Weierstraß-Institut

für Angewandte Analysis und Stochastik

Leibniz-Institut im Forschungsverbund Berlin e. V.

Preprint ISSN 0946 – 8633

Forward-backward systems for expected utility maximization

Ulrich Horst^1, Ying Hu^2, Peter Imkeller^3, Anthony Réveillac^4 and Jianing Zhang^5

submitted: October 13, 2011

1 Institut für Mathematik Humboldt-Universität zu Berlin Unter den Linden 6 10099 Berlin Germany Email: horst@math.hu-berlin.de

2 Université de Rennes 1 Campus Beaulieu 35042 Rennes cedex France E-Mail: ying.hu@univ-rennes1.fr

3 Institut für Mathematik Humboldt-Universität zu Berlin Unter den Linden 6 10099 Berlin Germany Email: imkeller@math.hu-berlin.de

4 CEREMADE UMR CNRS 7534 Université Paris Dauphine Place du Maréchal De Lattre De Tassigny 75775 PARIS CEDEX 16 France Email: anthony.reveillac@ceremade.dauphine.fr

5 Weierstrass Institute Mohrenstr. 39 10117 Berlin Germany Email: jianing.zhang@wias-berlin.de

No. 1653 Berlin 2011

2010 Mathematics Subject Classification. 60H10, 93E20.

Key words and phrases. Utility maximization, convex duality, maximum principle, coupled quadratic FBSDE, general utility functions.

Ulrich Horst acknowledges financial support through the SFB 649 Economic Risk. Peter Imkeller and Anthony Réveillac are grateful to the DFG Research Center MATHEON, Project E2. Ying Hu is partially supported by the Marie Curie ITN Project Deterministic and Stochastic Controlled Systems and Applications, call: F97-PEOPLE-2007-1-1-ITN, n. 213841-2. Jianing Zhang is supported by the DFG Research Center MATHEON, Project E5.

Edited by Weierstraß-Institut für Angewandte Analysis und Stochastik (WIAS) Leibniz-Institut im Forschungsverbund Berlin e. V. Mohrenstraße 39 10117 Berlin Germany

Fax: +49 30 2044975 E-Mail: preprint@wias-berlin.de World Wide Web: http://www.wias-berlin.de/

Abstract

In this paper we deal with the utility maximization problem with a general utility function. We derive a new approach in which we reduce the utility maximization problem with general utility to the study of a fully-coupled Forward-Backward Stochastic Differential Equation (FBSDE).

1 Introduction

One of the most commonly studied topic in mathematical finance (and applied probability) is the problem of maximizing expected terminal utility from trading in a financial market. In such a situation, the stochastic control problem is of the form

V (0, x) := sup_{π∈A} E[U(X^π_T + H)] (1.1)

for a real-valued function U , where A denotes the set of admissible trading strategies, T < ∞ is the terminal time, XπT is the wealth of the agent when he follows the strategy π ∈ A and his initial capital at the initial time zero is x > 0, and H is a liability that the agent must deliver at the terminal time. One is typically interested in establishing existence and uniqueness of optimal solutions and in characterizing optimal strategies and the value function V (t, x) which is defined as

V (t, x) := sup_{π∈A} E[U(X^π_{t,T} + H)|F_t].

Here Xt,T denotes the wealth of the agent when the investment period is [t, T ] and where the filtration

(F_t)_{t∈[0,T ]} defines the flow of information.

The question of existence of an optimal strategy π∗ can essentially be addressed using convex duality. The convex duality approach is originally due to Bismut [2] with its modern form dating back to Kramkov and Schachermayer [13]. For instance, given some growth condition on U or related quantities (such as the asymptotic elasticity condition for utilities defined on the half line) existence of an optimal strategy is guaranteed under mild regularity conditions on the liability and convexity assumptions on the set of admissible trading strategies (see e.g. [1] for details). However, the duality method is not constructive and does not allow for a characterization of optimal strategies and value functions.

One approach to simultaneously characterize optimal trading strategies and utilities uses the theory of forward-backward stochastic differential equations (FBSDE). When the filtration is generated by a standard Wiener process W and if either U(x) := − exp(−αx) for some α > 0 and H ∈ L2, or U(x) := x^γγ for

γ ∈ (0, 1) or U(x) = ln x and H = 0, it has been shown by Hu, Imkeller and Müller [9] that the control

problem (1.1) can essentially be reduced to solving a BSDE of the form

Y_t = H −

∫_T t Z_sdW_s −

∫_T t f(s, Z_s)ds, t ∈ [0, T ], (1.2)

where the driver f(t, z) is a predictable process of quadratic growth in the z-variable. Their results have since been extended beyond the Brownian framework and to more general utility optimization problems with complete and incomplete information in, e.g., [8], [19], [20], [21] and [17]. The method used in [9] and essentially all other papers relies on the martingale optimality principle and can essentially only be applied to the standard cases mentioned above (exponential with general endowment and power, respectively logarithmic, with zero endowment). This is due to a particular “separation of variables” property enjoyed by the classical utility functions: their value function can be decomposed as V (t, x) = g(x)Vt where g is a deterministic function and V is an adapted process. As a result, optimal future trading strategies are independent of current wealth levels.

More generally, there has recently been an increasing interest in dynamic translation invariant utility functions. A utility function is called translation invariant if a cash amount added to a financial position increases the utility by that amount and hence optimal trading strategies are wealth-independent^1. Although the property of translation invariance renders the utility optimization problem mathematically tractable, independence of the trading strategies on wealth is rather unsatisfactory from an economic point of view. In [18] the authors derive a verification theorem for optimal trading strategies for more general utility functions when H = 0. More precisely, given a general utility function U and assuming that there exists an optimal strategy regular enough such that the value function enjoys some regularity properties in (t, x), it is shown that there exists a predictable random field (φ(t, x))(t,x)∈[0,T ]×(0,∞) such that the pair (V, φ) is solution to the following backward stochastic partial differential equation (BSPDE) of the form:

V (t, x) = U(x) −

∫_T t φ(s, x)dW_s −

∫_T t |φ_x(s, x)|^2 V_{xx}(s, x) ds, t ∈ [0, T ] (1.3)

where φx denotes the partial derivative of φ with respect to x and Vxx the second partial derivative of V with respect to the same variable. The optimal strategy π∗ can then be obtained from (V, φ). Unfortunately, the BSPDE-theory is still in its infancy and to the best of our knowledge the non-linearities arising in (1.3) cannot be handled except in the classical cases mentioned above where once again one benefits of the “separation of variables” (see [11]). Moreover, the utility function U only appears in the terminal condition which is not very handy. In that sense this is exactly the same situation as the Hamilton-Jacobi-Bellman equation where U only appears as a terminal condition but not in the equation itself.

In this paper we propose a new approach to solving the optimization problem (1.1) for a larger class of utility function and characterize the optimal strategy π∗ in terms of a fully-coupled FBSDE-system. The optimal strategy is then a function of the current wealth and of the solution to the backward component of the system. In addition, the driver of the backward part is given in terms of the utility function and its derivatives. This adds enough structure to the optimization problem to deal with fairly general utilities functions, at least when the market is complete. We also derive the FBSDE system for the power case with general (non-hedgeable) liabilities; to the best of our knowledge we are the first to characterize optimal strategies for power utilities with general liabilities. Finally, we link our approach to the well established approaches using convex dual theory and stochastic maximum principles.

The remainder of this paper is organized as follows. In Section 2 we introduce our financial market model. In Section 3 we first derive a verification theorem in terms of a FBSDE for utilities defined on the real line along with a converse result, that is, we show that a solution to the FBSDE allows to construct the optimal strategy. Section 4 is devoted to the same question but for utilities defined on the positive half

1It has been shown by [6] that essentially all such utility functions can be represented in terms of a BSDE of the form 1.2.

line. In Section 5 we relate our approach to the stochastic maximum principle obtained by Peng [22] and the standard duality approach. We use the duality-BSDE link to show that the FBSDE associated with the problem of maximizing power utility with general positive endowment has a solution.

2 Preliminaries

We consider a financial market which consists of one bond S0 with interest rate zero and of d ≥ 1 stocks given by

dS̃^i_t := S̃^i_t dW^i_t + S̃^i_t θ^i_tdt, i ∈ {1, . . . , d}

where W is a standard Brownian motion on Rd defined on a filtered probability space (Ω, F, (Ft)t∈[0,T ], P),

(F_t)_{t∈[0,T ]} is the filtration generated by W , and θ := (θ^1, . . . , θ^d) is a predictable bounded process with

values in Rd. Since we assume the process θ to be bounded, Girsanov’s theorem implies that the set of equivalent local martingale measures (i.e. probability measures under which S̃ is a local martingale) is not empty, and thus according to the classical literature (see e.g. [7]), arbitrage opportunities are excluded in our model. For simplicity throughout we write

dS^i_t := dS̃^i_t S̃i_t .

We denote by α · β the inner product in Rd of vectors α and β and by | · | the usual associated L2-norm

on R^d. In all the paper C will denote a generic constant which can differ from line to line. We also define

the following spaces:

S^2(R^d) := { β : Ω × [0, T ] → R^d, predictable, E[ sup_{t∈[0,T ]} |β_t|^2] < ∞ } ,

H^2(R^d) := { β : Ω × [0, T ] → R^d, predictable, E [∫_T 0 |β_t|^2dt ] < ∞ } .

Since the market price of risk θ is assumed to be bounded, the stochastic process

E(−θ · W )_t := exp ( − ∫_t 0 θ_sdW_s − 1 2 ∫_t 0 |θ_s|^2ds )

has finite moments of order p for any p > 0. We assume d1 + d2 = d and that the agent can invest in the assets S̃1, . . . , S̃d^1 while the stocks S̃d^1+1, . . . , S̃d^2 cannot be invested into. Denote SH :=

(S^1, . . . , S^{d1} , 0 . . . , 0), W^H := (W^1, . . . , W^{d1} , 0 . . . , 0), W^O := (0, . . . , 0, W^{d1 +1}, . . . , W^{d2} ), and θ^H := (θ^1, . . . , θ^{d1} , 0 . . . , 0) (the notation H refers to “hedgeable” and O to “orthogonal”). We

define the set Πx of admissible strategies with initial capital x > 0 as

Π^x := { π : Ω × [0, T ] → R^{d1} , E [∫_T 0 |π_t|^2dt ] < ∞, π is self-financing } (2.1) where for π in Πx the associated wealth process Xπ is defined as

X^π_t := x +

∫_t 0 π_rdS^H_r = x +

d_1∑

i=1 ∫_t 0 π^i_rdS^i_r, t ∈ [0, T ].

Every π in Πx is extended to an Rd-valued process by

π̃ := (π^1, . . . , π^{d1} , 0, . . . , 0).

In the following, we will always write π in place of π̃, i.e. π is an Rd-valued process where the last d2 components are zero. Moreover, we consider a utility function U : I → R where I is an interval of R such that U is strictly increasing and strictly concave. We seek for a strategy π∗ in Πx satisfying E[U(Xπ^∗T +

H)] < ∞ such that

π^∗ = argmax_{π∈Π}x_{, E[|U(X}π_{T +H)|]<∞} {E[U(X^π_T + H)]} (2.2)

where H is a random variable in L2(Ω, FT , P) such that the expression above makes sense. We concretize on sufficient conditions in the subsequent sections.

