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Abstract

In this paper we deal with the utility maximization problem with a general utility function. We derive a
new approach in which we reduce the utility maximization problem with general utility to the study of a
fully-coupled Forward-Backward Stochastic Differential Equation (FBSDE).

1 Introduction

One of the most commonly studied topic in mathematical finance (and applied probability) is the problem
of maximizing expected terminal utility from trading in a financial market. In such a situation, the stochastic
control problem is of the form

V(0,2) :=sup E[U(XT + H)] (1.2)

TeEA

for a real-valued function U, where A denotes the set of admissible trading strategies, T < oo is the
terminal time, X7 is the wealth of the agent when he follows the strategy m € A and his initial capital
at the initial time zero is x > 0, and H is a liability that the agent must deliver at the terminal time. One
is typically interested in establishing existence and uniqueness of optimal solutions and in characterizing
optimal strategies and the value function V (¢, z) which is defined as

V(t,z) := sup E[U(X{p + H)|F].
TeA

Here X, r denotes the wealth of the agent when the investment period is [t, 7] and where the filtration
(}-t)te[o,T} defines the flow of information.

The question of existence of an optimal strategy 7* can essentially be addressed using convex duality.
The convex duality approach is originally due to Bismut [2] with its modern form dating back to Kramkov
and Schachermayer [13]. For instance, given some growth condition on U or related quantities (such as
the asymptotic elasticity condition for utilities defined on the half line) existence of an optimal strategy
is guaranteed under mild regularity conditions on the liability and convexity assumptions on the set of
admissible trading strategies (see e.g. [1] for details). However, the duality method is not constructive and
does not allow for a characterization of optimal strategies and value functions.

One approach to simultaneously characterize optimal trading strategies and utilities uses the theory of
forward-backward stochastic differential equations (FBSDE). When the filtration is generated by a standard
Wiener process W and if either U (x) := — exp(—azx) for some a > 0 and H € L2, or U(x) := % for

€ (0,1) orU(xz) = Inxz and H = 0, it has been shown by Hu, Imkeller and Miller [9] that the control
problem (@I.1) can essentially be reduced to solving a BSDE of the form

T T
Y, =H —/ ZsdW —/ f(s,Zs)ds, te]|0,T], (1.2)
t t



where the driver f(t, z) is a predictable process of quadratic growth in the z-variable. Their results have
since been extended beyond the Brownian framework and to more general utility optimization problems
with complete and incomplete information in, e.g., [8], [19], [20], [21] and [17]. The method used in [9] and
essentially all other papers relies on the martingale optimality principle and can essentially only be applied
to the standard cases mentioned above (exponential with general endowment and power, respectively log-
arithmic, with zero endowment). This is due to a particular “separation of variables” property enjoyed by
the classical utility functions: their value function can be decomposed as V (t,z) = g(z)V; where g is
a deterministic function and V' is an adapted process. As a result, optimal future trading strategies are
independent of current wealth levels.

More generally, there has recently been an increasing interest in dynamic translation invariant utility func-
tions. A utility function is called translation invariant if a cash amount added to a financial position increases
the utility by that amount and hence optimal trading strategies are Wealth-independenﬂ Although the prop-
erty of translation invariance renders the utility optimization problem mathematically tractable, indepen-
dence of the trading strategies on wealth is rather unsatisfactory from an economic point of view. In [18]
the authors derive a verification theorem for optimal trading strategies for more general utility functions
when H = 0. More precisely, given a general utility function U and assuming that there exists an optimal
strategy regular enough such that the value function enjoys some regularity properties in (¢, x), itis shown
that there exists a predictable random field ((t, T)) (¢,2)c[0,7]x (0,00) SUch that the pair (V, ) is solution
to the following backward stochastic partial differential equation (BSPDE) of the form:

T
V(t,z) = U(z) —/ ols,2)dW, — / "P:’” 5) ds, t 0,7 (1.3)
t

where . denotes the partial derivative of (o with respect to x and V., the second partial derivative of V'
with respect to the same variable. The optimal strategy 7* can then be obtained from (V) ¢). Unfortunately,
the BSPDE-theory is still in its infancy and to the best of our knowledge the non-linearities arising in (1.3)
cannot be handled except in the classical cases mentioned above where once again one benefits of the
“separation of variables” (see [11]). Moreover, the utility function U only appears in the terminal condition
which is not very handy. In that sense this is exactly the same situation as the Hamilton-Jacobi-Bellman
equation where U only appears as a terminal condition but not in the equation itself.

