PRECONDITIONING OPERATORS ON UNSTRUCTURED GRIDS^�

S.V. Nepomnyaschikh^y

Abstract

We consider systems of mesh equations that approximate elliptic boundary value problems on arbitrary (unstructured) quasi-uniform triangulations and propose a method for constructing optimal preconditioning operators. The method is based upon two approaches: (1) the fictitious space method, i.e. the reduction of the original problem to a problem in an auxiliary (fictitious) space, and (2) the multilevel decomposition method, i.e. the construction of preconditioners by decomposing functions on hierarchical meshes. The convergence rate of the corresponding iterative process with the preconditioner obtained is independent of the mesh size. The preconditioner has an optimal computational cost: the number of arithmetic operations required for its implementation is proportional to the number of unknowns in the problem. The construction of the preconditioning operators for three dimensional problems can be done in the same way.

1 INTRODUCTION

Let Ω ⊂ IR^2 be a domain with a piecewise smooth boundary Γ which belongs to the class C^2 and satisfies the Lipschitz condition [21]. In the domain Ω

�Submitted to Proc. of Copper Mountain Conference on Multigrid Methods, held April 2 - 7, 1995

yComputing Center, Siberian Branch Russian Academy of Sciences, 6 Lavrentiev av., Novosibirsk, 630090, Russia. The work was partially supported by the ISF under contract NPB 000, the grant DRET 93/34/401, the Russian Basic Research Foundation grant 93-01-01783 and the Weierstrass Institute Berlin

we consider the boundary value problem − 2∑ i,j=1 ∂ ∂x_i a_{ij}(x) ∂u ∂x_j + a_0(x)u = f(x) , x ∈ Ω

u(x) = 0 , x ∈ Γ_0 (1.1) ∂u ∂N + σ(x)u = 0 , x ∈ Γ_1

where ∂u ∂N = 2∑ i,j=1 a_{i,j}(x) ∂u ∂x_j cos(n, x_i)

is the conormal derivative, n denotes the outward normal to Γ, and Γ_0 is a union of a finite number of curvilinear segments, Γ = Γ_0 ∪ Γ_1, Γ_0 = Γ̄_0. Here Γ̄_0 denotes the closure of Γ_0.

By H^1(Ω, Γ_0) we denote the subspace of the Sobolev space H^1(Ω)

H^1(Ω, Γ_0) = {v ∈ H^1(Ω) | v(x) = 0, x ∈ Γ_0} .

We introduce a bilinear form a(u, v) and a linear functional l(v) as follows: a(u, v) = ∫ Ω ( n∑ i,j=1 a_{ij}(x) ∂u ∂x_j ∂v ∂x_i + a_0(x)uv ) dx + ∫ Γ1 σ(x)uv dx

l(v) = ∫ Ω f(x)v dx . Let us suppose that the operator coefficients and the right-hand side of problem (1.1) are such that the bilinear form a(u, v) is symmetric, elliptic and continuous on H^1(Ω, Γ_0) × H^1(Ω, Γ_0), i.e. a(u, v) = a(v, u) ∀u, v ∈ H^1(Ω, Γ_0) α_0‖u‖^2_H1_{(Ω)} ≤ a(u, u) ≤ α_1‖u‖^2_H1_{(Ω)} ∀u ∈ H^1(Ω, Γ_0)

and the linear functional l(v) is continuous on H^1(Ω, Γ_0):

|l(u)| ≤ α‖u‖_H1_{(Ω)} ∀u ∈ H^1(Ω, Γ_0) .

The generalized solution u ∈ H^1(Ω, Γ_0) of problem (1.1) is, by definition, a solution to the projection problem [2]

u ∈ H^1(Ω, Γ_0): a(u, v) = l(v) ∀v ∈ H^1(Ω, Γ_0) . (1.2)

It is familiar that under these assumptions concerning a(u, v) and l(v) there exists a unique solution of problem (1.2).

