Hetero clinic Cycles for Reaction Diffusion

Systems b y F orced Symmetry-Breaking

St anisla us Maier-P aape

Institut f ür Mathematik

Univ ersit¨ at Augsburg

Univ ersit¨ atsstraße 14

D-86135 Augsburg, German y

Reiner La uterba ch

W eierstraß Institut f ür angew andte Analysis

und Sto c hastik

Mohrenstraße 39

D-10117 Berlin, German y

Septem b er 13, 1995

Abstract. W e consider solutions of the semilinear parab olic equation (1.1)

on the 2-Sphere. Assuming (1.1) has an axisymmetric equilibrium u

α

, the

group orbit of u

α giv es a whole (in v arian t) manifold M of equilibria for (1.1).

Under generic conditions w e ha v e that, after p erturbing (1.1) b y a (small)

L ⊂ O (3) − equiv arian t p erturbation, M p ersists as an in v arian t manifold

~

M

sligh tly c hanged. Ho w ev er, the flo w on

~

M is in general no longer trivial.

Indeed, w e find hetero clinic orbits on

~

M and, in case L = T (the tetrahedral

subgroup of O (3) ), ev en hetero clinic cycles.

1 In tro duction: A Motiv ating Example

Recen tly , L − equiv arian t flo ws on homogeneous spaces G/H , where G is a compact Lie

group and L, H are subgroups, ha v e b een of high in terest, since it seemed p ossible to deriv e

b y this group theoretical approac h information on hetero clinic orbits, ev en in PDE’s. A

seminal presen tation of these ideas in the case G = SO (3) can b e found in Lauterbac h

and Rob erts [ 12 ].

In order to motiv ate our group theoretical discussions of the follo wing sections, w e consider

solutions u = u ( t, x ) , x ∈ S

2

⊂ R

3

, t ≥ 0 of the semilinear parab olic equation on the 2-

sphere

u

t

= A ( λ ) u + f ( u ) =: g ( u, λ ) . (1 . 1)

Here f : R → R is a smo oth nonlinearit y with f (0) = 0 and f

′

(0) = 0. A ( λ ) : D ⊂

L

2

( S

2

) → L

2

( S

2

) is a linear, symmetric op erator (dep ending con tin uously on a parameter

λ ∈ R ) with − A ( λ ) sectorial. Th us A ( λ ) generates an analytic semigroup (cf. [ 6 ], Chapter

3). Moreo v er, w e assume that A ( λ ) is O (3) − equiv arian t, and therefore

g ( γ u, λ ) = γ g ( u, λ ) for all γ ∈ O (3) , (1 . 2)

where the standard action γ u ( x ) := u ( γ

− 1

x ) of O (3) on L

2

( S

2

) is used. So one ma y think

of A ( λ ) = Δ − λ Id : H

2

( S

2

) → L

2

( S

2

) , where Δ is the Laplace-Beltrami op erator, but

also equations lik e Cahn-Hilliard equations (cf. [ 14 ]) on the 2-Sphere fit in to our concept.

Equation (1.1) generates a G = O (3) − equiv arian t semi–dynamical system

Φ λ

: R

+

× L

2

( S

2

) → L

2

( S

2

) . (1 . 3)

Ob viously , f (0) = 0 implies that w e ha v e the trivial solution u ≡ 0 for all λ ∈ R in

(1.1), since g (0 , λ ) = 0. If w e assume that A ( λ

0

) has a non trivial k ernel, w e obtain under

additional conditions (e.g. a transv ersalit y condition cf. [ 5 ], Theorem 3.5; an existence result in case the domain of Equation (1.1) is a ball instead of the sphere S

2

can b e found

in [ 10 ]) that the equation

g ( u, λ ) = 0 (1 . 4)

has a branc h of non trivial solutions ( u

α

, λ

α

) near (0 , λ

0

) (for α in a neigh b orho o d of zero)

whic h all ha v e the same isotrop y subgroup H = Σ

u

α

= { γ ∈ G | γ u

α

= u

α

} . Without loss

of generalit y , w e write

u

α

= α u

∗

+ o ( α ) for α near 0 , (1 . 5)

with u

∗

∈ k er A ( λ

0

) and Σ

u

∗ = H . The group orbit of u

α

0 for α

0 fixed

O ( u

α

0

) := { γ u

α

0

| γ ∈ G }

∼

= G/H (1 . 6)

giv es a whole branc h of solutions of (1.4), and therefore of equilibria of (1.1). Since the

flo w Φ λ

α

0

of (1.3) on O ( u

α

0

) is trivial, O ( u

α

0

) is an in v arian t set for Φ λ

α

0

, and the semi–

dynamical system (1.3) ma y b e restricted to O ( u

α

0

) . Due to the compactness of O ( u

α

0

)

it giv es a dynamical system

Φ λ

α

0

: R × O ( u

α

0

) → O ( u

α

0

) . (1 . 7)

This simple and rather b oring situation c hanges dramatically , once w e add a (small)

symmetry-breaking term in (1.1). Consider

u

t

= A ( λ ) u + f ( u ) + εh ( u ) =: g

ε

( u, λ ) , (1 . 8)

where ε > 0 is a small parameter and h : D ⊂ L

2

( S

2

) → L

2

( S

2

) is a smo oth L − equiv arian t

mapping. In the case that O ( u

α

0

) is a normally h yp erb olic manifold with resp ect to the

flo w Φ λ

α

0

, this in v arian t manifold p ersists, sligh tly c hanged, for the p erturb ed equation

(1.8) with ε > 0 sufficien tly small (cf. Prop osition 1.1 in [ 12 ] and [ 7 ] for the concept of

a normally h yp erb olic manifold). That means there exists a manifold M ε,α

0

⊂ L

2

( S

2

) ,

whic h is L − equiv arian tly diffeomorphic to O ( u

α

0

) and therefore to G/H , suc h that the

p erturb ed L − equiv arian t flo w

~

Φ ε, λ

α

0

, generated b y (1.8) with ( ε, λ

α

0

), is in v arian t on

M ε,α

0

:

~

Φ ε, λ

α

0

: R × M ε,α

0

→ M ε,α

0

. (1.9)

The h yp otheses to guaran tee that the manifold is normally h yp erb olic will generically

b e satisfied (cf. [ 3 ], Theorem A.20). Although the unp erturb ed flo w Φ λ

α

0

w as trivial on

3

O ( u

α

0

) , this is in general no longer the case for

~

Φ ε, λ

α

0

on M ε,α

0

. F or that reason w e will

study L − equiv arian t flo ws Ψ on G/H

Ψ : R × G/H → G/H , (1 . 10)

with L and H subgroups of a compact Lie group G (cf. e.g. [ 11 ] for more information on

that topic). L − equiv ariance is still a v ery sev ere restriction, since subsets of G/H , whic h

are fixed under subgroups L

′

of L

F ix

G/H

( L

′

) := { y ∈ G/H | l y = y ∀ l ∈ L

′

} ⊂ G/H (1 . 11)

are necessarily in v arian t under the flo w Ψ (cf. Prop osition 1.6 in [ 12 ]). F or instance, if

G = SO (3) and H = O (2) w e obtain G/H

∼

= P

2

, the t w o dimensional real pro jectiv e

space. L = T − equiv arian t flo ws on P

2

are sho wn in the follo wing figure (cf. [ 12 ], Section

2.2):

Figure 1: Fig. 3 from Lauterbac h and Rob erts

c ◯ Academic Press Inc.

Here the non trivial subgroups of T are three copies of L

′

= Z

2

, four copies of L

′

= Z

3 and

one cop y of L

′

= D

2

. The last one is the disjoin t union of all Z

2 subgroups. It turns out

that F ix

SO (3) / O (2)

( Z

2

)

∼

= S

1

˙

∪ 1 pt , F ix

SO (3) / O (2)

( Z

3

)

∼

= 1 pt and F ix

SO (3) / O (2)

( D

2

)

∼

= 3 pt

(w e use ‘pt’ as abbreviation for isolated p oin ts). As it is indicated, the isolated p oin ts in

F ix

SO (3) / O (2)

( Z

2

) are fixed b y D

2

.

The isolated p oin ts in F ix

G/H

( L

′

) (for some subgroup L

′

in L ) pla y a sp ecial role: By con-

tin uit y of the flo w, these isolated sets also ha v e to b e in v arian t sets for ev ery L − equiv arian t

flo w. That means all these p oin ts giv e equilibria for L − equiv arian t flo ws. W e call these

p oin ts e quilibria of ( L, G/H ) and write:

E

( L,G/H )

:= { y ∈ G/H | y is isolated in its stratum } ,

4

i.e. for y ∈ E

( L,G/H ) exists some subgroup L

′

⊂ L suc h that y is an isolated comp onen t

of F ix

G/H

( L

′

) . Also of great in terest are the p oin ts connecting t w o suc h equilibria of the

group. W e call a set Υ ⊂ F ix

G/H

( L

′

) ⊂ G/H (for some subgroup L

′

⊂ L ) a c onne ction

of ( L, G/H ) , if F ix

G/H

( L

′

) con tains some isolated subset diffeomorphic to S

1

and Υ has

the form

Υ = { ω ( φ ) | φ ∈ (0 , φ

∗

) } ⊂ S

1

⊂ F ix

G/H

( L

′

) , (1 . 12)

where ω : [0 , φ

∗

] → S

1

is an injectiv e smo oth mapping with ω (0) , ω ( φ

∗

) ∈ E

( L,G/H ) but

ω ( φ ) ∉ E

( L,G/H ) for all φ ∈ (0 , φ

∗

). Let

H

( L,G/H )

:= { Υ | Υ is a connection of ( L, G/H ) } . (1 . 13)

Of course connections Υ of the group need not b e hetero clinic orbits of an L − equiv arian t

flo w, but since Υ is an in v arian t set for all these flo ws, there is a go o d c hange to find a

flo w ha ving a hetero clinic orbit on Υ.

In Figure 1 the equilibria of ( T , SO (3) / O (2) ) are sho wn in b old face and the connections

of ( T , SO (3) / O (2) ) connect them.

The aim of this pap er is to pro v e results ab out the flo w on these connections of ( L, G/H ) .

It will turn out that, indeed there is a restriction for the flo w on these parts, if the

symmetry-breaking in (1.8) is sufficien tly small. T o that end, in Section 2 w e deriv e a for-

m ula whic h enables us to calculate flo ws on connections of ( L, G/H ) for small symmetry-

breaking. The rest of the pap er is dedicated to applications of this flo w form ula in the

case G = O (3) .

In Section 3 w e find the generators of the L − in v arian t p olynomials on S

2

for subgroups

L = T , O , T ⊕ Z c

2

, O

−

, O ⊕ Z c

2

, I , and I ⊕ Z c

2 of O (3) . Here w e denote b y Z c

2 the

subgroup Z c

2

:= < − 1 > = {± 1 } of O (3) . The in v arian t p olynomials will b e used to

construct equiv arian t mappings. F urthermore, the generators of the equiv arian t mappings

are studied as w ell.

F or the subsequen t discussion it will b e of high in terest, whether or not there are p olyno-

mials ha ving precisely T symmetry (in the sense that they cannot b e written as a sum of

p olynomials b eing more symmetric). W e resolv e this question in Section 4.1. Moreo v er,

w e find for eac h nonplanar subgroup of O (3) the ring of in v arian t p olynomials and the

mo dule of equiv arian t p olynomial mappings in terms of generators and P oincar ´ e–series.

In Theorem 4.8 and 4.11 w e c haracterize a complemen t of O ⊕ Z c

2

− and I ⊕ Z c

2

− in v arian t

p olynomials and sho w that its dimension is giv en b y a P oincar ´ e–series as w ell. Similar

studies are also giv en for the equiv arian ts.

Afterw ards, in Section 5, w e in v estigate the sets

5

F ix

( L,G/H )

:=

⋃

L

∗

≠ L

′

⊂ L

F ix

G/H

( L

′

) (1 . 14)

in the cases H = O (2) ⊕ Z c

2 and H = O (2)

−

. Here w e denote b y L

∗

= { γ ∈ L | γ y =

y for all y ∈ G/H } the stabilizer of this action. Moreo v er, w e lo ok for parametrizations

of the connections of ( L, G/H ) .

In Section 6 w e in tro duce a set of basically p ossible flo ws (called ‘basic flo ws’), w e ha v e

found b y using the flo w form ula for differen t symmetry-breaking terms of the form h :

L

2

( S

2

) → L

2

( S

2

) , u → p · Θ( u ) , where Θ : R → R is a smo oth function and p ∈ C ( S

2

) is a

p olynomial on S

2

whic h is in v arian t under L for some finite sup ergroup L of T . Using this

kind of p erturbations, w e find lots of hetero clinic orbits for the p erturb ed flo w. Ho w ev er,

since this p erturb ed problem is still of v ariational structure, it admits no hetero clinic

cycle.

W e will o v ercome this lac k in Section 7, when w e consider T − equiv arian t p erturbations

h : D ⊂ L

2

( S

2

) → L

2

( S

2

) , u → e ∇ u, with some T − equiv arian t p olynomial mapping e .

Here and, moreo v er, in some sp ecial cases e = q · ∇ p , with b oth q and p T − in v arian t, w e

establish hetero clinic cycles. The sp ecial cases are of particular in terest b ecause they can

b e view ed as a p erturbation of the diffusion term.

In Section 8, w e giv e some hin ts ho w these ideas w ork out for systems and finally , in the

app endix w e giv e some more details on the calculation program whic h deriv ed most of

these flo ws.

2 The Flo w F orm ula

The aim of this section is to find more information ab out L − equiv arian t flo ws restricted

to connections of ( L, G/H ) . Ho w ev er, w e do not w an t to discuss that topic in general,

as w e did it in [ 11 ]. Here w e are particularly in terested in the flo w on M ε,α

for | α | ≠ 0

and ε > 0 small and fixed. M ε,α

as w ell as O ( u

α

) and O ( u

∗

) are all diffeomorphic to

G/H . Our program will therefore b e to appro ximate the manifold M ε,α

b y O ( u

∗

) and,

moreo v er, to find information ab out the flo w on the connections of ( L, M ε,α

) in terms of

quan tities whic h can b e calculated on O ( u

∗

) .

As b efore, w e denote b y ( u

α

, λ

α

), | α | small, the branc h of equilibria of (1.1). W e assume

that at ( u, λ ) = (0 , λ

0

) the cen ter manifold theorem is applicable (cf. [ 6 ], 6.3, for gro wth

conditions on the nonlinearit y and [ 2 ] for the handling of the parameter λ ). This giv es

u

α

= α u

∗

+ σ ( α u

∗

, λ

α

) , (2 . 1)

with a smo oth function σ : k er A ( λ

0

) × R → k er A ( λ

0

)

⊥

⊂ L

2

( S

2

) , whic h has the prop erties

6

σ (0 , λ ) = 0 for all λ and D

1 σ (0 , λ

0

) = 0 . (2 . 2)

In order to calculate the flo w on connections of ( L, M ε,α

) in a first appro ximation, it is

necessary to ha v e a parametrization of these connections. Ho w ev er, the manifold M ε,α

is not so easy to handle and therefore w e lo ok for b etter realizations of G/H . F or this

reason let

V := k er A ( λ

0

) ⊂ L

2

( S

2

) . (2 . 3)

Since A ( λ

0

) is assumed to b e G − equiv arian t, it follo ws that V is G − in v arian t and hence

the action of G on L

2

( S

2

) restricts to V , i.e. w e ha v e G × V → V , ( γ , v ) → γ v .

In (1.5) w e assumed that b oth u

∗

∈ k er A ( λ

0

) and u

α ha v e isotrop y subgroup H . Therefore

a realization of G/H whic h is (after rescaling) a go o d appro ximation of the group orbits

O ( u

α

) , for | α | ≠ 0 small, is giv en b y

G/H

∼

= O ( u

∗

) = { γ u

∗

| γ ∈ G } ⊂ k er A ( λ

0

) ⊂ L

2

( S

2

) . (2 . 4)

W e th us ha v e three differen t realizations of G/H , namely M ε,α

, O ( u

α

) , and O ( u

∗

) whic h

are all L − equiv arian tly diffeomorphic.

Assume Υ ∈ H

( L,G/H ) is a connection of ( L, G/H ) connecting t w o equilibria e

1

, e

2

∈

E

( L,G/H )

. In particular Υ is con tained in some comp onen t of the fixed–p oin t subspace

F ix

G/H

( L

′

) , L

′

⊂ L ⊂ G, diffeomorphic to S

1

⊂ G/H . Considering again O ( u

∗

) as a

realization of G/H w e can parameterize Υ ⊂ G/H as a part of O ( u

∗

) explicitly: There

exists a smo oth function γ

∗

: R / 2 π → G suc h that

ω : R / 2 π → S

1

⊂ O ( u

∗

) ⊂ L

2

( S

2

) , ω ( φ ) := γ

∗

( φ ) u

∗

(2 . 5)

is a nondegenerate parametrization of this S

1

of the ab o v e fixed–p oin t subspace, with

Υ = { ω ( φ ) | φ ∈ (0 , φ

∗

) } , 0 < φ

∗

≤ 2 π , ω (0) = e

1 and ω ( φ

∗

) = e

2

. (2 . 6)

Corresp onding to ω , the quan tit y τ : R / 2 π → R

τ ( φ ) :=

∫

S

2

T ( φ ) · h ( ω ( φ )) dS , with T ( φ ) := d

dφ ω ( φ )

‖ d

dφ ω ( φ ) ‖

∈ k er A ( λ

0

) ⊂ L

2

( S

2

) (2 . 7)

whic h is the tangen t v ector on this S

1

, will pla y a crucial role in the follo wing. W e

in tro duce similar quan tities on O ( u

α

) . Letting

7

ω

α

( φ ) := γ

∗

( φ ) u

α

= α ω ( φ ) + γ

∗

( φ ) σ ( α u

∗

, λ

α

) , (2 . 8)

w e find that

{ ω

α

( φ ) , φ ∈ R / 2 π }

∼

= S

1

⊂ O ( u

α

) (2 . 9)

is a parametrization of the S

1

part in the fixed–p oin t subspace F ix

O ( u

α

)

( L

′

), and

Υ

α

:= { ω

α

( φ ) | φ ∈ (0 , φ

∗

) } (2 . 10)

is a connection of ( L, O ( u

α

) ). Similarly ,

τ

α

( φ ) :=

∫

S

2

T

α

( φ ) · h ( ω

α

( φ )) dS , with T

α

( φ ) := d

dφ ω

α

( φ )

‖ d

dφ ω

α

( φ ) ‖

⊂ L

2

( S

2

) (2 . 11)

is defined. Once w e add a symmetry-breaking p erturbation term as in (1.8), w e kno w

already that the in v arian t manifold O ( u

α

) of (1.1) gets sligh tly p erturb ed to M ε,α

, an

in v arian t manifold of (1.8), whic h is L − equiv arian tly diffeomorphic to O ( u

α

) . Let

ρ

ε,α

: O ( u

α

) → M ε,α

(2 . 12)

denote this L − equiv arian t diffeomorphism with ρ

0 ,α

= Id . No w

~ ω

ε,α

( φ ) := ρ

ε,α

( ω

α

( φ )) (2 . 13)

giv es a parametrization of

~

Υ

ε,α

:= { ω̃

ε,α

( φ ) | φ ∈ (0 , φ

∗

) } , (2 . 14)

whic h is a connection of ( L, M ε,α

) due to the L − equiv ariance of ρ

ε,α

. In particular it is

a one-dimensional in v arian t manifold of the flo w generated b y (1.8). Both ω̃

ε,α

(0) and

~ ω

ε,α

( φ

∗

) are equilibria of ( L, M ε,α

), and therefore also equilibria for the flo w in (1.8) (cf.

[ 12 ], Prop osition 1.6).

Ho w ev er, the flo w on

~

Υ

ε,α is b y no means clear, although the flo w for the unp erturb ed

problem on Υ

α w as trivial. Indeed, it will turn out that w e will obtain non trivial flo ws in

particular cases.

F or the follo wing dev elopmen t w e use that the direction of the flo w on a one-dimensional

in v arian t manifold can b e obtained b y the inner pro duct of the tangen t v ector and the

v ector field. T o b e precise:

8

Remark 2.1 L et M ⊂ L

2

( S

2

) b e a one-dimensional invariant manifold for the flow

Φ : R × L

2

( S

2

) → L

2

( S

2

) . Then w ∈ M is an e quilibrium for the flow if and only if

∫

S

2

T ( w ) · d

dt

(Φ

t

( w ))

| t =0 dS = 0 , (2 . 15)

wher e T ( w ) ∈ L

2

( S

2

) denotes a tangent ve ctor on M at the p oint w .

Hence in order to determine whether ω̃

ε,α

( φ ) ∈

~

Υ

ε,α is an equilibrium, w e ha v e to calculate

~ τ

ε,α

( φ ) :=

∫

S

2

T

ε,α

( φ ) · d

dt

(

~

Φ ε, λ

α

t

( ω̃

ε,α

( φ )))

| t =0 dS , with T

ε,α

( φ ) := d

dφ

~ ω

ε,α

( φ )

‖ d

dφ

~ ω

ε,α

( φ ) ‖

⊂ L

2

( S

2

) ,

(2 . 16)

where again

~

Φ ε, λ

α

denotes the flo w generated b y (1.8). The follo wing theorem due to

Lauterbac h and Rob erts (cf. [ 13 ]) decides for sufficien tly small | α | ≠ 0 and ε > 0 the sign

of τ̃

ε,α

( φ ). Therefore the direction of the p erturb ed flo w on the connections

~

Υ

ε,α can b e

calculated. In particular hetero clinic orbits on

~

Υ

ε,α can b e established.

Theorem 2.2 Consider two close d sub gr oups L and H of G = SO (3) or O (3) and the

G − e quivariant semi-dynamic al system gener ate d by (1.1) ne ar a bifur c ation p oint (0 , λ

0

) ∈

L

2

( S

2

) × R of (1.4). We assume that k er A ( λ

0

) ⊂ L

2

( S

2

) is nontrivial and u

∗

∈ k er A ( λ

0

)

has isotr opy sub gr oup H . Mor e over, a br anch of e quilibria with isotr opy sub gr oup H as in

(2.1) is assume d to exist. L et the c onne ctions Υ ⊂ O ( u

∗

) and Υ

α

⊂ O ( u

α

) of ( L, O ( u

∗

) )

and ( L, O ( u

α

) ) b e given (se e (2.6) and (2.10)).

