WeierstraB-Institut
fir Angewandte Analysis und Stochastik

Leibniz-Institut im Forschungsverbund Berlin e. V.

Preprint ISSN 0946 — 8633

Representation of hysteresis operators for vector-valued
continuous monotaffine input functions by functions on

strings

Olaf Klein

submitted: March, 21, 2012

Weierstrass Institute

Mohrenstr. 39

10117 Berlin

Germany

E-Mail: Olaf.Klein@wias-berlin.de

No. 1698
Berlin 2012

I\
A\l

2010 Mathematics Subject Classification. 47J40.

Key words and phrases. Hysteresis Operators, vectorial hysteresis, string representation.



Edited by

WeierstraB3-Institut fiir Angewandte Analysis und Stochastik (WIAS)
Leibniz-Institut im Forschungsverbund Berlin e. V.

MohrenstraBe 39

10117 Berlin

Germany

Fax: +49 30 2044975

E-Mail: preprint@wias—-berlin.de

World Wide Web: http://www.wias-berlin.de/



Abstract

In Brokate-Sprekels-1996, it was shown that scalar-valued hysteresis operators for
scalar-valued continuous piecewise monotone input functions can be uniquely represented
by functionals defined on the set of all finite alternating strings of real numbers. Using this
representation, various properties of these hysteresis operators were investigated.

In this work, it is shown that a similar representation result can be derived for hysteresis
operators dealing with inputs in a general topological linear vector space. Introducing a
new class of functions, the so-called monotaffine functions, which can be considered as
a vector generalization of monotone scalar functions, and the convexity triple free strings
on a vector space as a generalization of the alternating strings allows to formulate the
corresponding representation result.

As an example for the application of the representation result, a vectorial formulation of
the second and third Madelung rule are discussed.

1 Introduction

In [2, 4], Brokate and Sprekels derived a representation formula for hysteresis operators acting
on scalar-valued continuous piecewise monotone input functions by considering functionals act-
ing on alternating strings. This representation result was used in a number of papers, see, e.g.,
[2,3,4,10,12,13, 14, 15, 20, 21, 24, 26, 28], to define and to investigate hysteresis operators.
For example, in [4, Sec. 2.7], a set of conditions for the string representation of a hysteresis
operator was formulated that are satisfied, if, and only if, the operator is a Preisach operator.

In the current work, hysteresis operators dealing with inputs in a general topological vector
space are investigated. To be able to formulate a corresponding representation result, a general-
ization of the notion of monotone functions for vector-valued functions is introduced by consider-
ing the composition of a monotone and an affine function, which will be denoted as monotaffine
functions. In the light of the observation that a string of real numbers is an alternating string as
defined in [4] if and only if no element in the string can be written as the convex combination of
its its predecessor and its successor, this condition is used to define convexity triple free strings
of elements of the vector space as a generalization of alternating strings.

These preparations allow to formulate and to prove an extension of to the representation result
in [2, 4] to hysteresis operators acting on vector-valued continuous piecewise monotaffine input
functions. It will be shown that these operators can be generated by considering functions acting
on convexity triple free strings of elements of the vector space. The author of this paper has
already presented these definitions in [18], and the representation result has been announced
there without proof.



This result will be used to investigate the second and third Madelung rules by generalizing the
notion of Madelung deletion introduced in [2, 4].

The paper is organized as follows: In Section 2, some fundamental definitions will be presented;
in Section 3 the representation result by Brokate and Sprekels will be briefly recalled, and the
extension of this result to hysteresis operators with vector-valued inputs, being the main result of
this paper, will be presented. The monotaffine functions and the convexity triple free strings will
be introduced in Section 4. Section 5 contains the proof of the main result of the paper. In Sec-
tion 6, a generalization of the Madelung deletion is formulated. Some examples for hysteresis
operators and their representation by functions on strings will be shown in Section 7.

2 Fundamental Definitions

Let T' > 0 denote some final time. Let X be some topological linear vector space, let Y be
some nonempty set, and let Map ([0,7],Y) :={v : [0,T] — Y}.

The following notations correspond to the ones in [4, Def. 2.2.2]:

2.1 Definition. Let a function u : [0,7] — R be given. Let t,,t, € [0,7] with t, < t;, be
given.

a) The function u is denoted as (strictly) increasing on [t,, ty] if for all s,t € [t,, tp] with s < ¢
holds u(s) < u(t) (resp. u(s) < u(t)).

b) The function w is denoted as (strictly) decreasing on [t,, t,] if for all s, t € [t,, t,] with s < ¢
holds u(s) > u(t) (resp. u(s) > u(t)).

c) The function u is denoted as monotone on |[t,, t;] if w is increasing on [t,, t;] or/and de-
creasing on [t t).

Following the monographs [4, 19, 27], it is defined:

2.2 Definition. Let H : D(H)(C Map ([0, 7], X)) — Map ([0,7],Y) with D(H) # 0 be
some operator.

a) The operator H is denoted as hysteresis operator, if it is causal and rate-independent ac-
cording to the following definitions.

b) The operator H is said to be causal or to have the Volterra property, if for every v, w &
D(H) and every t € [0,T] it holds: If v(7) = w(7) is satisfied for all 7 € [0, ¢] then it
follows that H[v](t) = H[w](t).

c) The operator H is called rate-independent, if for every v € D(H) and every admissible
time-transformation « : [0, 7] — [0, 7] (see Def. 2.3 below) with v o v € D(H) it holds
that H[v o o(t) = H[v](c(t)) forall t € [0, T].

2.3 Definition. A function « : [0, 7] — [0, T'] is an admissible time transformation if and only if
a(0) =0,a(T) =T, ais continuous, and « is increasing (not necessary strictly increasing).



3 Representation results for hysteresis operators

3.1 Representation results for hysteresis operators with scalar-valued in-
puts

In [2, 4], Brokate and Sprekels investigated hysteresis operators for scalar-valued continuous
piecewise monotone input functions.

Following [4, Def. 2.2.3], it is defined:

3.1 Definition. Let .S4 denote the set of all finite alternating strings of real numbers, i.e.,
Sy i={(vo,v1,...,v,) ER"™ | n>1, (g1 —v)(vs —vii1) <0, V1<i<n}
(3.1)
Following [4, p. 34], it is considered
3.2 Definition. Let a function u : [0, 7] — R be given.
a) A partiton 0 =ty <t < --- < t, = T of [0, T] is a monotonicity partition of [0, T'] for u
if u is monotone on [t;_q,t;] foralli =1,... n.
b) wu is denoted as piecewise monotone if there exists a monotonicity partition of [0, T'] for w.

c) If u is piecewise monotone the standard monotonicity partition of [0, T'| for u is the uniquely
defined decomposition 0 = ¢y < t; < --- < t, = T of [0, 7] so that ¢; is the maximal
number in |¢;_1, T'] with u being monotone on [¢;_1,t;| foralli =1,... ,n.

3.3 Definition. Let M,,,,[0, T'] be the set of all piecewise monotone functions from [0, 7] to R,
and let C,,,[0, T'] be the set of all continuous piecewise monotone functions from [0, 7] to R,
i.e..

Mpm[0,T] := {u : [0,T] — R | u is piecewise monotone },

Cpm[0, T := {u € Mpm[0,T] | uis continuous }. (3.3)

Combining the representation resultin [4, Pro. 2.2.5] with [4, Rem. 2.2.6, (2.18), (2.19), Def. 2.2.8,
Prop. 2.2.9], one gets the following definition and the following theorem:

3.4 Definition. Let a function G : S4 — R be given.

a) For u € Myy[0, 7] let HIENu] = [0, 7] — R be defined by considering the standard
monotonicity partition 0 =ty < t; < --- < t,, = T of [0, T for u and defining

HEN[u)(t) = G (ulto), u(t)), V€ [to,tu], (3.42)

HEN W] () = G (ulto), ..., ultio1),u()), V€t b, i=2,...,n. (3.4b)

b) The mapping Mu[0, 7] > u — He[u] is the operator on M., [0, T’ generated by G. Its
restriction to Cp,, [0, 7'] is denoted as the operator on C,,,,[0, T'| generated by G.