Let a positive parameter h be fixed (we always suppose that h is sufficiently small). Let

Ω^h = M⋃ i=1 τ_i be a triangulation of the domain Ω (Ω^h is assumed to be a closed set). We suppose that Ω^h is a quasi-uniform triangulation [8], i.e. there exist positive constants l_1, l_2 and s which are independent of h and such that

l_1h ≤ r_i ≤ l_2h , r_i ρ_i ≤ s , i = 1, . . . , M where r_i and ρ_i are radii of circumscribed and inscribed circles for the triangle τ_i, respectively. We also assume that the triangulation boundary Γ^h approximates Γ with an error O(h^2). If Γ_1 = Γ, we suppose that Ω ⊂ Ω^h; if Γ_0 = Γ, we suppose that Ω^h ⊂ Ω. If Γ_0 ≠ ∅ and Γ_1 ≠ ∅, we make the following assumption: points where the boundary condition changes should be at triangulation nodes, Γ_1 ⊂ Ω^h and Γ_0 ⊂ (IR^2 \ Ω^h). Part of Γ^h approximating Γ_0 will be denoted by Γ^h_0 , and that for Γ_1 by Γ^h_1 . For the triangulation Ω^h, we define the space H_h(Ω^h) of real continuous functions which are linear on each triangle of Ω^h and vanish at Γ^h_0 . We extend these functions on Ω \ Ω^h by zero.

The solution of the projection problem

u^h ∈ H_h(Ω^h): a(u^h, v^h) = l(v^h) ∀v^h ∈ H_h(Ω^h) (1.3)

will be called an approximate solution of problem (1.2). Aspects of approximation of (1.2) by (1.3) have been thoroughly studied (see [8, 17]); we do not consider them here. Each function u^h ∈ H_h(Ω^h) is put in standard correspondence with a real column vector u ∈ IR^N whose components are values of the function u^h at the corresponding nodes of the triangulation Ω^h. Then

(1.3) is equivalent to the system of mesh equations Au = f (Au, v) = a(u^h, v^h) ∀u^h, v^h ∈ H_h(Ω^h) (1.4)

(f, v) = l(v^h) ∀v^h ∈ H_h(Ω^h)

where u^h and v^h are the respective prolongations of vectors u and v; (f, v) is the Euclidean scalar product in IR^N .

The main goal of this work is to construct a symmetric positive definite preconditioning operator B for problem (1.4) so as to satisfy the inequalities c_1(Bu, u) ≤ (Au, u) ≤ c_2(Bu, u) ∀u ∈ IR^N (1.5) where positive constants c_1 and c_2 are independent of h; the multiplication of a vector by B^{−1} should be easy to implement.

The preconditioner B is constructed by using the method of fictitious space [13] in two stages. At the first stage, we pass from an arbitrary unstructured triangulation Ω^h to an auxiliary structured non-hierarchical mesh, and at the second stage to a hierarchical mesh (a square mesh on a square containing the original domain Ω). Note that the passage from an arbitrary triangulation to a structured mesh was earlier used in [14]. This paper includes some development of [16] for the case of locally refined grids. Other techniques for constructing the preconditioners on unstructured meshes were proposed in [3, 4, 7, 11, 12, 13, 20]. The construction of preconditioning operators on non-hierarchical grids was considered in [9].

2 REDUCTION TO A STRUCTURED MESH

The preconditioning operator B in (1.5) is constructed on the basis of the lemma of fictitious space [14]. For convenience, we give this lemma here.

Lemma 2.1. Let H_0 and H be Hilbert spaces with the scalar products (u_0, v_0)_{H0} and (u, v)_H, respectively. Let A_0 and A be symmetric positive definite continuous operators in the spaces H_0 and H : A_0: H_0 → H_0 , A: H → H .

Suppose that R is a linear operator such that R: H → H_0 (A_0Rv, Rv)_{H0} ≤ c_R(Av, v)_H ∀v ∈ H and there exists an operator T such that T : H_0 → H , RT u_0 = u_0 c_T (AT u_0, T u_0)_H ≤ (A_0u_0, u_0)_{H0} ∀u_0 ∈ H_0 where c_R and c_T are positive constants. Then

c_T (A^{−1}_0 u_0, u_0)_{H0} ≤ (RA^{−1}R^∗u_0, u_0)_{H0} ≤ c_R(A^{−1}_0 u_0, u_0)_{H0} ∀u_0 ∈ H_0 . The operator R^∗ is adjoint to R with respect to the scalar products (u_0, v_0)_{H0} and (u, v)_H: R^∗: H → H_0 (R^∗u_0, v)_H = (u_0, Rv)_{H0} .

