 9)
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holds. In the following, we often extend functions in LP(I'z,dul) by zero to con-
struct functions in LP(I'r, |du,|) or LP(D'r)™. Especially, we extend, if necessary, the
operators G and H to operators mapping from L (T, |dpy|) — L(Tr, [dpw])-

3. UNIQUENESS AND BOUNDEDNESS

In this section, we will prove the uniqueness and boundedness of solutions of the
initial-boundary-value problem . To this end, we first introduce the concept of
weak solutions before we discuss regularity and the renormalization property of the
solutions. Equipped with this, we are able to prove uniqueness and boundedness. For
the latter, we will give explicit lower and upper bounds.

We start with the usual definition for a weak solution.

Definition 1. We call a function
p € L>®([0,T] x Q)"
a weak solution of the transport equation p; + (Up), + Cp = f if it holds

T
0= / / p" (o1 + Up, — Cp) + fTpdadt
0 Q

for all ¢ € C%1([0,T] x Q,R™) with ¢(0,-) = ¢(T,-) =0 and ¢ = 0 on I'r.

A priori, it is not clear how to define boundary conditions for this class of weak
solutions since p is not a Sobolev function and thus, the usual trace theory is not
applicable.

In [3], Boyer has proven some properties of such weak solutions for scalar equations,

especially the existence of a trace and the renormalization property of the solution (see
the following theorem).
Theorem 2 (Trace theorem, Boyer [3]). Let Q C R be a d-dimensional bounded
Lipschitz domain and let be uw € L*((0,T), WH1(Q)4) and ¢, f € L*((0,T) x Q) with
(c+u,)~ € LY(0,T),L>(Q)) and (u,)™ € L((0,T), L>(Q)). Then, for each weak
solution p € L>((0,T) x Q) of the scalar transport equation

pe + div(up) +cp = f

the following properties hold:

Time continuity: The function p lies in C([0,T), L (Q2)) for all p € [1,00).

Existence and uniqueness of a trace function: There exists a unique essen-
tially bounded function vp € L™ (T'r,|duy|), called trace, such that for any
[to,t1] C [0, T] and for all test functions ¢ € C%1([0,T] x Q)

t1 ty
0= / / plos +uT' Vo — cp) + fodzdt — / / ypo(uTv)dwdt
to Q to T (10)

+/Qp(t0)<p(to)da:—/Qp(tl)w(tl)dx
holds.
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Renormalization property: For any continuous and piecewise C' function B
the renormalization property holds, i.e. p satisfies for any [to,t1] C [0,T] and
for all test functions ¢ € C%1([0,T] x )

0= / / B(p) (e + uTVip)dadt — / ! / 8'(p) (pe — f) pdadt
/h/@dw (p)p — B(p) dxdt—/ /5 vp)(uTv)pdwdt  (11)
+ [ Blotto)etio)ds - /Q Blp(t1))p(tr)da

Proof. See [3]. O

Remark 3. A component-by-component consideration shows the validity of Theorem 2]
for vector-valued equations with n > 1. The renormalization property then reads:

There exists a trace yp € L (T'r, |dy|) such that for any continuous and piecewise
C! function B: R® — R™ with DJ diagonal, for any [tg,#1] C [0,T] and for any test
function ¢ € C%1([0,T] x ©,R™) it holds

0= / / B(p) (01 + U, )dedt — / T (CDB(p)p — DB(p)F) dadt

/tl/ TU(DB(p)p — Blp dxdt—/ /ﬂw (vU)pdwdt
o [t | s

This theorem is no existence result, it only classifies solutions. But due to the
continuity of p with values in LP(Q2) and the existence of the trace we can define a
solution of the initial-boundary-value problem as following:

Definition 4. The function
p € L>(0,T) x Q)"

is called a solution of the initial-boundary-value problem if and only if

- pis a weak solution of the transport equation,
- the initial conditions are fulfilled, i.e. p(0) = py and
- the trace 7p satisfies the boundary conditions, i.e. H(yp) = yp.

As a consequence of the renormalization property we can prove the uniqueness of
the above defined solution.
Theorem 5 (Uniqueness). Under the assumptions from Section@ there is at most
one solution of the initial-boundary-value problem .

Proof. Let p! and p? be two solutions of with its traces yp; and yps and define
p = pt — p?. Then, p is a weak solution of the homogeneous transport equation.
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Because of the uniqueness of the trace, yp = vp1 — yp2 is the trace of p. Thus, we see
that p is a solution of the following homogeneous initial-boundary-value problem

ot + (Up), +Cp=0 in (0,7) x Q
p(0,)=0 in Q
(VU)p = (40)~G(plry) on T'r.
Using the renormalization property for 3(s) = |s| and ¢ = W1 with 1 = (1 e l)T

we conclude for all ¢ € [0, 7]
t
0:—/ 1TW5(p(t))dx—/ /ITWCB(p)dzdt
Q 0o Ja
t
—/ /ITW(VU)ﬂ(vp)dwdt
0o Jr
t
=~ Wolr — | [ 17WClplaaat
0
t
= [ e W = 160 W) .
0o Jr
With inequality @ we get

t
IWp(®)lls @y < — /0 /Q 1TWC|pldadt

and thus

i
[Wo(t)|| 1oy < /0 [l [ oo 2y

Wl L1 (oyndt

¢
< [ (16 +0) iy + 102 e ) (Wl oyedt.
0
By Gronwall’s inequality we conclude [[Wp(t)|[11)» = 0 for all ¢ and thus p = 0
almost everywhere since W is positive definite. (I

Remark 6. We can slightly weaken the assumptions on the source term f. In fact,
for the existence of the trace, the renormalization property and the uniqueness it is
sufficient to require f € L1((0,T) x Q)" (see [3]).

Now, we are able to prove an upper and lower bound of the defined solution.
Lemma 7 (Upper bound). Let the assumptions from Section@ be valid. Then, a
solution p of the initial-boundary-value problem and its trace yp are componentwise
bounded, i.e. it holds for all t € [0,T]

0 < plt,) < (s + Fi (1) exp ( / t a(s)ds) (12)

almost everywhere in Q and

0 30(0.) < (pmas + Frl) s ([ a(o)as) (13)
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for |dpy|-almost all (t,w) € T'p. Here, it is a(t) = H(um(t, )+ elt, ))_HL - and

1(f1(s, ) F [l

Fo(t) = /0 exp (- /0 sa(r)dr) : ds.