3 Utilities defined on the real line

In this section we consider a utility function U : R → R defined on the whole real line. We assume that U is strictly increasing and strictly concave and that the agent is endowed with a claim H ∈ L2(Ω, FT , P). We introduce the following conditions.

(H1) U : R → R is three times differentiable

(H2) We say that condition (H2) holds for an element π∗ in Πx, if E[|U ′(Xπ^∗T + H)|2] < ∞ and if for every bounded predictable process h : [0, T ] → R, the family of random variables (∫_T 0 h_rdS^H_r

∫_1 0 U^′ ( X^{π∗}_T + H + εr

∫_T 0 h_rdS^H_r ) dr ) ε∈(0,1)

is uniformly integrable.

Before presenting the first main result of this section, we prove that condition (H2) is satisfied for every strategy π∗ such that E[|U ′(Xπ^∗T + H)|] < ∞ when one has an exponential growth condition on the marginal utility of the form:

U^′(x + y) ≤ C ( 1 + U^′(x) ) (1 + exp(αy)) for some α ∈ R.

Indeed, let G :=

∫_T 0 h_rdS^H_r and d > 0. We will show that the quantity

q(d) := sup_{ε∈(0,1)} E [| |G ∫_1 0 U^′(X^{π∗}_T + H + εrG)dr | | 1 |G^{∫ 1}_0 U^′(X^{π∗}_T +H+εrG)dr|>d ]

vanishes when d goes to infinity. For simplicity we write δε,d := 1|G ∫ 1_0 U_′(X_π∗_T +H+εrG)dr|>d. By the

Cauchy-Schwarz inequality

q(d) ≤ sup_{ε∈(0,1)} E [ (1 + U^′(X^{π∗}_T + H)) | | |G(1 +

∫_1 0 exp(αεrG))dr | | | δ^{ε,d} ]

≤ CE [ |U^′(X^{π∗}_T + H)|^2

]_{1/2} sup ε∈(0,1) E [| | |G ∫_1 0 exp(αεrG)dr | | | 2 δ_{ε,d}

]_{1/2} . Since E [ |U^′(X^{π∗}_T + H)|^2 ] is assumed to be finite we deduce from the inequality

exp(αζx) ≤ 1 + exp(αx) for all x ∈ R, 0 < ζ < 1

that

q(d) ≤ C sup_{ε∈(0,1)} E [ |G(2 + exp(αG))|^2 δ_{ε,d}

]_{1/2} . Applying successively the Cauchy-Schwarz inequality and the Markov inequality, it holds that

q(d) ≤ CE [ |G(2 + exp(αG))|^4

]_{1/4} sup ε∈(0,1)

E[δ_{ε,d}]^{1/4}

≤ CE [ |G(2 + exp(αG))|^4

]_{1/4}

d^{−1/4} sup_{ε∈(0,1)} E [ |G| ∫_1 0 U^′(X^{π∗}_T + H + εrG)dr

]_{1/4}

≤ CE [ |G(2 + exp(αG))|^4

]_{1/4}

d^{−1/4} E [ |G(2 + exp(αG))|^2

]_{1/8} . Let p ≥ 2. Since h and θ are bounded it is clear that E [ |G|^{2p} ] < ∞ and

E [|G(2 + exp(αG))|^p] ≤ E [ |G|^{2p}

]_{1/2} E [ |2 + exp(αG)|^{2p}

]_{1/2}

≤ C ( 2 + E [ |exp(αG)|^{2p}

])_{1/2}

= C ( 2 + E [ exp (∫_T 0 2pαh_rdW^H_r − 1 2 ∫_T 0 |2pαh_r |^2dr )

exp ( 1 2 ∫_T 0 |2pαh_r |^2 + 2pαh_r · θ_rdr )])_{1/2}

≤ C.

Hence limd→∞ q(d) = 0 which proves the assertion.

3.1 Characterization and verification: incomplete markets

We are now ready to state and prove the first main result of this paper: a verification theorem for optimal trading strategies.

Theorem 3.1. Assume that (H1) holds. Let π∗ ∈ Πx be an optimal solution to the problem (2.2) which satisfies assumption (H2). Then there exists a predictable process Y with YT = H such that U ′(Xπ^∗ +

Y ) is a martingale in L^2(Ω, F_T , P) and

π^{∗i}_t = −θ^i_t

U^′(X^{π∗}_t + Y_t) U^{′′}(X^{π∗}_t + Y_t)

− Z^i_t , t ∈ [0, T ], i = 1, . . . , d_1

where Zt := d⟨Y,W ⟩^tdt :=

(_{d⟨Y,W i⟩t}

dt , . . . ,^{d⟨Y,W d⟩t}_{dt} ) .

Proof. We first prove the existence of Y . Since E[|U ′(Xπ^∗T + H)|2] < ∞, the stochastic process α defined as αt := E[U ′(Xπ^∗T + H)|Ft], for t in [0, T ] is a square integrable martingale. Define Yt :=

(U^′)^{−1}(α_t) − X^{π∗}_t . Then Y is (F_t)_{t∈[0,T ]}-predictable. Now Itô’s formula yields

Y_t + X^{π∗}_t = Y_T + X^{π∗}_T −

∫_T t 1 U^{′′}(U^{′−1}(α_s)) dα_s + 1 2 ∫_T t U^{(3)}(U^{′−1}(α_s)) (U^{′′}(U^{′−1}(α_s)))^3 d⟨α, α⟩_s. (3.1)

By definition, α is the unique solution of the zero driver BSDE

α_t = U^′(X^{π∗}_T + Y_T ) −

∫_T t β_sdW_s, t ∈ [0, T ], (3.2)

where β is a square integrable predictable process with valued in Rd. Plugging (3.2) into (3.1) yields

Y_t + X^{π∗}_t =X^{π∗}_T + H −

∫_T t 1 U^{′′}(X^{π∗}_s + Y_s)) β_sdW_s + 1 2 ∫_T t U^{(3)}(X^{π∗}_s + Y_s) (U^{′′}(X^{π∗}_s + Y_s))^3

|β_s|^2ds.

Setting Z̃ := 1

U^{′′}(X^{π∗} +Y )) β, we have

Y_t + X^{π∗}_t =X^{π∗}_T + H −

∫_T t Z̃_sdW_s + 1 2 ∫_T t U^{(3)} U^{′′}

(X^{π∗}_s + Y_s)|Z̃_s|^2ds.

Now by putting Zi := Z̃i − π∗i, i = 1, . . . , d, we have shown that Y is a solution to the BSDE

Y_t = H −

∫_T t Z_sdW_s −

∫_T t f(s, X^{π∗}_s , Y_s, Z_s)ds, t ∈ [0, T ], (3.3)

where f is given by

f(s, X^{π∗}_s , Y_s, Z_s) := − 1 2 U^{(3)} U^{′′}

(X^{π∗}_s + Y_s)|π^∗_s + Z_s|^2 − π^∗_s · θ_s. (3.4)

Finally, by construction we have U ′(Xπ^∗t + Yt) = αt, thus it is a martingale.

Now we deal with the characterization of the optimal strategy. To this end, let h : [0, T ] → Rd^1 be a bounded predictable process. We extend h into Rd by setting h̃ := (h1, . . . , hd^1 , 0, . . . , 0) and use the convention that h̃ is again denoted by h. Thus for every ε in (0, 1) the perturbed strategy π∗ + εh belongs

to Π^x. Since π^∗ is optimal it is clear that for every such h it holds that

l(h) := lim_{ε→0} 1 ε E [ U(x +

∫_T 0 (π^∗_r + εh_r)dS^H_r + Y_T ) − U(x +

∫_T 0 π^∗_r dS^H_r + Y_T ) ] ≤ 0. (3.5)

Moreover we have 1 ε ( U(x +

∫_T 0 (π^∗_r + εh_r)dS^H_r + Y_T ) − U(x +

∫_T 0 π^∗_r dS^H_r + Y_T ) )

= ∫_T 0 h_rdS^H_r

∫_1 0 U^′ ( X^{π∗}_T + Y_T + θε

∫_T 0 h_rdS^H_r ) dθ. Now using (H2), Lebesgue’s dominated convergence theorem implies that (3.5) can be rewritten as E [ U^′(X^{π∗}_T + Y_T )

∫_T 0 h_rdS^H_r ] ≤ 0 (3.6)

for every bounded predictable process h. Applying integration by parts to U ′(Xπ^∗s + Ys)s∈[0,T ] and (∫_s 0 h_rdS^H_r ) s∈[0,T ], we get

U^′(X^{π∗}_T + Y_T )

∫_T 0 h_rdS^H_r

= U^′(x + Y_0) × 0 +

∫_T 0 U^′(X^{π∗}_s + Y_s)h_sdS^H_s + ∫_T 0 ∫_s 0 h_rdS^H_r U^{′′}(X^{π∗}_s + Y_s) [ (π^∗_s + Z_s)dW^H_s + (π^∗_s · θ_s + f(s, X^{π∗}_s , Y_s, Z_s))ds ]

+ 1 2 ∫_T 0 ∫_s 0 h_rdS^H_r U^{(3)}(X^{π∗}_s + Y_s)|π^∗_s + Z_s|^2ds + ∫_T 0 U^{′′}(X^{π∗}_s + Y_s)h_s · (π^∗_s + Z_s)ds.

By definition of the driver f , the previous expression reduces to

U^′(X^{π∗}_T + Y_T )

∫_T 0 h_rdS^H_r = ∫_T 0 ( U^′(X^{π∗}_s + Y_s)θ_s + U^{′′}(X^{π∗}_s + Y_s)(π^∗_s + Z_s) ) · h_sds + ∫_T 0 ∫_s 0 h_rdS^H_r U^{′′}(X^{π∗}_s + Y_s)(π^∗_s + Z_s)dW^H_s +

∫_T 0 U^′(X^{π∗}_s + Y_s)h_sdW^H_s . (3.7)

The next step would be to apply the conditional expectations in (3.7), however the two terms on the second line of the right hand side are a priori only local martingales. We start by showing that the first one is a uniformly integrable martingale. Indeed, from the computations which have led to (3.3) we have that

U^{′′}(X^{π∗} + Y )(π^∗ + Z) = β,

where we recall that β is the square integrable process appearing in (3.2). Using the BDG inequality we get E [ sup s∈[0,T ] | | | ∫_s 0 ∫_r 0 h_udS^H_u U^{′′}(X^{π∗}_r + Y_r)(π^∗_r + Z_r)dW^H_r | | | ]

≤ CE | | | | ∫_T 0 | | ∫_s 0 h_rdS^H_r | |^2 |β_s|^2ds | | | | 1/2

≤ CE ( sup s∈[0,T ] | | | ∫_s 0 h_rdS^H_r | | | 2)_{1/2} (∫_T 0 |β_s|^2ds

)_{1/2} .

Young’s inequality furthermore yields

E ( sup s∈[0,T ] | | ∫_s 0 h_rdS^H_r | |^2 )_{1/2} (∫_T 0 |β_s|^2ds

)_{1/2}

≤ CE [ sup s∈[0,T ] | | | ∫_s 0 h_rdS^H_r | | | 2] + CE [∫_T 0 |β_s|^2ds ]

≤ C ( 1 + E [ sup s∈[0,T ] | | | ∫_s 0 h_rdW^H_r | | | 2])

where we have used that h and θ are bounded. Applying once again the BDG inequality, we obtain E [ sup s∈[0,T ] | | | ∫_s 0 h_rdW^H_r | | | 2] ≤ 4E [∫_T 0 |h_r|^2dr ] < ∞.