Note that for constructing and implementing the preconditioner, i.e. the operator RA^{−1}R^∗, we only require the existence of the operator T . In our case, the role of the operator A_0 is played by A of (1.4), and the role of the space H_0 by H_h(Ω^h). In order to use Lemma 2.1, we construct a fictitious (auxiliary) space and the corresponding operators. To do this, we embed the domain Ω in a square Π. Let K_i denote the union of triangles in the triangulation Ω^h which have a common vertex z_i, and let d_i be the maximum radius of circle inscribed in K_i. In the square Π, we introduce an auxiliary grid Π^h with a step size h̄ such that h̄ < 1 2 √ 2 min_i d_i . (2.1)

Let us assume that h̄ = l · 2^{−J} , where l is the length of sides of Π and J is a positive integer. We denote the nodes of the grid Π^h by Z_{ij} , Z_{ij} = (x_i, y_j) , i, j = 0, 1, . . . , L and the cells of Π^h by D_{ij} , D_{ij} = {(x, y) | x_i ≤ x < x_{i+1}, y_j ≤ y < y_{j+1} } Π^h =^L ⋃ i,j=0 D_{ij} . Let Q^h denote the minimum figure that consists of cells D_{ij} and contains Ω^h: Ω^h ⊂ Q^h; let S^h be the set of boundary nodes of Q^h. We subdivide the set S^h into two subsets S^h_0 and S^h_1 as follows: if D̄_{ij} ∩ Γ_0 ≠ ∅ all nodes of D_{ij} ∩ S^h are in S^h_0 S^h_1 = S^h \ S^h_0 .

Using cell diagonals, we triangulate Q^h and Π^h; hereafter, the designations Q^h and Π^h refer to triangulations as well. Let H_h(Q^h) be the space of real continuous functions which are linear on the triangles of Q^h and vanish at the nodes of S^h_0 . It is the space H_h(Q^h) that will be used as the fictitious space in Lemma 2.1.

We now define the projection operator R R: H_h(Q^h) → H_h(Ω^h) the extension operator T T : H_h(Ω^h) → H_h(Q^h) and an easily invertible operator in the space H_h(Ω^h).

Let us begin with the operator R. For a given mesh function U^h(Z_{ij}) ∈ H_h(Q^h) we define a function u^h ∈ H_h(Ω^h) as follows. Let z_l be a vertex in the triangulation Ω^h; assume that z_l ∈ D_{ij} . We put

u^h(z_l) = (T U^h)(z_l) = U^h(Z_{ij} ) . (2.2)

The function u^h is equal to zero at nodes z_l ∈ Γ^h_0 .

Then, let us define the operator T . For a given function u^h ∈ H_h(Ω^h), we define a function U ∈ H_h(Q^h). The function U^h is equal to zero at nodes Z_{ij} ∈ S^h_0 . At the other nodes, U is defined as follows. If a cell D_{ij} contains a certain vertex z_l of the triangulation Ω^h, we put

U^h(Z_{ij} ) = (T u^h)(Z_{ij}) = u^h(z_l) .

For each of the remaining nodes Z_{ij} ∈ Q^h, we find the closest vertex z_l of the triangulation Ω^h (if there are several closest vertices, we can choose any of them) and put U^h(Z_{ij} ) = (T u^h)(Z_{ij}) = u^h(z_l) .

Finally, in the space H_h(Q^h) we define the operator A_Q: (A_QU, V ) = ∫ Q_h ((▽U^h, ▽V^h) + U^h · V^h) dx dy ∀U^h, V^h ∈ H_h(Q^h). (2.3)

where U^h and V^h are the respective prolongations of the vectors U and V .