3.5 Theorem. a) Let a function G : S4 — R be given. The operator on M,,,,[0, T'| generated
by G and the operator on C,,,,[0, T'| generated by G are hysteresis operators.

b) For every hysteresis operator B : C,,[0,7] — Map ([0, T],R) there exists a unique
functional G : S, — R such that B is the operator on C,,,,[0, T'| generated by G.

3.6 Remark.

a) For a given hysteresis operator H : C,,[0,7] — Map ([0, 7], R) the function G :
Sa — Rsothat Bis the operator on C,,,, [0, T'] generated by G can be determined by
evaluating B3 for the linear interpolates considered in [4, p. 34], i.e., for the piecewise
affine functions as in Def. 4.17 with X = RR.

b) The representation result yields that for evaluating a hysteresis operator for continuous
piecewise monotone input it is sufficient to memorize the local maxima and minima of
the input, and one does not need to keep track of the details of the input between these
extrema.

c) The representation result allows to formulate conditions for a hysteresis operator on
Cpm[0, T'] as conditions for the functional on S,4 generating the operator, and to in-
vesigate these conditions. There is a nhumber of conditions which can be easiear be
formulated and be checked for the string representation, e.g., the forgetting according
to some deletion rule. Examples can be found in [2, 4].

3.2 Representation result for hysteresis operators with vector-valued in-
puts

Now, the main result of this paper is presented. The exact formulation of the addaptions to
vector-valued inputs replacing the definitions used above will be presented in Section 4.

The set of all alternating strings considered above is replaced by the set Sr(.X) of all convexity
triple free string of elements of X that will be defined in Def. 4.1.

The piecewise monotone functions are replaced by piecewise monotaffine functions, see Def. 4.9.
The set M,,,[0, T is replaced by the set My m.a. ([0, 77]; X) of all piecewise monotaffine
functions from [0, 7] to X, see also Def. 4.9. The set Cpy.m.a. ([0, T]; X) of all of continuous
functions in My m.a. ([0, T; X)), being also introduced in Def. 4.9, replaces Cp,, [0, T7].

The standard monotonicity partition is replaced by the standard monotaffinicity decomposition
defined in Def. 4.12.

3.7 Definition. Let some function G : Sp(X) — Y be given.

a) Letu € Mpwma ([0,7];X)and let0 = ¢y < t; < --- < t, = T be the standard
monotaffinicity decomposition of [0, 7] for u be given. Now, HIN[u] : [0,T] — Y is
defined by requesting that the equations in (3.4) are satisfied, using that Lemma 4.14 yields
that the right-hand sides in the equations in (3.4) are well defined.



b) The mapping Hng : Mpw.ma. ([0,7]; X) — Map ([0, 7],Y") that is defined by a) is de-
noted as the operator on My 1m.a.([0, T']; X') generated by G or as the hysteresis operator
on My m.a. ([0, T']; X') generated by G.

c) The mapping ’HggN’C : Cowma ([0, T]; X) — Map ([0,7],Y) is defined as the restric-
tion of 7—[%5/\/ to Cpw.m.a. ([0, T]; X') and is denoted as the operator on Cpym.a. ([0, T]; X)
generated by G or as the hysteresis operator on C . m.a. ([0, T); X') generated by G.

3.8 Theorem. a) Let some function G : Sp(X) — Y be given. The operator HZEN on
Mpw.m.a. ([0, T]; X) generated by G and the operatonggN’C on Cpwm.a ([0, T]; X) gen-
erated by GG are hysteresis operators.

b) For every hysteresis operator G : Cpy m.a ([0,T]; X) — Map ([0,77],Y") it holds: There is
a unique function G : Sp(X) — Y suchthat is the hysteresis operator on C oy, m.a ([0, T]; X)
generated by G. This function is the string function Fggen : Sp(X) — Y generated by G
according to Def. 4.18.

3.9 Remark.

a) If one needs to evaluate a hysteresis operator H acting on all continuous piecewise
monotaffine functions, then it is sufficient to keep track of the positions of the changes
of direction of the input function, and to use these values as input for the string function
F§™" - Sp(X) — Y generated by H (see Def. 4.18).

b) If a function G : Sp(X) — Y satisfies appropriate locally uniform continuity con-
ditions, one can extend the hysteresis operator HZFN’C on pr_m_a_([O, T]; X) gen-
erated by G to a hysteresis operator on C ([0, 7]; X). Details can be found in the
forthcoming thesis [16].

c) Asitis done for hysteresis operatos with scalar inputs in [2, 4, 21], one can investigated
properties of a hysteresis operator with vector-valued input by considering the string
function generated by the operator. See, for example, Section 6, Section 7 and the
forthcoming thesis [16].

d) The results in Theorem 3.8 are also satisfied, if X is replaced by some convex supset
of X. Details, and considerations for dealing with more general subsets of X can be
found in the forthcoming thesis [186].

e) If one is dealing with a hysteresis operator H acting on all monotaffine functions,

then one can consider the string function F£™ : Sp(X) — Y generated by H
and the restriction HE of H to Cpy.m.a. ([0, T]; X) that is also the hysteresis operator
on Cpw.m.a ([0, T]; X) generated by F5™.
It can be shown (see the forthcoming paper [17]) that the hysteresis operator on
Mpw.m.a.([0, T]; X) generated by Fy™" is just the restriction to My ma. ([0, T]; X)
of the arclen-extension of H¢ to BV ([0, T, X) considered in [25]. These operator
may be different from H.



For example, the hysteresis operator

H - Mpw.m.a ([0, 7]; X) — Map ([0, 7], X), (3.5)

Hu](t) = {

u(t), if the restriction of u to [0,1] is continuous, 36)
Ox, otherwise, '

is well defined and its restriction to Cpy.m.a. ([0, 77]; X) is just the identity. Hence,
we see that the string function F}™ : Sp(X) — X generated by H satisfies

FZ(vo, ..., vn) = vy, . The hysteresis operator on My m.a. ([0, 77; X) generated
by Fﬁen maps every piecewise monotaffine functions to itself, and is therefore different
from H.

Further investigation for hysteresis operators dealing with discontinuous inputs and
their representation by function on strings can be found in the forthcoming paper [17]
and in the forthcoming thesis [16].

4 Monotaffine functions and convexity triple free strings

4.1 Convexity triple free strings

The observation that a string of real numbers is an alternating string as defined in Def. 3.1, i.e.,
asin [2, 4], if and only if no element in the string can be written as the convex combination of its
its predecessor and its successor has been the reason for the following definition of convexity
triple free strings.

4.1 Definition. a) A string of elements of X is any (vg, ..., v,) € X" withn € N.

b) A string (vo, ce vn) of elements of X is a convexity triple free string of elements of X if
v; ¢ conv(v;_q1,v;4q1) foralli =1,...,n — 1, with
conv(z,w) :={(1 =Nz + A w|Ae0,1]}, Vz,we X. (4.1)

c) Let Sp(X) denote the set of all convexity triple free string of elements of X.

4.2 Remark. A string (v, ..., v,) € R™*1 is an alternating string according to Def. 3.1, i.e. , to
[4, Def. 2.2.3], if it is a convexity triple free strings of elements of R according to the definition
above.

Hence it holds Sz (R) = Sa.

4.2 Monotaffine functions

To define an appropriate generalization of monotonicity for scalar function for functions with val-
ues in the vector space X, the composition of a monotone with an affine function is considered
and leads to a monotaffine function according to the following definition.



