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ABSTRACT. We consider the equation
vy = Lgv — W/ (v) + o-(t,z) in(0,4+00) x R,

where L is an integro-differential operator of order 2s, with s € (0, 1), W is a periodic potential,
and o. is a small external stress. The solution v represents the atomic dislocation in the Peierls—
Nabarro model for crystals, and we specifically consider the case s € (0,1/2), which takes into
account a strongly nonlocal elastic term.

We study the evolution of such dislocation function for macroscopic space and time scales, namely

we introduce the function
. t T
ve(t,z) == v e )

We show that, for small €, the function v. approaches the sum of step functions. From the physical point
of view, this shows that the dislocations have the tendency to concentrate at single points of the crystal,
where the size of the slip coincides with the natural periodicity of the medium. We also show that the
motion of these dislocation points is governed by an interior repulsive potential that is superposed to
an elastic reaction to the external stress.
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1. INTRODUCTION

In this paper we deal with an integro-differential equation of fractional order derived from the classical
Peierls—Nabarro model for crystal dislocations. Specifically we will focus on the case in which the
fractional order of the equation is low, which corresponds to a situation in which the long-range elastic
interactions give the highest contribute to the energy. In this framework, we will describe the evolution
of the atom dislocation function by showing that, for sufficiently long times and at a macroscopic
scale, the dislocation function approaches the superposition of a finite number of dislocations. These
individual dislocations have size equal to the characteristic period of the crystal and they occur at
some specific points, which in turn evolve according to a repulsive potential and reacting elastically to
the external stress.

More precisely, we consider the problem
(1.1) vy = Lo — W' (v) +o.(t,z) in(0,+) x R,

where s € (0,1), Ly is the so-called fractional Laplacian, and W is a 1-periodic potential. More
explicitly, given ¢ € C*(R) N L*(R) and = € R, we define

1 [ p(@+y) +e(—y) —2¢p()
2/]R ‘y’1+23

We refer to [10, 3] for a basic introduction to the fractional Laplace operator. As for the potential, we
assume that

W e C3*(R), forsome( < a <1,
W(x+1)=W(z) foranyxz € R,

(1.2) W(k)=0 foranyk € Z,
W>0 inR\Z
W”(0) > 0.

As customary, € > 0 is a small scale parameter, and o, plays the role of an exterior stress acting on
the material. We suppose that

o.(t,x) := e¥o (et ex),

where o is a bounded uniformly continuous function such that, for some o € (s,1) and M > 0, it
holds

(3 o2 || oo (j0,400)xR) + (|02l oo (0,400) xB) < M,
(1.3) lo.(t,x+ h) —o.(t,z)| < M|h|*, foreveryxz,h € Randt € [0, +00).

The problem in (1.1) arises in the classical Peierls—Nabarro model for atomic dislocation in crys-
tals, see e.g. [7] and references therein. In this paper, our main focus is on the fractional parameter
range s € (0,1/2), which corresponds to a strongly nonlocal elastic term, in which the energy con-
tributions coming from far cannot be neglected and, in fact, may become predominant. We refer to [6]
for the case s = 1/2 and to [4] for the case s € (1/2,1).

We define
t x
ve(t, ) =0 (m, g)

and we look at the equation satisfied by the rescaled function v., that is, recalling (1.1),

(1.4) g2

v-(0,-) =2% inR.

£

(ve) = é(sta — %W’(Us) + o(t, x)) in (0,400) x R,
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Following [8, 1], we introduce the basic layer solution u € C**(R) (here a = a(s) € (0, 1)), that s,
the solution of the problem

Liau—W'(u)=0 inR,
{ u >0, u(—o0)=0, u(0)=1/2, u(+o0)=1.

The name of layer solution is motivated by the fact that « approaches the limits 0 and 1 at +00. More
quantitatively, there exists a constant C' > 1 such that

(1.6) lu(z) — H(z)| < C]x\’% and |u'(x)] < C|x!’(1+2s),

(1.5)

where H is the Heaviside function, see Theorem 2 in [8].

As a preliminary result, we will prove a finer asymptotic estimate on the decay of the layer solution:

Theorem 1.1. Lets € (0,1/2). There exist constants C > 0 and ) > 2s such that

1 T

_H <
u(z) () + 25 W7(0) |z [1+25 |z[?

forany x € R,

with 1} depending only on s.

To state our next result, we recall that the semi-continuous envelopes of u are defined as

u*(t,x) ;== limsup u(t, )
(t"2")—(t,z)
and
U (t,x) ;== liminf wu(¢, ).
()= (t,z)
Moreover, given 2§ < 2§ < ... < 2%, we consider the solution (;(¢)),_,  tothe system
T — 1,
=\ —ol(t, — in (0, +00),
ii= (ot + X g m0.40)
(1.7) J#i
where

(1.8) y = ( /}R (u’)Q)_l.

For the existence and uniqueness of such solution see Section 8 in [5]. We consider as initial condition

in (1.4) the state obtained by superposing N copies of the transition layers, centered at x(l’, e ,x‘}\,,
that is
2s N 0

€ T — X;
1.9 0(z) = —0(0,2) + u !
(1.9 o) = o0+ ou (),
where
(1.10) B :=Ww"(0) > 0.

The main result obtained in this framework is the following:

Theorem 1.2. Let s € (0,1/2), assume that (1.2), (1.3) and (1.9) hold, and let
N

volt,x) = Y H(x — z(t)),

i=1

where H is the Heaviside function and (z;(t));—1.. n is the solution to (1.7).



Then, for every € > 0 there exists a unique viscosity solution v. to (1.4). Furthermore, as ¢ — 0, the
solution v. exhibits the following asymptotic behavior:
limsup v.(,2") < (v0)"(t,2)

(t',z")—(t,x)

and
liminf v (¢, 2") = (vo)«(t, x)

(t/,2")—(t,x)
e—0

foranyt € [0, +0c0) andz € R.

When s = 1/2 the result above was proved in [6], where it was also raised the question about what
happens for other values of the parameter s.

In [4], the result was extended to the case s € (1/2,1). So the main purpose of this paper was to
obtain the result for the remaining range of s € (0, 1/2). From the physical point of view, this range
of parameters is important since it corresponds to the case of a strong nonlocal elastic effect: notice
indeed that the lower the value of s the stronger become the energy contributions coming from far. We
refer to [6, 4] for a more exhaustive set of physical motivations and heuristic asymptotics of the model
we study.

We also remark that, differently from [6], we do not make use of any harmonic extension results, that
are specific for the fractional powers of the Laplacian, and so our proof is feasible for more general
types of integro-differential equations.

The cornerstone to prove Theorem 1.1 (and hence Theorem 1.2) is given by the following decay
estimate at infinity, which we think has also independent interest:

Theorem 1.3. Lets € (0,1/2), and letv € L>(RR) N C?*(R) such that
(1.11) lim v(x)=0.

z—+o0
Suppose that there exists a function ¢ € L>(R) such that c(z) > § > 0 forany x € R and for
some ¢ > 0, and

(1.12) —Lyv+cv=yg,

where g is a function that satisfies the following estimate

(1.13) lg(x)] < forany x € R,

1+ |z|4s
for some constant C' > 0.

Then, there exist) € (2s,1 -+ 2s] depending only on s, and a constant C' > 0 depending on C, 4,
l|c|| oo (), @and s, such that

o(z)] <

——— foranyx € R.