Putting together the previous steps, we have that E [ sup s∈[0,T ] | | | ∫_s 0 ∫_r 0 h_udS^H_u U^{′′}(X^{π∗}_r + Y_r)(π^∗_r + Z_r)dW^H_r | | | ] < ∞,

thus we get E [∫_T 0 ∫_s 0 h_rdS^H_r U^{′′}(X^{π∗}_s + Y_s)(π^∗_s + Z_s)dW^H_s ] = 0.

Note that (∫_t 0 U^′(X^{π∗}_s + Y_s)h_sdW^H_s ) t∈[0,T ]

is a square integrable martingale. Indeed U ′(Xπ^∗ +

Y ) = α is a square integrable martingale and thus E [∫_T 0 | |U^′(X^{π∗}_s + Ys)hs | |^2 ds ] < ∞.

Similarly, E [| |U^′(X^{π∗}_T + Y_T )

∫_T t h_rdS^H_r | | ] < ∞.

Taking expectation in (3.7) we obtain for every n ≥ 1 that E [ U^′(X^{π∗}_T + Y_T )

∫_T 0 h_rdS^H_r ]

= E [∫_T 0 ( U^′(X^{π∗}_s + Y_s)θ_s + U^{′′}(X^{π∗}_s + Y_s)(π^∗_s + Z_s) ) · h_sds ] , (3.8)

which in conjunction with (3.6) leads to E [∫_T 0 ( U^′(X^{π∗}_s + Y_s)θ_s + U^{′′}(X^{π∗}_s + Y_s)(π^∗_s + Z_s) ) · h_sds ] ≤ 0 for every bounded predictable process h. Replacing h by −h, we get E [∫_T 0 ( U^′(X^{π∗}_s + Y_s)θ_s + U^{′′}(X^{π∗}_s + Y_s)(π^∗_s + Z_s) ) · h_sds ] = 0. (3.9)

Now fix i in {1, . . . , d1}. Let Ais := U ′(Xπ^∗s + Ys)θs + U ′′(Xπ^∗s + Ys)(π∗^is + Zis) and hs :=

(0, . . . , 0, 1_Ai_{s>0}, 0, . . . , 0) where the non-vanishing component is the i-th component. From (3.9) we

get that E [∫_T 0 1Ai_s>0[U ′(Xπ^∗s + Ys)θis + U ′′(Xπ^∗s + Ys)(π∗^is + Zis)]ds ] = 0.

Hence, Ai ≤ 0, dP ⊗ dt − a.e.. Similarly by choosing hs = (0, . . . , 0, 1Ai_s<0, 0, . . . , 0) we deduce that

U^′(X^{π∗} + Y )θ^i + U^{′′}(X^{π∗} + Y_t)(π^{∗i}_t + Z^i_t ) = 0, dP ⊗ dt − a.e.

This concludes the proof since i ∈ {1, . . . , d1} is arbitrary. �

The verification theorem above can also be expressed in terms of a fully-coupled Forward-Backward system.

Theorem 3.2. Under the assumptions of Theorem 3.1, the optimal strategy π∗ for (2.2) is given by

π^{∗i}_t = −θ^i_t

U^′(X_t + Y_t) U^{′′}(X_t + Y_t)

− Z^i_t , t ∈ [0, T ], i = 1, . . . , d_1,

where (X, Y, Z) ∈ R × R × Rd is a triple of adapted processes which solves the FBSDE

X_t = x −

∫_t 0 ( θ_s^{U ′(Xs+Ys)}

U^{′′}(X_s+Y_s) + Zs ) dW^H_s −

∫_t 0 ( θ_s^{U ′(Xs+Ys)}

U^{′′}(X_s+Y_s) + Zs ) · θ^H_s ds

Y_t = H −

∫_T t Z_sdW_s −

∫_T t [ −^1_2 |θ^H_s |^{2 U (3)(Xs+Ys)|U ′ (Xs+Ys)|2}

(U^{′′}(X_s+Y_s))^3

+|θ^H_s |^{2 U ′ (Xs+Ys)}

U^{′′}(X_s+Y_s) + Zs · θ H s −^1_2 |Z^O_s |^{2 U (3)}_{U ′′} (X_s + Y_s) ] ds, (3.10)

with the notation Z = (Z1, . . . , Zd^1

=:Z^H

, Z^{d1+1}, . . . , Z^d

=:Z^O

). In addition, the optimal wealth process X^{π∗} is

equal to X.

Proof. From Theorem 3.1 we know that the optimal strategy is given by

π^{∗i}_t = −θ^i_t

U^′(X^{π∗}_t + Y_t) U^{′′}(X^{π∗}_t + Y_t)

− Z^i_t , t ∈ [0, T ], i ∈ {1, . . . , d_1}

where (Y, Z) is a solution to the BSDE (3.3) with driver f like in (3.4). Now plugging the expression of π∗ in relation (3.4) yields

X^{π∗}_t = x −

∫_t 0 ( θ_s^{U ′(Xπ∗s +Ys)}

U^{′′}(X^{π∗}_s +Y_s) + Zs ) dW^H_s −

∫_t 0 ( θ_s^{U ′(Xπ∗s +Ys)}

U^{′′}(X^{π∗}_s +Y_s) + Zs ) · θ^H_s ds

Y_t = H −

∫_T t Z_sdW_s −

∫_T t [ −^1_2 |θ^H_s |^{2 U (3)(Xπ∗s +Ys)|U ′ (Xπ∗s +Ys)|2}

(U^{′′}(X^{π∗}_s +Y_s))^3

+|θ^H_s |^{2 U ′ (Xπ∗s +Ys)}

U^{′′}(X^{π∗}_s +Y_s) + Zs · θ H s −^1_2 |Z^O_s |^{2 U (3)}_{U ′′} (X^{π∗}_s + Y_s) ] ds. (3.11)

Recalling that Xπ := x +

∫_· 0 π_s(dW^H_s + θ^H_s ds) for any admissible strategy π, we get the forward part

of the FBSDE. �

Remark 3.3. Using Itô’s formula and the FBSDE (3.10), we have that

U^′(X + Y ) = U^′(x + Y_0) +

∫_· 0 −θ^H_s U^′(X_s + Y_s)dW^H_s +

∫_· 0 U^{′′}(X_s + Y_s)Z^O_s dW^O_s .

Remark 3.4. Note that using the system (3.10), for α := U ′(Xπ^∗ + Y ), integration by parts yields for every t in [0, T ]

U^′(X^{π∗}_t + Y_t)(X^π_t − X^{π∗}_t ) = ∫_t 0 (X^π_s − X^{π∗}_s )dα_s +

∫_t 0 α_s(π_s − π^∗_s )dW^H_s + ∫_t 0 ( α_sθ^H_s + U^{′′}(X^{π∗}_s + Y_s)(Z^H_s + π^∗_s ) ) · (π_s − π^∗_s )ds = ∫_t 0 (X^π_s − X^{π∗}_s )dα_s +

∫_t 0 α_s(π_s − π^∗_s )dW^H_s

showing that U ′(Xπ^∗ + Y )(Xπ − Xπ^∗ ) is a local martingale for every π in Πx.

The converse implication of Theorems 3.1 and 3.2 constitutes the second main result.

Theorem 3.5. Let (H1) be satisfied for U . Let (X, Y, Z) be a triple of predictable processes which solves the FBSDE (3.10) satisfying: Z is in H2(Rd), E[|U(XT + H)|] < ∞, E[|U ′(XT + H)|2] < ∞, and

U^′(X + Y ) is a positive martingale. Moreover, assume that there exists a constant κ > 0 such that − U^′(x) U^{′′}(x) ≤ κ for all x ∈ R. Then

π^{∗i}_t := −

U^′(X_t + Y_t) U^{′′}(X_t + Y_t) θ^i_t − Z^i_t , t ∈ [0, T ], i ∈ {1, . . . , d_1},

is an optimal solution of the optimization problem (2.2).

Proof. Note first that by definition of π∗, X = Xπ^∗ . Since the risk tolerance − U^′(x)U_{′′}(x) is bounded and since

Z is in H^2(R^d), we immediately get E [∫_T 0 |π^∗_s |^2ds ] < ∞, thus, π ∈ Π^x. By assumption, U^′(X+Y ) is a

positive continuous martingale, hence there exists a continuous local martingale L such that U ′(X +Y ) =

E(L). And we know from Remark 3.3 that

L = log(U^′(x + Y_0)) +

∫_· 0 −θ^H_s dW^H_s +

∫_· 0 U^{′′}(X_s + Y_s) U^′(X_s + Y_s)

Z^O_s dW^O_s .

Define the probability measure Q ∼ P by dQ dP := U^′(X_T + H) E[U^′(X_T + H)] . Girsanov’s theorem implies that W̃ := W̃ H + W̃ O = (W 1 + θ1 · dt, . . . , W d^1 + θd^1 · dt, W d^1+1 −

U^{′′}(X+Y ) U^′(X+Y ) Z d_1+1 · dt, . . . , W d_2 − U^{′′}(X+Y ) U^′(X+Y ) Z d_2 · dt) is a standard Brownian motion under Q. Thus Xπ

is a local martingale under Q for every π in Πx. Now fix π in Πx with E[|U(XπT + H)|] < ∞. Let (τn)n be a localizing sequence for the local martingale Xπ − Xπ^∗ . Since U is a concave, we have

U(X^π_T + H) − U(X^{π∗}_T + H) ≤ U^′(X^{π∗}_T + H)(X^π_T − X^{π∗}_T ). (3.12)

Taking expectations in (3.12) we get

E[U(X^π_T + H) − U(X^{π∗}_T + H)] E[U^′(X_T + H)]

≤ E_Q[X^π_T − X^{π∗}_T ]

= E_Q [ lim_{n→∞}

∫_{T ∧τn} 0 (π_s − π^∗_s )dW̃^H_s ]

= lim_{n→∞} E_Q

[∫_{T ∧τn} 0 (π_s − π^∗_s )dW̃^H_s ] = 0,

which eventually follows as a consequence of Lebesgue’s dominated convergence theorem. To this end we prove that

E_Q [ sup t∈[0,T ] | | | ∫_t 0 (π_s − π^∗_s )dW̃^H_s | | | ] < ∞.

Indeed the BDG inequality and the Cauchy-Schwarz inequality imply that

E_Q [ sup t∈[0,T ] | | | ∫_t 0 (π_s − π^∗_s )dW̃^H_s | | | ]

≤ CE_Q (∫_T 0 |π_s − π^∗_s |^2ds

)^1_2

= CE

U^′(X^T + H) E[U^′(X_T + H)] (∫_T 0 |π_s − π^∗_s |^2ds

)^1_2

≤ CE [| | | U^′(X_T + H) E[U^′(X_T + H)] | | | 2] 1_2 E [∫_T 0 |π_s − π^∗_s |^2ds

]^1_2 < ∞. �

We have proved in Theorem 3.2 that if (2.2) exhibits an optimal strategy π∗ ∈ Πx, then there exists an adapted solution to the FBSDE (3.10). As a byproduct we showed the optimization procedure singles out a “pricing measure” under which the asset prices and marginal utilities are martingales. In that sense, the process Y captures the impact of future trading gains on the agent’s marginal utilities. If we assume additional conditions on the utility function U , we get the following regularity properties of the solution

(X, Y, Z).