4.3 Definition. Let some 1,1y € [0, 7] with t; < ¢ and some function u : [0,7] — X be
given.

a) wu is denoted as affine on [ty, o] if

to —1 t—1

t) = t
u(?) tz—t1u( 1)—i_752—151

'LL(tQ), Vit e [tl,tg]. (4.2)

b) wu is denoted as monotaffine on [t1, t5] if there exists a monotone increasing (not necessary
strictly increasing) function /3 : [t1,t2] — [0, 1] such that

u(t) = (1= B()u(ty) + B(t)u(ts), Vit € [t1,ta]. (4.3)
4.4 Remark. It is easy to see that a scalar valued function is monotone on some closed interval
if and only if it is monotaffine according to the above definition.
4.5 Remark. Let some t1,to € [0,7] with t; < t5 and some function v : [0,7] — X be
given. If u is monotaffine on [t1, 2], then it holds for all s1, s € [t1, ta] with 57 < s9 that

a) w is monotaffine on [sy, Sa),

b) It holds
u([s1, s2]) C conv(u(sy),u(ss)) C conv(u(ty),u(ts)) (4.4)

with conv(+, -) defined as in (4.1).

4.6 Lemma. Letsomety, ty,ts € [0,T] withty; < ty < t3 and some functionw : [0,T] — X
be given so that u is monotaffine on [t1,ts] and monotaffine on [ta, t3]. Then it holds: u is
monotaffine on [ty t3] if and only ifu(ty) € conv(u(ty), u(ts)).

Proof. =: If u is monotaffine on [t1, t3], then there is some (3 : [t1,t3] — [0, 1] such that
(4.3) holds with 5 replaced by t3. Considering the resulting equation for ¢ = 5, we have

u(ty) = (1 — B(t2))u(ty) + B(t2)u(ts) € conv(u(ty), u(ts)). (4.5)
<: Ifu(ty) € conv(u(ty),u(ts)), then there is some A € [0, 1] such that
u(tz) = (1 = Nu(ty) + u(ts). (4.6)

Since u is monotaffine on [¢1, t2] and monotaffine on [ts, t3], there exist increasing func-
tions 01 : [t1,t2] — [0,1] and By : [ta, t3] — [0, 1] such that

u(t) = (1= B1(t))u(ty) + Bi(t)u(te), Vit € [ti,ta], (4.7)
u(t) = (1 = Bo(t))u(ts) + Bo(t)ults), Vit e [ta,ts].

Defining now 7 : [t1, t3] — [0, 1] by

)\ﬁl(t), if ¢ <tio,
y(t) =N, it =ty, (4.9)
A Bo(t)(1—N), if t>to,
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we have an increasing function. Recalling (4.6)—(4.8), we deduce that
u(t) = (1 —~(t)u(ty) + v(t)ults), Vte [ty,ts]. (4.10)

Hence, it is shown that « is monotaffine on [t1, t3].
O

4.7 Corollary. Let some tq,t9,t3,t4 € [0,T] with t; < ty < t3 < t4 and some function
u: [0,7] — X be given, so that u is monotaffine on [t1,t3] and monotaffine on [t,t,]. Then
it follows that u is monotaffine on [t1, 14].

Proof. Since u is monotaffine on [to, t4] and t3 € [to, 4], it holds that u(ts) € conv(u(ts), u(ts))
and that u is monotaffine on [t3, ¢4]. Recalling that u is monotaffine on [t, 3] and using Lemma
4.6 yields that u is is monotaffine on [t1, t4]. O

4.8 Corollary. Let some tq,ts,t3,t4 € [0,T] witht, < ty < t3 < t4 and some function
u : [0,T] — X be given, so that u is monotaffine on [t1,ts] and monotaffine on [to,t4].
Moreover, assume that u(ty) ¢ conv(u(ty),u(ts)). Then it holds that u is not monotaffine on
[t1,t3].

Proof. For a proof by contradiction, assume that « is monotaffine on [t1, ¢3]. Hence, Corollary
4.7 yields that u is monotaffine on [ty t4]. This implies that u(t2) € conv(u(t1), u(ts)), which
is a contradiction. O

4.3 Piecewise monotaffine function

The following definition generalizes Def. 3.2:

4.9 Definition. a) A function u : [0,7] — X is denoted as piecewise monotaffine if there
exists a decomposition 0 =ty < t; < --- < t, = T of [0, T such that u is monotaffine
on[ti_q,t;]foralli=1,...,n.

b) Let Mpwm.a. ([0, T]; X) be the set of all piecewise monotaffine functions from [0, 7] to X,
i.e., Mpwma ([0,7]; X) := {u:[0,7] — X | uis piecewise monotaffine}.

c) Let Cpw.ma ([0,77; X) be the set of all continuous, piecewise monotaffine functions form
[O, T] to X, i.e. , pr.m.a.([oa T]; X) = Mpw.m.a.([ov T]? X) ncC ([07 T]? X)

4.10 Remark. It holds Cpy ma. ([0, T]; R) = Cpum [0, T7.

In Fig. 1, the graph of a function u € Cpym.a ([0, 7];R?) is shown and the values u(t;) of
the function computed for the corresponding standard monotaffinicity partition 0 = t5 < t; <
-+ < t, =T of [0, 7] for u are marked.

4.11 Lemma. Letu € My m.a ([0, 7]; X) and let s, € [0,T'] be given. Then there exists a
maximal element in the following set:

M := {s €]s,, T | u is monotaffine on [s,, s| }. (4.11)



Proof. Thanks to the assumption, there exists a decomposition 0 =t < t;1 < --- < t, =T

of [0, 7] such that u is monotaffine on [t;_1,¢;] for all i = 1,...,n . Hence, there is some
j€{l,...,n}suchthats, € [t;_1,t;]. It follows that u is monotaffine on [s,, t;].
B It j = n, then u is monotaffine on [s,,t;] = [s4,T]. Therefore, we see that 7" is the

maximal number in the set M.

B itj <nandu(t;) ¢ conv(u(s,),u(t;11)), then if follows by Corollary 4.8 that, for all
t €]tj,t;+1], it holds that u is not monotaffine on [s,, t]. Therefore, ¢; is the maximal
element in the set M.

Bitj < nandu(t;) € conv(u(sy),u(tj+1)), then there exist some maximal k €
{j+1,...,n} suchthat u(t;) € conv(u(s,),u(t;+1)) holdsforalli = j,... k — 1.
Applying Lemma 4.6 fori = j, ...,k — 1, we deduce that u is monotaffine on [s,, t;+1]
foralle =7,...,k— 1.

Hence, is follows that u is monotaffine on [s,, tx).
W If ¢, = T, then it follows that 7" is the maximal element in the set M defined in
(4.11).

W If {4, < T, then it follows that k& < n and that u(t;) ¢ conv(u(s,),u(tri1)).
For all t €]t,t;11], we use Corollary 4.8 and deduce that u is not monotaffine on

[Sa, ]
Therefore, ) is the maximum of the set M defined in (4.11).

The above lemma allows to formulate the following definition:

4.12 Definition. Let u € My 1. ([0, 7]; X) be given.

The standard monotaffinicity partition of [0, T'| for u is the uniquely defined decomposition 0 =
to <ty <---<t,=Tof[0,T]sothat, foralli =1,...,n, it holds that

t; := max{s €]t;,_1, T | u is monotaffine on [t;_1, s] }. (4.12)

u(tg)

1!([7) ’11(7‘,0) ’Ur(l/l)

Figure 1: Graph of a monotaffine function mapping [0, 7] to R? and values of u(t;) for the
standard monotaffinicity partition 0 =ty < t; < --- < tg = T of [0, 1] for u.



