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Abstract

We consider a class of stochastic processes containing the classical and well-studied
class of Squared Bessel processes. Our model, however, allows the dimension be a func-
tion of the time. We first give some classical results in a larger context where a time-varying
drift term can be added. Then in the non-drifted case we extend many results already
proven in the case of classical Bessel processes to our context. Our deepest result is a de-
composition of the Bridge process associated to this generalized squared Bessel process,
much similar to the much celebrated result of J. Pitman and M. Yor. On a more practical
point of view, we give a methodology to compute the Laplace transform of additive func-
tionals of our process and the associated bridge. This permits in particular to get directly
access to the joint distribution of the value at ¢ of the process and its integral. We finally
give some financial applications to illustrate the panel of applications of our results

Introduction

We will consider in this article a family of stochastic processes which contains the classical
squared Bessel processes. We recall that for § > 0, a d-dimensional squared Bessel process
started at x > 0 is defined as the unique strong solution of the stochastic differential equation

dX, = odu+ 2/ X, dW, and Xo=2>0

for all u € RT where (W,,),>0 denotes a Brownian motion. There has been a huge number
of publications concerning this class of processes, resulting in many tractable tools for its study.
We refer in particular to Shiga-Watanabe [14], Pitman-Yor [11], Revuz-Yor [13] and Deelstra-
Debaen [4], [5]. A natural extension of this family is to replace the dimension ¢ by a function of
the time variable. This was done by Carmona in [2], extending some of the previously mentioned
tools to the class of squared Bessel processes with dimension ¢ which is a time varying function.
A second generalization of this class of processes was done by Deelstra and Delbaen in [3],
[4] and [5]. They introduced a constant drift parameter 5 and used a dimension 6 which may
be stochastic. Indeed, they extend results of existence of the solution of an extended stochastic
differential equation

dX, = (0y + 28X,)du+ 2/ X, dW, and Xo=22>0

They proved that the properties of scaling and additivity of the process (X,,) found by Pitman
and Yor in [11] for classical squared Bessel processes stay valid for these extended squared



Bessel processes. Moreover, Pitman and Yor in [11], using some classical space-time transfor-
mations and Girsanov’s theorem, have shown that the study of squared Bessel processes with
drift can be reduced to the study of the squared Bessel process without drift (i.e. 5 = 0). This
property is equally true in the case of non-constant dimension. Finally, Delbaen and Shirakawa
in [6] applied the class of squared Bessel processes with time varying dimension ¢ to the square
root interest rate model.

Hence our contributions are: firstly, we generalize the family of squared Bessel processes to the
class of squared Bessel processes with stochastic dimension (J,) and with a drift parameter
(3,, which is a function of the time. We will call this kind of process a generalized squared Bessel
process (GBESQ) with stochastic dimension (d,,) and with a drift function (3, defined as the
unique solution of the stochastic differential equation

dX, = (64 + 26, X.)du + 24/ X, dW, and Xy =z > 0. (0.1)

We establish several classical properties for this generalized process, extending or sometimes
overlapping results from the aforementioned articles. This includes results of existence and
uniqueness of the solution of (0.1); scaling and additivity properties of this solution. We finish by
showing that, as in the two other previously mentioned settings, one can reduce to the situation
(3 = 0 through a change of law. Therefore we make a more precise study of the un-drifted case
and give some rather tractable tools in order to compute the law of additive functionals of this
process.

We then give a more precise and theoretic version of the last result, in the form of a Lévy-Ité
representation of this process, similar to the one exposed in Pitman and Yor [11]. However due
to the fact that the dimension parameter belongs to a function space and not, as in the classical
setting, to R™, we cannot extend to our case all the results of global monotone coupling that
exist in the classical setting. Our tools rely mostly, apart from the probabilistic tool used in the
setting of Bessel Processes, on functional analysis in order to extend results on the half line to
a functional space. The Fréchet-Riesz representation Theorem is a quite typical example of the
theoretical results we use.

Then we introduce the notion of Generalized Squared Bessel Bridges by conditioning our pro-
cess to its endpoints. We give some extensions of the classical properties of Bessel bridges to
our case, including an extension of the Bessel Bridge decomposition of Pitman and Yor [11].
We use this decomposition in order to give a general formula for the Laplace transform of ad-
ditive functionals of the Bessel bridge. We give an example of how we can use this formula to
get an explicit result. The techniques we use are very tractable and can be applied whenever
one knows how to handle classical Bessel processes. We give a (if not very tractable) complete
formula covering most settings in Appendix A. Our formula contains a power series, the value
of which we are unable to compute explicitly, we however give some estimates on the speed of
convergence of this series.

We conclude this paper by giving some applications to financial mathematics of our results. In-



deed, we will first give some examples of financial models which are GBESQ. Then, we will give
three examples of applications: first we will give an explicit way to simulate stochastic volatil-
ity model where the volatility process is again a GBESQ, then the evaluation of zero coupon
bond where the interest rate is a GBESQ, and finally, we will give an explicit method to simulate
default times in credit risk model using a stochastic default intensity which is a GBESQ process.

1 Squared Bessel processes with time varying dimension.

1.1 Squared Bessel process

Let (2, (F2)tepo,r), P) be afiltered probability space and let (W;);c(o,r] be a Brownian motion
under . We suppose that the filtration (F;)¢cjo,r) is generated by {W,;0 < s < t}. We first
recall some results of [13], about squared Bessel processes with constant dimension 6 > 0.

Definition 1.1. The squared Bessel process of dimension é > 0, denoted by BESQi is defined
as the unique strong solution of the stochastic differential equation (SDE)

dX, = odu + 2/ X, dW, and Xy=2x>0. (1.2)

In this case X,, > 0, forallu € [0, T.

We will denote in the sequel by Qi, the law of BESQi. We now recall the property of additivity
of squared Bessel processes which can be found in Theorem 1.2 Chap XI of [13]

Theorem 1.1. Forevery 5,0 > 0 andx,z > 0, we have

Qe =g, (1.3)

/
T+x

1.2 Generalized squared Bessel process (GBESQ)

Let C' be the space of continuous functions Rt — R™ and D the space of continuous by part,
measurable and locally bounded functions Rt — R,

Definition 1.2. Forallu € R* , 6,8 € D, we will call the solution in C' of the stochastic
differential equation

dX, = (28,Xy + 6y) du + 2/ X, dW,, (1.4)

with initial value X, = x > 0, a generalized squared Bessel process with dimension (6,,) and
drift function (3,,). We will denote X as a GBESQP?.

We will denote by # Q9 the law of X and Q% := Q°.



