IDENTIFIABILITY OF DISTRIBUTED PARAMETERS FOR A CLASS OF QUASILINEAR DIFFERENTIAL EQUATIONS

SYBILLE HANDROCK–MEYER

Weierstraß–Institut für Angewandte Analysis und Stochastik, Mohrenstrasse 39, D–10117 Berlin, Germany.

Abstract. Considering differential equations of second order which contain a term in the form (aux)x + bu, where a = a(x, u) and b = b(x, u), conditions for the identifiability of the coefficients a and b are given.

1. Introduction

Modelling of one-dimensional diffusive-like systems leads to a parabolic differential equation, which for a linear isotropic medium (for example a confined aquifer), can be written in the form (a(x, u)u_x(x, t))_x + f(x, t) = u_t(x, t). The coefficient depends upon the space variable x and on the potential u(x, t). Our aim is to determine the physical parameter a from measurements of u (potential) and f (source term). In a lot of practical problems, the knowledge of such a parameter is of interest. Examples include the heat conduction in solids, fluid flow through porous media, groundwater or oil reservoir problems and pollutant diffusion in absence of convection [2],[1]. From such considerations arises the well known inverse problem of parameter identification. Such a problem is ill-posed, since a solution, if it exists, need not be unique and in general does not depend continuously on the data. Identifiability is equivalent to the uniqueness of the solution of the inverse problem in its direct formulation.

From the mathematical point of view we can investigate inverse problems for a wider class of equations as above by a unified approach. Let us formulate this class of problems. We consider the quasilinear boundary value problem (steady- state 1D case)

(a(x, u(x))u_x(x))_x + b(x, u(x))u(x) + f(x) = 0 x ∈ D_0 = (d_1, d_2) (1.1)

u(d_1) = g_1 u(d_2) = g_2 g_1 ≠ g_2, (1.2)

the quasilinear parabolic initial boundary value problem

(a(x, u(x, t))u_x(x, t))_x + b(x, u(x, t))u(x, t) + f(x, t) = u_t(x, t) (1.3) (x, t) ∈ D_T = (d_1, d_2) × (0, T )

u(d_1, t) = g_1(t) u(d_2, t) = g_2(t) t ∈ [0, T ] (1.4)

u(x, 0) = φ_1(x) x ∈ [d_1, d_2] (1.5)

and the quasilinear hyperbolic initial boundary value problem

(a(x, u(x, t))u_x(x, t))_x + b(x, u(x, t))u(x, t) + f(x, t) = u_{tt}(x, t) (x, t) ∈ D_T (1.6) with boundary conditions (1.4) and the initial conditions

u(x, 0) = φ_1(x) u_t(x, 0) = φ_2(x) x ∈ [d_1, d_2]. (1.7)

The following assumptions and assertions we formulate for all three problems in common, where, in the steady-state 1D case, the variable t does not appear.

For the direct problem we consider: given a, b, f, g_1, g_2, φ_1, φ_2, find u. We define the real numbers v_1 = min (x,t)2DT u(x, t), v_2 = max_{(x,t)} 2DT u(x, t), and suppose that:

(i) v_1 < v_2 (ii) a(x, u) > 0 ∀(x, u) ∈ [d_1, d_2] × [v_1, v_2] (iii) g_1(0) = φ_1(d_1), g_2(0) = φ_1(d_2) (iv) a, b, f, g_1, g_2, φ_1, φ_2 are sufficiently smooth functions of their arguments, respectively such that each of the direct problems (1.1), (1.2), (1.3), (1.4), (1.5) or (1.6), (1.4), (1.7) has a unique classical solution u.

From the continuity of u, it follows that range{u} = [v_1, v_2]. The assumption (iii) does not appear for the problem (1.1), (1.2).

Now we formulate two inverse problems:

(I) Given b, f, g_1, g_2, φ_1, φ_2, u, find a. (II) Given a, f, g_1, g_2, φ_1, φ_2, u, find b.

