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Abstract

We study a model for induction hardening of steel. The related differential system consists of
a time domain vector potential formulation of the Maxwell’s equations coupled with an internal
energy balance and an ODE for the volume fraction of austenite, the high temperature phase in
steel. We first solve the initial boundary value problem associated by means of a Schauder fixed
point argument coupled with suitable a-priori estimates and regularity results. Moreover, we prove
a stability estimate entailing, in particular, uniqueness of solutions for our Cauchy problem. We
conclude with some finite element simulations for the coupled system.

1 Introduction

In induction hardening a coil that is connected to an alternating current source generates a periodi-
cally changing electro-magnetic field. The temporal changing magnetic flux induces a current in the
workpiece that is enclosed by the induction coil. Due to the resistance of the workpiece, some part
of the power is transformed into eddy current losses that result in Joule heating. The latter leads to a
change of microstructure to the high temperature phase in steel called austenite. After switching off
the current and possibly a short holding time the workpiece is cooled rapidly and the austenite layer
produced upon heating is transformed to another phase called martensite, responsible for the desired
hardening effect.

Induction heat treatments can easily be integrated into a process chain. Moreover, they are
energy efficient since the heat is generated directly in the workpiece. That is why induction hardening
is still the most important surface treatment technology.

Due to the skin effect, the eddy currents tend to distribute in a small surface layer. The pene-
tration depth of these eddy currents depends on the material and essentially on the frequency. There-
fore, it is difficult to obtain a uniform contour hardened zone for complex workpiece geometries such as
gears using a current with only one frequency. If for example, a high frequency (HF) is applied, then the
penetration depth is small and it is possible to harden only the tip of the gear. With a medium frequency
(MF) it is possible to heat the root of the gear, but not the tip. With a single frequency, a hardening of
the complete tooth can only be achieved by increasing the heating time. But then, the complete tooth
is heated beyond the austenitization temperature, which results in a complete martensitic structure of
the tooth after quenching, which is not desirable, since this will foster fatigue effects.

Recently, a new approach has been developed which amounts to supplying medium and high
frequency powers simultaneously on the induction coil. This concept is called multifrequency induction
hardening, see also Figure 1.

The inductor current consists of a medium frequency fundamental oscillation superimposed by
a high frequency oscillation. The amplitudes of both frequencies are independently controllable, which
allows separate regulation of the respective shares of the output power of both frequencies according
to the requirements of the workpiece. This provides the ability to control the depth of hardening at the
root and the tip of the tooth individually [19].

The main building blocks for a mathematical model of multifrequency hardening are an eddy
current formulation of the Maxwell equations in the time domain, coupled to the balance of internal
energy to describe the temperature evolution, and a model for the evolution of the high temperature



Figure 1: The effect of medium-, high- and multifrequency induction heating. MF (left): only the root of
the gear is heated, HF (middle): only the tip of the gear is heated, MF+HF (right): tip and root of the
gear are heated.

phase austenite. Since the electric conductivity and the magnetic permeability may depend on tem-
perature and/or the phase fractions and the Joule effect in the time domain is modelled by the square
of the time derivative of the magnetic vector potential we are faced with a strongly coupled nonlinear
system of evolution equations.

In two recent papers the simpler frequency domain situation of Joule heating has been studied.
In [8] the Boccardo-Galluet approach has been used to prove existence of a weak solution, while in
[4] new regularity results established in [3] have been used to prove existence and stability in the
frequency domain setting. In [11, 12] the eddy current model has been considered in the time domain.
In the former the existence of a weak solution to the fully coupled model has been proven, in the latter
also stability results are established, but only for a model with one-sided coupling in which the electric
conductivity and permeability are assumed to be constant.

The main novelty of the present paper is an existence and stability result for the strongly cou-
pled time domain eddy current and Joule heating system. The paper is organised as follows. In the
next section we derive the model equations and show that it complies with the second law of thermo-
dynamics in form of the Clausius-Duhem inequality. In Section 3 we formulate the main mathematical
results, the proofs of which are given in Section 4. The last section is devoted to presenting some
results of numerical simulations for the coupled system based on a two time step approach with se-
quential decoupling of the evolution equations.

2 The model

We restrict to the following idealized geometric setting (cf. the following Figure 2). Let D € R? be a
domain containing the inductor coil {2 and the workpiece X. Assume that ) C D, ¥ C D, QNE = ()
and 992, 9%, 9D are of class C'™!. Call G = Q2 U ¥ the set of conductors and define the space-time
domainas @ = X x (0, 7).

Following the model derivation of [11], in the eddy current problems we neglect displacement
currents and so we get the following Maxwell’s equations (cf. [2]) in D x (0,7):

(2.1) curl H = J,
) curl B = — By,
(2.3) divB =0,

where E is the electric field, B the magnetic induction, H the magnetic field, J the spatial current
density.
We include phase transitions by describing the evolution of the volume fraction of austenite z



Figure 2: Domain D consisting of the inductor €2, the workpiece . and the surrounding air.

with the following problem derived in [15] and [6]:
Gel®) = 2)"
7(¥)

2(0)=0 inX.

(2.4) 2(t) = in@,

We will make precise the assumption on 7 and z, in the following section, however note that 2z, €
[0, 1] is an equilibrium fraction of austenite, T(1}) a time constant, and by (-)* we denote the positive
part function.

