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Abstract

In this paper we discuss two approaches to evolutionary I'-convergence of gradient
systems in Hilbert spaces. The formulation of the gradient system is based on
two functionals, namely the energy functional and the dissipation potential, which
allows us to employ I'-convergence methods. In the first approach we consider
families of uniformly convex energy functionals such that the limit passage of the
time-dependent problems can be based on the theory of evolutionary variational
inequalities as developed by Daneri and Savaré 2010. The second approach uses the
equivalent formulation of the gradient system via the energy-dissipation principle
and follows the ideas of Sandier and Serfaty 2004.

We apply both approaches to rigorously derive homogenization limits for Cahn—
Hilliard-type equations. Using the method of weak and strong two-scale conver-
gence via periodic unfolding, we show that the energy and dissipation functionals
I’-converge. In conclusion, we will give specific examples for the applicability of
each of the two approaches.

1 Introduction

Multiscale problems arise in various applications in mechanics, physics, chemistry, and
in the natural sciences in general, e.g. classical and stochastic homogenization [AlI93]
MRT14, [GNO14], dimension reduction [Cia97, LiM11l [Liel3|, atomistic-to-continuous
passages [GHMOG], sharp-interface limits [MoMT77]. Therefore, the development of new
tools for the treatment of such problems is an important and challenging field. In partic-
ular, tools that are based on variational methods are of great interest since they usually
reflect the physical principle behind the problem, and in this way they can provide more
insight into the problem.

In this text, we are interested in evolutionary problems that have a gradient structure,
i.e. the evolution of the system is written in terms of an entropy or energy functional
& defined on a state space X and a dissipation potential R in the form of an abstract
balance between viscous and potential restoring forces:

0 =DR(u(t)) + DE (u(t)). (1.1)

Here, we consider “classical” gradient systems (X,&,R) meaning that the dissipation
potential R is a quadratic functional.

The multiscale nature of the problems under consideration is given by a small param-
eter € > 0, which characterizes the ratio between the microscopic and macroscopic length
scales. Hence, we consider a family of gradient systems (X, &, R.) and address the cen-
tral question of characterizing the conditions on the functionals & and R. that guarantee
the convergence of solutions u. of the multiscale problems associated with (X, &, R.) to
solutions of an effective problem in the limit ¢ — 0. In particular, as the evolution is
entirely driven by functionals we aim for methods based on I'-convergence and, following
[Miel4], call this approach evolutionary I'-convergence, E-convergence for short.

Here, we present two distinct approaches: The first approach is based on the uniform
A-converity of the driving functionals & with respect to the potentials R., see Subsec-
tion for the definition. In this case we can reformulate the evolution of the system in
terms of an Integrated Evolutionary Variational Estimate (IEVE), i.e. u. is a solution of



(1.1) for (X, &, R.) if and only if
for all s and ¢ with 0 < s < ¢ and all w € dom(€&,):

AR (ua(t)—w) —R. (ue(s)—w) < MA(t—s)(SE(w) — &, (us(t))), (1.2)

where My (r) = [ €7 dr. We refer to [AGS05, [DaS08, DaS10] for an extensive survey on
the topic of A-convex gradient systems. Under the general assumptions that the energy
functionals I'-converge to a limit functional with respect to some suitable topology and
the dissipation potentials converge continuously to a limit (see ), we can pass to the
limit ¢ — 0 in the (IEVE) formulation to derive the effective limit problem.

The second approach to E-convergence is based on the equivalent formulation of
via the Energy Dissipation Principle (EDP), which reads

E(ue(T)) + /0 Re(i) + RE(=DE-(ue)) dt < E.(us(0)). (1.3)

In contrast to the first approach based on (IEVE), the (EDP) formulation does not rely
on any convexity assumptions of the energy functional and follows from the Legendre—
Fenchel equivalences and the chain rule. However, we need to additionally impose the
well-preparedness of the initial conditions, i.e. u.(0) — u(0) in some sense and &, (u.(0)) —
Eo(u(0)), whereas this condition was not needed in (IEVE).

Moreover, since the (sub)differential of the driving functional appears in the dual
dissipation potential, i.e. R:(—DE&.(u.)), we need an additional condition that guarantees
the closedness of the (sub)differential of . Combined with the I'-convergence of the
energies and dissipation potentials with respect to suitable topologies in X, the well-
preparedness and the closedness of the subdifferential condition allow us to pass to the
limit € — 0 in and derive the (EDP) formulation for the limit system. An important
point is that in the later application to homogenization problems the lower liminf estimate
for the dissipation potentials with respect to weak convergence in X is not satisfied.
Therefore, we have to generalize the abstract E-convergence results via (EDP) in [Miel4]
to fit in our setting.

Let us remark, that this approach is related to the well-known Sandier—Serfaty princi-
ple [SaS04], which is also based on (EDP). However, there the conditions are formulated
in a very general manner. In contrast, we give explicit conditions on the energy and
dissipation potentials to prove E-convergence. Moreover, we do not need to impose two
separate estimates for the primal and dual dissipation potentials.

Having established the two approaches for E-convergence in the abstract case, we
apply both methods to rigorously prove a homogenization result for the multiscale Cahn—
Hilliard-type equation

O = div [M.(2)V (0, We(z, u.) — div(A-(z)Vu.))]. (1.4)

The multiple scales are given by the rapidly oscillating coefficient functions M, (z) =
M(z, z/e), A(x) = A(x,z/e), and the potential W, (z,u) = W(x,z/e,u). We show that
limits of (subsequences of) solutions to ([1.4]) solve the limiting equation

Ou = div [Meg(2)V (0, Werr (2, v) — div(Aeg(z)Vu))], (1.5)

where the effective coefficient functions Mg, Aeg are given via the classical unit cell prob-
lem and Weg(z,u) is the usual average of W over the microscopic cells for fixed u. We
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refer to [BK*02, [TB*03] for a physical application of this model. Therein, the dewet-
ting process of thin films on heterogeneous substrates is modeled via the Cahn—Hilliard
equation with nonlinear mobility and spatially periodic oscillating potential.

It is well-known that has the gradient structure (X, ., R.), where X is isomor-
phic to the dual of H'-functions with fixed average, £. is the classical Allen-Cahn energy
functional, and R, is an H™'-norm-like dissipation potential, namely

E(u) = /Q %Vu - A (x)Vu+ We(x,u)dr and

(1.6)
1
R.(i) = / SVE - M(r)Vedr, where —div(M.(2)VE) = i
Q
Then, the PDE ((1.4)) is (formally) equivalent to the force-balance formulation
0 =DR.(.(t)) + DE- (u-(t)). (1.7)

Using two-scale convergence techniques, we prove that under suitable assumptions on
the potential W, the energy functionals &£ I'-converge to an effective energy functional &
with respect to the weak topology on H!(£2). With the same arguments we can show that
the dual dissipation potentials I'-converge to an effective potential in the weak topology
of X* and thus, by a duality principle for I'-convergence we obtain the I'-convergence of
the primal dissipation potentials in the strong topology of X .

In order to apply the abstract E-convergence results based on (IEVE), we assume that
the potential W, is uniformly A-convex on R. In that case, we can deduce the uniform
A-convexity of £ with A related to A. In particular, in this case the first approach yields
the desired homogenized equation (|1.5]).

In the second approach, based on the (EDP) formulation, we can drop the convexity
assumption on W.. However, we need to verify closedness properties of the subdifferential
of &. In the concrete case of the Cahn-Hilliard equation in this follows e.g. from
suitable uniform growth estimates for 9,W. or uniform A-convexity of W.. As in the
abstract case, we have to assume additionally that the initial conditions are well-prepared.
In particular, this means that u.(0) is a recovery sequence for &..

We remark that both approaches allow us to consider the classical logarithmic- and
double-well potential. However, we show that there are certain examples of potentials
that highlight the distinction between the approaches.

Finally, let us shortly review the literature on E-convergence and homogenization
results related to the Cahn—Hilliard equation. An effective macroscopic Cahn—Hilliard
equation in a porous media setting is derived in [SP*13] via the method of asymptotic
expansion. In [SaS04], energy-based methods, which we term energy-dissipation princi-
ple, are developed to derive evolutionary I'-convergence results for gradient flows in an
abstract setting. Based on this, the sharp interface limit of the Cahn—Hilliard equation is
investigated in [Le08] using the classical Modica—Mortola energy functional. In [Serll],
the abstract scheme for energies defined on spaces with Hilbert space structure in [SaS04]
is generalized to metric spaces. In [BB*12], the convergence of the one dimensional Cahn—
Hillard equation to a Stefan problem is proved for nonconvex potentials relying once more
on [SaS04]. In [NiOO1l, NiO10], sharp interface limits are rigorously derived by exploit-
ing the gradient structure of the Cahn-Hilliard equation, I'-convergence, and the Rayleigh
principle. Finally, let us mention that the concept of evolutionary I'-convergence was used



in [Mie08] for Hamiltonian systems. In particular, a homogenization result for the wave
equation was obtained. In [MRS08] E-convergence of rate-independent systems, which
can be seen as generalized gradient systems, was discussed using an energetic formulation
which corresponds to the (EDP) formulation.

This paper is structured as follows. In Section [2| we introduce abstract gradient
systems (X, &, R) consisting of a separable Hilbert space X, an energy functional £, and
a quadratic dissipation potential R. We discuss the notion of evolutionary I'-convergence
in Section and state the two abstract results on the (IEVE) and (EDP) formulation
in Section and Section [2.3] respectively. Section [3]is devoted to the homogenization
of the Cahn—Hilliard-type equation . We collect the assumptions on the data in
Section [3.1], explain the gradient structure in Section [3.2, and derive the I'-convergence
of the energy and dissipation functionals in Section [3.3] Here, we restrict ourselves for
simplicity to classes of potentials satisfying a suitable growth condition. Finally, we apply
the abstract results of Section [2.1 based on (IEVE) and (EDP) to the concrete setting in
Section and respectively. In Section (3.6, we present exemplary potentials Wy, that
fit into our theory. Finally, we conclude the paper in Section [4] by discussing the benefits
and differences of the two approaches via (IEVE) and (EDP), respectively. Moreover, we
compare our E-convergence results with that of [SaS04].