In this paper we propose a new approach to solving the optimization problem (1.I) for a larger class of
utility function and characterize the optimal strategy 7* in terms of a fully-coupled FBSDE-system. The
optimal strategy is then a function of the current wealth and of the solution to the backward component
of the system. In addition, the driver of the backward part is given in terms of the utility function and
its derivatives. This adds enough structure to the optimization problem to deal with fairly general utilities
functions, at least when the market is complete. We also derive the FBSDE system for the power case with
general (non-hedgeable) liabilities; to the best of our knowledge we are the first to characterize optimal
strategies for power utilities with general liabilities. Finally, we link our approach to the well established
approaches using convex dual theory and stochastic maximum principles.

The remainder of this paper is organized as follows. In Section [2]we introduce our financial market model.
In Section [3] we first derive a verification theorem in terms of a FBSDE for utilities defined on the real
line along with a converse result, that is, we show that a solution to the FBSDE allows to construct the
optimal strategy. Section [4] is devoted to the same question but for utilities defined on the positive half

It has been shown by [6] that essentially all such utility functions can be represented in terms of a BSDE of the form[L.2]



line. In Section Bl we relate our approach to the stochastic maximum principle obtained by Peng [22] and
the standard duality approach. We use the duality-BSDE link to show that the FBSDE associated with the
problem of maximizing power utility with general positive endowment has a solution.

2 Preliminaries

We consider a financial market which consists of one bond S with interest rate zero and of d > 1 stocks
given by
dS! .= Sidw} + Sigidt, i€ {1,...,d}

where T is a standard Brownian motion on R defined on a filtered probability space (2, F, (Ft)eeo,1) P,
(Ft)tefo,r) is the filtration generated by W, and 6 := (01,...,0% is a predictable bounded process with
values in R%. Since we assume the process 6 to be bounded, Girsanov's theorem implies that the set of
equivalent local martingale measures (i.e. probability measures under which S'is a local martingale) is not
empty, and thus according to the classical literature (see e.g. [7]), arbitrage opportunities are excluded in
our model. For simplicity throughout we write

(2

ds} .= @

t
We denote by « - 3 the inner product in R? of vectors «v and B and by | - | the usual associated L?-norm
on R%. In all the paper C' will denote a generic constant which can differ from line to line. We also define
the following spaces:

SYHRY) := {ﬁ :Q x [0,T] — R?, predictable E[ts[lolli,}] 18:%] < oo} ,
€10,

T
H2(RY) := {B 1 Q% [0,7] — R?, predictable E [/ |Bt|2dt] < oo}.
0

Since the market price of risk f is assumed to be bounded, the stochastic process

t t
5(—9 . W)t = exXp <_/ adeS - 1/ ’68‘2d8>
0 2 Jo

has finite moments of order p for any p > 0. We assume d; + ds = d and that the agent can invest
in the assets 5'1, .. .,S'dl while the stocks Sdlﬂ, e ,SdQ cannot be invested into. Denote S7 :=
(SY,...,8% 0...,0), WH .= (W', ..., Wh 0...,0), WO = (0,...,0,Wh+l W)
and 0" = (9',...,0%,0...,0) (the notation H refers to “hedgeable” and O to “orthogonal’). We
define the set II* of admissible strategies with initial capital z > 0 as

T
I* .= {71 Q% [0,T] - RY E {/ \m\th} < 00, is self-financing} 2.1)
0



where for 7 in II* the associated wealth process X ™ is defined as
t ot
X7 = :U—i—/ mdSH = :U—{—Z/ m,.dS;., tel[0,T].

Every 7 in IT* is extended to an R%-valued process by

In the following, we will always write 7 in place of 7, i.e. 7 is an R%-valued process where the last ds
components are zero. Moreover, we consider a utility function U : I — R where [ is an interval of R such
that U is strictly increasing and strictly concave. We seek for a strategy 7* in II* satisfying E[U(X%E* +
H)] < oo such that

T = argmaX e, B|u(Xg+H)|<co {EU(XT + H)J} (22)

where H is a random variable in L2($2, Fr,P) such that the expression above makes sense. We con-
cretize on sufficient conditions in the subsequent sections.