We p erturb the flow of (1.1) by an L − e quivariant smo oth mapping h : D ⊂ L

2

( S

2

) →

L

2

( S

2

) which is homo gene ous of or der μ , i.e.

h ( α u ) = α μ

h ( u ) , for al l α > 0 and u ∈ D . (2 . 17)

Then for sufficiently smal l | α | ≠ 0 and ε > 0 ther e is a one-dimensional invariant manifold

~

Υ

ε,α

⊂ M ε,α

⊂ L

2

( S

2

) for the p erturb e d L − e quivariant semi-dynamic al system (1.8) and

the dir e ction of the flow at ω̃

ε,α

( φ ) is determine d by τ̃

ε,α

( φ ) (se e (2.13) and (2.16)). The

sign of τ̃

ε,α

( φ ) is given by τ ( φ ) (se e (2.7)) in the fol lowing sense:

1. ∀ δ > 0 ∃ α

0

> 0 , such that ∀ α ∈ [ − α

0

, α

0

] \{ 0 } ∃ ε

0

= ε

0

( α ) > 0 with

| τ ( φ ) | ≥ δ , φ ∈ R / 2 π ⇒ sign ( τ̃

ε,α

( φ )) = sign ( τ ( φ )) , ∀ ε ∈ (0 , ε

0

] . (2 . 18)

2. L et φ

1

∈ R / 2 π with τ ( φ

1

) = 0 and τ

′

( φ

1

) ≠ 0 b e given. Then ∃ α

1

> 0 and ∀ α ∈

[ − α

1

, α

1

] \{ 0 } ∃ ε

1

= ε

1

( α ) > 0 such that for al l ε ∈ (0 , ε

1

] ther e exists a unique zer o of

~ τ

ε,α ne ar φ

1

, c al le d φ

ε,α

:

~ τ

ε,α

( φ

ε,α

) = 0 and τ̃

′

ε,α

( φ

ε,α

) ≠ 0 . (2 . 19)

9

Pro of. By the ab o v e discussion the only thing left to sho w is that τ̃

ε,α can b e appro xi-

mated b y τ in the stated sense. Let w.l.o.g. α > 0. Essen tially , one has to pro v e that in

the top ology of C

1

( R / 2 π )

τ

α

α μ

→ τ as α ↘ 0 (2 . 20)

and for α > 0 fixed

1

ε

~ τ

ε,α

→ τ

α as ε ↘ 0 . (2 . 21)

F or the pro of of (2.20) it is essen tial to ha v e that h is homogeneous. (2.21) is pro v ed b y

expanding (2.13):

~ ω

ε,α

( φ ) = ω

α

( φ ) + εz

α

( φ ) + o ( ε ) , as ε ↘ 0 .

It follo ws

1

ε

~ τ

ε,α

( φ ) − τ

α

( φ ) =

∫

S

2

T

α

( φ ) · D

u g ( ω

α

( φ ) , λ

α

)[ z

α

( φ )] dS + o (1) ,

as ε ↘ 0. The ab o v e in tegral, ho w ev er is zero, b ecause of the symmetry of A ( λ ) and since

T

α

( φ ) ∈ k er ( D

u g ( ω

α

( φ ) , λ

α

)). The details will b e giv en in [ 13 ].

It is remark able, that the flo w direction dep ends on u

∗

∈ k er A ( λ

0

) and therefore on the

represen tation of the group action of G on k er A ( λ

0

) (see also Section 6 for more details).

Remark 2.3 In c ase τ = τ ( φ ) , φ ∈ R / 2 π , is a function having only simple zer os, the

same is true for τ̃

ε,α for | α | ≠ 0 and ε > 0 sufficiently smal l.

Remark 2.4 In the se quel we wil l c alculate inste ad of τ ( φ ) only the ‘flow formula’

F h

Υ

( φ ) :=

∫

S

2

¯

T ( φ ) · h ( ω ( φ )) dS , φ ∈ R / 2 π , (2 . 22)

with

¯

T ( φ ) := d

dφ ω ( φ ) , sinc e sign and simple zer os of F h

Υ and τ ar e the same.

Remark 2.5 In c ase we use L − e quivariant p erturb ations

¯

h : D ⊂ L

2

( S

2

) → L

2

( S

2

) of

the form

¯

h ( u ) = h ( u ) + o ( ‖ u ‖ μ +1

) , as u → 0 ,

with h as in (2.17), we find that The or em 2.2 is applic able to

¯

h , to o. The flow dir e ction

for

¯

h is the same as the one for h .

10

3 The In v arian ts and Equiv arian ts of the Exception-

al Subgroups of O(3)

As men tioned b efore, w e w an t to restrict ourselv es to symmetry-breaking terms whic h

ha v e at least T symmetry . Actually w e discuss the cases L = T , T ⊕ Z c

2

, O , O

−

, O ⊕ Z c

2

, I

and I ⊕ Z c

2 in detail. Note again that Z c

2

= < − 1 > ⊂ O (3) . Some elemen tary facts on these

groups migh t b e found for instance in [ 1 ]. In order to understand the effects for a large

n um b er of p erturbations, w e first classify p ossible p erturbation terms. This classification

is based on in v arian t theory . An imp ortan t to ol is the so called P oincar ´ e–series (see

[ 15 , 16 ]). It is defined as

P

L

R

( t ) =

∞

∑

d =0

( dim

C

( R

L

d

)) · t d

(3 . 1)

where R

L

d is the space of L − in v arian t homogeneous p olynomials of degree d . A w ell kno wn

result (cf. e.g. [ 16 ] Prop osition 4.1.3) giv es a metho d ho w to calculate the P oincar ´ e–series

for a finite group L :

P

L

R

( t ) =

1

| L |

∑

γ ∈ L det ( 1 − t · γ )

− 1

, (3 . 2)

In case of a compact Lie group, the sum has to b e replaced b y the Haar in tegral. W e refer

to (3.1) as the P oincar ´ e–series for the algebra of in v arian t p olynomials.

A similar form ula is true for the mo dule of equiv arian t mappings. Let M

L

denote the

mo dule of L –equiv arian t p olynomial mappings, w e define the P oincar ´ e–series for this

mo dule as

P

L

M

( t ) =

∞

∑

d =0

( dim

C

( M

L

d

)) · t d

, (3 . 3)

where M

L

d denotes the subspace of those mappings ha ving degree d . This series can b e

represen ted as

P

L

M

( t ) =

1

| L |

∑

γ ∈ L χ ( γ )

det ( 1 − tγ )

. (3 . 4)

W e w ould lik e to p oin t out, that although these form ulas are pro v ed in the complex case

they also apply to the real case as w ell.

11

3.1 Generators for the Algebra of In v arian t P olynomials

In this section w e lo ok at the natural represen tations of the exceptional subgroups of

O (3) on R

3

and determine the generators of the algebra of in v arian t functions and the

mo dule of equiv arian t p olynomial mappings, resp ectiv ely . Of course the generating set

is not unique, w e just presen t one c hoice of generators, whic h pro v e to b e useful for the

application w e ha v e in mind.

3.1.1 The In v arian ts for the Action of T

The P oincar ´ e–Series. The P oincar ´ e–series for the three dimensional represen tation of

T is giv en b y

P

T

R

( t ) =

1

12

(

1

(1 − t )

3

+

3

(1 − t )(1 + t )

2

+

8

(1 − t )(1 + t + t

2

)

)

=

1 − t

2

+ t

4

(1 − t

2

)

2

(1 − t

3

)

=

1 + t

6

(1 − t

2

)(1 − t

3

)(1 − t

4

)

.

It is w ell kno wn that the ring of in v arian ts is Cohen-Macauley [ 17 ]. It can b e written as a

free mo dule o v er the primary in v arian ts. Since the represen tation of the P oincar ´ e–series

in terms of rational functions is not unique, the v alidit y of the follo wing represen tation

is sho wn b y giving a set of algebraically indep enden t generators with the resp ectiv e de-

grees. This remark applies to all computations of P oincar ´ e–series in this pap er. The

in terpretation is as follo ws: w e exp ect four generators of the ring of in v arian t p olynomi-

als: I

T

2

, I

T

3

, I

T

4

, I

T

6

, where the first three form an algebraically indep enden t set. The

last one is not in the ring generated b y I

T

2

, I

T

3

, I

T

4

, but it satisfies an algebraic relation,

i.e. there exists a p olynomial a : R

4

→ R with a ( I

T

2

, I

T

3

, I

T

4

, I

T

6

) = 0 (see (3.6)).

The In v arian t P olynomials. The group action on R

3

is as follo ws: the elemen ts of

order t w o send t w o v ariables to their resp ectiv e negativ es, one elemen t of order three giv es

cyclic p erm utation of the v ariables x, y , z . F or the sequel w e shall fix our atten tion on this

T subgroup of O (3) . The function I

T

2

( x, y , z ) = x

2

+ y

2

+ z

2

is certainly in v arian t. Since

there is (up to m ultiplication with constan ts) only one quadratic in v arian t, I

T

2 has the form

giv en. The cubic function xy z is in v arian t, again b y uniqueness I

T

3

( x, y , z ) = xy z . Since

x

4

+ y

4

+ z

4

is in v arian t and not a m ultiple of ( I

T

2

)

2

, w e ma y c ho ose I

T

4

( x, y , z ) = x

4

+ y

4

+ z

4

.

The p olynomial x

6

+ y

6

+ z

6

is ob viously in v arian t under the action. Ho w ev er, it is not

linearly indep enden t from the functions generated b y I

T

2

, I

T

3 and I

T

4 since

x

6

+ y

6

+ z

6

= −

1

2

( I

T

2

)

3

+

3

2

I

T

2

I

T

4

+ 3( I

T

3

)

2

. (3 . 5)

12

The in v arian t I

T

6

( x, y , z ) is giv en b y

I

T

6

( x, y , z ) = ( x

2

− y

2

)( x

2

− z

2

)( y

2

− z

2

) .

This p olynomial is in v arian t with resp ect of an y sign c hange in an y of the v ariables. The

rotation whic h maps x → y , y → z and z → x transforms this function to

( y

2

− z

2

)( y

2

− x

2

)( z

2

− x

2

) ,

whic h equals I

T

6

. In order to simplify notation w e define

ρ

2

( x, y , z ) := x

2

+ y

2

+ z

2

, ρ

4

( x, y , z ) := x

4

+ y

4

+ z

4

, ρ

6

( x, y , z ) := x

6

+ y

6

+ z

6

,

τ

3

( x, y , z ) := xy z and τ

6

( x, y , z ) := ( x

2

− y

2

)( x

2

− z

2

)( y

2

− z

2

) .

Hence a set of generators of the T − in v arian t p olynomials is giv en b y ρ

2

, τ

3

, ρ

4 and τ

6

.

The algebraic relation turns out to b e

τ

2

6

= −

1

4 ρ

6

2

+ ρ

4

2 ρ

4

+ 5 ρ

3

2 τ

2

3

−

5

4 ρ

2

2 ρ

2

4

− 9 ρ

2 τ

2

3 ρ

4

− 27 τ

4

3

+

1

2 ρ

3

4

. (3 . 6)

3.1.2 The In v arian ts of T ⊕ Z c

2

F or the three dimensional represen tation of T ⊕ Z c

2 the P oincar ´ e–series is

P

T ⊕ Z c

2

R

( t ) =

1

2

( P

T

R

( t ) + P

T

R

( − t )) =

1 + t

6

(1 − t

2

)(1 − t

4

)(1 − t

6

)

.

A set of generators of the algebra of T ⊕ Z c

2

− in v arian t p olynomials is giv en b y

ρ

2

, ρ

4

, ρ

6 and τ

6

.

The first three are algebraically indep enden t. τ

6 is not in the ring generated b y the first

three, but satisfies an algebraic relation, whic h is easily deriv ed from (3.5) and (3.6):

τ

2

6

= −

1

6 ρ

6

2

+

3

2 ρ

4

2 ρ

4

−

4

3 ρ

3

2 ρ

6

−

7

2 ρ

2

2 ρ

2

4

+ 6 ρ

2 ρ

4 ρ

6

+

1

2 ρ

3

4

− 3 ρ

2

6

. (3 . 7)

13

3.1.3 The In v arian ts of O

The P oincar ´ e–series for the three dimensional represen tation of O is giv en b y

P

O

R

( t ) =

1

24

(

1

(1 − t )

3

+

9

(1 − t )(1 + t )

2

+

8

(1 − t )(1 + t + t

2

)

+

6

(1 − t )(1 + t

2

)

)

=

1 − t

3

+ t

6

(1 − t

2

)(1 − t

3

)(1 − t

4

)

=

1 + t

9

(1 − t

2

)(1 − t

4

)(1 − t

6

)

.

There is only one subgroup O ⊂ O (3) with O ⊃ T and the functions whic h are in v arian t

under O are ob viously also in v arian t under T . This giv es I

O

2

= ρ

2 and I

O

4

= ρ

4

. In

addition to the elemen ts in T w e get an action x → y , y → − x, z → z of an elemen t of

order 4. The function τ

6 is not in v arian t under this action. Ho w ev er the function ρ

6 is

in v arian t. In this case it is not in the span of ( I

O

2

)

3

, I

O

2

I

O

4

. Therefore

I

O

6

( x, y , z ) = x

6

+ y

6

+ z

6

.

Observ e that the elemen t of order 4 in O c hanges the sign of τ

3 and τ

6

. Therefore the

pro duct is in v arian t under O and the set of generators is giv en b y ρ

2

, ρ

4

, ρ

6 and τ

3

· τ

6

.

The algebraic relation is ob vious from (3.5) and (3.7).

3.1.4 The In v arian ts of O

−

The P oincar ´ e–series can b e computed considering the elemen ts in T and outside T sepa-

rately . W e obtain

1

24

(

1

(1 − t )

3

+

3

(1 − t )(1 + t )

2

+

8

(1 − t )(1 + t + t

2

)

+

6

(1 − t )

2

(1 + t )

+

6

(1 + t )(1 + t

2

)

)

.

One finds

P

O

−

R

( t ) =

1

(1 − t )

3

(1 + t )

2

(1 + t + t

2

)(1 + t

2

)

=

1

(1 − t )(1 + t )(1 − t

2

)(1 − t

3

)(1 + t

2

)

=

1

(1 − t

2

)(1 − t

3

)(1 − t

4

)

.

The generators of the O

−

− in v arian t p olynomials are giv en b y

I

O

−

2

= ρ

2

, I

O

−

3

= τ

3

, I

O

−

4

= ρ

4

.

14

3.1.5 The In v arian ts of O ⊕ Z c

2

In this case the P oincar ´ e–series is giv en b y

P

O ⊕ Z c

2

R

( t ) =

1

2

( P

O

R

( t ) + P

O

R

( − t )) =

1

(1 − t

2

)(1 − t

4

)(1 − t

6

)

.

Comparing this series with the one of O and O

−

tells us that the functions of order 6

whic h are in v arian t under O , O

−

and O ⊕ Z c

2 are all the same. The tetrahedral group has

an extra fixed function whic h is not fixed under either of these groups, namely τ

6

. The

generators of the O ⊕ Z c

2

− in v arian t p olynomials are ρ

2

, ρ

4 and ρ

6

.

3.1.6 The In v arian ts of I

The P oincar ´ e–Series. W e b egin again b y computing the P oincar ´ e–series.

P

I

R

( t ) =

1

60

(

1

( 1 − t )

3

+

15

( 1 − t ) ( 1 + t )

2

+

20

( 1 − t ) ( 1 + t + t

2

)

+

12

( 1 − t ) ( 1 − 2 ( cos (2 π / 5) ) t + t

2

)

+

12

( 1 − t ) ( 1 − 2 ( cos (4 π / 5) ) t + t

2

)

)

=

1

60

(

1

(1 − t )

3

+

15

(1 − t )(1 + t )

2

+

20

(1 − t )(1 + t + t

2

)

+

12(2 + t + 2 t

2

)

(1 − t )(1 + t + t

2

+ t

3

+ t

4

)

)

=

1 + t − t

3

− t

4

− t

5

+ t

7

+ t

8

(1 − t )

3

(1 + t )

2

(1 + t + t

2

)(1 + t + t

2

+ t

3

+ t

4

)

=

1 + t − t

3

− t

4

− t

5

+ t

7

+ t

8

(1 + t )(1 − t

2

)(1 − t

3

)(1 − t

5

)

=

(1 + t − t

3

− t

4

− t

5

+ t

7

+ t

8

)(1 − t + t

2

)

(1 + t )(1 − t

3

)(1 − t + t

2

)(1 − t

2

)(1 − t

5

)

=

1 − t

5

+ t

10

(1 − t

6

)(1 − t

2

)(1 − t

5

)

=

1 + t

15

( 1 − t

2

) ( 1 − t

6

) ( 1 − t

10

)

.

The In v arian t P olynomials. In this case it is not ob vious ho w to get a complete set

of generators of the algebra of I − in v arian t p olynomials. It is clear that w e still ha v e ρ

2

.

F urthermore, the sup ergroup I ⊃ T (with T fixed as b efore – cf. 3.1.1) is no longer

unique. It will b e determined uniquely b y an y of its Z

5 subgroups, or equiv alen tly , b y

the rotation axis of this Z

5

. There are t w o differen t p ossibilities. T o see this consider the

pro jection of the edges of the icosahedron to the unit sphere. This will divide the unit

sphere in to 20 congruen t equilateral triangles. The length of one edge of suc h an triangle

is

l

Δ

= arccos

( √

5

5

)

.

15

The first rotation axis d

1 of Z

5

⊂ I is obtained b y rotating the x − axis b y the angle

1

2 l

Δ

in direction of the z − axis (cf. Figure 8 for a geometrical illustration):

B := cos (

1

2 l

Δ

) 0 − sin (

1

2 l

Δ

)

0 1 0

sin (

1

2 l

Δ

) 0 cos (

1

2 l

Δ

)

, d

1

= B

1

0

0

=

√

1

2

+

√

5

10

0

√

1

2

−

√

5

10

.

Similar, w e find another icosahedral sup ergroup of T , whic h w e will denote b y

~

I , as

~

I := < T ,

~

Z

5

> , where the axis of rotation for this

~

Z

5 subgroup is obtained b y rotating

the x − axis b y the angle

1

2 l

Δ in direction of the y − axis: d

2

:= (

√

1

2

+

√

5

10

,

√

1

2

−

√

5

10

, 0) .

Again, from Figure 8 it is not difficult to see, that an y other cyclic subgroup of order 5

in a icosahedral group, whic h con tains T is conjugate to either Z

5 or

~

Z

5

.

Prop osition 3.1 Ther e is a set of gener ators of the algebr a of I − invariant p olynomials

c ontaining ρ

2 and the fol lowing elements:

ι

6

:= τ

6

+

√

5

(

−

1

3 ρ

3

2

+ ρ

2 ρ

4

−

11

15 ρ

6

)

ι

10

:= ρ

4 τ

6

+

√

5

(

26

9 ρ

3

2 ρ

4

−

64

45 ρ

2

2 ρ

6

− 3 ρ

2 ρ

2

4

+

19

9 ρ

4 ρ

6

)

and ι

15

:= τ

3 τ

6

(

56

145 ρ

3

2

−

39

29 ρ

2 ρ

4

+ ρ

6

)

+

√

5 τ

3

(

199

2900 ρ

6

2

−

1383

2900 ρ

4

2 ρ

4

+

326

725 ρ

3

2 ρ

6

+

69

100 ρ

2

2 ρ

2

4

−

972

725 ρ

2 ρ

4 ρ

6

+

27

116 ρ

3

4

+

279

725 ρ

2

6

)

.

The algebr aic r elation is

ι

2

15

=

(

−

380057

15138000 ρ

15

2

−

33999

1682000 ρ

9

2 ι

2

6

+

99

8410 ρ

3

2 ι

4

6

+

17397

210250 ρ

7

2 ι

6 ι

10

−

243

6728 ρ

2 ι

3

6 ι

10

−

59751

1682000 ρ

5

2 ι

2

10

)

+

√

5

(

−

130367

5046000 ρ

12

2 ι

6

+

7167

336400 ρ

6

2 ι

3

6

−

243

33640 ι

5

6

+

38991

1682000 ρ

10

2 ι

10

+

2187

336400 ρ

4

2 ι

2

6 ι

10

−

891

67280 ρ

2

2 ι

6 ι

2

10

+

243

67280 ι

3

10

)

.

Final ly, a set of gener ators of the algebr a of

~

I − invariants is given by

~ ι

6

:= − τ

6

+

√

5

(

−

1

3 ρ

3

2

+ ρ

2 ρ

4

−

11

15 ρ

6

)

16

~ ι

10

:= − ρ

4 τ

6

+

√

5

(

26

9 ρ

3

2 ρ

4

−

64

45 ρ

2

2 ρ

6

− 3 ρ

2 ρ

2

4

+

19

9 ρ

4 ρ

6

)

and ~ ι

15

:= τ

3 τ

6

(

56

145 ρ

3

2

−

39

29 ρ

2 ρ

4

+ ρ

6

)

−

√

5 τ

3

(

199

2900 ρ

6

2

−

1383

2900 ρ

4

2 ρ

4

+

326

725 ρ

3

2 ρ

6

+

69

100 ρ

2

2 ρ

2

4

−

972

725 ρ

2 ρ

4 ρ

6

+

27

116 ρ

3

4

+

279

725 ρ

2

6

)

.

Pro of. W e will first consider the I − in v arian ts; the

~

I case then follo ws easily . An y of

the ab o v e giv en p olynomials is T − in v arian t b y construction. T o sho w I − in v ariance, it

suffices to sho w the in v ariance under Z

5

⊂ I , or, equally w ell, under a generating elemen t

ξ

5 of this Z

5

. ξ

5 is a rotation ab out an angle of

2

5 π around the d

1

− axis:

ξ

5

= B

1 0 0

0 cos (

2

5 π ) − sin (

2

5 π )

0 sin (

2

5 π ) cos (

2

5 π )

B

− 1

.

A short calculation giv es

ξ

− 1

5

=

1

4

(1 +

√

5 )

1

2

1

4

( − 1 +

√

5 )

−

1

2

1

4

( − 1 +

√

5 )

1

4

(1 +

√

5 )

1

4

( − 1 +

√

5 ) −

1

4

(1 +

√

5 )

1

2

.

It remains to c hec k that

ι

6

( ξ

− 1

5 x

y

z

) = ( x

2

− y

2

)( y

2

− z

2

)( z

2

− x

2

) −

1

15

√

5 ( x

6

+ y

6

+ z

6

) − 2

√

5 x

2

y

2

z

2

= ι

6 x

y

z

,

and similar the equation

ξ

5 ι

i x

y

z

= ι

i

( ξ

− 1

5 x

y

z

) = ι

i x

y

z

holds for i = 10 and 15. This requires a little patience, though no real flair, and therefore

w e lea v e that and also the v erification of the algebraic relation to the reader. Due to the

P oincar ´ e–series, w e ha v e found all generators of the I − in v arian t p olynomials. T o see the

generators for

~

I − in v arian t p olynomials, observ e that for the t w o axes of rotation of Z

5

and

~

Z

5

d

2

= ξ

4 d

1

17

holds, where ξ

4 is an elemen t of order four in O ⊃ T (whic h maps x → x, y → − z , z → y ).

Hence,

~

Z

5

= ξ

4

Z

5 ξ

− 1

4 and b eing in v arian t under

~

I means b eing in v arian t under T and

ξ

4

Z

5 ξ

− 1

4

. As a matter of fact this is the case for ~ ι

6

, ~ ι

10 and ~ ι

15

, b ecause using ξ

4 τ

3

=

ξ

− 1

4 τ

3

= − τ

3 and ξ

4 τ

6

= ξ

− 1

4 τ

6

= − τ

6 it follo ws

ξ

4

~ ι

i

= ξ

− 1

4

~ ι

i

= ι

i

, for i = 6 , 10 and 15 .

3.1.7 The In v arian ts of I ⊕ Z c

2

Here w e ha v e

P

I ⊕ Z c

2

R

( t ) =

1

2

( P

I

R

( t ) + P

I

R

( − t )) =

1

( 1 − t

2

) ( 1 − t

6

) ( 1 − t

10

)

.

The generators of the I ⊕ Z c

2

− in v arian t p olynomials are ρ

2

, ι

6 ι

10

, whereas ρ

2

, ~ ι

6 and ~ ι

10

generate the

~

I ⊕ Z c

2

− in v arian ts.