Then, we assume the Ohm’s law and a linear relation between the magnetic induction and the
magnetic field in D x (0,7):

(2.5) J=0F,
B =uH,
where the electrical conductivity o and the magnetic permeability p (sufficiently regular and bounded

from below and above) may depend both on the spatial variables and also on the phase parameter 2
and on the absolute temperature :

0, reD\G,
(2.6) o(z,2,9) =1 ou(z,9), z€EX,
o LS QJ

with its derivative with respect to the z-variable

D\ X

(2.7) 0.(,2,9) = " =€ DA,

o (z,79), xeXx,
and

Ho, reD \ GJ
(2.8) w(x, z,0) = p(z,9),  v€X,

s T e Q:
with

0, reD\X,
(2.9) po(2,2,9) = { )

w(z,19), zeX.



In view of (2.3), we introduce the magnetic vector potential A such that

(2.10) B=curlA inD

and, since A is not uniquely defined, we impose the Coulomb gauge
divA=0 inD.

Using (2.2) and (2.10), we define the scalar potential ¢ by

(2.11) E+ A, =—-V¢ inDx(0,T).

Using (2.5), we then obtain the following form for the total current density

(2.12) J=—-0A;—oV¢ inDx(0,T),

which, together with (2.10) and (2.1), gives

1
(2.13) oA + curl (— curl A> = Jsource IND x (0,T),
1

where, for a given coil geometry (here a torus with rectangular cross-section), the source current
density

(2.14) Jsource = —O'V¢

can be precomputed analytically and it can be used as control for optimization, i.e., it can be taken of
the form Jsource = u(t)Jo, where Jy is the spatial current density prescribed in the induction coil (2

(2.15) Jo(xz) = {Ji(x)’ vl

0, reD\Q,

and u = u(t) denotes a time-dependent control on [0, 7’]. Assuming to have as constant density
p = 1 (for simplicity), the internal energy balance in () results as

(2.16) et +divg = JE = o|A; + Vo|* = o| A,

where e denotes the internal energy of the system and ¢ the heat flux, which, accordingly to the
standard Fourier law is assumed as follows

(2.17) qg=—-k(VY, k>0.

In case k() = k > 0 constant, we get the standard Fourier law. From the Helmholtz relation
e = 1 + Js, where 1) = (1}, z) denotes the free energy of the system, (2.16) and (2.17), we have
that the Clausius-Duhem inequality

(218) Y <St + div (%)) = €t — wlﬂgt — ¢ZZt - ﬁtS - %Vﬂ + leq
V|?
=e; +divg — (Y9 + 8)0; — Y.z + al 3 |
k| VI?

= U’At|2 — (o + 8)0 — 2 +
>0

v



is satisfied e.g. if we assume the standard relations 1)y + s = 0 and L7(9)z; = —1,, and hence
(cf.(2.4)) 1, = —L(z¢(V) — z) ™, for some positive constant L > 0. Then, using the definition of the
specific heat ¢, = sy (cf., e.g., [16]), we get

ey = ¥ + (V. +Vs.)z = ey + F(V, 2) 2,
where we have denoted for simplicity by
(2.19) F(0,2) = s = 0(¥2)o = —L(2eq(V) — 2)" + Lz (9)H(2¢4(9) — 2).-

Here H represents the Heaviside function. Hence, the internal energy balance (2.16) can be rewritten
as

(2.20) el +divg = o|A]* — F(9,2)2 inQ.

Finally, we couple the system (2.4), (2.13), (2.14), (2.17), (2.19-2.20) with suitable boundary condi-
tions. We assume that the tangential component of A vanishes on 9D, i.e.

(2.21) nxA=0 ondD x (0,7,

where n denotes the outward unit normal vector to 0.D; for the absolute temperature we neglect the
possible radiative heat transfer between the inductor and the workpiece assuming

o
(2.22) Ko +nd =g ond¥X x (0,T),
v
where v denotes the outward unit normal vector to 032, n stands for an heat transfer coefficient and g
is a given boundary source.
In the following sections we will study the well-posedness for the Cauchy system associated to
a suitable variational formulation of (2.4), (2.13), (2.14), (2.17), (2.19-2.22).

3 Well-posedness results

In this section we introduce the functional framework, the main notation, and the assumptions on
the data in order to deal with system (2.4), (2.13), (2.14), (2.17), (2.19-2.22). Moreover, we state
here our main results concerning well-posedness and regularity for a suitable weak formulation of
the corresponding Cauchy problem. The proofs of these results are given in Section 4. For analytical
reasons our analysis is restricted to the case 0 = o(z, z), u = u(x, z) in (2.6) and (2.8), that is we
drop the explicit temperature dependence. Since the phase fraction grows with growing temperature
we still maintain the effect of temperature change on the parameter values. Moreover, we consider the
standard Fourier law with & positive constant in (2.17).