3 Utilities defined on the real line

In this section we consider a utility function U : R — R defined on the whole real line. We assume that U
is strictly increasing and strictly concave and that the agent is endowed with a claim H € L2(Q7 Fr, ]P’).
We introduce the following conditions.

(H1) U : R — Ris three times differentiable

(H2) We say that condition (H2) holds for an element 7* in I1%, if E[|U’(XX" + H)[?] < oo and if
for every bounded predictable process h : [0, 7] — R, the family of random variables

T 1 T
( / h,dSTt / U’ <X$* +H +er / hrdSZ“> dr)
0 0 0 £€(0,1)

is uniformly integrable.

Before presenting the first main result of this section, we prove that condition (H2) is satisfied for every
strategy 7* such that E[|U’(XX + H)|] < oo when one has an exponential growth condition on the
marginal utility of the form:

Ulz+y) <C(1+U'(z)) (14 exp(ay)) forsome a € R.

Indeed, let G := fOT h,dS and d > 0. We will show that the quantity

1
q(d) = e:%an HG/O U'(XT + H +erG)dr LG [ U (X + HeperG)dr|>d



vanishes when d goes to infinity. For simplicity we write 55,d = 1|Gf1 UN(XE" + HerG)dr|>d By the
0 T

5€,d]

2 1/2
5] |

Cauchy-Schwarz inequality

1
q(d) < sup E [(1 +U'(XT + H)) ‘G(l +/ exp(aerG))dr
£€(0,1) 0

X 1/2
< CE [\U’(X;E +H)\2] sup E

1
‘G/ exp(aerG)dr
£€(0,1) 0

Since E UU/(X%* + H) ]2] is assumed to be finite we deduce from the inequality
exp(alz) < 1+exp(ax) foralz e R, 0< (<1

that

) 1/2
q(d) < C sup E[|G(2+exp(ozG))l 5e,d] :
€€(0,1)

Applying successively the Cauchy-Schwarz inequality and the Markov inequality, it holds that

1/4
sup E[J. d]1/4

g(d) < CE[|G(2 + exp(a@))|*] ,
- - €€(0,1)
- - 1/4 1 " 1/4
< CE ||G(2 4 exp(aG)|*| * d~Y* sup E [|G|/ U'(XT + H +erG)dr
L . £€(0,1) 0
1/4
VY E[|G(2 + explaG)) ]S,

<CE _|G(2 + exp(aG))|4_

Let p > 2. Since h and 6 are bounded it is clear that E [|G|*] < oo and
E[|G(2 + exp(aG))’]

[ 1/2

<E[|GP]"E [|2 + exp(aG) |
1/2

IN

C (2 +E [[exp(aG)\QpD

T 1 T
=C <2 +E [exp (/ 2pahrdW:{ — 5/ |2pahr|2d7“>
0 0

1 (T 1/2
exp <§ /0 12pach, |2 + 2pach, - 9,417“)})

<C.

Hence limg_, o ¢(d) = 0 which proves the assertion.

3.1 Characterization and verification: incomplete markets

We are now ready to state and prove the first main result of this paper: a verification theorem for optimal
trading strategies.



Theorem 3.1. Assume that (H 1) holds. Let 7* € II* be an optimal solution to the problem (2.2) which
satisfies assumption (H2). Then there exists a predictable process Y with Y7 = H such that U’(X“* +
Y') is a martingale in L2($2, Fr,P) and

JU(XT +Y)

9 P S .
tU//(Xw _{_Y;)

—Zi tel0,T), i=1,...,d;

where Z; :=

AY W)Yy . (dY, W), d(Y, W%y,
dt - dt o di :

Proof. We first prove the existence of Y. Since E[|U’(XT" + H)|?] < oo, the stochastic process a
defined as oy := E[U'(XZ + H)|F,], for t in [0, T] is a square integrable martingale. Define Y; :=
(U Yey) — X" . Then Y is (Ft)tejo,m-predictable. Now Itd's formula yields

T LT UOT ()
1 mdas + §/t (U,,(U,_l(as)))gd(a,a>s. (3.1)

By definition, « is the unique solution of the zero driver BSDE

Y+ X[ =Yr+ XF —

T
o = U’(X;E* +Y7) —/ BsdWs, t€[0,T], (3.2)
t

where [ is a square integrable predictable process with valued in R9. Plugging into yields