There exist simple examples that, even if u is completely known it does not follow the uniqueness of one of the coefficients a or b. For that reason, we introduce the concept of identifiability [9].

Definition 1. Let u_j(x, t) be the solution of the direct problem which corresponds to a_j = a_j(x, u) (j = 1, 2). We call the coefficient a identifiable if from u_1(x, t) = u_2(x, t) for every (x, t) ∈ D_T it follows that a_1(x, u) = a_2(x, u) for all (x, u) ∈ [d_1, d_2] × [v_1, v_2].

Analogously, the identifiability of the coefficient b can be defined. We have two important special cases, namely

1. a = a(x) b = b(x), which corresponds to a linear physical system, and 2. a = a(u) b = b(u).

First results about identifiability have been obtained by Kitamura and Nakagiri [8] for space dependent coefficients in an one-dimensional parabolic equation. A generalization of this results in connection with applications is given by Guidici [6]. For a more dimensional elliptic equation, such results can be found by Chicone and Gerlach [3], [4]. The identifiability of the coefficient a = a(u) in a one-dimensional parabolic equation was considered also (see [5]). Identifiability results for coefficients a = a(x), b = b(x) or a = a(u), b = b(u) in the formulated above class of problems by a unified approach has been received by Handrock- Meyer [7].

The present paper generalizes these results on coefficients of the form a = a(x, u) b = b(x, u). In section 2, some lemmas are proven which are needed in later sections. In section 3, several results about the identifiability of the coefficient a or b are presented. The simultaneous identifiability of a and b is not investigated in this paper.

2. Some lemmas For equations with the left hand side having the form (1.1), (1.3) or (1.6), the following lemma is true.

Lemma 1. u_1(x, t) = u_2(x, t) for all (x, t) ∈ D_T holds if and only if

(a_{12}(x, u_1(x, t))(u_1(x, t))_x)_x + b_{12}(x, u_1(x, t))u_1(x, t) = 0 ∀(x, t) ∈ D_T , (2.1) where a_{12}(x, u) = a_1(x, u) − a_2(x, u) and b_{12}(x, u) = b_1(x, u) − b_2(x, u). Proof.

1. Let u_1(x, t) = u_2(x, t) for all (x, t) ∈ D_T . From (1.1)(1.3) and (1.6) it follows that

(a_i(x, u_i)(u_i)_x)_x + b_i(x, u_i)u_i + f = 0 (u_i)_t (u_i)_{tt} (i = 1, 2) and by subtraction

(a_1(x, u_1)(u_1)_x)_x − (a_2(x, u_2)(u_2)_x)_x + b_1(x, u_1)u_1 − b_2(x, u_2)u_2 = 0 (u_1)_t − (u_2)_t (u_1)_{tt} − (u_2)_{tt}

(2.2)

Setting u_1 = u_2 in (2.2), we obtain (2.1).

2. Let (2.1) hold. We prove the assertion for the parabolic case (1.3)–(1.5). For the problems (1.1), (1.2) and (1.6), (1.4), (1.7), the statement can be shown in the same way. The function u_2(x, t) is a solution of the initial boundary value problem

(a_2(x, u_2)(u_2)_x)_x + b_2(x, u_2)u_2 + f = (u_2)_t (x, t) ∈ D_T u_2(0, t) = g_1(t) u_2(1, t) = g_2(t) t ∈ [0, T ] u_2(x, 0) = φ_1(x) x ∈ [d_1, d_2].

The function u_1(x, t) satisfies the same initial and boundary conditions. From (2.1) we obtain

(a_2(x, u_1)(u_1)_x)_x + b_2(x, u_1)u_1 + f = (a_1(x, u_1)(u_1)_x)_x + b_1(x, u_1)u_1 + f = (u_1)_t. Hence u_1(x, t) is a solution of the above initial boundary value problem and u_1(x, t) = u_2(x, t) for all (x, t) ∈ D_T .