3.1 Notation and preliminaries

We first recall the definitions of generalized curl and div operators as well as the related embedding
results we need in the sequel. Referring to the Figure 2, let D C R? be a bounded domain. Assume
thatQ C D, ¥ C D,QNYE = 0 and 99, X, 0D are of class C''!. Define G = Q U ¥ and the
space-time domain ) = X x (0, T"). Let us denote with the symbol W the vector-valued counterpart
of the Banach space V. Let us use the symbol L9(U x (0, )) for the space L?(0, ¢; IL9(U)), for every



q € [1,+00),t € (0,T], U bounded and C'"* domain in R3. Let p € (1, +o00) and ¢ € LP(D),
then, we write curl ¢ € ILP(D) if there exists £ € ILP(D) such that

/chuﬂ(bd:c:/qubdx,

for all ¢ € C°(D). We define curly := &, as the uniquely determined vector £. Analogously, we
write div ¢ € LP(D) if there exists ( € LP(D) such that

/Dw-Vndxz—/DCndx,

for all n € C2°(D). We define div ¢ := (, as the uniquely determined vector ¢. Then, we introduce
the Banach spaces (with the graph norms) L? (D) = {¢ € L?(D) : curly € L?(D)} and

LE. (D) ={¢ € LP(D) : dive € LP(D)}. For¢p € L2,,(D) we define the the linear bounded

curl

trace operator 7. (1) using the well-known Green’s formula (cf., e.g. [5])

a0 [ veulods - [ culy-gde=— [ (nxv)-ods = (6. 9).

D D oD
for all € H'(D), where (with an abuse of notation) the integral over 9D has to be understood
as the duality between H_l/Q(aD) and Hl/z(ﬁD) and n denotes the outward unit normal vector to
dD. Similarly, for b € L2, (D) we introduce the linear bounded trace operator 7, (1) by the Green’s
formula

62) /Dw-V¢dx+/Ddivw~¢dx=/8D<n-w>¢ds = (1), ).

for all € H'(D), where (with an abuse of notation) the integral over 9D has to be understood as
the duality between H~'/2(9D) and H'/?(0D). Finally, we introduce the Hilbert space
X={vel?, (D) :divv=0 andy,(v)=0}.

curl

Notice that, since 0D € C1, then the space X, equipped with the norm
[vllx = [| curlv|rz2(p) ,

is a closed subspace of H' (D). Moreover, let us notice that, from the Green’s formula it follows that:
if A € X, then v,,(A) = 0. Indeed, if we denote by w = curl A € L*(D), then divw = 0
and 7, (w) € H~'/2(0D). Moreover the following Green’s formulas hold true for every test function
¢ € HY(D):

63) (n(1w), &) = /

D

(divwe +w - Vo) de = / curl A- Vodz

D

:/CurlA-ng—/A-CUHVde:E
D D
=(7-(A), Vo).

Hence, if A € X then ,,(curl A) = 0 (cf., e.g., [7, Chapter 2]).

We recall here some results which will be useful in the sequel of the paper. The first one is
an embedding result which is a consequence of [9, Thm. 3.3]. The complete proof of a more general
result can be found in [3, Prop. 2.2, p. 7].



Lemma 3.1. LetU C R? be a bounded C'' domain, then the space
WP (U) ={uell (U)NLE (U) : v,(u) € L*(0U)}

curl div
continuously embeds in the space L (U) for § := min{3%, p*}, where p* is the Sobolev embedding
exponent

3 \
3Tpp /f1§p<3,

pri=qs€e[l,+0) ifp=3,
oo ifp>3.

Moreover, we recall the following interpolation inequality, holding true for p, ¢, € [1,+0o0],
withp<r<gqg l/r=a/p+(1—a)/qac(0,1),andv € LI(D):

(34) oy < 1VllEeo) 101l -

3.2 Hypotheses

We list here our basic assumptions on the functions o, u, Jo, u, 7, and 2.4 in (2.13), (2.4), and (2.20),
where we take the constants c,, k, 17, and L equal to 1, for simpilicity.

Hypothesis 3.2. Assume that

(i) o(z,2) : D x [0,1] — R is a continuous and Lipschitz continuous (w.r.t. z for almost all
x € D) function defined in (2.6) and (2.7), where o, € C™'([0,1]), o; > 0, constant.
Assume moreover that there exists two constants 0 < o < & such that

oc<o(r,2) <7 inDx|[0,1];

(i) p(z,2) : D x [0,1] — R is a continuous and Lipschitz continuous (w.r.t. = for almost all
x € D) function defined in (2.8), (2.9), where p,, € CV1([0,1]), pi, po € RT. Assume
moreover that there exists two constants 0 < p < [u such that

1< (e, z) <@ inD x [0,1];

(i) w € HY(0,T), Jo : D — R3isanlL? ,(D)-function defined in (2.15);

curl
(iv) T, zeq € C*(R) and there exists positive constants 0 < 7. < 7* and M > 0 such that

T S7(0) 77,0 < 24(V) <1 foralld € R, ||7]|com) < M, || zeqllc2m) < M,
| = 2eq(V) + 02, (9)| < M foralld € R, |02, (9)] < M;
() g € L=(0,T; L=(IX));
(i) Ay € XNH3(D), ¥y € W25/3(%).
Remark 3.3. We will use in the following weak formulation (3.10) of the internal energy balance (2.20)
the notation f (1, 2) = — L(z¢q(V) — 2 — 12, (1)). Indeed, using (2.4) we can rewrite —F (1}, z)2; =
—f(0,2)z for z > z4(V) and —F (¥, 2)z, = 0 = —f(0,2)2 for z < z.4(1)). Notice moreover
that Hyp. 3.2 (iv) implies that
(3.5) feC™"Rx0,1]), |f(W,2)]<Cr V(©,2)eRx][0,1],

for some positive constant C'y depending on M. Finally, let us observe that the assumption (3.5) are
the only ones we need in order to get our next results, i.e., we do not need the explicit form (2.19) of f
which was assumed in the previous section in order to comply with Thermodynamics. However, other
thermodynamically-compatible choices are possible.



