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Abstract

We study the initial value problem of a singularly perturbed first order ordinary differ-
ential equation in case that the degenerate equation has a double root. We construct the
formal asymptotic expansion of the solution such that the boundary layer functions decay
exponentially. This requires a modification of the standard procedure. The asymptotic so-
lution will be used to construct lower and upper solutions guaranteeing the existence of a
unique solution and justifying its asymptotic expansion.

1 Introduction. Formulation of the problem

Consider the initial value problem for a scalar singularly perturbed first order ordinary differential
equation

2 dy _ _
€ dx_f<y7$7€)7 .CL’GI.— [OvX]u (1)

y(0,e) =4°, (2)

where ¢ is a small positive parameter. The initial value problem (1), (2) is well studied in the
case that the degenerate equation

f(y,2,0)=0 (3)

has a simple root y = ¢(x) for x € I (see [1]). Under the conditions that f and ¢ are
continuously differentiable and satisfy f,(¢(z),z,0) < 0for x € I, and that y° belongs to
the region of attraction of , problem (1), (2) has a unique solution y(z, €) with the asymptotic
representation

x
y(z,e) = p(x) + H0<€—2> +O0(e) for x€l, (4)
where 11 is the boundary layer function defined by the initial value problem
dll
o = F(e(0) +15,0,0), 720, I(0) =" (0).

We note (see [1]) that ] satisfies the estimate
‘HO(T>| < CeXp(—FLT) for > 0. (5)

Here, and in the sequel, ¢ and x denote suitable positive numbers not depending on € (by this
way we avoid to introduce indices for each estimate).



If the function f is sufficiently smooth, then for any natural number n there exists an asymptotic
expansion of the solution y(x, ) with a reminder term of order O ().

In this paper, we study the initial value problem (1) (2) under the condition that () is a double
root of equation (3) for x € I. We note that under the same assumption, in the papers [2, 3]
some boundary value problems have been studied for the differential equation

d2
52 —y = f(yvx)a

dx?

where the function f does not depend on €. We emphasize that in our case the dependence of
f on ¢ plays a fundamental role.

For the sequel we assume

(Ay). There are sufficiently smooth functions h, ¢ and f; such that f can be represented in
the form

f(y7 x?‘C:) = —h(l’)(y - QO(LL’))2 + 5f1(y7 JI,E), (6)

where we additionally suppose h(x) > 0forz € 1.

We will prove that under the assumption (A;) and some additional conditions which will be
introduced in the following, problem (1), (2) has for sufficiently small € a unique boundary layer
type solution y(x, €) whose asymptotic expansion depends essentially on the function f.

We distinguish two cases related to the following assumptions:

(A). fi(x) == filp(x),r,0) >0 for x €.

(AY). fi(x) =0 for x € I,andy = p(x) is a simple root of the equation f;(y, x,0) = 0.

The first case is studied in sections 2 and 3, the second one is considered in sections 4 and 5.

2 Construction of an asymptotic solution in case f(z) > 0

We suppose that the hypotheses (A;) and (As) hold true. As in the case of a simple root, we
use the following ansatz for the asymptotic expansion of the solution y(z, £) of (1), (2)

y(x,&) = gj(x,g) _'_H(T? 5) (1)

with 7 = x/&2, where jj(x, €) is the regular part and I1(7, ¢) the boundary layer part of the
solution y(z, ). If we substitute (1) into the differential equation (1) and use the representation

f(y(l‘,ﬁ),l‘,g) = f(g(l‘,ﬁ) + H(T> 8),1‘,6)



= f(ﬂ(l‘, 5)7 Z, 5) + f(g(EZTa 6) + H(T> 6)7 527_7 5) - f(g(€27_7 5)7 527_7 5)

we get the following differential equations to determine ¥ and 11:

24y _ 0o

€ dl’ - f(y>x7€)v (2)
dIl 9 2 _ 9 2
7 = (y(e°r,e) + 1L, e%r,e) — f(y(e®r, e), e°,¢) =: I1f. 3)

We assume that the regular part §(x, €) has the asymptotic representation

y(z,e) = Go(x) + Ve i (z) + e poa) +--- (4)

If we substitute (4) and (6) into (2) we get

d , _ _ _ _ 2
e (o +Vemt-) = —h@) (o + VEn+-—p(@)
+5f1(g0+\/gg1+"',$,5>- (5)
The standard procedure to determine the functions ¥; for « = 0, 1, - - - consists in expanding

the right hand side of (5) into a series in /¢ and in comparing the coefficients related to the
same power of 1/ on the right and left hand sides of (5). It easy to verify that this procedure
yields only algebraic equations for the determination of the functions ;.

For the determination of ¢y we obtain the equation

2

—h(z)(g(x) — ¢())” =0,

which yields

Comparing the coefficients in (5) belonging to €, we get the equation for 4/,

0= —h(z)7;(z) + fi(z). (7)

According to the assumptions (A7) and (Asz), equation (7) has two solutions. We select the
solution

B . _ 1/2
hil@) = (b7 @) ()
satisfying
gi(x) >0 for z€l. (8)
This inequality will be used later.
By the same way, we obtain for the function ¥,
_ 1 8f _ -
Ya(x) = §h H )a—yl(w(x),x,()) =: 5 h™(2) fiy(x)



Analogously we can determine the functions y; fori = 3, - - -.

If we assume that the boundary layer function I1(7, £) has the asymptotic representation
(7, &) = To(7) + Ve ly (1) + e Tly(7) + - -- ©)

and if we substitute (9) and (6) into (3) we get

%(Ho—i‘\/gﬂl—i‘) = —h(€27')|:(H0+\/gH1+"')2
+2\/5(171(52T)+\/5?32(527')+"')(H0+\/EHH-“')] (10)
+eIlf1,

where the expression I1 f; is defined analogously to (3).

If we expand the right hand side of (10) into a series in 1/ and compare the expressions be-
longing to the same power of /¢ on the left and right hand sides in (10) we get differential
equations to determine the functions I1;,72 = 0,1, - - -.

In order to derive the corresponding initial conditions we substitute (1) into (2) using the expan-
sions (4) and (9). We get

70(0) + v/ 71(0) 4 - - - + TIH(0) + /ET11(0) + - - - = ¢/°.
Comparing the coefficients for the same power of 1/, we obtain the initial conditions for I1;, 7 =
()7 17 e
T5(0) = 3° — 55(0) = y° — (0) =: I1°,
IL;(0) = —g;(0), j=1,---. (1)

Using the standard procedure, we get from (10) and (11) for the function II; the initial value
problem

dlly

- = —h(0)I5, 7>0, Iy(0) =1 (12)
Its solution reads
HO
II = 1
o(7) 1+ h(0)II 7 (13)

We recall that /(0) is positive by assumption (A;). In order to guarantee that 11, is a boundary
layer function, that is, it decays to zero as 7 tends to co, we have to suppose that the initial
value I1° is not negative. For the sequel, we introduce the assumption

(Ag) I° > 0.

Under that assumption, the function 11, decays to zero of order O(%) as 7T — 00, that is, the
decay has power character. We note that in the case that ¢ is a simple root of equation (3), the
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decay of the boundary layer function is of exponential character (see (5)). As we will prove later,
the boundary layer functions I1;,2 = 0,1, - - - , decay in our case also exponentially. Therefore,
we have to modify the standard procedure for deriving the differential equations for the functions
I1;. We do it in the following way: if we compare the coefficients belonging to /¢ ', we take into
account on the right hand side of (10) also the higher order term —2h(0)7; (0)I1;(1/2)" . Of
course, this term will then be neglected in deriving the differential equation for II;, 1. A con-
sequence of this approach is that the functions II; will depend also on ¢, that is, we get an
asymptotic representation for the solution of (1), (2) in the form

y(x,e)  =7o(z) + Vegi(x) +egolx) + - -
+Io(7,€) + Ve lly(r,e) + elly(T,8) + -+ - . (14)