For b(x, u(x, t)) ≡ 0 we formulate Lemma 1 in a more convenient form Lemma 2. u_1(x, t) = u_2(x, t) for all (x, t) ∈ D_T holds if and only if

a_{12}(x, u_1(x, t))(u_1(x, t))_x = a_{12}(x_0, u_1(x_0, t))(u_1(x_0, t))_x (2.3) for all x, x_0 ∈ [d_1, d_2] and every fixed t ∈ (0, T ).

Proof.

1. Integration of (2.1) yields a_{12}(x, u_1(x, t))(u_1(x, t))_x = C(t).

Setting x = x_0 for every fixed t, we obtain (2.3). 2. Differentiation with respect to x leads to (2.1).

For the investigation of the problem (I) it is useful to introduce the following sets P (t) = {x ∈ [d_1, d_2] | u_x(x, t) = 0} (2.4) Q(t) = [d_1, d_2] − P (t) V (x) = {t ∈ [0, T ]|u_x(x, t) = 0} W (x) = [0, T ] − V (x) N_u = {s ∈ [v_1, v_2] | ∃(x, t) ∈ D_T : s = u(x, t) ∧ u_x(x, t) ≠ 0}. Lemma 3. If there exists a point t_1 > 0 such that Q(t_1) = [d_1, d_2] and for every x ∈ [d_1, d_2] it holds that W (x) = [0, T ], then N_u = [v_1, v_2].

Proof. Let there be given any ϵ > 0 and any z_0 ∈ [v_1, v_2]. Because the range{u} = [v_1, v_2] there exists (x_0, t_0) ∈ D_T such that z_0 = u(x_0, t_0). From the assumption Q(t_1) = [d_1, d_2] we obtain: For every δ > 0 and every x ∈ [d_1, d_2], especially for x_0 ∈ [d_1, d_2], there exists a point y ∈ Q(t_1) such that | x_0 − y |< δ, where u_x(y, t_1) ≠ 0. Furthermore, the assumption W (x) = [0, T ] for every x ∈ [d_1, d_2] gives W (y) = [0, T ], i.e. for every δ > 0 and every t ∈ [0, T ], especially for t_0 ∈ [0.T ], there exists a point τ ∈ W (y) such that | t_0 − τ |< δ, where u_x(y, τ) ≠ 0. Setting s = u(y, τ) we obtain s ∈ N_u. Moreover, putting P_0 = (x_0, t_0), P = (y, τ) we have | P_0 − P |= √ (x_0 − y)^2 + (t_0 − τ)^2 < √ 2δ and from the continuity of the function u it follows that | z_0 − s |=| u(x_0, t_0) − u(y, τ) |< ϵ. This proves the lemma. Analogously we can show Lemma 4. If there exists a point x_1 > 0 such that W (x_1) = [0, T ] and for every t ∈ [0, T ] it holds that Q(t) = [d_1, d_2], then N_u = [v_1, v_2].

Lemma 5. If P (t) = ϕ for all t ∈ [0, T ], then ∪Q(t) = [d_1, d_2] and N_u = [v_1, v_2]. Proof. From P (t) = ϕ for all t ∈ [0, T ] it follows that ∩P (t) = ∩([d_1, d_2] − Q(t)) = [d_1, d_2] − ∪Q(t) = ϕ.

Moreover, from P (t) = ϕ for all t ∈ [0, t], we have u_x(x, t) ≠ 0 for all (x, t) ∈ D_T and N_u = [v_1, v_2].