Theorem 2.1. There exist positive constants c_3 and c_4, independent of h, such that c_3(A^{−1}u, u) ≤ (RA^{−1}_Q R^∗u, u) ≤ c_4(A^{−1}u, u) ∀u ∈ IR^N . Here A, R and A_Q are operators of (1.4), (2.2) and (2.3), respectively; R^∗ is the transpose of R (we hereafter use the same designation for an operator and its matrix representation) .

Proof. The theorem easily follows from Lemma 2.1, condition (2.1) and the familiar equivalence of H^1-norms of finite-element functions in the spaces H_h(Ω^h), H_h(Q^h) and the difference counterparts of these norms [17].

Remark 2.1. The implementation of the operator R is equivalent to the piecewise constant interpolation. It is easily seen that the number of arithmetic operations required for multiplying R or R^∗ by a vector is proportional to the number of nodes in the mesh domain.

Thus, the construction of a preconditioning operator on an unstructured triangulation is reduced to the construction of a preconditioning operator for A_Q. The latter problem is considered in Section 3.

3 FICTITIOUS SPACE AND MULTILEVEL DECOMPOSITION METHODS

In order to find a preconditioning operator for A_Q, we again use Lemma 2.1. Here the fictitious (auxiliary) space is H_h(Π^h) which consists of piecewise linear continuous functions vanishing on the boundary ∂Π of the square Π. Efficient preconditioning operators in H_h(Π^h) are well known; in particular, we may use the BPX preconditioner [6]. To do so, we use the following construction.

We divide the domain Π \ Ω into two non-intersecting subdomains such that Π\ = Γ̄_0 ∪ Γ̄_1 , G_0 ∩ G_1 = ∅

∂G_0 ∩ ∂Ω = Γ_0 , ∂G_1 ∩ ∂Ω = Γ̄_1 .

(3.1)

According to (3.1), we represent the triangulation Π^h \ Q^h as a union of two non-overlapping parts: Π^h \ Q^h = G^h_0 ∪ G^h_1

where G^h_0 and G^h_1 are mesh approximations of the domains G_0 and G_1, respectively. Further, we denote

G = Ω ∪ Γ_1 ∪ G_1 , G^h = Q^h ∪ G^h_1

H_h(G^h) finite-element space of functions vanishing on ∂G^h. We consider in Π^h the sequence of grids

Π^h_0 , Π^h_1, . . . , Π^h_J ≡ Π^h with step sizes h_0 = l , h_1 = l · 2^{−1} , . . . , h_J ≡ h̄ = l · 2^{−J} .

We triangulate these grids and consider the corresponding finite-element spaces W^h_0 ⊂ W^h_1 ⊂ . . . ⊂ W^h_J ≡ H_h(Π^h) .

By {Φ^{(l)}_i }^{Nl}_{i=1} we denote the nodal basis of the space W^h_l , l = 0, 1, . . . , J.

First, let us examine the case of Γ_1 = Γ; accordingly, here S^h_1 = S^h. By Φ̃^{(l)}_i we denote the restriction of the basic function Φ^{(l)}_i onto Qh. We put each function U^h ∈ H_h(Q^h) in correspondence with a function Ũ^h ∈ H_h(Π^h):

Ũ^h(Z_{ij}) = U^h(Z_{ij} ) , Z_{ij} ∈ Q^h 0 , Z_{ij} ∈ Π^h \ Q^h .

Define

C^{−1}_N U^h = J∑ l=0 ∑ supp Φ (l) i ∩ Q^h≠∅ (Ũ^h, Φ^{(l)}_i )_{L2(Π)} Φ̃^{(l)}_i ∀U^h ∈ H_h(Q^h).

Theorem 3.1. There exist positive constants c_5 and c_6, independent of h, such that c_5(A^{−1}u, u) ≤ (RC^{−1}_N R^∗u, u) ≤ c_6(A^{−1}u, u) ∀u ∈ IR^N .

Proof. Let us define R_N : H_h(Π^h) → H_h(Q^h) to be an operator of restriction on Q^h: (R_N U^h)(Z_{ij} ) = U^h(Z_{ij} ) ∀Z_{ij} ∈ Q^h .