3.2 Generators for Mo dules of Equiv arian t P olynomial Map-

pings

3.2.1 The T etrahedral Equiv arian ts

The P oincar ´ e–Series. F or the P oincar ´ e-series for the mo dule of tetrahedral equiv ari-

an t p olynomials w e get

P

T

M

( t ) = t + t

2

+ 2 t

3

+ t

4

+ t

5

(1 − t

2

)(1 − t

3

)(1 − t

4

)

(3 . 8)

and

P

T ⊕ Z c

2

M

( t ) = t + 2 t

3

+ 2 t

5

+ t

7

(1 − t

2

)(1 − t

4

)(1 − t

6

)

. (3 . 9)

A Generating Set. F rom the P oincar ´ e-series w e find that there is a set of generators

con taining one linear, quadratic, quartic, quin tic and t w o cubic elemen ts. W e write E

T

d

for an elemen t of this list of degree d , the second index giv es an en umeration of elemen ts

ha ving the same degree. Here is a list of generators:

( x, y , z ) → E

T

1

= ( x, y , z )

→ E

T

2

= ( y z , xz , xy )

→ E

T

3 a

= ( xy

2

+ xz

2

, x

2

y + y z

2

, x

2

z + y

2

z )

18

→ E

T

3 b

= ( − xy

2

+ xz

2

, x

2

y − y z

2

, − x

2

z + y

2

z )

→ E

T

4

= ( y

3

z − y z

3

, xz

3

− xz

3

, x

3

y − xy

3

)

→ E

T

5

= ∇ ( ι

6

)

W e write ϵ

j

= E

T

j for j = 1 , 2 , 4 , 5 and ϵ

3 a or ϵ

3 b for E

T

3 a and E

T

3 b

, resp ectiv ely .

F or a list of generators of the T ⊕ Z c

2 w e just ha v e to restrict to the o dd mem b ers of

our list. Ho w ev er some care is required. An y o dd T -equiv arian t mapping has the righ t

equiv ariance prop ert y , ho w ev er the o dd generators do not generate the o dd mappings o v er

the ring of in v arian t functions. F or example, the second fifth degree equiv arian t is giv en

b y τ

3 ϵ

2

.

3.2.2 The Octahedral Equiv arian ts

P oincar ´ e–Series. Again w e start b y giving the resp ectiv e P oincar ´ e-series for O , O

−

and O ⊕ Z c

2

. W e ha v e

P

O

M

( t ) = t + t

3

+ t

4

+ t

5

+ t

6

+ t

8

(1 − t

2

)(1 − t

4

)(1 − t

6

)

P

O

−

M

( t ) = t + t

2

+ t

3

(1 − t

2

)(1 − t

3

)(1 − t

4

)

P

O ⊕ Z c

2

M

( t ) = t + t

3

+ t

5

(1 − t

2

)(1 − t

4

)(1 − t

6

)

.

The Generators. F rom the P oincar ´ e-series it is clear that the mo dule of functions

equiv arian t with resp ect to O

−

is generated b y ϵ

1

, ϵ

2 and some cubic mapping. It is easy

to c hec k, that this cubic mapping is giv en b y

( x, y , z ) → ϵ

3 a

( x, y , z ) .

F rom the P oincar ´ e-series w e conclude that the space of cubic equiv arian t p olynomial

mappings is the same for all o ctahedral groups.

Theorem 3.2 1. If n is even, then

M

T

n

= M

O

n

⊕ M

O

−

n

.

2. F or n o dd, we find

M

O

n

= M

O

−

n

= M

O ⊕ Z c

2

n

.

19

Pro of. It is easily c hec k ed that for ev en n M

T

n

= M

O

n

+ M

O

−

n and the in tersection

M

O

n

∩ M

O

−

n

= { 0 } . In order to sho w the second assertion, w e notice that M

O ⊕ Z c

2

n is

con tained in b oth M

O

n and M

O

−

n

. F rom the P oincar ´ e-series w e read off that all the

dimensions of these three spaces are equal, whic h sho ws the result.

F or the equiv arian ts of degree 4 w e conclude that

M

T

4

= M

O

4

⊕ M

O

−

4

.

M

T

4 is generated b y τ

3

1 , ρ

2 ϵ

2 and ϵ

4

. The first t w o of these are equiv arian t with resp ect

to O

−

, the last one is equiv arian t with resp ect to O .

The P oincar ´ e-series indicates a quin tic mapping for the groups O and O ⊕ Z c

2

. One easily

c hec ks that this mapping is giv en b y τ

3 ϵ

2

.

F or degree 6 w e find that M

O

6 is giv en b y pro ducts of in v arian t functions and equiv arian t

mappings of lo w er degree and τ

3 ϵ

3 b

. In a similar fashion w e conclude that M

O

8 is giv en

b y pro ducts of lo w er order functions and mappings and the new term τ

3 ϵ

5

.

3.2.3 The Icosahedral Equiv arian ts

The P oincar ´ e–Series. F or the group I w e find the P oincar ´ e–series

P

I

M

( t ) = t + t

5

+ t

6

+ t

9

+ t

10

+ t

14

(1 − t

2

)(1 − t

6

)(1 − t

10

)

. (3 . 10)

F rom this one gets

P

I ⊕ Z c

2

M

( t ) = t + t

5

+ t

9

(1 − t

2

)(1 − t

6

)(1 − t

10

)

. (3 . 11)

The Generators. Here, w e restrict our atten tion to the group I ⊕ Z c

2

. F rom the

P oincar ´ e–series for the in v arian t functions one can easily conclude that the gradien ts of

the generators of the in v arian t functions lead to a set of generators for the mo dule of

equiv arian t mappings. I.e. w e find

M

I ⊕ Z c

2

= < ϵ

1

, ∇ ι

6

, ∇ ι

10

>

R

I ⊕ Z c

2

. (3 . 12)

4 Precisely T ⊕ Z c

2

Symmetric P olynomials

The question w e w an t to address here is:“Are there an y p olynomials ha ving precisely

tetrahedral symmetry (in the sense that they cannot b e written as a sum of p olynomials

all of them ha ving more symmetry)”? W e will answ er this question negativ ely , but w e

20

will also see that there are p olynomials ha ving precisely T ⊕ Z c

2 symmetry in the ab o v e

sense. The imp ortance of this question is based on the fact that o ctahedral or icosahedral

symmetric p erturbations alw a ys pro duce additional equilibria in the flo w form ula. These

p erturbations moreo v er rule out h yp erb olic hetero clinic cycles. W e therefore can accom-

plish our final goal of finding hetero clinic cycles only with precisely tetrahedral symmetric

p erturbations.

Let us start with the in v arian t p olynomials. The same question for the equiv arian t p oly-

nomial mappings is addressed in Subsection 4.2.

4.1 Orthogonal Decomp osition of

¯

R

T

Although some of the follo wing linear spaces are already defined, w e giv e them again for

con v enience.

Definition 4.1

R := { p : R

3

→ R | p is p olynomial }

R

i

:= { p ∈ R | p is homo gene ous and deg ( p ) = i }

R

≤ i

:= i

⨁

j =0

R

j

= { p ∈ R | deg ( p ) ≤ i }

R

L

:= { p ∈ R | γ p = p for al l γ ∈ L } .

The sp ac es R

L

i and R

L

≤ i ar e define d analo gously.

Resuming the results of the last section w e kno w a minimal set of generators for the

follo wing R

L

:

Corollary 4.2

R

T

= R [ ρ

2

, τ

3

, ρ

4

, τ

6

] , R

T ⊕ Z c

2

= R [ ρ

2

, ρ

4

, ρ

6

, τ

6

]

R

O

= R [ ρ

2

, ρ

4

, ρ

6

, τ

3

· τ

6

] , R

O

−

= R [ ρ

2

, τ

3

, ρ

4

]

R

O ⊕ Z c

2

= R [ ρ

2

, ρ

4

, ρ

6

] , R

I

= R [ ρ

2

, ι

6

, ι

10

, ι

15

]

R

I ⊕ Z c

2

= R [ ρ

2

, ι

6

, ι

10

] .

The dimension of R

L

i

, L = T , T ⊕ Z c

2

, O , O

−

, O ⊕ Z c

2

, I and I ⊕ Z c

2

, is given by the i -th

c o efficient of the Poinc ar ´ e–series P

L

R

(cf. Se ction 3).

Actually , w e are only in terested in the restrictions of the ab o v e p olynomials to the sphere

S

2

. Therefore let

21

Definition 4.3

¯

R := { p̄ : S

2

→ R | ∃ p ∈ R with p

| S

2 = p̄ }

and similarly, define

¯

R

i

,

¯

R

≤ i

,

¯

R

L

,

¯

R

L

i and

¯

R

L

≤ i as line ar sp ac es of the r estrictions of the

appr opriate p olynomials.

W e use for instance ρ̄

6

: S

2

→ R as the restriction of the p olynomial ρ

6 to the sphere and

the same notation for the other functions. This agreemen t will b e v alid for the whole of

this section. Later on, ho w ev er, w e will come bac k to the notation without bars, b ecause

then it w on’t mak e a difference, whether the functions are defined on S

2

or R

3

.

One immediately finds (note that ρ

2 restricted to the sphere is just a constan t!):

Corollary 4.4

¯

R

T

= R [ τ̄

3

, ρ̄

4

, τ̄

6

] ,

¯

R

T ⊕ Z c

2

= R [ ρ̄

4

, ρ̄

6

, τ̄

6

]

¯

R

O

= R [ ρ̄

4

, ρ̄

6

, τ̄

3

· τ̄

6

] ,

¯

R

O

−

= R [ τ̄

3

, ρ̄

4

]

¯

R

O ⊕ Z c

2

= R [ ρ̄

4

, ρ̄

6

] ,

¯

R

I

= R [ ¯ ι

6

, ¯ ι

10

, ¯ ι

15

]

¯

R

I ⊕ Z c

2

= R [ ¯ ι

6

, ¯ ι

10

] .

Still w e ha v e that the sum of

¯

R

L

i

, i ∈ N , spans the whole space

¯

R

L

, but the sum is no

longer direct. Recognizing that τ̄

2

6 satisfies an algebraic relation similar as τ

2

6

(see (3.6))

one w ould guess that

¯

Q

T

i

:= Span { τ̄ k

3

¯ ρ l

4

¯ τ m

6

| 3 k + 4 l + 6 m = i and k , l ≥ 0 , m ∈ { 0 , 1 }} , i ≥ 0

(with

¯

Q

T

i

= { 0 } in case no suc h com bination of k , l and m exists) w ould giv e a prop er

decomp osition of

¯

R

T

. This is indeed the case.

Define

¯

Q

L

i similar for the other relev an t subgroups L using their generators from Corollary

4.4 and the algebraic relations from Section 3.

Prop osition 4.5 We have for L ⊃ T and j ≥ 2

¯

R

L

j − 2

⊂

¯

R

L

j and

¯

R

L

j − 2

⊕

¯

Q

L

j

=

¯

R

L

j

. (4 . 1)

F urthermor e, for j ≥ 0 , dim

¯

R

L

j

= dim R

L

j holds and

j

⨁

i =0

j − i =0 mo d 2

¯

Q

L

i

=

¯

R

L

j

, j

⨁

i =0

¯

Q

L

i

=

¯

R

L

j − 1

⊕

¯

R

L

j

=

¯

R

L

≤ j

( j ≥ 1) as wel l as

∞

⨁

i =0

¯

Q

L

i

=

¯

R

L

. (4 . 2)

The dimension of the sp ac es

¯

Q

L

i c an b e obtaine d by the c o efficients of the mo difie d Poin-

c ar ´ e–series

P

L

¯

R

( s ) = (1 − s

2

) · P

L

R

( s ) .

22

Pro of. Firstly ,

¯

R

L

j − 2

⊂

¯

R

L

j

, b ecause p̄ ∈

¯

R

L

j − 2 implies ρ̄

2

¯ p ∈

¯

R

L

j

. Therefore,

¯

R

L

j − 2

+

¯

Q

L

j

⊂

¯

R

L

j b y definition. T o sho w “ ⊃ ” w e assume L = T , since things w ork out similar for the

other subgroups. F or an y p̄ ∈

¯

R

T

j c ho ose some p ∈ R

T

j with p

| S

2 = p̄ . By Corollary 4.2

and (3.6) p can b e uniquely written as

p =

∑

2 i +3 k +4 l +6 m = j

m ∈{ 0 , 1 } α

i,k ,l ,m ρ i

2 τ k

3 ρ l

4 τ m

6

=

∑

3 k +4 l +6 m = j

m ∈{ 0 , 1 } α

0 ,k ,l ,m τ k

3 ρ l

4 τ m

6

+ ρ

2

·

∑

2( i − 1)+3 k +4 l +6 m = j − 2

i ≥ 1 , m ∈{ 0 , 1 } α

i,k ,l ,m ρ i − 1

2 τ k

3 ρ l

4 τ m

6

=: q

1

+ ρ

2 q

2

.

No w p̄ = p

| S

2 = q

1

| S

2 + ρ̄

2

· q

2

| S

2 ∈

¯

Q

T

j

+ 1 ·

¯

R

T

j − 2

. F urthermore, the sum is direct:

¯

R

T

j − 2

∩

¯

Q

T

j

= { 0 } . F or supp ose p̄ ∈

¯

R

T

j − 2

∩

¯

Q

T

j is giv en. Then w e can find p̄ = p

| S

2 = q

| S

2

with

p =

∑

2 i +3 k +4 l +6 m = j − 2

m ∈{ 0 , 1 } α

i,k ,l ,m ρ i

2 τ k

3 ρ l

4 τ m

6 and q =

∑

3 k +4 l +6 m = j

m ∈{ 0 , 1 } β

k ,l ,m τ k

3 ρ l

4 τ m

6

.

Since p is homogeneous of degree j − 2 and q is homogeneous of degree j , w e conclude

q ( x, y , z ) = | ( x, y , z ) | j

¯ p

(

( x, y , z )

| ( x, y , z ) |

)

= | ( x, y , z ) |

2

p ( x, y , z ) for all ( x, y , z ) ∈ R

3

.

In other w ords q − ρ

2 p = 0 . But this is a linear com bination of terms only of the form

ρ i

2 τ k

3 ρ l

4 τ m

6

, with 2 i + 3 k + 4 l + 6 m = j and i, k , l ≥ 0 , m ∈ { 0 , 1 } . These terms are

linearly indep enden t (cf. Section 3) and this ensures that all co efficien ts m ust b e zero,

i.e. α

i,k ,l ,m

= 0 and β

k ,l ,m

= 0. Consequen tly , p̄ = 0.

W e pro ceed pro ving dim

¯

R

L

j

= dim R

L

j for an y exceptional subgroup L of O (3) . Consider

the restriction mapping

R : R

L

j

→

¯

R

L

j

, p → p

| S

2 .

This map is clearly surjectiv e, but it is also injectiv e, b ecause R ( p

1

) = R ( p

2

) implies

p

1

( x, y , z ) = | ( x, y , z ) | j

R ( p

1

)

(

( x, y , z )

| ( x, y , z ) |

)

= | ( x, y , z ) | j

R ( p

2

)

(

( x, y , z )

| ( x, y , z ) |

)

= p

2

( x, y , z )

and this claim is pro v ed. The rest is no w easy . By rep eatedly applying (4.1) w e infer

⨁

j

i =0

j − i =0 mo d 2

¯

Q

L

i

=

¯

R

L

j

. The rest of (4.2) is immediately clear except

¯

R

L

j − 1

∩

¯

R

L

j

= { 0 } .

23

Assume p̄ ∈

¯

R

L

j − 1

∩

¯

R

L

j is giv en and tak e again p̄ = p

| S

2 = q

| S

2 with q ∈ R

L

j − 1 and p ∈ R

L

j

.

Lik e b efore w e find

p ( x, y , z ) = | ( x, y , z ) | q ( x, y , z ) for all ( x, y , z ) ∈ R

3

.

If q w ere not iden tically zero, then the righ t hand side w ould not b e p olynomial; a con tra-

diction, since p is p olynomial. Hence, p̄ = 0 and (4.2) is pro v ed. The remaining follo ws

from

dim

¯

Q

L

j

= dim

¯

R

L

j

− dim

¯

R

L

j − 2

= dim R

L

j

− dim R

L

j − 2

and exploiting the fact that the j -th co efficien t of P

L

R is equal to dim R

L

j

.

The follo wing theorem is a first step in order to decomp ose

¯

R

T

in to spaces of more

symmetry .

Theorem 4.6 L et T ⊂ O (3) b e fixe d as in Se ction 3 and O ⊃ T . Then

¯

R

T

=

¯

R

T ⊕ Z c

2

⊕ τ̄

3

·

¯

R

T ⊕ Z c

2

(4.3)

and

¯

R

T ⊕ Z c

2

=

¯

R

O ⊕ Z c

2

⊕ τ̄

6

·

¯

R

O ⊕ Z c

2

. (4.4)

Using U

¯

R

:= τ̄

6

·

¯

R

O ⊕ Z c

2

we find a de c omp osition of

¯

R

T

in p airwise ortho gonal subsp ac es

with r esp e ct to ( ., . )

L

2

( S

2

)

:

¯

R

T

=

¯

R

O ⊕ Z c

2

⊕ τ̄

3

·

¯

R

O ⊕ Z c

2

⊕ τ̄

3

¯ τ

6

·

¯

R

O ⊕ Z c

2

⊕ U

¯

R

. (4 . 5)

Pro of. W e start pro ving that b oth decomp ositions are orthogonal. F or an arbitrary

p olynomial q̄ ∈

¯

R

T ⊕ Z c

2

w e claim ( τ̄

3

, q̄ )

L

2

( S

2

)

= 0. In tegration o v er S

2

is in v arian t under

O (3) , esp ecially under γ := − 1 ∈ T ⊕ Z c

2

. W e ha v e

( τ̄

3

, q̄ )

L

2

( S

2

)

= ( γ τ̄

3

, γ q̄ )

L

2

( S

2

)

= ( − τ̄

3

, q̄ )

L

2

( S

2

)

= − ( τ̄

3

, q̄ )

L

2

( S

2

)

and the first claim is pro v ed. Observ e that this also giv es

¯

R

T ⊕ Z c

2

∩ τ̄

3

·

¯

R

T ⊕ Z c

2

= { 0 } . The

orthogonalit y in (4.4) follo ws similarly with γ := ξ

4

∈ O , the generator of a Z

4 subgroup

in O . F or an arbitrary p olynomial q̄ ∈

¯

R

O ⊕ Z c

2

w e infer from γ τ̄

6

= − τ̄

6

( τ̄

6

, q̄ )

L

2

( S

2

)

= ( γ τ̄

6

, γ q̄ )

L

2

( S

2

)

= − ( τ̄

6

, q̄ )

L

2

( S

2

)

and

¯

R

O ⊕ Z c

2

∩ τ̄

6

·

¯

R

O ⊕ Z c

2

= { 0 } as w ell. The inclusion “ ⊃ ” in (4.3) is ob vious. T o sho w

equalit y use that the generators of

¯

R

T

are τ̄

3

, ρ̄

4 and τ̄

6 b y Corollary 4.4. An arbitrary

p olynomial q̄ ∈

¯

R

T

is therefore of the form

24

¯ q =

∑

α

i,j ,m

¯ τ i

3

¯ ρ j

4

¯ τ m

6

=

∑

i ev en α

i,j ,m

¯ τ i

3

¯ ρ j

4

¯ τ m

6

+ τ̄

3

∑

i o dd α

i,j ,m

¯ τ i − 1

3

¯ ρ j

4

¯ τ m

6

and (4.3) is established, since τ̄

2

3

∈

¯

R

T ⊕ Z c

2

and ρ̄

4 as w ell as τ̄

6 are generators of

¯

R

T ⊕ Z c

2

.

These t w o together with ρ̄

6 are all generators of

¯

R

T ⊕ Z c

2

. Hence, an arbitrary p olynomial

¯ q ∈

¯

R

T ⊕ Z c

2

is of the form

¯ q =

∑

β

i,j ,m

¯ ρ i

4

¯ τ j

6

¯ ρ m

6

.

W e can argue as ab o v e, since τ̄

2

6

∈

¯

R

O ⊕ Z c

2

and the generators of

¯

R

O ⊕ Z c

2

are ρ̄

4 and ρ̄

6

.

Again “ ⊃ ” it trivial and the theorem is pro v ed.

Observ e that τ̄

3

∈

¯

R

O

−

giv es

¯ τ

3

·

¯

R

O ⊕ Z c

2

⊂

¯

R

O

−

, whereas τ̄

3

¯ τ

6

·

¯

R

O ⊕ Z c

2

⊂

¯

R

O

follo ws from τ̄

3

¯ τ

6

∈

¯

R

O

. Actually w e ev en ha v e:

Theorem 4.7 L et T ⊂ O (3) b e fixe d as in Subse ction 3.1.1 and let O

−

and O ⊕ Z c

2 b e

sup er gr oups of T . Then

¯

R

O

−

=

¯

R

O ⊕ Z c

2

⊕ τ̄

3

·

¯

R

O ⊕ Z c

2

(4.6)

and

¯

R

O

=

¯

R

O ⊕ Z c

2

⊕ τ̄

3

¯ τ

6

·

¯

R

O ⊕ Z c

2

(4.7)

holds, wher e again b oth de c omp ositions ar e ortho gonal in L

2

( S

2

) .

Pro of. Let q̄ b e an arbitrary p olynomial in

¯

R

O ⊕ Z c

2

. Then q̄ ∈

¯

R

T ⊕ Z c

2

as w ell as τ̄

6

¯ q ∈

¯

R

T ⊕ Z c

2

. Consequen tly , Theorem 4.6 pro vides

( τ̄

3

, q̄ )

L

2

( S

2

)

= 0 and ( τ̄

3

¯ τ

6

, q̄ )

L

2

( S

2

)

= 0 .

It remains to sho w “ ⊃ ” in (4.6) and (4.7). The generators of

¯

R

O

−

are τ̄

3 and ρ̄

4

. Therefore

an arbitrary p olynomial q̄ ∈

¯

R

O

−

is of the form

¯ q =

∑

α

i,j

¯ τ i

3

¯ ρ j

4

.

Again τ̄

2

3

∈

¯

R

O ⊕ Z c

2

yields the missing argumen t, if w e pro ceed as in the pro of of Theorem

4.6. (4.7) is pro v ed in the same w a y , using the generators of

¯

R

O

( ρ̄

4

, ρ̄

6 and τ̄

3

¯ τ

6

) and the

fact that ( τ̄

3

¯ τ

6

)

2

∈

¯

R

O ⊕ Z c

2

.

25

F rom the ab o v e theorem w e conclude, that the first three comp onen ts of the decomp osition

(4.5) ha v e actually more symmetry than only T or T ⊕ Z c

2

. Moreo v er, the elemen ts in

¯ τ

3

¯

R

O ⊕ Z c

2

are the elemen ts with exactly O

−

symmetry (and not more!), whereas the ones

in τ̄

3

¯ τ

6

¯

R

O ⊕ Z c

2

ha v e exactly O symmetry .