Remark 1.1. In the above definition (d,,) and ((3,) are deterministic functions of the time. It is
obviously possible to extend these definitions to random (6,,) and ((3,) provided their trajecto-
ries belong almost surely to D, by conditioning on the realization of (J,,) and (3,,). Thus all the
following result are true conditionally on (0,,) and ([3,,), or, using the typology of random media,
in the "quenchedBetting. It is also straightforward by time restriction of the above SDE that the
solution in this case is progressively measurable with respect to o ((3y)u<t, (Bu)u<ts (Wi )u<t)-

1.2.1 Existence, unicity and positivity of the solution

We will obtain the uniqueness of the existence of the GBESQ and its positivity for a more general
volatility structure. Indeed, we take the process X given by

dX, = (28, X4 + 0,) du + (X, )dW, (1.5)

where o : RT™ — R is a function, vanishing at zero and satisfies the Holder condition, namely
that for all 2, y € R™, there exists a constant ¢ such that

lo(x) = o(y)l < ev/lz —yl. (1.6)

Remark 1.2. 1 We can remark that the volatility structure of our GBESQ process (1.4)
satisfies this condition.

2 This class of processes was studied by Deelstra in [3] with a constant drift 3 and a
dimension § such that f(f dudu < oo forallt € RT.

3 Ifd isin D then ) satisfies point 2.

Proposition 1.1. Let 3 and ¢ be in D and o a function satisfying (1.6), then for every x > 0
there is a unique solution X, of the stochastic differential equation (1.5) such that Xo = .

Proof. The proof follows from Theorem 3.2.1 in [3]. Whereas as we said in Remark 1.2 point 2.
our model has a non constant drift term. But since (3 is in D, then it is locally bounded. Hence
we can work with this new drift in the proof of Theorem 3.2.1 and obtain the same result. O

To obtain the positivity of this solution, we will use a comparison result.

Proposition 1.2. Let X' and X? be two solution of (1.5) with dimension 5* € D and 6> € D
and respectively initial state ' > 0 and 2> > 0. We suppose too, that the processes X' and
X? are associated with the same Brownian motion (W,,) and the same drift 3 € D. If for all
u > 0 we have z* > x! and 62 > ¢! a.s., then for every u > 0, we have

P[X!>X, =1



Proof. We will again follow the proof of Theorem 3.2.2 in [3] with a non constant drift 3 using
the fact that 3, is in D for all u € [0, T). O

Corollary 1.1. The process X is always positive.

Proof. This follows directly from the Proposition 1.2. Indeed, taking X! = 0andd! = 0, then
the unique solution of (1.5) is given by X' = 0. Then taking X ? an other solution of (1.5) such
that X2 > X} = 0and §2 > ¢! = 0 a.s. we obtain that X2 > 0 a.s. O

Remark 1.3. Hence taking for allu € [0, T, 0(X,) = 2v/X.,, then we have that the stochastic
differential equation (1.4) admits a unique positive solution.

1.3 Results about GBESQ

We come back now to our GBESQ process given as the unique solution of the stochastic differ-
ential equation (1.5).

Proposition 1.3. Let (Xff))ue[gﬂ and (Yu(é ))ue[O,T] be two independent generalized squared
Bessel processes with time varying dimension 9, (5; > 0 with the same drift (3, which is a
bounded function and initial states x > 0. Then

(XO 4+ Y50 <u, X =0, Y) =o'} & {HO;0 <o, B = w12,
(1.7)

where H is an other GBESQ with stochastic dimension ¢,, + 5;, with drift equal to 3,, and initial
state x + . In other words,

b9 ot QF, =F Q. (1.8)

Proof. We proceed similarly to the proof of Theorem 1.2 of [13] which is done for simple squared
Bessel processes. Let 1V and W' be two independent linear Brownian motion. Let X and Y
defined by (1.4) as the corresponding two solutions for (-, 3,) and (2, 3,6 ) and set H=X+Y.
Then for any u € [0, 77,

Hu:x+x’+/u2ﬁs(xs+m)ds+/u <5S+5;)ds+2/u(\/ZdWs+\/ZdW;).
0 0

0
Let W" be a third Brownian motion independent of W and W'. The process ¢ defined by

u VX AW, + Y dW, u
C-u = 1{Hs>0} \/F +
s 0

is a linear Brownian motion since ((, ¢),, = v and we have
H, = (z+7) +/ 26, (X5+Y5)ds+/ <5S+5;> ds+2/ VH.C
0 0 0
H, = (x+x’>+/ <2ﬁSHS+ <5S—|—5;)>ds+2/ v/ Hd(s,
0 0

which completes the proof. O

g, —oydW,



Proposition 1.4. Forallu € [0,T], If XisaGBESQP? (ie. Xy = x), then for any ¢ > 0, the
process %Xcu is again a GBESQ';B % with 6; = 00y and ﬁ; = (. In terms of distribution,

this reformulates to )
Bod [ X _cBle) odler)
Q (CXC.) = Qx/c .

Proof. We know that X, = = + [, 0,ds + [’ 26, X,ds + 2 [;' v/X,dWi.. So by a change
of variable in this stochastic integral, we obtain

x—l—/ COepdv + / 200 X cpdv —1—2/c v/ Xy dWy.
0 0 0

Hence
1 5 e 1
_Xu = f + / (chd’l} —+ / Qﬁchcvd’U + 2/ Y XcvdWczn
C C 0
1 1
-X, = g + / Oepdv + / QﬁchcvdU + 2/ Xew Wew,
C C 0 \/_

1 u 1
SX,, = f+ / 8w + / By Xopdv + 2 / X.,
C 0 \/_

Moreover, we know that if for all u € [0, 7], W, is a Brownian motion then, for all ¢ > 0,
\/iEdWcu is again a Brownian motion. Hence this stochastic differential equation becomes

1 /1 - 1 /1 -
Echu = (200uXeu + Ocy) du + 2 EXCUdWU = <QCﬁcuEXcu + (5cu> du + 2 EXcuqu.

Consequently, the result follows from the uniqueness of the solution to this stochastic differential
equation. O

1.3.1 Removal of the drift term.

We now give a generalization of the change of law property which can be found in [11]. This
proposition allows us to vanish the deterministic drift function. Let X be a GBESQ%’ and
for t € R™ define the process Y by Y; = fot Bsv/ X dW,, where the function 3 is in D and
assume moreover that 3 is differentiable. Then the continuous local martingale defined by

Zy =E(Y,) = exp {Yt — %<Y,Y>t}

is equal to

7 = exp{/tﬁs@dws—lfﬁﬁxsds}

- exp{ U 28,7/ X dW, +/555ds—/555ds—/52)(ds”
_ exp{ UO 3, (5Sds+2\/ZdWS —/0 @@ds—/o 5§X5ds”.