Proposition 3.6. Assume that for H ∈ L∞(Ω, FT , P) and that the FBSDE (3.10) admits an adapted solution (X, Y, Z) such that Y is bounded. Let

φ_1(x) :=

U^′(x) U^{′′}(x)

, φ_2(x) :=

U^{(3)}(x)|U^′(x)|^2 (U^{′′}(x))^3

, φ_3(x) :=

U^{(3)}(x) U^{′′}(x)

, x ∈ R.

Assume that U is such that φi, i = 1, 2, 3 are bounded and Lipschitz continuous functions. Then

(X, Y, Z) is the unique solution of (3.10) in S^2(R) × S^∞(R) × H^2(R^d). In addition, Z · W is a BMO-

martingale.

Proof. Let (X, Y, Z) be a solution to (3.10) such that Y is bounded. Then, using the usual theory on quadratic growth BSDEs (see for example [20, Theorem 2.5 and Lemma 3.1]) we have only from the backward part of the FBSDE that Z is in H2(Rd) and that Z · W is a BMO-martingale. In addition there exists a unique solution to the backward component in this space for a given process X. Now the previous regularity properties of the processes (Y, Z) imply that X is in S2(R). We turn to the uniqueness of the

X process. Assume that there exists another solution (X^′, Y^′, Z^′) of (3.10). Hence, Theorem 3.5 implies

that π∗^′ := − U^′(X^′+Y^′)

U^{′′}(X^′+Y^′) θ

i + Z^{′i}, i ∈ {1, . . . , d_1} is an optimal solution to our original problem (2.2) and X^′ is the optimal wealth process. However, by strict concavity of U and by convexity of Π^x the optimal

strategy has to be unique. So X and X′ are the wealth processes of the same optimal strategy, thus, they have to coincide (for instance XT = X′T , P − a.s.) which implies (Y ′, Z′) = (Y, Z). �

In the complete case we are able to construct the solution (X, Y, Z). This is the subject of the following Section.

3.2 Characterization and verification: complete markets

In this section we consider the benchmark case of a complete market. We assume d = 1 for simplicity. H denotes a square integrable random variable measurable with respect to the Brownian motion W .

In the complete case we can give sufficient conditions for the existence of a solution to the system (3.10). Our construction relies on the following remark.

Remark 3.7. Using (3.10) the martingale U ′(Xπ^∗ + Y ) becomes more explicit, because Itô’s formula applied to U ′(Xπ^∗ + Y ) yields

U^′(X^{π∗}_t + Y_t) = U^′(x + Y_0) +

∫_t 0 U^{′′}(X^{π∗}_s + Y_s)(π^∗_s + Z_s)dW_s

= U^′(x + Y_0) −

∫_t 0 U^′(X^{π∗}_s + Y_s)θ_sdW_s,

where we have replaced π∗ by its characterization in terms of (X, Y, Z) from Theorem 3.1. Hence,

U^′(X^{π∗}_t + Y_t) = U^′(x + Y_0)E(−θ · W )_t, t ∈ [0, T ]. (3.13)

This remark will allow us to prove existence of a solution to the system (3.10) under a condition on the risk aversion coefficient − U^{′′}U_′ of U . To this end, we give a sufficient condition on U for the system (3.10) to exhibit a solution. We have the following remark.

Remark 3.8. If (X, Y, Z) is an adapted solution to the system (3.10), then P := X + Y is solution of the forward SDE

P_t = x + Y_0 −

∫_t 0 θ_s

U^′(P_s) U^{′′}(P_s) dW_s −

∫_t 0 1 2 |θ_s|^2

U^{(3)}(P_s)|U^′ (P_s)|^2 (U^{′′}(P_s))^3 ds, t ∈ [0, T ]. (3.14)

In addition, if (X, Y, Z) is in S2(R) × S2(R) × H2(Rd), then P ∈ S2(R). Thus a necessary condition for the FBSDE (3.10) to have a solution is that the SDE (3.14) admits a solution.

We are now going to state an existence result for the FBSDE system (3.10) that characterizes optimal trading strategies in terms of the functions φ1(x) = U^′(x)U_{′′}(x) and φ2(x) = U^{(3)}(x)|U ′ (x)|^2 (U^{′′}(x))^3 .

Proposition 3.9. Assume that the functions φ1 and φ2 are bounded and Lipschitz continuous. Then the FBSDE

X_t = x −

∫_t 0 ( θ_s^{U ′(Xs+Ys)}

U^{′′}(X_s+Y_s) + Zs ) dW_s −

∫_t 0 ( θ_s^{U ′(Xs+Ys)}

U^{′′}(X_s+Y_s) + Zs ) · θ_sds

Y_t = H −

∫_T t Z_sdW_s −

∫_T t ( −^1_2 |θ_s|^{2 U (3)(Xs+Ys)|U ′ (Xs+Ys)|2}

(U^{′′}(X_s+Y_s))^3 + |θs|

2 U^′ (Xs+Ys) U^{′′}(X_s+Y_s)

+Z_s · θ_s) ds

(3.15)

admits a solution (X, Y, Z) in S2(R) × S2(R) × H2(Rd) such that E[|U(XT + H)|] < ∞ and

E[|U^′(X_T + H)|^2] < ∞.

Proof. Let m in R. Consider the following SDE

P^m_t = x + m −

∫_t 0 θ_sφ_1(P^m_s )dW_s −

∫_t 0 1 2 |θ_s|^2φ_2(P^m_s )ds, t ∈ [0, T ].

Since this SDE has Lipschitz coefficients the existence and uniqueness of a solution in S2(R) is guaranteed (see for example [23, V.3. Lemma 1]). Next, consider the BSDE

Y^m_t = H −

∫_T t Z^m_s dW_s −

∫_T t ( − 1 2 |θ_s|^2φ_2(P^m_s ) + |θ_s|^2φ_1(P^m_s ) + Z^m_s · θ_s ) ds. (3.16)

We denote its driver by f(s, p, z) := − 12 |θs|2φ2(p) + |θs|2φ1(p) + z · θs. Using the regularity properties

of φ_1 and φ_2 and the fact that θ is bounded, there exists a constant K > 0 such that

|f(s, p, z)| ≤ K(1 + |z|)

and the constant K depends only on α1, α2 and on ‖θ‖∞, thus in particular K does not depend on

m. Since the driver f is Lipschitz in z, there exists a unique pair of adapted processes (Y^m, Z^m) in S^2(R) × H^2(R^d) which solves (3.16). In addition, |Y^m_t | ≤ K holds P-a.s. for all t in [0, T ]. We recall that

this constant K does not depend on m, thus |Y m0 | ≤ K. Using usual arguments we can show that the map

m → Y^m_0 is continuous. Even if this procedure is somehow standard, we reprove this fact here to make

the paper self-contained. Fix m, m′ in R with m ≠ m′. We set δYt := Y mt − Y m^′t , δZt := Zmt − Zm^′t . By (3.16) it follows that (δY, δZ) is solution to the Lipschitz BSDE:

δY_t = 0 −

∫_T t δZ_sdW_s −

∫_T t (θ_sδZ_s + h(s))ds

with h(s) := 12 |θs|2(φ2(P ms ) − φ2(P m^′s )) + |θs|2(φ1(P ms ) − φ1(P m^′s )). Using classical a priori estimates for Lipschitz growth BSDEs (see for example [16, Lemma 2.2]) we get that:

|δY_0|^2 ≤ E[ sup_{t∈[0,T ]} |δY_t|^2] ≤ CE [∫_T 0 |h(s)|^2ds ] . The boundedness of θ and the Lipschitz assumption on φ1 and on φ2 immediately imply that E [∫_T 0 |h(s)|^2ds ] ≤ CE [∫_T 0 |P^m_s − P^{m′}_s |^2ds ] ≤ CE [ sup t∈[0,T ]

|P^m_t − P^{m′}_t |^2 ] . Combining the inequalities above with classical estimates on Lipschitz SDEs (see for example [23, Estimate (***) in the proof of Theorem V.7.37]) we finally get that

|δY_0|^2 ≤ C|m − m^′|^2

which concludes the proof by letting m′ tending to m. This conjunction with m → Y m0 being bounded yields that there exists an element m∗ ∈ R such that Y m^∗0 = m∗. Setting

X^{m∗}_t := P^{m∗}_t − Y^{m∗}_t , t ∈ [0, T ],

it is straightforward to check that (Xm^∗ , Y m^∗ , Zm^∗ ) satisfies (3.15). Moreover, we have Xm^∗ ∈ S2(R) since Y m^∗ is bounded and since P m^∗ ∈ S2(R). Next, note that E[|U ′(XT + YT )|2] < ∞ since

U^′(X_T + Y_T ) = U^′(x + m)E(−θ · W ). Now using the concavity of U , it holds that

U(x) ≤ U^′(0)x + U(0), −U(x) ≤ −U^′(x)x − U(0), ∀x ∈ R.

Consequently,

E[|U(X_T + H)|] ≤ E[|U^′(0)| |X_T + H| + |U(0)|] + E[|U^′(X_T + H)(X_T + H)| + |U(0)|] < ∞. �

4 Utility functions on the positive half-line

In this section we study utility functions U : R+ → R defined on the positive half-line. Again, we assume that U is strictly increasing and strictly concave.

In the previous section we have derived a FBSDE characterization of the optimal strategy for the utility maximization problem (2.2). The key observation was that there exists a stochastic process Y such that

U^′(X^{π∗} + Y ) is a martingale. However if U is only defined on the positive half-line, it is not clear a pri-

ori that the expression U ′(Xπ^∗ + Y ) makes sense. We could generalize this approach by looking for a function Φ such that Φ(Xπ^∗t , Yt) is a martingale and such that Φ(Xπ^∗T , YT ) = U ′(Xπ^∗T + H). When

H = 0, it turns out that a good choice of function Φ is Φ(x, y) := U^′(x) exp(y) since the system we

obtain coincides (up to a non-linear transformation) with the one obtained by Peng in [22, Section 4] using the maximum principle. Note that the system of Peng is not formulated as a FBSDE but rather as a system of equations: one for the wealth process whose dynamics depend on the strategy and one adjoint equation, but a reformulation of this system of equation allows to get a FBSDE (details are given in Section 5.1).

In the previous section, π denoted the total amount of money invested into the stock (the number of shares being π/S̃). Now we denote by πi the proportion of wealth invested in the i-th stock Si. Once again we denote by Πx the set of admissible strategies with initial capital x which is now defined by

Π^x := { π : Ω × [0, T ] → R^{d1} , π is predictable, E [∫_T 0 |π_s|^2ds ] < ∞ } . (4.1)

The associated wealth process is given by

X^π_t := x +

∫_t 0 π_sX^π_s dS^H_s , t ∈ [0, T ].

Again, we extend π to Rd via π̃ := (π1, . . . , πd^1 , 0, . . . , 0) and make the convention that we write π instead of π̃. Thus, we have

X^π_t = xE (∫_· 0 π_rdS^H_r ) t , t ∈ [0, T ].

From now one we consider a positive FT -measurable random variable H. We furthermore need to impose the following assumptions on U .