STH [z y

In our setting, we will use Theorem 1.3 in the proof of Theorem 1.1 (there, the function v in the
statement of Theorem 1.3 will be embodied by the difference between the solution u of problem
(1.5) and a suitable heteroclinic solution of a model problem, so that in this case condition (1.11) is
automatically satisfied).

The explicit value of the exponent ¢} that appears in the statement of Theorem 1.3 will be given in
formula (5.4), but such explicit value will not play any role in this paper (the only relevant feature for us
is that ¥} > 2s). We think that it is an interesting open problem to determine the optimal value of the
exponent ¥ in a general setting.



Theorem 1.3 may be seen as the strongly nonlocal version of Corollary 5.13 in [6] and Corollary 7.1
in [4], where similar decay estimates (with different exponents) where obtained when s = 1/2
and s € (1/2,1), respectively. However, the techniques in [6, 4] are not sufficient to obtain the
desired decay estimates when s € (0, 1/2), so the proof of Theorem 1.3 here will rely on completely
different methods. Roughly speaking, we use suitable test functions in order to obtain an integral
decay estimates (this will be accomplished in Proposition 5.1) and then we use barriers and sliding
arguments to infer from it a pointwise estimate. Remarkably, differently from the classical case where
pointwise estimates follow from integral ones using a suitable version of the weak Harnack inequality
(see e.g. Theorem 4.8(2) in [2]), in our case, to the best of our knowledge, the fractional analog of
this weak Harnack inequality is not known. To overcome this difficulty, some careful estimates on the
fractional Laplacian of a function below a barrier are employed (these estimates will be obtained in
Corollary 4.2).

The rest of the paper is organized as follows. The proof of Theorem 1.3 is contained in Sections 2—6.
More precisely, we collect some preliminary elementary estimates in Section 2. Then, in Sections 3
and 4, we estimate the fractional Laplacian of a function below a barrier by taking into account the
contribution in a neighborhood of a given point and the contribution coming from infinity. An integral
decay estimate is given in Section 5 and the proof of Theorem 1.3 is completed in Section 6.

With this we have the basic technical tools to prove Theorem 1.1 in Section 7. Then, Sections 8—-10
are devoted to the proof of Theorem 1.2. Namely, Section 8 collects some uniform bounds that are
used in Section 9 to construct the solution of a corrector equation and prove its regularity. With this,
the proof of Theorem 1.2 is completed in Section 10.

2. AN AUXILIARY SUMMATION LEMMA

Here we present some technical summation estimates, to be used in the forthcoming Section 4. For
the sake of generality, we prove the results in Sections 2-5 in R", for any s € (0,1) andn > 1.

Lemma 2.1. Lets € (0,1), zg € R™ such that |x¢| = 3, and ¥ € (0,n + 2s]. Then

1 C
< :
D e T S O )
lzo+kI<legl/2

for some C' > () depending onn, s and ).

Proof. If |xo + k| < |zo|/2 then |k| = |xo| — |zo + K| = |x0|/2, therefore

n+2s
(2.1) > L < > 1

kez™\{0} |k|n+28 (1 + |l‘0 + k')ﬂ h |x0|n+28 kezZ™\{0} (1 + |JZ0 + k|)19
leo+kI<|zol/2 lwo+kI<|zol/2
Moreover,
|zo] ,,n—1
p"dp
/ — = Z(n, 9, 9),
1 p
where
(n— 9" Y|ag"? —1) ifn >4,
Z(n, ¥, xo) = log |zo| ifn =17,
(9 —n)"H1 — |zo|™Y) ifn <.
In any case

‘x0’n+2s = |x0|19’
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for some constant ¢, y > 0 only depending on 2 and ¥). Therefore

> </ -
(1+ ’CEO"‘]CDﬂ = Bl |(—0) (1+ ]:L’+x0])'9

keZ™\{0}
|zol o ldp
= Wn— 1/
o (1+p)?

lzo+kI<|zgl/2
lzo| n—1 d
[ oy / p : p]
1 p
This and (2.1) give that

+ Z(n 19,:60)] .
Z 1 o C1(1+ Z(n,9,x0))
|2 (14 [z + K[)? |o[” ’

N

S| C\

kezn\{o}
leo+kI<|zol/2

for some C'; > 0. Then, the desired result follows from (2.2). O

Corollary 2.2. Lets € (0,1), zop € R"™ such that |x¢| > 3, and ¥ € (0,n + 2s]. Then

1 C
> <
n+2s 9 9’
oty T (4 T + R 04 Tl

for some C' > 0 depending onn, s and 1.

Proof. Notice that

> T S TR [ S
ey TR (U o +K)? S (U Jaol/2)7 2 T2 (1 Ja)?”
lzg+k|Z[z0l/2

for some Cj > 0, and so the result follows from Lemma 2.1. O

3. FRACTIONAL LAPLACE COMPUTATIONS | — INTEGRAL ESTIMATES AT A POINT

Here we estimate the local contribution of the fractional Laplacian of a function touched by above by
a polynomial barrier. By local, we mean here the contribution coming from a neighborhood of a given
point. The contribution coming from far will then be studied in Section 4.

Though the main focus of this paper is the fractional parameter range s € (0, 1/2) the results pre-
sented hold true for any s € (0, 1). For this, it is convenient to recall the notation on singular integrals
in the principal value sense, that is

P.V. / uz+y) ;u(x) dy = lim uz+ y)+; u(z) dy.
n |y|+2s PNO JRM\B, |y 2

As a matter of fact, when s € (0,1/2) the above notation may be dropped since the integrand is
indeed Lebesgue summable and no cancellations are needed to make the integral convergent near
the origin.

With this notation, we can estimate the contribution in a given ball according to the following result:

Lemma 3.1. Lets € (0,1),9 > 0,e € (0,1), and

Fi(z) = —

(14 |=)”



For any fixed M > 0 let Fy;(x) := M Fy(x). Suppose thatu € L>(R") N C*(R") satisfies

(3.1) Fr(zo) + € = u(zg) for some point zy € R",
(3.2) Fy(z) +e > u(x) foreveryx € R”,
Co
(3.3) / [u(Q)d¢ < ———3
Bi (o) (1 + [zol)”

for some Cy > 0.
Then there exists My > 0, depending only on n, s,

then
PV / u(zo + ) ;U(%) < - M | B, .
B |y| e 10 (1 + |zo])

ul| oo (rr), ¥, and Cy, such that it M > M

Proof. First of all we observe that, without loss of generality, we can suppose that
(3.4) |zo| > 3.
Indeed, if || < 3 we deduce from (3.1) that
Mo M _
49 = (14 |zo))?
that gives an upper bound on M which would be violated by choosing M large enough.

Fu(mo) = u(zo) — & < ||ul| g rmy

From (3.4), we have that

(3.5) forany y € By, |zo + y| = |xo| — |y| = |x0|/2.
Now we define
M
D, = € Byst |u(zo+9y)| 2 ———— ¢,
1 {y 1 | ( 0 y)’ 2(1+|.1'0D19}
M
Dy = € By st |u(zg + < — 5.
2 {y 1 | ( 0 y)’ 2(1+|I0|)'§}
Then, by (3.3),
Cy / M |D;|
_— > wulxo + dy > ———,
At fao)? = Jp, 0TI 2 50
Hence
2C,
(3.6) |Dy| < WO
and, as a consequence, if M is large enough,
9B
(3.7) |Ds| > |By| — | Dy = |101‘.
Now we define
o (@l
o - M )
Ds = DyNB,,
Dy = D\ B,,.