To prepare further investigations, the following lemma is formulated:
4.13 Lemma. Let v € M,y ma ([0,7]; X) be given and let o : [0,T7] — [0,T] be an
admissible time transformation.

a) Itholdsuoa € My ma ([0,77]; X) .
b) Let the standard monotaffinicity partition 0 = to < t; < --- < t, = T of [0, T] for u be
given. Let s, ..., s, € [0,T] be defined by sy = 0 and
s;:=max{s € [0,t]|a(s) =t;}, Vi=1,...,n. (4.13)

Then it follows that 0 = sy < s; < --- < s, = T is the standard monotaffinicity partition
of [0, T] foru o a.

Proof. Using induction, it remains to show that forall: = 1, ..., n it holds that s;_; < s;, that
u o «v is monotaffine on [s;_1, s;], and that for all § €]s;_1, T'| such that u o «v is monotaffine on
[Si—lyg] it holds that s S Si.

1 Since a(s;_1) = t;_1 < t; = a(s;) = t; and « is an admissible time transformation of
[0, T, we have s; 1 < s; and
Oé([Sl',l, Sz]) = [tz;l, tl] (414)
2 Since u is monotaffine on [t;_1, t;] there exists an increasing (not necessary strictly in-
creasing) function /3 : [t;_1,t;] — [0, 1] such that
u(t) = (1 — B(t)u(ti—1) + B(t)ult;), Vte [ti—,ti]. (4.15)

Thanks to (4.14), we can define 7y : [s;—1,8;] — [0,1] by v := o«
that for all s € [s;_1, s;] holds:

uoa(s) =wu(als)) = (1= Blals)))ultir) + Blals))u(t)
= (1 =(s)ucalsia) +7(s)ucals). (4.16)

Hence, we see that u o «v is monotaffine on [s;_1, ;.

We see

[si—1,5:]"

3 Consider any s €]s;_1, 1] such that u o « is monotaffine on [s;_1, 5|. Hence, there is an
increasing function 7 : [s;_1,5] — [0, 1] such that

uoa(s) = (1—=75(s))uoalsi-1) +y(s)uoa(s), Vs€lsi1,5. (417

Since o and 7 are monotone increasing functions, and « is also continuous, it is easy to
see that 5 : [t;—1, a(5)] — [0, 1] with

" |7 (max{s € [s;_1,5] | a(s) =t}), otherwise '

defines an increasing function. A straightforward calculation, using that «v is continuous
and that (4.16) holds, yields that (4.15) is satisfied with ¢; replaced by «(s) and 3 re-
placed by 3. Hence, it is proved that u is monotaffine on [t;, a(3)]. The definition of ¢;
yields that «(3) < t; = a(s;). Recalling the monotonicity of cv, we deduce that s < s;.

O
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4.4 Connections between piecewise monotaffine functions and strings

4.14 Lemma. Letu € My ma ([0,T]; X) be given. Let0 =ty < t; < --- < t, =T bethe
standard monotaffinicity partition of [0, T'| for w. Then it holds.

(u(to),u(t)) - SF(X), Vt - [to,tl], (4198.)
(uto), u(ty), ..., u(ti—1),u(t)) € Sp(X), Vtetiy,t;], i=2,...,n. (4.19b)

Proof. Def. 4.1 yields that X x X C Sr(X). Hence, we see that the first assertion follows.
To prove the second assertion by a contradiction argument, assume that there exists some
t €]ti—1,t;] and some i € {2,...,n} such that (u(ty), u(t1),...,u(ti—1),u(t)) ¢ Sp(X).
Then there is some k € {1,...,7 — 1} such that

u(ty) € conv (u(ty—1), u(tr)) (4.20)
with

3 ¢ itk <i—1
{k“’ ' LT (4.21)

ty 1=
P e k=i 1

Since i, €|tx, tr41] and u is monotaffine on [ty tx1], it holds therefore by Remark 4.5 that
u is monotaffine on [ty, tx]. Using that u is moreover monotaffine on [t;_1, x| and that (4.20)
holds, we deduce by recalling Lemma 4.6 that u is monotaffine on [t;_1, t1].

The definition of the standard monotaffinicity partition of [0, T'] for u yields that therefore t1, must
be smaller or equal to 7. This is a contradiction since t;, > . O

4.15 Definition. Let V' = (vo, ..., v,) € Sr(X) be given. The function mpy a1 [V] : [0, 7] —

conv{vy, ..., v,} is defined as the piecewise affine function that is equal to v; at time %T for all
1 = 0,...,n and thatis affine on [%T, %T} foralls =1,...,n.Hence,foralls =1,...,n,
it holds that

- n n,o i—1_ i
Tow.at.|V](t) = (@ — Tt) Vi_1 + (?t —(i— 1)> v;, Vte { - T, ET] . (4.22)
4.16 Lemma. LetV = (vy,...,v,) € Sp(X) be given. Then it holds that0 = 5T < 1T <
e < %T < --- < 2T =T s the standard monotaffinicity partition of [0, T'| for Ty as.[V].
Proof. It holds that u is monotaffine on [%T, %T} foralli =1,...,n.Foralli =1,...,n—1
it holds

U (iT) = v; ¢ conv(v;_1,v;41) = conv <u (Z — 1T) U (Z + 1T>) , (4.23)
n n n

such that recalling Corollary 4.8 yields that - 7" is the maximal number ¢ in [==1, T with u being
monotaffine on [%T, t}. Moreover, since u is monotaffine on [”—AT, %T T = %T is the
maximal number ¢t € [%, T| with u being monotaffine on [”T’lT,t . O
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4.5 Functions acting on strings generated from operators

4.17 Definition. Let Cy, 4. ([0, T]; X') be the set of all piecewise affine functions.

4.18 Definition. Let 7 : D(H)(C Map ([0, 7], X)) — Map ([0,7],Y") be an operator so
that all piecewise affine functions belong to its domain of definition, i.e. , so that C . a¢. ([0, T]; X') C
D(H). Now, the string function F'5™ : Sp(X) — Y generated by H is defined by

E(V) = Hmpwar [VIT), YV € S(X). (4.24)

5 Proof of Theorem 3.8

The following proofs and lemmas have been inspirated by considerations for operatos with
scalar inputs and strings with elements in R in [4, Sec. 2].

5.1 Proof of assertion a) in Theorem 3.8

Proof. Let some function G : Sp(X) — Y be given.

To prove that the mapping £V - My mea. ([0, T]; X) — Map ([0, T, Y') defined in Def. 3.7
is a hysteresis operator, we have to check that the operator is causal and rate-independent.

1 Proof of causality: Let v, € Mpwma. ([0,7];X) and ¢t € [0,7] be given so that
v(T) = w(r) is satisfied for all 7 € [0,¢]. Let0 = tg < t; < --- < t, = T be the
standard monotaffinicity decomposition of [0, 7] for v and let 0 = 59 < $1 < -+ <
sm = T be the standard monotaffinicity decomposition of [0, 1] for w.

W If ¢ € [to,t1], then we know that w is monotaffine on [to, t|, and therefore s > t.
Using now (3.4a), we observe that

HENW]() = G (v(to), v(1) = G (wlto), w(t) = HEV w](t).  (6.1)

W Ift €]t; 1,t;] forsomei € {2,...,n}, then we have i < m and t;, = s, for all
k=20,...,7— 1. Recalling now (3.4b), we see that

HggN[v] (t) =G (v(tg), ..., v(tic1),v(t)) = G (v(s0), - -, v(8i-1),v(t))
= G (w(so), ..., w(si_y), w(t)) = HIEN[w](t). (5.2)

Hence, it is shown that IV is causal.

2 Proof of rate-independency: Let u € Mpy m .. ([0, 7]; X) and let « : [0,7] — [0, 7] be
an admissible time transformation. Thanks to Lemma 4.13 it holds uoa € M y.m.a. ([0, T']; X)
and for the standard monotaffinicity partitions 0 = sg < s; < -++ < s, = T of [0, T
foru o avholds: 0 = a(sg) < a(sy) < - -+ < a(s,) = T is the standard monotaffinicity
partitions of [0, T'] for u, and it holds «(s) > t; forall s €]t;, T| andalli = 0,...,n—1.