6
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Since X isa GBESQY°, we obtain that

t t t
Zy = exp{% {/ ﬁSdXs—/O 5555618—/0 ﬁEXSdS}}. (1.9)
0

By integrating by parts, we have

t t t t
@&=&%+/ﬁ¢&+/xwm:%%+/ﬁ¢&+/XAw.
0 0 0 0

Hence by substituting this expression in (1.9) we obtain

t t t
z=:m{%@&—%&—/xﬁw—/ﬁ@w—/@&wﬂ
0 0 0

— exp {% lﬁtXt — BoXo — /O ' Bubuds /0 t (5; n 53) Xsds] } .

If we show that Z; is a true-martingale then we will can apply the change of law formula given
by the following proposition

Proposition 1.5.

8O0 1 t b,
Zy = — =exp {— [ﬁtXt — BoXo — / Bs0sds — / (53 + 53) Xsds} } - (1.10)
Q 2 0 0

In fact, since X% is positive for s € [0, 7] and 3 € D, so (3 is locally bounded. We have that
(ﬂ; + Bf) > 0 then the local-martingale Z; is bounded, therefore it is true-martingale.

1.4 Some law results

Starting from now and having in mind the previous result, we will always assume that the drift
term is zero. We first recall a result from [2], Proposition 3.4

Proposition 1.6. If6 € D and y is a positive Radon measure on [0, a[, then

Q) {eXp (— /0 Xudu(U))l = exp (5@2(0)) exp (% /0 %&m) :

where @, is the (well and uniquely defined) solution in the distribution sense of

P = dp. (1.11)

which is positive, non-increasing on [0, co| and follows the initial condition ®,,(0) = 1.



Remark 1.4. 1 With straightforward calculation, we can obtain a extended version of this
result with non zero drift term, namely

s {eXp (_ /0 ’ Xudy(u)>} = exp (58,(0)) exp (% /O ' iig;(sudu) ,

where @, the unique solution of the differential equation, in the distribution sense,

" /

q)’ll; ¢u
dp, = 20, du + ﬁuaudu (1.12)

which is positive, non-increasing on [0, co| and follows the initial condition ®,,(0) = 1.

2 All these results could be extended under proper assumptions to measures without com-
pact support. As our goal is to study the Bessel bridge, we feel free to do this restriction.

The previous form gives a precise explicit expression for the Laplace transform of additive func-
tional of the generalized squared Bessel. However in practical cases this explicit form is rather
difficult to use. We give a more abstract form which, surprisingly, suits better our goals, and
allows us to introduce some notations.

Proposition 1.7. Let X° be a generalized squared Bessel process with dimension § and started
inx. If6 € D and yu is a positive Radon measure with compact support on R™, then there exist
a constant A,, and a function B,, : R — R* such that

Qi {exp (_ /OO Xudu(u)>:| = Aﬁ exp {/00 BM(U)(Sudu} .
0 0

Proof. It is a trivial corollary of Proposition 1.6. O

Remark 1.5. Note that, by taking 6 constant, the A, term is the same as in Corollary 1.3 of
page 440 of [13].

We can apply this formula to measures of the form p; := Ae;, where €, stands for the Dirac
measure in . Our strategy to compute A,,, and B, will be to take well-chosen test values and
functions for x and 0. Taking = 1, A,,, was computed in [13], page 441, and is equal to

A, = e TN, (1.13)

e

To get access to B,,,, we take x = 0 and use test functions of the form 0 = x[;,o] where X

Ht>
denotes the indicator function. For such ¢ and x = 0, the generalized squared Bessel process

is easily described: indeed it is identically equal to 0 for 0 < ¢ < b and then evolutes like a



squared Bessel process with dimension 1 started at 0, that is, the square of a standard Brownian
motion. Therefore straightforward computations imply

X[b,00] ~AB? 1
exp< — | X,d =Fyle Tt | = ) 1.14
’ [ p{ / MtH o| ) N D

(for the last equality see for example p441 of [13].) On the other hand this is also equal to
exp { [, Bu(u)}. Taking the log and then the derivative with respect to b, then bringing ev-
erything together, we get the following result :

Corollary 1.2. Under the statement of the Proposition 1.7, we have

Az t Ad
5 [,—AXe] _ _ _ R
% [e] eXp{ 1+2)\t}eXp{ /0 1+2A(t—u)d“}‘

This is the Laplace transform of the transition Kernel of Q°. In the case of constant § an inverse

to this transform can be computed and therefore an expression of the transition Kernel, it is
however not generally possible for any d. We give in Remark 3.8 a simplification of this formula
in the case of piecewise constant §, and in section 5.1 some hints on how to overcome this
issue in numerical simulations.

2 The Levy-lté Representation of GBESQ

We now turn to the so-called Levy-Ité representation. For a motivation of such representation
we refer to §4 of [11].

Theorem 2.2. 1 There exists a unique measure M on C' such that for every random vari-
able I on C' of the form I = [ X,u(dt), with u a positive Radon measure with compact
supporton (0, 0o) and every o > 0, denoting by M, the distribution of (X ;_,+,t > 0)
for (X, t > 0) distributed according to M we get

Qi [e_aI] = exp { (xM + /OO 5uMudu) (6_"‘] — 1)} : (2.15)
0

Moreover M corresponds to the ° M of Theorem 4.1 of [11].

2 Foranyd € D, there exists a R* — C process (Y,?, 2 > 0) such that

VP=Y24+Y) =Y, +Y° (2.16)

where (Y,,x > 0) and (Y?°,6 € D) are independent, Y, is as in Theorem 4.1. of [11]
and Y is distributed according to QJ.



Remark 2.6. 1 This theorem should be understood as a Lévy-Khinchine formula on C.
For more on this we refer to §4 of [11]. We also refer to §3 of [11] for background on
the measure M. In short, M is the excursion law associated to the zero diffusion Q°
renormalized so that its entrance law is given by

dx .
M(X; €dr) = —=e 2,
(X: € dw) (2t)?
In particular the associated transition kernel starting for any strictly positive time is the
same as the one of the squared Bessel process of dimension 0.

2 We also recall the expression of Y, from [11]. Namely,

Y, (0) =2z, Y, = ZAU on (0, 00),

v<x

where A, is a Poisson point process on C' with Poisson measure M . Note that, due
to the form of M, the sum in the last expression is actually infinite, however, for every
finite t, the set of A, such that A,(t) > 0 is finite and its cardinality follows a Poisson
distribution of parameter ;.