In case = = 0, we get instead of (12) the initial value problem

20— —h(0) (Mo + 2vE0(0) )Ty, 7 > 0, T1y(0,¢) = 1" (15)
Its solution reads
_ 0 _ _
(7, ¢) = 2v/201(0)I1% exp ( — 24/231(0)h(0)7) "

24/71(0) + Ho(l — exp ( — 2\/5?31(0)}1(0)7)) |

By (8) and (Aj3) we have

81_[0 (T, 5)

<0 for 7>20,e>0. (17)
or

Ho(T, E) > 0,
Moreover, it can be shown that for given € > 0 the function 11, satisfies

y(7,¢) = O(exp(—ﬁ&r)) as 7 tends to 0o, (18)

1
o(7,¢) = O<\/§exp(—\/§fw)) for T > NG and T — oo0.
5
We emphasize that the exponential decay of Iy as 7 — oc¢ is a consequence of taking into
account the term —2,/ch(0)71(0), where h(0)7;(0) > 0. We note that this decay is not so
fast as in the case of a simple root () (see(5)).

Using this modified procedure we obtain from (10) and (11) for the determination of I1; the initial
value problem

dlly

St — 20 (Tlo(, €) + VER(0) )Ly, T11(0,¢) = =71 (0).



Its solution reads

Hmnewz—wanwp(—2hmyATam@¢»+V@mm»da. (20)
If we represent I1(7, €) in the form (see (15))

MLy(. ) = Wexp ( — h(0) /0 (I (s.€) + 2vE7(0)) ds)

and compare Ily(7, ) and I1;(7,€), we obtain by taking into account ~(0)y;(0) > 0 the
estimate

[IIy(7,¢e)| < cllg(r,e) for 7>0,e>0. (21)

According to the modified procedure, for the determination of the function I, we get from (10)
and (11) the initial value problem

(22)
dIl
=2 = —2h(0) (Ihy(7.2) + VER(0) ) Il +ma(m,2), [L2(0,2) = =722 (0),
where
ma(7, 2) = ~h(0) (202(0)Io(7, ) + TB(7,2) ) + Mo i (7, ),
H0f1(7-7 6) = fl((p(o) + HO(Tv 5)7 07 0) - fl(QO(O), 07 0)
As we have |1, fi(7,€)| < clly(T,€) and since 11, satisfies the estimate (21) we have
|ma(7,€)| < ellp(T, €). (23)

The solution of the initial value problem (22) can be represented in the form
(7. 2) = ~ga(0) exp (= 2h(0) | (Mals.2) + VER(0))ds)
0
+/ exp ( — 2h(0)/ (o (s, e) + \/Eyl(O))ds>7r2(To,5)dTo. (24)
0

70
Taking into account (23) we obtain from (24) the estimate
[y (7, )| < (1 + 7)p(T, €). (25)
Analogously, we can formulate the initial value problem for I3 and obtain
[II5(7, )| < c(1 4 7)I(T,¢€).

Now we estimate the product 711,(7, £) by exploiting the relation (16). Using the notation z :=
2h(0)+/71(0)T we get from (16)

1 zexp(—2)
Rh(0) 1 — exp(—2z)

TIo(T,¢) <
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Taking into account the inequality

z
- < (1 f >0
1—exp(—z)_( +2z) for z>0,
it holds
TIlo(7,e) < &(1 + 2) exp(—2) < cexp(—+v/ekT). (26)

Hence, all constructed boundary layer functions I1;(7, £) satisfy the estimate
[T (7, ¢)| < cexp(—v/ekT) for 7>0,i=0,1,2,3.
For ¢ > 4, the corresponding estimates are not so sharp, e.g. it holds

(7, e)| < e(1+ 7)1 < = exp(—v/ekT).