1(Fu5, ) 1=

Proof. Let ¢ € C%1([0,T] x Q,R™) be an arbitrary test function with o(7) = 0. In
order to prove that rp with r(t) = exp (— fot a(s)ds) solves also a transport equation,

we would like to use @r as a test function. Since r is only absolutely continuous, but
not necessarily Lipschitz continuous, we need to approximate r by smoother functions.
Therefore, let oy, € C1([0,T]) be a sequence converging to « in L*((0,7)). We define

re(t) = exp (— /Ot ak(s)ds> .

The mean value theorem states for all a < b € R the existence of ¢ € [a, b] with
exp(b) — exp(a) = exp(C) (b — a).
Thus, we find for each ¢ € [0,7T] a constant ((¢) with
1€(t)] < Ck :=max (||a|lLr(0,), |l L1 (0,7)))

such that it holds

() — r(t)] = exp(¢(1)) / ak(s) — als)ds

< exp(Cr)llax — al 10,1

The sequence Cy, is bounded as ||a|11((0,7)) is convergent, thus ry — r in L>°((0,7)).
Especially, it also holds ayry — ar in L'((0,T)). Now, we will use ory as test
functions in the weak formulation of the transport equation and take the limit for
k — oo. Because of (rg); = —ayry this yields

T
0= / / rip” (90 + Uy — (C + apdd) ) + 1o f T pdrdt
0 Q
T
[ [ w0yedsde + [ ooy
0 I Q
T
— / / rp’ (o1 + Uy — (C + aId) ¢) + 7T pdedt
0 Q

T
—/ /rva(VU)godwdt—l—/ o p(0)da
o Jr Q
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T
= / / (rp—F)" (01 + Upy — (C + old) ) dzdt
0o Jo
T
+ / / (rf—(Fy)) ¢ — FT (U, + C + old) pdzdt
0o Jo
T
= [ [0 )T w0)edsdt + [ (o)
o Jr Q

Keeping in mind Remark [6] this shows that p(t, z) = r(t)p(t, z) — F (t) with its trace
vp(t,w) = r(t)yp(t,w) — F1(t) is the unique solution of the following initial-boundary-
value problem:

ﬁt+(Uﬁ)z+Cﬁ:f in (O,T)XQ
7(0,2) = po() in ©
(vU)"p = (vU)"H(plr,) dp, on T'r

with reaction term ¢ = ¢+«1, boundary operator H(p) = rpim—Fy +G(F1)+G(p) and
source term f; = rf; — || (7 fi) Tl oo () — ()2 + &) (Fiy ). For the boundary operator
H this conclusion needs further explanations. Since p is a solution of (1)) we find

Vplry = ryple, — Fy
=rH(plrr) — Fy
= rpin + G(ryplr,) — Fi
=7pin — F}4 + G(F4) + G(vplry)
= H(vplr,)-
The advantage of introducing p is that proving the upper bound reduces to proving

P < Pmax, Where ppax is known from the assumptions in Section To this end, we
define g: R™ — R" as

5(5) = (5 - PmaX)Jr

and we will show B(p) = 0 almost everywhere.
For the test function ¢ = W1 and all ¢, € [0,7], the renormalization property
yields

/ J,X7W (€031~ D37 it - / | ATWULDA()— (e

/ / BOP)" W (vu)dwdt ~ /Q 1"WA(p(to))de = 0
(14)

because of B(pg) = 0. The boundary term of this equation is non-positive. This can
be shown using the componentwise monotonicity of 8, the assumption and the
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inequalities @ and :

/o1t0 /F BH(yp))" W (vu)~dwdt

— /O 0 /Fﬁ(rpin — Py +G(Fy) + G(vp) " W(vu) ™ dwdt
= /O 0 / B(Tpin - F+ + Q(F+) + g(pmax) + g(,y[) _ pmax))TW(llU)idwdt

(Pmax + GV — pmax))” W (vu)~dwdt

I
C\“
[=}

(
( VP — pmax)+)T W (vu) ™~ dwdt

g(

(
T___

vp pmax)+) W (vu) " dwdt

N\ __
"Yﬁ*pmax)> ) W(V’u)idwdt

(
(vp)TW (vu) T dwdt.

(=)
—

A

Because of (s) > 0, DB(s)s > 0, ¢+ uy = ¢+ uz + [|(c + ug) || Lo ()1 > 0 and
(D(B)f)i = (5) (rfi — (£ * (@) — ((i)e +€)(Fy);) < 0 we conclude from
equation (|14) that it holds

/QITWB(ﬁ(tO))dx:—/OtO/QlTW (C + U,) DB(p)pdadt
+ / ! / 1TWDg(p) fdzdt + / ! / 1TWU, 8(p)dxdt
/to/ﬁ (vp) "W (vu) +do.)dt—i—/to/ﬂ H(vp)) "W (vu) ~dwdt

< / [ (uz) | Loe () / 1"W B(p)dzdt.
0
(15)
With Gronwall’s inequality this leads to fQ 1TWB(p(tg))da = 0 and thus B(p(ty)) =0

and p(to) < pmax almost everywhere. Using the renormalization property and the
uniqueness of the trace of 8(p) = 0, we also conclude

0=95(p) = B(vp)
and thus vp(t,w) < pmax holds for |du,|-almost all (¢,w). Addition of F' and multipli-
cation by exp ( fot a(s)ds) shows the desired upper bound for p and p.

In order to prove the lower bound, we use the same procedure for p = rp and
B(s) = s~. In this case, it is ¢ = ¢+ al, f; = rf; and H(p) = rpwm + G(p). The
only step we have to take into account again is the transition from equation (14) to
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inequality . With the monotonicity of 3, the positivity of p;, and the inequalities
@ and @, it follows

/ O B(H(vp)) T W (vu) ~dwdt
o Jr

/rﬁ (rpin + Q(vﬁ))TW(uu)_dwdt

Ato T
= /0 ’ ((mm + Q(vp))_> W (vu)~dwdt
/Oto

. ((g(’Yﬁ)) 7) ! W (vu)~ dwdt

J
< /0 ! / G((39)") W)~ duat
A

T
(vp)" ) W(vu)tdwdt

_ /O /F B(vp) "W (vu)* dwdt.

Therefore, we can conclude as before p(tg) > 0 almost everywhere in  and vp(t,w) > 0
for |dp,|-almost all (¢,w) € I'p. This completes the proof. O

Beside the upper bound we just proved a lower bound. This lower bound can be
sharpened if we ask for an additional assumption on G and use the fact p > 0 almost
everywhere.