Remark 1. If P (t) ≠ ϕ for all t ∈ [0, T ] then in the dependence of the structure of the set ∩P (t) the density of N_u in [v_1, v_2] follows or not. We consider two cases: case 1: Let P (t) = {x_1} for all t ∈ [0, T ], then ∪P (t) = {x_1} and u_x(x, t) = 0 only on the set {x_1} × [0, T ]. Now we can choose for any ϵ > 0 and any z_0 ∈ [v_1, v_2] with z_0 = u(x_0, t_0), a point s = u(x, t) with s ∈ N_u such that | z_0 − s |< ϵ. Hence N_u = [v_1, v_2].

case 2: Let ∩P (t) = [α, β]. Then we have [α, β] = [d_1, d_2] − ∪Q(t) and ∪Q(t) is not dense in [d_1, d_2]. We show that N_u is not dense in [v_1, v_2] too. For x_0 ∈ [α, β] we choose ϵ > 0 in such a way that (x_0 − ϵ, x_0 + ϵ) ⊂ [α, β]. By (2.4) we can verify that, for every (x, t) ∈ (x_0 − ϵ, x_0 + ϵ) × (0, T ), u_x(x, t) = 0 holds and, if we set s = u(x, t), then s ∈ [v_1, v_2] − N_u for all (x, t) ∈ (x_0 − ϵ, x_0 + ϵ) × (0, T ) Thus for the chosen ϵ and s, the inequality | s − z |≥ ϵ is valid for any z ∈ N_u.

3. Identifiability results

3.1 Identifiability of a(x, u) Throughout this subsection, let u_1(x, t) = u_2(x, t) = u(x, t) ∀(x, t) ∈ D_T with b(x, u) is known or b(x, u) = 0 for all (x, u) ∈ [d_1, d_2] × [v_1, v_2]. Then from lemma 1 it follows that (a_{12}(x, u(x, t))u_x(x, t))_x = 0 ∀(x, t) ∈ D_T . (3.1)

If we can deduce from (3.1) that a_{12}(x, u) = 0 for all (x, u) ∈ [d_1, d_2] × [v_1, v_2], then a(x, u) is identifiable. The identifiability of a(x, u) depends essentially on the structure of the zeros of the derivative u_x(x, t) and of the density of the sets ∪Q(t) in [d_1, d_2] as well as N_u in [v_1, v_2], respectively.

Theorem 1. We suppose P (t) ≠ ϕ ∀t ∈ [0, T ] (3.2) ∪Q(t) = [d_1, d_2] (3.3) N_u = [v_1, v_2]. (3.4) Then a(x, u) is identifiable.

Proof. From (3.1) it follows that for every t ∈ [0, T ] there exists a point x_t ∈ [d_1, d_2] such that u_x(x_t, t) = 0. We set x_0 = x_t in (2.3) and obtain a_{12}(x, u(x, t))u_x(x, t) = 0 ∀(x, t) ∈ D_T . Set K = ∪Q(t). For any x ∈ K there exists some t(x) > 0 such that x ∈ Q(t), i.e. u_x(x, t) ≠ 0 and u = u(x, t) ∈ N_u for all such (x, t). Thus, a_{12}(x, u) = 0 for all (x, u) ∈ K × N_u. Now from the assumptions (3.3), (3.4) and from the continuity of a(x, u) as a function of two variables, it follows that a_{12}(x, u) = 0 ∀(x, u) ∈ [d_1, d_2] × [v_1, v_2].

The assumption (3.2) can be replaced by an additional information on the coefficient a(x, u). Unfortunately, in practice, knowledge about the physical parameters is generally not available. For the completeness of the mathematical results, we provide such a theorem. Theorem 2. Suppose that for every t ∈ [0, T ] there exists a point x_t ∈ [d_1, d_2] such that a_1(x_t, u(x_t, t)) = a_2(x_t, u(x_t, t)). (3.5) Moreover, let one of the following conditions be satisfied: (i) The assumptions of the lemma 3. (ii) The assumptions of the lemma 4. (iii) P (t) = ϕ ∀t ∈ [0, T ]. Then a_1(x, u) = a_2(x, u) ∀(x, u) ∈ [d_1, d_2] × [v_1, v_2].