If we subdivide the nodes of Π^h into two groups: (1) the nodes of Q^h (including those of S^h), and (2) the remaining nodes, then we obtain the following matrix representation for R_N (see also [1]): R_N = (IO) where I is the identity matrix corresponding to nodes of group (1), and O is the zero matrix corresponding to nodes of group (2). It is evident that

‖R_N U^h‖_H1_{(Q}h_) ≤ ‖U^h‖_H1_{(Π}h_) ∀U^h ∈ H_h(Π^h) .

By the theorem of extension of mesh functions [6], there exists the extension operator T_N : H_h(Q^h) → H_h(Π^h)

uniformly bounded with respect to h.

According to Lemma 2.1 and [6], there exist positive constants c_7 and c_8, independent of h, such that

c_7(A^{−1}_Q U, U) ≤ (R_N C^{−1}_Π R^∗_N U, U) ≤ c_8(A^{−1}_Q u, u) ∀U

where A_Q is the operator of (2.3) and the definition of C^{−1}_Π is

C^{−1}_Π U^h = J∑ l=0 N_l∑ i=1 (U^h, Φ^{(l)}_i )_{L2(Π)} Φ^{(l)}_i ∀U^h ∈ H_h(Π^h) .

Taking into account the explicit form of R_N , we complete the proof of Theorem 3.1.

Then, let us examine the case of the Dirichlet problem, i.e. Γ_0 = Γ and, accordingly, S^h_0 = S^h. We define the preconditioner as follows:

C^{−1}_D U^h = J∑ l=0 ∑ supp Φ (l) i ⊂Q^h (U^h, Φ^{(l)}_i )_{L2(Q}h_) Φ^{(l)}_i ∀U^h ∈ H_h(Q^h).

Theorem 3.2. There exist positive constants c_9 and c_{10}, independent of h, such that

c_9(A^{−1}u, u) ≤ (RC^{−1}_D R^∗u, u) ≤ c_{10}(A^{−1}u, u) ∀u ∈ IR^N .

Proof. In this case, the equivalence of the operators A_Q and C_D easily follows from the multilevel technique [5, 6, 18, 19] and can be done, for instance, by using of quasi-interpolants from [15]. Then, from Theorem 2.1 we get the assertion of Theorem 3.2.

Finally, we examine the case of mixed boundary conditions, i.e. Γ_0 ≠ ∅ and Γ_1 ≠ ∅. We denote

C^{−1}_M U^h = J∑ l=0 ∑ supp Φ^{(l)}_i ⊂ G^h, supp Φ^{(l)}_i ∩ Q^h ≠ ∅

(Ũ^h, Φ^{(l)}_i ) Φ̃^{(l)}_i ∀U^h ∈ H_h(Q^h).

Theorem 3.3. There exist positive constants c_{11} and c_{12}, independent of h, such that

c_{11}(A^{−1}u, u) ≤ (RC^{−1}_M R^∗u, u) ≤ c_{12}(A^{−1}u, u) ∀u ∈ IR^N .

Proof. The theorem is proved by using the argument of Theorem 3.2 and then that of Theorem 3.1. Indeed, at the first step, let us ’extend’ the Dirichlet boundary condition from S^h_0 to the boundary of the triangulation Π^h. To do it, we consider finite element space H_h(G^h) and define

C^{−1}_G U^h = J∑ l=0 ∑ supp Φ (l) i ⊂G^h (U^h, Φ^{(l)}_i )_{L2(G}h_) Φ^{(l)}_i ∀U^h ∈ H_h(G^h).

Then, according to Theorem 3.2, there exist positive constants c_{13}, c_{14}, independent of h, such that

c_{13}‖U^h‖^2_H1_{(G}h_) ≤ (C_GU, U) ≤ c_{14}‖U^h‖^2_H1_{(G}h_) ∀U^h ∈ H_h(G^h). At the second step, define R_{N,G}: H_h(G^h) → H_h(Q^h) as a restriction on Q^h from G^h: (R_{N,G}U^h)(Z_{ij}) = U^h(Z_{ij}) ∀Z_{ij} ∈ Q^h . Then, from Lemma 2.1 we get c_{15}(A^{−1}_Q U, U) ≤ (R_{N,G}C^{−1}_G R^∗_{N,G}U, U) ≤ c_{16}(A^{−1}_Q U, U) ∀U^h ∈ H_h(Q^h) where c_{15}, c_{16} are independent of h. Using again the explicit form of R_{N,G}, we complete the proof of Theorem 3.3.