Lemma 8 (Lower bound). In addition to the requirements from Section [ we as-
sume (¢ + ug) € L*((0,T),L>°(Q)™). Furthermore, let pmin € R%y be a vector such
that it holds

Pin €XP </ C ) + g pmln) > Pmin (16)
component-by component for du, -almost all (t,w) € T'r and

PO(SU) > Pmin
for almost all x € Q with ((s) = H(ux( )4 c(s,)) Tl (n- Then, any solution of
the initial-boundary-value problem (1) is bounded from below. More precisely, it is

p(t,+) > Pmin €xp (— /Ot C(S)dS) >0

almost everywhere in 0 and

t
Yp(t,w) > Prmin €XP (/ C(S)dS) >0
0
for allt € [0, T] and |duy|-almost all (t,w) € Tp.

Proof. Keeping in mind the non-negativity of p, this lemma can be proven in exactly
the same manner as Lemma [T ([
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4. CONTINUOUS DEPENDENCE ON THE DATA

The previous statements, especially the renormalization property of Theorem
provide us with the necessary tools to prove a central result of this article: a kind
of sequential continuity of the solution operator. We formulate this statement as
a theorem with two parts. In the first part, the weak-x convergence of a sequence
of solutions to a solution of the limit problem is obtained for very weak assumptions.
This result will play a crucial role in the proof of existence of solutions of the transport
equation, whereas the second part, proving the convergence in C([0,T], LP(2)™) under
more restrictive assumptions, can for example be used for the proof of the existence
of solutions of the low Mach number equations on a network (see [16]).

For the proof of the second part, we need the following result from the theory
of Banach spaces concerning the uniform convergence of sequences of Banach valued
functions. A proof can be found in [17].

Theorem 9. Let V be a uniformly convex and uniformly smooth Banach space. Let
(fn)n C C([0,T],V) be a sequence and f € C(|0,T),V) a function. Let the pair
((fr)n, ) fulfil the following two properties:

(1) [|fn@)|lv converges uniformly to || f(t)||lv and

(2) (p(t), fn(t)) converges uniformly to (p(t), f(t)) for all ¢ € C([0,T],V").
Then, f, converges to f in the norm of C([0,T],V), i.e.

lim sup |[f.(t) = f()]v = 0.

n—o0 tE[O,T]
Proof. See [17]. O

Theorem 10 (Stability). 1. For allk € N let uk, ck, fi, Po.k; Pink and Gy be defined
as in Section[d. Assume there exists for each k a solution

pr € L*°((0,T) x Q)"

of the initial-boundary-value problem

(pr)e + (Ukpr)z + Crpr = fu in (0,T) x Q
Pr(0) = po.k in Q
(vUg) ™ pr = (vUpr) " Hi(prlrs) on T'p

with trace ypr, € L (T, |y, ])-
Moreover, we assume:

uniform boundedness: The sequence (pmax,, )x C RZ, from assumption 18
bounded, i.e. there is pmax € R%y with pmax k < Pmax-

convergence of reaction terms: The sequence (k)i strongly converges to ¢ €
LY((0,T) x Q)™ in L*((0,T) x Q).

convergence of the velocities: (uy), strongly converges in L*((0,T) x Q)" to
u € LY((0,T), WhH(Q)"™) with (uy +¢)~ € LY((0,T), L=(Q)") and (u,)T €
LY((0,T), L>=(Q)").

convergence of velocities at the boundary: (vuy) strongly converges to vu
m LI(FT)n
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boundedness of reaction terms and velocity derivatives: The sequence
((ck + (ur)z) )k is bounded in L*((0,T), L>°(£2)).

weak convergence and boundedness of source terms: The sequence (fi)k
weakly converges to f € LY((0,T),L>(Q)") in LY((0,T) x Q)" and it is
bounded in L*((0,T), L>(2)™).

weak-+ convergence of the initial conditions: The sequence (pox)r weak-
ly-* converges to pg € L>(Q)"™ in L>(Q)™.

weak-+ convergence of the inflow densities: The sequence (pin k)i weakly-*
converges to pi, € L°(Tp,duy, ) in L= (Tr, dpy,).

weak-x convergence/continuity of the boundary operators: There exists
an operator G fulfilling the assumptions of Section[d such that for each weak-x
convergent sequence qi € L (T'r)™ with limit q it holds

(Uk) " Gr(qe)(vur) ™ = (vU)~G(q)

in L' (Tp)".

Then, there exists a solution p € C([0,T], LP())™) with trace yp € L (T, |duy|) of
the transport equation

pe+ (U)ps +Cp=f in (0,T) x Q
p(0) = po in (17)
vU)"p = (vU) H(plrs) on I'r.

Furthermore, it holds

pr = p in L>=((0,T) x Q)",
Yo = p in LT, |dpeu])
and
pr(t) = p(t) in LV(Q)"

for allt €10,T] and p € [1,00).
2. We assume additionally:

convergence of the velocity derivative: The sequence ((u)z), strongly con-
verges to u, in the L*((0,T) x Q)"-norm.

convergence of reaction terms and velocity derivatives: (ay); with @ =
[(2ek + (uk)a) " oo yn Strongly converges to & = [[(2¢ + )~ || oo (qyn @0 the
LY(0,T)-norm.

convergence of source terms: The sequence (fi)r strongly converges to f in
LY((0,T) x Q).

convergence of initial conditions: The sequence (po i )i strongly converges to
po in the L*(Q)™-norm.
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weak lower semi-continuity of the boundary operators: For each weak-x
convergent sequence py — p in L=°(I'r)" it holds

T
/ / B(p) "W (vu)™ — BH(p)) W (vu) ~dwt
0 N (18)

T
< limkinf/o /Fﬁ(Pk)TW(Vuk)+ — B(Hr(pr))" W (vug) ~dwdt

with 3: R™ — R™ defined by B;(s) = 53, Hi(p) = rpink + Gr(p) and H(p) =

rpin + G(p). Here, 1y, and v are given by ri(t) = exp (—% fot dk(s)ds) and

r(t) = exp (—% fot d(s)ds) and W is the weight matriz introduced in Section%.
Then, the convergence is even stronger:

P = p in C([Ov T]v LP(Q)TL)
and
VP = VP in LP(T'p, |dpeul)
for all p € [1,00).
Proof. As before, we extend Ypk, pink, Gk(vpx) and H(ypx) by zero to functions in
Lo (T'p)™.
1. First, we want to prove the existence of a solution of the limit problem and the

weak-x convergence. Because of Lemma |Z| and the boundedness of pmax, < Pmax;

| (cx + (ur)z) " [I1(0,7), 200 () < C1 and || fillL1 (0,1, )y < Ca the sequences py
and py are bounded almost everywhere by
max (|| pxl Lo 0,7y x> 1Pk Lo (0 7)7)
< max ((pmax,k + Fk(t), Fk(T) + Fk(t)) exp (H(Ck + (uk)w)_ ||L1((O’T)’Loo(9)n))
< (max(pmax, C2) + C2) exp(C1) (19)
= ﬁmax~

Here, it is

t s 1B, ) o
R0 = [ ew (— [ e+ <uk>m>||dr) z ds
1) o,

Thus, we can extract weak-+ convergent subsequences - also denoted by px and vpy -
with
pr = p in L>((0,7) x )"
and
Yo = q in L>(T'p)".
As a second step, we will show that p is a solution of the transport equation and that
q is its trace and fulfils the boundary conditions.
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Because of the strong convergence of uy and ¢ in L*((0,7T) x )", the sequences
Ugpr and Cypy, converge weakly in L1((0,T) x Q), i.e.
Upgpr — Up
and
Cipr — Cp.
Similarly, (vUyg)ypx converges weakly to (vU)p in L' (I'r)™. Thus, for a test function
0 € C%L([0,T] x Q) with o(T) = 0 it holds
T
0= / / P (91 + Uipe — Crop) + fi pdadt
0o Jo
T
+ /Q P01 (0)dz — / /vaf(ka)wdwdt
0

T
— / / p" (o1 + Uy — Cp) + fTpdadt
0 Q

T
+/pgap(0)dx—/ /qT(z/U)cpdwdt.
Q o Jr

In words, this means that p is a solution of the transport equation with its unique
trace vp = ¢. Furthermore, because of Theorem 2| it is p € C([0,T], LP(Q)") and p
fulfils the initial condition p(0) = pg. For the boundary term we have to consider the
trace ¢ in more detail. The assumptions on Gy and pin , yield the weak convergence
of (VUk)™ pinx and (vUy)~ Gk (ypk). Thus,

T T
/ /qT(VU)Wpdwdﬂ—/ /’ypf(VUk)Wpdwdt
o Jr o Jr

=/ /H(ka)T(VUk)_SOdet

0 I
T

- / / (P + Grlroi))™ (VU)o
T

- / / (pin + G(@))T (VU)~pduodt

T
= / / H(g)T (vU) ™~ pdwdt
o Jr
is true and the trace g = «yp fulfils the boundary condition
(vU)"yq = (vU)"H(7q).

Hence, p is the unique solution of the limit problem . Since the weak-x limits p

and ¢ are unique, in fact the whole sequences and not only subsequences converge.
As last step of the first statement, we have to show the weak convergence of pg(t)

for each t € [0,T]. However, this is rather simple, as the sequence py(t) is bounded in
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LP(Q)™ because of the continuity of pj with values in LP(02)™ and Lemma |7} Thus,
there exists a weak convergent subsequence in LP(Q)™ with

pr(t) = q.

For this subsequence and for all time-independent test functions ¢ € C%!(Q,R") it
holds with Theorem [2

/chpdme/pk(t)Tgodx
Q Q

t
= / / ot (Ukps — Crp) + fil pdadt
0 Q

t
+/ pgwdl’—/ /w;‘f(ka)sadwdt
Q 0 T

t
—>/ / pT (Up, — Cop) + fLodxdt
o Ja

t
—|—/ pg@dx—/ /va(VU)tpdwdt
Q 0o Jr
= / p(t)" pdz.
Q

Thus, we conclude
q=p(t)

due to the density of C%1(€2,R") in e (Q)™. Again, by the uniqueness of the solution
p we see that the whole sequence converges weakly.

2. Now, we consider the stronger assumptions in order to prove both, the uniform
convergence of py with values in LP(Q)™ and the strong convergence of the trace. As
a first step, we prove that the convergence of pi(t) is actually strong in LP(Q2)" for
each t € [0,7]. To this end, we use the Radon-Riesz property (see e.g. [I3]) of the
LP-spaces with p € (1,00), i.e. the fact

fe — f in LP(Q)"

I fell ey = 1f e ()n } = fr — fin LP(Q)". (20)

We define the auxiliary variable
ﬁk‘(f'a J}) = pk(t’ .Z‘)?“k(t)
with 7 (t) = exp (—% fg @k(s)ds) and ag(s) = H(Qck + (uk)z)” H . By assump-

tion, it holds & — & = H(Zc + ux)fHL @ in L'((0,7T)). Thus, we conclude

(o) = () = exp (5 [ t as)is)
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in C([0,T1]), as in the proof of Lemma [7] We also see, as in that proof, that py solves
the equation

(P1)t + (Ukpr), + Crpr = fr in (0,7) x Q
pr(0) = po.k in O
(vUk) ™ pr = (vUr) " Hi(prIrs) on I'r

with ¢, = ¢ + %@kl, fk = rifr and ﬁk(ﬁ) = ’I“k<t)pin’k + Gi(p). For pi and this
problem, all requirements of the first part of this theorem are fulfilled. Thus, we
conclude

pr(t) = p(t)
in LP(Q)™, where p is the solution of

(ﬁ)tJr(Uﬁ)xJFCﬁ:f in (0,7) x Q
p(0) = po in Q
(U)~pr = (vU)"H(plrs) on I'r

with ¢ = c+ 3al, f =rf and H(p) = r(t)pm + G(p).