2 Abstract gradient systems

A gradient system is a triple (X, &, R) consisting of a separable Hilbert space X, a proper
and lower semicontinuous driving functional £ : X — R, := RU {400}, and a quadratic
dissipation potential R : X — [0,00). The latter means that R is of the form R(v) =
+(Gv, v) with (-,-) denoting the dual pairing between X and its dual X* (which we do not
identify to distinguish between velocities and forces) and G € Lin(X, X*) is symmetric
and positive definite. In particular, we assume that R satisfies

Ja,6>0: $v|kx <R(@) < §||v||_2x for all v € X. (2.1)

The gradient-flow equation associated with £ and R is now given in terms of the force
balance, also called Biot’s equation, which reads

0 € DR(u(t)) + OxE(u(t)), u(0) = uo, (2.2)

where Jx&(u) C X* denotes a suitable notion of a set-valued subdifferential of £. Let
us remark that the right notion of subdifferential, e.g. convex, Fréchet, or strong/weak
limiting subdifferential, is dictated by the concrete problem. On the one hand, it has to
be “big” enough such that all relevant limits are contained. On the other hand it has
to be “small” enough to satisfy a chain rule condition (see below). We refer to [RoS06]
for a discussion of sufficient conditions on &, 0x& and the data uy that guarantee the
existence of solutions of , see also Remark . In the following we always assume
that solutions u € H*(0, T’; X) of the force-balance formulation in exist.

With the primal dissipation potential R we can associate the dual dissipation potential
R*: X* — [0,00), which is given via the Legendre transform, i.e.

R*(&) :=sup {{¢,v) — R(v) |ve X}.



In particular, we have that R*(§) := 1(¢,G7'¢) and the estimates 2-||¢]
6—; &||%- are satisfied for all £ € X*, where o* = 1/3 and 8* = 1/a.

For the driving functional £ we assume that there exists a reflexive Banach space
Z C X such that the embedding is compact and

e SR <

Je,C>0,qg>1: E(u) > c|ul|]y, — C forall u e Z. (2.3)

As usual, we extend & to the bigger space X by setting £(u) = +oo for u € X \ Z.

Finally, we make the crucial assumption that dx& satisfies a chain rule condition: If
w e HY(0,T;X), £ € L0,T; X*) is such that £(t) € dxE(u(t)) for a.a. t € [0,7T], and
t — E(u(t)) is bounded, then it is also absolutely continuous on [0, 7] and

%E(u(t)) = (&(t),u(t)) fora.e.te0,T]. (2.4)
Remark 2.1. Our setting can be cast in the framework of [RoS06] by considering the
Hilbert space X with norm ||v]|% = (Gv,v) and the corresponding subdifferential OgE =
G '0xE C X, meaning that v € 9gE(u) iff Gv € OxE(u).

If uy € dom(E), the coercivity and the chain rule conditions in and are
satisfied, then solutions u € H'(0,T; X) of exist according to [RoS06, Thm. 3] with
0x & being the strong-weak limiting subdifferential. Indeed, assuming additional continuity
properties of € (continuity along sequences of equi-bounded slope) the chain rule condition
(2.4) can be weakened such thatt — E(u(t)) is a.e. equal to a function of bounded variation

¢©:[0,7] - R and %gp(t) = (&(t),u(t)).

2.1 Evolutionary I'-convergence for abstract gradient systems

For a parameter ¢ € [0, 1] we consider a family of gradient systems (X, ., R.), where X
E., and R, are as above for each €. Following [Miel4, Def. 2.10] we define the notion of evo-
lutionary I'-convergence with or without well-prepared initial conditions — E-convergence
respective well-prepared E-convergence for short.

Definition 2.2 (E-convergence). Fore > 0, letu. : [0,T] — X be a solution of (X, &, R.)
in the sense of (2.2) and assume that u.(0) — wug in X. We say that (X,E,R.) E-
converges to (X, &, Ro) if there exists a solution u : [0,T] — X of (X,&,Ro) with
u(0) = ug and a subsequence g, — 0 such that u., (t) — u(t) in X and &, (u, (t)) —
Eo(u(t)) for allt € (0,T).

If we need to impose additionally E.(u-(0)) — Ey(ug) < oo, we say that (X, &, R.)
E-converges with well-prepared initial conditions to (X, &, Ro).

In the upcoming subsections we prove two abstract E-convergence results: In Theo-
rem we impose a uniform A-convexity condition on &, to show the E-convergence of
(X, &, R.) using an equivalent formulation based on evolutionary variational inequalities
and without well-preparedness of the initial conditions. Secondly, we prove the same result
in Theorem assuming well-preparedness and a closedness property of the subdifferen-
tials instead of the A-convexity condition by passing to the limit in the energy-dissipation
formulation of . Both approaches are based on the I'-convergence of the functionals
whose definition we recall here.



Definition 2.3 (I'- and Mosco convergence). On a reflexive Banach space X we say that
the functionals €. T'-converge to & in the weak (resp. strong) topology on X, and write

& L&] (resp. & L>€0), if the following two estimates are satisfied

(i) liminf estimate

Vu. —u (resp. ue — u): lim iglf E(ue) > Ey(u);

(1) limsup estimate (existence of recovery sequences)

Vu 3U. —0 (resp. u. — u) :  limsup & (u.) < E(u).
e—0

We say that E. converges in the sense of Mosco to &, written 56M—>EO, if (i) holds
with respect to the weak convergence in X and (ii) is satisfied with respect to the strong
convergence, i.e. strongly converging recovery sequences exist.

Let the systems (X, &, R.) satisfy the assumptions (2.1)) and (2.3) uniformly with
respect to e, i.e. there exist constants «, 3,C,c > 0, a reflexive Banach space Z C X
compactly, and ¢ > 1, all independent of ¢, such that

VoeX: glolk < R(v) < Elvllk;

veel01): { VueX: Efw) > clull—C (2:5)

Moreover, we assume in the following that the driving functionals & and the dissipation
potentials R. I'-converge in the strong sense on X, respectively, namely

E5&in X and R.DRgin X. (2.6)

Finally, in the uniform A-convex case in Section [2.2| we will additionally assume that the
dissipation potentials R. converge continuously along strongly converging sequences in

X, denoted R. <, Ro, i.e.

Vu. — uin X : lin(l)RE(uE) = Ro(u). (2.7)

Since Z is compactly embedded in X and the family &, is equi-coercive on Z, the weak
['-convergence on Z is equivalent to Mosco convergence on X. Moreover, the strong I'-
convergence on X of the dissipation potentials R. is equivalent to the weak I'-convergence
of R on X* due to the continuity properties of the Legendre transform. We collect these
two results in the following proposition.

Proposition 2.4. (a) [Miel], Prop. 2.5] Assuming the equi-coercivity in (2.5) and the
compact embedding of Z in X the following is equivalent

L& inz = &5¢& inX. (2.8)
(b) [Att84), pp. 271] For € € [0,1] let R: denote the Legendre transform of R., then

R.DRoin X <= RILREin X7 (2.9)



2.2 A convergence result based on variational inequalities

In this section we prove the first abstract I'-convergence result for the gradient systems
(X, &, R:) in the case that & is uniformly A-convex with respect to the dissipation
potential R., i.e. we assume that there exists a constant A € R, independent of ¢, such
that

ur E(u) — AR.(u) is convex. (2.10)

If the driving functional &. is A-convex with respect to R. in the sense of we
obtain the equivalent formulation of the (differential) gradient-flow equation in as
an evolutionary variational estimate (EVE). We recall that the Fréchet subdifferential
Or&. : X = X* is defined via

lim inf =
w—u |w—ul x

OpE.(u) = {g € X* Eelw) = &) = (G ww) o} (2.11)
and is in general multi-valued. In particular, in the A-convex case we have that £ € Or&.(u)
for w € X if and only if

forallwe X : & (w) > E(u) + (§, w—u) + AR (w—u). (2.12)

Moreover, if &, is A-convex OpE. satisfies the chain rule condition (see e.g. [Bré73al, Lem.
3.3]) as well as the strong-weak closedness condition, cf. Proposition [2.7]

Using this convexity estimate and the gradient-flow equation in for £, and R.
we arrive at the Evolutionary Variational Estimate (EVE)

i725(u(t)—w) + AR (u(t)—w) < E(w) — E(u(t)), (2.13)

Vt>0,we X:
dt

which corresponds to the Hilbert space version of Bénilan’s weak formulation [Bén72]
in the case A = 0, see also [AGS05, Ch.4] and [DaS10]. Multiplying the estimate in
[2.13) with e and integrating over an interval [r, s], for s > r > 0, gives the equivalent
Integrated Evolutionary Variational Estimate (IEVE)

Vwe X AR (u(s)—w) — Rel(us(r)—w) < My(s—r) (&(w) - 6}(%(3))) (2.14)

with Mp(7) = (e*—1)/A for A # 0 and Mo(7) = 7, see also [DaS08, Prop. 3.1]. Note,
that this formulation is only written in terms of functionals and no derivatives appear.

We state the main result of this subsection on the evolutionary I'-convergence of the
gradient system (X, &, R.) that can be found in [Miel5]. Note that this is a variant of
[DaS10, Thm.2.17], see also [Miel4].