NG

In the sequel we restrict ourselves to an asymptotic approximation of the solution y(x, €) con-
taining three regular terms g;() and four boundary layer terms I, (7, ).

3 Justification of the asymptotics in case f(z) > 0

We define the function Y3 by

Yy(w,e) =Y e (gi(x) + ILi(7,€)) + *TL(r, ). (1)

By means of this function we will construct lower and upper solutions for the initial value problem
(1), (2).

A function Y with the properties

19 Y (0,¢) < °,

29, The expression
LY (z,¢):=

2 D) ) (o) - o)) - e Ao, )

satisfies
LY (x,e) <0 for xe€l

is called a lower solution to the initial value problem (1), (2).



For Y (z, ¢) we make the ansatz
Z(CL’,E) :Y?)(%E) —A52, (2)

where A is some positive number. We will prove that for some sufficiently large A (not depending
on ) and for sufficiently small €, the function Y (x, €) satisfies the conditions 1% and 2°.
From (2), (1) and (11) we get

Y(0,e) =y° — (A + 54(0))e?,

which is less than y° for sufficiently large A, that is, condition 1° is fulfilled.
Concerning the expression L.Y (x, €) we have

—efi( i(\/g)"gi(x) ~ A%,
—€ [f1<i(\/_) (7:(°7) + Ii(7,€)) + ’Il4(7, €) — Ae”, %1 5)

—f1<i )5 (£°T) A&t{a%,e)]

=0

After some cumbersome calculations and using the equations for ¢;(z) and I1;(7, ) we get
LY (2,¢) = O(e”?) = 2h(a) g () A(1 + O(Vz) )™/
+0(eMA? + O(e?)y(7, €) — 2h(0) ALl (7, ) (1 + O(Ve))?,
where the expressions O(ei/z),z’ = 1,4, 5, 8 do not depend on A. Hence, we have
LY (z,€) = 2] = 20(2)5 (2) A(1 + O(v/EA)) + O(1)| 3)
e T(r, g){ — 2h(0)A(1+ O(VE)) + 0(1)}.

Because of h(x) > 0,71(z) > 0 and IIy(7,e) > 0, it follows from (3) that for sufficiently
large A and sufficiently small £ the inequality LEX(SL’, 5) < 0is valid, that is, the condition 2° is
satisfied.

Therefore, the function Y (x, ) defined in (2) is a lower solution of the initial value problem (1),

).



Remark 3.1 If Y3(x, £) would not contain the term e*11,(T, €), then the last term in the curly
bracket in (3) would read O(1 + 7) instead of O(1). In that case, the term —2h(0)A could not
guarantee that the expression in the curly bracket is negative for large .

Analogously can be proved that the function Y (z, ¢)
Y(z,¢) = Ys(z,¢) + Ae? (4)

is an upper solution of (1), (2) for sufficiently large A and sufficiently small .
It is well-known [4] that the existence of a lower solution and of an upper solution to the initial
value problem (1), (2) implies the existence of a unique solution y(z, £) satisfying

Y(z,¢) <y(z,e) <Y(x,6) for w€l.
Furthermore, we obtain from (2) and (4) the relation
y(z,6) = Ys(x,e) + O(?) for z € 1. (5)

Therefore, we have proved the following result

Theorem 3.2 Suppose the assumptions (A1), (As), (A3) are satisfied. Then for sufficiently
small ¢ the initial value problem (1), (2) has a unique solution y(x, €) with the asymptotic rep-
resentation (5).