The renormalization property for 5: R™ — R™ defined by 5(s); = s? and ¢ = W1,
the weak lower semi-continuity of the L?-Norm, the strong convergence of pg 1 and the
weak convergence of fif Wpj, yield

TXAT _ ! NTW (v
/Ql WB(po)da /0 /Fﬁ(w) W (vu)dwdt
t
- / / (2¢ + u,) "W B(p)dxdt — 2fT W pdadt
0 JQ

— [ 1"Ws(ptt)ds
Q

= [Wat)l1 22 ()
< limkinf ||Wﬁk(t)||2Lz(Q)n (21)

:hmkinf</ﬂ 1TWﬁ(p0,;C)dx—/0 /F,B('yﬁk)TW(ukZ/)dwdt
t
—/0 /Q((?%Jruk)z)TWB(pk)—2f,fW,okdxdt>
:/ 1"WB(po)dx
Q
t — — S—
+ lim nf ( | [ 00 W) — 5790 W () dds
0o Jr

_ /0 t /Q (Qck+(uk)m)TWﬂ(pk)dmdt> + /0 t /Q 2fTW pddt
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and thus

lirm sup ( / / Byp) W (i) — B (1)) "W ()~ duodlt
k 0 N

t _ T~xT _
+/O /Q(zck+(uk)z) Wﬁ(pk)dxdt> (22)

= /0 /FB (v0) "W (vu) ™ — B(H(vp))" W (vu) ~ dwdt

+/Ot/ﬂ(2c+uz)TW/3(p>d$dt-

Using the assumption for the weak-x convergent sequence x|o,+7py, we conclude

/ / Bvp) W (vu)* — B(H (1)) "W (vu) ™~ dwdt
0 I (23)

t
<timint [ [ 50p) Wlvue)* — B(He(2,)) W) duds
0 I

for all t € [0, T]. Because of the strong convergence of ¢ and (uy), in L*((0,7) x )™,
we have for j = 1,...,n also the convergence
1

26, + (ud)a|* — [267 + ()

in L2([0,T] x Q) and hence also the weak convergence

‘26,1 +(ud)a|” AL — 267 + (u)), | &

in L2((0,T) x Q). Here, the superscripts denote the components of the vectors. Since
it holds 2¢;, + (ux)z = 2¢ + (ur)z + [[(2¢k + (ur)z) [l (@)»1 > 0, we can again use
the weak lower semi-continuity of the norm to find

t n
/0 /Q<2c +u) TWA(p)dadt = 312 + (1)) W55 |2 0.y
j=1
< hmkinfz 1227, + (4)2) 2 W50 72 0.0y x2)
j=1

t
= lim inf /O /Q (221 + (ur)z)” WB(pr)dadt.

This leads with the inequalities and (23) to

i sup ( / / By "W ()™ — B(F(75,)) W (ug)~ ot

+A A(2ék + (uk)m)TWB(pk)dxdt>
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t 0)TW (vu)t — {(vp) T W (vu) ™ dw

< [ [ BanT Wt - ) W) dud

+ /0 /Q(26+ux)TW5(,5)dxdt
< lim inf /t/ﬁ( 50) "W () — B (vp)) "W ()~ de | dt
<liminf| | | B(vp uk k(7K ugy)”dw

+lirr5€inf/0 /9(2ék+(uk)m)TW5(ﬁk)dxdt
< lim inf /t/ﬂ( o)t W (urv) T — B(Hi(vpy)) T W (ugv) ~dwdt
= s YPk k k\YPk k

+/0 /Q(QEk+(Uk)x)TWﬂ(ﬁk)dxdt>_

Hence, the limit inferior and the limit superior coincide and consequently they are
equal to the limit. Altogether, this yields

Jim W (£) 17202y
—00

~ lim (— / / Bv) W (i) — B (17,)) W ()~ et

k—o0

+ /Q 1TWB(poe)da — /0 /Q (20k+(uk)w)TWﬁ(pk)—QfEkadxdt>

= 7/0 /Fﬂ(’Yﬁ)TW(yu)JF _ B(ﬁ(vﬁ))TW(yu),dwdt

t
+ /Q 1"WB(po)da — /0 /9(26—&— uy)TWB(p) — 2fT W pdadt
= [[Wa(t)[172(q)n-

Now, the strong convergence of py(t) for all ¢ € [0,7] follows by the Radon-Riesz
property of L2(2)™ and the equivalence of the weighted Euclidean norm |[W - ||
and the Euclidean norm || - ||2. Thus, by the convergence of 7

Fe(t) = exp (; /O t ak(s)ds> 7 (t) = exp (; /O t a(s)ds)

in C([0,T]) (see proof of Lemma [T7]), the convergence
pi(t) = pr(®)Tx(t) — p()7(t) = p(t)

in L?(Q)" is also true. Because of the uniform boundedness of py(t) in L>=(Q)", we
see that py(t) converges in all LP(£2)"-spaces for p € [1, 00).
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Up to now, we have shown the pointwise in time convergence of pg. In the next
step, we want to show that the convergence of py is uniform in [0,7] with values in
LP(Q)™. This can be done by applying Theorem |§| to px, a Radon-Riesz like property
for uniform convergence. Therefore, we first prove that [, px(t, x)T (¢, x)dz converges
uniformly towards [, p(t,z)T ¢ (t, z)dz for all fixed ¢ € C*([0,T] x ©,R™). Recall the
upper bound ppax E R< g for py from the first part of the proof and let be € > 0. We
define € = . Since ug, cx, fr and vuy, are converging in L', they are

5pnnx|\90||c1 ([0, T]xQ,R")
equi-integrable. Thus, there exists § > 0 such that S C [0, T] with x(S) < 0 implies the
four inequalities: [g [lurl[L1ndt < &, [qllcello@ndt <&, [g I fellr@ndt < € and
Js llvugllrryndt < €. Then, we compute for t1,t € [0,T] with [ty — ¢1| < min(é, £)

‘/ @(t2)Tpk(t2)dx—/w(tl)Tpk(tl)dx

/ / o + iUk — " Cr) pro+ fiL @dxdt—/ /‘PT(VUk)'YPdedt
t1 T

< ||%0||01pmax/ (L4 lluellpr@yn + llerllr@n + 1 fellLr @) d

t1

to
‘+|Wﬂkmﬁnmxj/ Il oy dt
t1

to
< Pmaxl|ellcn / (L4 JJurllr @y + el @n + 1fxllor@e + lvukll o)) dt
t1

<e€

which proves the weak equicontinuity of py. Together with the weak convergence of
pi(t) in LP(Q), we conclude the uniform in time convergence of [, pr(t)T¢(t)dz as
each equicontinuous pointwise convergent sequence is uniformly convergent. Due to
the density of C*([0,77] x Q)™ in C([0,77], L*(2)™), this uniform convergence holds in
fact for all p € C([0,T7], L2(2)™).