Theorem 2.5. Let . and R. satisfy the equi-coercivity conditions in (2.5) and assume

that &, LEO and R. gRO in X. Assume moreover that the convezity property in (2.10)

is satisfied and that the initial conditions are such that u.(0) — w(0) in X with u(0) €
dom(Eo)X. Then, (X, &, R.) E-converges to (X, &y, Ro) and the limit t — u(t) satisfies

Vi>0,we X: %Rg(u(t)—w) + AR (u(t)—w) < E(w) — E(u(t)). (2.15)

Moreover, for each t € (0,T] the energies converge, i.e. E.(us(t)) — Eo(u(t)).
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Proof. Step 1. A priori estimates. Since & is a proper functional we can find a recovery
sequence w, € X with & (w.) < C < oco. Hence, for r = 0 we get from from (2.14))

MR (ue(8)—W2) + M (8)E(ue(s)) < Re(ue(0)—w,) + Mp(s)E(W.) < C < oo, (2.16)

Due to the positivity of R. and the estimate 0 < my < My(s) for all 0 < tg < s < T, we
obtain
sup E:(u(t)) < oo for all t € [to, T (2.17)

e>0
Hence, by the equi-coercivity of & we obtain a uniform bound for u. in L>®([ty, T]; Z).
Let us consider a partition t, =ty + k7y with £ = 0,..., N and 7y = (T'—t¢)/N for
N € N. Replacing s and r with t; and ¢_1, respectively, as well as taking w = u.(tx_1)

in , we arrive at
Re (ue(tk)_ua<tk—1)) S e_ATNMA(TN) <5€ (us(tk—l)) - ga (ua(tk>>> .

Summing over k = 1,..., N and taking the limit N — oo gives the standard estimate

[ Reli(s)) ds < Ex(u(to)) — Ex(us(T)).

Thus, by and the equi-coercivity of R. we obtain a uniform bound in C*/2([t,, T]; X)
for all ¢y € (0,7"). By Arzela—Ascoli’s theorem we find a (not relabeled) subsequence such
that u.(t) = u.(t) in Z for all t > 0 and by the compact embedding Z C X also strongly
in X. For t = 0 we set u,(0) = u(0).

Step 2. Limit passage in (IEVE). To pass to the limit in we take an arbitrary test
state w and choose a recovery sequence w, such that w, — w in X and &.(w.) — & ().
Using the lim inf-estimate for &£ and the continuous convergence of R. in X yields for all
0<r<s

AR, (u*(s)_qj}) —Ro (u*(r)—ﬂ?) < My (s—r) (50(@)_50(%(3)))' (2.18)

Thus, u, is a solution of the variational inequality (2.14) for ¢ = 0. However, it remains
to show that lim, o4 u.(s) = u(0). For this, let » = 0 and w € dom(&), and consider the

limit s — 0% in (2.14)) for e = 0
lim MR, (us(s)—@) — Ro(u(0)—w) < lim My (s)(E (@) — inf &) = 0,

s—07F s—0t
since Mj(s) = O(s). Thus, we have lim, g+ [[u.(s)—w|x < ||u(0)—w|x for all w €
dom(&y). Taking an approximating sequence wy — u(0) € dom(EO)X with @), € dom(&)
we conclude u,(s) — u(0) as s — 0.
Step 3. Convergence of the energies. It remains to show that & (u.(t)) — Eo(u.(t))
for all ¢ € (0,T7]. For this let || - ||, = 2R.(-) and define the slope e.(u) := inf{[|{[|z: | £ €
Or&:(u)} for € € [0, 1]. Due to the A-convexity of & we have for all ¢ > 0 the lower bound

E(w) > & (ua(t)) — e-(us(t)) Hw—ug(zf)HRE + AR (w—u.(t)). (2.19)
The lower bound in (2.16) can be improved in the following way (see [DaS10, Eq. (2.9)])
Ma(t)?

MR (ue () —w.) + My ()€ (uc(t)) + e- (u(t))* < C.

2
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Hence, as above we can find a constant C'(o) such that the slopes are uniformly bounded
for all t € [ty,T] with ¢, > 0 and all € € [0, 1]. Fixing ¢ € [to, 7] and choosing a recovery

sequence u. — u(t) in X gives with
E(e) > E(u(t)) — C(to)HaE—us(t)HRE + AR, (T —u.(1)).

Hence, using u.(t) — wu.(t) we can pass to the limit ¢ — 0 and we obtain the esti-
mate E(u.(t)) > limsup,_,,E(u(t)). Since the opposite estimate follows from the I'-
convergence of & we conclude that & (u.(t)) = lim. o E(u-(t)) for all ¢ € (0,77. O

2.3 A convergence result for the energy-dissipation principle

In this section, we establish the second approach for E-convergence based on the energy-
dissipation principle in . Indeed, the latter gives an equivalent formulation of
if the chain rule is satisfied. The crucial point is that for general convex potentials
U : X — [0,00] the Legendre-Fenchel equivalences hold, namely

veX, e X £€dV(v) & vedV () < Y(v)+TU"(¢) < (& v).

Hence, assuming that u. € H*(0,7; X) is a solution of the differential formulation (2.2))
with respect to & and R. we have R.(u.) + RE(&) < (&, u.) a.e. in [0,7], where & €
L2(0,T; X*) satisfies £.(t) € OxE-(uc(t)) for a.a. t € [0,T]. Using the chain rule we
obtain the energy-dissipation principle (EDP) after integrating over [0, 7]

£ (u(T)) + /0 R (i () +RE(E()) ds < E.(u(0)), () € OxEu(uc(t)).  (2.20)

Conversely, if (2.20) is satisfied we easily check that u. also solves the differential formu-
lation (2.2)) (see e.g. [Miel4l Thm. 3.2]). Moreover, note that estimate ([2.20)) is in fact an
equality. Indeed, by the elementary estimate R.(v) + R:(£) > (£,v) and the chain rule

(2.4]), we obtain

if e HY(0,T: X), £ € L3(0,T; X*), £(t) € OxE((t)) for a.a. t € [0,T, (2.21)
then & (a(t)) + fst Re (ﬂ) +R: (E) dr > & (u(s)) forall 0 < s <t <T. '

The following result, being a slight variation of [Miel4, Thm.3.3& 3.6], based on
is in the spirit of Sandier & Serfaty’s approach [SaS04, [Serl] (see Section [4] for
a comparison). Note that in contrast to the subsequent section, we do not require any
convexity properties of £ and the continuous convergence of R. to Ry can be relaxed
to strong I'-convergence. However, we have to impose additionally well-preparedness of
the initial conditions and a closedness condition on the subdifferential of £. to be able to
identify the limit formulation. The latter is formulated such that it fits into our general
setting and can weakened in more concrete situations, see e.g. Proposition

Theorem 2.6. Let E. and R. satisfy the assumptions (2.5)) and (2.6) on equi-coercivity
and I'-convergence. Moreover, we assume that the initial conditions are well-prepared, i.e.

u:(0) = u(0) in X and E.(u(0)) — E(u(0)) < oo, (2.22)



and that the subdifferential Ox&. is closed in the sense

U, 7 in L2(0,T; Z), 4. — 1 in HY(0,T; X), ‘
 E—Ein2(0.TXY), = E{;Z ;Eg[(z’;(g)‘) (2.23)
E(t) € OxE(U.(t)) fa.a t €[0,T] *e0 '

Then, we have the well-prepared E-convergence of (X, E.,R.) to (X, &, Ro). In particular,
the limit t — u(t) satisfies

Eolu(T)) + / Ro(it)) + Ry (E(1)) dt < E(u(0)),  &(1) € OxEo(u(t)).  (229)

Moreover, for each t € [0,T] the energies converge, i.e. E(u.(t)) — Eo(u(t)).

Proof. Step 1. Uniform bounds. Using the well-preparedness of the initial conditions
(2.22)), we find a constant C' > 0 such that £ (u.(0)) < C. Since the energy-dissipation

estimate (2.20) is satisfied we immediately get fOT Re(te)+RE(E:)dt < C such that by
the uniform coercivity of R. and R} we obtain uniform bounds for ||u.||12r.x) and

1€elL2 0,7+ -

Moreover, the upper bound ({2.21]) holds for the time-reversed curve u.(t) = u.(T —t).
Due to the invariance of the dissipation potentials with respect to this transformation we
obtain for t =T

E.(u:(0)) + / Re(ie) 4RAE) dr > E(us(T—s)).

Thus, the coercivity (2.5)), the well-preparedness (2.22) and the uniform bound for the
total dissipation imply sup;cjo 7y ||u<(t)[|z < C. In particular, we have shown the uniform
a priori bounds

[[ue|Loe0,12) + [Juellm o.753) + 1€ llL20mx+) < C. (2.25)

Step 2. Convergent subsequence. Due to ([2.25) we can extract a converging subse-
quence (not relabeled) giving

ue = win L°(0,T;Z), wu.—win H(0,7;X), and & — & in L*(0,7; X*).  (2.26)
Moreover, by Arzela—Ascoli’s theorem and the compact embedding Z C X, we have
Vte[0,T]: wu(t)— u(t) in Z and u(t) — u(t) in X. (2.27)

Step 3. Passing to the limit. We show that the limit u satisfies (2.24). Note that the
right-hand side in (2.20]) converges because of the well-preparedness of the initial data.