3.3 Weak formulation and main theorem.

We are ready now to state the weak formulation of the Cauchy problem (2.4), (2.13), (2.14), (2.17),
(2.19-2.22).

Problem 3.4. Find a triple (A, 1, z) with the regularity properties

386) A€ H*0,T;L*D))NnWh*(0,T;X), curl A€ L®(0,T;L%(D)),
3.7) 9 € WYB3(0,T; L¥3(%)) N L3(0, T; W**3(£)) N L*(0, T; H'(X)) N L=(Q),
B88) € WLe0,T; W' (X)), 0<z<laeinQ,

solving the following system

1

(3.9) / o(x,2)A; -vde +/ curl A - curlvdx = / Jo(x)u(t) - vdx

G p H(z,2) Q

forallv € X, ae.in (0,7,

(3.10) 9y — AU = —f(0,2)z + o(x, 2)|A)* ae.in@,

_ 1 - -
(3.11) 2z = ) (26(¥) —2)7 ae.in@,
(3.12) ?%—ﬁ—g a.e.on 0% x (0,7,
(3.13) A(0) = Ay, ae.inD, 9(0)=1vy, 2(0)=0 ae inX.

and satisfying the following estimate

(3.14) | All z20,7:02 (D)) nwroe0,7:x) + || curl A oo, 716(y)
+ ||79||W1 5/3(0,T;L5/3(%))NL5/3(0,T;W2:5/3(2))NL2(0,T;H (2))NL>(Q)
+ | zllwrseorwre sy < S

where the constant S depends on the data of the problem.

We are now ready to state our main result.

Theorem 3.5. Let Hypothesis 3.2 hold true. Then, there exists a unique solution to Problem 3.4.
Moreover, if we denote by (A;,0;,2;) (i = 1,2) two triples of solutions corresponding to data
(Ao, Vo4, ui), then, there exists a positive constant C' = C(S) (cf. estimate (3.14)) such that the
following stability estimate holds true

(3.15) (A1 — A2)(t)||i2(p) + || curl(A; — AZ)”]%Q(DX(O,T))
+ [|0s (A1 — A2)(t)||i2(D) + || curl(9,(Ar — A2))||12L2(Dx(o,T))
+ [|(9 — 192)@)”%2(2) + (|91 — 192”%2(0,7“;1&11(2))
+ (21 — Z2)(75)||§{1(2) +10e(21 — Z2)H%2(O,T;H1(E))
< C (1l 4ox = Aoallg + 1@:(A1 = A2))(O) 20y + 01 = Voalliasy

+||u1J0 — u2J0|’%2(07T) + Hulljo — UIQJOH%Q(O,T)> forallt [O, T] .



4 Proof of Theorem 3.5

In this Section we prove Theorem 3.5 in three steps: first we prove local existence of solutions by
means of Schauder fixed point argument. Secondly we prove the global a-priori estimates necessary
in order to extend the solution to the whole time interval [0, T']. Finally, we prove the stability estimate
(3.15) entailing, in particular, uniqueness of solution to Problem 3.4.

4.1 Existence of a (local in time) solution

We start the proof by solving (locally in time) Problem 3.4 by means of a standard fixed point argument
of Schauder type.

For a fixed Ty, € (0, T'] (which shall be specified later on) and a fixed constant R > 0, let us
introduce the space

@ = {19 € LQ(O,TO;LZ(E)) . HﬁHLQ(O,To;LQ(E)) S R} .

In the following, we shall construct an operator 7, which maps O into itself for a suitable time
0 < Ty < T, insuch a way that any fixed point of 7 yields a solution to Problem 3.4. We shall prove
that 7 is compact and continuous w.r.t. the topology of L?(0, T; L*(3)). Hence, by the Schauder
theorem 7 admits (at least) a fixed point ¢ in O, whence the existence of a solution (A, ¥, z) to the
Cauchy Problem 3.4 on the interval [0, T}]. Finally, the (local) uniqueness result will be a consequence
of the stability estimate (4.23) below.

Definition of the fixed point map T . We construct the operator 7 in this way: given J € O, the opera-
tor

T : O — L¥30,T; W>53()) n W30, T; LP3(%))

T : 99— 19 whered solves

(4.1) 9y — AV = —f(U,2)2 +o(z,2)|A)* ae.in@,
(4.2) %%—ﬁzg a.e.on 0% x (0,7,
(4.3) 9(0) =y, ae.inX,

and z € W(0,T; L¥(X)), A € HY(0,T;X) N WL (0, T; L2(D)) solve

(4.4) 2 = (2eq() — z)+ ae.in@, z(0)=0 ae.inX,

1
(4.5) / o(x,z)A; - vder + / curl A - curlvde = / Jo(z)u(t) - vdx
G D M(x7z) Q
forallv € X, a.e.in (0,7), A(0)= Ay, ae.inD.