If y € D3 we use (3.1), (3.2) and a Taylor expansion of F} to obtain that

ulwo +y) —u(w)) < M(Fi(wo+y) = Fi(wo))
< MVF(wo) -y + M sup [D*Fi(wo + )l Iyl
€b1
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Notice that
20 9 (9 41)

(L fael) ] (1 |2)?*2

2
’axi,ijl(x)‘ <
and so, by (3.4) and (3.5),

Ch
sup |D?*Fy(zg +6)| < —————,
s 1Dl + S o
for some C'; > 0. Therefore, for any y € Ds,
M |?J|2
(1 + |zo[)"+2

and so, since the odd term vanishes in the principal value integral,

PV / u(.’])o + y) - U(ZEO) dy < Cl M / |y|2—n—2s dy
D3 D3

u(rg +y) — u(xo) < MVF(20) -y +

|yt (1 o)+
Cy M / 2—n—2
< n Sd
(38) ~ (1 ‘I— |$0|),‘9+2 BTO |y| y
- CQ MT(Q)_QS
(1w
Moreover, by (3.1), (3.2), and (3.5), we have that, if y € Dy,
u(zo +y) — u(x) < Fy(wo +y) — Fa(xo)
’y‘n+2s ~ ’y|n+2$
< Fu (o ;L Y)
|y |2
M
< n+2s 9
ro (1 + 2o +yl)
20 M
<

i (L Jol)”
Accordingly, making use of (3.6), we conclude that
- 2 M |D
PV, / u(zo +y)+2 u(xg) dy < —= | Dy .
D, ly|m+ee o (1+ |zol)
20 M | D |
Srg P+ Jol)?
< Cs
St o)

for some C3 > 0. Thus, by (3.8) and (3.9), we obtain

PV / u(zo +y) — ulxo) du < Coy M 12 N Cs
(3.10) Dy ly[n+2e (L fwo)? — r§ ™ (1 + 20])”
Cy MP

< - -
(14 o]y
for a suitable Cy > 0, where
_n+ 2s

(3.11) g = —— € (0,1).
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This completes the estimate of the contribution in DD;. Now we estimate the contribution in D5. For
this, we notice that, if y € D5, then

M M
u(zo +y) — u(zo) = u(zo +y) — A+’ “S 201+ [a))?
and therefore
pv, [ My oMy, S [

o, [+ 2(1+ [zol)? Jp, [yl 2
3.12 < - / d
(3.12) ST+ o)) S, Y

9OM |B,|

=20 (1 |zo))?”
thanks to (3.7). By collecting the estimates in (3.10) and (3.12), we obtain that

_ 8
PV / u(zo + y) : u(o) dy < C4M19 __ 9IM | B | _
By ly[ 2 (L |zol)?+27 20 (1 + |zol)

. oM|B| [, Cs
o 20(1+ [mo])” M5 (1A [ )7

9M |B| Cs
<~ (1
20 (1 + |z0|)? M5

for some C5 > 0. So, since (5 € (0, 1) due to (3.11), for M large we obtain the desired result. O

4. FRACTIONAL LAPLACE COMPUTATIONS Il — INTEGRAL ESTIMATES AT INFINITY

This is the counterpart of Section 3, since here we study the contribution coming from infinity of
the fractional Laplacian of a function touched by above by a polynomial barrier (since the singularity
of the integral only occur at the origin, we do not need to use the principal value notation for such
contribution).

Lemma 4.1. Lets € (0,1),9 € (0,n+2s],e € (0,1), and

1
F =
= G
For any fixed M > 0 let Fy;(x) := M Fy(x). Suppose thatu € L>(R") N C*(R") satisfies
(4.1) Fuy(z ) + e = u(xg) for some point xy € R",
(4.2) Fy(z) + e > u(x) foreveryxr € R™
Co
(4.3) / lu(Q)]| d¢ < —————— foreveryx € R"
Bi(x) (1 + [z])?

for some Cy > 0.

Then there exists M,
then

), ¥, and Cy, such that if M > M,

u(zo +y) — u(xo) M |B|
/ ‘ n+2s dy § 20 (1 9’
R\ By Y| (1 + |ao])

Proof. We notice that

u(ro +y) — u(wo) = u(wro +y) — Faur(wo) —e <ufzo+y) — € < (U(xo +y) — €)+-
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Also, the cube centered at zero with side 1/+/n lies inside the unit ball, namely Ql/\/ﬁ C Bj. There-
fore

+

w(xo +vy) — ulx u(rg+y) —e
(4.4) / @ y73+2s (o) dy </ ( - n+)28 ) dy.
R"\B; ] R™\Q1, /5 ]

Now we cover R™ \ ;7 with cubes of side 1/(8n/n) centered at points of a sublattice Z (roughly
speaking, this sublattice is just a scaling of Z" by a factor 1/(8n+/n), outside Ql/\/ﬁ). In this way,
(4.5) if k € Z, then |k| > !
. i ,then k| > ——=.
2\/n
Therefore
(46) ifke ZandyeQ (lc)then|y|>|/7<:|—|y—k*]>@+L—i>m
' L/ (8nvn) Z 2 T4yn 87 2

Moreover,

itk € Zandy € Qy/snym) (k) then
4.7) 1 1
I+|zo+yl 214+ |xo+ k| —|y—k| =1+ |0+ k| -3 > 5(1+ygco+lc|).

Now we observe that, from (4.4),

@8) /W\B ulzo +9) — ult) 3~ / (ulzotv) =)"

|y|n+25 —~ Ql/(gn\/ﬁ)(k) |y|n+25
We define
v M
Dy(k) = {y € Qu/gnymy (k) st [u(zo +y)| = (1+ |zo+ K|)? [
v M
Dy(k) = {y € Quyenym (k) st Julwo +9)l < G =g -
Then, from (4.3),
Co /
> u(¢)| d¢
(1+ |zo + E|)? Bi(zo+k) (<)
> / u(¢)l d¢
Q1/(8ny/m) (T0+k)

> / lu(zo + y)| dy
D (k)

L _VMIDi(k)
- (1+ |zo + K|)?
and so
C
1D1(k)| < —

2
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Consequently, using (4.2), (4.6) and (4.7), we see that

+
/ (u(zo +y) —¢) dy < / Fyr(wo +y) dy
Dy (k) |y |2 h Diky |yl

</ i M dy
= Jouy (T T+ K TR
Cy M| Di(b)
(T Too & RD TR
. GOV
S [ Teo+ R TR

for a suitable C'; > 0. Now we use again (4.6) to estimate the contribution in D(k) in the following

computation:
[ v, i
Doty |yt Doy ([K]/2)7725 (1 + |2 + K|)?
272 1Q1 y(snym | VM
SR (1 o + KDY

(4.9)

(4.10)

Using (4.9) and (4.10), and the fact that
+
(u(zo+y) —e)" <ul(zo+y),
we conclude that

/ (“(x0+3/)_5)+d < G VM
Q

|y|n+28 U (1 + |Z’0 + k‘)ﬁ ’k|n+2s’

1/(snym) (k)
for a suitable C; > 0. So we plug this estimate into (4.8) and we deduce that

/ u(zo +y) — u(xo) dy < Cy \/MZ 1
R™M\B1y v (

’y‘nJrZs 1+ ’9170 + k|)19 ‘k|n+23'