F or U

¯

R

= τ̄

6

¯

R

O ⊕ Z c

2

w e observ e U

¯

R

⊂

¯

R

T ⊕ Z c

2

, but some elemen ts in U

¯

R

ha v e in some

sense ev en more symmetry: let I b e the sup ergroup of T in tro duced in Section 3 and

V

¯

R

:= Pro j

U

¯

R (

¯

R

I ⊕ Z c

2

) ⊂ U

¯

R

(here b y Pro j

U

¯

R w e mean the orthogonal pro jection on U

¯

R

resulting from the decomp osition (4.4)). The space U

¯

R

decomp oses orthogonally to

U

¯

R

= V

¯

R

⊕ W

¯

R

, (4 . 8)

where W

¯

R

:= { ū ∈ U

¯

R

| ( ū , v̄ )

L

2

( S

2

)

= 0 , ∀ v̄ ∈ V

¯

R

} = Pro j

⊥

U

¯

R

(

¯

R

I ⊕ Z c

2

) ⊂ U

¯

R

. W e claim

V

¯

R

⊂ Span {

¯

R

O ⊕ Z c

2

,

¯

R

I ⊕ Z c

2

} . (4 . 9)

T o see that note V

¯

R

⊂ U

¯

R

= τ̄

6

¯

R

O ⊕ Z c

2

and (4.4) implies that an arbitrary q̄ ∈

¯

R

I ⊕ Z c

2

⊂

¯

R

T ⊕ Z c

2

can b e written as q̄ = q̄

1

+ τ̄

6

¯ q

2 with b oth q̄

1 and q̄

2 in

¯

R

O ⊕ Z c

2

. This giv es

V

¯

R

∋ v̄ := Pro j

U

¯

R ( q̄ ) = τ̄

6

¯ q

2

= q̄ − q̄

1

and (4.9) follo ws. Hence, the elemen ts in V

¯

R

can all b e written as a sum of t w o p oly-

nomials with the additional symmetry O ⊕ Z c

2 or I ⊕ Z c

2

, resp ectiv ely . Only the space W

¯

R

seems to ha v e pure T ⊕ Z c

2 symmetry:

Theorem 4.8 L et again T ⊂ O (3) b e as in Se ction 3 and let O as wel l as I b e sup er gr oups

of T as b efor e. Using the sp ac es V

¯

R

and W

¯

R

define d ab ove we claim

¯

R

O ⊕ Z c

2

⊕ V

¯

R

= Span {

¯

R

O ⊕ Z c

2

,

¯

R

I ⊕ Z c

2

} . (4 . 10)

Conse quently,

W

¯

R

⊥ Span {

¯

R

O ⊕ Z c

2

,

¯

R

I ⊕ Z c

2

} (4.11)

and

¯

R

T ⊕ Z c

2

= Span {

¯

R

O ⊕ Z c

2

,

¯

R

I ⊕ Z c

2

} ⊕ W

¯

R

(4.12)

holds. F urthermor e, W

¯

R

is indep endent of the p articular choic e of I ⊃ T (cf. Subsubse c-

tion 3.1.6).

26

Pro of. W e b egin with (4.10).

¯

R

O ⊕ Z c

2

+ V

¯

R

= Span {

¯

R

O ⊕ Z c

2

,

¯

R

I ⊕ Z c

2

} is ob vious from (4.9)

and the sum is direct, b ecause it is ev en orthogonal due to V

¯

R

⊂ U

¯

R

⊥

¯

R

O ⊕ Z c

2

. Both

(4.11) and (4.12) follo w immediately from (4.4) and (4.8).

It remains to sho w the indep endence of W

¯

R

of the particular c hoice of I ⊃ T . Supp ose

~

I ⊃ T is the other cop y of a icosahedral sup ergroup of T as in Subsubsection 3.1.6

in tro duced. W e claim

Pro j

U

¯

R (

¯

R

I ⊕ Z c

2

) = Pro j

U

¯

R (

¯

R

~

I ⊕ Z c

2

) .

T o see this let ξ

4

∈ O \ T b e an elemen t of order 4 in O ⊃ T . As already seen in

Subsubsection 3.1.6, ξ

4 conjugates I to

~

I : ξ

− 1

4

I ξ

4

=

~

I . Therefore with p̄ ∈

¯

R

I ⊕ Z c

2

w e ha v e

¯ q := ξ

4

¯ p ∈

¯

R

~

I ⊕ Z c

2

. W riting p̄ = Pro j

¯

R

O ⊕ Z c

2

( p̄ ) + Pro j

U

¯

R ( p̄ ) w e infer

¯ q = ξ

4

¯ p = Pro j

¯

R

O ⊕ Z c

2

( p̄ ) − Pro j

U

¯

R ( p̄ ) ,

since the action of ξ

4 on elemen ts of

¯

R

O ⊕ Z c

2

is trivial and elemen ts in U

¯

R

obtain a min us.

Therefore the pro jection of

¯

R

I ⊕ Z c

2

and

¯

R

~

I ⊕ Z c

2

to U

¯

R

span the same space.

The elemen ts in W

¯

R

will b e of ma jor in terest to us, since they con tain all elemen ts

with precise T ⊕ Z c

2 symmetry . Still it is b y no means clear ho w large W

¯

R

is and ho w

w e can calculate the elemen ts of W

¯

R

. The follo wing definition pro vides subspaces, whic h

ev en tually giv e the decomp osition of W

¯

R

. F or the rest of this section w e are only in terested

in p olynomials with at least T ⊕ Z c

2 symmetry . Observ e that the elemen ts of

¯

R

T ⊕ Z c

2

are

all restrictions of p olynomials of ev en degree (cf. Corollary 4.4), so w e do not ha v e to

w orry ab out an y o dd degree p olynomials.

Definition 4.9 L et W

¯

R

2 j

, j ≥ 0 b e r e cursively define d as the maximal subsp ac e of

¯

R

T ⊕ Z c

2

2 j

∩

U

¯

R

=

¯

R

T ⊕ Z c

2

≤ 2 j

∩ U

¯

R

⊂ U

¯

R

which satisfies the c ondition

W

¯

R

2 j

⊥ Span {

¯

R

I ⊕ Z c

2

≤ 2 j

, j − 1

⨁

i =0

W

¯

R

2 i

} . (4 . 13)

Some of these subspaces will only con tain 0, and therefore these subspaces w on’t con-

tribute m uc h to our decomp osition. Theorem 4.11 will tell us exactly whic h of them. W e

ha v e:

Theorem 4.10 ( W

¯

R

2 j

)

j ≥ 0 is a se quenc e of p airwise ortho gonal subsp ac es in L

2

( S

2

) which

satisfy

W

¯

R

2 j

⊥ Span {

¯

R

O ⊕ Z c

2

,

¯

R

I ⊕ Z c

2

} . (4 . 14)

In p articular, they form an ortho gonal de c omp osition of W

¯

R

:

27

W

¯

R

=

∞

⨁

j =0

W

¯

R

2 j

. (4 . 15)

Pro of. T o start with (4.14) first of all note that W

¯

R

2 j

⊂ U

¯

R

⊥

¯

R

O ⊕ Z c

2

. Supp ose

¯ w ∈ W

¯

R

2 j

⊥

¯

R

I ⊕ Z c

2

≤ 2 j

(4 . 16)

is giv en. W e ha v e to pro v e w̄ ⊥

¯

R

I ⊕ Z c

2

. Our pro of uses pro jections on fixed-p oin t spaces:

for p̄ ∈

¯

R define

Q

L

¯

R

( p̄ ) := Pro j ¯

R

L ( p̄ ) =

1

| L |

∑

γ ∈ L γ p̄ ∈

¯

R

L

.

No w if q̄ ∈

¯

R

I ⊕ Z c

2

in order to sho w ( w̄ , q̄ )

L

2

( S

2

)

= 0 , it is sufficien t to sho w Q

Z

5

¯

R

(¯ w ) = 0 for

some Z

5

⊂ I . T o see that let ξ

5

∈ Z

5 b e one of its generators. Then with ξ

5

5

= 1 w e find

(¯ w , q̄ )

L

2

( S

2

)

= ( w̄ , Q

Z

5

¯

R

( q̄ ))

L

2

( S

2

)

=

1

5

4

∑

i =0

(¯ w , ξ i

5

¯ q )

L

2

( S

2

)

=

1

5

4

∑

i =0

( ξ

5 − i

5

¯ w , ξ

5

5

¯ q )

L

2

( S

2

)

= ( Q

Z

5

¯

R

(¯ w ) , q̄ )

L

2

( S

2

)

.

No w ob viously w̃ := Q

Z

5

¯

R

(¯ w ) ∈

¯

R

Z

5

≤ 2 j

. On the other hand w e will sho w in a momen t

that w̃ ∈ (

¯

R

Z

5

≤ 2 j

)

⊥

⊂

¯

R

≤ 2 j

, whic h is only p ossible if w̃ = 0 and the pro of w ould b e

accomplished. The remaining: for p̄ ∈

¯

R

Z

5

≤ 2 j w e ha v e

(~ w , p̄ )

L

2

( S

2

)

= ( Q

Z

5

¯

R

(¯ w ) , p̄ )

L

2

( S

2

)

= ( w̄ , Q

Z

5

¯

R

( p̄ ))

L

2

( S

2

)

= ( w̄ , p̄ )

L

2

( S

2

)

= ( Q

T ⊕ Z c

2

¯

R

(¯ w ) , Q

T ⊕ Z c

2

¯

R

( p̄ ))

L

2

( S

2

)

= ( w̄ , Q

T ⊕ Z c

2

¯

R

( p̄ ))

L

2

( S

2

)

since w̄ ∈

¯

R

T ⊕ Z c

2

. Using again that p̄ ∈

¯

R

Z

5

≤ 2 j and (4.16), w e conclude

(~ w , p̄ )

L

2

( S

2

)

= ( w̄ ,

1

24

∑

γ ∈ T ⊕ Z c

2 γ p̄ )

L

2

( S

2

)

= ( w̄ ,

1

24

∑

γ ∈ T ⊕ Z c

2

1

5

4

∑

i =0 γ ξ i

5

¯ p )

L

2

( S

2

)

= ( w̄ ,

1

120

∑

γ ∈ I ⊕ Z c

2 γ p̄ )

L

2

( S

2

)

= 0 ,

28

since

∑

γ ∈ I ⊕ Z c

2 γ p̄ ∈

¯

R

I ⊕ Z c

2

≤ 2 j

. It remains to pro v e (4.15). “ ⊃ ” follo ws immediately from

(4.14) and the definition of W

¯

R

. T o see “ ⊂ ”, let w̄ ∈ W

¯

R

⊂ U

¯

R

b e giv en. Then w̄ ∈

U

¯

R

= τ̄

6

¯

R

O ⊕ Z c

2

⊂

¯

R

T ⊕ Z c

2

. Since w̄ m ust b e a restriction of a p olynomial of finite degree,

w e conclude ev en w̄ ∈

¯

R

T ⊕ Z c

2

≤ 2 j for some j ≥ 0. But since w̄ ⊥ Span {

¯

R

O ⊕ Z c

2

,

¯

R

I ⊕ Z c

2

} ,

certainly also w̄ ⊥

¯

R

I ⊕ Z c

2

≤ 2 j holds and b y Definition 4.9 w̄ ∈

⨁

j

i =0

W

¯

R

2 i follo ws, whic h

pro v es ev erything.

The last theorem in this section will tell us ho w large W

¯

R

2 j actually is.

Theorem 4.11 We obtain for any j ≥ 0

¯

R

T ⊕ Z c

2

≤ 2 j

= Span

{

¯

R

O ⊕ Z c

2

≤ 2 j

,

¯

R

I ⊕ Z c

2

≤ 2 j

}

⊕ j

⨁

i =0

W

¯

R

2 i

. (4 . 17)

F urthermor e, the dimension of W

¯

R

2 j is given by the c o efficient of s

2 j

in the Poinc ar ´ e–series

P

W

¯

R

( s ) := s

14

(1 − s

4

)(1 − s

10

)

(4.18)

= s

14

+ s

18

+ s

22

+ s

24

+ s

26

+ s

28

+ s

30

+ s

32

+ 2 s

34

+ s

36

+ 2 s

38

+ O

(

s

40

)

.

Pro of. Equation (4.17) follo ws immediately from (4.12) and (4.15) b y pro jecting b oth

sides to

¯

R

T ⊕ Z c

2

≤ 2 j

.

The space

¯

R

T ⊕ Z c

2

≤ 2 j decomp oses b y Prop osition 4.5 to

⨁

j

i =0

¯

Q

T ⊕ Z c

2

2 i and similarly

¯

R

O ⊕ Z c

2

≤ 2 j

= j

⨁

i =0

¯

Q

O ⊕ Z c

2

2 i and

¯

R

I ⊕ Z c

2

≤ 2 j

= j

⨁

i =0

¯

Q

I ⊕ Z c

2

2 i

.

The sum

¯

R

O ⊕ Z c

2

≤ 2 j

+

¯

R

I ⊕ Z c

2

≤ 2 j is not direct, but

¯

R

O ⊕ Z c

2

≤ 2 j

∩

¯

R

I ⊕ Z c

2

≤ 2 j con tains only constan ts: ev ery

p olynomial ha ving b oth O ⊕ Z c

2 and I ⊕ Z c

2 symmetry m ust ha v e already O (3) symmetry ,

since b oth subgroups are maximal. The P oincar ´ e–series of O (3) is P

O (3)

R

( s ) =

1

1 − s

2 and

ρ

2 is the only generator of R

O (3)

. Hence

¯

R

O (3)

= R [1] is one dimensional. W e therefore

find for j ≥ 0:

dim W

¯

R

2 j

= dim

¯

Q

T ⊕ Z c

2

2 j

− dim Span

{

¯

Q

O ⊕ Z c

2

2 j

,

¯

Q

I ⊕ Z c

2

2 j

}

= dim

¯

Q

T ⊕ Z c

2

2 j

− ( dim

¯

Q

O ⊕ Z c

2

2 j

+ dim

¯

Q

I ⊕ Z c

2

2 j

− dim

¯

Q

O (3)

2 j

) ,

whic h is b y Prop osition 4.5 giv en b y the 2 j –th co efficien t of the P oincar ´ e–series

29

P

W

¯

R

( s ) = P

T ⊕ Z c

2

¯

R

( s ) − ( P

O ⊕ Z c

2

¯

R

( s ) + P

I ⊕ Z c

2

¯

R

( s ) − P

O (3)

¯

R

( s ))

=

1 + s

6

(1 − s

4

)(1 − s

6

)

−

(

1

(1 − s

4

)(1 − s

6

)

+

1

(1 − s

6

)(1 − s

10

)

− 1

)

= s

6

(1 − s

4

)(1 − s

6

)

+

− s

6

− s

10

+ s

16

(1 − s

6

)(1 − s

10

)

= s

6

(1 − s

10

)

(1 − s

4

)(1 − s

6

)(1 − s

10

)

+

− s

6

+ s

14

+ s

16

− s

20

(1 − s

4

)(1 − s

6

)(1 − s

10

)

= s

14

− s

20

(1 − s

4

)(1 − s

6

)(1 − s

10

)

= s

14

(1 − s

4

)(1 − s

10

)

.

Note that although W

¯

R

has a P oincar ´ e–series, W

¯

R

is b y no means an algebra! The

someho w cum b ersome definition of W

¯

R

2 j turns no w out to b e v ery helpful for calculating

basises of these spaces. W e ha v e e.g. W

¯

R

14

= Span { w̄

¯

R

14

} and W

¯

R

18

= Span { w̄

¯

R

18

} with

¯ w

¯

R

14

:= τ̄

6

·

(

23

135

¯ ρ

4

2

−

22

45

¯ ρ

2

2

¯ ρ

4

−

16

27

¯ ρ

2

¯ ρ

6

+ ρ̄

2

4

)

(4.19)

¯ w

¯

R

18

:= τ̄

6

·

(

8893

4455

¯ ρ

6

2

+

1837

135

¯ ρ

4

2

¯ ρ

4

−

42544

4455

¯ ρ

3

2

¯ ρ

6

−

2347

99

¯ ρ

2

2

¯ ρ

2

4

+

4496

135

¯ ρ

2

¯ ρ

4

¯ ρ

6

+ ρ̄

3

4

−

1024

81

¯ ρ

2

6

)

, (4.20)

where one only has to c hec k w̄

¯

R

14

⊥ { ¯ ι

6

, ¯ ι

10

, ¯ ι

2

6

} and w̄

¯

R

18

⊥ { ¯ ι

6

, ¯ ι

10

, ¯ ι

2

6

, ¯ ι

6

¯ ι

10

, ¯ ι

3

6

,¯ w

¯

R

14

} . This is

left to the reader.

4.2 Orthogonal Decomp osition of

¯

M

T

Our next goal is to answ er the question on the precise tetrahedral symmetry for the

equiv arian ts as w ell. Our pro ceeding will b e v ery similar to the one in the preceding

subsection. P articularly , w e will skip argumen ts whenev er things w ork out the same w a y .

A mapping b : R

3

→ R

3

is equiv arian t with resp ect to a subgroup L ⊂ O (3) if

γ b ( ζ ) = b ( γ ζ ) , for all ζ ∈ R

3

and γ ∈ L.

The related L − action on mappings from R

3

in to R

3

is defined b y

( γ b )( ζ ) := γ b ( γ

− 1

ζ ) , ζ ∈ R

3

and γ ∈ L ⊂ O (3) . (4 . 21)

30

Ob viously b : R

3

→ R

3

is L − equiv arian t if and only if b is in v arian t with resp ect to this

L − action (i.e. γ b = b for all γ ∈ L ). W e start defining for the equiv arian ts similar linear

spaces as w e did for the in v arian ts.

Definition 4.12

M := { e : R

3

→ R

3

| e is p olynomial }

M

i

:= { e ∈ M | e is homo gene ous and deg ( e ) = i }

M

≤ i

:= i

⨁

j =0

M

j

= { e ∈ M | deg ( e ) ≤ i }

M

L

:= { e ∈ M | γ e = e for al l γ ∈ L } .

The sp ac es M

L

i and M

L

≤ i ar e define d analo gously.

Resuming the results of the last section on equiv arian ts w e kno w a minimal set of gener-

ators for the mo dules M

L

:

Corollary 4.13

M

T

= < ϵ

1

, ϵ

2

, ϵ

3 a

, ϵ

3 b

, ϵ

4

, ϵ

5

>

R

O

− , M

T ⊕ Z c

2

= < ϵ

1

, ϵ

3 a

, ϵ

3 b

, ϵ

5

, τ

3 ϵ

2

, τ

3 ϵ

4

>

R

O ⊕ Z c

2

M

O

= < ϵ

1

, ϵ

3 a

, ϵ

4

, τ

3 ϵ

2

, τ

3 ϵ

3 b

, τ

3 ϵ

5

>

R

O ⊕ Z c

2

, M

O

−

= < ϵ

1

, ϵ

2

, ϵ

3 a

>

R

O

−

M

O ⊕ Z c

2

= < ϵ

1

, ϵ

3 a

, τ

3 ϵ

2

>

R

O ⊕ Z c

2

, M

I ⊕ Z c

2

= < ϵ

1

, ∇ ι

6

, ∇ ι

10

>

R

I ⊕ Z c

2

.

The dimension of M

L

i

, L = T , T ⊕ Z c

2

, O , O

−

, O ⊕ Z c

2

, I and I ⊕ Z c

2

, is given by the i -th

c o efficient of the Poinc ar ´ e–series P

L

M

(cf. Se ction 3).

Pro of. The last three statemen ts are ob vious from our previous results. In the first three

statemen ts one con tainmen t relation is also ob vious. The other one is obtained from

the P oincar ´ e–series. There is a P oincar ´ e–series asso ciated to the mo dule generated b y

elemen ts on the righ t hand side o v er the resp ectiv e ring. It can b e easily c hec k ed that it

coincides with the P oincar ´ e–series for the left hand side. By inclusion the t w o sides are

equal.

Actually , w e are again only in terested in the restrictions of the ab o v e p olynomial mappings

to the sphere S

2

. Therefore let

Definition 4.14

¯

M := { ē : S

2

→ R

3

| ∃ e ∈ M with e

| S

2 = ē }

and similarly, define

¯

M

i

,

¯

M

≤ i

,

¯

M

L

,

¯

M

L

i and

¯

M

L

≤ i as line ar sp ac es of the r estrictions of

the appr opriate p olynomial mappings.

Again it follo ws immediately:

31

Corollary 4.15

¯

M

T

= < ϵ̄

1

, ϵ̄

2

, ϵ̄

3 a

, ϵ̄

3 b

, ϵ̄

4

, ϵ̄

5

>

¯

R

O

− ,

¯

M

T ⊕ Z c

2

= < ϵ̄

1

, ϵ̄

3 a

, ϵ̄

3 b

, ϵ̄

5

, τ̄

3 ϵ̄

2

, τ̄

3 ϵ̄

4

>

¯

R

O ⊕ Z c

2

¯

M

O

= < ϵ̄

1

, ϵ̄

3 a

, ϵ̄

4

, τ̄

3 ϵ̄

2

, τ̄

3 ϵ̄

3 b

, τ̄

3 ϵ̄

5

>

¯

R

O ⊕ Z c

2

,

¯

M

O

−

= < ϵ̄

1

, ϵ̄

2

, ϵ̄

3 a

>

¯

R

O

−

¯

M

O ⊕ Z c

2

= < ϵ̄

1

, ϵ̄

3 a

, τ̄

3 ϵ̄

2

>

¯

R

O ⊕ Z c

2

,

¯

M

I ⊕ Z c

2

= < ϵ̄

1

, ∇ ι

6

, ∇ ι

10

>

¯

R

I ⊕ Z c

2

.

Similar to the in v arian ts

¯

M

L

i

, i ∈ N , spans the whole space

¯

M

L

, but the sum is no longer

direct. F or instance in case L = T the relev an t subspaces for the decomp osition of

¯

M

T

are

¯

S

T

i

:= < ϵ̄

1

>

¯

Q

O

−

i − 1

+ < ϵ̄

2

>

¯

Q

O

−

i − 2

+ < ϵ̄

3 a

>

¯

Q

O

−

i − 3

+ < ϵ̄

3 b

>

¯

Q

O

−

i − 3

+ < ϵ̄

4

>

¯

Q

O

−

i − 4

+ < ϵ̄

5

>

¯

Q

O

−

i − 5

(4 . 22)

with i ≥ 0 and

¯

Q

L

i defined in Subsection 4.1 (

¯

Q

L

i

:= { 0 } in case i is negativ e). Define

¯

S

L

i

similar for the other relev an t subgroups L using their generators from Corollary 4.15 and

the resp ectiv e generating ring.

The in terpretation of

¯

S

L

i is similar to the one of

¯

Q

L

i

:

¯

S

L

i con tains restrictions of p olynomial

mappings of degree i , but not less than i .

Prop osition 4.16 We have for L ⊃ T and j ≥ 1

j

⨁

i =1

¯

S

L

i

=

¯

M

L

≤ j as wel l as

∞

⨁

i =1

¯

S

L

i

=

¯

M

L

. (4 . 23)

The sum in (4.22) (and similar for the other c ases of L ) is dir e ct and the dimension of

the sp ac es

¯

S

L

i c an b e obtaine d by the c o efficients of the mo difie d Poinc ar ´ e–series

P

L

¯

M

( s ) = (1 − s

2

) · P

L

M

( s ) .

Pro of. W e pro v e this prop osition again only in the case L = T , for the other cases are

similar. F or (4.23) it suffices to pro v e the first equation.

¯

S

T

1

+ . . . +

¯

S

T

j

=

¯

M

T

≤ j follo ws

from

⨁

k

i =0

¯

Q

O

−

i

=

¯

R

O

−

≤ k

(cf. Prop osition 4.5). The only non trivial statemen t is that the

sum is direct. W e claim

¯

S

T

i

∩

¯

S

T

j

= { 0 } for i ≠ j .