Moreover, from u.(T) — u(T) in X and £L6& in X (cf. (2.6) and (2.8))), we obtain
Eo(u(T)) < liminf. o & (u(T)). Thus, it remains to prove a lower estimate for the total
dissipation, namely

lim inf / Ro(it) + RE(E) dt > / Roit) + R2() dt. (2.98)
0 0

e—0
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For this, let 0 = )Y <t < ... < ¥ = T denote an equidistant partition of the interval
[0, 7] with time step 7v = T/N, N € N. Then, Jensen’s inequality yields

N

T N A
| R R @ =3 [ R+ Re(E) e
0 1 Yt
S (2.29)
1 1t . «f 1 rt
>3 7y {RE<E e, dt) +R8<E g dt)}.
k=1
We introduce V" == (uc(t))—u(t) ))/7n € X and Z,° := - ti\]’}'v §.ds € X* for
k—1

k=1,...,N. Using u.(t}) — u(t)) in X and & — & in L2(0,T; X*) we obtain

N N ty
u(ty ) —u(ty ;) 1 %
N k k—1) . =Ne o .
V.t = VN = in X and Z,°—~Z) = — Edsin X*.
™~ TN JtN |

Hence, R. = Ro in X and R: LN R in X* (cf. (2.6) and (2.9)) yield the lower estimate

T N
lim inf / Re(t)+RE(E) dt > ZTN {Ro(V¥)+R(EN) } - (2.30)
0 k=1

e—0

Next, we aim to pass to the limit N — oo. Let uy € H'(0,T; X) denote the piecewise
affine interpolant such that uy (t)) = u(td) and uy(t) = V¥ for t € (t} |, tY]. Moreover,
we denote by &y € L2(0,7T; X*) the piecewise constant interpolant satisfying &y (t) = =
for t € (t |, t7]. We easily check that uy —u in H'(0,T; X) and &y — & in L2(0,T; X*)
such that by Ioffe’s lower semicontinuity result [[of77], we are able to pass to the limit
N — o0 in (2.30) and finally arrive at

T T
lim inf / Re(t)+RE(E) dt > / Ro(@)+RE(E) dt.
0 0

e—0

By the closedness of the subdifferentials (2.23), we immediately have £(t) € dx&y(u(t))
for a.a. t € [0,7]. Thus, we have shown that u solves the limiting energy-dissipation
formulation ([2.24]).

Step 4. Convergence of the energies. Recalling the derivation of (2.20) resp. ([2.24)
via the chain rule, we indeed have equality in ([2.24)) on each time interval. Since we have

the convergence of the initial energies & (u.(0)) — & (u(0)) by (2.22), the lim inf-estimate

derived in Step 3 must actually attain a limit. Hence, we have for all ¢ € [0, T

E.(u.(t)) — Ey(u(t)) and /0 Ro(it) + RE(E) dt — /0 Rolit) + R2(€) dt.

Thus, we have established the well-prepared E-convergence of (X, &, R.). O

Note, that the usual strong-weak closedness of the graph of the subdifferential Ox&.
in the sense of

u. — uin X, E(u:) — e,

¢ € OxEo(ug), . —& in X* } = €9 = &o(u) and & € Ox&(u) (2.31)
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is in general not sufficient to conclude £(t) € dx&(u(t)) for a.e. t € [0,T] since we only
have weak convergence of & in L%(0,7T; X*). Hence, we need the stronger assumption
(2.23) in Theorem 2.6 However, if we additionally assume that dx&(u) C X* is convex
(e.g. if Ox&p is the Fréchet-subdifferential or actually single-valued) it is indeed sufficient

to impose ([2.31]).

Proposition 2.7. Assume that for each u € X the subdifferential OxE(u) is conve.
Then, the strong-weak closedness of the graph of 0x&. in (2.31) implies (2.23)).

Proof. Let & converge weakly in L2(0,T; X*) to £ and &.(t) € OxE-(uc(t)) for almost all
t € [0,T]. According to [RoS06, Thm. 3.2] there exists a subsequence ¢, — 0 and a family
of Young measures i, on X* (see e.g. [RoS06, Def. 3.1]) such that £(¢) = [. nu(dn) and
1 is concentrated on the set

L(t) = (N {& &) [k =n} cx7,

where the superscript w refers to the weak closure in X*. Hence, the strong-weak closed-

ness (2.31) implies L(t) C 0x&(u(t)) for almost all ¢ and the convexity of Ox& yields
£(t) € OxEo(u(t)). O

Finally, let us remark that in the A-convex setting of Section condition (2.31]) and

hence also (2.23)) are always satisfied.

Proposition 2.8. Let u+— E.(u)—AR.(u) be convex, &, L&) in X, and R. gRo in X.
Then, the Fréchet-subdifferential OpE. satisfies (2.31)).

Proof. The proof follows along the lines of [Mield, Prop.2.9] and [Att84, Thm. 3.66].
Due to the quadratic structure of R. and the convexity of & any element & € Op&.(u.)
satisfies

forallwe X : &E(w) > E(u:)+ (&, w—u:) + AR(w—u.).

The strong ['-convergence of €. implies: For arbitrarily fixed u € X, there exists a sequence
U, such that u. — @ in X and &.(u.) — & (u). Choosing w = u. and passing to the limit
e — 0, we obtain & (u) > e+ (&, u —u) + ARo(u — u), where we also used that R. SR,
Setting u = u, yields & (u) > ey. Finally, we employ the lim inf-estimate for u. — w in
X, which gives liminf. o & (u.) > & (u), and hence we arrive at ey = E(u). Altogether,
we have shown & (w) > E(u) + (£, w —u) + ARo(w — u) for all w € X, and therefore, we
conclude with £ € Or&y(u). O

3 Homogenization of a Cahn—Hilliard-type equation

In this section we apply the two approaches established in Section 2/ to derive homoge-
nization limits of a Cahn—Hilliard-type equation with a microscopic and a macroscopic
length scale. In the bounded domain Q C R? with Lipschitz boundary, we consider the
fourth order equation written formally as

Oyue = div [ M. (2)V (0, We(z, u.) — div(A.(z)Vu.))]. (3.1)
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subject to the usual homogeneous Neumann boundary conditions for v and the thermo-
dynamic driving force (also called chemical potential) £, namely A.(x)Vu-v = 0 and
M. (z)V¢-v = 0 with v denoting the unit outer normal vector to 9€2. The multiple scales
of the problem are encoded in the periodically oscillating tensors M. : ) — Rg;rr‘f and
A Q— Rg;n‘f as well as the potential W, :  x R — R (see subsequent subsection).
Using Theorem and Theorem we show that solutions u. of the multiscale
Cahn—Hilliard equation (3.1)) converge in a suitable sense to a solution u of an effective

equation that reads
Ou = div[Meg(2)V (0uWegt (2, u) — div(Aeg(z) V)] . (3.2)

with Meg, Aesr, and Weg being effective (homogenized) quantities, see Propositions
and [3.7]in Section [3.3] for the precise definition.

3.1 Notation and assumptions

In this subsection, we introduce the notation and the assumptions on the given data, that
we will use in the subsequent sections to apply the abstract results from Section 2] Let
us remark that we do not claim that these assumptions are sufficient to prove existence
of solutions. In fact, our basic assumption is that solutions of the Cahn—Hilliard equation
(3.1) always exist (see Definition for the precise notion of solution). We refer to
[EIG96, [AbWOT7, [GM*11l, Heil5] and the survey article [Nov08] for results in this direction.
Following [MiT07], we denote by V = R¢/,a the torus (also called periodicity cell),
which can also be obtained by identifying the opposite faces of the unit cell Y = [—%, %)d.
For a given point = € , we define [z/c] € Z? as the lattice point closest to /e € R%.
Thus, we can decompose any = € 2 via z = £([z/e]+y) into the macroscopic center e[z /e]
and the fine-scale part y = x/e — [z/¢] € Y of the microscopic cell C.(z) = e([z/c]+Y) C
R?. We emphasize that C.(x) is in general not fully contained in Q. In particular, we
introduce the sets
QF =int({x € Q[C(x) CQ}) and QF =int({z € R*|QNC.(z) # 0})

€

such that Q- C Q C QF, see Figure Obviously, the set QF is contained in an e-
neighborhood of 2.

We are given two-scale tensors Ml € L (QxY; RE%) and A € L™(QxY; RE%), which
are symmetric and uniformly elliptic with respect to all (z,y) € Qx ), i.e.

2 <n-M(z,y)n < Bnl
Ja, B3>0, ¥necRY: ofnl® <n YT = ’ 3.3
& 1 { aln? <n-Alz,y)n < Bnl>. (3:3)

With M and A we then define M, € L>°(Q; R%9) and A, € L>*°(Q; RY?) via

sym Sym

M. (z) = ]\Z(:C,:c/g) and  A.(z):= A.(z,z/¢), where

—~ M(z,y)dz if z € Q,
Ma(xa y) = Ce(x) and
al otherwise, (3.4)
~ A(z,y)dz ifz e,
Ac(z,y) = ]ég(x)
al otherwise.
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Figure 1: Covering of the domain €2 with microscopic cells. The blue region contains all
points in €27. The red region depicts all points in Q5 \ Q_

Here, 2 /¢ as second argument is understood modulo 1 in each component and I denotes
the identity tensor in R?*?. Since M and A satisfy for all (z,y) € Q x Y, it is
immediate that M, and A, satisfy the same estimates in uniformly with respect to
€ > 0 and all x € Q. In particular, the extension with o > 0 guarantees the uniform
ellipticity up to the boundary of €.

Finally, for a prescribed two-scale potential W : 2 x Y x R — [0, 00) we introduce its
macroscopic counterpart W, : Q x R — [0, 00) via

We(z,u) = ﬁ/\s(x,x/a,u) with Ws(x,y,u) = Wex(z,y,u)dz YueR, (3.5)
Ce(x)

where for F € LY(Q2xY) the function Fo, € L}(R¥xY) denotes the extension by 0 on
(RAQ) x V.