4 LOCALLY REFINED GRIDS

In this section we consider a triangulation Ω^h of the domain Ω

Ω^h = M⋃ i=1 τ_i and assume Ω^h is regular but not quasi-uniform, i.e. there exists a constant s, independent of h, such that r_i ρ_i ≤ s , i = 1, . . . , M where r_i and ρ_i are radii of circumscribed and inscribed circles for the triangle τ_i, respectively. It means that Ω^h can be locally refined. For this triangulation Ω^h, we define the space H_h(Ω^h) of real continuous functions which are linear on each triangle τ_i of Ω^h. For the sake of simplicity, we consider the Dirichlet boundary condition and assume that the functions from H_h(Ω^h) vanish at Γ^h.

If we introduce an uniform fictitious grid Q^h, then it is possible to modify the operators R and T from Section 2 for locally refined triangulation Ω^h, but the realization of a preconditioner will be expensive.

Let us embed the domain Ω in a square Π and start with a coarse uniform grid Π^h_0 . We refine Π^h_0 several times

Π^h_0 , Π^h_1 , . . .

The grid Π^h_l consists of cells D^{(l)}_{ij} . Let Q^h_0 denote the minimum figure that consists of cells D^{(0)}_{ij} and contains Ω^h. Denote by I_0 a set of indices (i, j) such that Q^h_0 = ⋃ (i,j)∈I_0 D^{(0)}_{ij}

We define grids Q^h_1 , Q^h_2 , . . . in the following way. Denote by I_l a set of indices (i, j) such that the cell D^{(l)}_{ij} contains more then one vertex of the triangulation Ω^h. We divide D^{(l)}_{ij} and all neighbouring cells (which have at least one common node with D^{(l)}_{ij} ) into four congruent sub cells by connecting the midpoints of the edges. Denote new cells by D^{(l+1)}_{ij} and a resulting grid by Q^h_{l+1}, l = 0, 1, . . ., which are the minimum figure that contains Ω^h. We stop this process when each cell contains no more than one vertex of Ω^h. Denote by Q^h_J the final grid.

Define a finite-element space H_h(Q^h) as follows

H_h(Q^h) = { ∑ supp Φ (0) k ⊂Q^h_J α^{(0)}_k Φ^{(0)}_k + J−1∑ l=0 ∑ (i,j)∈I_l ∑ supp Φ

(l+1) k ∩ D^{(l)}_{ij} ≠∅ α^{(l+1)}_k Φ^{(l+1)}_k | α^{(l)}_k ∈ IR}

we now define the projection operator R R: H_h(Q^h) → H_h(Ω^h) the extension operator T T : H_h(Ω^h) → H_h(Q^h) according to the definitions from Section 2.

Define a preconditioning operator in H_h(Q^h_J ) in the following way:

C^{−1}_R U^h = ∑ supp Φ (0) k ⊂Q^h_J (U^h, ϕ^{(0)}_k )_{L2(Q}h_{J )}Φ^{(0)}_k

+ J−1∑ l=0 ∑ (i,j)∈I_l ∑ supp Φ

(l+1) k ∩ D^{(l)}_{ij} ≠∅ (U^h, ϕ^{(l+1)}_k )_{L2(Q}h_{J )}Φ^{(l+1)}_k

for any U^h ∈ H_h(Q^h_J ).

Theorem 4.1 There exist positive constants c_{17} and c_{18}, independent of h, such that

c_{17}(A^{−1}u, u) ≤ (RC^{−1}_R R^∗u, u) ≤ c_{18}(A^{−1}u, u) ∀u ∈ IR^N .