Assume there w ere some ē ∈ (

¯

S

T

i

∩

¯

S

T

j

) \{ 0 } . Using the index set I := { 1 , 2 , 3 a, 3 b, 4 , 5 }

w e find q̄

i − β

∈

¯

Q

O

−

i − β and p̄

j − β

∈

¯

Q

O

−

j − β

, β ∈ I (with the ob vious abuse of notation), suc h

that

32

¯ e =

∑

β ∈ I

¯ q

i − β ϵ̄

β

=

∑

β ∈ I

¯ p

j − β ϵ̄

β

,

and at least one of the q̄

′

s and one of the p̄

′

s is nonzero. Th us ē is the restriction of

t w o homogeneous p olynomial mappings e

i and e

j of degree i and j , resp ectiv ely . W e find

q

i − β

∈ R

O

−

i − β and p

j − β

∈ R

O

−

j − β suc h that

e

i

=

∑

β ∈ I q

i − β ϵ

β and e

j

=

∑

β ∈ I p

j − β ϵ

β

. (4 . 24)

No w e

i homogeneous of degree i giv es

e

i

( x, y , z ) = | ( x, y , z ) | i

¯ e

(

( x, y , z )

| ( x, y , z ) |

)

, (4 . 25)

and similar for e

j

. W e conclude e

i

( x, y , z ) = e

j

( x, y , z ) | ( x, y , z ) | i − j

(w.l.o.g. i > j ).

Certainly i − j m ust b e an o dd n um b er, b ecause e

i w as a p olynomial mapping. Therefore

k := i − j

2

∈ N and w e obtain e

i

= ρ k

2 e

j

. T ogether with (4.24) w e get

∑

β ∈ I

( q

i − β

− ρ k

2 p

j − β

)

∈R

O

− ϵ

β

= 0 .

But < ϵ

1

, ϵ

2

, ϵ

3 a

, ϵ

3 b

, ϵ

4

, ϵ

5

>

R

O

− ga v e a minimal set of generators (cf. the P oincar ´ e–series

for M

T

) and therefore all co efficien ts in the ab o v e equation m ust b e zero: q

i − β

= ρ k

2 p

j − β

for all β ∈ I . W e assumed that at least one of the p̄

′

s and hence of the p

′

s is nonzero, e.g.

p

j − β

0

, giving q

i − β

0

∉

¯

Q

O

−

i − β

0

. This is a con tradiction.

T o see that the sum in (4.22) is direct w e can use a similar argumen t as w e used in (4.25).

A t last the statemen t on the P oincar ´ e–series of

¯

M

T

is no w immediately clear from

dim

¯

S

T

i

=

∑

β ∈ I dim

¯

Q

O

−

i − β

and the P oincar ´ e–series of

¯

R

O

−

.

Before w e con tin ue searc hing an appropriate decomp osition of

¯

M

T

, w e ha v e to in tro duce

the canonical scalar pro duct on [ L

2

( S

2

)]

3

( ē ,

¯

b )

[ L

2

( S

2

)]

3 :=

3

∑

i =1

( ē

[ i ]

,

¯

b

[ i ]

)

L

2

( S

2

)

, for ē ,

¯

b ∈ [ L

2

( S

2

)]

3

.

33

It is easy to see that this scalar pro duct is O (3) in v arian t: ( γ ē , γ

¯

b )

[ L

2

( S

2

)]

3 = ( ē ,

¯

b )

[ L

2

( S

2

)]

3

for an y γ ∈ O (3) .

Before w e w an t to giv e a decomp osition of

¯

M

T

, w e start decomp osing

¯

M

O

and

¯

M

O

−

.

The follo wing t w o subsets of

¯

M

T

will pro v e to b e imp ortan t for us. Set

¯

N

O

:= < ϵ̄

4

, τ̄

3 ϵ̄

3 b

, τ̄

3 ϵ̄

5

>

¯

R

O ⊕ Z c

2 and

¯

N

O

−

:= < ϵ̄

2

, τ̄

3 ϵ̄

1

, τ̄

3 ϵ̄

3 a

>

¯

R

O ⊕ Z c

2

. (4 . 26)

Theorem 4.17 L et T ⊂ O (3) b e fixe d as in Subse ction 3.1.1 and let O

−

and O ⊕ Z c

2 b e

sup er gr oups of T . Then

¯

M

O

=

¯

M

O ⊕ Z c

2

⊕

¯

N

O

(4.27)

and

¯

M

O

−

=

¯

M

O ⊕ Z c

2

⊕

¯

N

O

−

(4.28)

holds, wher e b oth de c omp ositions ar e ortho gonal in [ L

2

( S

2

)]

3

.

Pro of. F rom Corollary 4.15 w e infer

¯

M

O ⊕ Z c

2

+

¯

N

O

=

¯

M

O

and for

¯

M

O ⊕ Z c

2

+

¯

N

O

−

=

¯

M

O

−

w e use additionally

¯

R

O

−

=

¯

R

O ⊕ Z c

2

⊕ τ̄

3

·

¯

R

O ⊕ Z c

2

from Theorem 4.7.

All that remains to b e sho wn is that b oth decomp ositions are orthogonal, b ecause then

they are direct as w ell. W e ha v e to sho w

( ē ,

¯

b )

[ L

2

( S

2

)]

3 = 0 , for all ē ∈

¯

M

O ⊕ Z c

2

and

¯

b ∈

¯

N

O

−

∪

¯

N

O

.

W e ha v e for γ := − 1 ∈ O ⊕ Z c

2 that γ

¯

b = −

¯

b for an y

¯

b ∈

¯

N

O

−

∪

¯

N

O

, b ecause

¯

b is a

restriction of a p olynomial of ev en degree. On the other hand γ ē = ē for ē ∈

¯

M

O ⊕ Z c

2

and

the theorem follo ws from the O (3) − in v ariance of the scalar pro duct.

The theorem yields that the elemen ts in

¯

N

O

−

and

¯

N

O

con tain the ‘real’ O and O

−

equiv arian t mappings. Let us no w decomp ose

¯

M

T

in to spaces of more symmetry .

Theorem 4.18 L et T ⊂ O (3) b e fixe d as in Se ction 3 and O ⊃ T . Using U

¯

M

:= <

ϵ̄

3 b

, ϵ̄

5

, τ̄

3 ϵ̄

4

>

¯

R

O ⊕ Z c

2

, we claim

¯

M

T ⊕ Z c

2

=

¯

M

O ⊕ Z c

2

⊕ U

¯

M

(4.29)

and

¯

M

T

=

¯

M

O ⊕ Z c

2

⊕

¯

N

O

⊕

¯

N

O

−

⊕ U

¯

M

. (4.30)

Both de c omp ositions ar e p airwise ortho gonal with r esp e ct to ( ., . )

[ L

2

( S

2

)]

3 .

34

Pro of. The ab o v e decomp ositions are clearly p ossible b y Corollary 4.15.

T o pro v e orthogonalit y note that Theorem 4.17 already giv es

¯

N

O

⊥

¯

M

O ⊕ Z c

2

and

¯

N

O

−

⊥

¯

M

O ⊕ Z c

2

.

¯

N

O

⊥ U

¯

M

and

¯

N

O

−

⊥ U

¯

M

follo w b y the same argumen t giv en in that pro of.

T o see

¯

N

O

−

⊥

¯

N

O

and

¯

M

O ⊕ Z c

2

⊥ U

¯

M

w e use an elemen t of order 4 ξ

4

∈ O \ T . Observ e

that

ξ

4

¯

b = −

¯

b for all

¯

b ∈

¯

N

O

−

∪ U

¯

M

and the pro of is accomplished.

F rom the ab o v e theorem w e conclude, that b esides U

¯

M

all comp onen ts in the decomp o-

sition of

¯

M

T

ha v e actually more symmetry than only T or T ⊕ Z c

2

. Our final goal is to

separate from U

¯

M

⊂

¯

M

T ⊕ Z c

2

those mappings whic h ha v e more symmetry (in the sense

that they are a sum of mappings in

¯

M

O ⊕ Z c

2

and

¯

M

I ⊕ Z c

2

). W e pro ceed as in Subsection

4.1.

Similarly , let V

¯

M

:= Pro j

U

¯

M (

¯

M

I ⊕ Z c

2

) ⊂ U

¯

M

(with Pro j

U

¯

M the orthogonal pro jection on

U

¯

M

resulting from the decomp osition (4.29)). The space U

¯

M

decomp oses orthogonally

to

U

¯

M

= V

¯

M

⊕ W

¯

M

, (4 . 31)

where W

¯

M

:= { ū ∈ U

¯

M

| ( ū , v̄ )

[ L

2

( S

2

)]

3 = 0 , ∀ v̄ ∈ V

¯

M

} = Pro j

⊥

U

¯

M

(

¯

M

I ⊕ Z c

2

) ⊂ U

¯

M

. No w

V

¯

M

⊂ Span {

¯

M

O ⊕ Z c

2

,

¯

M

I ⊕ Z c

2

} . (4 . 32)

follo ws in the same fashion as (4.9) for V

¯

R

w as deriv ed.

Again, the elemen ts in V

¯

M

can all b e written as a sum of t w o p olynomial mappings with

the additional symmetry O ⊕ Z c

2 or I ⊕ Z c

2

, resp ectiv ely . Only the space W

¯

M

seems to ha v e

pure T ⊕ Z c

2 symmetry:

Theorem 4.19 L et T ⊂ O (3) b e as in Se ction 3 and let O as wel l as I b e sup er gr oups

of T as b efor e. Using the sp ac es V

¯

M

and W

¯

M

define d ab ove we claim

¯

M

O ⊕ Z c

2

⊕ V

¯

M

= Span {

¯

M

O ⊕ Z c

2

,

¯

M

I ⊕ Z c

2

} . (4 . 33)

Conse quently,

W

¯

M

⊥ Span {

¯

M

O ⊕ Z c

2

,

¯

M

I ⊕ Z c

2

} (4.34)

and

¯

M

T ⊕ Z c

2

= Span {

¯

M

O ⊕ Z c

2

,

¯

M

I ⊕ Z c

2

} ⊕ W

¯

M

(4.35)

holds. F urthermor e, W

¯

M

is indep endent of the p articular choic e of I ⊃ T (cf. Subsub-

se ction 3.1.6).

35

Pro of. W e omit this pro of, b ecause it can b e done along the lines of the pro of of Theorem

4.8, where w e ha v e sho wn the analogous statemen t for W

¯

R

.

Again elemen ts in W

¯

M

will b e of ma jor in terest to us, since they con tain all elemen ts with

precise T ⊕ Z c

2 symmetry . The follo wing definition pro vides subspaces, whic h ev en tually

giv e the decomp osition of W

¯

M

. F or the rest of this section w e are only in terested in

p olynomial mappings whic h are at least T ⊕ Z c

2

− equiv arian t. Observ e that the elemen ts

of

¯

M

T ⊕ Z c

2

are all restrictions of p olynomials of o dd degree (cf. Corollary 4.15), so w e do

not ha v e to w orry ab out an y ev en degree p olynomial mappings.

Definition 4.20 L et W

¯

M

2 j +1

, j ≥ 0 b e r e cursively define d as the maximal subsp ac e of

¯

M

T ⊕ Z c

2

2 j +1

∩ U

¯

M

=

¯

M

T ⊕ Z c

2

≤ 2 j +1

∩ U

¯

M

⊂ U

¯

M

which satisfies the c ondition

W

¯

M

2 j +1

⊥ Span {

¯

M

I ⊕ Z c

2

≤ 2 j +1

, j − 1

⨁

i =0

W

¯

M

2 i +1

} . (4 . 36)

Some of these subspaces will only con tain 0, and therefore these subspaces w on’t con-

tribute m uc h to our decomp osition. Theorem 4.22 will tell us exactly whic h of them. W e

ha v e:

Theorem 4.21 ( W

¯

M

2 j +1

)

j ≥ 0 is a se quenc e of p airwise ortho gonal subsp ac es in [ L

2

( S

2

)]

3

which satisfy

W

¯

M

2 j +1

⊥ Span {

¯

M

O ⊕ Z c

2

,

¯

M

I ⊕ Z c

2

} . (4 . 37)

In p articular, they form an ortho gonal de c omp osition of W

¯

M

:

W

¯

M

=

∞

⨁

j =0

W

¯

M

2 j +1

. (4 . 38)

Pro of. Once more w e mak e use of the pro of of the analogous theorem in Subsection 4.1.

Replace just the pro jection Q

L

¯

R on to

¯

R

L

b y

Q

L

¯

M

( ē ) := Pro j ¯

M

L ( ē ) =

1

| L |

∑

γ ∈ L γ ē ∈

¯

M

L

, for ē ∈

¯

M ,

using the action (4.21) of L on

¯

M . Ev erything else w orks out as b efore, no w with the

new scalar pro duct on [ L

2

( S

2

)]

3

.

The next theorem in this section will tell us ho w large W

¯

M

2 j +1 actually is.

36

Theorem 4.22 We obtain for any j ≥ 0

¯

M

T ⊕ Z c

2

≤ 2 j +1

= Span

{

¯

M

O ⊕ Z c

2

≤ 2 j +1

,

¯

M

I ⊕ Z c

2

≤ 2 j +1

}

⊕ j

⨁

i =0

W

¯

M

2 i +1

. (4 . 39)

F urthermor e, the dimension of W

¯

M

2 j +1 is given by the c o efficient of s

2 j +1

in the Poinc ar ´ e–

series

P

W

¯

M

( s ) := s

3

( 1 + s

6

+ s

12

)

( 1 − s

4

) ( 1 − s

10

)

(4.40)

= s

3

+ s

7

+ s

9

+ s

11

+ 2 s

13

+ 2 s

15

+ 2 s

17

+ 3 s

19

+ O

(

s

21

)

.

Pro of. Equation (4.39) follo ws again from (4.35) and (4.38) b y pro jecting b oth sides to

¯

M

T ⊕ Z c

2

≤ 2 j +1

.

Prop osition 4.16 giv es the decomp osition

¯

M

T ⊕ Z c

2

≤ 2 j +1

=

⨁

j

i =0

¯

S

T ⊕ Z c

2

2 i +1

(note that

¯

S

T ⊕ Z c

2

2 i

= { 0 } )

and similar ones for

¯

M

O ⊕ Z c

2

≤ 2 j +1 and

¯

M

I ⊕ Z c

2

≤ 2 j +1

. With an argumen t v ery similar to the one giv en

in the pro of of Theorem 4.11, w e find for j ≥ 0:

dim W

¯

M

2 j +1

= dim

¯

S

T ⊕ Z c

2

2 j +1

− ( dim

¯

S

O ⊕ Z c

2

2 j +1

+ dim

¯

S

I ⊕ Z c

2

2 j +1

− dim

¯

S

O (3)

2 j +1

) .

The P oincar ´ e–series of O (3) for the mo dule is P

O (3)

M

( s ) = s

1 − s

2 and hence P

O (3)

¯

M

( s ) = s

giving dim

¯

S

O (3)

2 j +1

. Using Prop osition 4.16, dim W

¯

M

2 j +1 is therefore giv en b y the (2 j + 1)–th

co efficien t of the P oincar ´ e–series

P

W

¯

M

( s ) = P

T ⊕ Z c

2

¯

M

( s ) − ( P

O ⊕ Z c

2

¯

M

( s ) + P

I ⊕ Z c

2

¯

M

( s ) − P

O (3)

¯

M

( s ))

= s + 2 s

5

+ 2 s

3

+ s

7

( 1 − s

4

) ( 1 − s

6

)

− s + s

3

+ s

5

( 1 − s

4

) ( 1 − s

6

)

− s + s

5

+ s

9

( 1 − s

6

) ( 1 − s

10

)

+ s

= s

3

( 1 + s

6

+ s

12

)

( 1 − s

4

) ( 1 − s

10

)

.

Note that again W

¯

M

is not an algebra. W e find e.g. W

¯

M

3

= Span { w̄

¯

M

3

} and W

¯

M

7

=

Span { w̄

¯

M

7

} with

¯ w

¯

M

3

:= ϵ̄

3 b and w̄

¯

M

7

:= −

15

11

¯ ρ

2

2 ϵ̄

3 b

+ 3 ρ̄

4 ϵ̄

3 b

+ 12 τ̄

3 ϵ̄

4

.

37

Since w̄

¯

M

3 and w̄

¯

M

7 are ob viously in U

¯

M

w e only ha v e to c hec k w̄

¯

M

3

⊥

¯

M

I ⊕ Z c

2

≤ 3

= Span { ϵ̄

1

}

and w̄

¯

M

7

⊥ Span {

¯

M

I ⊕ Z c

2

≤ 7

, W

¯

M

3

} = Span { ϵ̄

1

, ∇ ι

6

, ¯ ι

6 ϵ̄

1

,¯ w

¯

M

3

} .

Some more structure of the space W

¯

M

can b e seen in the last theorem of this section.

Theorem 4.23 W

¯

R

is emb e dde d in W

¯

M

in the fol lowing sense:

W

¯

R

ϵ̄

1

⊂ W

¯

M

and ∇ W

¯

R

:= { ∇ p | p ∈ R , p is homo gene ous and p

| S

2 = p̄ ∈ W

¯

R

} ⊂ W

¯

M

.

Pro of. W e ha v e ē ∈ W

¯

R

ϵ̄

1

⊂

¯

M

T ⊕ Z c

2

, since W

¯

R

⊂

¯

R

T ⊕ Z c

2

. All w e ha v e to sho w b y

Theorem 4.19 is

¯ e ⊥ Span {

¯

M

O ⊕ Z c

2

,

¯

M

I ⊕ Z c

2

} ,

or, equiv alen tly , w e ha v e to sho w Q

L

¯

M

( ē ) = 0 for L = O ⊕ Z c

2 and I ⊕ Z c

2

. But this follo ws

from W

¯

R

⊥ Span {

¯

R

O ⊕ Z c

2

,

¯

R

I ⊕ Z c

2

} :

Q

L

¯

M

( ē ) = Q

L

¯

M

(¯ w

¯

R

ϵ̄

1

) = Q

L

¯

R

(¯ w

¯

R

) ϵ̄

1

= 0 .

The second assertion is an immediate consequence of

Q

L

M

( ∇ p ) = ∇ Q

L

R

( p ) for p ∈ R .

5 P arametrization of the Fixed-P oin t Subspaces

In the sequel w e deriv e parametrizations for elemen ts of Υ ∈ H

( L,G/H ) in the case G =

O (3) , H = O (2) ⊕ Z c

2 or O (2)

−

and L a sup ergroup of T . These parametrizations will b e

necessary to ev aluate the flo w form ula (2.22) in the next section.

W e assume that the k ernel k er A ( λ

0

) ⊂ L

2

( S

2

) is irreducible for the giv en (standard)

O (3) − action. This assumption will guaran tee easy parametrizations of the relev an t con-

nections. T o see that, w e in tro duce the space S H

l

⊂ L

2

( S

2

) of spherical harmonics in

three v ariables and of degree l ∈ N

0

. It is w ell kno wn that an y irreducible represen tation

of O (3) is isomorphic to the (min us or plus) represen tation of O (3) on S H

l

, for some l

(see for instance [ 5 ], Chapter XI I I Theorem 7.5).

Our sp ecial situation, ho w ev er, is ev en b etter. Since k er A ( λ

0

) is already a subspace of

L

2

( S

2

) , w e claim that k er A ( λ

0

) is actually equal to some S H

l

(equipp ed with the standard

action). The restriction of the standard represen tation of O (3) on L

2

( S

2

) to S H

l is usually

called the natural represen tation of O (3) on S H

l

. This is the min us represen tation for l

o dd and the plus represen tation for l ev en (see [ 5 ] Chapter XI I I § 9 (e)).

38

Lemma 5.1 L et { 0 } ≠ V ⊂ L

2

( S

2

) b e an irr e ducible r epr esentation for the standar d

action of O (3) . Then

V = S H

l

0

, for some l

0

∈ N

0

.

F urthermor e the O (3) − mo dule V is e qual to the O (3) − mo dule S H

l

0

, wher e O (3) is acting

natur al ly.

Pro of. Consider the orthogonal pro jections on to S H

l

, i.e. P

l

: L

2

( S

2

) → S H

l

⊂ L

2

( S

2

) .

They are ob viously O (3) − equiv arian t. Due to the irreducibilit y of V and S H

l it follo ws

that the restriction P

l | V

: V → S H

l is either trivial or an O (3) − equiv arian t isomorphism.

Since V w as not trivial and L

2

( S

2

) =

⨁

∞

l =0

S H

l

(see [ 18 ] pp. 436-457) w e deriv e that there

is at least one l

0

∈ N

0

, suc h that V

∼

= S H

l

0 via P

l

0

. On the other hand dim ( S H

l

) = 2 l + 1

giv es that l

0 is the only l ∈ N

0 with P

l | V is non trivial. Hence,

S H

l

0

∼

= V = P

l

0

( V ) ⊂ S H

l

0

giving V = S H

l

0

. Therefore, P

l

0 | V is just the iden tit y and V as an O (3) − mo dule is

equal to S H

l

0 as O (3) − mo dule equipp ed with the standard action, whic h is the natural

represen tation of O (3) on S H

l

0

.

W e no w consider axisymmetric elemen ts in S H

l

. If SO (2) ⊂ O (3) is fixed, there is

(up to m ultiples) only one axisymmetric spherically harmonic p olynomial of degree l .

Cho osing SO (2) rotating ab out the x − axis, this p olynomial is giv en b y (cf. for instance

[ 9 ], Theorem 2.4.6)

u

∗

l

= u

∗

l

( x, y , z ) :=

[ l

2

]

∑

ν =0

( − 1) ν

q

ν x l − 2 ν

( z

2

+ y

2

) ν

(5.1)

q

0

= 1 , 4 ν

2

q

ν

= ( l − 2 ν + 2)( l − 2 ν + 1) q

ν − 1

, ν ≥ 1 .

Ob viously ,

Σ

u

∗

l

=

{

O (2) ⊕ Z c

2 for l ev en

O (2)

−

for l o dd

. (5 . 2)

The group orbit O ( u

∗

l

) ⊂ S H

l is isomorphic to O (3) / Σ

u

∗

l

= O (3) /H . In the t w o relev an t

cases for H w e ha v e

O (3) / ( O (2) ⊕ Z c

2

)

∼

= P

2

(5.3)

O (3) / O (2)

−

∼

= S

2

. (5.4)

39

In order to parametrize connections Υ of ( L, G/H ) w e searc h for an injectiv e curv e γ :

(0 , φ

∗

) → O (3) suc h that

ω

l

( φ ) := γ ( φ ) u

∗

l

∈ S H

l

parametrizes a one–dimensional subset of F ix

O ( u

∗

l

)

( L

′

)

∼

= F ix

G/H

( L

′

) , L

′

⊂ L , whic h

connects t w o elemen ts of E

( L,G/H )

(cf. (1.12)). The follo wing subsections will pro vide

suc h parametrizations for the v arious cases of L ⊃ T .

Although w e do not calculate the fixed-p oin t spaces in detail, w e remark that w e mak e

use of the subnormalizer N

G

( L, H ) := { γ ∈ G | L ⊂ γ H γ

− 1

} (cf. [ 8 ]). It w as sho wn in

[ 12 ], Prop osition 1.7, that

F ix

G/H

( L

′

) = N

G

( L

′

, H ) /H ⊂ G/H

holds (see also [ 11 ] for a differen t w a y to calculate F ix

G/H

( L

′

) ). W e are, ho w ev er,

in terested in the particular fixed-p oin t space F ix

O ( u

∗

l

)

( L

′

) ⊂ k er A ( λ

0

) = S H

l

, where

O ( u

∗

l

)

∼

= O (3) /H and Σ

u

∗

l

= H . W e find

F ix

O ( u

∗

l

)

( L

′

) = N

G

( L

′

, H ) u

∗

l

⊂ O ( u

∗

l

) ⊂ S H

l

.