T T 77(3)(ym*
. . 1 1 UPHXT +Ys) 9
Y+ X =X7 +H-— — B dWs + = 5 ds.
T XF 8 [ e [ e e
Setting Z := U”(X++Yﬁ’ we have
Tu® -
Now by putting Z% := Zt— ¥t = =1,...,d, we have shown that Y is a solution to the BSDE
Y, =H— / ZydW, — / f(s, XY, Z)ds, tel0,T], (3.3)
where f is given by
T 1 U(s) * * 2 *
fls, XTI Y, Zs) = — (XT +Yo)|ms + Zs|” — 7 - 0. (3.4)

Finally, by construction we have U’(Xt”* +Y}) = o, thus itis a martingale.

Now we deal with the characterization of the optimal strategy. To this end, let h : [0, T] — R% pe a
bounded predictable process. We extend / into R? by setting h := (ht,..., R0, ... ,0) and use the
convention that  is again denoted by h. Thus for every ¢ in (0, 1) the perturbed strategy 7* + ch belongs
to II”. Since 7* is optimal it is clear that for every such h it holds that

T T
I(h) = lim *E {U(m + / (z* + eh,)dST + Yp) — Uz + / mrdSH + YT)] <0. (35
0 0

e—0 ¢

6



Moreover we have

1 T T
B (U(:U + / (7 + ehy)dSH + Y7) — U(x +/
0 0

T 1 T
— / h,.dSH / U’ (X;E* + Y7 + ¢ / hrdsff> de.
0 0 0

Now using (H2), Lebesgue’s dominated convergence theorem implies that (3.5) can be rewritten as

mrdSH + YT)>

T
E [U’(ng* +Y7) / hrdsﬂ <0 (3.6)
0

for every bounded predictable process h. Applying integration by parts to U’(X;r* + Ys)se[o,T] and
S H
(fo h,dS] )se[O,T}' we get

T
U'(XF +Yr) / h.dSH
0

T
=U'(z+Yy) x0 +/ U'(XT + Ys)hedSH
0
T rs N .
+/ / hedSTU"(XT +Y5) [(w’; + Z)dWH + (7% - 05+ f(s, X ,Y’S,Zs))ds]
0 Jo
I .
v / / hedSH UG (XT 4 V)|t + Zo[ds
0o Jo
T *
+/ U'"XT +Ys)hs - (75 + Zs)ds.
0
By definition of the driver f, the previous expression reduces to

T
U'(XT +Yr) / h,dSTt
0

T
— [ (U Y00+ UM Y+ 22)) - hds
0

T s T
+ / / hedSI U (XE +Y,)(m! + Zo)dWw !t + / U'(XE +Yo)hedWH. @37)
0 0 0

The next step would be to apply the conditional expectations in (3.7), however the two terms on the second
line of the right hand side are a priori only local martingales. We start by showing that the first one is a
uniformly integrable martingale. Indeed, from the computations which have led to (3.3) we have that

U'(X™ +Y)(n" +2Z) = B,

where we recall that 3 is the square integrable process appearing in (3.2). Using the BDG inequality we

get

/ / hodS™ UM (XT + Y, )(x: + Z,)d W
0 0

E | sup
s€[0,T]



B T s 2 1/2
< CE / /hrds,?* |Bs|%ds
0 0
[ s 2 1/2 T 1/2
<CE |[ sup /hrdSZL‘ </ |BS|2ds>
s€[0,7]1J0 0

Young's inequality furthermore yields

E sup
s€[0,T]

<CE

s 2\ 1/2 T 1/2
| s ) ( / \ﬂs\st)
0 0
s 2 T
/h,dSZ{ +CE U |ﬁs|2ds}
0 0

/ h.dW
0

where we have used that h and 6 are bounded. Applying once again the BDG inequality, we obtain

s 2 T
/ hedW| | <4E [/ |hr|2dr] < o0,
0 0
] < 00,

T s
B[ [ [ heastt v < Vot + zgaw| <o
0 0

sup
s€[0,T7]

2
sup
s€[0,T

§C<1+IE

E | sup

s€[0,T]

Putting together the previous steps, we have that

E

sup

/ / hodSH U"(X™ +Y,)(x} + Z,)dW,*
sefo,7]1Jo Jo

thus we get

Note that <fg U(XT + Ys)hdeLZ{)te[O - is a square integrable martingale. Indeed U’(X™ +

Y) = ais a square integrable martingale and thus

r pT
E/ (U’(X;f"+Ys)hs
LJO

g
ds| < oo.