3 In[11], the representation in terms of a Poisson point process is also valid for §. However
we do not have such a representation in our setting and believe it is a difficult question. It
is however not needed for our purpose.

Proof of Theorem 2.2: First, we would like to prove (2.15). It is clear that both terms are multi-
plicative in 0 and positive. The form in Proposition 1.6 also easily imply that the left hand side
is continuous in § with respect to the infinite norm. The continuity of the right hand side follows
easily once one knows that fooo Ou M, du (e‘al — 1) is finite, which is easily deduced from
Theorem 4.1. of [11]. Hence we just need to prove it for well chosen test function. We take for
test functions the functions that are constant on an interval and equal to zero outside. It is easy
to see that such function form a generating family of D. Indeed it is rather easy to see that any
constant by parts can be constructed as a sum of such functions. The fact that constant by part
functions are dense in D is classical.

More precisely, let § := dX[a,)- We can easily see that for such J, X, is identically zero on [0, a]
then evolves like a d-dimensional squared Bessel process on [a, b], then like a 0-dimensional
squared Bessel process. It is the clear that by a shifting of time we can reduce to the case
a = 0. The Markov property implies:

Q) [e] = ot {exp {—@ /0 ’ Xtdu(t)} E%, [exp {—a /0 h Xydp(t + b)}” :

We write [; 1= fob Xydp(t) and I, = [° X,dyu(t + b). Then the previous expression can be
written

Q0 [e] = Q[ @, [e"]] @17

10



Theorem 4.1 of [11] implies that the previous expression is equal to
o [e—a(11+XbM(e—a12—1)) ‘
Denoting by /] the function on C' defined by
I1((X)i20) = Li((Xo)iz0) + XpM (e — 1))

and applying once again Theorem 4.1. of [11], we get

Q) [e7'] = exp { (xM +d /O N Mudu> o 1)} :

It is clear from the previous form of I/ that for every u > b, M, (e~ — 1) = 0, therefore the
last expression can be reduced to

Q@ [e!] = exp { (xM +d /O b Mudu) (el — 1)} :

We now want to prove that the above expression equals

exp{ (avr+a " Moda) (e 1) |

For this we only need to prove that for every 0 < u < b,
My(e™*h —1) = M, (e~ —1).

We get this basically by doing the previous computations backward. Indeed
) r b
M,(e™* —1)) = M, |exp {—Oz/ Xtd,u(t)} exp{ XM (e 2 —1}} — 1]
L 0

_ M, fexp {—a / bXtd,u(t)} Q% [exp{—a /0 " Xudu(t + b)}} - 1]

0

exp{=a [t} -1].

where we used in the second line Theorem 4.1 of [11] and in the third line the Markov property
for M, and the fact that, by definition of M, for u < b, the transition kernel of M, for times
greater than d is equal to the transition kernel of Qg.

Now we need to show (2.16): it is trivial, just by taking Y, as in [11] and any independent
d—squared Bessel process started at zero for Y. Then Proposition 1.3 gives the result. O

11



3 Bessel bridge Decomposition

We now turn to our main interest, namely the squared Bessel bridge with non-constant dimen-
sion. We define for § € D the law

Q= (| Xo ==X, =) (3.18)

In all the result we are going to mention, we are only interested in the trajectory up to time

t € [0, T] of the Bessel bridge. So with a slight abuse of notation we will consider Q%! as a

T—Y
probability measure on C'([0, t], R™). We will also make use of the time reversed Bessel bridge,
namely we call Q the Q distribution of (X (f — $))o<s<:- In particular it is easily seen that we

have

Lemma 3.1. Let X be a GBESQ%* such that fort > 0, X; = 1, then we have that
.t Ob
Qxiy - Qyi;p?

where 0(s) = 0(t — s).

We also restrict to the case where d is not equal to zero excepted on a discrete set of points,
as it will be the case in financial applications. This is only to ensure that for every y > 0, the
conditioning event in (3.18) has zero probability. It will also ensure that the distribution Q‘;’t_,y is
continuous with respect to (z, y).

We recall that, by definition, Qgiy is the time reversal of Qgio. We first give a "bridge"version

of the additivity property.

Proposition 3.8. Letd, &' be in D, then
ot ot Ao+t
Q{E—'U ©® QyHO - Qx+y~>0'
Remark 3.7. In this setting there is no straightforward representation in term of the uncon-
ditioned process in the sense of (5.a) of [11], whereas doubtless a careful application of the

arguments of [18] should lead to some similar (but not equal) result. This is however not needed
for the above proposition to be true.

Proof of Proposition 3.8. This is directly obtained by conditioning the statement of Proposition
1.3, using the (obvious) fact that, for X and Y two R -valued processes, the events {Y (¢) +
X(t)=0}and {X(t) =0,Y(t) = 0} are equal. O

We are aiming at obtaining an extended Bessel bridge decomposition. Firstly, we need some
notation and an introductory Lemma. We denote by £~! f the inverse Laplace transform of f.
And we call

Az K A
; - - o u
Fé(/\)_exp{ 1+2/\t}exp{ /o —1+2)\(t—u)du}' (3.19)

12



Lemma 3.2. Let
/@) 1

t +2n( )
6,x,y(n) = (z k. s
> e 0 /k2't) L 1F§+2k(y>

then b . (n) is the distribution of U given

Xo+ Xi4-+ Xy =y,

where U ~ Poisson(z/(2t)), X; ~ exp(1/(2t)) are iid. random variables and X, is a
random variable independent of U and X; and its Laplace transform is given by F¥(\).

Proof. By simple computation one gets that the Laplace transform of X is equal to

. /t 2\ 4 1
xpe— [ ————— = .
PU L 1r20—o0™ ~ 142t

We deduce that, conditionally on U = n, the Laplace transform of X, + X; + --- + Xy is
equal to F},,(\). The continuous version of the Bayes Formula then gives the resuit. O

Then we obtain the extended Bessel bridge decomposition

Theorem 3.3. Foreveryd € D,z € RT,y € RT,
5t Ant
Qa:t—>y - Qa}—>0 D QO—>y 0—»0 D Z b&a} Y OZO’

where the last term on the right is the mixture of the laws Qé’fo, n ={0,1,...} with weights
given by by, (n).