(H3) U : R+ → R is three times differentiable, strictly increasing and concave

(H4) We say that assumption (H4) holds for an element π∗ in Πx, if

(i) E[|X^{π∗}_T U^′(X^{π∗}_T + H)|^2] < ∞;

(ii) the sequence of random variables ( 1 ε (X^{π∗+ερ}

T − X^{π∗}_T )

∫_1 0 U^′(X^{π∗}_T + H + r(X^{π∗+ερ}_T − X^{π∗}_T ))dr ) ε∈(0,1)

is uniformly integrable;

(iii)

lim_{ε→0} sup_{t∈[0,T ]} E [| | | 1 ε (X^{π∗+ερ} t − X^{π∗}_t ) − ξ_t | | | 2] = 0,

where dξt = π∗t ξtdSHt + ρtXπ^∗t dSHt , t ∈ [0, T ], and supt∈[0,T ] E[|ξt|2] < ∞.

(H5) There exists a constant c > 0 such that −U^′(x)xU_{′′}(x) ≤ c for all x ∈ R+.

4.1 Characterization and verification: incomplete markets

Note that in condition (H4), if U ′(0) < ∞ or if H ≥ a > 0 is satisfied, then (iii) implies (ii).

Theorem 4.1. Assume that (H3) holds and that H is a positive random variable belonging to L2(Ω, FT , P).

Let π^∗ be an optimal solution to (2.2) satisfying E[|U(X^{π∗}_T + H)|] < ∞ and which satisfies assumption

(H4). Then there exists a predictable process Y with YT = log(U ′(Xπ^∗T + H)) − log(U ′(Xπ^∗T )) such that Xπ^∗ U ′(Xπ^∗ ) exp(Y ) is a martingale and

π^{∗i}_s = −

U^′(X^{π∗}_s ) X^{π∗}_s U^{′′}(X^{π∗}_s )

(Z^i_s + θ^i_s), s ∈ [0, T ], i = 1, . . . , d_1,

where Zt :=

(_{d⟨Y,W 1⟩t} dt , . . . ,^{d⟨Y,W d⟩t}_{dt} ) .

Proof. As in the proof of Theorem 3.1, we prove the existence of Y such that Xπ^∗ U ′(Xπ^∗ ) exp(Y ) is a martingale with YT = log(U ′(Xπ^∗T + H)) − log(U ′(Xπ^∗T )). Consequently, U ′(Xπ^∗T + H) =

U^′(X^{π∗}_T ) exp(Y_T ). By (H4), the process

α_t := E[X^{π∗}_T U^′(X^{π∗}_T + H)|F_t]

is a square integrable martingale. In addition it is the unique solution to the BSDE

α_t = X^{π∗}_T U^′(X^{π∗}_T + H) −

∫_T t β_sdW_s, t ∈ [0, T ],

where β is a square integrable predictable process with values in Rd. We set Y := log(α)−log(U ′(Xπ^∗ ))−

log(X^{π∗} ). As in the proof of Theorem 3.1, Itô’s formula implies that

Y_t = Y_T −

∫_T t [ β_s α_s − U^{′′}(X^{π∗}_s ) U^′(X^{π∗}_s )

X^{π∗}_s π^∗_s − π^∗_s ] dW_s − ∫_T t [ − 1 2 |β_s|^2 |α_s|^2 − ( U^{′′}(X^{π∗}_s ) U^′(X^{π∗}_s )

X^{π∗}_s π^∗_s + π^∗_s ) · θ^H_s + |X^{π∗}_s π^∗_s |^2 2 (| | | U^{′′}(X^{π∗}_s ) U^′(X^{π∗}_s ) | | | 2 − U^{(3)}(X^{π∗}_s ) U^′(X^{π∗}_s ) ) + |π^∗_s |^2 2 ] ds. Setting

Z^i_t = β^i_t α_t − π^∗_t U^′(X^{π∗}_t )

(X^{π∗}_t U^{′′}(X^{π∗}_t ) + U^′(X^{π∗}_t )), i = 1, . . . , d, (4.2)

we get that

Y_t = Y_T −

∫_T t Z_sdW_s −

∫_T t [ − 1 2 U^{(3)}(X^{π∗}_s ) U^′(X^{π∗}_s )

|X^{π∗}_s π^∗_s |^2 − (Z^H_s + θ^H_s ) · ( U^{′′}(X^{π∗}_s ) U^′(X^{π∗}_s )

X^{π∗}_s π^∗_s + π^∗_s )

− U^{′′}(X^{π∗}_s ) U^′(X^{π∗}_s )

X^{π∗}_s |π^∗_s |^2 − 1 2 |Z_s|^2 ] ds, t ∈ [0, T ].

We now derive the characterization of π∗ in terms of U ′ and Y and Z. We employ an argument put forth in [22] and then substitute the Hamiltonian by a BSDE. Fix π ∈ Πx. Since the latter is a convex set, for

ρ := π − π^∗, the π^∗ + ερ is an admissible strategy for every ε ∈ (0, 1). We have 1 ε (U(X^{π∗+ερ}

T + H) − U(X^{π∗}_T + H)) = 1 ε (X^{π∗+ερ}

T − X^{π∗}_T )

∫_1 0 U^′(X^{π∗}_T + H + r(X^{π∗+ερ}_T − X^{π∗}_T ))dr.

Since π∗ is optimal we find E [ 1 ε (X^{π∗+ερ}

T − X^{π∗}_T )

∫_1 0 U^′(X^{π∗}_T + H + r(X^{π∗+ερ}_T − X^{π∗}_T ))dr ] ≤ 0, ∀ε > 0. (4.3)

Now let ξ be defined as

dξ_t = (π^∗_t ξ_t + ρ_tX^{π∗}_t )dS^H_t , t ∈ [0, T ].

By (H4), we can apply Lebesgue’s dominated convergence theorem in inequality (4.3) which, possibly passing to a subsequence, yields

E[ξ_T U^′(X^{π∗}_T + H)] = lim_{ε→0} E [ 1 ε (X^{π∗+ερ}

T − X^{π∗}_T )

∫_1 0 U^′(X^{π∗}_T + H + r(X^{π∗+ερ}_T − X^{π∗}_T ))dr ] . Combined with (4.3), it leads to

E[ξ_T (X^{π∗}_T )^{−1}U^′(X^{π∗}_T )X^{π∗}_T exp(Y_T )] = E[ξ_T U^′(X^{π∗}_T + H)] ≤ 0, ∀π ∈ Π^x. (4.4)

We now restrict consideration to a particular class of processes π, that is, we choose ρ to be a bounded predictable process and we define π := ρ + π∗ which is admissible strategy since it is square integrable. The integration by parts formula for continuous semimartingales implies that

ξ_t(X^{π∗}_t )^{−1} =

∫_t 0 ρ_sdW^H_s +

∫_t 0 [ρ_s · θ^H_s − ρ_s · π^∗_s ]ds, t ∈ [0, T ].

Another application of integration by parts to α = U ′(Xπ^∗ )Xπ^∗ exp(Y ) and ξ(Xπ^∗ )−1 yields

ξ_T U^′(X^{π∗}_T + Y_T ) = ξ_T (X^{π∗}_T )^{−1}U^′(X^{π∗}_T )X^{π∗}_T exp(Y_T ) = ∫_T 0 ξ_t(X^{π∗}_t )^{−1}dα_t +

∫_T 0 α_tρ_tdW^H_t + ∫_T 0 ρ_t exp(Y_t)X^{π∗}_t · (U^′(X^{π∗}_t )(Z^H_t + θ^H_t ) + U^{′′}(X^{π∗}_t )X^{π∗}_t π^∗_t )dt. (4.5)

We now intend to take the expectation in the above relation. To this end, we need the following moment estimates. Using that ρ is bounded, we have

E[ sup_{t∈[0,T ]} |ξ_t(X^{π∗}_t )^{−1}|^2] = E [ sup t∈[0,T ] | | | ∫_t 0 ρ_sdW^H_s +

∫_t 0 (ρ_s · θ^H_s − ρ_s · π^∗_s )ds | | | 2]

≤ CE [ sup t∈[0,T ] | | | ∫_t 0 ρ_sdW^H_s | | |^2 ] + E [ sup t∈[0,T ] | | | ∫_t 0 |ρ_s · θ^H_s − ρ_s · π^∗_s |ds | | |^2 ]

≤ C ( E [∫_T 0 |ρ_s|^2ds ] + E [| | | ∫_T 0 ρ_s · θ^H_s ds | | 2] + E [| | | ∫_T 0 ρ_s · π^∗_s ds | | 2])

≤ C ( 1 + E [∫_T 0 |π^∗_s |^2ds ]) < ∞, (4.6)

where we have used Doob’s inequality. Consequently, we get

E[|ξ_T (X^{π∗}_T )^{−1}α_T |] ≤ E[|α_T |^2]^{1/2}E[||ξ_T (X^{π∗}_T )^{−1}|^2]^{1/2} < ∞,

which follows from the Cauchy-Schwarz inequality. With ρ being bounded, we get for some generic constant

C > 0 E [∫_T 0 |α_sρ_s|^2ds ] ≤ CE [∫_T 0 |α_s|^2ds ] < ∞.

Hence

∫_· 0 α_tρ_tdW^H_t is a square integrable martingale. Next, let (τ_n)_{n≥1} be a localizing sequence for the

local martingale

∫_· 0 ξ_t(X^{π∗}_t )^{−1}dα_t. Then we have | | ∫_{τn} 0 ξ_t(X^{π∗}_t )^{−1}dα_t | | ≤ sup

t∈[0,T ] | | ∫_t 0 ξ_t(X^{π∗}_t )^{−1}dα_t | | .

To apply Lebesgue’s dominated convergence theorem and show that E [∫_T 0 ξ_t(X^{π∗}_t )^{−1}dα_t ] = 0, we

need to prove E [ sup_{t∈[0,T ]} | | ∫_t 0 ξ_t(X^{π∗}_t )^{−1}dα_t | | ] < ∞:

E [ sup t∈[0,T ] | | ∫_t 0 ξ_t(X^{π∗}_t )^{−1}dα_t | | ] ≤ CE [| | | ∫_T 0 |ξ_t|^2|(X^{π∗}_t )^{−1}|^2d⟨α⟩_t | | 1/2]

≤ CE [ sup t∈[0,T ]

|ξ_t|^2|(X^{π∗}_t )^{−1}|^2

]_{1/2}

E [⟨α⟩_T ]^{1/2}

< ∞,

where we have used the estimate (4.6). Thus, by (4.5) it follows that E [| | | ∫_T 0 ρ_t exp(Y_t)X^{π∗}_t · (U^′(X^{π∗}_t )(Z^H_t + θ^H_t ) + U^{′′}(X^{π∗}_t )X^{π∗}_t π^∗_t )dt | | | ] < ∞,

and from (4.4), it holds that for every π in Πx such that ρ is bounded, we get E [∫_T 0 ρ_t exp(Y_t)X^{π∗}_t · (U^′(X^{π∗}_t )(Z^H_t + θ^H_t ) + U^{′′}(X^{π∗}_t )X^{π∗}_t π^∗_t )dt ] ≤ 0.

Substituting ρ with −ρ in the previous inequality, we obtain for every ρ E [∫_T 0 ρ_t exp(Y_t)X^{π∗}_t · (U^′(X^{π∗}_t )(Z^H_t + θ^H_t ) + U^{′′}(X^{π∗}_t )X^{π∗}_t π^∗_t )dt ] = 0. (4.7)

Now let At := U ′(Xπ^∗t )(ZHt + θHt ) + U ′′(Xπ^∗t )Xπ^∗t π∗t and let ρt(ω) := 1A_t(ω)>0. Recall that we have

dP ⊗ dt-a.s. exp(Y_t)X^{π∗}_t > 0. Plugging ρ into (4.7) yields

A_t(ω) ≤ 0, dP ⊗ dt − a.e.