T maps O in itself. Notice that, given 9 €0, [12, Lemma 2.5, p. 1093] ensures that there exists a
unique solution z € W1H°(0, Ty; L>°(X)) to (4.4) such that

“ZHWLOO(O,TO;LOO(E)) <(y,

with C independent of J, and 0 < z < 1 a.e.in X.
Then, given z € W1(0, Ty; L>=(X)), it is possible to find a unique solution A € H'(0, Tp;
X) N Whee(0, Ty; L%(D)) to (4.5) by means of a standard implicit time-discretization scheme (cf.,



e.g., the monograph [13]). The basic estimates are the discrete versions of the ones which follows
from taking v = A; in (4.5) (cf. also the following Second estimate) and taking the time derivative of
(4.5) with v = A, (cf. also the following and Third estimate). These give the bound

[ Al 21 .10 00w (0, 1012(0)) < C2
with C independent of 1J. Then, using the fact that A, € L>=(0, Ty; L?(D)), A, € L*(0,Ty; X) —
L?(0, Ty; 1L5(D)) (due to the continuous embedding of H' (D) into IL5( D)) and employing the inter-

polation inequality (3.4) with ¢ = 6, p = 2 and r = 10/3, we get A, € L'%3(D x (0,Ty)). This
implies that | A;|> € L*?(D x (0, Ty)) on the right hand side of (4.1) and

||At||L10/3(D><(O,T0)) < Cj.
Applying now the standard maximal regularity results in LP-spaces (cf., e.g., [18, Thm. 3.1, Prop. 3.3])

to (4.1-4.3), and Hyp. 3.2 (iv) (cf. also Remark 3.3), we can conclude that there exists a unique
¥ € L3(0, To; W23()) N W5/3(0, Tyy; LP/3(X)) solving (4.1-4.3) and such that

Hﬁ||L5/3(O,To;W275/3(E))QW1’5/3(O,TO;L5/3(E)) < Cy,
with C'y independent of . Moreover, testing equation (4.1) by ¢, we get
19| 2 (0,10; 51 ()L (0,10522(5)) < Cs
with C'5 independent of . This implies in particular
. <t . < /2
sby — 540y —
HﬁHLQ(OtLQ(E)) t H ”Loo(oT L2(%)) t 05 for everyt € {O,Tg) .

Then, if we choose Tj such that T01/26’5 < Rthe map 7 maps Q into itselr.

T is compact. The map 7 is compact due to the compact embedding
L53(0, Ty; W3(S) 0 L2(0, Ty; H(Z)) N W30, Ty; L3(8)) < L*(0, Ty; L2(Z))

(cf. [20, Thm. 4, Cor. 5]).

7T is continuous. The continuity of T follows from these facts:

1. From [12, Lemma 2.5] we have that, if 1, — ¥ strongly in L?(0, Ty; L*(X)), for k — o0,
then z;, — z strongly in W1?(0, Tp; LP(X3)) for every p € [1, +00), where z; (and 2) are the
solutions to (4.4) corresponding to ¥4, (and v}), respectively.

2. From the compact embedding of H'(0, Ty; X)NW1°°(0, Tp; L?(D)) into LY(D x (0, Ty)) (for
q € [1,10/3)), we get that 9, A, — 9, A strongly in LY(D x (0, Tp)) for every ¢ € [1,10/3),
and curl A, — curl A weakly in H'(0, Ty; L?(D)) (at least for a subsequence of k), where
A, are the solutions to (4.5) corresponding to z;. We need now to show that the limit A is
the solution of (4.5) corresponding to z. Then, the convergence will hold true for the whole
sequence Ayj. Indeed, from the strong convergence of z; and using Hyp. (3.2) (i), (ii), we get
that o(x, z) — o(x,2) and p(z,z;) — p(z, z) strongly in LP(0, Ty; LP(X)) for every
p € [1,400). This implies that we can pass to the limit for & — 00 and the limit A solves
(4.5).
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3. Finally, we can come back to equation (4.1) and we have that |0, Ax|> — [0;A]? in L*(Z x
(0,T5)) forsome s € [1,5/4) because 0; A, — 0y A strongly in LY(D x (0, Tp)) for every ¢ €
[1,10/3) and 0, Ay, O; A are bounded (uniformly in k) in L?(D x (0, Tp)). This fact, together
with the strong convergence 0,z — 0,z strongly in LP(0, Ty; LP(X)) for every p € [1, +00),
f(Or, z) — f(,2) strongly in L?(0, Tp; L*(X)) (cf. Hyp. 3.2 (iv) and Remark 3.3), imply
that also 1, — o strongly in L*(X x (0,Ty)), for k — +o00, where 9, (and 1) are are the
solutions to (4.1) corresponding to 2z, A, (and z, A), respectively.

Hence, by the Schauder theorem 7 admits (at least) a fixed point 9 in O, whence the existence of a
solution (A, ¥, z) to the Cauchy Problem 3.4 on the interval [0, Tj].