Thus we estimate the latter series using Corollary 2.2 (notice that Z may be seen as a scaled version
of Z™ \ {0}, due to (4.5), and z stays away from 0, as pointed out in (3.4), so the assumptions of
Corollary 2.2 are satisfied, up to scaling): we obtain that
/ u(zo +y) — u(zo) du < CsvVM
]Rn\Bl

Y] 7 oo
ly|n 2 (14 [o])”

for a suitable C'3 > 0, hence the claim plainly follows if M is large enough. U

Combining the estimates of Lemmata 3.1 and 4.1 we obtain that the negative local contribution cannot
be compensated by the contribution at infinity. More explicitly, we have:
Corollary 4.2. Lets € (0,1),9 € (0,n+ 2s],e € (0,1), and
1
(1+ |2))”
For any fixed M > 0 let Fy;(x) := M Fy(x). Suppose thatu € L>(R") N C*(R") satisfies

Fi(z) :=

Fr(zo) + € = u(zg) for some point xy € R",
Fuy(x) 4+ > u(x) foreveryx € R

Co
|u(()|d¢ < ———— foreveryz € R"
/Bl(x) (L + [])?
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for some Cy > 0.

Then there exists My > 0, depending only on n, s,
then

u(xo +y) — u(xo) M |B|
411 Lou(zo) = P.V. dy < —— 1210
@ ulo) L < iy e

u||Loo(Rn), W, and Cy, such that if M > M,

5. DECAY ESTIMATES IN AVERAGE

Here we obtain some precise information on the decay at infinity of the solution of a nonlocal equation
with decaying nonlinearity:

Proposition 5.1. Lets € (0,1), u € L>®(R"™) N C*(R") satisfy
(5.1) —Lsu+cu=g inR",

where c(x) € (cg, c;'), for some ¢y € (0,1) and

52) 9(o)] <
(1+[z])*
for some C' > 0 and o > 0.
Then, for any x € R",
59 [ i<
Bi(z) |2[?

where C, > 0 is a suitable constant and

5.4) 9 e min{n + 2s — (n — 2a)™, 2a}

Proof. We use that u satisfies (5.1) in the weak sense, that is, for any test function 1,

/n /n (u(z) — u(y)) (¥ (z) — ¥(y))

|z — g+

d:cdy+/ cuz/zda::/ gy dx.

Choosing 1) = up? we get
(5.5)

[] (u(2) = u(v)) (ul2)e*(@) — uly)e*(v))

‘l’ _ y‘n+2s

dwdy—i—/ cu2g02d:v:/ qup? da.
R R

Notice that we can write
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Hence (5.5) becomes

(¥))¢*(x)
// Ix - y|”+28 d dy

5:6) N / / 7) — uly)) (p() + o)) (o) —2W) ;o

|z — |2

+/ cu2<p2d:1::/ quy® d.

Now we estimate the second term in (5.6) in the following way

/ / u(y) (u(z) —u(y)) (e(x) + oY) (p(x) — (y)) dedy

|$— |n+28
y))*(p(x) + ¢(y)) —0(y))?
< /n/n |x_y|n+28 dxdy—i_/n/n |x_y|n+25 d.l‘dy
()*(¥*(x) + —o(y))?
< /n/ ]a:—y]””s dmdy+/n/n \x—y\””s dzx dy

)¢ —¢(y)*
/n/n |x_y|n+25 d dy+/n/n |x_y|n+25 d&?dy

Using this and (5.6) we obtain
(5.7)

co/ u?p? de </ cu’¢?® dx

| ot [ [ S0

|z =yl

/ / uly)(ulz) = uly))(p(@) + o) (p(2) = () dy

|£B _ y|n+28

g/ gugp dx + 1,

—o(y))?
I —/n/n |x— |n+2s dx dy.

| oawtie = [ 2T o) (e 2ug)da

1 ¢
< — g2g02—|——0/ u2<,02dx.
200 R 2 n

By plugging this into (5.7) and reabsorbing one term on the left hand side we obtain

where

On the other hand

Co 1 2
— v’ d d 1.
5 Rn T < 20 (p T+

Our goal is now twofold: to estimate [, g°* dx and to reabsorb I on the left hand side. For this, we
choose

(5.8)

1

p(z) = (1+ 2|z — zo2)N

where xy € R" is fixed,
n 4+ 2s

(5.9) N = TR




14

and 0 < ¢ < 1/N. Notice that p € L*(R"™) N L>(R"). We set
(5.10) R :=|zo|/2 > 10,
and we claim that
(5.11) / go*der < C.R™7,
for some C; > 0 and
v :=min{n + 2s — (n — 2a)", 2a}.
Notice that
(5.12) ¥ =7/2,
see (5.4).
To prove the claim, we first observe that if + € Bg then
|z — x| = |zo| — || = 2R — R = R,

so
1 1

QO(CL’) S (1+52R2)N S €2NR2N'

Accordingly, using also (5.2) and (5.9), we obtain

1
2 2 2
gpidr < —/ g~ dz
/BR S VR Jp,
< 1 / C J
T
= 4N RAN Br (1 + m)za

(5.13) C C
< — 1d d
AN RIN VB v /BR\BI PR “3]

<(LR4NQ+wuaRW4®j
< QCSE(R) R—n—28+(n—2a)+’

for some C. > 0, where

_ JlogR if2a =n,
UR) = { 1 otherwise.

Moreover, if z € Bg(xg) then
@] = |wo| = & — x| 22R— R =R

and so, from (5.2), we have

9(@)] € e <
Vs 77 X .
g (1+R)* * Re
As a consequence
C«Q
/ Foide < — o dx
Bp(xo) R** B (o)
(5.14) C?
< e | 0% dx

< C.R?,
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for some C. > 0 (up to renaming it). Now, if z € R™ \ (Bgr(zo) U Bg) then |z| > R and so,

from (5.2) and (5.9),
2

< 20 /
R2% JRn\(BR(x0)UBR)

Sy L
5.15 X Doa ANT. AN &F
(5.15) B2 J Baten) £V — 2o N

<O Rn—2a—4N

AN €

— CgR_Qa_ZS.
Then (5.11) follows from (5.13), (5.14) and (5.15).

0% dx

/ g2g02 dx
R™\(Br(z0)UBR)

Now we claim that, for any ¢’ > 0, we can choose ¢ sufficiently small (in the definition of ) so that
y y ¥

(p(z) = 0(y))? ,
(5.16) / g drse ¥ (y),

holds.
To prove this, we first observe that
262Nz — x0]

(5.17) V(z)| = (1+ 2|z — 2o[2)NH!

< 2eNy(x).

In particular we have that |V | < 2N and therefore, for any r > 0,

(p(@) — () =~ 4N —y® 4
|$ _ y|n+25 = |I _ |n+23 |$ _ |n+2s
n B (y) Yy R™\Br(y) y

< C(E¥r* 2 472,

for some C' > 0. Accordingly, if we choose r := 1/4/z, we obtain

/ (p(z) =) < 20e".

|z =yl

Hence if y is such that e|y — x| < e7%/N) /| log €| then we have that
loge|™V
1 —-N, 2 — |
[ loge|™" o™ (y) 15 22y — 2o
|loge|~™
2 —s/(4N 22V
(1+ (e7/4M) /| logel)?)
|loge|~™
2 —s/(4N 22V
(2(e=/N) /loge)?)
= 272Ne%|logel*N
> 20¢€°
_ 2
S / (p(@) — W) ;.
oo |r =yl

provided that £ is small enough, and this shows that (5.16) holds true if e|y — x| < 75/ /|1loge].