We assume that the potential W : Q2 x Y xR — [0, 00) is a Carathéodory function, i.e.
for all u € R the function (z,y) — W(z,y,u) is measurable and for a.e. (z,y) € Q2 x Y
the function u — W(x,y,u) is continuous. Moreover, we make the following simplifying
assumptions and refer to Remark for the more general case of Cl-perturbations of
convex potentials. Let W satisfy uniformly for all (z,y) € Q2 x Y

Growth condition:

ACw >0, VueR: |[W(z,y,u)| < Cw(l+ |ul?), (3.6a)
where p < 2* and 2* € [1,00) for d = 1,2 and 2* = d%, for d > 3;

Uniform modulus of continuity:

Jw € C(R; [0, 00)) with w(@) — 0 for & — 0, Vuj,us € R: (3.6b)
‘W(l‘, y>u1) - W(l‘,y,’l@)‘ < w(’ul_UQ‘)'

Observe that for p as in (3.64), the space H'(Q2) is compactly embedded in L?(£2). The
assumptions (3.3))—(3.6]) suffice to prove the I'-convergence of the energies & in the weak
topology of H!(2) (see Proposition [3.7).

Remark 3.1. Note that the usual ansatz A.(x) = A(z,x/¢e) for the oscillation coefficients
is not well-defined for a general function A € L®(QxY;R>4) since {(z,x/c) € R? x YV}
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has null Lebesgue measure. Hence, we are averaging on the microscopic cells C. with
respect to the macroscopic variable x.

Finally, let us remark that by assuming for all u that (x,y) — W(z,y,u) € C(AxY)
we can set We(x,u) = W(z,x/e,u), which would allow us to drop the assumption in
(3.6b)) and make some of the following proofs more straightforward. However, we want to
deal with macroscopic heterostructures and hence, we consider the more general case (see
also Remark 2.14 in [MiT07]).

3.2 Gradient structure of the Cahn—Hilliard equation

The gradient structure of the Cahn—Hilliard equation in (3.1) respective is well-
known (cf. [ADWOT, Le08| [Serlll BB*12| [Heil5]). However, in this section we recall its
definition within the framework described in Section 2] We allow for e € [0,1] and we
identify with ¢ = 0 the effective quantities Mg, Aeg, and Weg.

Obviously, the Cahn-Hilliard equation leaves the average fQ u(t, x) dz constant in time.
Hence, given an initial value uy we set o := fQ uo(x) dr and define the natural spaces

L2(Q) = {u e L*(Q) | f,u(z)dz =0} and Z,:=H'(Q)NLAQ). (3.7)

The space Z, is an affine (and closed) subspace of H'(2). On Z, the driving functional
& Z, — R is given by the classical Allen-Cahn energy

£.(u) = /Q [%vu-AE<x>vu+w€(x,u> . (3.9)

We denote the linear space associated with Z, by Z, = H'(Q2) N L(Q2) such that Z, =
0+ Zy. On Zy we introduce the (flat) Riemannian structure g. via

Vvl,vg - Z() : e ’U1,’U2 / ngl . V@JQ dl‘

where &,, € H'(Q) is the unique solution of — div(M,(x)VE,,) = v; in Q,
satisfying (M. (x)VE,,) - v =0 on 9Q and {, &, (z)dz = 0.

(3.9)

Assuming that M. is symmetric and positive definite, g. clearly defines a scalar product
on Zy. We denote the closure of Z; with respect to g with X, and easily verify that it is
given via

Xo:={v e H'(Q)"|(v,1) =0}, (3.10)

where (-,-) denotes the dual pairing between H!(Q)* and H!(Q) and 1 is the constant
function with value 1. On X we define the (primal) dissipation potential via

Re(v) === /V{v )V, dx, (3.11)

where &, € H'(Q) is defined as in .

The metric tensor g. on the tangent space X, induces a Riemannian distance on Z,
which is in our flat case identical to the norm on X,. The closure of Z, with respect to
this distance shall be denoted by &, and is given via

X, = {ue H(Q)*|(u,1) =0} . (3.12)
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By the usual embedding of L*(2) into H'(2)* we have that Z, and Z, are densely and
compactly embedded in X, and &,, respectively. Moreover, we extend the driving func-
tional &, to the space &, in the usual way by extending it with infinity outside of Z,.
Let us remark that there are other choices for the space Xy, e.g. by considering & €
HY(Q)/r and taking (H'(Q)/r)* as state space. However, this space is isomorph to Xj.

Proposition 3.2. The space Xy is isomorph to the space (H'(Q)/r)*.

Proof. We construct the isomorphism as follows: By uniquely identifying an equivalence
class in H'(Q2) /g with an element in H} (€2) (meaning { € H'(Q) and §, { dz = 0) we can
continuously embed the former into the space H'(Q2). We denote this embedding with
I € Lin(HY(Q)/r; HY(Q)).

Moreover, we define J € Lin(H(Q2); H(2) /r) as the linear and continuous map that
maps £ € HY(Q) to its equivalence class in H'(Q)/g. We remark that ran(J*) = X since
J maps 1 to 0.

We now claim that I* € Lin(H'(Q)*; (H'(Q2)/g)*) restricted to Xj is the desired iso-
morphism whose inverse is given by J*. For this, let v € Xy and £ € H'(Q) be given.
Denoting by (-, -}~ the duality product on (H*(Q2)/g)* we compute

<([J)*U7£> = <[*U7 ’]§>N = <U,§—(fﬂfdl')ﬂ> = <U7£>7

where we have used in the last equality that v does not “see” additive constants. Now,
let 0 € (H'(Q)/r)* and £ € H(Q)/r be given. We easily check that ((JI)*0,)~
(J*0,1€) = (v, €)... Hence, we have shown that (If,) =T~ O

As a consequence of Proposition we identify X} with the space H'(Q2)/r and
consider the dual dissipation potential R} on X

Ri(E) = 5 [ - M) Ve dr (3.13)

which obviously does not depend on the choice of a representative ¢ for an equivalence class
in H'(Q)/r. In particular, we define the map Py : H'(Q) — HL,(Q) via Po§ = £ — f, £ dz,
which provides the canonical representative for €.

As the metric g. depends on € € [0, 1] (cf. ), we introduce a topologically equiv-
alent structure on X, by associating with v € X the dual variable n € H'(2) such that
—An, =v, Vn,-v =0, and §n,dz = 0. Due to (3.3) we have that

Ve HY(Q): /lV?ﬂ2 de <RIn ﬂ/ |Vn|? d.

On X we define the norm [[n||x; = [[Vn||L2, which induces the norm ||v]|x, = |[7]|x; on
Xp. In particular, we immediately obtain the following uniform estimates for all € € [0, 1],

cf. (2.1),

aallvlk, < Re(v) < cllvllk, and  §lig|

For arbitrary functions u € L2*(0,T; Z,) with @ € L*(0,T; (HY(Q))*), we have 0 =
4 [ u(t)dr = (u(t), 1), ie. u(t) € Xo for almost every ¢ € [0,T]. Therefore, we can
con81der the projection Py(u) = u—pl onto the space L2(0,T;Z,) N HY(0,T; Xy). In

T SRIE) < B¢l

For (3.14)
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particular, without loss of generality and for notational consistency with Section [2] we set
0 = 0 from now on and consider the function spaces

7 = ZO and X = Xo. (315)

We recall, that for u € X we denote by 90X E.(u) C X* the Fréchet subdifferential of £, at
u with respect to X, which is given via the formula in (2.11)).
A solution of the Cahn—Hilliard equation is understood in the following sense.

Definition 3.3. Given an initial value uy € Z we call a curve t — u(t) € X a solution
of the multiscale Cahn—Hilliard equation (3.1)), if it satisfies 0 € DR.(u(t)) + OF E- (u(t))
in X* for a.a. t € [0,T] withu € L=(0,T; Z) "H'(0,T; X) and u(0) = uy.

3.3 I'-convergence of the energy and dissipation functionals

The theory for homogenization problems is vast. Here, we use the notion of two-scale
convergence, which was introduced in [Ngu89] and further developed in [AlI92]. It pro-
vides a better description of sequences of oscillating functions and thus gives rise to the
derivation of a new homogenization method. In [LNWO02], an overview of the main ho-
mogenization problems which have been studied by this technique is given. In particular,
an important tool from two-scale homogenization, that we are going to use, is the periodic
unfolding operator, see also [CDGO02l, [CDGOS8|, MiT07]. The latter is defined as a mapping
7. : LY(Q) — LI(RIxY), for 1 < g < oo, with

(Teu)(@,y) = uex (€[] + €y), (3.16)

where uq, € LY(R?) denotes as before the extension with 0 outside of €. The unfolding
operator 7, : LI(Q) — LI(R%x)) is linear, continuous, and norm preserving. For u. — u
in LI(Q), we obtain 7; u, — Fu in LY(R%x)), where E : L?(Q) — LP(R¥x))) denotes the
canonical embedding via (Fu)(z,y) := ue(x), see e.g. [MiT07, Prop. 2.4].

The T'-convergence of the dual dissipation potentials R? : X* — [0,00) (cf. (3.13)) in
the weak topology of X* is well-known. Below, we give a proof based on the periodic
unfolding method.

Proposition 3.4. The dual dissipation potentials R: : X* — [0,00) I'-converge in the
weak topology of X* to the limit potential Ry : X* — [0,00) given via

Ri(6) = 5 | V€ Maa(a)Veds,

where the effective mobility is given via the cell minimization problem

Meg(z)n = mi \ - M(z, y) (V. dy. 3.17
1 Meg(x)n ¢€rggﬁy)]€)( y¢ +n) - M(z,y)(Vyo +n) dy (3.17)
Proof. Let us remark that the spaces LY(2x)) and LI(QxY) for 1 < ¢ < oo can be
identified in the definition of 7, whereas H'(Y) and H'())) clearly cannot. We make
use of the following properties of 7, cf. [MiT07, Sect. 2]: Let 1 < ¢, ¢2 < oo such that
1/q1 +1/q2 = 1/r < 1, then 7. satisfies

product rule: T(9192) = T-(g1) To(g2) € L"(RxY) for all g; € L4(9Q),

integral identity: [, F(x)dz = fRde(’]; F)(z,y)dzdy for all F € LY(Q). (3.18)
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The Lipschitz condition for 9§ guarantees vol({z € Q|C.(z) ¢ Q}) — 0 as ¢ — 0, see
[CDGO8|]. With this, Lebesgue’s differentiation theorem yields the pointwise convergence

(T- M.)(x,y) — Mex(z,y) for a.a. (z,y) € R x Y, (3.19)

see e.g. [MRT14] Prop.5.2]. Thus, the boundedness of 7. M. due to and Lebesgue’s
dominated convergence theorem yield the strong convergence 7. M, — M, in LI(R¢ x ))
for all 1 < ¢ < co. We now prove the I'-convergence of R} to R, in two steps.