Proof. Using point 2. of Remark 2.6, we get that, for Y ~ Q9.
Yxls = Yzo + YO(S’

where the two processes are independent, Y ~ Q3 and
=2 A
v<zx

where A, is a Poisson point process with measure M. We separate as in [11] this sum in two,
keeping on one side the terms which are zero at ¢ and on the other side the terms which are
positive at ¢, we get that

Y:f = Y;Oo + Yx0+ + Yo&a

where the three processes are independent,

0 0.t
Y;co ~ Q

z—0

13



and
U
0
Yy =2 %
i=0

where U is a Poisson(x/(2t)) variable independent of everything else and Z; are i.i.d. trajec-
tories whose distribution is given by M conditioned on X; > 0 and renormalized. We condition
on the values of Z; and Y at time ¢. Conditionally on U = u, and Z;(t) = 2;, Vi < U, itis
shown in [11] that

Zi~ Q. = Qo + Qo

Summing this, we get that, conditionally on U = u, and Z;(t) = z;, Vi < U with > z; = z,
0 0.t dut
Yo ~ Qoo+ Q-
On the other hand conditionally on U = u, and Z;(t) = z;, Vi < U, using time reversal and
Proposition 3.8,

5 St _ Aot 0,t
}/ZU ~ QO—>y—z - QO—>O @ Q0—>y—z‘
Putting everything together, we get that conditionally on U,
5 5.t 0,t 0,t 4u,t
Qx’t—>y = ¥0—0 ©® Qac—>0 ® QO—>y ©® QOZO'
On the other hand, conditionally on Y, Y () has Laplace transform Ft()\) and Z;(t) are

independent random variable with law exp {1/(2t)} Therefore, using Lemma 3.2, we get the
result.

O

Remark 3.8. The expression in Lemma 3.2 is fairly general, however in most practical ap-
plications ¢ is constant by parts. We thus give a simpler expression in this case. Indeed, let
0=1 <7 -+ < T, =t bean increasing sequence of times such that on each [1;, T;+1), §
is constant equal to 9;, then
t AT n 14 2)\(t — Ti—i—l) %i/2
Fy =expq — H .
1+ 2)Mt 5 L+ 2\t —7)

1=

3.1 About the coefficients in the Bessel bridge decomposition

The main difference between the classical setting and ours is the fact that the coefficients
bfmy(n) are not as explicit. However they can be computed for given values of d. For numerical
purposes it is interesting to have a bound on the speed of decay of these terms. We have the
following result:

Proposition 3.9. Letd € D, d = infjg 0 andx,y € R, then for every increasing function
f:N—R" andwithv =d/2 —1andz = \/zy,

D b, (k) F (k) <D B (k) f(k), (3.20)
k=0 k=0

14



where

T e —

are the coefficients of the Bessel(v, z) distribution (I,,(z) stands for the modified Bessel func-
tion). In particular the power series associated to the bf57x7y(k) has an infinite radius of conver-
gence.

Remark 3.9. The philosophy of this proposition is that, when one wants to compute quantities
related to the Bessel bridge, the truncation arguments used in the classical setting are also valid
in our setting.

Proof. From the representation of Lemma 3.2, it is clear that b, , (k) is the distribution of a
variable U which is negatively correlated with X, the distribution of the generalized squared
Bessel process at time ¢. Proposition 1.3 implies that we can couple the generalized squared
Bessel process of dimension d with a classical squared Bessel process of dimension d, the
first one being always bigger than the second one. From this we deduce that the distribution of
U for ¢ is dominated by the distribution for d. This distribution is computed in [11], (5.)) and is
the Bessel (v, z) distribution. The result follows easily. In particular the parameter ¢ does not
intervene, as it simplifies between o and A in [11], (5.j). O

4 Laplace transform formula associated to extended Bessel
bridges.
We are now interested in computing the Laplace transform of some functionals of the Brownian

bridge. We first deal with the simpler case of the bridge to zero. In this case, because additivity
holds, things are simpler. We have the following:

Proposition 4.10. For every Radon measure . on [0,t], there exist Ao(c) and a function
B§(u) : [0,t] — R depending on . such that

Q' {exp (_ /0 t aXudu(u))] = (Ao(a))xexp{ /0 t Bg‘(u)éudu}.

Remark 4.10. Note that, fort = 1, Ag(«v) is as in in (5.d’) of [11]. We will give an example of
explicit computation of Ay(a) and B§ (u) in Theorem 4.4.

N\ 2
Proof. We first assume that the function ® defined by (1.11) is such that f(f (%) du < oo.

Using Proposition 3.8, it is easy to check that

¢(x,08) = —log Q' {eXp (— /Ot oqudu(U))]

15



is additive in both terms, therefore ¢(x,0) = ¢(x,0) + ¢(0,d), and ¢(x,0) being linear, it is
necessarily of the form ¢(x,0) = agx. We now want to show that

6(0.8) = 1oz O}y e (- | t aXadut))

is of the form fooo B§ (u)0,du. To show this we need to apply the Fréchet-Riesz representation,
which states (in our context) that any continuous linear form on the Hilbert space L?([0, t])
is of the above mentioned form. So, keeping in mind that D is a dense subset of L?([0, ]),
the only thing we need is to show that ¢(0, d) is continuous with respect to the L? norm on
[0,t]. As we now it is linear, it suffices to show that it is bounded on the unit ball. By proposition
1.6, and the Cauchy-Schwartz inequality, we now that it is true for the unconditioned process,
as by assumption 3' is square integrable. Therefore the result holds as a consequence of the
following coupling result, whose interest goes further than the context of this proof.

Lemma4.3. Foreveryd € D,z € R", there exista (R™ xR") valued process (X, X?)sej0.4
such that
X,~ Q0 X0~ Q% and X0 < X,a.5., V0 < s <t

z—0?

Before giving the proof of this lemma we finish the proof of Proposition 4.10. We only need
N 2
to get rid of the assumption fot (2)"du < oo. First note that by definition of ®, for all e,

— Iy 2
[7(%) du < oo. We deduce from the same arguments as above that for all ¢, there exist

€

B such that

o, {exp (— / a aXMu(u))} _ (Ao(a))xexp{ / a Bg’e(u)éudu}.

From this it is clear that for € < ¢, the restriction to [e, t —¢€] of Bg“' is By “. We can accordingly
define B§ on (0, t) such that the restriction to [, t —¢] of B is B;,"“. One can then easily check
that B verifies the statement of Proposition 4.10. O

We now turn to the Proof of Lemma 4.3.

Proof of Lemma 4.3. The proof follows a standard scheme, see for example pages 205-206
of [7]. The idea is to express the conditioned process as a solution of a SDE whose terms
are smaller than the SDE defining the unconditioned process, and then apply the Comparison
Theorem of [17] to prove the existence of a coupling.