So we may and do suppose that

(5.18) ely — xo| = 7/ /] loge|.
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Notice that, in this case, €|y — xo| > 1 if £ is small enough and so
1 N 1 B 1
1+ 52|y _ w0|2)2N = (2€2|y _ x0|2)2N - 4N5n+2s|y _ I0|n+25’

thanks to (5.9). Now we set

(5.19) ©*(y) = (

e~ (n+3s)/(n+2s)

re =
: 2|log €|
and we study the contributions in B,_(x¢) and in B,_(y).
For this, we point out that, by (5.9) and (5.18),

o (4N+s)/(4N) B 6—(n+3s)/(n+23)

(5.20) ly — zo| > _ _o.
| log | |log €|
Therefore, if x € Brg(xo) we have that
x —
o =91 > o~y — e — w0l > oo —y] 1. > 24

hence, using (5.19), we see that

_ 2 4n+1+23
[
By (z0) |z — | Br. (z0) |20 — ¥

n

<O—=
5 01 |zo — y|" T2
(5.21) 4NC€—n(n+3s)/(n+2s) o5 o
< n+2s
= 2| log | W)
4NC 6s('rz—&—45)/(n—&—2s) )

Now we estimate the contribution in B,._(y). For this, we take x € B,_(y) and { = tz + (1 — t)y
with ¢ € [0, 1] such that

(@) — ()| < Vo) |z —yl.
Notice that, in this case,

-
€~ vl =t~y <ro < L0
thanks to (5.20), and therefore
ly — o
1€ = ol = [y — @ = 1€ —yl = =——
Using this and (5.17) we obtain that
IVeo(€)] < 2eNp(§)
B 2eN
(1+€2[€ — o?)V
. 22N+1€N
T+ 2220E —wmoH)Y
. 22N+1€N
~

(1 +e2ly — xo*)N
_ 22N+1€Ng0(y)-
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As a consequence
_ 2 42N+2 2N2 2
/ (p(@) = o))" . < / eN¢ ()
B’V‘E( ) BTE(y)

|J] _ y|n+25 |{L‘ _ y|n+25—2
(5.22) = C’r2 % (y)
C 525 n—1+3s)/(n+2s)
22—25 | log 6’2—28

It remains to estimate the contribution in R™ \ (B, (x9) U B, (y)). For this we will use the following
estimate: fixed p € R"™ we have that

(5.23) / dx _ ¢ _ 9257 g2s(n+3s)/(n+2s) | 10g8‘2s
Re\B,. (p) [T — DI 7‘35

().

Moreover
ly—wl  _ly—zl ez 1 1

v —aollz =yl ~ |r—mollz—yl  |r—m|  |r—yl

and therefore

y n+2s 1 1
| : ’ —- < n+2s - + - ]
@ — o[> & — y[r 2 T — o[> o — y[FE

Hence, if we integrate over R™ \ (B,_(9) U B, (y)) and we use (5.23) we obtain that

/ |y o x0|n+25
R\ (Br. (w0)UBr. (4)) |7 — @0 |28 2 — y[n 2
(5.24) AT ( / dz N / dx )
R\ By, (z0) |T — To|"T28 Re\B, (y) |7 — Y[" T
< 0623(n+35 /(n+2s) | 10g5|28,

up to renaming constants. Moreover, exploiting (5.9) and (5.19) we see that
1 1 4N _ n+2s
< ly — o

() = (1 + 2[x — 2o2) (2902 S gnt2s|g — go[nt2s S |z — |2 O
Therefore
/ ¢ (2)
R’ (B (w0)UB.. () € — "2
(5.25) |y — @™

dx

<470 (y) /
n\(Brg(xO)UBrg ) |l’ — x0|n+25 |CL’ _ y|n+25

< 4NC€2s(n+33)/(n+28 ‘ 10g€]25 © (y)’

thanks to (5.24). Furthermore, by (5.23) we have that
2 2
ey < / vy
’23 _ ’n+23 R\ B (1) ‘iL‘ _ ‘n+23

< 2230525(n+3s /(n+2s)
X

(5.26) /IR"\(BTE (20)UBy. (4))

' log e ©*(y).
Now we use that

(o(x) = o)) < (lp(@)] + le))? < 4(¢*(2) + ¥*(y)),
so that by (5.25) and (5.26) we obtain

(90(1‘) B Qp(y))Q dr < 0523(n+35 /(n+2s)

'loge* ¥*(y),
/R”\(BTE @B () 1T Y[

(5.27)
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up to renaming constants once again. In view of (5.21), (5.22) and (5.27), the proof of (5.16) is finished.

As a consequence of (5.16) we obtain that

1< 6’/ w?(y)p* (y) dy = 6’/ u?y” du.
So we take ¢ so small that &’ < ¢y/4, we plug the estimate above into (5.8) and we reabsorb one
term into the left hand side (this fixes € now once and for all): we conclude that
c 1
=2 wrprdr < — g*o* du.
4 R~ 260 R»

Hence, from (5.11),

Co 2 9 C. _
— de < —R™.

Now we use that ¢ > 1/2in By (x() to deduce from this that

][ w?drx < CR7,
Bi(zo)

for some C' > 0. Then, by the Hélder inequality, (5.10) and (5.12), for any zo € R" such that |z,| >
20 we have that

][ udr < ][ u?dz < VCR™ = VO R™ = 2°V/C|xo| .
Bi(z0) Bi(zo)

Since u is bounded, a similar estimate holds for || < 20 as well, by possibly changing the constants
(also in dependence of ||u|| Lo (B,,))- This proves (5.3) and concludes the proof of Proposition 5.1. [

Remark 5.2. In the sequel, we will only use Proposition 5.1 for the proof of Theorem 1.3 whenn = 1
and s € (0,1/2). Though the statement of Proposition 5.1 remains valid for the whole parameter
range s € (0, 1), in general the exponent ¥ found in (5.4) would not be sufficiently accurate (indeed,
we think it is an interesting open problem to find a sharp value for the exponent ¥ in general).

The sensitivity of the decay estimates on the fractional parameter s is the main reason for which
different methods are needed to prove Theorem 1.3 when s € (0,1/2) and s € [1/2,1): in a sense,
when s € (0,1/2), the integral contributions coming from far are predominant and they strongly
affect the available bounds on the asymptotic behaviour of the solution at infinity.

6. PROOF OF THEOREM 1.3

Let v be as in Theorem 1.3. We prove that
My
(14 [=[)?
forany z € R, where M, > 0 is a universal constant (the bound from below follows by exchanging v
with —v). To this goal, fixed any € > 0, we use (1.11) to find R£. > 0 such that

(6.1) v(x) <

(6.2) lv(x)| < e/2forall |z| > R..
We claim that
(6.3) (2) < —2
. v(r) < ———— +=¢
(1 +[=])?

forany x € R, as long as
M 2 vl (1 + R2)”.
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To check this, we distinguish two cases. If |z| < R., then

lv(z)| (1 + R.)? M M
(14 [z[)? S A+ = (+]e)

v(z) < 5 T6&
proving (6.3) in this case. Conversely if |z| > R., then v(z) < € and so (6.3) holds true in this case
too.