1. liminf-estimate. Let (&). C X* be a sequence such that . — ¢ in X*. According
o [MiTO7, Thm. 2.8|, there exists a subsequence (not relabeled) and a function = €

L2(Q; HL (Y)) such that T.VE. — EVE + V,Ee, € L2(R?xY). Using the integral identity
and the product rule in (3.18)) in the definition of R} (cf. (3.13)), we obtain

. 1
RAE) =5 [ (T9€) (TM)(a)(T9E) drdy,
RdxYy
With Toffe’s lower semicontinuity result [[of77] and (3.19)), we arrive at the lower estimate
1
lim inf R (£.) > — / (EVE+Y,Zer] - Mo (2, ) [EVE+Y, o] da dy.
=0 2 Jraxy

Finally, we can minimize with respect to the microscopic fluctuations V,= (see Definition
of Mg in (3.17))) to get liminf. o R:(&.) > Ro(§).

2. Recovery sequence. For given 5 € X* and z € Q, let ®(x,-) denote the unique
minimizer for n = Vg (z) in the unit cell problem ((3.17] - In particular, we easily Verlfy that
d e L*(Q; HL +(Y)). Exploiting Proposition 2.9 in [MiT07], we can find a sequence (55)

H! (Q) such that & —~&in X* and 7. VE. — EVS—%—V ®,, in L2(R?xY). Therefore, with
(3.19) we arrive at

1 ~ -
lim R?(€.) = lim > (7 V&) - (Tc M:)(T- V&) dz dy
e—0 e—0 2 RIxY
1

=3 / [EVE+V,Pey] - Moy [EVEFV, Do) d dy = RE(E).
Rdxy

Here, the last identity holds since ® is a minimizer for minimization problem in the
definition of M.g. The liminf-estimate and the existence of a recovery sequence yield

R LRy in X~ 0

Remark 3.5. The unique minimizer ¢, € HL (Y) of the cell problem (3.17) solves
—div,(M(z, y)(Vyo,+n)) =0 1in Y. It is called corrector as it “corrects” the macroscopic
behavior by taking the local fluctuations due to the microscopic structure into account.

The following result is a direct consequence of the I'-convergence of R} and the conti-
nuity properties of the Legendre transform with respect to I'-convergence, see Proposition

24(D).

Corollary 3.6. The primal dissipation potentials R. : X — [0,00) I'-converge in the
strong topology of X to

v Ro(v) =R5(E), where — div(Meg(z)VE,) =
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The I'-convergence result for the driving functionals & : Z — R in (3.8]) reads as
follows.

Proposition 3.7. The family of driving functionals & T'-converges in the weak topology
of Z to the limit functional

1
Eo(u) = / [§Vu - Aot (2)Vu + Weg(, u)} dz,
Q
where the effective quantities are given via

v A= min, f(9,040) M@)oy, and

effxu fwxya

Proof. For each ¢ € [0, 1], we split the family of energy functionals into & = F. + W.,
where

Fe(u /VuA()Vud:c and  W.(u /W:cu

Here, we write Ag and Wy for A.g and Weg, respectively. The convergence F. 5}“0 in Z
can be shown analogously to that of the dual dissipation potentials in Proposition [3.4] It
remains to prove the convergence of the lower order term W.(u.) — Wy(u) for arbitrary
sequences u. —u in Z. Let (u.). C Z be such a sequence and define U, = 7; u.. Since
Z embeds compactly into L(€2) for p < 2* as in (3.6a)), we have u. — u in LP(2) as well
as U, — FEu in LP(R¥x)Y). Thus, there exists a subsequence (not relabeled) such that
U.(z,y) — Eu(x,y) pointwise for a.a. (z,y) € R? x Y. Therefore, exploiting the modulus
of continuity in assumption (3.6b)) gives for a.a. (x,y) € R? x ) the convergence

][( ) (Wes (2,9, Ue(,9)) =Wex (2,9, Bu(,y)) | dz < w(|U(2,y)—Bu(z,y)|) — 0. (3.20)
Ce(z
Moreover, Lebesgue’s differentiation theorem yields for a.a. (z,7) € R? x Y

lim Wex (z, y, Bu(z, y)) dz = W, (x, y, Bu(z, y)) (3.21)

e—0 Cg(m)

Using the integral identity (3.18]) for 7. and the definition of W, in (3.5)) (see also [MiT0T7,
Eq. (2.16)]), we have

[wu@)ae = [ ] W Uley) dededy.
Q Rix) JCc(x)

We write
We(ue) = Wou) + I + IS + I3,
where
]18 = / ][ Wex(zvy7 Ua) dzdx dya
RNQ)xY JCe ()
I5 = / [Wex(z, Y, Us)—Wey (2, , Eu)} dzdx dy,

(Wex(2,y, Bu)—We(z, y, Eu)] dz dz dy.
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For |If| — 0 we note that due to the extension by 0 the integrand vanishes everywhere
except for a set that is contained in B, = (QF\ Q) x Y. Since € has a Lipschitz boundary
the measure of this set tends to 0 and we conclude

|I7| < / Cw (1 + |Us(z, y)|P) dzdy — 0.
Be

For |I5] + |I5| — 0 we exploit the pointwise convergence in (3.20)) and (3.21)), respectively,
as well as Lebesgue’s dominated convergence theorem with the same integrable (strongly
in L1(RYxY) converging) majorant Cyy (1 + |Uc(z, y)|P). O

Remark 3.8. For simplicity, we restricted ourselves to potentials W that satisfy the
growth condition in . Howewver, it is not hard to verify that the I'-convergence also
holds for a bigger class of functionals. In particular, we can relax the growth condition
and consider perturbations of convex potentials in the following sense. Let W admit the
decomposition W = Wy + Wy, such that W is bounded from below, u — Wy (2, y, u)
is conver and u — We(z,y,u) satisfies the growth condition in (3.6d)). Additionally,
we assume that Weyx and W, fulfill the modulus of continuity condition on their
domain uniformly with respect to a.a. (x,y) € Q x Y.

We immediately check that the lim inf-estimate follows from Lebesgue’s differentiation
theorem, condition , and Fatou’s lemma. However, the proof of the lim sup-estimate
is not so straightforward. The crucial point is that the recovery sequence (u.). for given
u € Z has to be constructed such that its gradients exhibit the “right” oscillations. We
follow the construction given in [MiTO7, Prop. 2.9] and set

i(x) = 1i(z) + Uk, 2, 2), (3.22)

where U(t, x,y) = [pa [y K(t,2—%,y—i))Ue(7,§) dZ dg. Here, K is the heat kernel on
Rix Y, U e L2(Q; HL (V) is the solution of the cell problem for n = Va in (3.20), and
t. — 0 fore — 0. Using Jensen’s inequality and a suitable majorant, which we can always
assume to exist, we can pass to the limit and obtain the upper estimate.

However, in the case that the domain of W,y is bounded with respect to u we have to
guarantee that the recovery sequence is also constrained to the domain. In the case that
the domain does not depend on (z,y) € Q x Y, i.e. dom (W (z,y,-)) = [a,b], we set
U:(z) = . (u(z)—m.) + eU(te, x,x/€), choose t. — 0, 6. — 1, and m. — 0 accordingly to
get a < u.(x) < b for a.a. x € L.

3.4 Convergence result based on (EVE)

In this section we prove the evolutionary I'-convergence of the Cahn—Hilliard gradient
systems (X, &, R.) to the effective system (X, &y, Ry) by relying on the convexity of &,
with respect to R.. In particular, the key assumption is

A
INERV(z,y) € AxY: ur— W(x,y,u)— §|u|2 is convex. (3.23)

The next lemma shows that the A-convexity of W implies A-convexity of the driving
functionals £ with respect to R..

Lemma 3.9. Let (3.23) be satisfied, then there exists A € R such that u — E.(u)—AR.(u)

18 convez.
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Proof. In this proof, we abbreviate L?(2) with L2. It is easy to see that (3.23)) yields the
convexity of u — & (u) — 3|ul[?, — || Vul?, with a > 0 from (3.3). Namely, for 6 € [0, 1]
and ug,u, € Z we have

E-(ug) < (1—0)E-(ug) + O (uy) — 9(12—9)

(¥ (wo=ua) 22 + Mluto—eu 2 )

where ug = (1—60)ug + Ouy. Hence, it remains to show that we can find a constant A € R
such that the estimate AR.(v) < a|Vv|2, + A||v||Z, is satisfied for all v € Z. Indeed, due
to the embedding Z C L3(Q2) C X and Cauchy’s estimate we obtain

Vo >0: ||U||iz < 5||Vv||iz + Cs||v|3%.

Here, we used Poincaré’s inequality, i.e. |[v]|2 < Cp|| V|7, for all v € Z.

Hence, in the case A = —A_ < 0 we fix 0 < § < a/(A_) and choose A € R such that
A < —X\_Cs/a, whereas for A > 0 we simply set A = 0. With it is now easy to see
that £ — AR, is convex. O

We can now state the first homogenization result, namely the E-convergence of the
multiscale Cahn—Hilliard system in the semiconvex case.

Theorem 3.10. Let & and R. be as before and let u.(0) — w(0) in X. Under the
additional convezity assumption the solutions u. of weakly converge in Z for
eacht € [0,T], T > 0, to the unique solution of the effective Cahn—Hilliard equation .
Moreover, for each t € (0,T] the energies converge, i.e. E(us(t)) — Eo(u(t)).