5.1 The Fixed-P oin t Subspaces for L = T , T ⊕ Z c

2 and for H =

O (2) ⊕ Z c

2

, O (2)

−

W e start discussing the case L = T and H = O (2) ⊕ Z c

2

. Since

O (3) / ( O (2) ⊕ Z c

2

)

∼

= P

2

∼

= SO (3) / O (2) , (5 . 5)

this is clearly almost the same example as giv en at the end of Section 1. The subgroups

of T with non trivial fixed-p oin t subspace are L

′

= Z

2

, D

2 and Z

3 with

F ix

O (3) / ( O (2) ⊕ Z c

2

)

( Z

2

)

∼

= S

1

∪ 1 pt, F ix

O (3) / ( O (2) ⊕ Z c

2

)

( D

2

)

∼

= 3 pt

F ix

O (3) / ( O (2) ⊕ Z c

2

)

( Z

3

)

∼

= 1 pt.

The set F ix

( T , O (3) / ( O (2) ⊕ Z c

2

))

, defined as the union of all the non trivial fixed-p oin t spaces

(cf. (1.14)) is depicted in Figure 2.

Using

40

Figure 2: F ix

( T , O (3) / ( O (2) ⊕ Z c

2

))

•

u

∗

l

/D

2

•

D

2

•

D

2

• Z

3 w

l

/ Z

2

Z

2

Z

2 z

y x

γ

ω

( φ ) = cos ( φ ) 0 − sin ( φ )

0 1 0

sin ( φ ) 0 cos ( φ )

,

w e find the parametrization for the connection of ( T , O (3) / ( O (2) ⊕ Z c

2

) ) b et w een u

∗

l and

the spherically harmonic function of (ev en) degree l whic h is axisymmetric with resp ect to

the z -axis. Both equilibria whic h are connected b y this branc h lie (iden tify F ix

O ( u

∗

l

)

( D

2

),

l ev en, with F ix

O (3) / ( O (2) ⊕ Z c

2

)

( D

2

)) in F ix

O (3) / ( O (2) ⊕ Z c

2

)

( D

2

). F or l = 2 this giv es a branc h

b et w een u

∗

2

= 2 x

2

− ( y

2

+ z

2

) and 2 z

2

− ( y

2

+ x

2

). F or φ ∈ (0 , π

2

) let

ω

2

( φ ) := γ

ω

( φ ) u

∗

2

= (2 − 3 sin

2

( φ )) x

2

+ (2 − 3 cos

2

( φ )) z

2

+ 6 cos ( φ ) sin ( φ ) xz − y

2

. (5 . 6)

The other connections b et w een equilibria in F ix

O (3) / ( O (2) ⊕ Z c

2

)

( D

2

) cannot giv e an y new

information concerning the flo w, b ecause all connections lie on the same T − orbit. W e

will not mak e use of other ev en l parametrizations, b ecause the computational effort w e

ha v e to mak e in Section 6 rises quic kly . Nev ertheless, for small l it w ould still b e p ossible

to obtain similar results for higher dimensional represen tations of the k ernel.

Considering L = T ⊕ Z c

2 instead of L = T , nothing really new happ ens. Some new

subgroups of T ⊕ Z c

2 are of the form L

′

or L

′

⊕ Z c

2

, where L

′

is a subgroup of T . There

are, ho w ev er, also t w o class I I I subgroups in T ⊕ Z c

2

(cf. [ 5 ], XI I I Section 9 for the class

I I I subgroups of O (3) ). The first is Z

−

2

= { 1 , − ξ

2

} , where ξ

2 is the generator of some

Z

2

⊂ T . The second is D z

2

= Z

2

∪ {− γ , γ ∈ D

2

\ Z

2

} with again Z

2

⊂ D

2

⊂ T .

41

Since all elemen ts in O (3) / ( O (2) ⊕ Z c

2

) are in v arian t under γ = − 1 one gets for L

′

⊂ T

F ix

O (3) / ( O (2) ⊕ Z c

2

)

( L

′

) = F ix

O (3) / ( O (2) ⊕ Z c

2

)

( L

′

⊕ Z c

2

)

and F ix

( T ⊕ Z c

2

, O (3) / ( O (2) ⊕ Z c

2

)) in Figure 3 follo ws easily .

Figure 3: F ix

( T ⊕ Z c

2

, O (3) / ( O (2) ⊕ Z c

2

)) and F ix

( T ⊕ Z c

2

, O (3) / O (2)

−

)

•

D

2

⊕ Z c

2

•

D

2

⊕ Z c

2

•

D

2

⊕ Z c

2

•

Z

3

⊕ Z c

2

Z

2

⊕ Z c

2

Z

2

⊕ Z c

2

Z

2

⊕ Z c

2

•

D z

2

•

D z

2

•

D z

2

• Z

3

Z

−

2

Z

−

2

Z

−

2

The parametrization from ab o v e is sufficien t for this case as w ell. Considering H = O (2)

−

w e ha v e O (3) / O (2)

−

∼

= S

2

and the non trivial fixed-p oin t subspaces are for L

′

= Z

−

2

, D z

2

and Z

3

: F ix

O (3) / O (2)

− ( Z

−

2

)

∼

= S

1

, F ix

O (3) / O (2)

− ( D z

2

)

∼

= 2 pt and F ix

O (3) / O (2)

− ( Z

3

)

∼

= 2 pt

(cf. Figure 3). There is, of course, also a non trivial fixed-p oin t subspace for Z

2

⊂ D z

2

.

Ho w ev er, it is the same as the one for D z

2

, and therefore not w orth men tioning.

W e do need a new parametrization for the connections of ( T ⊕ Z c

2

, O (3) / O (2)

−

), since the

isotrop y subgroup Σ

u

∗

l

= O (2)

−

is only p ossible for o dd l . In the case l = 3 w e get the

branc h b et w een u

∗

3

= 2 x

3

− 3 x ( y

2

+ z

2

) and 2 z

3

− 3 z ( y

2

+ x

2

) as

ω

3

( φ ) := γ

ω

( φ ) u

∗

3

=

(

− 3 + 5 cos

2

( φ )

)

cos ( φ ) x

3

+

(

2 − 5 cos

2

( φ )

)

sin ( φ ) z

3

+3

(

− 1 + 5 cos

2

( φ )

)

sin ( φ ) x

2

z + 3

(

4 − 5 cos

2

( φ )

)

cos ( φ ) xz

2

− 3 y

2

( cos ( φ ) x + sin ( φ ) z ) , φ ∈ (0 , π

2

) . (5.7)

Using φ

∗

ω , T

:= π

2 w e denote the ab o v e constructed connections b y

Υ ω , T

l

:= { ω

l

( φ ) , φ ∈ (0 , φ

∗

ω , T

) } . (5 . 8)

In the last case L = T and H = O (2)

−

w e find only F ix

O (3) / O (2)

− ( Z

2

)

∼

= 2 pt and

furthermore F ix

O (3) / O (2)

− ( Z

3

)

∼

= 2 pt remains left. That means there are no connections

of ( T , O (3) / O (2)

−

).

42

5.2 The Fixed-P oin t Subspaces for L = O , O

−

, O ⊕ Z c

2 and for

H = O (2) ⊕ Z c

2

, O (2)

−

W e b egin discussing L = O and H = O (2) ⊕ Z c

2

. Once more O (3) / ( O (2) ⊕ Z c

2

)

∼

= P

2

∼

=

SO (3) / O (2) reduces our problem to something kno wn (cf. [ 12 ], T able 1).

The subgroups of O with non trivial fixed-p oin t subspace are L

′

= Z

2

, D x

2

, D

4 and D

3

(w e denote b y D x

2 the D

2 subgroup of O whic h is not normal in O ; this is equiv alen t to

D x

2

⊄ D

4

⊂ O ). It follo ws:

F ix

O (3) / ( O (2) ⊕ Z c

2

)

( Z

2

)

∼

= S

1

∪ 1 pt, F ix

O (3) / ( O (2) ⊕ Z c

2

)

( D x

2

)

∼

= 3 pt

F ix

O (3) / ( O (2) ⊕ Z c

2

)

( D

3

)

∼

= 1 pt, F ix

O (3) / ( O (2) ⊕ Z c

2

)

( D

4

)

∼

= 1 pt.

Figure 4: F ix

( O , O (3) / ( O (2) ⊕ Z c

2

))

•

D

4 •

D

4

•

u

∗

l

/D

4

• ṽ

∗

l

/D

3

Z

2 D x

2

• v

∗

l

/D x

2

ω

l

/ Z

2 χ

l

/ Z

2

• D x

2

• z

y x

As a first connection of ( O , O (3) / ( O (2) ⊕ Z c

2

) ) w e find a subset of Υ ω , T

l

: With φ

∗

ω , O

:= π

4

w e ha v e

Υ ω , O

l

:= { ω

l

( φ ) , φ ∈ (0 , φ

∗

ω , O

) } , (5 . 9)

whic h connects the equilibria in F ix

O (3) / ( O (2) ⊕ Z c

2

)

( D

4

) and F ix

O (3) / ( O (2) ⊕ Z c

2

)

( D x

2

), i.e. for

l = 2 the connection from 2 x

2

− ( y

2

+ z

2

) to v

∗

2

:=

1

2

( x

2

+ z

2

) + 3 xz − y

2

.

Although for H = O (2) ⊕ Z c

2 only the represen tation for ev en l is presen t, w e similarly

in tend to treat the o dd l case, whic h w e will need for connections with H = O (2)

−

(cf. Figure 7). F or l = 3 this will giv e a connection b et w een 2 x

3

− 3 x ( y

2

+ z

2

) and

v

∗

3

:= −

√

2

4

( x

3

+ z

3

− 9 xz ( x + z ) + 6 y

2

( x + z ) ) .

There are t w o more essen tially differen t connections of ( O , O (3) / ( O (2) ⊕ Z c

2

)). The second

branc h connects an equilibrium in F ix

O (3) / ( O (2) ⊕ Z c

2

)

( D x

2

) to an equilibrium whic h lies in

F ix

O (3) / ( O (2) ⊕ Z c

2

)

( D

3

). F or l = 2 this equilibrium is ṽ

∗

2

:= 2( xy + xz + y z ) and for l = 3

43

the related equilibrium will b e ṽ

∗

3

:= −

2

√

3

9

(2 ( x

3

+ y

3

+ z

3

) − 3 x

2

( y + z ) − 3 y

2

( x + z ) −

3 z

2

( x + y ) − 15 xy z ). The corresp onding branc hes are parametrized b y

γ

χ

( φ ) =

√

2

2

0 −

√

2

2

0 1 0

√

2

2

0

√

2

2 cos ( φ ) − sin ( φ ) 0

sin ( φ ) cos ( φ ) 0

0 0 1

√

2

2

0

√

2

2

0 1 0

−

√

2

2

0

√

2

2

.

W e set

Υ χ, O ,a

l

:= { χ

l

( φ ) , φ ∈ (0 , φ

∗

χ, O

) } , (5 . 10)

with φ

∗

χ, O

:= arccos (

√

6

3

) and

χ

2

( φ ) := γ

χ

( φ ) v

∗

2

=

(

2 − 3 cos

2

( φ )

)

( y

2

−

1

2

( x

2

+ z

2

))

+3 cos ( φ )

√

2 sin ( φ ) y ( x + z ) + 3 cos

2

( φ ) xz . (5.11)

χ

3

( φ ) := γ

χ

( φ ) v

∗

3

=

√

2

4

(

− 6 + 5 cos

2

( φ )

)

cos ( φ )( x

3

+ z

3

) +

(

2 − 5 cos

2

( φ )

)

sin ( φ ) y

3

+

3

2

(

− 2 + 5 cos

2

( φ )

)

sin ( φ ) y ( x

2

+ z

2

) +

3

√

2

4

(

− 2 + 5 cos

2

( φ )

)

cos ( φ ) z x ( x + z )

+

3

√

2

2

(

(

4 − 5 cos

2

( φ )

)

cos ( φ ) y

2

( x + z ) + 15 cos

2

( φ ) sin ( φ ) xy z . (5.12)

The last connection b et w een the equilibria in F ix

O (3) / ( O (2) ⊕ Z c

2

)

( D

3

) and the equilibria in

F ix

O (3) / ( O (2) ⊕ Z c

2

)

( D

4

) is also obtained b y χ

l

.

W e tak e

Υ χ, O ,b

l

:= { χ

l

( φ ) , φ ∈ ( φ

∗

χ, O

, π / 2) } , (5 . 13)

whic h connects ṽ

∗

l to the spherical harmonic function of degree l whic h is axisymmetric

with resp ect to the y -axis. F or simplicit y w e com bine the last t w o connections to

Υ χ, O

l

:= { χ

l

( φ ) , φ ∈ (0 , π / 2) } . (5 . 14)

All other connections lie on the group orbit of Υ ω , O

l

, Υ χ, O ,a

l or Υ χ, O ,b

l

.

44

Figure 5: F ix

( O ⊕ Z c

2

, O (3) / ( O (2) ⊕ Z c

2

)) and F ix

( O

−

, O (3) / ( O (2) ⊕ Z c

2

))

•

D

4

⊕ Z c

2

•

•

• D

3

⊕ Z c

2

Z

2

⊕ Z c

2

•

• D x

2

⊕ Z c

2

•

•

D d

4

•

•

• D z

3

Z

2

Z

−

2

•

• D z

2

•

Considering L = O ⊕ Z c

2 w e first need the subgroups of O ⊕ Z c

2

. Some are again of the form

L

′

or L

′

⊕ Z c

2 where L

′

is a subgroup of O . There is also a bunc h of class I I I subgroups

of O ⊕ Z c

2

, but they are not relev an t for the action on O (3) / ( O (2) ⊕ Z c

2

), b ecause an y

elemen t is clearly in v arian t under γ = − 1 . Therefore all o ccurring stabilizers are of the

form L

′

⊕ Z c

2

. Compared with L = O w e obtain the same fixed-p oin t subspaces; just the

stabilizers increase b y γ = − 1 (cf. Figure 5).

Figure 6: Subgroups of O

−

O

−

D z

3

D d

4

T

Z

−

4

D z

2

D

2

Z

3

Z

−

2

Z

2

1

T o discuss L = O

−

, w e first giv e the subgroups of O

−

in Figure 6. (cf. [ 5 ], Chapter XI I I

Prop osition 9.4).

As to our usage of notation for the class I I I subgroups see again [ 5 ], Chapter XI I I Theorem

7.5 (for instance D d

4

= D

2

∪ {− γ , γ ∈ D

4

\ D

2

} ). W e ha v e

F ix

O (3) / ( O (2) ⊕ Z c

2

)

( Z

2

)

∼

= S

1

∪ 1 pt, F ix

O (3) / ( O (2) ⊕ Z c

2

)

( Z

−

2

)

∼

= S

1

∪ 1 pt

F ix

O (3) / ( O (2) ⊕ Z c

2

)

( D z

3

)

∼

= 1 pt, F ix

O (3) / ( O (2) ⊕ Z c

2

)

( D d

4

)

∼

= 1 pt

F ix

O (3) / ( O (2) ⊕ Z c

2

)

( D z

2

)

∼

= 3 pt.

45

All connections of F ix

( O ⊕ Z c

2

, O (3) / ( O (2) ⊕ Z c

2

)) and F ix

( O

−

, O (3) / ( O (2) ⊕ Z c

2

)) ha v e already b een

parametrized (b y ω and χ ) (cf. Figure 5).

Figure 7: F ix

( O ⊕ Z c

2

, O (3) / O (2)

−

) and F ix

( O

−

, O (3) / O (2)

−

)

•

D z

4

•

•

• D z

3

Z

−

2

Z

−

2

•

• D z ,x

2

•

•

D z

2

•

D z

2

•

D z

2

• D z

3

Z

−

2

It remains to discuss the case H = O (2)

−

. Since O (3) / O (2)

−

∼

= S

2

w e ha v e for L = O ⊕ Z c

2

as non trivial fixed-p oin t subspaces ( D z ,x

2 denotes a D z

2 subgroup of O ⊕ Z c

2 with D z

2

⊄ D z

4

)

F ix

O (3) / O (2)

− ( Z

−

2

)

∼

= S

1

, F ix

O (3) / O (2)

− ( D z ,x

2

)

∼

= 2 pt

F ix

O (3) / O (2)

− ( D z

3

)

∼

= 2 pt, F ix

O (3) / O (2)

− ( D z

4

)

∼

= 2 pt.

F ix

( O ⊕ Z c

2

, O (3) / O (2)

−

) is giv en in Figure 7. F or L = O

−

the stabilizers decrease. Since

D z

4

⊄ O

−

these equilibria ha v e only D z

2

⊂ D z

4 symmetry and since D z ,x

2

⊄ O

−

these

equilibria are no w missing (cf. Figure 7). In the last case L = O no connection is left,

b ecause Z

−

2

⊄ O . The parametrizations for these H = O (2)

−

cases, whic h w e will need

in the sequel, ha v e b een dev elop ed earlier (see ω and χ for the case l = 3).

5.3 The Fixed-P oin t Subspaces in case L = I , I ⊕ Z c

2 and H =

O (2) ⊕ Z c

2

, O (2)

−

W e b egin once more with G/H = O (3) / ( O (2) ⊕ Z c

2

)

∼

= P

2

∼

= SO (3) / O (2) and let L = I .

F ollo wing [ 12 ], T able 1, w e ha v e

F ix

O (3) / ( O (2) ⊕ Z c

2

)

( Z

2

)

∼

= S

1

∪ 1 pt, F ix

O (3) / ( O (2) ⊕ Z c

2

)

( D

2

)

∼

= 3 pt

F ix

O (3) / ( O (2) ⊕ Z c

2

)

( D

3

)

∼

= 1 pt, F ix

O (3) / ( O (2) ⊕ Z c

2

)

( D

5

)

∼

= 1 pt.

Here w e get as in the o ctahedral case three indep enden t differen t branc hes connecting equi-

libria. Ho w ev er, the parametrization is less difficult, since all of them can b e found as sub-

branc hes of Υ ω , T

l

. W e set using φ

∗

ω , I , 1

:=

1

2 arccos (

√

5

5

) and φ

∗

ω , I , 2

:= π

2

− arcsin (

√

3

(

− 1+

√

5

)

6

)

46

Figure 8: F ix

( I , O (3) / ( O (2) ⊕ Z c

2

))

•

•

•

• •

•

•

•

•

D

2

D

2

D

2

•

u

∗

l

/D

2

•

D

2

•

D

2

•

D

3 w

∗

l

/D

5

~ w

∗

l

/D

3

D

5

D

3

D

5

D

3

Z

2

Z

2 z

y x

Υ ω , I ,a

l

:= { ω

l

( φ ) , φ ∈ (0 , φ

∗

ω , I , 1

) }

Υ ω , I ,b

l

:= { ω

l

( φ ) , φ ∈ ( φ

∗

ω , I , 1

, φ

∗

ω , I , 2

) }

Υ ω , I ,c

l

:= { ω

l

( φ ) , φ ∈ ( φ

∗

ω , I , 2

, π / 2 } .

F or simplicit y w e com bine them to

Υ ω , I

l

:= { ω

l

( φ ) , φ ∈ (0 , π / 2) } = Υ ω , T

l

. (5 . 15)

Υ ω , I ,a

l connects an equilibrium in F ix

O (3) / ( O (2) ⊕ Z c

2

)

( D

2

) with one in F ix

O (3) / ( O (2) ⊕ Z c

2

)

( D

5

),

i.e. for l = 2 it connects 2 x

2

− ( y

2

+ z

2

) with

w

∗

2

:=

(

1

2

+

3

10

√

5

)

x

2

+

6

5

√

5 xz − y

2

+

(

1

2

−

3

10

√

5

)

z

2

.

Similarly taking l = 3 giv es a connection from 2 x

3

− 3 x ( y

2

+ z

2

) to

w

∗

3

:=

√

10

10

√

5 −

√

5 x

3

−

√

10

10

√

5 +

√

5 z

3

+

3

5

√

5

√

5 + 2

√

5 x

2

z

+

3

5

√

5

√

5 − 2

√

5 xz

2

−

3

10

√

10

√

5 −

√

5 y

2

z −

3

√

10

10

√

5 +

√

5 y

2

x .

47

Υ ω , I ,b

l connects an equilibrium in F ix

O (3) / ( O (2) ⊕ Z c

2

)

( D

5

) with one in F ix

O (3) / ( O (2) ⊕ Z c

2

)

( D

3

).

The equilibirium in F ix

O (3) / ( O (2) ⊕ Z c

2

)

( D

3

) for l = 2 is

~ w

∗

2

:=

1

2

(

1 −

√

5

)

x

2

+

1

2

(

1 +

√

5

)

z

2

− y

2

+ 2 xz .

F or l = 3 w e obtain

~ w

∗

3

:= −

√

3

36

(

2

(

11 −

√

5

)

x

3

− 2

(

11 +

√

5

)

z

3

+ 12

(

4 −

√

5

)

x

2

z

− 12

(

4 +

√

5

)

xz

2

− 18

(

+1 −

√

5

)

xy

2

+ 18

(

1 +

√

5

)

z y

2

)

.

A t last Υ ω , I ,c

l connect these equilibria again with F ix

O (3) / ( O (2) ⊕ Z c

2

)

( D

2

) : 2 z

2

− ( x

2

+ y

2

)

in the case l = 2 and 2 z

3

− 3 z ( x

2

+ y

2

) in the case l = 3.

The discussion of L = I ⊕ Z c

2 and H = O (2) ⊕ Z c

2 giv es again only the additional symmetry

γ = − 1 . The remaining cases L = I , I ⊕ Z c

2 and H = O (2)

−

can b e discussed as in the

tetrahedral case. In an y case, connections whic h o ccur are already parameterized.

6 Basic Flo ws for P erturbations of the Reaction

T erm

The aim of this section is to calculate the direction of the flo w on connections Υ ∈ H

( L,G/H )

in the case G = O (3) , H = O (2) ⊕ Z c

2 or H = O (2)

−

and for L a sup ergroup of T . W e

firstly p erform a case study using p erturbations of the reaction term for (1.8) of the form

h : D ⊂ L

2

( S

2

) → L

2

( S

2

) ,

h ( u )( x ) = p̄ ( x ) · Θ( u ( x )) , x ∈ S

2

, (6 . 1)

where p̄ ∈

¯

R

L

and Θ : R → R is a smo oth function. F ollo wing Theorem 2.2 on the

connection Υ := { ω ( φ ) | φ ∈ (0 , φ

∗

) } w e ha v e to calculate

F

( p̄ , Θ)

Υ

( φ ) :=

∫

S

2

T ( φ ) · p̄ · Θ( ω ( φ )) dS , φ ∈ [0 , φ

∗

] , (6 . 2)

where w e use the tangen t v ector T ( φ ) := d

dφ ω ( φ ) without normalization (see Remark

2.22). By a ‘basic flo w’ w e mean a function G : [0 , φ

∗

] → R whic h is ac hiev ed in (6.2)

b y a sp ecific c hoice of p̄ , Θ and Υ. W e sp eak of basic flo ws, although (6.2) actually just

giv es the direction of the flo w. Note that b y construction G (0) = G ( φ

∗

) = 0, b ecause the

48

endp oin ts of ev ery connection are equilibria of ( L, G/H ) (cf. (1.12)). F or simplicit y , w e

restrict ourselv es to the case Θ( ω ) = k ω k − 1

, k ∈ N . Here, w e use

F

( p̄ ,k )

Υ

( φ ) :=

∫

S

2

T ( φ ) · p̄ · k ω ( φ ) k − 1

dS = d

dφ

∫

S

2

¯ p · ω ( φ ) k

dS = d

dφ

( p̄ , ω ( φ ) k

)

L

2

( S

2

)

. (6 . 3)

T o obtain the parametrizations of the connections Υ in Section 5, w e had to assume that

the k ernel k er A ( λ

0

) is an irreducible represen tation of O (3) . This giv es b y Lemma 5.1

that

k er A ( λ

0

) = S H

l

, for some l ∈ N

0

. (6 . 4)

W e will explicitly calculate the basic flo ws for some p̄ of lo w degree, as w ell as for some

small l . Our goal is to understand the basic flo ws whic h o ccur for p̄ ∈

¯

R

T

. According to

Theorem 4.6 it is sufficien t to discuss p̄ ∈

¯

R

O ⊕ Z c

2

, τ̄

3

·

¯

R

O ⊕ Z c

2

, τ̄

3

¯ τ

6

·

¯

R

O ⊕ Z c

2

, and τ̄

6

·

¯

R

O ⊕ Z c

2

separately . W e remark again that τ̄

3

·

¯

R

O ⊕ Z c

2

⊂

¯

R

O

−

giv es all precisely O

−

− in v arian t

p olynomials and the p olynomials of the form τ̄

3

¯ τ

6

·

¯

R

O ⊕ Z c

2

⊂

¯

R

O

are precisely O − in v arian t

(cf. Theorem 4.7).