Hence, we can take the smallest M := M, > 0 for which (6.3) is satisfied. If M. = 0 for a sequence
of € \, 0 then (6.3) gives that v(x) < £ and so, in the limit, v < 0, which proves (6.1). Thus, without
loss of generality, we can suppose that M, > 0. In this case, by (6.2) and a simple compactness
argument, there exists . € R for which

64) . —

. VT = - E.
) (1 + [zc])?

Our goal is to show that

(6.5) M. < M,

for a suitable M, > 0 independent of . For this, we observe that, by (6.3), (6.4) and Proposition 5.1
(with o := 45), we have that the hypotheses of Corollary 4.2 are satisfied (by taking « := v and x( :=
x:). Therefore, by (4.11), if M. were too large we would have that
- Me |Bl|

20 (14 |.|)?"
On the other hand, by (6.4), (1.12), and (1.13), we have

(6.6) Lyv(z.) <

Lsv(z.) = Lov(x.) — cv(ze) + ¢ (dww + 5)
> Lov(x.) — cv(ze)
= —g(z.)
6.7) e
(14 |ze[)*
¢
T (U fa)?

(recall that ¥ < a = 4s, see (5.4)). Hence (6.7) and (6.6) show that M., is universally bounded,
proving (6.5).

From (6.5) we deduce that
Mz—: MO

V(@)L 3+t —F5 t¢

DS A TS Al

forany x € R, and so, by letting € ™\, 0, we obtain (6.1). This concludes’ the proof of Theorem 1.3.

'We remark that ¥, as defined in (5.4), satisfies

9= 4s it s € (0,1/6],
T BE ifs € (1/6,1/2).

In any case, since s € (0,1/2), we have that
2s < ¥ <14 2s.
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7. PROOF OF THEOREM 1.1

The proof of Theorem 1.1 is now analogous to the one of Proposition 7.2 in [4], up to the following
modifications, needed in the case s € (0,1/2):

B the exponent 1 + 2s in formulas (7.9) and the previous one in [4] must be replaced by 7 (the
rest of the argument remains unchanged, since ¥ € (2s, 1 4 2s]),
B the use of Corollary 7.1 of [4] is replaced here by Theorem 1.3.

8. L°° BOUNDS

The goal of this section is to state some uniform regularity estimates that will be needed in the subse-
quent Section 9.

We introduce the norm

2
(8.1) ”fHHS(lR" : \// /n |x— ’n+22‘ dx dy

and we provide an auxiliary estimate:

Lemma 8.1. Lets € (0,1). There exists a constant C' = C(n, s) > 0 such that, if f € H*(R™),
then

2 2 2
©.2) 1F 2y < ClF st NI G
Also, if f > 0 then

(8.3) 112 (rny < Clflmgrmy [{F > O/

Proof. We start by proving (8.2), which is a variation of the classical Nash inequality. Without loss of
generality, we suppose that f € L*(IR™), otherwise the right hand side of (8.2) is infinite and there is
nothing to prove. Given p > 0, we have

(8.4) / If(O)* de <
]Rn\Bp ]Rn\BP

Here we have used the notation of the norm || - || 7z (rn), as introduced in (8.
|

|§|25

=~ (€)1 dg < Cp™ || f | my-

) and its equivalent

1
in Fourier spaces (see e.g. Proposition 3.4 in [3]). On the other hand, |f( ) < || fll 22y for any

€ R", and so by integrating over B, we obtain
p

JRGIREE AP i

By

By adding this to (8.4) we obtain

1172y = 1172 0ny < Co7 2 g mmy + 1B1l 2" £ 117 gy
Since this estimate is valid for any p > 0, we now choose
p = (1 gy /I sy 77
to obtain
12y < (C 4 1B I ety ™ I ™
which gives (8.2).



Now we prove (8.3) by using (8.2) and the Hélder inequality: we have
L5 < ClFIE

< ClflE

Cl s ey 1A N2y S > O

s ey 112 ey

which implies (8.3).

ey [ lpa [(F > 0172)
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0

We can now prove a uniform pointwise estimate using a De Giorgi-type argument. For the sake of
generality, we prove it for any s € (0,1) and any n > 1 (though we only need it here for n = 1

and s € (0,1/2)).
Theorem 8.2. Lets € (0,1) and lety) € H*(R™) be a weak solution to
—Lap=Xp+b inR",
withb, A\ € L>°(R"). Thenv € L*(R") and
19| oo ey < C

Proof. First, for any 0 < 6 << 1 (we will choose later a suitable §, see formula (8.15) below),

consider the function ¢ defined as

)
o(z) = LI), forany z € R".
191 L2(mm)
By construction,
[l L2(mny = 6
and
(8.5) —Ls¢ = Ao+ 0b/[|¢)]| 2 (rny.-
In order to prove the theorem, it will suffice to prove that
(8.6) [l £oe rry < 1,
since this implies that
[[91]z2@ny < [Wll2@n
1)l ey < T ] ey < 5

and ¢ is fixed.

Now, for any integer & € IN, we consider the function wy, defined as follows

wi (1) = (¢p(x) — (1 =27")*  foranyz € R".

By construction, wy € H*(R™), wi(+oo) = 0, and
(8.7) wr1(2) < wi(z) ae. inR™
The following inclusion
(8.8) {wy1 >0} C {wy > 27FH]
holds true for all kK € IN. Indeed, if x € {wkH > 0}, then

0 < wpyi(x) = @(x) — 1 +27F1

hence
p(x) — (1 —27F) > 27F g7kl — g=k=1

we
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and so wy,(z) > 27*~1, thus proving (8.8). Moreover, we have the inequality
(8.9) ¢(z) < 2" wy(z) forany z € {wir > 0}.
Indeed, if z € {wy,11 > 0} then
wi(x) > wipa(z) = Ppla) — (1—2771),
which together with (8.8) implies
$z) < wplz) + (1 =27 = wy(w) + (2‘“+1 27!

< wile) + (2" = Dwi(e) = 27wy ().
This proves (8.9).
Also, we remark that for any v € H*(IR") we have
(8.10) (v (2) = v () (v(z) = v(y)) = [v" () —vF ()P,
forall z,y € R™. In order to check this, let assume that v(z) > v(y). There is no loss of generality in
such assumption, since the roles of z and y can be interchanged. Then, one can reduce to the case

when z € {v > 0} and y € {v < 0}, as otherwise the inequality in (8.10) plainly follows. Finally, we
notice that in such a case (8.10) becomes

(v(@) = v(y)v(z) > v(z)*
which does hold since v(y) < 0 and v(x) > 0. This proves (8.10).

We now prove (8.6) by a standard iterative argument based on estimating the decay of the quantity

Uy := [lwll72gn)-
First, in view of (8.10) with v := ¢ — (1 — 27%), we have
|wk+1 - wk+1(y)|2
Hwk+1”12qg(Rn) = /n/n —y[nres dx dy
w r)—w
< / / o)) ( k:+1(2) k1)) dx dy.
n Jrn |z — y|nt2e
Thus, plugging w1 as a test function in (8.5), we obtain
db(x)
ol < [ (Mo + 2 Y w)ae
{wr41>0} ||¢||L2(Rn)

Notice that if z € {wy,1 > 0} then ¢(z) > 0, and therefore, using (8.9) and (8.7), we get

5sup |b)|
il < [ sup I\ 6(2) wia () + — 2w (2) | da
{wes1>0} \ R7 WHL2 (R")
d sup |b]

</ up |\ 2 w0 i () + B (2) | do

{wk+1>0} R™ HwHLQ(Rn)
(8.11)
d sup |b|

< / sup [N 2 w(w) + i (2) | da

{wg41>0} \ R™ ¢||L2 R™)
) sup |6

<sup [N 25U 4 —— \/ {wgs1 > 0} U,f,

Rr WH

where we have also used the Hélder inequality.