Proof. We aim to apply Theorem [2.5 For this it remains to show that R.(v.) — Ro(v)
for v. — v strongly in X. Indeed, let a sequence v. — v strongly in X be given.
Moreover, let & € X* be the sequence associated with v, via solving — div(M.VE,) = v..
By standard estimates, we obtain £, — ¢ in X* with & such that — div(MgVE) = v as in

(3.9). Thus, we arrive at
. 1 .. 1 1
lim R (ve) = 5 lim(ve, &) = S (v, €) = 5 / VE - Mg VEda = Ry (v),
e—0 20 2 2 Q

where we have used the strong-weak convergence in the duality product. O]

3.5 Convergence results based on (EDP)

In this section we prove the E-convergence of the multiscale system (X, &, R.) using the
energy-dissipation principle (EDP) discussed in Section . In contrast to the previous
section we drop the A-convexity of the potential W. Thus, it is in general not clear whether
the chain rule in holds, and we have to additionally assume it to be satisfied here.

Regardless of the convexity properties of the energy &, the (EDP) formulation re-
quires in any case the well-preparedness of the initial conditions, viz. lim._o & (u.(0)) =
Eo(u(0)) < oo. Moreover, the application of Theorem rests upon the closedness of
the subdifferential dx&. in the sense of . In the following two propositions we pro-
vide sufficient conditions on the potential W that guarantee the closedness. In the first
proposition, we assume that the potential W is A-convex as in (3.23)).
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Proposition 3.11. Assume that the potential W is A-convezx as in (3.23)), then the closed-
ness of the subdifferential (2.23)) holds.

Proof. In Lemma [3.9] and Theorem it is shown that u — E.(u)—AR.(u) is convex
and R. <Ry in X. Thus, the Propositions and yield the closedness (2.23). [

In the second proposition we replace the convexity assumption with a growth and
continuity condition for the derivative of W. In particular, in this case the energies are
Fréchet differentiable on H'(Q2) with DE.(u) = — div(A.(x)Vu) + 9, W.(z,u). Moreover,
the growth condition on 9, W implies that for W in with the same exponent. We
recall that P : L'(Q2) — L§(2) denotes the canonical projection with Py(¢) = ¢ —f, ¢ d.

Proposition 3.12. Assume that W : QxYxR — R satisfies W(x,y,-) € CH(R) for all
(x,y) € QXY as well as

Growth condition:
3C>0,VueR: [0,W(z,y,u \g 1+]u\p_1)

where p < 2* and 2* € [1,00) ford and 2* = _d2, for d > 3; (3.24)
Uniform modulus of continuity: '

3o € C(R;[0,00)) with ©(u) — 0 foru — 0, YVuy,us € R:
0.W(z, y, u1) = 0W(z,y, us)| < D(Jua—ua)).

Then, E. is Fréchet differentiable on H'(Q) for all e € [0,1] with DE. denoting the differ-
ential. The Fréchet subdifferential of £, with respect to X is given via

ape ) - { 1POLW)) ID8W @) 3.25)

1) otherwise.

Moreover, 0X E. satisfies the closedness condition in (2.23)).

Proof. The Fréchet differentiability on H!(Q) follows directly from the compact embed-
ding H'(Q2) C LP(Q2) and the continuity of the associated Nemytskii operator (for fixed ¢)

/

Q) - L),
-/\/a{ U e aum/s(.?u(.))7

where ]lj + 1% = 1. The characterization of the subdifferential follows immediately.

It remains to verify the closedness of the Fréchet subdifferential 9 &.. Since 9 E. is
convex it is sufficient to prove the strong-weak closedness in X as in according to
Proposition Hence, let us consider sequences u. — u in X and & — £ in X* satisfying
E.(u:) — ep and & € OXE.(u.). We follow the lines of the proof of Proposition . Since
the energies are uniformly bounded, we can extract a (non-relabeled) subsequence such
that ue —~u in Z and u. — w in LP(Q) as well as 7. Vu. = EVu + V,Ue, in L?(R¢x))
with U € L2(2; HL ())). Moreover, u. converges to u almost everywhere in €.

We consider a sequence v. — v in Z, which additionally satisfies the strong convergence
7.Vv. — EVv + V, Vo in L*(RXxY), where V € L(;HL ())) is arbitrary but fixed.
Let us abreviate &Y (x) = 9,W.(x,u.(z)). Due to the assumptions in (3.24) we can
argue as in the proof of Theorem to deduce lim._g [;, ¥ v. dz = [, v dz, where
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W(x) = 0,Weg(z,u(x)). Moreover, using the integral identity for the unfolding operator
we obtain

= [ (T90) (T AT V) drdy + (€02 (3.26)

Passing to the limit ¢ — 0 in (3.26|) yields
(&, v) = / [EVv+ V,V] - A[EVu+ V,U]dz dy + (£, v), (3.27)
QOxYy

where we have used v. — v in X due to the compact embedding Z C X. We point
out that v and V are arbitrary test functions in . On the one hand, we can set
v = 0 which gives [, V,V - A[Vu+ V,U]dzdy = 0 for all V € L*(Q; H,,(Y)). Thus,
U is the unique corrector function associated with u. Indeed, U solves the local problem
—divy(A(z,y)[Vu + V,U]) = 01in Y for a.e. z € Q. On the other hand, setting V' =0
yields for all v € Z

(&,v) = Vu-AVu+V, U]+ 0,W(u)vdedy = / Vv - At Vu + 0,Weg (u)v da.
QOxY Q

Thus, we conclude that & = D& (u) and € € 05 Ey(u).

Finally, it remains to show &.(u.) — &(u). For this, it suffices to prove the strong
convergence 7. Vu, — EVu + V,Ue in L2(RxY). Indeed, using the uniform ellipticity
of 7. A, and gives for 2. = 7.(Vu,) and = = EVu + V,Ux

a||56 - E’HiQ(Rdx)}) < /Rd y(Ea_E) ’ ZAe(Es_E) dzdy
x
= (&—€V ue) —/ [2Z.  (T. A)E — 2+ (7. A.)E] dz dy.
RdxYy

Now, as the right-hand side vanishes for ¢ — 0 using (3.27)), we obtain the strong conver-
gence =, — = in L2(RIx ). O

Having collected all sufficient assumptions, we are now in the position to apply The-

orem to the homogenization of the Cahn—Hilliard equation. In particular, the as-
sumptions &, LN & and R, LN Ry in X are satisfied according to the Propositions [3.7] and

B4l

Theorem 3.13. Let E. and R. be as before. We assume that u.(0) — u(0) in X, the
well-preparedness of the initial conditions, i.e. E-(u:(0)) — & (u(0)) < 0o, the closedness
condition , and the chain rule condition (2.4)) are satisfied. Then, the solutions u.
of weakly converge in Z for each t € [0,T)|, T > 0, to a solution u of the effective
Cahn—Hilliard equation (3.2)). Moreover, we have E-(uc(t)) — E(u(t)) for each t € [0,T).

We complete this subsection by commenting on the well-preparedness condition.

Remark 3.14 (Choice of the initial conditions). The well-preparedness (2.22)) in Theorem
is satisfied for the following choice of initial values. For given u(0) € Z, let u.(0) € Z

be the unique solution of the elliptic problem

findue Z: div(A(2)Va) = div (Aeg(2)Vu(0)) in Q, (A(z)Va) -v =0 on .
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Then, standard results in periodic homogenization yield u.(0) = w(0) in Z as well as
Jo 3Vu(0) - A.Vu (0)dz — [, 1Vu(0) - AegVu(0)dz, see e.g. [AlI9Z]. Employing the
compact embedding Z C L{(Q) and treating the nonlinearity W as in Proposition
gives the desired convergence of the initial energies E:(us(0)) — E(u(0)).

In contrast, in the (EVE) formulation in Theorem[3.10, the choice of constant initial
values u:(0) = ug is admissible, since it is not necessary to “recover” the microstructure
at t = 0. Nevertheless, the convergence of the energies follows for all later times t > 0.

3.6 Exemplary potentials

In this subsection, we collect three generic potentials as examples which are covered by
our theory.
1. We consider the classical double-well potential

Waw(u) = $(u*—1)?, (3.28)

which satisfies the growth estimates in and for the dimensions d = 1,2, 3 (see
also [EIS86, [E1I89]). Moreover, Wy, is A-convex for all A < —1.

To include different spatial scales in the potential we can consider two-scale functions
Dy, Py € LX(Q2xY) and set Wo(z,y,u) = @1 (x, y) Waw(u) + P2, y), which also satisfies
the assumptions (3.23)—-(3.24). Moreover, for § € L*(Y) with § > 0, our multiscale
analysis allows us to consider the variant

Wo(y, u) = 1 (u®~0(y))”,

where the minima are oscillating, i.e. um () = £(0(x/<))/2. In the limit ¢ — 0 we
obtain according to Proposition [3.7) the effective potential

WCff(u) = fY le(u2_@(y))2 dy = iu4 - %earithu2 + fy 9(y)2 dyv

where 0,51, = fy 0(y) dy denotes the arithmetic mean and the limiting minima are y,;, =
+ (0aritn) /2. Concluding, the Theorems and are applicable for Wg and Wy.

2. Another well-known prototypical example is the logarithmic potential, cf. [CaH58],
CoE92, [AbWOT], given via

(u—a)log(u—a) + (b—u)log(b—u) — 5u® if u € [a,b],

o0 else, (3.29)

Wieg(u) = {
with @ < b and k > 0. Obviously, Wi, is A-convex for all A < —x . Hence, the
Theorems and apply to Wi, cf. also Remark We refer to [AbWO7] for a
characterization of the single-valued Fréchet subdifferential.