Proof. In this case, we again use the equivalence of H^1-norms of finiteelement functions in the spaces H_h(Ω^h), H_h(Q^h) and the difference counterparts of these norms and the multilevel technique.

References

[1] G. P. Astrakhantsev, Fictitious domain method for the second-oder elliptic equation with natural boundary conditions. Zh. Vychisl. Mat. Mat. Fiz., 18 (1978), pp. 118 – 125.

[2] J.-P. Aubin, Approximation of Elliptic Boundary-Value Problems.

Wiley–Interscience, New York–London–Sydney–Toronto, 1972.

[3] R. E. Bank and J. Xu, The hierarchical basis multigrid method and incomplete LU decomposition. Contemporary Mathematics, 180 (1994), pp. 163 – 174.

[4] R. E. Bank and J. Xu, An algorithm for coarsening unstructured meshes.

Numer. Math., to appear

[5] F. A. Bornemann and H. Yserentant, A basic norm equivalence for the theory of multilevel methods. Numer. Math., 64 (1993), pp. 455 – 476.

[6] J. H. Bramble, J. E. Pasciak and J. Xu, Parallel multilevel preconditioners, Math. Comp., 55 (1990), pp. 1–22.

[7] T. F. Chan and B. F. Smith, Domain decomposition and Multigrid algorithms for elliptic problems on unstructured meshes. Contemporary Mathematics, 180 (1994), pp. 175 – 190.

[8] Ph. Ciarlet, The Finite Element Method for Elliptic Problems. North- Holland, Amsterdam, 1977.

[9] R. Kornhuber, H. Yserentant, Multilevel methods for elliptic problems on domains not resolved by the coarse grid. Domain decomposition for PDEs, D.E. Keyes and J. Xu eds., Contemporary Mathematics, 180 (1994), pp. 49 – 60.

[10] A. M. Matsokin, Extension of mesh functions with norm-preserving.

In: Variational Methods of Numerical Analysis, Comp. Centre, Siberian Branch of Acad. Sci. of the USSR, Novosibirsk, 1986, pp. 111–132 (in Russian).

[11] A. M. Matsokin, Solution of grid equations on non-regular grids. Preprint No. 738, Comp. Centre, Siberian Branch of Acad. Sci. of USSR, Novosibirsk, 1987 (in Russian).

[12] A. M. Matsokin and S. V. Nepomnyaschikh, The fictitious domain method and explicit continuation operators. Zh. Vychisl. Mat. Mat. Fiz., 33 (1993), pp. 45 – 59.

[13] S. V. Nepomnyaschikh, Method of splitting into subspaces for solving elliptic boundary value problems in complex-form domains. Sov. J. Numer. Anal. Math. Model., 6 (1991), No. 2, pp. 151–168.

[14] S. V. Nepomnyaschikh, Mesh theorems of traces, normalization of function traces and their inversion. Sov. J. Numer. Anal. Math. Model., 6 (1991), No. 3, pp. 223 – 242.

[15] S. V. Nepomnyaschikh, Optimal multilevel extension operators. Preprint SPC 95-3, Technische Universität Chemnitz-Zwickau, 1995.

[16] S. V. Nepomnyaschikh, Fictitious space method on unstructured meshes.

East-West J. Numer. Math., 3 (1995), No. 1, pp. 71 – 79.

[17] L. A. Oganesyan and L. A. Rukhovets, Variational Difference Methods for Solving Elliptic Equations. Izdat. Akad. Nauk Arm. SSR, Erevan, 1979 (in Russian).

[18] P. Oswald, Multilevel Finite Element Approximation: Theory and Application. B. G. Teubner, Stuttgart, 1994.

[19] J. Xu, Iterative methods by space decomposition and subspace correction. SIAM Review, 34 (1992), No. 4, pp. 581 – 613.

[20] J. Xu, The auxiliary space method and optimal multigrid preconditioning techniques for unstructured grids. (submitted to Computing).

[21] G. N. Yakovlev, On traces of piecewise smooth surfaces of functions from the space W^l_p. Mat. Sbornik 74, (1967), pp. 526 – 543.