12



B Forall s € [sg, s1], it holds a(s) € [to, t1]. In the light of (3.4a), we see that

HEN [woal(s) = G (wo also),uoals)) = G (ult), u(a(s)) = HE [u(a(s)).

W Foralli=2,...,n— landall s € [s;_1,s;], it holds «(s) €]t;_1,t;]. Recalling
now (3.4b), we deduce that

HIFN woal(s) = G(uoalsy),...,uoa(si1),uoalt))
= G (ulto), ..., uli;—1),u(a(s))) = HIEN [u] (als)).

Thus, it is shown that ”H%W is a hysteresis operator. Hence, this holds also for its restriction
HINC 1o Cpyma ([0, T]; X). O
5.2 Preparations of proof of assertion b) in Theorem 3.8

5.1 Lemma. Let a hysteresis operator H : D(H) (€ Map ([0,71], X)) — Map ([0,T1,Y)
be given. Letu € D(H) andty,ts € [0,T] be given, so that u is constant on [ty ts].

Then it follows that H[u] is also constant on [t1, t5].

Proof. Let vy, e : [0, T] — [0, T] be defined by

(t, if t<ty,
toif <t < tte
m(t)y=<, o (5.3)
2t — 1y, if T<t§t2,
LT, if e <8,
(t, if t<t,
o —ty, if t; <t < bl
as(t) = T (5.4)
ty if %<t§t2
Lt if 1y <,

forall t € [0,T]. Hence, we see that a; and vy are admissible time transformation on [0, 77,
differing only on [¢, t5]. Both function map this interval to itself. Since u is constant on this
interval, we have D(H) > u = uo o = uo as.

Because of the rate-independency of A, it holds, for all ¢ € [t;, B3]
Hlul(t1) = Hlu] (1 (1)) = H[u o as](t) = H[u o as](t) = Hlu] (a2(2)) . (5.5)

Ltl]) = [ty, t5], we have shown that H is constant on [¢1, to]. O

Since as ([t,

5.2 Lemma. Let some function H : Sp(X) — Y be given. Following Def. 3.7 and Def. 4.18

to create H = H%‘SN’C : Cpwma ([0,T]; X) — Map ([0,T],Y) and FE™" = Fieg’},m :
H

Sr(X) — Y, respectively, it holds
Fioene =H. (5.6)
H
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Proof. Let V' = (vg,...,v,) € Sr(X) be given. Combining Def. 4.18, Def. 3.7, and Lemma
4.16, we observe that

FEN (V) = g o [VIT) = HE et [VII(T)
0 1 n
=H <7pr af. (E ) Tpw. af ] <ET> y -+« Tpw.af. [V] (ET>>
= H(Uo, ..
Hence, it follows that (5.6) is proved. O

5.3 Lemma. Let two hysteresis operators G, H : Cpym.a ([0, T]; X) — Map ([0,7],Y") be
given.

Then the following assertions are equivalent:
a)
H=4G. (5.7)

b)
H[u)(T) = G[u](T), Yu € Cppuma([0,T];X). (5.8)

c) For the functions F§™, F;" : Sp(X) — Y defined as in Def. 4.18 holds

FE™ = FE, (5.9)

Proof. a) = ¢) clear.

b) = a) Assume that (5.8) is true.
Let u € Cpwm.a. ([0, T]; X) and s € [0, T be arbitrary. Defining @ : [0, 7] — X by
Us(t) := u (min(t, s)), (5.10)
we have a function s € Cpy.m.a. ([0, 7]; X) thatis constant on [s, 7’| and that coincides

with u on [0, s]. Thanks to the causality of the operators, Lemma 5.1, and (5.8), we
deduce that

Hence, a) is proved.

¢) = b) Assume that (5.9) is satisfied.

Letu € Cpyma ([0,7]; X) begiven.Let0 =ty < t; < --- < t,, = T be the standard
monotaffinicity partition of [0, 7"] for w. It holds that u is monotaffine on [¢;_1, t;] for all
1=1,...,n

Foreveryi = 1,...,n, there exists some monotone increasing function 3; : [ti_l, ti] —
[0, 1] such that

u(t) = (1 = Bi(t))u(ti-1) + Bi(t)u(t:)
—ulti) 4 Bi() (ults) — ultin)), Vet (5.12)
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W If u(t;) — u(t;i—1) # 0, then it follows that 5;(t,—1) = 0 and that 3;(¢;) = 1.
Since §; : [ti—1,t;] — [0, 1] is an increasing function, we see that the one-sided
limits for (; exists for all t € [¢;_1,t;]. Using that the multiplication of scalars and
vectors is continuous, that u is continuous, and that (5.12) holds, we deduce that
one-sided limits are equal to 5;(t) for all ¢ € [¢;_1,t;]. Hence, it is proved that f3; is
continuous.

B If u(t;) — u(t;_1) = 0, then we can replace 3; by the affine function satisfying
Bi(ti—1) = 0and 5;(t;) = 1. Also after this replacement, (5.12) is satisfied.

Defining now « : [0, 7] — [0, 7] by
o= J0 it =0 519
alt) =1 . :
ST+ B0, it t et t], ie{l,...,n},

we deduce that we have constructed an admissible time transformation with a.(¢;) = flT

foralls =0,...,n.
Let V := (u(to), u(t1), ..., u(t,)). Considering mpw a.[V] : [0, 7] — X asin Def. 4.18,
we have

Tpw.at. [V] 0 a(0) = Tpwar [V] (0) = ulto), (5.14)
and, foralli =1,...,nandallt €]t;_1,t;], it holds that

it V10 0(8) = Tt V] (ST 4 501 )
= 1= Bit) ulti-n) + Bi(t)ults) = u(t).  (5.15)

Hence, we have Ty, ¢ [V] © @ = w and therefore, thanks to the rate-independence of
H:
H[u(T) = Hlmpw.ar [V] 0 a(T) = H[mp ar [V]]((T))
= H[mpwar [V](T) = F5(V). (5.16)

Since the rate-independence of G leads to a analogous equation for G, we see that (5.9)
yields that (5.8) is satisfied.

O

5.3 Proof of assertion b) in Theorem 3.8
Proof. Let some hysteresis operator . : Cpym.a ([0, 7]; X) — Map ([0,7],Y) be given.

Let G := F5™ with F5i" : Sp(X) — Y being defined as in Def. 4.18. Now, it is to prove that
HQSN ¢ = and that this is the only function with this property.

1 Thanks to Lemma 5.2, it holds that Fggmc G = F5". Recalling Lemma 5.3, we
deduce that ”Hg‘gN C=n.
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2 Let any function £ : Sp(X) — Y with H = H%SN’C be given. Thanks to the Lemma
5.2, we have

. gen gen .
G — FH — FHggN,C — E.
E

6 Madelung rules, Madelung deletion and forgetting accord-
ing do Madelung deletion

For describing the relations between applied fields and generated magnetization observed dur-
ing magnetization experiments, Madelung formulated in [22] some rules. The following transla-
tions of these rules can be found in [4] on p. 27:

i. Any curve I'; emanating form a turning point A of the input-output graph is uniquely deter-
mined by the coordinates of A.

ii. If any point B on the curve I'; becomes a new turning point, then the curve I'y originating
at B leads back to the point A.

iii. if the curve I'y is continued beyond th point A, then it coincides with the continuation of the
curve I" which led to the point A before the I';-I'3—cycle was traversed.

The second Madelung rule is also denoted as return point memory property, the combination
of second and third as wiping out property.

To investigate, if the second and the third Madelung rules are satisfied for an hysteresis operator
with scalar inputs, it has been checked, if the string representation the operator is invariant to
the so-called Madelung deletion rule, see [2, Sec. 4] or [4, Def. 2.6.1]. The following definitions
generalizes this consideration to the case of strings with elements of the vector space X.