An interesting variation of is to consider oscillating boundaries a.(z) = a(x/¢)
and b.(x) = b(x/e), where a,b € L>®°(Y) are given with @yax < byin. However, it is an
open problem to determine the effective limit domain [ag, by| for & — 0.

3. As a nonconver example we consider the potential

W, (u) = %u2—$|u|7+1 with v € (3,1). (3.30)
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The function W, satisfies the assumptions in (3.6) and (3.24) with W!(u) = u — |u|""u.
Indeed, W is globally v-Hélder continuous as we have

Y ug,up € R: |]u0|“’_1u0 - |u1|7_1u1’ < O, |lug—uql”,

where C, = 1, if ugpu; > 0, and C, = 2177 if wgu; < 0. The latter follows from the
concavity of u +— |u|” and choosing 6 = 1/2 for ug = (1—0)ug + 0(—uy).

However, the function W, is clearly not A-convex for any A € R since WJ'(u) =
1—7|u[""! — —oo for |u| — 0. In particular, there exists no A € R such that u +—
E(u)—AR(u) is convex. To see this, we consider an arbitrary A € R and set Fj(u) :=
E(u)—AR(u) = Qa(u)— [, %WWH dz, where Qx(u) = [, 2[Vu - AVu+u?|dz—AR(u)
comprises the quadratic terms. For smooth functions v, the second variation reads
D2F (u)[v,v] = 295 (v) =7 [ |u]"'v* dz and for each A € R we can find some u € Z such
that D2F, (u)[v,v] < 0 . Hence, the convexity condition for the (EVE) formulation
is violated and W, is a counterexample, for which Theorem is not applicable.

However, we can still exploit the (EDP) formulation and apply Theorem [3.13| provided
we can verify the chain rule . We refer to [RoS06, RSS0§] for gradient formulations of
non-convex driving functionals and the role of the chain rule. For our particular example,
we drop the subscripts and write A for the tensors A. and A.g, respectively, and prove
the following theorem for £ = &, with € € [0, 1]. The proof can be found in Appendix .

Theorem 3.15. Assume that O is of class C?, A € Wl’OO(Q;Rngdd), and that W, is as
in (3.30). Then, the Fréchet subdifferential (with respect to X ) of the energy functional

E: X — R, s given by

if div(AVu) € HY(Q) and
(AVu) - v =0 on 09, (3.31)

{—div(AVu) + PW/ (u) }
0 otherwise.

OxE(u) =

Moreover, £ satisfies the chain rule condition ([2.4)).

We conclude that the homogenization result in Theorem |3.13]is applicable.

4 Conclusion

We conclude our text with a comparison of the approaches for evolutionary I'-convergence
of gradient systems (X, &, R.) in Sectionbased on the evolutionary variational estimate
(EVE) and the energy-dissipation principle (EDP).

1. Both abstract results rely on the strong I'-convergence of the energy functionals &, in
X. Let us remark that we even have Mosco convergence of £, for the homogenization
of the Cahn—Hilliard equation.

2. While the strong I'-convergence of the dissipation potentials R. in X is sufficient
for (EDP), we have to assume additionally continuous convergence in the (EVE)
formulation. The latter is satisfied for the homogenization of Cahn—Hilliard-type
equations in Section [3]
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3. The initial values, which are assumed to converge strongly in X, have to be well-
prepared in the (EDP) case, i.e. E(u:(0)) — E(u(0)). In particular, this means
that u.(0) € dom(€&.) has to hold for € € [0, 1] for (EDP) while (EVE) only requires
u-(0) € dom &

4. The identification of the limit system in the (EDP) formulation relies on the closed-
ness of the subdifferential dx&. (see (2.23)), which is automatically satisfied for

A-convex energy functionals.

5. The (EVE) formulation is based on the convexity of £, —AR., which is always satis-
fied for A-convex potentials W in the Cahn-Hilliard setting, see Lemma [3.9 More-
over, the A-convexity of £, implies many desirable properties of the gradient system,
see e.g. [RoS06, DaS10]. In particular, the well-known double-well and logarithmic
potentials Wy, and Wi, fit into this setting. The (EDP) formulation allows us to
consider also energy functionals that are not A-convex. In this case, the chain rule
condition is not automatically satisfied and its verification may be cumbersome. For
instance, the potential W, in is not A-convex, though the associated energy
functional fulfills the chain rule, see Theorem [3.15]

Let us remark that our approach is related to [Miel4]. There, Theorem 3.6 gives
an abstract E-convergence result based on (EDP). Note, however, that more general
dissipation potentials are considered, which are also allowed to depend on the state w.
However, there it is assumed that the dissipation potentials satisfy liminf. o R (u., v:) >
Ro(u,v) for sequences u. — w in X and v. — v in X. For the Cahn—Hilliard dissipation
potential this lim inf-estimate is not satisfied: Indeed, for v, — v in X, we consider

(ve) / V&, - M (2)VE, dz, where —div(M.(x)VE,.) = v. asin (3.9).

The boundedness of (v.). C X implies the boundedness of (£, ). C X* and thus, we
obtain &, — ¢ in X* (up to subsequence). For arbitrary test functions p. € X*, we study
the weak formulation

/V(pg )VE,. dr = (ve, ve). (4.1)

Since M. is oscillating and not strongly convergent, the test function ¢. has to capture
the “right oscillations” in order to pass to the limit in the left-hand side. In particular,
o, satisfies p. — ¢ in X* and Z;[Vp.] — [EVe + V,®] in L2(R?x)). However, since
v is also only weakly converging we cannot pass to the limit in the right-hand side to
establish a connection between the limits £ and v. Thus, from the lower estimate

lim iglf Re(ve) = lim iglf RI(&.) = Ro(€)

we cannot conclude liminf. o R.(v.) > Ro(v).

Finally, let us compare our approach to the well-known Sandier & Serfaty result for
evolutionary I'-convergence in [SaS04]. There, also the (EDP) formulation (Section
is considered in the abstract setting. The crucial conditions can be formulated as

i) Vs e [0,T): liIEILiglf /OS Re(ve(s))ds > /08 Ro(v(s)) ds
i) lim inf R (~DE. (u-(1))) > Ri(~D&(u(t)).
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In particular, the conditions are formulated in a very general manner, e.g. the precise
notion of the convergence of u. and v, is not explicitly stated and depends on the concrete
problem. In contrast, we provide “easy” to check conditions for R. and &£.. Moreover, we
do not need an independent bound for each of the terms fOT R.dt and fOT REdt.

A Proof of chain rule for a nonconvex energy

Here, we prove Theorem | i.e. that the energy functional £ given by £(u fQ éVu
AVu + W, (u)dz with W S(u ) = 1u® — erl|u]erl satisfies the following chaln rule: If
u € HY(0,T; X), £ € L2(0,T; X*) such that £(t) € OFE(u(t)) for a.a. t € [0,T], and the
function ¢ — &(u(t)) is bounded, then it is also absolutely continuous on [0, 7] and

jtg( (1)) = (u(t),&(t)) for ace. t € [0,T]. (A1)

In the proof, we use the following integration by parts formula, which is proven in [MeS0§].

Theorem A.1 ([MeS08], Thm. 3.1). Let Q C R? with uniform C? boundary 02 and
A € Whe(Q; RED) be given. Then, for u € W (Q) with 1 < r < oo we have

Sym

—(7"—1)/Q|u|r_ Vu-A(m)Vudx:/Qqu_ div(A(x)Vu) dz "
- /mu]u\’"QVu - A(x)r dS,.

Proof of Theorem [8.15l The proof follows the basic ideas of [RoS06, Thm. 4], where
the sum of a convex functional and a concave perturbation is considered. Thus, we write
W, = Wi—Ws, where Wi (u) = u? and Wa(u) = ﬁ|u|’”1. Analogously, we decompose
the energy into

E=&-E onZ and & =+ooon X\Z, where

& / sVu-A(x)Vu+Wi(u)dz and  &E(u /WQ (A3)

We easily check that £, £, and & are Fréchet differentiable on Z. In particular, if £ is
Fréchet subdifferentiable in some u € X we have that

O E(u) = { — div(A(z)Vu) + BW.(u)} € X* with A(z)Vu-v =0 on 0.

Moreover, since £ and &, are convex, they separately satisfy the chain rule in (A.I))
according to e.g. [Bré73b, Chap.IIl Lem. 3.3] or [Sho97, Chap.IV Lem.4.3]. Hence, it
remains to prove that & € L2(0,T; X*), satisfying £(t) € 08 E(u(t)) for a.e. t € [0,T]
with u € HY(0,7; X), can be decomposed into & = & — &, where & € L2(0,T; X*) and
&(t) € OF & (u(t)) is satisfied for a.e. t € [0,T].

First, let us note that the boundedness of t — £(u(t)) implies v € L>(0,T; Z), which
1n turn means that at least ¢ — W/ (u(t)) = |u(t)|"""u(t) € L*(0, T; L*(Q)) is satisfied for
5 < v <1
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Due to the smoothness of 02 and A we obtain higher regularity of u, namely u €
L%(0,7;H%(Q)), see e.g. [Lépl3, Thm. 5.11]. Thus, we can apply Theorem with
r =2y € (1,2) to obtain

T T
04(27—1)/0 /Q|u]2(7_1)|Vu|2dxdt§/0 /Q|u|27_1|div(A(x)Vu)|dxdt
< C(”uHIz_,Z(O,T;L2(Q)) + HUHi?(QT;H?(Q)))a

where o > 0 is from . Note that the boundary integral in (A.2)) vanishes since u
satisfies (A(z)Vu) - v = 0 on 9. Since the right-hand side in the above estimate is
finite we obtain that & = Wj(u) = |u|""'u € L?(0,T; H'(2)). Thus, we have shown the
decomposition and therefore also the chain rule. O
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