Similarly,

T
E [ U'(Xx +YT)/ hrdsﬂ < 0.
t

Taking expectation in (3.7) we obtain for every n > 1 that

T
E {U’(X%* + Y1) / hrdef]
0

T
=E [/ (U/(Xér* + Y005+ U"(XT +Yy)(ms + Z8)> : hsds} , (3.8)
0

8



which in conjunction with (3.6) leads to
T * *
E [/ (U’(X;r F Y0, + U (XT + V)" + ZS)> : hsds] <0
0
for every bounded predictable process h. Replacing h by —h, we get
T * *
E [ / (U’(X§ +Y)0s +U"(XT +Yo)(ms + Zs)) : hsds} = 0. (3.9)
0

Now fix 7 in {1,...,d}. Let AL := U'(XT + Yi)0s + U"(XT + Y )(x¥ + Z!) and hy =
0,...,0, 14i>0: 0,...,0) where the non-vanishing component is the i-th component. From (3.9) we
get that

T _ _
E [/ 1Aé>0[U’(X§* + Y0+ U"(XT +Y)(n! + Z;)]ds} =0.
0
Hence, A® < 0, dP ® dt — a.e.. Similarly by choosing hs = (0, ... ,0, 14i<0,0,... ,0) we deduce that
UX™ +Y)0 +U"(X™ +Y)(r +2Z) =0, dP®dt—a..
This concludes the proof since i € {1,...,d;} is arbitrary. O

The verification theorem above can also be expressed in terms of a fully-coupled Forward-Backward
system.

Theorem 3.2. Under the assumptions of Theorem the optimal strategy 7* for (2.2) is given by

U(X:+Yy)

i 7 e [0,T i =1,...,d
tU//(Xt—FY;) ty e[’ ]a ? ; s U1,

where (X, Y, Z) e R x R x R% is a triple of adapted processes which solves the FBSDE

( _ 4 (XS+YS) H "(Xs+Ys) "
= x‘fo( sSTT(Xo4Ys) ) dw{ fo( STT(Xa4Ys) + Zs) - 057ds
_ T T | _11gH U Xt Vo) U (XstYs) 2 3.10
Y;E = H - j; stWs - ft |:_§ 95 | U"(Xs+Y5))3 ( )
Xs+Ys (3)
+|9H|25,,<X71Y>) + Zy 0% — L ZOPY0 (X, + Ysﬂ ds,
\
with the notation Z = (Zl, ey Zdl, Zd1+1, ey Zd). In addition, the optimal wealth process X™ is
:;E'H —.70
equal to X.

Proof. From Theorem [3.1]we know that the optimal strategy is given by

— U/(XW* + Y;f)

AN T i pe0,T], ie{l,....d
tU/l(Xﬂ —|—Y;g) t 6[ ] ZG{ 1}



where (Y, Z) is a solution to the BSDE (3.3) with driver f like in (3.:4). Now plugging the expression of 7*
in relation yields

Xy = m—fo( U(XT4Ys) | ) dWH — fo( Lmurzs).@yds

STM(XT4Ye) T SU(XT +Ys)
vi = H- [T zaw,— [" [ 3P LY D O ) (311)
t t t U”(X" +Y5))3

U7 (X5 1Ys) o7

_HQH‘QM +Z 97‘[ ‘Z?‘QU@) (XT(' +YS):| ds.

Recalling that X™ := x + fo WS(dWQ{ + HZ"ds) for any admissible strategy 7, we get the forward part
of the FBSDE. a

Remark 3.3. Using Itd’s formula and the FBSDE (3.10), we have that

UX+Y)=U'(z+Y) + / —0MU" (X + Y )dW [ + / U" (X +Y)Z2dWP.
0 0

Remark 3.4. Note that using the system (3.10), for o := U’(X”* +Y), integration by parts yields for
every tin [0, 7]

U(XT +Y)(XT = XT)
t t
:/(X;T—X;r*)das%—/ as(ﬂ's—w;‘)dWsH
0 0

t
+ / (b2t + U"(XT + Y )(ZH + 7)) - (s — mi)ds
0

S

t t
= / (XT — XT)da —i—/ o (ms — w2)dWH
0 0
showing that U’ (X™ +Y)(X™ — X™ ) is a local martingale for every 7 in IT%.