Similarly choosing ρt(ω) := 1A_t(ω)<0, we find

A_t(ω) = 0, dP ⊗ dt − a.e.

Thus, we achieve

π^{∗i}_t = −

U^′(X^{π∗}_t ) X^{π∗}_t U^{′′}(X^{π∗}_t )

(Z^i_t + θ^i_t), ∀t ∈ [0, T ], i = 1, . . . , d_1. � Let us now deal with converse implication.

Theorem 4.2. Assume (H3) and (H5). Let (X, Y, Z) be an adapted solution of the FBSDE

X_t = x −

∫_t 0 U^′(X_s) U^{′′}(X_s) (Z H s + θ^H_s )dW^H_s −

∫_t 0 U^′(X_s) U^{′′}(X_s) (Z H s + θ^H_s )θ_sds,

Y_t = log

(_{U ′(XT +H)}

U^′(X_T ) ) − ∫_T t [ (|Z^H_s + θ^H_s |^2) ( 1 −^1_2^{U (3)(Xs)U ′(Xs)}

|U^{′′}(X_s)|^2 ) −^1_2 |Z_s|^2 ] ds − ∫_T t Z_sdW_s

(4.8)

such that E[|U(Xπ^∗T + H)|] < ∞, Z is an element of H2(Rd) and the positive local martingale

XU^′(X) exp(Y ) is a true martingale.

π^{∗i}_t := −

U^′(X_s) X_sU^{′′}(X_s)

(Z^i_s + θ^i_s), s ∈ [0, T ], i = 1, . . . , d_1

is an optimal solution to the optimization problem (2.2).

Proof. We first note that π∗ ∈ Πx since by the fact that Z is in H2(Rd), there is a constant C > 0 such that E [∫_T 0 |π^∗_t |^2dt ] ≤ C E [∫_T 0 |Z^H_t + θ^H_t |^2dt ] < ∞.

Now let π be an element of Πx. Let D := U ′(X) exp(Y ). Applying Itô’s formula and plugging in the expression of π∗, we find that

dD_t = D_t(−θ_tdW^H_t + Z_tdW^O_t ), D_0 = U^′(x) exp(Y_0),

hence,

D_t = U^′(x) exp(Y_0)E ( − ∫_· 0 θ_sdW^H_s +

∫_· 0 Z_sdW^O_s ) t , t ∈ [0, T ], (4.9)

which is a positive local martingale. Now fix π in Πx. By definition of Xπ and of D, the product formula implies that XπD satisfies

DX^π = xD_0E((π − θ) · W^H + Z · W^O).

Hence, XπD is a supermartingale and so E[DT XπT ] ≤ D0x. By assumption, Xπ^∗ D = XU ′(X) exp(Y ) is a true martingale so E[DT Xπ^∗T ] = D0x. Finally combining the facts above, recalling that DT =

U^′(X^{π∗}_T + H) and using the concavity of U , we obtain

E[U(X^π_T + H) − U(X^{π∗}_T + H)] ≤ E[U^′(X^{π∗}_T + H)(X^π_T − X^{π∗}_T )] ≤ 0. (4.10) � Remark 4.3. In the previous proof, if we apply integration by parts formula to D = U ′(X) exp(Y ) and

X^π − X^{π∗} , we get

U^′(X^π) exp(Y )(X^π − X^{π∗} ) =

∫_· 0 (X^π_t − X^{π∗}_t )dD_t +

∫_· 0 D_t(π_tX^π_t − π^∗_t X^{π∗}_t )dW^H_t ,

thus U ′(Xπ) exp(Y )(Xπ − Xπ^∗ ) is a local martingale for every admissible strategy π.

Remark 4.4. Note that using the regularity assumptions of the FBSDE (4.8), we derived that D :=

U^′(X^{π∗} ) exp(Y ) is a true martingale

D_t = U^′(x) exp(Y_0)E ( −θ · W^H + Z^O · W^O ) .

4.2 Characterization and verification: complete markets

We adopt the setting and notations of Section 4 with d1 = d = 1 and H = 0. In the complete case we can give sufficient conditions for the existence of a solution to the system (4.8). To this end, note the following remark.

Remark 4.5. Similar to Remark 4.4, we can use (4.8) to characterize further the martingale U ′(Xπ^∗ ) exp(Y ): applying Itô’s formula to U ′(Xπ^∗ ) exp(Y ) gives rise to

U^′(X^{π∗}_t ) exp(Y_t) = U^′(x) exp(Y_0) −

∫_t 0 U^′(X_s) exp(Y_s)θ_sdW_s,

hence, we have

U^′(X^{π∗}_t ) exp(Y_t) = U^′(x) exp(Y_0)E(−θ · W )_t, t ∈ [0, T ]. (4.11)

This observation allows to prove the existence of (4.8) under a condition on the risk aversion coefficient

−^{U ′′}_{U ′} . Let φ_1(x) :=^{U ′(x)}_{U ′′(x)} and φ_2(x) := 1 −^1_2^{U (3)(x)U ′(x)}_{|U ′′(x)|2} . We will now give sufficient condition for the

system (4.8) to exhibit a solution. We begin with the following remark.

Remark 4.6. Note that if φ2 is constant then the system above decouples. An elementary analysis shows that this happens if and only is U is the exponential, power, log or quadratic (mean-variance hedging) function. If U(x) = − exp(−α1x) − exp(−α2x) then φ2 is bounded and Lipschitz and if U(x) :=

x^{γ1} γ_1 + x^{γ2} γ_2 then φ2 is a bounded function.

Theorem 4.7. Assume that φ2 is a continuous bounded function. Then there exists an adapted solution

(X, Y, Z) in S^2(R^{d1} ) × S^2(R) × H^2(R^d) to the FBSDE

X_t = x −

∫_t 0 U^′(X_s) U^{′′}(X_s) (Zs + θs)dWs −

∫_t 0 U^′(X_s) U^{′′}(X_s) (Zs + θs)θsds

Y_t = 0 −

∫_T t Z_sdW_s −

∫_T t [ |Z_s + θ_s|^2 ( 1 −^1_2^{U (3)(Xs)U ′(Xs)}

|U^{′′}(X_s)|^2 ) −^1_2 |Z_s|^2 ] ds. (4.12)

Moreover, E[|U(XT )|] < ∞ and E[|U ′(XT )|2] < ∞.

Proof. Fix m > 0 and consider the BSDE

Y^m_t = 0 −

∫_T t [ |Z^m_s + θ_s|^2φ_2 ( (U^′)^{−1}(U^′(x) exp(m)E(−θ · W )_t exp(−Y^m_t )) ) − 1 2 |Z^m_s |^2ds ]

− ∫_T t Z^m_s dW_s.

Since φ2 is bounded, the driver of the BSDE above in (Y m, Zm) can be bounded uniformly in m, hence [12] yields a pair (Y m, Zm) ∈ S2(R) × H2(R) solution to this equation with |Y m| ≤ C where C does not depend on m and Z ·W is a BMO-martingale. In addition (once again using standard arguments like in the proof of Proposition 3.9) we have that m → Y m0 is continuous. Thus there exists an element m∗ > 0 such that Y m^∗0 = m∗. Now applying Itô’s formula to

X^{m∗} := (U^′)^{−1}(U^′(x) exp(m^∗)E(−θ · W ) exp(−Y^m)),

we check that (Xm^∗ , Y m^∗ , Zm^∗ ) satisfies (4.12). It remains to show that E[|U(XT )|] < ∞. From the concavity of U we have that

E[|U(X_T )|] ≤ |U^′(0)|E[|X_T |] + |U(0)| + E[|U^′(X_T )X_T |] + |U(0)|.

Since X = xE(− U^′(X)XU_{′′}(X) (Z+θ)·W ), − U^′(x)xU_{′′}(x) ≤ κ for x ∈ R and (Z+θ)·W is a BMO-martingale, X is a true martingale, and thus E[XT ] = x. Similarly we have that XT U ′(XT ) = XT U ′(XT ) exp(YT ) =

xU^′(x) exp(Y_0)E((−^{U ′(X)}_{XU ′′(X)} (Z + θ) − θ) · W ) and so XU^′(X) exp(Y ) is a true martingale. This

hence proves E[|XT U ′(XT )|] < ∞. �

5 Links to other approaches

In this section we link our approach to characterizing optimal investment strategies to two other approaches based on the stochastic maximum principle and duality theory, respectively.

5.1 Stochastic maximum principle

This section links our approach in the complete market setting to the approach using the stochastic maximum principle. As we are interested only in the link, we will only give a formal derivation. In particular, we suppose here that U and U −1 are smooth enough with bounded derivatives. Let us consider the complete market case with d1 = d = 1 for simplicity and H = 0 and recall that in this setting, the wealth process is given by

X^π_t = x +

∫_t 0 π_sdW_s +

∫_t 0 π_sθ_sds, t ∈ [0, T ].

We consider J(π) := E[U(XπT )] and set X̃πt := U(Xπt ). Itô’s formula yields

dX̃^π_t = U^′(U^{−1}(X̃^π_t ))π_tdW_t + [ U^′(U^{−1}(X̃^π_t ))π_tθ_t + 1 2 U^{′′}(U^{−1}(X̃^π_t ))|π_t|^2 ] dt and J(π) = E[X̃^π_T ]. Applying the maximum principle technique described in [3] (see also [22, Section 4]),

we introduce the adjoint equation to get

dX̃^π_t = U^′(U^{−1}(X̃^π_t ))π_tdW_t + [ U^′(U^{−1}(X̃^π_t ))π_tθ_t +^1_2 U^{′′}(U^{−1}(X̃^π_t ))|π_t|^2 ] dt, X̃^π_0 = U(x),

−dp_t =

[ (_{U ′′}

U^′ (U

−1(X̃^π_t ))θ_tπ_t +^1_2^{U (3)}_{U ′′} (U^{−1}(X̃^π_t ))|π_t|^2 ) p_t + k_t^{U ′′}_{U ′} (U^{−1}(X̃^π_t ))π_t ] dt + k_tdW_t, p_T = 1.

(5.1) We now introduce the corresponding Hamiltonian, defined as

H(t, p, k, π) := p[U^′(U^{−1}(X̃^π_t ))π_tθ_t + 1 2 U^{′′}(U^{−1}(X̃^π_t ))|π_t|^2] + kU^′(U^{−1}(X̃^π_t ))π_t.

A formal maximization gives

π^∗_t := −

U^′ U^{′′}

(U^{−1}(X̃^π_t )) [ k_t p_t

+ θ_t ] . Plugging this into (5.1) yields

dX̃^π_t = −^{|U ′|2}_{U ′′} (U^{−1}(X̃^π_t ))

(_{kt}

p_t + θt ) [ dW_t −^1_2

(_{kt}

p_t − θt ) dt ] , X̃^π_0 = U(x),

dp_t = −

(_{kt}

p_t + θt

)_2

p_t [ −1 +^1_2^{U (3)U ′}_{|U ′′|2} (U^{−1}(X̃^π_t )) ] dt + k_tdW_t, p_T = 1

(5.2)

We now relate this system with (4.12) using a Cole-Hopf type transformation. First we plug π∗ into (5.2) and obtain

dX^{π∗}_t = −^{U ′}_{U ′′} (X^{π∗}_t )

[_{kt}

p_t + θt ] (dW_t + θdt), X^{π∗}_0 = x,

dp_t = −

(_{kt}

p_t + θt

)_2

p_t [ −1 +^1_2^{U (3)U′}_{|U ′′|2} (X^{π∗}_t ) ] dt + k_tdW_t, p_T = 1.