Also, by (8.8) and Chebychev’s inequality, one has

(8.12) {wiyr > 0} < [{wy, > 27} < 2240
so that (8.11) becomes
d sup |b|
(8.13) ||wk+1\ ?{S(Rn) < | sup |)\| + - 2k+1Uk.
Rn 191 2wy
On the other hand, using (8.3) (with f := w1 here) we have
(8.14) Ukt1 < c||wps %15(
where the constant ¢ > 0 only depends on n and s.
Combining (8.13) with (8.14) and using (8.12), we get
d sup |b| N
Uk—l—l <c sup ’)\| + R 2k+1U (22 (k+1) ) n Uk;n
R" ¥ 2wy
d sup |b| N
= c|sup A+ —— 2(1+%)(k+1)U;+?
R" 191 22(rny
[ d sup |b| ,
n 4s 48
< [1+c|sup|A+ QU+ 7
R" ¥ 2wy
[ J sup |5 ol ,
4s <5
< | [1+¢ sup|/\| + — | | 2" U
WHL2 R")

— C«kJrl UH'*
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for some constant C' > 1 depending on supgx |A|, supgn b, [|¢]| 2=y, 1, and s. Hence, an

estimate of the form

Ups1 < CFPUNT forany k € NN,
+

holds for suitable C' > 1 and a > 0.

Now we perform our choice of ¢, that is we assume that

1
200

(8.15) 5% = VY
We set
8.16 S
(8.16) n = Cija
Since C' > 1 and o > 0, we have that
(8.17) n € (0,1).
We claim that
(8.18) U, < 6%,

We show (8.18) by induction. Indeed, we notice that

Up = ||w0|’%2(1an) = ||¢+||%2(]R“) < ||¢||%2(IR") =&,
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which is (8.18) for £ = 0. Now, suppose that (8.18) is true for k and let us prove it for & + 1:
Uk—i—l < C_vk-i—lU’i-l—oz < C_vk+1(62nk)1+o¢ — 5277k(c_¢no¢)kc_v§2a — 52771@—‘,-17

where we have used (8.15) and (8.16). Then, by (8.17) and (8.18) we have that

(8.19) lim Uy = 0.

k—oo

Noticing that
0<we=(p—(1-275))7 <|¢| € L(R")
and
wg — (p—1); aeinR" ask — +oo,
by the Dominated Convergence Theorem we get

. o . +112
(8.20) Jm Uy = (@ = D)7z

Hence, from (8.19) and (8.20) we have that (¢ — 1) = 0 almost everywhere in R™, and so ¢ < 1
almost everywhere in R™. By replacing ¢ with —¢ we get (8.6), which concludes the proof. Il

9. THE CORRECTOR EQUATION

Now we consider the equation

{ Lgp — W' u)yp =o' +n(W"(u) — W”(0)) in R,
v e H(R),

where wu is the solution of (1.5) and

(9.1)

[ ) as
JR
W”(O)
For a detailed heuristic motivation of such an equation see Section 3.1 of [6].

9.2) n=

Theorem 9.1. There exists a unique solution ) € H*(R) to (9.1). Furthermore

(9.3) ¥ € CL2(R) N L=(R) for some o € (0, 1), and ||¢'|| ooy < +00.
Proof. The proof is analogous to the one of Theorem 5.2 in [4], where the result was obtained for s &
(1/2,1), except for the modifications listed below.

The proof of Theorem 5.2 in [4] uses the conditon s € (1/2,1) only twice, namely before for-
mula (5.26) and at the end of Section 5. In the first occasion, such condition was used to obtain
that

a weak solution of L,vg = W (u)vg is C*T*(R) N L=(R)

9.4
©4) and, in particular, it is a classical solution.

In the second occasion, the condition on s was used to obtain (9.3). In both the cases, the condi-
tion s € (1/2,1) permitted to obtain the desired results as an easy consequence of the fractional
Morrey-Sobolev embedding (see e.g. Theorem 8.2 in [3]), and this embedding is not available in the
present case.

Hence, we prove (9.3) and (9.4) directly from the regularity theory developed in Section 8, thus obtain-
ing that Theorem 9.1 also holds when s € (0,1/2).

To prove (9.4), we first use Theorem 8.2 to obtain that vy € L°°(RR). Hence, from Proposition 5 in [9]
we deduce that vy € C*(RR) for any 0 < « < 2s. In particular vy is a viscosity solution, and since
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W’ (u)vy € C*(R), by Proposition 2.8 in [11] we deduce that vy € C*™2%(RR). Thus vy is a classical
solution, proving (9.4).

To show (9.3), we use Theorem 8.2 and Proposition 5 in [9] to obtain that v is a viscosity solution
to (9.1) such that

(9.5) e L>®(R)NC*R)
forany 0 < a < 2s.

Now, we define the incremental quotient of ¢/ as

Yp(x) = Pz + h]i —v(z) forany z,h € R.

From (9.1) we have that 1), satisfies
(96)  Lan(x) = W' (u(z + h))vn(z) + Wy (w(@))y(x) + uj(x) + nWy (u(x))

where, for any x € R,
u(x+ h) —d(z)
up(z) == ( .

and
From (1.2), (9.5), and Lemma 6 in [8], we have that
W"(u) € L®(R) and W, (u)y + uj, +nW) (u) € L®(R),

and so we can apply Theorem 8.2 to the solution of (9.6) to obtain that 1;, € L>°(RR). Using Proposi-
tion 5 in [9], this gives that 1, € C*(R) for any a < 2s.

So we have proved that, for any z,y, h € R,

[Yn(z)| < C1 and  [Pn(x) — Un(y)] < Colz — 9|,

for some positive constants C', Cs. Letting &\, 0 we obtain that ¢/’ € L*(R) N C*(R), concluding
the proof of (9.3). O

Remark 9.2. Thanks to (9.1) and (9.3), we have that ) € H*(R) is uniformly continuous, and this
implies that
(9.7) lim ¢ (z) =0.

r—+00

10. PROOF OF THEOREM 1.2

The proof is now conceptually similar to the one given in Section 8 of [4], but some quantitative esti-
mates of Proposition 8.4 there need to be modified when s € (0, 1/2). For the facility of the reader, we
provide the details of the proof of Proposition 8.4 of [4] in our case (this will be done in Proposition 10.1
here below).

To this goal, we recall some of the notation of [6, 4] needed for our purposes. We take an auxiliary
parameter 6 > 0 and define (Z;(t));—1... n to be the solution of the system

ZLj

- — fz’ - .
Ti ="y (—5 —o(t,T) + ) 25Tz, _Tj|1+28> in (0, +00),
J#i !

(10.1)
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Moreover, we set

(10.2) Gi(t) == m(t)
. 0+o " . .
(10.3) 0= 5 where 3 = W"(0) was introduced in (1.10),
N
= e 25~ T — fl(t) 25— T — §l<t)
(10.4) Ue(t,x) =25 (tw) + Y {u (—8 ) 256, () (—6 ,

i=1
where u is given in Theorem 1.1 and v in Theorem 9.1. We set

109 b (IO (2250,

where H is the Heaviside function,

€
and
1
(10.6) Li=e(@)i+ 5 (W) — 'L — 7o)
With this notation we have that (see Lemma 8.3 in [4]), for every ig € {1,..., N},
) N N _ N U;

(10.7) I. =e+ (6 — o) + O(u;,) <n Cip +0 + Z E)?