P olynomials in τ̄

6

·

¯

R

O ⊕ Z c

2

are precisely T ⊕ Z c

2

− in v arian t. Nev ertheless, some of them can

b e written as a sum of O ⊕ Z c

2

− and I ⊕ Z c

2

− in v arian t p olynomials (cf. Theorem 4.8). The

b est c hance to see tetrahedral flo ws, whic h are not influenced b y an y additional symmetry

is to use p̄ ∈ W

¯

R

. The basic flo ws obtained in an y of the ab o v e cases migh t then (to some

extend) b e used to generate new T − equiv arian t flo ws b y linear com bination. One only

has to ensure to com bine flo ws obtained for the same k (in order to ha v e homogeneous

p erturbations h – see (2.17)). F urthermore the com bined flo w has to ha v e only simple

zeros to mak e Theorem 2.2 applicable.

6.1 Basic Flo ws for L = O ⊕ Z c

2

Symmetry

F or b oth H = O (2) ⊕ Z c

2 and O (2)

−

there are basically t w o differen t parametrizations

for three connections of ( O ⊕ Z c

2

, O (3) /H ) whic h w e ha v e to discuss (cf. Subsection 5.2):

Υ ω , O

l and Υ χ, O

l

. W e simplify notation, setting

F

( p̄ ,k )

l ,ω

( φ ) := F

( p̄ ,k )

Υ ω , O

l

( φ ) , φ ∈ [0 , φ

∗

ω , O

= π / 4] (6 . 5)

and analogously for Υ χ, O

l

. A t next w e giv e a sample calculation for some sp ecific (o v erview-

able) data; w e calculate the flo ws for k = l = 2 and p̄ = ρ̄

4

. W e ha v e

F

( ρ̄

4

, 2)

2 ,ω

( φ ) = d

dφ

( ρ̄

4

, ω

2

( φ )

2

)

L

2

( S

2

)

.

49

Let b

xx

:= 2 − 3 sin

2

( φ ) = − 1 + 3 cos

2

( φ ) , b

zz

:= 2 − 3 cos

2

( φ ) and b

xz

:= 6 sin ( φ ) cos ( φ ).

W e obtain from (5.6)

¯ ρ

4

· ω

2

( φ )

2

=

(

2 b

xx b

zz

+ b

2

xz

)

x

2

y

4

z

2

− 2 b

zz x

4

y

2

z

2

− 2 b

xx x

2

y

2

z

4

+

(

1 + b

2

xx

)

x

4

y

4

+

(

b

2

xx

+ b

2

z z

)

x

4

z

4

+

(

1 + b

2

z z

)

y

4

z

4

+

(

2 b

xx b

zz

+ b

2

xz

)

( x

6

z

2

+ x

2

z

6

) − 2 b

xx

( x

6

y

2

+ x

2

y

6

)

− 2 b

zz

( z

2

y

6

+ y

2

z

6

) + b

2

xx x

8

+ y

8

+ b

2

z z z

8

+2 b

xx b

xz

( x

7

z + x

3

y

4

z + x

3

z

5

) + 2 b

zz b

xz

( x

5

z

3

+ xy

4

z

3

+ xz

7

)

− 2 b

xz

( x

5

y

2

z + xy

6

z + xy

2

z

5

) .

Using

∫

S

2 x i

y j

z m

dS =

∫

S

2 x σ ( i )

y σ ( j )

z σ ( m )

dS (6 . 6)

for an y p erm utation σ of ( i, j , m ) and

∫

S

2 x i

y j

z m

dS = 0 for i, j , m ∈ N

0 and i, j or m o dd , (6 . 7)

w e deriv e

( ρ̄

4

, ω

2

( φ )

2

)

L

2

( S

2

)

=

(

1 + b

2

xx

+ b

2

z z

)

(

2

∫

S

2 y

4

z

4

dS +

∫

S

2 z

8

dS

)

+

(

2 b

xx b

zz

− 2 ( b

zz

+ b

xx

) + b

2

xz

)

( ∫

S

2 x

2

y

2

z

4

dS + 2

∫

S

2 y

2

z

6

dS

)

.

All these elemen tary in tegrals o v er S

2

can b e easily calculated (cf. Section 9):

∫

S

2 x

2

y

2

z

4

dS =

4

315 π ,

∫

S

2 y

2

z

6

dS =

4

63 π

∫

S

2 y

4

z

4

dS =

4

105 π ,

∫

S

2 z

8

dS =

4

9 π .

W e conclude

( ρ̄

4

, ω

2

( φ )

2

)

L

2

( S

2

)

=

88

315 π

(

b

xx b

zz

− b

xx

− b

zz

+

1

2 b

2

xz

)

+

164

315 π

(

1 + b

2

xx

+ b

2

z z

)

=

16

7 π −

64

35 π cos

2

( φ ) +

64

35 π cos

4

( φ ) ,

50

and after differen tiating

F

( ρ̄

4

, 2)

2 ,ω

( φ ) =

128

35 π cos ( φ ) sin ( φ )

(

1 − 2 cos

2

( φ )

)

.

In the same manner, using (5.11), w e calculate straigh t forw ard

F

( ρ̄

4

, 2)

2 ,χ

( φ ) =

64

35 π cos ( φ ) sin ( φ )

(

2 − 3 cos

2

( φ )

)

.

In the sequel, w e do not giv e an y further details on suc h calculations, since they all can

con v enien tly b e done b y an y sym b olic calculation program (see Section 9 for more details).

The former example giv es us the first basic flo w. Using

κ

ij

( φ ) := i − j · cos

2

( φ ) and η ( φ ) := cos ( φ ) sin ( φ )

w e define for φ̄ := ( φ

ω

, φ

χ

) ∈ [0 , φ

∗

ω , O

= π / 4] × [0 , π / 2]

G

O ⊕ Z c

2

1

(¯ φ ) :=

(

G

O ⊕ Z c

2

1 ,ω

( φ

ω

) , G

O ⊕ Z c

2

1 ,χ

( φ

χ

)

)

:= ( ( − 2) · κ

12

( φ

ω

) η ( φ

ω

) , − κ

23

( φ

χ

) η ( φ

χ

) ) .

Collecting the flo ws on ω and χ to

F

( p̄ ,k )

l

(¯ φ ) :=

(

F

( p̄ ,k )

l ,ω

( φ

ω

) , F

( p̄ ,k )

l ,χ

( φ

χ

)

)

w e ha v e pro v ed

Theorem 6.1 The flow (dir e ction) for k = l = 2 and p̄ = ρ̄

4 is given by

F

( ρ̄

4

, 2)

2

= −

64

35 π · G

O ⊕ Z c

2

1

.

Thus, under the assumptions of The or em 2.2 (with L = O ⊕ Z c

2 and H = O (2) ⊕ Z c

2

) for

the l = 2 r epr esentation on k er A ( λ

0

) , we find for the semiline ar p ar ab olic e quation (1.8)

with p erturb ation (6.1), p̄ = ρ̄

4 and Θ( ω ) = 2 ω , heter o clinic orbits for the p erturb e d flow.

G

O ⊕ Z c

2

1 is il lustr ate d in the left diagr am of Figur e 9.

Remark 6.2 This kind of flow o c curs actual ly quite fr e quently (up to a multiple). It is

also achieve d for instanc e by the fol lowing p erturb ations ( p̄ ; k ) : ( ρ̄

4

; k = 3 , 4 , 5 , 6) , ( ρ̄

6

; 2) ,

( ρ̄

2

4

; 2) , ( ρ̄

2

6

; 2) , ( ρ̄

4

¯ ρ

6

; 2) , ( ρ̄

3

4

; 2) , ( ρ̄

3

6

; 2) , ( ρ̄

2

4

¯ ρ

6

; 2) , ( ρ̄

4

¯ ρ

2

6

; 2) for l = 2 and ( ρ̄

4

; k = 2 , 4) for

l = 3 .

51

Figure 9: G

O ⊕ Z c

2

1 and G

O

−

1

• •

•

•

•

•

•

• •

•

•

There are m uc h more basic flo ws with O ⊕ Z c

2 symmetry , lik e for instance G

O ⊕ Z c

2

2

(¯ φ ) :=

(0 , cos

2

( φ

χ

)) ∗G

O ⊕ Z c

2

1

(¯ φ ) or G

O ⊕ Z c

2

3

(¯ φ ) :=

(

( − 8) sin

2

( φ

ω

) cos

2

( φ

ω

) , 3 cos

4

( φ

χ

)

)

∗ G

O ⊕ Z c

2

1

(¯ φ )

(here the pro duct ‘*’ of t w o v ectors is the pro duct in eac h comp onen t). Ho w ev er, in b oth

of these cases Theorem 2.2 is not applicable, since the zeros are not simple. Therefore w e

do not pursue this an y further, although p erturbations generating these basic flo ws ma y

v ery w ell b e treated together with the p erturbations yielding G

O ⊕ Z c

2

1

, as long as the latter

are dominan t (whic h happ ens e.g. for ( ρ̄

6

; k = 3 , l = 2) and ( ρ̄

4

¯ ρ

6

; k = 4 , l = 2)) .

In order to see a hetero clinic cycle in the case L = O ⊕ Z c

2

, the flo w along Υ χ, O

l should ha v e

no sign c hange. In that case at the fixed-p oin t in the middle ( φ = φ

∗

χ, O

= arccos (

√

6

3

)) a

double zero of F

( p̄ ,k )

l ,χ had to o ccur. This is not only a situation whic h Theorem 2.2 could

not handle, but furthermore, the D

3 fixed-p oin t in the middle w ould b e a degenerate

fixed-p oin t for the flo w (yielding a non h yp erb olic equilibrium), whic h is not a generic

situation.

6.2 Basic Flo ws for L = O Symmetry

In the case H = O (2)

−

(this corresp onds to irreducible represen tations of k er A ( λ

0

) with

l o dd) w e ha v e found in Section 5.2 that F ix

( O , O (3) / O (2)

−

) con tains only isolated p oin ts.

Theorem 2.2 is not applicable, since there are no connections of ( O , O (3) / O (2)

−

).

In the case H = O (2) ⊕ Z c

2

(i.e. l ev en), ho w ev er, F ix

( O , O (3) / ( O (2) ⊕ Z c

2

)) con tains the same

connections as F ix

( O ⊕ Z c

2

, O (3) / ( O (2) ⊕ Z c

2

))

. By Theorem 4.7 the p olynomials with precisely

O symmetry are τ̄

3

¯ τ

6

¯

R

O ⊕ Z c

2

. These p erturbations giv e just the trivial flo w (whic h means

Theorem 2.2 is again not applicable):

Theorem 6.3 F or al l irr e ducible r epr esentations of O (3) on k er A ( λ

0

) and with H =

O (2) ⊕ Z c

2

(which c orr esp onds to even l ) we obtain for al l p erturb ations p̄ ∈ τ̄

3

¯ τ

6

¯

R

O ⊕ Z c

2

⊂

¯

R

O

just the trivial flow ( k ∈ N ):

52

F

( p̄ ,k )

l

(¯ φ ) =

(

F

( p̄ ,k )

l ,ω

( φ

ω

) , F

( p̄ ,k )

l ,χ

( φ

χ

)

)

≡ (0 , 0) .

Pro of. Consider for instance

F

( p̄ ,k )

l ,χ

( φ ) = d

dφ

( p̄ , χ

l

( φ ) k

)

L

2

( S

2

)

, φ ∈ [0 , π / 2] .

χ

l

( φ ) is a sum of homogeneous p olynomials of degree l . Hence χ

l

( φ ) k

is a sum of homo-

geneous p olynomials of degree k · l and since l is ev en, so is k · l . On the other hand,

¯ p ∈ τ̄

3

¯ τ

6

¯

R

O ⊕ Z c

2

is a sum of homogeneous p olynomials of o dd degree, since the generators

of

¯

R

O ⊕ Z c

2

ha v e only ev en degree. Altogether, p̄ · χ

l

( φ ) k

is a sum of homogeneous p oly-

nomials of o dd degree. Ho w ev er, in tegration of homogeneous p olynomials of o dd degree

yields 0 (cf. (6.7)) and the pro of is established.

6.3 Basic Flo ws for L = O

−

Symmetry

F rom Subsection 5.2 w e kno w that F ix

( O

−

, O (3) / ( O (2) ⊕ Z c

2

)) con tains connections whic h are

parametrized b y ω and χ , whereas the relev an t connections in F ix

( O

−

, O (3) / O (2)

−

) are

giv en b y χ only . The O

−

p erturbations of in terest are of the form τ̄

3

¯

R

O ⊕ Z c

2

. Hence, for

H = O (2) ⊕ Z c

2 w e ha v e for the same reason as in Theorem 6.3:

Theorem 6.4 F or al l irr e ducible r epr esentations of O (3) on k er A ( λ

0

) and with H =

O (2) ⊕ Z c

2

(i.e. l even) any p erturb ation p̄ ∈ τ̄

3

¯

R

O ⊕ Z c

2

⊂

¯

R

O

−

gives just the trivial flow

( k ∈ N ):

F

( p̄ ,k )

l

(¯ φ ) =

(

F

( p̄ ,k )

l ,ω

( φ

ω

) , F

( p̄ ,k )

l ,χ

( φ

χ

)

)

≡ (0 , 0) .

F or H = O (2)

−

(and l o dd) w e just ha v e to consider the connection χ . Note that the con-

nection of ( O

−

, O (3) / O (2)

−

) whic h connects t w o D z

3 equilibria is only half parametrized

b y χ (cf. Figure 7). This, ho w ev er, do es not matter, since the flo w on the other part is

obtained b y a reflection. Similar to Theorem 6.4 w e ha v e for ev en k the trivial flo w:

Theorem 6.5 F or al l irr e ducible r epr esentations of O (3) on k er A ( λ

0

) and with H =

O (2)

−

(i.e. l o dd) we get for al l p erturb ations p̄ ∈ τ̄

3

¯

R

O ⊕ Z c

2

⊂

¯

R

O

−

and for even k ∈ N

just the trivial flow:

F

( p̄ ,k )

l ,χ

( φ ) ≡ 0 , φ ∈ [0 , π / 2] .

53

Pro of. The pro of is done along the lines of the pro of of Theorem 6.3.

Therefore only for o dd k and o dd l O

−

− p erturbations migh t yield situations, where

Theorem 2.2 is applicable. Some of them indeed do.

Theorem 6.6 The flow (dir e ction) in c ase k = 1 , l = 3 and p̄ = τ̄

3 is given by

F

( τ̄

3

, 1)

3 ,χ

( φ ) = −

4

7 π κ

23

( φ ) cos ( φ ) =:

4

7 π G

O

−

1

( φ ) , φ ∈ [0 , π

2

] . (6 . 8)

Thus, in c ase the assumptions of The or em 2.2 ( L = O

−

and H = O (2)

−

) ar e satisfie d for

the l = 3 r epr esentation on k er A ( λ

0

) , we find for the semiline ar p ar ab olic e quation (1.8)

with p erturb ation (6.1), p̄ = τ̄

3 and Θ( ω ) = 1 , heter o clinic orbits. G

O

−

1 is shown in Figur e

9.

Remark 6.7 A gain this kind of flow o c curs quite fr e quently (up to a multiple). It is

achieve d for instanc e by the fol lowing p erturb ations ( p̄ ; k ) and l = 3 : ( τ̄

3

; k = 3 , 5 , 7) ,

( τ̄

3

¯ ρ

4

; 1) , ( τ̄

3

¯ ρ

6

; 1) , ( τ̄

3

¯ ρ

2

4

; 1) , ( τ̄

3

¯ ρ

2

6

; 1) , ( τ̄

3

¯ ρ

4

¯ ρ

6

; 1) .

Other ev aluations of the flo w form ula giv e e.g. G

O

−

2

( φ ) := ( cos

2

( φ ) · (7 cos

2

( φ ) − 8) ) ·

G

O

−

1

( φ ) or G

O

−

3

( φ ) :=

(

cos

4

( φ ) sin

2

( φ )

)

· G

O

−

1

( φ ), but Theorem 2.2 do es not apply , except,

if flo ws do app ear com bined with G

O

−

1 and G

O

−

1 is dominan t (use for instance ( τ̄

3

¯ ρ

4

; 3)

and ( τ̄

3

¯ ρ

6

; 3) for l = 3).

6.4 Basic Flo ws for L = I ⊕ Z c

2

Symmetry

Here w e ha v e to consider (cf. Subsection 5.3)

F

( p̄ ,k )

l ,ω

( φ ) = d

dφ

( p̄ , ω

l

( φ ) k

)

L

2

( S

2

)

, φ ∈ [0 , π

2

] ,

whic h parametrizes all three imp ortan t connections at once.

Theorem 6.8 The flow (dir e ction) with k = 3 , l = 2 and p̄ = ¯ ι

6 is given by

F

( ¯ ι

6

, 3)

2 ,ω

( φ ) = −

1152

5005 π sin ( φ ) cos ( φ )

(

5 (1 − 6 sin

2

( φ ) cos

2

( φ )) −

√

5 κ

12

( φ )

)

=:

1152

5005 π · G

I ⊕ Z c

2

1

( φ ) .

If the usual assumptions of The or em 2.2 ( L = I ⊕ Z c

2 and H = O (2) ⊕ Z c

2

) ar e satisfie d, we

find heter o clinic orbits as in Figur e 10.

54

Figure 10: G

I ⊕ Z c

2

1 and G

T ⊕ Z c

2

1

•

•

•

•

•

•

•

•

•

• •

•

•

• •

•

•

•

• •

•

• •

In the G

I ⊕ Z c

2

1 picture, the D

5 equilibria are unstable and the D

3 equilibria are stable. Only

the D

2 equilibria are h yp erb olic.

Remark 6.9 Other p erturb ations ( p̄ ; k ) which yield this flow (up to a multiple) ar e e.g.:

( ¯ ι

6

; k = 4 , 5 , 6) , ( ¯ ι

2

6

; k = 3 , 4) for l = 2 and ( ¯ ι

6

; k = 2 , 4) , ( ¯ ι

2

6

; k = 2) for l = 3 (i.e.

H = O (2)

−

).

Another basic flo w whic h o ccurs is

G

I ⊕ Z c

2

2

( φ ) := cos

3

( φ ) sin

3

( φ )

·

(

(1 − 5 cos

2

( φ ) sin

2

( φ )) +

√

5 (1 − 6 sin

2

( φ ) cos

2

( φ )) κ

12

( φ )

)

,

but it con tains nonsimple zeros. A sum of G

I ⊕ Z c

2

1 and G

I ⊕ Z c

2

2

, where Theorem 2.2 can b e

applied, is ac hiev ed e.g. b y ( ¯ ι

2

6

; k = 5 , l = 2). In this case, as for L = O ⊕ Z c

2

, hetero clinic

cycles cannot b e generic, b ecause b oth the D

3 and the D

5 fixed-p oin t w ould b e non

h yp erb olic saddles for the flo w.

6.5 Basic Flo ws for L = T ⊕ Z c

2

Symmetry

Sums of O ⊕ Z c

2

− and I ⊕ Z c

2

− In v arian ts

The only relev an t connection in this case is ω = ω

l

( φ ) for φ ∈ [0 , π

2

] . W e are firstly going

to consider p erturbations p̄ ∈

¯

R

T ⊕ Z c

2

whic h are sums of p olynomials from

¯

R

O ⊕ Z c

2

and

¯

R

I ⊕ Z c

2

. Due to the sp ecial structure of the forced zeros of flo ws related to O ⊕ Z c

2 and

I ⊕ Z c

2 symmetry , w e exp ect that the sum of these t w o flo ws con tains not only the zeros

whic h are forced b y the group action.

55

Theorem 6.10

F

( τ̄

6

, 3)

2 ,ω

( φ ) = −

1152

1001 π

(

1 − 6 cos

2

( φ ) + 6 cos

4

( φ )

)

cos ( φ ) sin ( φ )

=: −

1152

1001 π G

T ⊕ Z c

2

1

( φ ) .

Henc e, under the usual assumptions of The or em 2.2 ( L = T ⊕ Z c

2 and H = O (2) ⊕ Z c

2

)

for the l = 2 r epr esentation of k er A ( λ

0

) , we find heter o clinic orbits for p̄ = τ̄

6 and

Θ( ω ) = 3 ω

2

. G

T ⊕ Z c

2

1 is il lustr ate d in Figur e 10.

Remark 6.11 The same kind of flow is also achieve d by p erturb ations ( p̄ ; k ) like: ( τ̄

6

, k =

4 , 5 , 6) , ( τ̄

6

¯ ρ

4

; k = 3 , 4) , ( τ̄

6

¯ ρ

6

; k = 3 , 4) , ( τ̄

6

¯ ρ

2

4

; k = 3 , 4) , ( τ̄

6

¯ ρ

4

¯ ρ

6

; k = 3 , 4) , ( τ̄

6

¯ ρ

2

6

; k = 3 , 4)

for l = 2 and ( τ̄

6

; k = 2 , 4) , ( τ̄

6

¯ ρ

4

; 2) , ( τ̄

6

¯ ρ

6

; 2) , ( τ̄

6

¯ ρ

2

4

; 2) , ( τ̄

6

¯ ρ

2

6

; 2) , ( τ̄

6

¯ ρ

4

¯ ρ

6

; 2) for l = 3 .

W e also observ e G

T ⊕ Z c

2

2

( φ ) :=

(

1 − 5 cos

2

( φ ) sin

2

( φ )

)

sin

3

( φ ) cos

3

( φ ) as an ev aluation of

the flo w form ula, but Theorem 2.2 is here not applicable. A sum of G

T ⊕ Z c

2

1 and G

T ⊕ Z c

2

2

,

where Theorem 2.2 still applies, app ears e.g. for ( τ̄

6

¯ ρ

4

; k = 5 , l = 2).

In v arian ts in W

¯

R

F ollo wing our observ ations from ab o v e, the only c hance left to find a hetero clinic cycle

for p erturbations of the reaction term is using p̄ ∈ W

¯

R

(cf. Section 4.1). W e obtain for

instance

F

(¯ w

¯

R

14

, 7)

2 ,ω

( φ ) =

=

294912

26930125 π sin

2

( φ ) cos

2

( φ ) κ

12

( φ )(1 − 5 cos

2

( φ ) sin

2

( φ )) (1 − 9 cos

2

( φ ) sin

2

( φ )) .

T o this flo w not only Theorem 2.2 is not applicable, but furthermore it con tains lots of

additional zeros.