6.1 Definition. Let V' = (vp,...,v,) € X" Land W = (wy,...,w,_2) € X" with
n € Nandn > 2 be given.

W is denoted as the result of a Madelung deletion in V, if there is some j € {1,...,n — 2}
such that

W = (vg,...,Vj—1,Vj12,...,0), ie.,

w;=v;, Vi=0,...,5—1,  wy=uvp, Vi=4...,n—2, (6.1a)
conv (v;, vj4+1) C conv (vj_1,vjt2), (6.1b)
vj & conv (vj_1,vj11), Vi1 ¢ conv (v;,vjta). (6.1c)

6.2 Remark. Letn € N withn > 2 be given.
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a) Let (vo,...,v,) € X"l andj € {1,...,n — 2} be given. If (6.1b) and (6.1c) are
satisfied, then it holds that

vj € conv (Vji1, Vi), vj41 € conv (v_1,v;), (6.2a)
conv(v;_1,vj49) = conv(v,_1,v;) U conv(vji1, Vjt2), (6.2b)
conv(vj, vj41) = conv(v,_1, v;) N conv(vjiq, Vjy2). (6.2c)

b) LetV € X" N Sp(X) be given. If W € X" is the result of a Madelung deletion
in V, then it holds W' € Sp(X).

The following definition is inspired by a more abstract definition for hysteresis operators with
scalar inputs in [2, Def. 4.4] and in [4, Def. 2.6.2 and Def. 2.7.1].

6.3 Definition. a) Let a function G : Sp(X) — Y be given. The function G forgets according
to the Madelung deletion, if for all V' € X"t and W € X" ! withn € Nandn > 2
holds: If W is the result of a Madelung deletion in V', then G(V') = G(W) is satisfied.

b) Let some hysteresis operator H : Cpw.m.a. ([0, 7]; X) — Map ([0,7],Y") be given. The
operator H forgets according to the Madelung deletion, if the string function Fffn : Sp(X) —
Y generated by H forgets according to the Madelung deletion.

7 Examples

7.1 Vectorial relay

Let N be some natural number. Let ||-|| denote the Euclidian norm on R,

The vectorial relay operator introduced by Della Torre, Pinzaglia, and Cardelli, see [5, 6, 7, 8, 9],
is also denoted as Della Torre-Pinzaglia-Cardelli model or as DPC model. Considering this
operator for the special case that the critical surface is the boundary 0B,.(&) of the open ball
B,.(¢) € RY with radius » > 0 around some ¢ € R” leads to the vectorial relay operator
investigated in [11, 20, 21]:

Rer: 0B1(0x) x C ([0, T);RY) — Map ([0, 7], R"Y), (7.1a)
Celu(t)), ifflu(t) =&l =,
Rg,r[ﬁo,u](t) — 770, if HU(S) — f” <r, Vse [O,ﬂ7 (7.1b)

Ce (u (max{s € [0,¢] { |u(s) —&|| > T} )), otherwise,

with
Gt RV {E) = 0By (0pn),  Ge(v) == HZ—:EH (7.2)

The vectorial relay operator is a hysteresis operator.

Considering Figure 2, we observe that for all g € 9B1(0x) and all u € C ([0, T];RY) it
holds:
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Figure 2: Values of the vectorial relay. (Figure follows inspiration from L&schner-Greenberg

2008.)

u REJ’[nOvu] -

Ce(u(t)) if u(t) is not in the blue circle in the Figure 2.

B If u(t) enters the blue circle, then R - [0, u| becomes constant, i.e., Re [0, u] “freezes”.

7.1 Lemma. Leté € RY,r > 0, andny € B;1(0x) be given.

a) The string function generated by the relay operator R ¢ ) (M0, -] is equal to GRr(er)mo -
Sr(RYN) — RN with

GR»(Eﬂ")JIO ('UO, Uiy 7/U7’L)

with (¢ as in (7.2).

( .
Ce(vn), i oo =&l =,
n°, if v =€l <r Vi=0,1,...,n,
Ce (1 = Xr)Uk + XrUky1)  with
k;::max{ie{(),...,n—l}‘ ||vi—§||27"}, (7.3)
Xr € [0, 1] being the (unique) solution to
(1 = X0 )ve + X1 — &l =7

otherwise
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b) The relay operator R ¢ [no, -] forgets according to the Madelung deletion.

Proof. a) LetV = (v, vy, ...,v,) € Sp(RY) be given.

B If ||lv, —&|| >, then it holds ||y .o [V](T) — £|| > r. Recalling now (7.1) yields
that

Rier) 10 Tpwwat. [VINT) = Ce (Mpw.at [VI(T)) = Ge (vn) -

W If|lv;, —&|| <rforalli=0,...,n, then we can use the triangle inequality to justify
that the same inequality holds for all convex combinations of v;_; and v; for all z =
1,...,n. This allows to conclude that ||mpy.ae [V]() — || < rforall t € [0,T].
Owing to (7.1), we deduce that

R(Eﬂ“) [770, Tpw.af. [VH(T) = To-
B Otherwise, we see that the formula for k in (7.3) generates a unique defined & satisfy-

ing
|low =&l > 7, |lvi =&l <7, Yi=k+1,... n. (7.4)

s lV] (57) = ¢

and, with an argumentation similar to the one used above, we deduce that

It follows that
= |lox =&l >, (7.5)

I moma [VI(0) — €l <, V1€ (7]

Hence, it holds

%T € {5 €[0,4]| [mpwar [V](s) = &l > 7} C [o, %T{ . (76

there exists a unique solution x,. € [0, 1] to

Since [luy, — &|| = 7 > [Jvggr — €] and (RY, [|-]]) s strict convex, it follows that

(1 = xp)vk + Xpves1 — & =1 (7.7)

It holds

max{s € [0, ] | [|mpwar [V](s) =€l > 7} = (1 - xT)ST + M%T (7.8)

Recalling now (7.1) and the definition of 7, ¢ in Def. 4.15 yields that
R(f,r) [7707 7pr.af. [VH(T) = gf((l - Xr)vk + erk—H) . (79)
b) Let V = (vg,...,v,) € (RN)n+l and W = (wp, ..., w,_2) € (]RN)n_l withn € N
and n > 2 be given, such that W is the result of a Madelung deletion in V. Then there

exists some j € {1,...,n — 2} such that (6.1) holds.
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If ||v, — &|| > 7 holds or if |Jv; — || < 7 holds for all i = 0,1,...,n, then we obtain by
recalling (7.3) and (6.1a) that Gz (¢,),m0 (V] = G (e,r).m0 W] i proved.

Otherwise, let x,- and k be defined as in (7.3). Then we see that (7.4) and

Gryerm V] = (1 = X )vr + XoUk41) (7.10)

are satisfied. If k < 7 — 1 holds or if £ > j + 2 holds, then we conclude by using (7.3) and
(61a) that GR:(&T)WO [V] = GRv(fﬂ“)ﬂ?o [W]
Hence, it remains to consider the situations k = j — 1,k = j,and k = j + 1.

B Assumethatk = j — 1.
In the light of (6.1a) and (7.4), we see that

Wi = Vg = Vj_1, Wiyl = Wj = Vjy2, (7.11a)
|wi, =&l = [Jok = &Il = 7, (7.11b)
lw; = &|| = ||vige =&l <7, Vi=k,...,n—2. (7.11c)

Thanks to (6.1b), there is some A € [0, 1] such that
V41 = V5 = (1 — /\)Uj_l + )\Uj+2. (7.12)
Recalling (7.11), we deduce that

(1 = Axr) wi + Axpwier = (1 — x0) wi + X0 (1 — N wg + Adwgq)
= (1 =xp) v +xr (1= Nvjm1 + Mjge) = (1 = X)) Uk + Xy Vg (7-13)

Utilizing the definition of . in (7.3), it follows that
(1 = Axr) we + Axrwprr — &l = [[(1 = x0) vk + Xo0par =&l =7 (7.14)

Thanks to Ax, € [0, 1], (7.3), (7.11), (7.13), and (7.10), we have

GR,(&T)WO [W] = C& ((1 - )\XT) wy + )\erk+1)
= Ce((1 = xr) 0 4+ XrUks1) = Groem)molV]- (7.15)

B We will now show that k& # j. Recalling (6.2a), we deduce that
vj € conv (Vjt1, Vjta) - (7.16)
Hence, we can conclude from the triangle inequality that

[v; = &Il < max ([lvja = &Il [Jvj2 =€) - (7.17)

Utilizing (7.4), we deduce that if £ = j held, then the above inequality would imply that
r < r,i.e., it would lead to a contradiction.