(5.3)

Next consider the system

dX^{π∗}_t = −^{U ′}_{U ′′} (X^{π∗}_t )(Z_t + θ_t)(dW_t + θdt), X^{π∗}_0 = x,

dY_t = [ (Z_t + θ_t)^2(1 −^1_2^{U (3)(Xπ} ∗ t )U^′(X^{π∗}_t ) |U^{′′}|^2(X^{π∗}_t ) ) − 1 2 |Z_t|^2 ] dt + Z_tdW_t, Y_T = 0.

(5.4)

Setting p̃T := exp(Yt), k̃ := Zp̃ and X̃ := X, Itô’s formula implies that (p̃, k̃) is a solution to (5.3).

5.2 BSDE solution via convex duality methods

Let us now turn to a very important link of our approach with the convex duality theory. We have seen in Sections 3 and 4 that our approach relies on choosing a process Y such that the quantities U ′(Xπ^∗ + Y ) and

X^{π∗} U^′(X^{π∗} ) exp(Y ), respectively, are martingales. In fact, these martingales are not any martingales.

For instance in case of a utility function on the whole real line, U ′(Xπ^∗ + Y ) is exactly U ′(x + Y0)E(−θ ·

W^H +^{U ′′}_{U ′} (X^{π∗} + Y )Z^O · W^O). So in the complete case it is exactly the martingale under which the

price is itself a martingale. For utility functions defined on the positive half line this leads directly to duality theory, since it is known from the original paper by Kramkov and Schachermayer ([13]) that (under some growth-type condition on U ) the optimal wealth process Xπ^∗ and the stochastic process Y ∗ solution to the so-called dual-problem are such that the stochastic process Xπ^∗ Y ∗ is a martingale. In addition, with our notations, Kramkov and Schachermayer prove that Y ∗ has the form Y ∗ = Y ∗0 E(−θ·W H +M) where M is a martingale orthogonal to W H. Recall that in our case Xπ^∗ U ′(Xπ^∗ ) exp(Y ) is a martingale and from (4.9), we have proved that D := U ′(Xπ^∗ ) exp(Y ) is exactly of the form D0E(−θ · W H + ZO · W O), in other words Y ∗ = D and the ZO component appearing in the solution of our FBSDE exactly represents the orthogonal part in the dual optimizer of Kramkov and Schachermayer theory. Obviously, this needs to be derived more formally. This is the goal of this section.

The aim of this section is to derive a solution of the forward-backward equation (4.12) by means of the results from the convex duality approach to (2.2). We denote by Π1 the set of admissible strategies with initial capital one unit of currency. In the case of zero endowment H = 0, the solution to the concave optimization problem (2.2) is achieved by formulating and solving the following dual problem: denoting the convex conjugate of the concave function U by

V (y) := sup_{x>0} { U(x) − xy } , y > 0,

where dXπt = Xπt πt d

S̃_t S̃_t , X π 0 = x > 0, and defining a family of nonnegative semimartingales via

Y := { Y ≥ 0 : Y_0 = 1, X^πY is a supermartingale for every π ∈ Π^1 } , the primal problem (2.2) is solved by solving instead the dual convex optimization problem

v(y) = inf_{YT ∈Y} E [ V (yY_T ) ] , y > 0. (5.5)

If this dual problem admits a unique solution Y ∗T ∈ Y, then the primal problem (2.2) with H = 0 also yields a unique solution

X^{π∗}_T = x +

∫_T 0 X^{π∗}_s π^∗_s dS̃_s S̃_s

= x +

∫_T 0 α^∗_sdS_s

= I(yY^∗_T ),

with the corresponding optimal control π∗ = α^∗ S̃ X^{π∗} . Here we have I = (U

′)^{−1} and x = −v^′(y)^2. The case

of bounded terminal endowment H is dealt with in [5], where instead of (5.5) the following dual problem is

2This is equivalent to u^′(x) = y where u(x) = sup_π E [ U(X^π_T + H) ] . The differentiability of both v(y) and u(x) are shown in [5].

considered

v(y) = inf_{YT ∈Y} E [ V (yY_T ) + yY_T H ] , y > 0.

The case of general integrable H has been studied in [10], using the original dual problem (5.5) but a slight different choice of the domain Y. A ubiquitous property of the convex duality method is that once the primal and the dual optimizers are obtained, their product Xπ^∗ Y ∗ is a nonnegative true martingale (hence uniformly integrable), see [13] for a economic interpretation. In the context of utility maximization with bounded random endowments, this martingale property of Xπ^∗ Y ∗ is pointed out in [5, Remark 4.6]. This martingale property of Xπ^∗ Y ∗ constitutes the first main ingredient for deriving a solution for the forward-backward equation (4.12). A second main ingredient is constituted by the characterization of the dual domain Y. Note in the continuous process setting, Y is the family of all non-negative supermartingales (see e.g. [13, 10]). According to a well known result, every nonnegative càdlàg supermartingale Y ∈ Y admits a unique multiplicative decomposition

Y = AM

where A is a predictable, non-increasing process such that A0 = 1 and M is càdlàg local martingale. However, [15] characterize the elements of Y ∈ Y by the multiplicative decomposition

Y = AE(−θ^H · W^H + K · W^O), (5.6)

where A is a predictable non-increasing process such that A0 = 1 and K ∈ H2loc(Rd^2 ) (see [15, Proposition 3.2]). Using that the Fenchel-Legendre transform V is strictly decreasing, [15, Corollary 3.3] shows that the dual optimizer is a (continuous) local martingale and admits the representation

Y^∗ = E ( − θ^H · W^H + K^∗ · W^O ) (5.7)

for a uniquely determined K∗ ∈ H2loc(Rd^2 ). If v(y) = E [ V (yY^∗_T ) ] < ∞, then we can check that the

optimal K∗ actually belongs to H2(Rd^2 ). This is done in the following lemma whose proof is in the same spirit as in [14, Lemma 3.2]

Lemma 5.1. If for some y > 0, it holds that

v(y) = inf

ν∈H^2_{loc}(R^d2 ) E [ V ( yE ( − θ^H · W^H + ν · W^O ))] < ∞,

we have

v(y) = inf

ν∈H^2(R^{d2} ) E [ V ( yE ( − θ^H · W^H + ν · W^O ))] , i.e. the optimal K∗ minimizing v(y) can be assumed to belong to H2(Rd^2 ).

Proof. We introduce the family of stopping times

τ^n := inf { t > 0 :

∫_t 0 ( |θ^H_s |^2 + |K^∗_s |^2 ) ds ≥ n } , n ∈ N.

Let y > 0, then we have

v(y) = E [ V ( yE_T ( − θ^H · W^H + K^∗ · W^O ))] = E [ E [ V ( yE_T ( − θ^H · W^H + K^∗ · W^O ))| F_τ n ]]

≥ E [ V ( yE_τ n ( − θ^H · W^H + K^∗ · W^O ))] , where the last line follows by Jensen’s inequality. Continuing the last line and recalling that V (y) is a strictly convex function, we have

v(y) ≥ E [ V ( y exp

( ∫^{τ n} 0 ( − θ^H_s dW^H_s + K^∗_s dW^O_s )) exp ( − 1 2 ∫_τ n 0 ( |θ^H_s |^2 + |K^∗_s |^2 ) ds ))]

≥ V ( E [ y exp

( ∫^{τ n} 0 ( − θ^H_s dW^H_s + K^∗_s dW^O_s )) exp ( − 1 2 ∫_τ n 0 ( |θ^H_s |^2 + |K^∗_s |^2 ) ds )])

≥ V ( y exp ( E [ − 1 2 ∫_τ n 0 ( |θ^H_s |^2 + |K^∗_s |^2 ) ds ])) , where Jensen’s inequality has been used twice. By continuity of V and of the exponential function, it follows from the monotone convergence theorem that

v(y) ≥ lim_{n→∞} V ( exp ( − 1 2 E [ ∫ τ^n 0 ( |θ^H_s |^2 + |K^∗_s |^2 ) ds ]))

= V ( exp ( − 1 2 E [ ∫ T 0 ( |θ^H_s |^2 + |K^∗_s |^2 ) ds ])) . Since v(y) < ∞ and V ( exp(−∞) ) = V (0) = U(∞) = ∞, it follows that E [ ∫ T 0 ( |θ^H_s |^2 + |K^∗_s |^2 ) ds ] < ∞.

We deduce that K∗ ∈ H2(Rd^2 ). �

Now using that Xπ^∗ Y ∗ is a true martingale and that the dual optimizer Y ∗ is a local martingale satisfying (5.7), we get the following result.

Theorem 5.2. Let H be a non-negative bounded random endowment and assume that the coefficient of

relative risk aversion − xU ′′ (x) U^′ (x) satisfies

lim sup x→∞ ( − xU^{′′} (x) U^′ (x) ) < ∞. (5.8)

Then there exists x0 > 0 such that for all x > x0 the coupled FBSDE (4.8) has a solution (X, Y, Z) such that X0 = x. In addition, X is the optimal wealth of the problem (2.2) and the dual optimizer Y ∗ associated with it is given by Y ∗ = U ′(X) exp(Y ) (so that yY ∗T = U ′(XT + H)).

Proof. The existence of x0 > 0 such that for every x > x0 the quantity

u(x) = sup_{π∈Πx} E [ U ( X^π_T + H )] = E [ U ( X^{π∗}_T + H )]

is finite has been shown [5]. We set X∗ := Xπ^∗ . Also recall that we have y = u′(x) > 0 for x > x0 and that we have E [ yX^∗_T Y^∗_T ] = xy.

Moreover, yY ∗T = U ′(X∗T + H). We define the true martingale α := yX∗Y ∗. We set Y := log(α) −

log(X^∗) − log(U^′(X^∗)). We have that

Y_t = log ( α_t X^∗_t U^′(X^∗_t ) )

= log ( yY^∗_t U^′(X^∗_t ) )

= log(y) + log(Y^∗_t ) − log(U^′(X^∗_t ).

Recall that by definition of X∗ and Y ∗ we have that

dY^∗_t = Y^∗_t ( −θ^H_t dW^H_t + K^∗_t dW^O_t ) and dX^∗_t = X^∗_t ( π^∗_t dW^H_t + π^∗_t θ^H_t dt ) . Hence

dY_t = −θ^H_t dW^H_t + K^∗_t dW^O_t − 1 2 (|θ^H_t |^2 + |K^∗_t |^2)dt − U^{′′}(X^∗_t ) U^′(X^∗_t )

(π^∗_t X^∗_t dW^H_t + π^∗_t X^∗_t θ^H_t dt) − 1 2 U^{(3)}(X^∗_t )U^′(X^∗_t ) − (U^{′′}(X^∗_t ))^2 (U^′(X^∗_t ))^2

|π^∗_t X^∗_t |^2dt.