Corollary 3.3 From the relation (5) we obtain

k+1

y(x,e) =Yi(x,e)+O0(e 2 ) for x €l

where

k
Yi(z,e) =Y e’ (gi(x) + ILi(r,2)), k=0,1,2.
=0

Remark 3.4 It can be easily shown that outside the boundary layer, that is in the interval [, X,
where ¢ is any small positive fixed number, the solution y(x, €) has for any natural number k
the asymptotic representation

4 Construction of the asymptotic solution in case f|(z) = 0

We keep the hypotheses (A;) and (Aj3), but the assumption (A)) will be replaced by the
stronger condition



(43).
fl(y7x7€) = (y—<,0($))g(y,$)+€f2(y,x,€), (1)
where g and f5 are sufficiently smooth functions satisfying

g(z) = g(e(x),z) >0 for zel.

In that case, it turns out that the asymptotics of the solution of the initial value problem (1), (2)
also exhibits boundary layer character, but the asymptotic expansion takes place in powers with
respect to € and not in powers with respect to /= as in the case before, that is, we have

y(z,e) = go(x) +epr(z) + -+ +1o(7, €) + ellp(7,8) + - - -, (2)

where 7 = x /. By means of the standard procedure for the determination of the coefficient
functions we obtain go(x) = ¢(x), and the function ¢ () satisfies the quadratic equation

¢ () = —h(2)7; + g(x)i + fo(x), (3)

where fo(x) = foip(x), x,0).
For the sequel we assume

(A4). The equation (3) has two different real solutions %11 (x) and g12(x), where

y11(z) < gra(x) for z € 1. (4)

For the following we choose
yi(z) = Yra(z).

We note that the sum of the roots of equation (3) is 2! (z)g(x). Hence, by the assumptions
(A;) and (A%), we have 711 (z) + g12(z) > 0. Taking into account (4), it holds 7, (z) > 0 for
2 € I which we need later.

In the sequel we also use the relation

a(z) == 2g1(x) — W~} (2)§(x) = 2512(x) — (F11(2) + Gz ()
= ﬂlg(l') — gjll(x) = ﬂl(l') — ﬂll(l') >0 for x € I, (5)

which follows from (4).
By the procedure described above we may determine successively further regular coefficient
functions, especially we get

72(x) = [M(@)a(@)] ™ (9, (2)77(2) + foy (271 (2) + foe(@) = F1(2)),

where the function a is defined in (5).

10



The equations for the boundary layer functions I1;(7, £) can be obtained from an equation of
the type (10). Taking into account (1) and (2), this equation reads in our case

d
(o eIl +--) = —h(€27')[(1_[0+51_[1 by

+2(5§1(€27') + - )(HO +€H1 + - )]
+e(Tlp + elly + -+ )g(p(e*) +egu(e®r) + -+ + g +elly + - -+, 1)

+e (et (1) + - - ) g + 11 fo. (6)
According to our modified standard procedure we get from (6) for 11 the differential equation
dll _
d—TO = —h(0) (I + 2e71(0)) 1L, 7)

which is an analog to equation (15). The solution of this equation satisfying the condition (11)
can be represented by means of the expression (16) if we replace there /< by €.
The differential equation to determine II; reads

% = —2h(0) (HQ(’T, 6) + Eﬂl(O))Hl + g(ga(()) + Ho(’T, 6), O)HQ(’T, 6).

From the estimate
19(¢(0) + Ho(7, ), 0)Ilp(7,€)| < cllp(T, )

we get that the solution of (8) with the initial condition I1; (0, ¢) = —¢;(0) satisfies
|H1(T7 €)| < C(l +T>H0<7-7 5)' 9)

If we compare this estimate with that one in (21) we see that in (9) the additional term ¢711y(, €)
occurs, that is, the estimate (9) is weaker than the corresponding one in (21). This fact implies
some difficulties for the construction of lower and upper solutions. To overcome these problems
we proceed as follows. We add the term g(p(0) 4 I1o(7, €), 0)I1o(7, €) arising in the right hand
side of (8) to the right hand side in (7) taking into account that this term occurs in (6) with the
factor €. Thus, we obtain instead of (7) the equation

a,
dr

Taking into account the relation

9(¢(0) + o (7, €),0) = g(0) + Tlog,

= —h(0) (1§ + 251 (0)ILy) + £g(¢(0) + Iy, 0)IL,. (10)

where

§(0) = g(¢(0),0),og = g(¢(0) 4+ Io(7,),0) — g((0),0) = g;Ilo(7, €)