Proof. From (3.5) we obtain, as in theorem 1, a_{12}(x, u(x, t))u_x(x, t) = 0 ∀(x, t) ∈ D_T . For every u ∈ N_u, there exists (x, t) ∈ D_T such that u = u(x, t) with u_x(x, t) ≠ 0 and a_{12}(x, u(x, t)) = 0 for all these (x, t). (3.6) Let (i) be satisfied. From (3.6) it follows especially that a_{12}(x, u(x, t_1)) = 0 ∀x ∈ Q(t_1).

Now lemma 3 and the continuity of a(x, u) give a_{12}(x, u) = 0 ∀(x, u) ∈ [d_1, d_2] × [v_1, v_2] as in the proof of the theorem 1.

If (ii) is satisfied, then from (3.6) we can deduce a_{12}(x_1, u(x_1, t)) = 0 ∀t ∈ W (x_1) and the assertion from lemma 4 follows as above. Finally, let (iii) be satisfied. In this case, a_{12}(x, u(x, t)) = 0 ∀(x, t) ∈ D_T . holds. Hence we obtain the desired result from lemma 5 and from the continuity of a(x, u). Remark 2. The assumptions (3.3) and (3.4) in theorem 1 can be replaced by one of the conditions (i) or (ii) in theorem 2 and vice versa.

Now let us consider some cases of non-identifiability. If the condition (iii) in theorem 2 is fulfilled, then (3.5) must not be omitted.

Theorem 3. Let the first derivative with respect to x of the function u_1(x, t) have a representation of the form (u_1(x, t))_x = f(u)g(x)h(t), where f(u) > 0 for all u ∈ [v_1, v_2], g(x) > 0 for all x ∈ [d_1, d_2], f ∈ C^1([v_1, v_2]), g ∈ C^1([d_1, d_2]). Then there exists an a_2 such that u_1(x, t) = u_2(x, t) for all (x, t) ∈ D_T and a_1(x, u) ≠ a_2(x, u) for all (x, u) ∈ [d_1, d_2] × [v_1, v_2].

Proof. We set a_2(x, u) = a_1(x, u) + 1 f(u)g(x) . Then a_2(x, u) > 0 and a_1(x, u) ≠ a_2(x, u) for all (x, u) ∈ [d_1, d_2] × [v_1, v_2]. Furthermore, we obtain (a_{12}(x, u_1)(u_1(x, t))_x)_x = 0 ∀(x, t) ∈ D_T .

Then lemma 1 implies u_1(x, t) = u_2(x, t) for all (x, t) ∈ D_T . For the illustration of the theorems 2 and 3, we give an Example: We consider the parabolic problem (1.3)–(1.5), where b(x, u) ≡ 0, d_1 = 0, d_2 = 1, T = 1, f(x, t) ≡ 0, g_1(t) = (t + 1), g_2(t) = 1/4(t + 1), φ(x) = (1 + x)�^2. Let u(x, t) = t + 1 (x + 1)^2

(3.7)

be a solution of the equation (1.3) which fulfilles the boundary value conditions (1.4) and the initial condition (1.5), respectively. From the maximum principle for quasilinear parabolic equations [10], we obtain v_1 = 1/4, v_2 = 2. Furthermore, we have u_x(x, t) = − 2(t + 1) (x + 1)^3

= u^{3/2}(−2(t + 1)�^{1/2}) ≠ 0 ∀(x, t) ∈ (0, 1) × (0, 1)

and the assumptions of theorem 3 are satisfied. We determine a(x, u) as a solution of the first order partial differential equation (a(x, u)u_x)_x = u_t which can be written also in the form u_xa_x + u^2_xa_u + u_{xx}a = u_t (3.8)

with u(x, t) in the form (3.7). From the special form of the coefficients in equation (3.8), we can easily see that we obtain only one first integral a (x + 1)^3 − 1 2u(x + 1)^3 = C. For this reason it is sufficient to give an initial condition for equation (3.8) in the following form: We suppose that there exists a point x_0 such that for every t ∈ [0, T ] the value a(x_0, u(x_0, t)) = a_0(t) is known (in this case the assumption (3.5) in theorem 2 is obviously fulfilled). In particular, choosing x_0 = 1, i.e., a(1, u(1, t)) = (t + 1)�^1, we obtain a(x, u) = 1 2u (1 −

(x + 1) 4 ). Also, the assumption (3.4) in theorem 1 must not be omitted.