The converse implication of Theorems[3.1] and [3.2] constitutes the second main result.

Theorem 3.5. Let (H 1) be satisfied for U. Let (X, Y, Z) be atriple of predictable processes which solves
the FBSDE satisfying: Z is in H2(R?), E[|U(Xt + H)|] < oo, E[|U" (X1 + H)|?] < o0, and
U'(X +Y) is a positive martingale. Moreover, assume that there exists a constant £ > 0 such that

U@
U"(z

<K

~—

for all x € R. Then

=m0 7t T j 1,....d
Tt U”(Xt +Y;€) t to € [0, ]a (S { s ) 1},

is an optimal solution of the optimization problem (2.2).

10



Proof. Note first that by definition of 7*, X = X7 . Since the risk tolerance —gT((xm)) is bounded and since

Z isin H?(R?), we immediately get E [fOT ‘7‘(’:‘26[8} < 00, thus, ™ € IT*. By assumption, U’ (X +Y ) isa
positive continuous martingale, hence there exists a continuous local martingale L such that U’(X+Y) =
E(L). And we know from Remark 3.3 that

L:log(U’(:HYo)H/ —azidwjbr/ UAX, + S)Zf)dWSO.

0 o U'(Xs+Ys)
Define the probability measure Q ~ IP by
dQ  U'(Xr+H)

dP T E[U' (X7 + H)|'
Girsanov’s theorem implies that W := WH* + W© = (W40t -at,..., Wi 4 gd . g Wehtl —
%Zdlﬂ dt,. .. Wi — %Z@ - dt) is a standard Brownian motion under Q. Thus X™
is a local martingale under Q for every 7 in II¥. Now fix 7 in IT* with E[|U (X7 4+ H)|] < oo. Let (7,)n,
be a localizing sequence for the local martingale X™ — X7, Since U is a concave, we have

UXF+H)—UXF +H) <U(XF + H)(XF - X5). (3.12)

Taking expectations in we get
E[U(XF + H) — U(XE + H)]

< Eg[X7 — X7 |

E[U' (Xt + H)]
TN 5
=Eq [ lim / (s — w:)dWLZ{]
n—oo 0
T ATy, _
= lim Eq [/ (s — w;‘)dW?] =0
n—o0 0

which eventually follows as a consequence of Lebesgue’s dominated convergence theorem. To this end we

prove that
t ~
/0 (15 — 5 dW|| < o0.

Indeed the BDG inequality and the Cauchy-Schwarz inequality imply that

|

T 2
< CEg (/ |ms — 7T:|2d8>
0

_cp | LA+ H))] (/OT Iy — W;Rds> :

EU(Xr + H
- 1 1
2 T 2
E U Iy — W;Pds] < 0.
0

11

Eq | sup

te[0,7

Eq | sup

t
/ (s — W;‘)dWSH
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We have proved in Theorem [3.2] that if (Z.2) exhibits an optimal strategy 7* & II%, then there exists
an adapted solution to the FBSDE (3.10). As a byproduct we showed the optimization procedure singles
out a “pricing measure” under which the asset prices and marginal utilities are martingales. In that sense,
the process Y captures the impact of future trading gains on the agent’s marginal utilities. If we assume
additional conditions on the utility function U, we get the following regularity properties of the solution
(X,Y, 2).

Proposition 3.6. Assume that for H € L*°(Q, Fr,P) and that the FBSDE (3.10) admits an adapted
solution (X, Y, Z) such that Y is bounded. Let

U'(z) UG (2)|U (z))? U®)(z)
= —, = 9 = 9 e R
(@) U (x) #2(@) (U ()3 #s(@) Ui(z) "
Assume that U is such that ¢;, ¢ = 1,2,3 are bounded and Lipschitz continuous functions. Then

(X,Y, Z) is the unique solution of in S2(R) x S®(R) x H2(R?). In addition, Z - W is a BMO-
martingale.