Therefore, if follows that k& # 7 .
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7.2

B Assume that k = j + 1. Because of (6.1b) there exists some A € [0, 1] such that
U = V41 = (L = XN)vj_1 + Avjpo. (7.18)
Using (7.4) and the triangle inequality, we deduce that
P =€l < (=Nl — €l + A e =€l (719)

Since ||vj42 — & = ||vk+1 — &]| < r on account of (7.4), we see that [|v;_; — &]| >
rand A € [0, 1] must hold. Defining now

Bi=A+(1—=Nx, (7.20)
we have a number in [0, 1. Recalling (6.1a), we deduce that
(1 = Bwj—1 + Pwj = (1 = X )(1 = MNvjo1 + (A4 xr — AXr)Uj42
= (1= xr) (1 =Nvj1 + Avjg1) + XoVjpe = (1 = X)) Uk + XoUky1 . (7.21)

Hence, we have
(1 = B)wj—1 + Pw; —&|| = (7.22)

Since ||w; — &|| = [Jvigr — €| < rfori=j,...,n—2,and ||w;_1 —&|| > r, we
deduce by recalling (7.3), (7.21), and (7.10) that Gz (¢.r).n0 (W] = Gr,(g,),m0 [V ]-

Vectorial Preisach operator

Let a Preisach density function w : RN x [0, 00[— R with w € LY(RY x [0, cc[) be given.
Let some measurable initial state ° : RY x [0, oo[— 0B (0g~ ) be given.

Considering, as for the scalar Preisach operator, a weighted superposition of relays, one obtains
the vectorial Preisach operator considered in[11, 20, 21]. Omitting the dependence on the initial
state in the notation, we consider the vectorial Preisach operator

PRYC . ([() T]-]RN) — Map ([0 T, RN) ,
PR / / (&) R (6, 7), u (2) A€ dr.

Using the Lemma derived for the relay operator, we see that

7.2 Lemma. a) The string function generated by the vectorial Preisach operator PR is

GPR vec _> R

GPR,vec / / 57 GR (&,r)mo(&,r) ( ) df dr.

b) The vectorial Preisach operator PR"“‘ forgets according to the Madelung deletion.
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7.3 Generalized vectorial relay

Many vectorial relay considered in the literature can be rewritten as an operator of the following
form:

For a nonempty, open subset O of X, a nonempty set Y, and a function { : X \ O — Y, we
consider the following generalized relay operator:

Rxove:Y x C([0,T); X) — Map ([0,7],Y), (7.23a)
C(u(t), i wu(t) €O,
Rxoxcnul(t) = w04 <O, (7.23b)

¢ (u (max{s €[0,t]|u(s) ¢ O})) . otherwise.

The generalized relay operator is a hysteresis operator.

Examples:

B A vectorial relay was introduced by Mayergoyz (see [23]) for inputs with values in R?. In
the formulation as in [27, IV (5.1)], one has to consider the scalar relay R, : C ([0,T]; R) —
{—1, 1} with thresholds a < b and some angle ¢ € [0, 27[. Let ey = (cos(f), sin(h))
be the unit vector in R? pointing in the direction corresponding to this angle. The corre-
sponding vector relay operator R, ¢ : C ([0, T]; R?) — Map ([0, '], 0By (Oge2)) is for
u € C([0,T]; R?) defined by

Rapolu] := Raplu - egleg. (7.24)

A straightforward computations yields that

Ra,b,@ = RR2,O,8B1 (OR2>’< (725)

with
O :={veR* | v-e€la,b[}, (7.26a)
C : R2 \ O — 8B1(0R2)7 (7.26b)

eg, if v-eg>0D,

C(v) == { _ (7.26¢)

—ey, if v-eg<oa.

B Let K be a convex, compact subset of R?. Let 19 € R? be given. Let Proj : R? — K
be the projection to K. The corresponding rotating model Hx : R? x C ([0, T]; R?) —
Map ([0, T'], R?) considered in [27, IV (5.10), (5.11)] is the hysteresis operator mapping
u € C ([0, T]; R?) to the function H¢[n, u] : [0, T] — K with

Hcln, u)(0) = {Pm‘?K("O)’ t ul0) € £, (7.27)
Projg(u(0)), if u(0) ¢ K,
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and, for all t €]0, 77,

Projy(u(t)), if u(t) ¢ K,
Hic[n,u)(t) = < Hi[n,u](0), it u(t) € K, u([0,t])NOK =0, (7.28)
u (max{7 €]0,7] | u(r) € K}) otherwise.

Hence, we see that _
HK[U? ] = RRQ,intK,K,pK [PrOJK(TDv ] (729)

with int(/K') being the interior of K and px being the restriction of Proj, to the set
R?\ int(K).

Let K be a convex, compact subset of a Hilbert space H. Let ngx : 0K — 0B (0x)
be some choice for an outer normal to X on 0K, i.e., it holds

(nox(y),y—2) >0 VyeodK, z€ K. (7.30)

The suggestion for an operator of relay type in [21, p. 34] is modified by requiring that if
the value of the input belongs to the boundary 0K of K, then the output of the the relay
should to the corresponding value of ng at this point. This leads to R 17 in(k),0B, (04,6 x
with ¢ : H \ int(K) — 0B;(0g) defined by

nok(z), if x € IK,
¢K(I) = z—Proj i (z) . (7.31)
m s otherwise.

Assume that (X [|-||) is some normed space. To formulate the Della Torre-Pinzaglia-
Cardelli vectorial relay, see [5, 6, 8, 9], one has to consider a critical surface S in X,
being the boundary of some open, bounded domain O, and a point £ € O, e.g., the
center of O. This relay can now be rewriten as R x 0,05, (0x).¢o.¢, With

v—¢§

CO,& : ]RN \ O — aBl(Ox>, CO,E(U) = M (7.32)

Forr > 0,& € RY, (p,(¢)¢ as in (7.32), and the vectorial relay operator Ry, defined
n (7.1), it holds that

Rer = Rex 56,081 (035) 5,00 (7.33)

Considering two open subsets Oy, O of R? so that Oy U O; = R2. The relay defined
in [1, Def. 2.1] is equal to Rr2,0,n0;,{0,1},65x With

¢pr : R*\ (0N Oy) — {0,1}, (7.34a)
L 0, if z€ Oy,
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7.3 Lemma. Let a nonempty, open subset O of X, a nonempty setY’, a function( : X \ O —
Y andn € Y be given. Let Rx 0.y ¢|-, -] be the generalized vectorial relay defined in (7.23).

a) The string function generated by generalized vectorial relay operator R X,0,Y,¢ n,-]is GRr.x,00¢m -
Sr(X) — Y defined by

Gzx.0.cm V0,015, Un)
(C(vn), if v, €O,
n, if conv(v;,vip1) CO Vi=0,...,n—1,
_ ) {1 = Xomax)Vk + XemaxVkr1) — with (7.35)
k:=max{i € {0,...,n — 1} | conv(v;,vi41) O},

Xmax ‘= maX{X € [07 1[ ‘ (1 - X)Uk + XVk+1 ¢ 0}7
otherwise.