We define:

Z^H_t := −θ^H_t −

U^{′′}(X^∗_t ) U^′(X^∗_t ) π^∗_t X^∗_t ,

so that π∗t X∗t = −(ZHt + θHt )

U^′(X^∗_t ) U^{′′}(X^∗_t ) , and

Z^O_t := K^∗_t .

Then

dY_t = Z^H_t dW^H_t + Z^O_t dW^O_t − 1 2 (|θ^H_t |^2 + |K^∗_t |^2)dt + [ θ^H_t (Z^H_t + θ^H_t ) − 1 2 U^{(3)}(X^∗_t )U^′(X^∗_t ) − (U^{′′}(X^∗_t ))^2 (U^′(X^∗_t ))^2

|Z^H_t + θ^H_t |^2|U^′(X^∗_t )|^2 |U^{′′}(X^∗_t )|^2 ] dt

= Z^H_t dW^H_t + Z^O_t dW^O_t + [ |Z^H_t + θ^H_t |^2 ( 1 − 1 2 U^{(3)}(X^∗_t )U^′(X^∗_t ) |U^{′′}(X^∗_t )|^2 ) − 1 2 |Z^H_t |^2 ] dt. Finally note that by construction YT = log

(_{U ′(X∗T +H)}

U^′(X_T ∗) ) . Hence, (X, Y, Z) = (X∗, Y, Z) is a solution to (4.8) and

yY^∗ = U^′(X) exp(Y ). � Let us recall that the absolute risk aversion of U(x) is defined as ARA(x) := − U ′′ (x) U^′ (x) and the risk

tolerance as 1ARA(x) . We say that U(x) has hyperbolic absolute risk aversion (HARA) if and only if its risk tolerance 1ARA(x) is linear in x. More precisely, it can be shown that a utility function U(x) is HARA if and only if

U(x) =

1 − γ γ ( ax

1 − γ + b )_γ , ax 1 − γ

+ b > 0,

for given real numbers γ, a, b ∈ R.

Corollary 5.3. Assume that U(x) is HARA. Then there exists a constant κ ∈ R such that the backward equation from (4.8) can be written as

Y_t = log

( U^′ (X∗_T + H) U^′ (X^∗_T ) ) − ∫_T t Z_sdW_s −

∫_T t ( − 1 2 |Z_s|^2 + κ|Z^H_s + θ^H_s |^2 ) ds (5.9)

= log

( U ′(X∗_T + H) U^′ (X^∗_T ) ) − ∫_T t Z_sdW_s −

∫_T t g(s, Z_s)ds.

Proof. Notice that for the risk tolerance

f(x) := 1 ARA(x) = − U^′ (x) U^{′′} (x)

it holds that

f^′ (x) = −1 +

U^′ (x)U^{(3)}(x) |U^{′′} (x)|^2 . Since U(x) being HARA implies that f is linear in x, it follows that there exist constants c, d ∈ R such that f^′ (x) = cx + d. Hence the BSDE from (4.8) can also be written as

Y_t = log

(U^′ (X∗_T + H) U^′ (X^∗_T ) ) − ∫_T t Z_sdW_s −

∫_T t ( − 1 2 |Z_s|^2 + (1 2 − 1 2 f^′ (X^∗_s ) ) |Z^H_s + θ^H_s |^2 ) ds = log

(U^′ (X∗_T + H) U^′ (X^∗_T ) ) − ∫_T t Z_sdW_s −

∫_T t ( − 1 2 |Z_s|^2 + κ|Z^H_s + θ^H_s |^2 ) ds, for κ =^1_2 −^1_2 c. �

Obviously the driver of the BSDE (5.9), g(s, z), satisfies the quadratic growth condition

|g(s, z)| ≤ α + γ 2 |z|^2

for suitably chosen real numbers α, γ > 0. In this setting [4, Theorem 2] yields the following result.

Corollary 5.4. If ξ = log

(_U ′_{(X∗T +H)}

U^′ (X^∗_T ) ) satisfies E [ e^{γ|ξ|} ] < ∞, then the BSDE (5.9) admits a solution (Y, Z) such that Y is continuous and Z ∈ H^2_{loc}(R^d).

5.3 The power case with general endowment

We finally deal with an open question in mathematical Finance namely the case of power utility with general endowment. We know from duality theory that an optimal solution exists but we would like to prove that the strategy is smooth (i.e. square integrable) and to characterize it in terms of the solution to an equation (for instance a FBSDE). We will use definitions and notations of Section 4. Let U(x) := x^γγ with γ a fixed parameter in (0, 1). Let H be a positive bounded FT -measurable random variable where we recall that

(F_t)_{t∈[0,T ]} is the filtration generated by W = (W^H, W^O). We recall that we denote by Π^x the set of

admissible strategies with initial capital x which is now defined by

Π^x := { π : Ω × [0, T ] → R^{d1} , π is predictable, E [∫_T 0 |π_s|^2ds ] < ∞ } (5.10)

where πi, i = 1, . . . , d1 denotes the proportion of wealth invested in the stock. The associated wealth process is given by

X^π_t := x +

∫_t 0 π_sX^π_s dS^H_s , t ∈ [0, T ].

Again, we extend π to Rd via π̃ := (π1, . . . , πd^1 , 0, . . . , 0) and make the convention that we write π instead of π̃. Thus, we have

X^π_t = xE (∫_· 0 π_rdS^H_r ) t , t ∈ [0, T ].

Note that this setting covers the case of a purely orthogonal endowment of the form H := ϕ(SOT ) where

ϕ is positive. Now we can go in the analysis of the problem:

sup_{π∈Πx} E [ (X^π_T + H)^γ γ ] . (5.11)

Indeed, what is only known in that case is that an optimal strategy exists ([10]) but in a much larger space that Πx, in particular it is not proved that the optimal strategy is square integrable. About the characterization of this optimal strategy one can write the Hamilton-Jacobi-Bellman PDE in the Markovian case but no results allow us to solve it. We believe that combining the duality theory, BSDEs techniques and our approach we could show first that the optimal strategy belongs to the space Πx and that we will give a characterization of it in terms of a FBSDE. Let us be more precise.

Theorem 5.5. There exists x0 > 0 such that for every x > x0, the system

X_t = x +

∫_t 0 X_s(Z^H_s +θ^H_s )

1−γ dW^H_s +

∫_t 0 θ^H_s^{Xs(ZHs +θHs )}

1−γ ds

Y_t = (γ − 1) log ( 1 +^H_{XT} ) − ∫_T t Z_sdW_s −

∫_T t (_γ

2(γ−1) |Z H s + θ^H_s |^2 −^1_2 |Z_s|^2 ) ds (5.12) admits an adapted solution (X, Y, Z). If in addition ZH = (Z1, . . . , Zd^1 ) is in H2(Rd^1 ), then

π^{∗i} := 1 1 − γ

(Z^i + θ^i), i = 1, . . . , d_1 (5.13)

is the optimal solution to the maximization problem (5.11).

Proof. First note that the system (5.12) is exactly the system (4.8) with U(x) = x^γγ . Hence from Theorem 5.2 there exists x0 > 0 such that the system (5.12) admits a solution (X, Y, Z) when x > x0. We fix,

x > x_0 and consider the associated solution (X, Y, Z) (that is X_0 = x). In addition, we know from

Theorem 5.2 that X = X∗. Hence π∗ is given by (5.13). It just remains to prove that π∗ is in Πx, which is a direct consequence of the fact that Z is in H2(Rd). �

Remark 5.6. Note that since we know that the dual optimizer Y ∗ is given by Y ∗ = U ′(X) exp(Y ) it is clear that XU ′(X) exp(Y ) is a true martingale. Hence the square integrability of Z implies the condition of Theorem 4.2: E[(XT + H)γ ] < ∞. Finally notice that ZO is in H2(Rd^2 ) by Lemma 5.1.

So the only element missing in the proof is indeed to show that ZH is in H2(Rd^1 ) (naturally, since the process π∗ is integrable with respect to SH and so it is in H2(Rd^1 )). This question requires a deeper analysis of the system and is currently investigated by the authors.

References

[1] S. Biagini. Expected utility maximization: the dual approach. Encyclopedia of Quantitative Finance, 2009.

[2] J.-M. Bismut. Théorie probabiliste du contrôle des diffusions. Mem. Am. Math. Soc., 167, 1976.

[3] J.-M. Bismut. An introductory approach to duality in optimal stochastic control. SIAM Rev., 20(1):62– 78, 1978.

[4] P. Briand and Y. Hu. BSDE with quadratic growth and unbounded terminal value. Probab. Theory Relat. Fields, 136(4):604–618, 2006.

[5] J. Cvitanić, W. Schachermayer, and H. Wang. Utility maximization in incomplete markets with random endowment. Finance Stoch., 5(2):259–272, 2001.

[6] F. Delbaen, S. Peng, and E. Rosazza Gianin. Representation of the penalty term of dynamic concave utilities. Finance. Stoch., 14(3):449–472, 2010.

[7] F. Delbaen and W. Schachermayer. The mathematics of arbitrage. Springer-Finance. Berlin: Springer., 2006.

[8] U. Horst, T. Pirvu, and G. Dos Reis. On securitization, market completion and equilibrium risk transfer.

Math. Finan. Econ., 2(4):211–252, 2010.

[9] Y. Hu, P. Imkeller, and M. Müller. Utility maximization in incomplete markets. Ann. Appl. Probab., 15(3):1691–1712, 2005.

[10] J. Hugonnier and D. Kramkov. Optimal investment with random endowments in incomplete markets.

Ann. Appl. Probab., 14(2):845–864, 2004.

[11] P. Imkeller, A. Réveillac, and J. Zhang. Solvability and numerical simulation of bsdes related to bspdes with applications to utility maximization. To appear in Int. J. Theor. Appl. Finance, 2011.

[12] M. Kobylanski. Backward stochastic differential equations and partial differential equations with quadratic growth. Ann. Probab., 28(2):558–602, 2000.

[13] D. Kramkov and W. Schachermayer. The asymptotic elasticity of utility functions and optimal investment in incomplete markets. Ann. Appl. Probab., 9(3):904–950, 1999.

[14] K. Larsen. A note on the existence of the power investor’s optimizer. To appear in Finance Stoch., 2009.

[15] K. Larsen and G. Žitković. Stability of utility-maximization in incomplete markets. Stochastic Processes Appl., 117(11):1642–1662, 2007.

[16] J. Ma and J. Zhang. Representation theorems for backward stochastic differential equations. Ann.

Appl. Probab., 12(4):1390–1418, 2002.

[17] M. Mania and M. Santacroce. Exponential utility optimization under partial information. Finance Stoch., 14(3):419–448, 2010.

[18] M. Mania and R. Tevzadze. Backward stochastic PDEs related to the utility maximization problem.

Georgian Math. J., 17(4):705–740, 2010.

[19] M. Mocha and N. Westray. Sensitivity analysis for the cone constrained utility maximization problem.

Preprint, 2010.

[20] M.-A. Morlais. Quadratic BSDEs driven by a continuous martingale and applications to the utility maximization problem. Finance Stoch., 13(1):121–150, 2009.

[21] M. Nutz. The opportunity process for optimal consumption and investment with power utility. Math.

Finan. Econ., 3(3):139–159, 2010.

[22] S. Peng. Backward stochastic differential equations and applications to optimal control. Appl. Math.

Optimization, 27(2):125–144, 1993.

[23] P. Protter. Stochastic integration and differential equations. 2nd ed. Number 21 in Applications of Mathematics. Springer Berlin, 2004.