Theorem 4. If N_{u1} = {s ∈ [v_1, v_2]|∃(x, t) ∈ D_T : s = u_1(x, t) ∧ (u_1(x, t))_x ≠ 0} is not dense in [v_1, v_2]. Then a(x, u) is not identifiable.

Proof. Since N_{u1} is not dense in [v_1, v_2], we have an interval Y = (x_0−ϵ, x_0+ϵ) ⊂ [v_1, v_2]−N_{u1} , i.e. for every v ∈ Y there exists (x, t) ∈ D_T with the properties v = u_1(x, t) and (u_1(x, t))_x = 0. We set v_0 = u_1(x_0, t_0). Because u_1(x, t) is a continuous function from [d_1, d_2] × [v_1, v_2] into [v_1, v_2] the inverse image u�^1_1 (Y ) of Y under u_1 is open in [d_1, d_2] × [v_1, v_2] [11]. Then there exists an open ball S_δ(⃗r_0) ⊂ u�^1_1 (Y ), where ⃗r_0 = (x_0, t_0). We denote by X = (x_0 − δ, x_0 + δ). Let be p(x, u) ∈ C^1([d_1, d_2] × [v_1, v_2]), where supp{p} ⊂ X × Y , p(x_0, v_0) > 0 and p(x, u) ≥ 0 ∀(x, u) ∈ [d_1, d_2] × [v_1, v_2]. We set a_2 = a_1 + p.

If (x, t) ∈ D_T such that x ∈ X and u_1(x, t) ∈ Y , i.e. (x, u_1) ∈ X × Y , then (u_1(x, t))_x = 0. If (x, t) ∈ D_T such that x ∉ X, then (x, u_1) ∉ X × Y and p(x, u_1(x, t)) = 0. Now for all (x, t) ∈ (d_1, d_2) × (0, T ) a_{12}(x, u_1(x, t))(u_1(x, t))_x = 0 holds and from lemma 1 it follows u_1(x, t) = u_2(x, t) for all (x, t) ∈ [d_1, d_2] × [0, T ], but, a_1(x, u) = a_2(x, u) ∀(x, u) ∈ [d_1, d_2] × [v_1, v_2].

is not valid.

3.2 Identifiability of b(x, u) We suppose again that u_1(x, t) = u_2(x, t) = u(x, t) ∀(x, t) ∈ D_T with a(x, u) is known or a(x, u) = 0 for all (x, u) ∈ [d_1, d_2] × [v_1, v_2]. From lemma 1 it follows

b_{12}(x, u)u(x, t) = 0 ∀(x, t) ∈ D_T . (3.9)

Moreover, we introduce the set H(t) = {x ∈ [d_1, d_2]|u(x, t) ≠ 0}. Remark 3. ∪H(t) = [d_1, d_2] holds if and only if [v_1, v_2] − {0} ≠ 0.

Indeed, if ∪H(t) = [d_1, d_2], then there exists x_0 ∈ H(t) for some t_0 with u(x_1, t_0) ≠ 0 whence it follows [v_1, v_2] − {0} ≠ ϕ.

Conversely, if we suppose [v_1, v_2] − {0} = ϕ, then u(x, t) = 0 for every (x, t) ∈ D_T and ∪H(t) = ϕ. Theorem 5. b(u, u) is identifiable if and only if ∪H(t) = [d_1, d_2].

Proof.