Proof. Let (X,Y,Z) be a solution to such that Y is bounded. Then, using the usual theory on
guadratic growth BSDEs (see for example [20, Theorem 2.5 and Lemma 3.1]) we have only from the
backward part of the FBSDE that Z is in H?(RY) and that Z - W is a BMO-martingale. In addition there
exists a unique solution to the backward component in this space for a given process X . Now the previous
regularity properties of the processes (Y, Z) imply that X is in S? (R). We turn to the uniqueness of the
X process. Assume that there exists another solution (X', Y, Z') of 3.20). Hence, Theorem 3.5implies

/ U ! / = = R . . . L.
that 7% := —%92 + 7", i€ {l,...,d1} is an optimal solution to our original problem @2.2)
and X" is the optimal wealth process. However, by strict concavity of U and by convexity of II* the optimal
strategy has to be unique. So X and X’ are the wealth processes of the same optimal strategy, thus, they

have to coincide (for instance X7 = X7., P — a.s.) which implies (Y', Z") = (Y, Z). O

In the complete case we are able to construct the solution (X, Y, Z). This is the subject of the following
Section.

3.2 Characterization and verification: complete markets

In this section we consider the benchmark case of a complete market. We assume d = 1 for simplicity. H
denotes a square integrable random variable measurable with respect to the Brownian motion W,

In the complete case we can give sufficient conditions for the existence of a solution to the system (3.10).
Our construction relies on the following remark.

Remark 3.7. Using (3.10) the martingale U’(X’r* + Y') becomes more explicit, because Itd’s formula
applied to U’ (X™ +Y) yields

t
UXT +Y,) =U'(z+Yy) + / U"(XT +Y,)(n + Zg)dW,
0

t
=U'(z +Yp) —/ U'(XT +Y,)0,dWs,
0
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where we have replaced 7* by its characterization in terms of (X, Y, Z) from Theorem 3.1} Hence,

U'(X[ +Y) =U'(x+Y0)E(=0-W),, telo,T]. (3.13)

This remark will allow us to prove existence of a solution to the system (3.10) under a condition on the
risk aversion coefficient — U, of U. To this end, we give a sufficient condition on U for the system (3.10)
to exhibit a solution. We have the following remark.

Remark 3.8. If (X, Y, Z) is an adapted solution to the system (3.10), then P := X + Y is solution of the
forward SDE

s) L US(P)|U (P
Pi=ztY— /aw, aw, — [ 51 st Tl e
In addition, if (X, Y, Z) isin S?(R) x S?(R) x Hz(Rd), then P € S?(R). Thus a necessary condition
for the FBSDE (3.10) to have a solution is that the SDE admits a solution.

We are now going to state an existence result for the FBSDE system (3.10) that characterizes optimal
U (@)U ()2
U"(@)* -

Proposition 3.9. Assume that the functions (1 and 9 are bounded and Lipschitz continuous. Then the
FBSDE

(Xs+Ys t U'(Xs+Ys
Xy = — [y (0t + 20) aWs — [y (0t + 2,) - 0uds

trading strategies in terms of the functions ¢ (x) = g//(( )) and o () =

(3.15)

T T UG (X4+Y)|U (Xs+Y5)| U (Xs+Ys
Yi=H— [} ZadW, - [, (—%!95!2 (U”(X)|+)£))3 -+ 16, ’2U”(X +Ys))
+Z-05)ds

admits a solution (X,Y, Z) in S2(R) x S?(R) x H?(R?) such that E[|U(Xt + H)|] < oo and
E[U (Xt + H)|?] < cc.

Proof. Let m in R. Consider the following SDE
m ¢ m ! 1 2 m
P'"=xz+m— [ Osp1(P")dWs — §|93| wo(PM)ds, te€0,T].
0 0

Since this SDE has Lipschitz coefficients the existence and uniqueness of a solution in S? (R) is guaranteed
(see for example [23] V.3. Lemma 1]). Next, consider the BSDE

T T
1
ve—m- [ zraw,- [ (—5|es|2¢2<P?>+|es|2¢1<Pf>+Z?-es) ds.  (316)
t t

We denote its driver by f(s, p, z) := —3|0s>¢2(p) + 05|21 (p) + 2 - 5. Using the regularity properties
of (o1 and (9 and the fact that € is bounded, there exists a constant K > 0 such that

[f(s,p,2)| < K(1+|2])