We have first that for s < ¢, denoting by ¢;(z, y) the transition kernel associated to Q‘;. Using
1.3, we can write

a(z,y) = (¢ (z,.) »4/(0,.)) (), (4.21)

where * stands for the convolution, and ¢ is the transition kernel of the O-dimensional squared
Bessel Process. In particular

(2, 0) = ¢ (2,0)q; (0,0). (4.22)
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We have

dQs'|  _ a-s(Xs,0)
in F Qt(‘rvO)

S

= exp (log ¢;—_s(Xs,0) — log ¢;(x,0)) .

We write h(x, s) = log ¢;—s(x,0). We now from (4.22) that

h(x,s) = h°(z,s) + h(0, s), (4.23)
where h‘s(x, s) corresponds to the squared Bessel process of dimension .

From this form it is obvious that the derivative of i with respect to x does not depend on o,
therefore is equal to its value for the 0—dimensional squared Bessel process, that is 2( o) (see
[7] for details), and in particular the second derivative with respect to x is 0 . We have thus,
applying Ité’s formula that

de_’O = exp (—/ dX / (X, u du)
- 2(t —

dQy,

Using once more (4.23) we see that can be decomposed into a part which only depends on
0 and another one which only depends on x. Putting everything together we get

) = exp (—/jﬁd){ﬁ/ﬂsﬁd +/OSUZf(0 u)dU))

S

z—0

Q3

dQ&,t

We do not need to compute the last term in the exponential, indeed it is a deterministic term,
and we now that the Radon derivative is a martingale, therefore its value is imposed by this
condition. Recalling that by definition

dX, = 0,du + 24/ X, dW,,

and replacing in the above expression, we have

d Qiio
Q0

VX, . ¢
=exp | — AWy, + —du + a deterministic function of s
0 o 2(t

(t —u) —u)?

S

As X, — fos S.du is a martingale (under Q°), and keeping in mind that the deterministic term
is imposed by the martingale condition, we have:

o,t s
£ o (t—wu)

dQ?
Girsanov’s Theorem then implies that, under Q

r—0>

2X,

dXt = Oy
Therefore we obtain the result by an application of the Comparison Theorem of [17]. O
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We deduce from Proposition 4.10 and Theorem 3.3 the following

Corollary 4.3. Let for j. a Radon measure on [0,t], I = [ Xdu, Ag(a), B§(u) : RT — R
as in Proposition 4.10, and Ay () be the Ay («) for the image of 1 under the map s — (t — s),
let also Bo(ar) = exp {fo B§(u du} then we have

Q2 (e7") = Ag(@)" Ag(a)? exp { /0 t w)é du} (Z b5 2., () Bo()* ) .

We now give explicit computations when 1 is the Lebesgues measure on [0, ¢].

Theorem 4.4. Let X be a GBESQi and let 3 = \/2at, then we have

de,iy(e—afothds) = exp { (1‘;;?/) (1 o ﬁCOthﬁ)}

ool [ (s~ i) s (S0 ()

Proof. Here yu is invariant under the map s — (¢ — ), so that Ag(a) = Ay(a). Corollary 3.3
on page 465 of [13] gives for t = 1, b € R™ and constant § that

p2 [l b\ 2 x

6,1

X.ds )| = L(1—beothd)) .
on{exp( 2/0 S)} (mhb) eXp(Q( co )>

Taking first o := % then although this expression is given for £ = 1 we can extend it to [0, ]
using the fact that, for § constant,

o,t —a [t X.ds\ _ At —at [Y Xads\ _ A1 —at? [} Xyds
Q.0 (6 o s >_Qr_’0 (e Jo e = Qo (€ Jo Xste)

where first, we made a change of variable and then used the scaling of Bessel processes.
Hence taking y = 0 and 6 = 0, we obtain the expression of Ag(«)

Ao(er) = exp % {1 — V2at coth \/ﬁt} . (4.24)

And taking y = 0 and = 0 we obtain the expression of B(«)

V2ot
sinh v/2at '

In order to compute B (u), we take as before test functions for 4, namely we assume § = (s 4,
with 0 < s < t. We have by the same arguments as before

11 ([ —afy Xd L(t=s) [ —a [l X,d L(t—s) [ —a(t—s) [} X,
00 (6 Oéfo 5) — QOHO e Oéfo uw@ ) QOHO e a( s) fO v(t—s)du )

Bo(a) = (4.25)
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By scaling, this is equal to B} (a(t — s)?), where Bl(«) is the value of By(a) for ¢ = 1. On
the other hand it is equal to exp (fst B§ (u)du). Then straightforward computations give

Bf(u) = 2 1_ i \/22_a coth(v2a(t — u)).

This, together with the previous computations, gives the result. Note that BS' () is not defined

for u = ¢, however it is clearly integrable on [0, t]. O

Remark 4.11. The previous computations may be easily applied to get formulas for general
additive functionals of the GEBSQ. We skip for the moment these tedious computations, but
give the complete result in Appendix A

5 Some applications

As we said in the introduction, our work was motivated by applications to Finance. Indeed, our
class of GBES() contains various financial models. Hence we can give an answer to many
financial mathematical problems using our Bessel bridge decomposition and Laplace transform
formula results applied to particular GBES(). We begin thus by giving some financial models
which are in the class of GBES(Q).

Ornstein-Uhlenbeck (OU): Let (V}).c(o,1] following an Ornstein-Uhlenbeck model given by

dV, = pVidt + odW, with V= x. (5.26)

Then we have the classical representation in term of GBE.S() given by

1
—0? 2
V, = et [X (W (e — 1))} (5.27)
and X is a GBESQ®%? with dimension § = 1 and initial value & = 2.

Cox Ingersoll Ross (CIR): Let (W)te[(),T] be a CIR process then it is the solution of the stochas-
tic differential equation

AV, = (a — BV,)dt + o/V,dW, with V= x.

where € RT, 3 € R, 0 > 0. Then we have by a time space transformation the
classical representation in term of GBES() given by
2

_ Bt [ O (Bt _
Vi=e X (45 (e 1)) (5.28)

and X is a GBESQ%* such that
dX; = 6dt + 2/ X, dW,

. . . 8s
with a constant dimension 0 = 23 and W (% (eP — 1)) = fot Sez dW,.
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Constant elasticity of variance model (CEV): Let (V})c[o,r] following a Constant elasticity
of variance model (CEV) given by

dV; = pVidt + oVPdW, with 0<p<1 and V=z. (5.29)

where p represents the instantaneous mean, oV}’ the instantaneous variance of V and
p is called the elasticity factor. In the limiting case, p = 1, the CEV model returns to the
classical Black and Scholes model. In the case where p = 0, it is the Ornstein-Uhlenbeck
model and if p = % it is a Cox-Ingersoll-Ross (CIR) model without mean reverting. Then
we obtain that

1
— 12 20—p)
V, = et [X <% (62(P—1)Ht _ 1))} (5.30)
and X is a GBESQ%* with dimension § = QPPT_ll and initial value & = z—2(°—1),

Extended CIR: Let (W)te[O,T} following an extended Cox Ingersoll Ross model which is given
by the solution of the stochastic differential equation (SDE)

AV, = (o — BV,)dt + op\/VidW, with V, = . (5.31)

where oy, 3; > 0 and o; > 0 are time-varying functions and o is continuously differen-
tiable with respect to ¢ € [0, T'|. Now, we recall Corollary 3.1 of [15].