To apply Theorem [9) we additionally need the uniform convergence of the norm

llpk(t)|| L2y Therefore, let again be € > 0, define & = T Do and choose

a value § > 0 such that for all S C [0,T] with x(S) < d the inequalities [ ||2¢) +
(Uk)w||L1(Q)ndt <, fS ||fk;HL1(Q)ndt < € and fS ||1/ukHL1(F)ndt < € hold. Then, the
renormalization property leads to

ok (t2)lZ2 ) = okt Z2 0

tz t2
=/’/ﬁmmﬁwwmm+/ /@%+mmfm%waﬁ%mw
tl r tl Q

to
< max(ﬁmaxa 1)ﬁmax/ (||Vuk||L1(F)”+||20k + (uk):EHLl(Q)” + 2ka:||L1(Q)") dt

t1

<e€

for tq,ty € [0,T] with |[ta—t;| < §. Again, the shown equicontinuity yields together with
the pointwise convergence of || px ()| 12 ()= the uniform convergence. As a consequence,
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we can apply Theorem |§| to deduce the convergence of py in C([0,T],L*(Q)"). As
before, the convergence holds in fact in all the spaces C([0,T], LP(£2)™) for p € [1, 00)
because of the uniform boundedness.

To finish the proof, it remains to show the strong convergence of the trace ypy.
Again, we consider the renormalization property for 5 as before with an arbitrary
o € C%L([0,T] x Q,R"). Since B(py) converges strongly to B(p) in LP((0,T) x Q)"
and B(px(T)) to B(p(T)) in LP(2)™ we conclude

T
/ /ﬁ(Wﬂk)T(VUk)godwdt
0 I
T
- /0 [ 80" o1+ Ut = (2G4 (U0.)9) + 247 pua
+ / Bpo)T(0)dz — | Bon(T)T o(T)de
Q Q
—>/ /ﬂ(P)T(SDt+U80x—(QC+UZ)<P)+2prdxdt
0 Q
+ / B(po) T p(0)da — / B(p(T))T o(T)de

-/ : [ 500 (0.

To use the Radon-Riesz-property again, we would like to choose sgn(vu) as a test
function in order to receive a norm of yp. But since this function is not smooth
enough, we have to approximate it to ensure the C?!-regularity. Therefore, let be
pj € C%1([0,T] x Q,R™) such that

pj — sgn(vu)

holds almost everywhere in I'y with |¢(¢, )| < 1. The dominated convergence theorem
immediately yields
(vU)p; — |vul

in L!(I'7)™. Thus, we find for € > 0 an index J € N with

g
(v U)ps — |VU|HL1(FT)n < F

max

With the convergence in we find for ¢; an index Kj such that

T
| [ om w0 - 560" w0) pdud] < 5

for all £k > K;. Furthermore, because of the convergence of vu; in LI(FT)” there is
also K5 with

3
v (ur = W)l rryn < 75—
T 452
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for k > K. Finally, for all ¥ > max(K7, K3) it holds
2 2
‘H’YPICHLQ(FT,\d;Lu\) - H'VPHL2(I‘T,|d;Lu|)‘

<

T
/0 / Byou) (vU) (sgn(vu) — ) dwdt

T
4 / / Blyo) (v (U — Uy))psduwdt

T
+/O /F(ﬁ(%%)T(VUk)—B(w)T(VU)) o dwdt

T
4 / / B(vp)" (WU) (s — sgn(vu)) dwdt

_ _ €
< 2axlllvul = WO Ly + PV (= wi)llza ey + 5

<é€

and we can use the Radon-Riesz-property and the boundedness of ypj to conclude the
strong convergence in LP(I'p, |du,|) for all p € [1, 00), which finishes the proof. O

Remark 11. Boyer and Fabrie obtained in [3] an equivalent result for the scalar trans-
port equation with non-coupled boundary conditions. However, their proof technique
is completely different and uses a mollifying procedure.

5. EXISTENCE

Now, we are finally able to prove the existence of solutions of the transport equation
(1). This will be done in two steps. In a first step, we will consider the equation with
non-coupled boundary conditions. In this case, the existence of a solution is classical
and it can be proven in several ways. One possibility is to use the method of char-
acteristics for smooth data. Then, the first part of the previous theorem yields the
existence for general data. In [3], a proof of the existence using a parabolic approxima-
tion is presented. In a second step, we will construct a solution for general boundary
conditions by an iterative method, where we will use the first part of Theorem
Lemma 12 (Existence). For G = 0 there ezists a solution of the initial-boundary-
value problem under the assumptions from Section @

Proof. See e.g. [3] or [16]. O

Now that we know the existence of solutions in the case of non-coupled boundary
conditions, we will provide a small lemma concerning the monotonicity of the solution
operator in dependence on the inflow values. This lemma will turn out to be useful for
the construction of the solution in the general case with coupled boundary conditions.
Lemma 13. For G = 0 let the assumptions from Section[q be true and let the functions
Pin1, Pin,2 € L (Tp,dps,) be two different inflow values with

pin,2 Z pin,l Z 0
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du, -almost everywhere. Then, for the solutions p; of the transport equation with
inflow values (VU) ™ p; = (VU) ™ pin,; it holds

p2(t) = pa(t)
almost everywhere in Q). Moreover, for their traces vp; hold

Yp2 = Yp1
|dgey |-almost everywhere in Tp.
Proof. Let p; and py be the solutions corresponding to the inflow values pin,1 and pin 2.

Recall that these solutions p; and py exist due to Lemma [I2] Then, the difference
p = pz — p1 with trace yp = yps — vp1 solves the homogeneous transport equation

pt+(Up)e +Cp=0 in (0,7) x Q
p(0,) =0 in O
(vU)"p= (vU)™ (pin,2 — Pin,1) on I'p.

Since the inflow value pin 2 — pin,1 is non-negative dp;, almost everywhere, we can apply
Lemma [7] to obtain the lower bound p(t) > 0 almost everywhere in  and yp(t,w) > 0
for |dp,|-almost all (t,w) € T'r. O

Equipped with this lemma, we can prove the existence of solutions for general
boundary operators H using an iterative construction in the next theorem.
Theorem 14 (Existence). Under the assumptions onu, c and f and under the
assumptions from Section[d on H, there exists a solution of the initial-boundary-value

problem ,

Proof. We will iteratively construct a sequence of functions converging weakly-x to a
solution p of the transport equation. The idea is to use the outflow value of a solution
to compute the inflow value for the problem of the next iteration step. Due to the
positivity of the operator G, the obtained sequence will be monotonically increasing.