\

b) The generalized vectorial relay operator R X,o,y,g[n, | forgets according to the Madelung
deletion.

Proof. a) LetV = (vg,v1,...,v,) € Sp(X) be given.
B Ifv, ¢ O, thenitholds Ty A [V](T) = v, ¢ O. Invoking (7.23) yields that
Rx.0,vc[0 Towat [VIT) = C (Tpuea [VI)(T)) = C ().

B If conv(v;,v;41) C Oforalli =0,...,n — 1, then it holds Tyy.ar.[V](t) € O for all
t € [0, T]. Recalling now (7.23) yields that

ﬁX,O,Y,C[U, Tpw.af. [VH(T) =7n.

B Otherwise, we see that the formula for k in (7.35) generates the unique defined &
satisfying

conv(vg, vgy1) € O, conv(v;,vi41) €O, Vi=k+1,...,n—1. (7.36)

It follows that

S— ([ST s 1TD Z0,  mowat|V] <[’“ RV TD co.

n n
(7.37)
We apply (7.36) to show that the set
M = {x € [0,1[| (1 = x)vi + XVks1 € O} (7.38)
is not empty. Let ymax := sup M. Using that the multiplication with a scalar and

the addition is continuous, we see that there is a sequence in the complement of
O converging to (1 — Xmax)vk + XmaxUk+1- Since O is an open set, we conclude
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that (1 — Xmax) Uk + XmaxUks1 € O . Using that (7.37) yields that v, € O, we
see that ymax belongs to M and can be defined as in (7.35). Moreover, for t* :=
(1 = Xmax) T + Xmax =T it holds that

. L k+1
Towaf [V] (") € O, Tpwat[V] Qt ’TTD co. (7.39)
Combining this with (7.23) , we infer that

ﬁ’X,O,Y,C (1, Tpw.at [VI(T) = ¢ (Tpwat. [V] (7)) = C((1 = Xmax)Vk + XmaxVk+1) -
(7.40)

b) LetV = (vg,...,v,) € X" and W = (wy, ..., w, o) € X" withn € Nandn > 2
be given. Assume that T is the result of a Madelung deletion in V. Then there is some
j € {1l,...,n — 2} such that (6.1) holds.

B If v, € O holds, then we obtain by recalling (7.35) and (6.1a) that
Gﬁ,x,ogm(v) = ((vn) = ((wy—2) = Gﬁ,x,o,g,n(W)-

B If conv(v;, v;41) € O holds foralli = 0,1,...,n — 1, then we obtain by (6.1a) and
(6.2b) that conv(w;, w;+1) € O holds foralli = 0,...,n — 2. Recalling now (7.35)

yields that G@X,O,C,n(v) =n= Gﬁ,x,o,c,n<w>-
B Otherwise, let xmax and k be defined as in (7.35), and let

*

0" := (1 = Xmax)Vk + XmaxVk+1- (7.41)
Then, we see that (7.36) and

GrxocqV)=C @) (7.42)

are satisfied.

If £ < 7 — 1 holds orif £ > j 4 2 holds, we conclude by using (7.35) and (6.1a) that
Gﬁ,X,o,g,n(V> - Gﬁ,x,o,c,n(W)-

Recalling (6.2c), we deduce that

conv(v;,vj41) € conv(vji1,Vji2). (7.43)
Utilizing (7.36), we see that
conv(vg, Vgy1) € O,  conv(vgy1, vgsa) C O. (7.44)

Hence, we see that if k& = j held, then on one hand conv(v;, v;11) would be, as a
subset of conv(v;41,vj12) = conv(vki1, Ukt2), @ subset of O, on the other hand
conv(vj, vj41) = conv(vy, vg41) would be no subset of O. Hence, it follows that
k # 7.

Hence, it remains to consider the situations £ = j — land k = j + 1.
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Utilizing now (6.1a) and (6.2b), we deduce that

conv(w;_1,w;) = conv(vj_1,Vj42)

= conv (vj_1,v;) U conv (vj11,vj42) 2 conv(vy, Ugt1)- (7.45)

We apply (7.36) and (6.1a) to decude that

conv(wj_1,w;) € O, conv(w;, w;11) CO, Vi=4j,...,n—3. (7.46)

Applying (7.35), see that for 5 € [0, 1[ and w* € X defined by

B = maX{X € [0,1] ‘ (1 —x)wj_1 + xw; & O}, (7.47)
w* = (1 — 6)’(1)];1 + Bwj y (7.48)
it holds that
G x.0cs(W) = ¢ (w") (7.49)
Recalling (6.1a) yields that
B =max{x € [0,1[| (1 — x)vj_1 + xvj2 € O}, (7.50)
w* = (1—PBvj_1 + Pujs2 ¢ O. (7.51)

Hence, it remains to show that v* = w™* is satisfied.

B Assumethatk = j — 1.

Thanks to (7.45), there is some A € [0, 1] such that
Vi1 = (1 — )\)Uj—l + )\’Uj+2. (752)

We recall now (7.36) to prove that conv(v;41, vj42) = conv(vVgt2, Ugrs) € O
and that v, 1 € O. Since w* ¢ O, we can conclude form (6.2b) and (7.52) that
w* € conv(vj_1,vj19) \ O = (conv(vj,l,vj) U conv(vj1, vj+2)) \ O
= conv(vj_1,v;) \ O C conv(v;_1, vgs1) \ {vk41}

= conv(vj_1, (1 = N)vj_1 + Avj2) \ {(1 — N)vj_1 + Avjia)}. (7.53)

Utilizing now (7.51) and (7.52) yields that 8 < .
Recalling (7.52), we deduce that for all x € [0, 1] holds:

(1 = AX) vj—1 + AXVj42
= (L =) vjm1 + x (L = A vjor + Avjpa) = (1= X) vp + XUkt (7.54)
Combining the definition of Y yax in (7.35) and (7.41) implies that

(1 - )\Xmax) Vi1 + )\Xmaxvj+2 - (1 - Xmax) Uk + XmaxVk+1 = v ¢ O,
(7.55)

(1 - )‘X) Vj—1 + )‘ij-i-Q = (1 - X) v + XVk+1 € 07 \V/X e]Xmaxa 1[ .
(7.56)
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From (7.50), it follows that

Mmax < B E]Xmax A, Al (7.57)

Since it has already been shown that 5 < A holds, we deduce that Ax.x = 5.
Applying (7.55) and (7.51), it follows that v* = w* is proved.

B Assumethatk = j + 1.
Thanks to (7.45), there is some ¢ € [0, 1] such that

Vi — (1 — ¢)’Uj_1 + ¢Uj+2. (758)

Since (7.44) yields that vy, # Ug41 = vj4o, it follows that ¢ € [0, 1].
For x € [0,1[and v, := ¢ + (1 — ¢)x € [0, 1], we apply (7.58) to derive
(L= 1Jvj—1 + Nz = (1= X)(1 = @)vj1 + (& + X — OX)vj42
= (1= x) (1 = @)vj—1 + Pvj12) + xVj2 = (1 = X))V + XVkt1-  (7.59)

Recalling the definition of .y in (7.35) and (7.41), we deduce that

(1 - 7Xmax> (Ujfl + fYXmax/Uj‘i’Q = (1 - Xmax)vk + Xmaka+1 = U* ¢ 07
(7.60)

(1 - ’7ij*1) + fYXU]'JrQ = (1 - X)Uk + XVk+1 € 07 VX E]Xmaxv 1[
(7.61)

Since {7y | X €] Xmax> L[ } = |Vymaxs L[, We can conclude from (7.50) that 5 =
Vemax - USING NOW (7.51) and (7.60) yields v* = w*.

O

7.4 Remark. Many other hysteresis operators do not forget according to the Madelung deletion,
for examples, most vectorial play and stop operators. Details can be found in the forthcoming
thesis [16].
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