Corollary 5.4. We have

t 1 t0.2
Vi, = exp (—/ ﬁudu> X <Z/ 9—“du) , (5.32)
0 0 u

4(aov1),

where X is a GBESQ>® with time varying dimension §; = 0% T); with vy =

4 0 “du 0, = exp (— fot ﬁudu> and initial value T := ;> = x.

Hence, the class of GBESQ contains a large class of standard (financial) models

Remark 5.12. We see from these example that one needs in many occasions to evaluate the
law of functionals of the form fo )X y(s)ds for various functions g and f (with f increasing),
for X being a GEBSQ or a Generalized Bessel bridge. Laplace transform of these quantities
can be computed using the results of Remark 1.4 or alternatively Appendix A, using the simple
argument that, by change of variable,

: 5O o £-1(s
/0 g(S)Xf(s)dS—/f(o S‘(ff 1( )))Xsds.
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5.1 Generating values of X; given X, and its Laplace transform.

Let X be a GBESQ%®. Our aim is to obtain a sample of generating values of X, for t €
[0, T'] assuming that with know X, = x and that we have an explicit formula of the Laplace
transform of X;. A classic way to do this is to inverse the Laplace transform formula. But in
our case the Laplace transform formula we obtained in Corollary 1.2 is not easy to inverse. So
we need an other method to generate a sample of values of X;. One can use for example the
method developed by Ridout in [12] which allows to generate sample of random numbers from a
distribution specified by its Laplace transform (without having to inverse the Laplace transform).
Hence, as we can evaluate explicitly the Laplace transform of X assuming X, = x with our
Corollary 1.2 and simplification given by Remark 3.8, one can apply the method of Ridout in
[12] to obtain a sample of values of X for any t € [0, T].

This method also permits to jointly simulate X; (for a fixed ¢) and any additive functional of
X, 0 < s < t without simulating the whole process. To do this first simulate X; through its
Laplace transform, then plug this value into the formula of Appendix A and repeat the process.
We give an example in Section 5.2

5.2 Simulation of integrate process conditioning to its starting and end-
ing points.

In this application, we follow results found by Broadie and Kaya in [1] and extended by Glasser-
man and Kim in [8]. We will apply the same idea but using our more general framework. Indeed,
assume that we would like to simulate a stochastic volatility model given for all t € [0,77],
0 € D by

dS, = wSidt +\/V; (de,} /1= p2th2> Sy =, (5.33)
AV, = &dt +2y/VidW}, Vy=u. (5.34)

where W' and W2 are two independent standard Brownian motion, X; is a Markov jump
process on finite space S := {1,2,..., K} and p € [—1,1]. So the stochastic volatility
process is a GBESQ’®. Let for all t € [0, T] the solution of the first stochastic differential
equation in (5.33):

t 1t t t
Sy = Sy exp </ fsds — 5/ Vids + p/ VVedWE + /1 — p2/ \/Vde52> )
0 0 0 0

Moreover fg VVidW} =1 (Vt — Vo — fot (53ds). Then we have that log (%) is condition-
ally normal given fot V.ds, V, and V;. Hence

s, ¢ 1t P ¢ vy [t
log| =— ) ~N /,usds——/‘/;ds—— ‘/;—V()—/(Fsds (1= p%) /Vsds .
So 0 2 /o 2 0 0
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Moreover we can sample V; using again method stated in subsection 5.1. Hence we can obtain
a sample of couple (Vp, V). Then the problem of exact simulation of our model (5.33) is reduced

to the problem of sampling from
t
( | veasiva Vt) .
0

Since V is a GESQ?, we know by Theorem 3.3 that for every § € D, z € R*, y € R*, there
exist processes X, X5, X3 and X, such that

¢
(/ Vst‘VO:%Vt:ZO = X1+ Xo+ X5+ Xy, (5.35)
0

where X; ~ QY . X5 ~ Qgiy, X5~ QY gand X; ~ 30 b 0.y (M) ot Moreover,
depending on the GBE S V chosen, we can use Theorem 4.4 or Remark 5.12 and Propo-
sition 3.9 to have a way of sampling from <f(f Vids|Va, V}); and so an exact simulation of our

stochastic model (5.33).

5.3 Evaluation of Bond price in a credit notation model with regime switch-
ing

Assume that we are under an equivalent risk neutral probability f’, then from the general asset
pricing theory, we have that the discount bond price B(7") at time 0 with maturity 7" > 0 of an
interest rate r is given by

B(T)=E [exp (— /OT 7"st> ro = 7’] (5.36)

Let the process r be given by the solution of the stochastic differential equation given by (5.31),
we assume that the value of the parameters («ay, 0;) is function for all t € [0, 7] of the value
of an exogenous continuous time on finite state Markov chain (S)te[o’T]. Moreover, we assume
that 3, = 0. Hence the Markov chain S takes value in S := {1,2,..., N} and could represent
the credit notation of a firm A given by a credit notation entity. Then the process 7 could be the
spread of the firm A and we would like to evaluate the price at time ¢ € [0, 7] of a bond of
this firm with maturity 7' > 0. (See Goutte and Ngoupeyou in [10] for more details about this
defaultable regime switching modeling). Hence our model becomes

dry = a(Sy)dt + o(Sp)\/redWy, 1o =T (5.37)
and so «, 3 and o are piecewise continuous functions.

Remark 5.13. 1 The fact that we assume that S is a exogenous Markov chain implies that
S' is independent of the Brownian motion W for allt € [0, T].
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2 Assuming that S is exogenous has a economic sense, indeed in representation (5.37)
there is two source of randomness, firstly the market risk modeled by the Brownian motion
W and secondly an external expertise risk factor S' given by an external entity of the firm
A. This could be the credit notation representing the wealth at time t € [0, T'] of the firm
A or an indicator of the wealth of the global international economy at time t.