4.2 Global a-priori estimates

In order to extend the solution to the whole time interval [0, 7] we need to prove suitable global
(independent of T{)) a-priori estimates. In what follows the positive constants are denoted by the same
symbol C' even if they are different from line to line. They may depend on o, 4, T, 2¢q, Ao, Yo, 9, U,
Jo, and T, but not on 75,

First estimate. First of all, we can apply [12, Lemma 2.5, p. 1093] to the equation (3.11) entailing the
following estimate:

(46) ||Z||W1’°°(O,T0;L°°(Z)) S C, 0 S Z(l’,t) <1 ae.in Q .

Second estimate. Take t € (0,7Ty) and v = A in (3.9). Using Hyp 3.2 (i), (ii) (cf. also (2.9)), we get
(using the symbol s for the time variable and x for the space variable inside the integrals, but making
the dependence on x and s explicit only when it is necessary):

t t
1
(4.7) g/ / ]As|2dxds+// curlA-curlAsd:cds
0 JaG p (@
// - Agdzds.

Now, integrating by parts in time the second term in (4.7), we get

t 1
// ! curlA-curlAsdde——// (2) \curlA\zdxds
o Jp Kz, 2)

/ \Cur1A|()

1
\ curl Ap|*dx .

[\D

2u()

Then, using estimate (4.6) and Hyp. 3.2 (ii), we get

- t/ 1 1
2 A dods _/ CuﬂAQtde—/ curl Ap|*dz
2/0 G’ | 20 D| ‘() 2& D‘ 0‘
t t
—f—C(/ / |cur1A|2dxds+/ /|U(3)|2|J0|2dxd5) |
o Jp o Jo

Using now a standard Gronwall lemma together with Hyp 3.2 (vi), we obtain

t ¢
/ / |AS\2dxds+/ |curl A|*(t)dz < C (1 +/ / ]u(s)|2|J0(x)|2dxds) :
0o Ja D 0 Jo

11



Third estimate. We can now formally (in order to make it rigorous one should perform the estimate,
e.g., on a time discrete scheme) differentiate (3.9) with respect to ¢ and take v = A, as test function.
Integrating over (0, t), using Hyp 3.2 (i), (i), as well-as the integration by parts in time in the second
summand, gives (cf. also (2.7), (2.9)):

/|At dx+—//|curlA| dxds<a/|At )|?dz
——// 2) 2| As|? dxds—i—/ /Mw > curl A - curl A dzds
—|—/ /|u’(s)|2|J0(x)|2dxds.
0o Jo

Using now estimates (4.6), (4.8), and Hyp. 3.2 (i), (ii), (vi), we obtain

(4.9) /G\At|2(t)dx+/0t/D]curlAs]2dxds
<1+ [ W+ )+ ) (o) Pdads)

where we have used the inequality || A(0)[|72p) < C([[Aollfe(py + Jo [w(0)[*[Jo(2)[* dz).

Fourth estimate. Collecting (4.8) and (4.9) and using the continuous embedding of H' (D) into L%(D))
and employing the interpolation inequality (3.4) with ¢ = 6, p = 2 and r = 10/3, and Hyp. 3.2 (iii),
we get

(4.10) Al 10, 1p0nw e 0,102 (D)) + [ AdllL1ors(px0,m)) < C -

This implies that | A;|> € L5/3(Q) in the right hand side of (3.10). Applying now the standard maximal
regularity results in L?-spaces (cf., e.g., [18, Thm. 3.1, Prop. 3.3]) to (3.10), (3.12-3.135), together
with Hyp. 3.2 (iv), (v), (vi) we can deduce the estimate

(4.11) HﬁHL5/3(0,T0;W2v5/3(Z))QWLL”/?’(O,To;L5/3(E)) <C.

Moreover, we can test (3.10) by 1} obtaining, in particular, the estimate

(4.12) 19| 20,7011 () Lo (0.10:22 () < €'

Moreover, from the non-negativity of the r.h.s in (3.10) and of the initial and boundary conditions we
also get ¥ > 0 a.e. More in general, we also get from the standard maximal regularity results in
L4-spaces (cf., e.g., [18, Thm. 3.1, Prop. 3.3])

(4.13) 19l <C,

=) 0,To; W25 (=) nw™ ) (0,To;L5 (%))

for all p € (2, 6].
Sixth estimate. By comparison in the ODE (3.11), using (4.13) and Hyp. 3.2 (iv), we get, for all p &
(2, 6]

4.14 :
(4.14) 12¢ll 20,22y + 20l 7)(0To Lr/2()) <

implying
HVZ”LOO(O7TO;W1,p/2(E)) S C’
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and so
(4.15) V2]l Loemx0m)) < €'

Sixth estimate. Using the L>°(0, Ty; IL?(D))-regularity of A; (cf. (4.10)) and Hyp. 3.2 (iii) on u and
Jo, by comparison in (3.9), we get

curl ( 1 curl A)
p(z, 2)

Moreover, we can formally compute the divergence operator of
Hyp. 3.2 (i)

<C.

L= (0,Tp;L2 (D))

( curlA and we get (applying

| 1 oy (2) V2 )
div (,u(x,z) cur ) 12(7,2) curl A € L*(0,Ty; L*(%)),

because curl A € L>(0,Ty;L*(D)) and Vz € L>(0,T; L>(X)) due to (4.15). Thus, applying
Lemma 3.1 withp = 2, U = D, £ = 6, we obtain

(416) || CurlAHL"O(O,To;Hﬁ(D)) S C .