(g., denotes the derivative taken at some intermediate point), then equation (10) can be rewritten
in the form
dlly

=0 = —h(0) | (1 + 2gi) T + a(0)TTo . (11)

11



where a(0) = 2g;(0) — h~(0)g(0) > 0 (see (5)).

Since g, depends on IIj, we are not able to give the exact expression for the solution of (11)
satisfying the initial condition (11). But because of the same structure of the right hand sides of
the differential equations (11) and (7), we can conclude that the behavior of the solution fI(T, £)
of the initial value problem (11), (11) is qualitatively the same as that of the solution 1y (7, £) of
the problem (7), (11). It is easy to derive the estimate

\ﬁo(T, e) — Iy(7,¢)| < ceexp(—ekT).

Thus, as the main part of the boundary layer asymptotics we can take the solution ﬁo(T, e) of
the problem (11), (11), and the problem to determine the function I1; (7, £) takes the form

(12)
dIly
dr

where

— —h(0) [(2 + ek(r,£))o(r,2) + 8@(0)] i, I0L(0,¢) = —g:(0),

k(77 6) = h_l(o) <gy (90(0) + 1:[O (77 6)7 0) + Gy (90(0) + 91:[0(7', 5)7 O))>

0 < 0 < 1. We denote the solution of the initial value problem (12) by 1:[1(7-, g). It holds

I, (r,e) = —:(0) exp ( — h(0) /O ' [(2 +ek(s, £))Tlo(s, ) + 5a(0)} ds).
If we rewrite IIy(7, £) in the form
fly(r. ) = Hyesp ( — h(0) /O 1+ 2g)o(s,€) + <a(0)]ds )
and compare this expression with the expression (13) for ﬁl(T, €), we obtain the estimate

[Ii(7,€)| < ello(r, €),

that is, after replacing the equations (7) and (8) by the equations (11) and (12), we have derived
for IT; (7, ) an inequality of type (21).
We define the function I15(7, €) as solution of the initial value problem

% = —h(0) [(2 +ek(r,e))o + é‘a(o)} Iy + (7, €),
115(0, ) = —g(0), a4)

where

ma(r ) =

~(0) (7. ) + 251 (00 (r.2) + 2 O)To(7, ) + 2234 0) 7T ) )
KO ([(r.) + 2271 (O(re)

+,((0) + (7. £),0)(72(0) + ¢/ (0)e7) Tlo(7 )

+31(0)og + € g ((0) + (7, £), 0)71Iy + o fo.

12



We note that the expression for (7, €) contains some terms of order O (e71l,). The explana-
tion to include these terms into the differential equation for 115 will be given in Remark 5.1.
For the function 75 there holds the estimate

|mo(T,6)] < (14 67‘)1:[0(7', £).

Therefore, the solution 1:[2(7-, ¢) of the initial value problem (14), which can be represented by
means of an expression of type (24), satisfies the estimate

\ﬂg(T, ) <ec(l+71+ 57’2)f[0(7, £).

Since we have 711, (7, £) < exp(—exT) (this can be shown in the same way as we proved the
estimate (26)), it holds finally B
[Ily(7, )| < exp(—ekT).

For the following we restrict ourselves to the terms #; and II; with7 = 0, 1, 2.

5 Justification of the asymptotics in case fi(z) = 0

We introduce the notation
2
Yo(z,e) = Ze’ (yz(x) + IL;(7, 5))

i=0

A lower solution to the initial value problem (1), (2) will be constructed in the form
X(ZL’7€) :)/é(x>€) _A€3’ (1)
where A is some positive number. We have
Y (0,8) = Y5(0,¢) — Ae® =y — A < o/,

that is, the condition 1° for a lower solution is fulfilled (see section 3).