Therefore, we define the starting value of the sequence vpy = 0. From Lemma [12]
we know that the problem

(pr)e + (Upk)z + Cpr = f in (0,7) x Q
p(0) = po in Q
(VU) " pe = (vU) " H(vpr-1) on I'r

has a unique solution p, with trace «vpg. Once more, we want to use the stability
theorem (Theorem , but this time with pin x = H(vpr—1) and G, = 0.

As a first step, we have to check the requirements for this theorem. Therefore, we
want to analyse the boundedness of the boundary value. From assumption we
know that there is a constant ppax € RZ, with

t
Pin €XP (—/ Oé(S)dS) —F+ g(F) + g(pmax) < Pmax
0
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and
Po S Pmax

almost everywhere. We want to show by induction that an analogue bound for the
boundary value pinr = H(ypr—1) and Gy = 0 is valid for all &, i.e.

t
YPK €Xp (—/ a(S)d8> — F < prax-
0

The base case is clear since G and p;, are positive and it holds ypy = 0. Using the
positivity of G, the induction hypothesis and the assumption on Pmax We calculate
for the inductive step

H(vpr—1) exp (— /Ota(S)d8>

— pexp (_ /O t a(s)ds) - G(Prma) + G(F)

)

t
< pimexp ( / a(s)ds) - G(pumae) + G(F)
0
< Pmax + I

Thus, Lemma [7] yields the desired bound for ~py, for all k.
The next aim is to show the convergence of the inflow values pi, . As we have just
seen, this sequence is bounded and it is monotonically increasing, i.e. it holds

Pink+1(t, W) > pin k(t,w)

for du, -almost all (t,w) € T'y. We will also prove this by induction. Due to the
non-negativity of f and Lemma (7] it is yp1(t,w) > 0 for |du,|-almost all (¢,w) and
thus, because of the positivity of G and piy

Pin2 = H(Yp1) > pin = H(Vp0) = Pin

holds du,, -almost everywhere. For the inductive step, we will use the previous lemma
about the monotonicity. Assume, it is pin,k > Pin,k—1. Then, Lemma immediately
yields vpr > vpr—1. Thus, the positivity of G leads to

Pink+1 — Pink = H(vpr) — H(vpk—1) = G(vpr — vpr—1) = 0.

Since (pin,k)x is bounded and monotone, we can apply the monotone convergence
theorem to conclude that there exists a function ¢ € L (I'p, duy, ) with

Pin,k — ¢
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in LP(T'r,du, ). Since the sequence is bounded in L™ (T'p,dp., ), it is also weakly-x
convergent in L>(I'r,du, ). Hence, Theorem is applicable and it yields the exis-
tence of a solution p with trace yp of

pt+(Up)e +Cp=f in (0,T) x Q
p(0) = po in Q
wU)"p=(vU) ¢ on I'r.

Furthermore, it holds
Vor = p
in L (T'r, |duy|). The weak-* continuity of the operator G implies

H(vor) = H(vp)

in L>°(T'p,duy, ). Finally, we conclude
@U) " vp = (VU) ypk

= (WU)" H(vpe-1)

— (vU)"H(7p)
in L'(I'z). Because of the uniqueness of the weak limit the boundary condition

(U) " vp = (vU)"H(7p)

is satisfied. O
Remark 15. Remark, that the required non-negativity of f is essential in the pre-
vious proof. In order to prove the existence without this restriction, one needs an

additional requirement on G, e.g. the existence of a constant vector pmin € RY, with
G(F- + pmin) < F_ 4 pmin for du, almost all (t,w) € T'r. Here, it is F_(t) =

[(f1(s,)) " Mz
exp (f fot a(s)ds) : ds. Then, we can split the problem in the two
[(fr(s,)) " llzee
subproblems
pr + (Up'), + Cp' = f+ in (0,7) x Q
p*(0,-) = po in O
(VU)~p! = (U) H(p' ) on Ty
and
pi +(Up*)e+Cp* = f~ in (0,7) x
0%(0,-) =0 in Q
(VU)~9? = (0)~G(pIr,) on Ty

so that p = p' — p? is a solution of the original problem. Due to the existence of puin,
both subproblems fulfill all requirements of section
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6. APPLICATION ON NETWORKS

One of the main applications of such coupled boundary value problems are transport
problems on networks or graphs. In this case, the boundary operator describes the
coupling of the density at the nodes of the network. As usual, we enforce the mass
to be conserved at the nodes. Furthermore, the density should be distributed by a
prescribed ratio. This is similar to the coupling conditions for traffic flow (see [I1]) or
open channel flow (see [6] or [15]).

In order to describe such flows on a network, the notation of graph theory is very
well suited. We will briefly introduce the notions which are needed in this context.
For more details, we refer to the PhD thesis [16] and to any text book about graph
theory as e.g. [1].

Let G = (V, E,w,init, ter) be an oriented, weighted and connected graph with n
edges and m nodes and let B € {—1,0,1}™*™ denote its incidence matrix. Assume
that the graph has £ > 0 inner nodes v; € V with degree d(v;) > 1. We denote by
B, € {~1,0,1}**" the submatrix of the incidence matrix containing only the rows
of B corresponding to inner nodes. In the same way, B_; € {-1,0, 1}(’”_’“)“ is the
submatrix corresponding to the outer nodes v; € V' with degree d(v;) = 1.

With this notation, we are able to write the mass conservation at the inner nodes
as

/1“ (vBs1)” (vU) pdw = 0.

If there is more than one outflow edge at the same node, we need to specify the
distribution of the density. The simplest model is the perfect mixing of the density,
i.e. the density in the outflow edges is continuous at the node. However, also other
linear models to determine the distribution on the different outflow edges are possible.