Notice that we can apply Lemma 3.1 with every exponent « (hence & = p* = 6) because, due to
formula (3.3) and to the fact that A € L>°(0, T’; X), we have that 7y, (curl A) = 0.

Seventh estimate. We can now formally (in order to make it rigorous one should perform the estimate,
e.g., on a time discrete scheme) differentiate (3.9) with respect to ¢ and take v = Ay; as test function.
Integrating over (0, t) and using Hyp 3.2 (i), (ii) (cf. (2.7), (2.9)) we get

t 1 1
g/ / |Ass|2dxds+—_/ | curl Aq[2(t) da :—/ | curl 4,(0)2dz
o JD 2n Jp QH D
t /
_///;w—(Z)Zs!CUI"lAS\dedS
// 2)zsAsAgsdads

— / / /;“’ zs curl Ay curl Adxds

/ / Jo(x)u'(s)dxds.

We start estimating the second integral in the r.h.s using Hyp 3.2 (ii) and estimates (4.6), (4.10) as
follows:

o)
_/ / %ZJ curl Ag|*dads < O cwrl A¢| 20mp2(0)) < C
0 T,z

In order to bound the third integral we use Hyp. 3.2 (i) and again estimates (4.6), (4.10) as follows:

// ZSAAssdIdS<CHAtHL20TOL2(D) //|ASS|2dxds
<C+= //[A%deds
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In the fourth integral we need to use the integration by parts formula, Hyp. 3.2 (ii), and estimates (4.6),
(4.10), and (4.16):

/ / zs curl A, curl Adxrds

¢
< C’/ | curl Ag|p2(py || curl Aljps(py||2ss|| 23z ds + C'/ || curl ASH]?E(D) ds
0 0

t t
< C’/ || curl Ag|iz(py||zss || 3 sy ds + C/ || curl ASH]QLQ(D) ds
0 0

Now, we use Hyp. 3.2 (iii), (vi), estimate (4.14) with p = 3, and apply a standard Gronwall lemma to
the following inequality

t 1 t
g/ / | Ags|*dzrds + —_/ | curl A;*(t)dz < C + C/ || curl Agl|i2(py||zssl L3y ds
2Jo Jp 20 Jp 0

getting the desired estimate
(4.17) [ Astl| L2 (0,10:2(p)) + | curl Ayl Lo 0.2 )y < €'

and so, since | A;|? € L*°(0, Ty; L3(D)), using [14], we get

(4.18) 19| oo (2x (0,10)) < C'
Collecting estimates (4.6), (4.10), (4.11), (4.16), (4.17), and (4.18), we can now extend the solution
we found on [0, 7] to the whole time interval [0, T']. Finally, notice that testing (3.10) by —9J~ ((-)~

denoting the negative part), and using the definition of f (2.19) together with Hyp. 3.2 (v), (vi), we gain
the non-negativity of 1. This concludes the proof of existence of solutions to Problem 3.4.

4.3 Stability estimate

In this part we prove the stability estimate (3.15), entailing, in particular, uniqueness of solutions to
Problem 3.4. Consider the time derivative of equation (3.9) and rewrite it in the following form

(4.19) / (h(x, z,21) Ay + o (2, 2)Ay) - vde
G
+/ ( ! curl Ay + 0(z, 2, 2t) curlA) ~curlvde = / Jo(x)u'(t) - vdz,
p \u(z,z)

forallv € X and a.e.in (0,7), where

(T, 2) 2

h = / E =
(x,2,20) =0 (x,2)z, lw,2,2) 12 (x, 2)

Let (A;, 94, 2;) (i = 1,2) be two triples of solutions corresponding to data (Ao.is Vo.i, u;). Take the
difference between (4.19); and (4.19), and take the test function v = A; := (A; — As);. Then,
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denoting by Z := z; — 29, we get, integrating over (0, t)

(4.20) / |A,(t)]? dz + = / / | curl A,|? dx
<5 [ 1AOF -+, / (I2llzey + Nzallzesy) [1Ala o) ds
+ 0 [ (1A + ol A ol A ds
#Co [ (llnes + 1elmim) 1A, 0
—l—C“/Ot(||cur1A||Lz(D)||AS||L2(D)+ 12 o | curl A, zo) ds

t
+C [ = o Ao, ds,
0
where we have used the following inequalities (holding true for a.e. x) due to Hyp. 3.2 (i), (ii):

\h(z, 21, 214) — W, 20, 204)| < Cy (|214]|21 — 22| + |21 — 22])
\h(, 22, 224| < Cgl2a4],

[, 21, 21,0) — U2, 20, 224)| < Cp (|21 — 22f[214] + [(21 = 22)e])
[(z, 22, 24| < Cplza4] -
(

Test now (3.10):-(3.10)5 by 0=y — U, integrate over (0, t), and use the following inequalities

t t t
@2 [allime + [ Nalee s < C [ il ds € [ [lhwnorn ds
0 0 0
t
<C [ (1P = MsaP oo + ) ds
0

t
= C/O (AL sllzsoy + [ Azslliey) 1Aslz oy + 19]l2es)) ds,

obtaining (for all positive 0)
(4.22)

t
19 B + / V92205, ds < ClIO(0) [22(s,

t t
8 [ Wl ds+Cs | (W0l + (1Analioo) + [Azalomy) 1Al ds.