Further, by using the differential equations for 7j; and I1;, it is not difficult to derive in analogy to
(3) the following relation

LY = 54{ ~ h(z)a(z)A(L + O(eA)) + 0(1)]
eIy (, g){ —2h(0)A(1 + O(e)) + o<1>}. @

As we have h(x) > 0,a(z) > 0 (see assumption (A;) and (5)) and IIy(7, &) > 0, we get from
(2) for sufficiently large A and sufficiently small € the inequality L.Y < 0, that is, the condition
20 for a lower solution is satisfied (see section 3). Hence, for sufficiently large A and sufficiently
small &, the function Y (, £) defined in (1) is a lower solution for the initial value problem (1),

).
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Remark 5.1 If we would not include terms of the order 0(571:[0) into the expression of the
function 5 (T, €), then these terms multiplied by 2 would arise in the expression for L.Y such
that the last term in the curly braces on the right hand side of (2) would have the order O(T)
and not the order O(1). Thus, for any chosen A, the expression in the curly brackets can be
positive for sufficiently large T.

Analogously we can prove that for sufficiently large A and sufficiently small ¢ the function
Y(x,¢) := Ya(x,e) + Ae®

is an upper solution for the initial value problem (1), (2). Thus, we have the following result

Theorem 5.2 Assume the hypotheses (A1), (A%), (As), (A4) to be valid. Then for sufficiently
small € the initial value problem (1), (2) has a unique solution y(x, €) satisfying

y(z,6) = Ya(x,e) + O(?) for x € 1. (3)

Corollary 5.3 Fork = 0, 1, we get from (3)
y(z,e) = Yi(z,e) + O™ for z e,

where

Yi(z,e):=Y ¢ (ﬂi(x) + I (, E)), k=0,1.

k
=0

Remark 5.4 Outside the boundary layer, that is for x € [0, X |, we have for any natural number
k

y(z,e) = Zgigi@) + O(e"H).

6 Example

Consider the initial value problem

d
£ % = —(L+2)(y+22) +e(y + 22) +e%P, xel:=[0,X],

y(0,e) = 1. (1)
We have the case f)(x) = 0. Compared with (6) and (1), it holds
W) =1+a,9(y,2) =1, foly, 2) = 4.

Using the algorithm for the construction of an asymptotic expansion described in section 4, we
get
o(x) = p(x) = 2z,
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and the equation for the determination of 1 () reads
(1+2)7f — 71 —2—82° = 0.
This equation has two different solutions. As 7, () we choose the larger solution

141+ 8(1+2)(1 +4a?)
B 2(1+4 x)

y1()

satisfying g1 (z) > 0 for x € I. )
For the determination of the boundary layer function 1, (7, €) we obtain the initial value problem

dIl . - -
—0 — (12 + 3¢y), My(0,¢) = 1.
dr
Its solution reads 5 5
(7. c) e exp(—3eT)

T 3t (1 —exp(—3e7))
For IT; (7, €) we get the initial value problem
i,
dr

whose solution ﬁl(T, £) can be given explicitly

= —2(1:[0(7', 8) + 36)1:[1, 1:[1(0,6) = —?31(0) = -2

i (r.c) = — 1822 exp(—3eT) N
[35 + (1- exp(—35r))}

It is also not difficult to determine 7»(2) and IT,(7, €). If we restrict ourselves on terms of zeroth
and first order, then the solution y(, €) of (1) can be represented for z € [ in the form

14 /14 8(1+ x)(1 + 4a3)
2(1+x)
3e exp(=22) [ B 622
3e + (1 —exp(=22)) 3e 4 (1 —exp(=22))

y(l’,€) =2z +e¢

} + 0(&?).
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