1. We assume that H(t) is not dense in [d_1, d_2]. Then there exists an interval X = (x_0 −δ, x_0 + δ) ⊂ [d_1, d_2] − ∪Q(t) with u_1(x, t) = 0 for all (x, t) ∈ X × [0, T ]. We set q(x, u) ∈ C([d_1, d_2]× [v_1, v_2],where supp{q} ⊂ X × {0}, q(x_0, 0) > 0 q(x, u) ≥ 0, (x, u) ∈ [d_1, d_2] × [v_1, v_2]. We set b_1 = b_2 + q.

If (x, t) ∈ D_T such that x ∈ X, then u_1(x, t) = 0. If (x, t) ∈ D_T such that x ∉ X then (x, u_1) ∉ X × {0} and q(x, u_1(x, t)) = 0. Now for all (x, t) ∈ (d_1, d_2) × (0, T ), b_{12}(x, u_1(x, t))u_1(x, t) = 0 and from lemma 1 it follows u_1(x, t) = u_2(x, t) for all (x, t) ∈ [d_1, d_2] × [0, T ], but

b_{12}(x, u) = 0 ∀(x, u) ∈ [d_1, d_2] × [v_1, v_2] is not valid.

2. If ∪H(t) = [d_1, d_2], then for every x ∈ H(t), u(x, t) ≠ 0 holds. Now it follows from (3.9) that b_{12}(x, u) = 0 ∀(x, u) ∈ ∪H(t) × [v_1, v_2] − {0}. From the density of ∪H(t) in [d_1, d_2] and the continuity of b(x, u) we obtain b_{12}(x, u) = 0 ∀(x, u) ∈ [d_1, d_2] × [v_1, v_2].

Remark 4. Analogously as in theorem 5 we can obtain identifiability results for the coefficients a or b in the differential equations (1.1), (1.3), (1.6), which depends on n space variables x = (x_1, ...x_n) if the left hand side is given in the non-divergent form a(x, u(x, t))Δu(x, t) + b(x, u(x, t))u(x, t) + f(x, t). Acknowledgement

This research was supported by the Deutsche Forschungsgemeinschaft under grant number Pr 336/3-1.

References

[1] J. Bear, Dynamics of Fluids in Porous Media. American Elsevier, New York, 1972. [2] H.S. Carslaw and J.C. Jäger, Conduction of Heat in Solids. Clarendon Press, Oxford, 1986. [3] C. Chicone and J. Gerlach, Identifiability of distributed parameters. In: Inverse and ill-posed problems, pp. 513–521, Academic Press, New York–London, 1987.

[4] C. Chicone and J. Gerlach, A note of the identifiability of distributed parameters in elliptic equations.

SIAM J. Math. Anal. (1987) 18, pp. 1387–1384.

[5] S. Dümmel and M. Pfaffe, Identifikation of a coefficient in the one dimensional heat equation. Wiss.

Zeitschrift der TU Chemnitz (1992) 34, pp. 45–51 (in German).

[6] M. Guidici, Identifiability of distributed physical parameters in diffusive–like systems. Inverse Problems (1991) 7, pp. 231–245.

[7] S. Handrock–Meyer, The identifiability of the unknown parameters in quasilinear and linear differential equations. In: Proceedings: Inverse Problems: Principles and Applications in Geophysics, Technology, and Medicine, pp. 167–173, Akademie Verlag, Berlin, 1993.

[8] S. Kitamura and S. Nakagiri, Identifiability of spatial– varying and constant parameter in distributed systems of parabolic type. SIAM J. Control Optim. (1977) 15, pp. 785–802.

[9] C. Kravaris and J.H. Seinfeld, Identifikation of parameters in distributed parameter systems by regularization. SIAM J. Control Optim. (1985) 23, pp. 217–241.

[10] O.A. Ladyzenskaia, V.A. Solonnikov and N.N. Uralceva, Linear and Quasilinear Equations of parabolic Type. AMN Providence, Rhode Island, 1968.

[11] W. Rudin, Principles of Mathematical Analysis. McGraw– Hill, New York, 1964.