Let us denote by S the historical values of S, i.e. S := (S;;t € [0,T]). Using (5.32), we have

that
1 t
ry =X <—/ Jgds)
4 Jo
4(cov 1),

where X is a GBESQ%® with time varying dimension §; = eTer ). With 1 = zleot o2ds
and initial value x = r. Hence we have two different ways to evaluate

BA(T)=E [exp <— /OT rsds) Iro = 7; s}

Firstly, we can use the Proposition 1.6 and solve the corresponding equation (1.11). Or we can
use our Bessel Bridge decomposition to jointly sample the final value of the process X and the
Laplace transform. Indeed, by Remark 5.12, we have in this model that

1 t
f(t) =V = —/ O'?ds and ry = Xf(t) (538)
0

4
and g(.) = 1. So we can apply Theorem A.6, which is the extended version of our Theorem
4.4, to evaluate the Laplace transform of fot Xf(s)dS using our extended Bessel bridge decom-
position where we take for Radon measure p the measure given for all ¢ > 0 by:

Hence to apply this result, we need to have a sample of value of rr = X ) with respect
to the starting point 1o = Xy := x and the law of the associated GBES() for r. For this

we will use the method stated in subsection 5.1 since we have a Laplace transform formula

t

5.0.4(12) given by Lemma 3.2 is in this

expression given in Corollary 1.2. Moreover the quantity b
case simpler since we have Remark 3.8. Finally these allow us to obtain an evaluation of the

Bond price B4(T') at time zero of the firm A using Monte Carlo.

5.4 Simulation of the default time in credit risk model

We work in the model of construction of Cox processes with a given stochastic intensity .
Hence we denote by \ a stochastic default intensity of a firm or country A. We assume for all
t € [0,7] that [, Ads < oo and that [;~ \sds = oc. Then the default time 7 of the firm or
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country A is a real random variable which is given by the first time when the increasing process
fot Asds is below a uniform random variable U independent with \. Hence we get

t
7 :=inf {t > 0;exp (—/ )\Sds) < U} . (5.39)
0

So to simulate the default time requires to simulate the stochastic default intensity A together
with its time integral. Hence assuming that \ is a GBESQ>*, we can use again our Bessel
bridge decomposition given in Theorem 3.3, our Laplace transform formula given in Corollary
1.2 and the method stated in subsection 5.1, to do this.

A Laplace transform of additive functionnals of the GEBSQ

In this appendix we give an explicit formula for the Laplace transform of additive functionals of
the Generalized Bessel bridge. We first recall Corollary 4.3:

Corollary 4.3. Let for n a Radon measure on [0,t], I, = [ Xdp, Ag(a), B§(u) : RT — R
as in Proposition 4.10, and Ay («) be the Ao () for the image of ;. under the map s — (t—s),

let also Bo(a) = exp {fo B§ (u du} then we have

Q¥ (eIr) = Ag(a)" Ag(a)? exp { /0 t u)é du} (Z b5 ., (1) Bo() n) .

The idea, used before, is to take test functions for  to get the explicit value of Ay(cv) and B§ (u).
We recall the result in the case of Standard Bessel Process, as given for example on page 465

of [13], in the proof of Theorem 3.2., taking y = 0 and recalling that lim,, ¢ I;V(g”x%) =y,

Theorem A.5. In the case of constant dimension &, we have

Q2 ole ] = exp {1 (FM(O) +1- ;> } <;>/
’ Jo 6u(s)72ds )\ fy 6u(s)2ds

where, as usual, ¢,, is the unique solution of ¢ = ¢ which is positive, non increasing and
such that ¢,,(0) = 1; and F}, = %

We first extend this formula to bridges of arbitrary length (keeping for the moment d constant).
Let 12 be a positive Radon measure on [0, t]. We have by change of variable, then scaling,

iniy(e_lu) — o o(e” I Xsdu(s)) — Qi’io(e_ fy thtdu(tS)) — o™ (e~ I Xsthu(ts)).

z— z/t—0

By Theorem A.5, we deduce that

ot =en {3 (mosr- by (L) -
2 Jo du(s)™2ds ) 1t Jo bu(s)2ds
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where ¢, is the unique solution of ¢” = t*1u(t-)¢. It is clear that ¢, = ¢!,(t-), where ¢!, is
the unique solution of ¢” = 1 which is positive, non increasing and such that ¢!,(0) = 1.
Expressing the previous result in term of (;SZ we have, with obvious notations,

5/2
Ot I, — ex 1 t 1_; T ;
Qeole™) = p{2<F“<O)+t de)z(s)?ds) }<f5¢z<s>2ds> |

We deduce from this expression that Ay(1) = exp 3 <Fﬁ(0) + 3 - W) . We also

deduce that Ag(1) = exp & (F;(O) +3— m> , where ¢!, is the unique solution of
~ ~ it

¢" = pu(t — -)¢ which is positive, non increasing and such that ¢, (0) = 1; and F}, = %

We now turn to the computation of Bj(u). For this take § = X[b,¢]- We have as previously
explained,

1/2
exp {/t Ba(u)du} = gltb [e’ 5_bXSd“(S+b)} = t=b
b 0 0—0 t—b gbzb<s)_2ds )

0

where qﬁf;b is the unique solution of ¢” = (b + )¢ which is positive, non increasing and such

t
that ¢1:*(0) = 1. therefore ¢':? = %) Therefore we have
Iz 2 #t,(b)

. 1/2
1 _ OLt=b |~ [T Xdu(s+b) | _ t—b
exp{/b Bo(u)du} = Qy’0 [e z } = (qﬁi(b)? fbt qbfL(s)—?ds) . (A.40)

We take the logarithm and differentiate with respect to b to get:

1 P Ol
2w TS (s

By(u) =
Finally, using (A.40), we have

Bo(1) = exp {/Ot Bg(u)du} _ (W) 1/2.

Finally, putting everything together, we have:

Theorem A.6.

QL (™) =exp

2 VSRS W DY 170 S S
2 (FH(O) T3 Jy ¢Z(S)‘2d8> P (F“(O) i Jo $2(5)2d$>

! P 1 (O A=y . t "
eXp{/O (m-i—Fu(U) 2fi ¢L(S)_2d8> 0,d } nz_ob(s@,y( ) (fot ¢L(S)_2d8)



where ¢! is the unique solution of ¢" = ¢ which is positive, non increasing and such that
/Jl A
¢!,(0) = 1, ¢!, is the unique solution of ¢" = yu(t — -)¢ which is positive, non increasing and

; _ oLt _ o
such that ¢!,(0) = 1; and F}} = o = ﬁ
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