1<i<N €

i#iQ

where the error e2° is given by

~2
. L 2 - U=
(10.8) €0 =0@E™)+ Y OW)+ > Olw)+ » O (67) .
1<i< N 1<i< N 1<i< N
i#£1( i i
Now we can state the following result, which replaces Proposition 8.4 in [4]:

Proposition 10.1. There exists 0y > 0 such that, forany 0 < 6 < dg andT’ > 0, we have
1 1

<®E>t > - <L365 - TW/(@E) + O') in (O, T) X IR,,
€ g8

for e > 0 sufficiently small.

Proof. Recalling the definition of . in (10.6), our goal is to show that
(10.9) I. >0

for € small enough. For this, we make a preliminary observation: recalling the definition of w; in (10.5)
and using Theorem 1.1, we obtain that, forany i € {1,..., N},

g2 x —7T(t) Ce?
2sW7(0) lv = z(1)[M 2] o —T(t)[”

Since ¥ > 2s, we can choose 7y such that

(10.10) i +

¥ —2s

T
Now we divide the proof of (10.9) by dealing with two separate cases.
Case 1: Suppose that there exists ig € {1,..., N} such that

(10.12) |z — T, ()] < €.

(10.11) 0<y<
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Therefore, since the 7;’s are well-separated, for € sufficiently small we have that
(10.13) |l —7;(t)| = k > 0, forany i # i,

where k is a constant independent of €.

Hence, thanks to (10.10) and (10.13),

'L~Li 1 Tr — T1<t> C’Eﬂ 1 9—2
i <3 <Ol
2 ( MPRTIONE —z(t)\ms)‘ 2 2 —mmp S °

i i#io
Therefore, from (10.7), we deduce that
(10.14)
I.=¢"+ 36 -0+ O(ulo)(ncZO +0o+ Z 523>

i#i0

__ o ~ ~ = ~ 1 x_fl(t) 9—2s
=€ +ﬁ0 U+O(ulo)(nclo+0 QSW"(O) #Zio ’$_Ti(t)|1+2s> +O( )

Now, we Taylor expand the function % for « in a neighborhood of the point T;,(t), and we

use (10.12) to get

x—T;(t — (1)
S TRl w0

PET

L e EETOP Y
2 <|s—@<t>|1+2s 1+ 29 e ) (=)

iio
2+ 2s
< _ &7
2w

< C¢,

(10.15)

where € is a suitable point lying on the segment joining x to T;, (¢) (and hence |{ — Z;(t)| > K/2
thanks to (10.12)). Therefore, using (10.15) in (10.14), we have

y ) ~ 3 B 1 fio (t) B Ei (t)
I = el + B6 — o+ O(Uz'o) (77 Cip +0 — W”(()) Z |_' (t) — Ei<t)|1+28>

+0(g77%) + O(7).

Now, we compute the term in parenthesis. From the definitions of 7, ¢;, and ¢ given in (9.2), (10.2),
and (10.3) respectively, and recalling (1.8), we obtain

(10.16)

1 T (t) — (1)
NC,+0 — 257 (0 Z 1Tao (1) — T (1) 42

s ws ; PLAGE) Ly~ Tt -5l

~ W (0) W) T W) 2sW(0)
(10.17) " “’“0 .
1 T, (¢ Ty (1 t
= W (0) ( N + 0+ o(t, T (¢ T (1) |1+25>

z#z
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Recalling (10.1), we have that

xzo( ) Ty () — Ti(t)
) t,7T; =0,
- + 0+ o(t, Tt 25;‘%0 (1)

and so the termin parenthesis in (10.17) vanishes. Therefore (10.17) becomes

NCiy +0 — 9 W” Z ‘xflo )(|t1)+23 - 7(,2) W:’j(((;f)’ 10),

= Oz — T (t))
= 0(),

thanks to (1.3) and (10.12). Hence (10.16) reads

(10.18) L=e"4+ 36 —0+0E")+0(E""%)+ 0.

Also, in the light of (10.3), we see that

(10.19) B6—0=248>0.

Now, we claim that

(10.20) the error e? (that was defined in (10.8)) tends to zero as ¢ — 0.

For this, we notice that ¢; = ¥ <%@)> with ¢ # 1ig, tends to zero because of the behavior of
the corrector at infinity (recall (9.7) and (10.13)). Moreover, thanks to (1.6) and (10.13) we have that,

for i # o,
R (%ﬂﬂ - (x%w) =0 (\x —ij(t);?s) = 0(”)

(@) _ O(*)

825 - 623

and

— 0(525>’
thus proving (10.20).
Hence, from (10.18), (10.19) and (10.20) we obtain that for £ sufficiently small
0
1. > 5 > 0,

which implies (10.9) in this case.

Case 2: Suppose that |z —T;(t)| > 7 foreveryi € {1,..., N}.Inthis case, we can fix i( arbitrarily,
say iy := 1 for concreteness. We use (10.10) to obtain

QNLi 1 T — T; (t) C’Eﬁ 1
E - < E
(525 * 2sW"(0) |z — @(t)|1+25> ' T g2 |z — (L) ]?

%10

NS =

e’
Therefore, by formula (10.7) and the definition of & in (10.3) we have

‘ i ~ 3 1 x —T;(t) U P—
1021) I.=¢eX+d6+0 io io o T, )
(1020) 1= 245+ 0fi) (17, 47~ 5 Z?u—@@w%)+“€ |

W”(O)

Now we observe that, for any 7 # 7,
o =T ()

1 1

10.22 <
1o S e-mmE S

= 0(c").
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Notice that this term is divergent as ¢ tends to zero. Therefore, from (10.22) we conclude that

(t) — 0(6—275)’

_ _ 1 xr — Ez
NCiy + 0 — QSW”(O) ; ’x — Ti(t)‘lJrQs
i#£i0

since the other terms are bounded. By plugging this into (10.21) we obtain
(10.23) I = e + 5+ 0(a,) - O(™*) + O(e"777).

Now we observe that for every i € {1,..., N},

(10.24)

As a consequence

(u;)?

523

S

(10.25)

(20-20)  and O(iiy,) - O(e™>*) = O (2072

We observe that, since 1 < 4s (see (5.4) and recall that o = 4s), from (10.11) we have

2(0 —2s) 45—

10.26 1=2y>1- > 0.
( ) g 7 7

Also, notice that, thanks again to (10.11),

(10.27) ¥ —2s — 9 > 0.

By inserting (10.25) into (10.23) and recalling (10.26) and (10.27) we get
(10.28) I =€® + 5+ O0(e),

for some o > (. Now we check that

(10.29) the error term eéo tends to zero as ¢ — 0.
For this, we remark that, in this case,

1

P-FO

=
S £

= 6’7_

which diverges for small €, since v < 1. Therefore, for x fixed as in the assumption of Case 2, we

have that
o) = o (2)

as £ — 0, due to the infinitesimal behavior of v/ at infinity (see (9.7)). Using this, (10.24), (10.25) and
the definition of the error term given in (10.8), we obtain (10.29).

Hence, by using (10.29) inside (10.28) and recalling that 6 > 0, we conclude that

)
I.>->0
2

for € sufficiently smooth, thus proving (10.9) in this case too. Ul
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