In order to define the above-described boundary operator for the perfect mixing
precisely, we introduce the matrix M € L((0,7))*** by

M = /F (vBs1)” (vU)” (vBL,) dw. (25)

A simple computation using the structure of the incidence matrix shows that this
matrix M = (m,;) has a diagonal form with

mi; = 51-]-/F ((I/B>1)7 (Vu)*)idw

(see [16]). For the well-posedness of the transport equation we need additionally some
sort of energy conservation. We assume

/ ((VB>1)7 (l/u)) dw=0 (26)
T (2

for all inner nodes v; € V with d(v;) > 1. In the formal low Mach number limit of the
Euler or Navier-Stokes equation on a network studied in [16] this condition is fulfilled
naturally.
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Then, for pous € L=((0,T))™ % with pout > Pmin > 0 almost everywhere, we define
the boundary operator
Hoy: L°(Cp,dpt) — L°(Cp,duy,)
P — Pin + gu (/J)

with

Pin = (VB£1)_ Pout
and

Gut L= (Cr,dpy) — L(Tr, dpy, )

ulp) = (BL) M [ 0BL0)” (U)" pus
T

Here and in the following, M ~! has to be understood in the sense of the Moore-Penrose
pseudoinverse. Clearly, this boundary operator satisfies the assumption on the perfect
mixing since for each inner node there is a common outflow value for the density.
Furthermore, the mass is conserved at the inner node since it holds

[ 0B (U) Ml = [ Bo1)” (4U) Gulp)de
T

T

=MM! /F (vBs1)” (vU)T pdw (27)

:/(VBN)*(VU)*pdw
T

for all p € L>(T'r,dp ) and almost all ¢ € [0, 7). For the first equality we used the fact
(11Bs1) "W (1,BL,)~ = 0 for arbitrary diagonal matrices W and vy,vs € {—1,1}.
And for the last equality we have to take into account the energy conservation
since M~! is just the pseudoinverse: In the case m;; = 0 it is also

/F ((VB>1)— (yu)+) dw =0

2

by . This is a sum of positive terms and thus all summands have to be zero and
the third equality in is obvious.

Until now we have formally seen that the operator describes the above-mentioned
coupling conditions. Before we check that H, fulfils the requirements of Section [2| for
the well-posedness of the problem, we will show the well-definedness of G,, and we will
introduce the pre-adjoint operator G,,, to which G, is the adjoint operator.

For all p € L>(T'r,dp;) and for almost all ¢ € [0, 7] it is either m;;(¢) = 0 or

mis®7 [ (0B)” GUO) pltw) o < max(pyltw)). (28)

In the case m;;(t) =0, it is (G.), (p)(t,w) = 0 for all adjacent edges e;.
Altogether, this proves

1(Gu); (p)] < max (lp; (£, w)))
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for almost all (¢,w) € I'r with vu,(¢t,w) < 0. Hence, it is G,(p) € L>(T'p,dp, ) and
the linear operator G, is well-defined. Descriptively, this is not surprising since the
coupling condition chooses a weighted mean value of the inflow densities for each t.
Clearly, this weighted mean value is smaller than the maximum.

As a next step, we define the operator G, as

g_u . Ll(FTa dM;) — Ll(FTy d/J/;_)
p— (VB£1)7 M-! / (vBs1)” (vU)™ pdw.
r
This operator is well-defined by the same argument. We observe that G, is the adjoint

operator of G,. To check this, let be p € L>(I'r,dut) and p € LY (Tr,dp;, ). Then,
we compute

T
7 - _ _ - T\~ -1 - +
/FT,O (vU) gu(p)dwdt—/o /Fp (vU)~ (vBL,) dwM /F(VB>1) (vU)" pdw

= | Gu(p)" (vU)* pdwdt.
I'p
Now, we will check all requirements for the boundary operator assumed in Section
Lemma 16 (Continuity equation on a network). Let u € L'((0,T), Wh1(Q)")
with u, € LY((0,T),L>®(Q)") and pg € L>®(Q)" be given and let be H, the above-
defined operator. Then, the continuity equation on a network

pe+ (Up), =0 in (0,T) x Q
p((), ) = po in
(4U)p = (WU) Hulplrs) on Ty

has a unique solution which is bounded and depends continuously on py and py. In
addition, for each py € L™ ()™ with pg > pmin > 0 almost everywhere, there is
a vector pmin € RY, satisfying inequality , which guarantees the existence of a
strictly positive lower bound of the solution.

Proof. We will verify each of the assumptions of Section [2| so that we can apply the
theory of the previous sections. Therefore, let be p € L (T, dut).

Weak-+ continuity: Since G, is the adjoint of another operator, namely G,,, it is
weak-* continuous.

L'-operator norm: As weight matrix for the LP(I'r,dut) norm we choose the
identity matrix W = I. Then, using the definition of M, we estimate

1G (D)1 = /F 1Gu(p) |7 ()~ ot

:/OT
:/OT /FPT(VU)+(VB§1)dw‘1dt

< lpll1,w,+-

/FpT(VU)+(yB§1)dw’M—l/F(uB>1)(uu)—dwdt




TRANSPORT EQUATIONS ON A NETWORK 30

Thus, the L'-operator norm of G, is less or equal one.
Causality: Equation is fulfilled for almost all ¢ € [0, T] since it holds

X(0,0Gu(X0.4p) = (vBL;) M™! /F (vB=1)” (vU)" xp0.9pdw = X(0,4Gu(p)

by definition of G,.

Positivity: Let be p > 0 almost everywhere. Then, G,(p) is positive as sum of
products of positive factors.

Boundedness: For any pg € L>(Q)™ define the scalar

Pmax = Max (”poutT”LOO(FT)m*kv ||p0||L°°(Q)")

with r = exp (f fg [(ug(s, )~ ||Loc(Q)ndS). Observe that the reaction term ¢ and the

source term f are not present in the continuity equation. Due to the definition of the
matrix M, it is

gu(pmaxln) - pmaxgu(ln) = Pmax (VB£1)_ MilM]—k = Pmax (VB£1)_ ]-k
and thus, it follows also
pin” + Gul(pmaxln) = (VBL)) " pout” + Gu(pmaxln)
< Pmax (VB£1>7 1ok + Pmax (Vle)i 1
= pmax(yBT)_]-m
- pmaxln

dp, -almost everywhere. Here, one has to be careful with the different dimensions of
the 1-vectors. In the last step, we used that (¥B)~ has in each column exactly one
non-vanishing entry.

Now, we additionally assume pg > pmin > 0 almost everywhere and denote

F(t) = exp ( / e, -))+||ds> |

Pmin = min{ess lgf Po, €SS il_‘nf(fpout)} > Pmin > 0
T

Then, we define

and thus, it holds
pinT + Gu(pminln) = (VBLy) " pouT + pminGu(1n)
> prain (VBL)) " Lok + pmin (vBL,) 15
= pumin(vBT) "1,
= Pminln

du,, -almost everywhere. This completes the proof.
O

Remark 17. Using the stability theorem [I0] one can also proof that the solution of the
equations on a network continuously depends on the velocity u.
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