6.6 A Summary: Basic Flo ws for L = T

Since an y of the precedingly discussed groups for L ha v e b een sup ergroups of T , w e observ e

all these flo ws for T p erturbations all w ell. Moreo v er, flo ws related to the same k migh t

b e added (as long as the zeros remain simple) to obtain new kinds of flo ws. Therefore, so

far w e w ere able to sho w the existence of man y hetero clinic orbits for equations, where the

forced symmetry-breaking is not to o strong ( ε > 0 small). Ho w ev er, in all these examples

w e found no hetero clinic cycle connecting only the equilibria whic h w ere forced b y our

symmetry (these are for L = T only the D

2 fixed-p oin ts).

56

The reason for this is simply , that ev en our p erturb ed equation still p ossesses v ariational

structure. A t this p oin t ho w ev er, a more con v enien t w a y to understand that problem is

to lo ok at (6.3). In case that p̄ ∈

¯

R

T

, necessarily

( p̄ , ω

l

(0) k

)

L

2

( S

2

)

= ( p̄ , ω

l

( π / 2) k

)

L

2

( S

2

)

holds. Therefore d

dφ

( p̄ , ω

l

( φ ) k

)

L

2

( S

2

) m ust v anish somewhere in (0 , π / 2), i.e. F

( p̄ ,k )

Υ ω , T

l will

ha v e an additional zero. W e conclude that, in order to see hetero clinic cycles, w e ha v e to

lo ok at p erturbations of a differen t structure.

7 Hetero clinic Cycles

W e no w w an t to consider p erturbations of non-v ariational structure. After all that pre-

liminary w ork our mission to find hetero clinic cycles will no w easily b e accomplished.

7.1 P erturbation of the Diffusion T erm

In case that p is a T − in v arian t p olynomial on R

3

, w e obtain that

B ( ε ) : D ⊂ L

2

( R

3

) → L

2

( R

3

)

u → div ((1 + εp ) ∇ u )

(7.1)

is T − equiv arian t. Expanding B ( ε ), w e find that the solutions of B ( ε ) u + f ( u ) = 0 solv e

(1 + εp )Δ u + ε < ∇ p, ∇ u > + f ( u ) = 0 ,

(where < · , · > is the scalar pro duct in R

3

) or,

Δ u + ε < ∇ p, ∇ u > +(1 − εp ) f ( u ) = o ( ε ) .

The p erturbation of the reaction term is not v ery helpful for finding hetero clinic cycles,

as w e sa w in the last section. W e therefore consider u → < ∇ p, ∇ u > , or, more general

D ⊂ L

2

( R

3

) → L

2

( R

3

)

u → q · < ∇ p, ∇ u >

57

with q and p ∈ R

T

as a T − equiv arian t mapping. This kind of p erturbation is ac hiev ed

(in part) b y m ultiplying (7.1) with (1 + εq ). Ob viously , an y function ū ∈ L

2

( S

2

) migh t

b e extended (at least to an ann ulus) b y u ( x, y , z ) := ū ( x/r , y /r , z /r ) , r = | ( x, y , z ) | .

Therefore, the restriction

h : D ⊂ L

2

( S

2

) → L

2

( S

2

)

¯ u → q̄ · < ∇ p̄ , ∇ ū >

(7.2)

with q̄ and p̄ ∈

¯

R

T

is a T − equiv arian t mapping (of L

2

( S

2

) ) as w ell. In the sequel w e

consider suc h mappings as p erturbations for (1.1) (cf. also (1.8)). F or con v enience, w e

note that the gradien t of a restriction ū := u

| S

2 of a smo oth L

2

( R

3

) function can b e

obtained b y pro jecting the gradien t of u to the tangen t space of the sphere

∇ ū x

y

z

= ∇ u x

y

z

− < ∇ u x

y

z

, x

y

z

> · x

y

z

, x

y

z

∈ S

2

.

This is the kind of gradien t, w e ha v e to plug in to h , b ecause our functions are usually

obtained from restrictions of functions defined on R

3

. On the connection Υ ω , T

l

(cf. (5.8))

w e find for the flo w (direction) (2.22)

F h

Υ ω , T

l

( φ ) :=

∫

S

2 d

dφ ω

l

( φ ) · h ( ω

l

( φ )) dS , φ ∈ [0 , π / 2] ,

considered in Theorem 2.2:

Theorem 7.1 Using q̄ = τ̄

6 and p̄ = ρ̄

4 for h define d in (7.2) the flow (dir e ction) for the

l = 2 r epr esentation is

F h

Υ ω , T

2

( φ ) =

1024

5005 π sin ( φ ) cos ( φ ) , φ ∈ [0 , π / 2] .

Thus, under the assumptions of The or em 2.2 ( L = T and H = O (2) ⊕ Z c

2

) for the l =

2 r epr esentation of k er A ( λ

0

) , we find for the semiline ar p ar ab olic e quation (1.8) with

p erturb ation (7.2), q̄ = τ̄

6 and p̄ = ρ̄

4

, a heter o clinic cycle for the p erturb e d flow. This

b asic flow G

T

1

( φ ) := sin ( φ ) cos ( φ ) is il lustr ate d in the next figur e.

Pro of. Simple computation as already used in Section 6 or use Maple. F or details confer

Section 9.

Some remarks are in order.

58

Figure 11: G

T

1

• •

•

•

•

Remark 7.2 The flow G

T

1 is of a quite stable structur e (against T − e quivariant p erturb a-

tions, i.e. p erturb ations of the form εh ( u ) + ε

2

~

h ( u ) with any other T − e quivariant mapping

~

h , yields, for ε > 0 smal l enough, again the heter o clinic cycle.

Remark 7.3 Other p airs of p olynomials ( q̄ ; p̄ ) , which give (up to a multiple) the G

T

1 flow

ar e e.g. ( ρ̄

4

; τ̄

6

) , ( ρ̄

6

; τ̄

6

) , ( τ̄

6

; ρ̄

6

) , ( τ̄

6

; ρ̄

2

4

) , ( ρ̄

2

4

; τ̄

6

) , ( ρ̄

4

; ρ̄

4

¯ τ

6

) , ( ρ̄

4

¯ τ

6

; ρ̄

4

) , ( ρ̄

2

4

¯ ρ

6

;¯ w

¯

R

14

) , and

(¯ w

¯

R

14

; ρ̄

2

4

¯ ρ

6

) for l = 2 . Flows which stil l give heter o clinic cycles, but which ar e not exactly

the G

T

1 flow ar e achieve d for instanc e by ( τ̄

6

; ρ̄

4

) , ( τ̄

6

; ρ̄

6

) , and ( τ̄

6

; ρ̄

2

4

) in c ase l = 3 (i.e.

H = O (2)

−

).

Remark 7.4 Despite some c omputational effort and using the know le dge of the sp ac e

W

¯

R

, we have not b e en able to find heter o clinic cycles for h ( ū ) = p̄ m

· ∇ p̄ ∇ ū · ū k

with

m, k ∈ N

0

. However, we stil l find al l heter o clinic orbits of Se ction 6.

7.2 P erturbations using T − Equiv arian t P olynomial Mappings

An ob vious generalization of the p erturbation (7.2) is

h : D ⊂ L

2

( S

2

) → L

2

( S

2

)

¯ u → < ϵ̄ , ∇ ū > · ū k

(7.3)

with some ϵ̄ ∈

¯

M

T

. Since ϵ̄ : S

2

→ R

3

is T − equiv arian t, it follo ws easily that h

is T − equiv arian t as w ell. Section 4.2 w as dev oted to the question whic h elemen ts are

precisely T − equiv arian t. These are the elemen ts in W

¯

M

(cf.Theorem 4.19), t w o of whic h

are w̄

¯

M

3 and w̄

¯

M

7

.

Using ϵ̄ := w̄

¯

M

3 and k = 0 for h defined in (7.3) the flo w for the l = 2 represen tation is

F h

Υ ω , T

2

( φ ) =

96

35 π cos ( φ ) sin ( φ ) , φ ∈ [0 , π

2

] .

59

This is again a G

T

1 flo w. Another tetrahedral flo w can b e observ ed with ϵ̄ := w̄

¯

M

7 and

k = 2 for h defined in (7.3). The flo w for the l = 2 represen tation is

F h

Υ ω , T

2

( φ ) =

41472

55055 π cos ( φ ) sin ( φ ) −

13824

5005 π cos

3

( φ ) sin ( φ ) +

13824

5005 π cos

5

( φ ) sin ( φ ) . (7 . 4)

This giv es a com bination of G

T

1 with the basic flo w G

T

2

( φ ) := sin

3

( φ ) cos

3

( φ ). Although

Theorem 2.2 is not directly applicable to G

T

2

, it is applicable to the flo w in (7.4) giving

qualitativ ely again the picture in Figure 11.

Remark 7.5 Other p airs ( l ; k ) , which give to gether with w̄

¯

M

3 the G

T

1 flow (up to multiples)

ar e e.g. (3; 0) , (4; 0) , (2; 1) , (2; 2) , (2; 3) , and (4; 1) . The G

T

2 flow c ombine d with G

T

1 as

in (7.4) c an also b e observe d for w̄

¯

M

7 with the fol lowing p airs ( l ; k ) : (2; 3) , (2; 4) , (3; 2) ,

(4; 0) , (4; 1) , and (4; 2) . Of c ourse these lists ar e by no me ans c omplete.

8 Applications to Reaction Diffusion Systems

Here w e w an t to address the question of applying the previous results to systems. As an

example w e discuss the equations of the brusselator on the 2–sphere S

2

ρ of radius ρ . W e

consider these equations to b e a test case for more in teresting equations. Our equations

ha v e the follo wing form

∂ U

∂ t

= D

1

Δ U + U

2

V − ( B + 1) U + A

∂ V

∂ t

= D

2

Δ V − U

2

V + B U ,

(8 . 1)

where D

1

, D

2 are p ositiv e and A, B ∈ R (compare Golubitsky and Sc haeffer [ 4 ], Chapter

VI I § 5). W e find easily a family of spatially constan t equilibria, namely

U = A and V = B / A . (8 . 2)

Usually one considers B to b e a con trol parameter, while D

1

, D

2

, A and ρ are fixed.

The stabilit y analysis for this family of equilibria is the same as the stabilit y analysis for

the brusselator discussed in [ 4 ]. Therefore w e just presen t the results. If one considers

spatially constan t p erturbations only , one has to consider the system of ODE’s

∂ U

∂ t

= U

2

V − ( B + 1) U + A

∂ V

∂ t

= − U

2

V + B U .

60

The family discussed b efore is stable if B < 1 + A

2

. A t B = 1 + A

2

w e ha v e a Hopf

bifurcation and a family of spatially constan t p erio dic solutions o ccurs. If w e are in terested

in stable non-spatially constan t solutions w e ha v e to consider the full system of PDE’s.

The system under consideration is ob viously O (3) –equiv arian t. If w e lo ok for p oin ts where

the family (8.2) lo oses the stabilit y it is natural to ask whic h represen tation of O (3) o ccurs

on the eigenspace corresp onding to purely imaginary eigen v alues.

By c hanging the parameters one can also find other in teresting bifurcations. In fact w e

sho w

Theorem 8.1 F or e ach ℓ ∈ N ther e exist diffusion c onstants D

1

, D

2 and p ar ameters A, ρ

and a critic al numb er B

ℓ such that for B < B

ℓ the trivial solution (8.2) is line arly stable,

and unstable for B > B

ℓ

. Mor e over, for B = B

ℓ the kernel of the line arization at the

trivial solution is the absolutely irr e ducible r epr esentation of O (3) of dimension 2 ℓ + 1 .

Pro of. The pro of of this theorem pro ceeds along the lines of the pro of in [ 4 ]. W rite

U = A + u, V =

B

A

+ v , then the system (8.1) tak es the form

∂ u

∂ t

= D

1

Δ u + ( B − 1) u + A

2

v + f ( u, v )

∂ v

∂ t

= D

2

Δ v − B u − A

2

v − f ( u, v ) ,

(8 . 3)

where f is giv en b y f ( u, v ) =

B

A u

2

+ 2 Auv + u

2

v . Let Y ℓ

m

, m = − ℓ, . . . , ℓ b e the spherical

harmonics of order ℓ . The Laplace op erator applied to Y ℓ

m considered on the sphere of

radius ρ giv es

Δ Y ℓ

m

= ℓ ( ℓ + 1)

ρ

2

Y ℓ

m

. (8 . 4)

Therefore the linearization of (8.3) leads to

∂ u

∂ t

= D

1

Δ u + ( B − 1) u + A

2

v

∂ v

∂ t

= D

2

Δ v − B u − A

2

v ,

(8 . 5)

and the eigenfunctions of this system ha v e the form

Y = Y ℓ

m

(

u

0

v

0

)

. (8 . 6)

F or Y to b e an eigen v ector the v ector

(

u

0

v

0

)

has to satisfy the condition

(

μD

1

+ ( B − 1) A

2

− B μD

2

− A

2

) (

u

0

v

0

)

= λ

(

u

0

v

0

)

(8 . 7)

61

where μ ( ℓ ) = ℓ ( ℓ +1)

ρ

2

. Lo oking for steady state bifurcations means that w e set

det

[

μD

1

+ ( B − 1) A

2

− B μD

2

− A

2

]

= 0 . (8 . 8)

In order to pro v e the theorem w e ha v e to sho w that for giv en l

0

∈ N the parameters

A , D

1

, D

2

, and ρ can b e arranged suc h that there exists a n um b er B

ℓ

0

< 1 + A

2

suc h

that for B < B

ℓ

0 the giv en branc h (8.2) is stable, for B = B

ℓ

0 there exists some solution

to (8.8) with μ ( ℓ ) = μ ( ℓ

0

) and for all other ℓ the determinan t is p ositiv e. Moreo v er the

k ernel of (8.7) is one-dimensional. It is just a matter of some computations to v erify these

claims.

Cho osing the parameters as D

1

= 1, D

2

= 4, A = 3, ρ = 2, and B = B

2

= 77 / 8 w e get

the 5–dimensional irreducible represen tation of O (3) as the one through whic h the trivial

solution lo oses its stabilit y .

W e consider symmetry-breaking p erturbations of the follo wing t yp e

ε

(

h

1

( B , u, ∇ u, x )

h

2

( B , u, ∇ u, x )

)

(8 . 9)

with h

1

( B , u, ∇ u, x ) = < ϵ

1

, ∇ u > and h

2

( B , u, ∇ u, x ) = < ϵ

2

, ∇ u > , where ϵ

1 , 2

∈ M

T

.

In order to apply the metho ds dev elop ed in this pap er w e calculate the arcs Υ within

function space L

2

( S

2

). In order to get the drift along these arcs w e ha v e to compute the

scalar pro duct b et w een the tangen t v ectors and the p erturbation terms, as w e ha v e seen

in Section 2 and 7. The computations are the same as in the previous cases, therefore w e

just state the results.

Theorem 8.2 Ther e exist p erturb ations of the form (8.9) of de gr e e 3, and an ε

0

> 0 ,

such that for e ach p erturb ation with ε < ε

0 ther e exist heter o clinic cycles, as describ e d

b efor e.

9 App endix: Computation of Flo ws Using Maple

T o calculate the flo w form ula (2.22) w e ha v e to find a w a y to in tegrate efficien tly o v er

the sphere S

2

. W e will outline, ho w the sym b olic computation program Maple (actually

w e use Maple V, Release 2) can b e used to in tegrate p olynomials p = p ( x, y , z ) o v er S

2

.

W riting

p ( x, y , z ) =

∑

i,j ,m α

i,j ,m x i

y j

z m

and ϑ ( i, j , m ) :=

∫

S

2 x i

y j

z m

dS ,

w e find

62

∫

S

2 p ( x, y , z ) dS =

∑

i,j ,m α

i,j ,m ϑ ( i, j , m ) .

Therefore the kno wledge of the n um b ers ϑ ( i, j , m ) is crucial for our problem. As already

remark ed in (6.6) and (6.7), w e ha v e for an y p erm utation σ of ( i, j , m )

ϑ ( i, j , m ) = ϑ ( σ ( i ) , σ ( j ) , σ ( m )) , (9 . 1)

and

ϑ ( i, j , m ) = 0 for i, j , m ∈ N

0 and i, j or m o dd.

Hence only ϑ ( i, j , m ) for i, j and m ev en is of in terest. The recursion form ula

ϑ ( i, j , m + 2) = m + 1

i + j + m + 3 ϑ ( i, j , m ) , i, j , m ∈ N

0

is not hard to see. Using (9.1) w e get similar expressions for increasing i and j , whence all

needed v alues of ϑ can b e calculated easily using ϑ (0 , 0 , 0) = v ol ( S

2

) = 4 π . Pro vided for

ev en i ≤ j ≤ m the v alues of in teg ([ i, j , m ]) := ϑ ( i, j , m ) are kno wn, the follo wing maple

pro cedure will calculate

∫

S

2 p dS .

polyint:= proc(p)

                                                                         local q,value,dx,dy,dz, set,s,t;

                                                                                                            # the values for integ(i,j,m) must be known

                                                                         value:= 0;

                                                                         simplify(p); expand(");

                                                                         collect(",[x,y,z],distributed); q:=combine(");

                                                                         while (q<>0)

do

s:=lcoeff(q,[x,y,z],’t’); q-s*t; # extracts one coefficient x^i y^j z^m of q

q:=simplify(");

if s*t=0 then q:= combine("); # usually not necessary

else

dx:= degree(t,x);

if type(dx,even) then # only x^i y^j z^m with i,j,m even needed

dy:= degree(t,y);

if type(dy,even) then

dz:= degree(t,z);

if type(dz,even) then

set := [dx,dy,dz]; # this coefficient yields a nontrivial integral

set:=sort(set);

value:= value+ s* integ(set);

63

fi: # {dz}

fi: # {dy}

fi: # {dx}

fi: # {else}

od:

                                                                         value:=simplify(value);

                                                                         RETURN(value);

end;

T o obtain the flo ws of Section 6 e.g., w e use:

flow:=proc(p,k) #Input p=polynomial, k=integer

                                                                         local wdiff, prod; #w=w_l(phi) must be known

                                                                         wdiff:=diff(w,phi);

                                                                         prod := wdiff*p*w^k;

                                                                         subs(cos(phi)=ccc,"); subs(sin(phi)=sss,");

                                                                         prod:="; value:= polyint(prod);

                                                                         subs(ccc=cos(phi),"); subs(sss=sin(phi),");

                                                                         value:=simplify("); RETURN(value);

end;

Here a parametrization of a connection, for instance w = ω

l

( φ ) (see Section 5), m ust b e

kno wn. The sub- and resubstitution of sin ( φ ) and cos ( φ ) is not really necessary , but it

sp eeds things up enormously .

Con ten ts

1 In tro duction: A Motiv ating Example 1

2 The Flo w F orm ula 5

3 The In v arian ts and Equiv arian ts of the Exceptional Subgroups of O(3) 10

4 Precisely T ⊕ Z c

2

Symmetric P olynomials 19

5 P arametrization of the Fixed-P oin t Subspaces 37

6 Basic Flo ws for P erturbations of the Reaction T erm 47

7 Hetero clinic Cycles 56

8 Applications to Reaction Diffusion Systems 59

64

9 App endix: Computation of Flo ws Using Maple 61

List of Figures

1 Fig. 3 from Lauterbac h and Rob erts . . . . . . . . . . . . . . . . . . . . . 3

2 F ix

( T , O (3) / ( O (2) ⊕ Z c

2

))

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

3 F ix

( T ⊕ Z c

2

, O (3) / ( O (2) ⊕ Z c

2

)) and F ix

( T ⊕ Z c

2

, O (3) / O (2)

−

)

. . . . . . . . . . . . . . . 41

4 F ix

( O , O (3) / ( O (2) ⊕ Z c

2

))

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

5 F ix

( O ⊕ Z c

2

, O (3) / ( O (2) ⊕ Z c

2

)) and F ix

( O

−

, O (3) / ( O (2) ⊕ Z c

2

))

. . . . . . . . . . . . . . 44

6 Subgroups of O

−

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

7 F ix

( O ⊕ Z c

2

, O (3) / O (2)

−

) and F ix

( O

−

, O (3) / O (2)

−

)

. . . . . . . . . . . . . . . . . . 45

8 F ix

( I , O (3) / ( O (2) ⊕ Z c

2

))

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

9 G

O ⊕ Z c

2

1 and G

O

−

1

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

10 G

I ⊕ Z c

2

1 and G

T ⊕ Z c

2

1

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

11 G

T

1

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

65

References

[1] M. A. Armstr ong . Gr oups and Symmetry . Undergraduate T exts in Mathematics.

Springer V erlag, 1988.

[2] S.-N. Cho w & R. La uterba ch . A bifurcation theorem for critical p oin ts of

v ariational problems. Nonl. A nal., TMA , 12, 51-61, 1988.

[3] M. Field . Equiv arian t bifurcation theory and symmetry breaking. J. Dyn. Diff.

Equat. , 1, 369-421, 1989.

[4] M. Golubitsky & D. G. Schaeffer . Singularities and Gr oups in Bifur c ation

The ory, V ol. I. Springer V erlag, 1985.

[5] M. Golubitsky, I. Stew ar t & D. G. Schaeffer . Singularities and Gr oups in

Bifur c ation The ory, V ol. I I. Springer V erlag, 1988.

[6] D. Henr y . Ge ometric The ory of Semiline ar Par ab olic Equations , v olume 840 of

L e ctur e Notes in Mathematics . Springer V erlag, 1981.

[7] M. W. Hirsch, C. C. Pugh & M. Shub . Invariant Manifolds , v olume 583 of

L e ctur e Notes in Mathematics . Springer V erlag, 1977.

[8] E. Ihrig & M. Golubitsky . P attern selection with O(3)-symmetry . Phys. D , 13,

1-33, 1984.

[9] R. La uterba ch . Pr oblems with Spheric al Symmetry - Studies on O(3)-Equivariant

Equations . Habilitationssc hrift, Univ. Augsburg, 1988.

[10] R. La uterba ch & S. Maier . Symmetry–breaking at non-p ositiv e solutions of

semilinear elliptic equations. A r ch. R at. Me ch. A nal. , 126(4), 299-331, 1994.

[11] R. La uterba ch, S. Maier-P aape & E. Reißner . A systematic study of hetero-

clinic cycles in dynamical systems with brok en symmetry . Pr o c. R oy. So c. Edinbur gh

Se ct. A , to app ear, 1995.

[12] R. La uterba ch & M. R ober ts . Hetero clinic cycles in dynamical systems with

brok en spherical symmetry . J. Diff. Equat. , 100, 428-448, 1992.

[13] R. La uterba ch & M. R ober ts . (in preparation).

[14] S. M. Rankin . Semilinear ev olution equations in Banac h spaces with applications

to parab olic partial differen tial equations. T r ans. A m. Math. So c. , 336(2), 523-535,

1993.

66

[15] D. H. Sa ttinger . Gr oup The or etic Metho ds in Bifur c ation The ory , v olume 762 of

L e ctur e Notes in Mathematics . Springer V erlag, 1978.

[16] T. A. Springer . Invariant The ory , v olume 585 of L e ctur e Notes in Mathematics .

Springer V erlag, 1977.

[17] B. Sturmfels . A lgorithms in Invariant The ory , v olume 1 of T exts and Mono gr aphs

in Symb olic Computation . Springer V erlag, 1993.

[18] J. Vilenkin . Sp e cial F unctions and the The ory of Gr oup R epr esentations . Num-

b er 22 in T ransl. of Math. Monographs. Am. Math. So c, 1968.