Add now the term fo 192, ) to both sides of (4.22), choose § sufficiently small and sum the result
up to (4.20), getting (for all posmve constant 1)

t t
(4.23) || A (t )H]2L2(D) +/0 | CUﬂAtH]ZL?(D) ds + Hﬂ(t)H%?(z) +/0 9] %1 () ds
t
< ClA0)E2(py + Cll curl A(0) |22y + CIO(0)]Z2x + C/O |ui(s) — ua(s)|* ds
t t
+n/0 | ewrl A2, ds+C’,7/0 19225, ds

t
+ Cn/o <‘|A1,s"n%6(D) + |‘A2,s’|n%6(p) + HAI,SSH]%Q(D)> HASHH%Q(D) ds,
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where we have used once more (4.21). Choosing now 7 sufficiently small in (4.23) and applying a
standard Gronwall lemma together with the regularity properties (3.6) of the solution, we obtain the
desired stability estimate (3.15). This concludes the proof of Theorem 3.5.

5 Numerical simulations

In this section, numerical simulations for Problem 3.4 are carried out. We use the same setting as
in Section 3, all material parameters are assumed to depend on the phase fraction z but not on the
temperature 1). The physical, temperature dependent parameters taken from literature are replaced
by average values over the typical temperature range for induction hardening processes. For further
numerical simulations and an experimental verification for the complete temperature dependent in-
duction hardening problem where also mechanical strains and stresses are considered, we refer to
[10].

The coupled system consisting of the vector potential equation, the heat equation and the rate
law for the phase fraction is solved using the finite element method. For this, we use the software
pdelib that is developed at WIAS. In order to discretize the temperature 1} we use standardP1
elements. As space for the vector potential A we take the Hilbert space H (curl, D) = 1.2 (D).
In order to discretize A, curl-conforming finite elements of Nédélec type are used [17]. These admit
only tangential continuity across interelement boundaries while the normal component, especially at
material interfaces, might be discontinuous. Instead of nodal values as for classical finite elements,
the degrees of freedom are the tangential components along edges of the underlying triangulation of
the domain D.

Regarding the discretization in space, one has to account for the skin effect: alternating cur-
rents tend to distribute in a small surface layer of the workpiece. The computational grid has to resolve
this small surface region. This is resolved by creating an adaptive grid, that has a high resolution in
the surface area of the workpiece and is coarse in regions where a high accuracy is not necessary.

Regarding the time discretization, the system has to be solved using different time steps, since
the vector potential equation and the heat equation admit different time scales. If we consider the
vector potential equation for a given temperature 1, then it represents a parabolic equation that admits
a time periodic solution due to the time periodic source term. We solve this equation for some periods
using an order two time stepping scheme with time step dt.

The heat equation also represents a parabolic equation with rapidly varying right hand side
U\At\Q. Since heat conduction is supposed to happen on a time scale that is much slower than the
oscillating current, the temperature changes at a time scale that is much larger than that of the right
hand side, which is governed by the frequency of the source current. The usual approach is to approxi-
mate the Joule heat term by its average over one period, [1]. Then, the heat equation together with the
rate law describing the phase transition can be solved using time steps At > dt, where the rapidly
varying Joule heat is replaced by an averaged Joule heat term that is obtained from the solution of the
vector potential equation.

In order to reduce computational time, we make use of symmetry conditions. The cross section
through the gear represents a symmetry plane, it is only necessary to consider the upper half of the
geometry shown in Figure 2. In addition, it is sufficient to perform the computations only for half of a
tooth. The boundary conditions on the cutting planes are adapted accordingly.

Figure 3 shows the temperature and the phase fraction of austenite for different time snapshots
for a simulation using the multifrequency approach. Starting from room temperature, the temperature
increases in the surface layer of the tooth and finally rises above the austenitization temperature. The
formation of the high temperature phase austenite starts. After 0.3 s, one obtains an austenitic profile
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f/1.0e+03
—+1.2

—+1.1

—+1.01
+0.915
+0.82
+0.725
+0.63
+0.535
+0.44
+0.345

+0.25

f/1.0e-01

...i+5

(@ t=0.1s by t=0.2s (c)t=0.3s

Figure 3: Numerical simulation of induction heating of a gear using the multifrequency approach,
temperature (top row) and volume fraction of austenite (bottom row).

that follows the contour of the tooth. The corresponding temperature profile is shown in Figure 3 (c),
the temperature is not homogeneous across the tooth, the highest temperatures are attained at the
top edge of the root and at the tip of the tooth. This is an important for engineers planning a heat
treatment in order to prevent a melting of the gear during the hardening process.

A

f/1.0e-01

(a) MF (b) HF

Figure 4: Austenitic profile z of a gear heated with medium-, high- and multifrequency power.

(c) MF+HF

In Figure 4, simulations of the austenitic fraction using only a single frequency, either MF or
HF, are compared to the multifrequency case. As one can see, in the case of MF only the root of the
tooth is hardened while high frequency leads to a hardening of the tip of the tooth. Only a suitable
combination of MF power, HF power and heating time leads to a contour hardening of the tooth using
the multifrequency approach. The numerical computations reflect the physical aspects as explained in
the introduction, see also Figure 1.
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