13



and the constant K depends only on a1, as and on ||f]|, thus in particular K does not depend on
m. Since the driver f is Lipschitz in z, there exists a unique pair of adapted processes (Y™, Z™) in
S?(R) x H?(R%) which solves .I8). In addition, |Y;"| < K holds P-a.s. for all ¢ in [0, T']. We recall that
this constant K~ does not depend on m, thus |Y;”"| < K. Using usual arguments we can show that the map
m > Yg" is continuous. Even if this procedure is somehow standard, we reprove this fact here to make
the paper self-contained. Fix m, m’ in R with m # m’. We set §Y; := Y™ — Y;m,, 072y = Z" — Ztm’.
By (3.16) it follows that (0Y, 0Z) is solution to the Lipschitz BSDE:

T T
5Y, =0— / 5 Z,dW, — / (656 Z5 + h(s))ds
t t

with h(s) := (0,3 (p2(P™) — ©2(P™)) + 1042 (1 (P™) — 1 (P™)). Using classical a priori esti-
mates for Lipschitz growth BSDEs (see for example [16, Lemma 2.2]) we get that:

T
102 < E[ sup [3%[2] < CE [/ ]h(s)]QdS] .
t€[0,T] 0

The boundedness of § and the Lipschitz assumption on ¢1 and on s immediately imply that

T T
E [/ ]h(s)]QdS] < CE [/ P — P;”’Pds] < CE
0 0

sup |P" — B[
t€[0,T]

Combining the inequalities above with classical estimates on Lipschitz SDEs (see for example [23], Estimate
(***) in the proof of Theorem V.7.37]) we finally get that

|6Yo)? < Clm —m/|?

which concludes the proof by letting m’ tending to m. This conjunction with m > Yy" being bounded
yields that there exists an element m* € R such that Yom* = m™*. Setting

XM =P Y™, telo,T],

it is straightforward to check that (X™ , Y™, Z™") satisfies (3.15). Moreover, we have X™ € S?(R)
since Y™ is bounded and since P™ € S?(R). Next, note that E[|U”"(X7 + Y7)|?] < oo since
U(Xp+Yr) =U'(x +m)E(—0O - W). Now using the concavity of U, it holds that

Uz) <U'(0)z +U(0), —U(z) < ~U'(zx)z—U(0), YzeR.
Consequently,
E(JU(Xr + H)|] < E[|U(0)] [ X7 + H| + [U(0)[] + E[JU" (X7 + H)(X7 + H)| + [U(0)[] < oc.

a

4 Utility functions on the positive half-line

In this section we study utility functions U : R™ — R defined on the positive half-line. Again, we assume
that U is strictly increasing and strictly concave.

14



In the previous section we have derived a FBSDE characterization of the optimal strategy for the utility
maximization problem (2.2). The key observation was that there exists a stochastic process Y such that
U’(X”* +Y') is a martingale. However if U is only defined on the positive half-line, it is not clear a pri-
ori that the expression U’(X”* + Y') makes sense. We could generalize this approach by looking for a
function ® such that ®( X[, Y;) is a martingale and such that ®( X7, Y7) = U'(XF + H). When
H = 0, it turns out that a good choice of function ® is ®(x,y) := U’(z) exp(y) since the system we
obtain coincides (up to a non-linear transformation) with the one obtained by Peng in [22], Section 4] using
the maximum principle. Note that the system of Peng is not formulated as a FBSDE but rather as a system
of equations: one for the wealth process whose dynamics depend on the strategy and one adjoint equation,
but a reformulation of this system of equation allows to get a FBSDE (details are given in Section[5.7).

In the previous section, 7w denoted the total amount of money invested into the stock (the number of shares
being 7/S). Now we denote by 7" the proportion of wealth invested in the i-th stock S*. Once again we
denote by II* the set of admissible strategies with initial capital 2 which is now defined by

T
" := {77 :Q % [0,T] = R%, 7is predictable, E [/ |7Ts|2ds] < oo}. (4.2)
0
The associated wealth process is given by
t
X[ =z +/ T XTdSH™, te0,T).
0

Again, we extend 7 to R? via 7# = (771, .. ,wdl,O, ...,0) and make the convention that we write 7
instead of 7. Thus, we have

X[ =x€ (/ wrdsﬁ> , tel0,T].
0 t

From now one we consider a positive Fp-measurable random variable H. We furthermore need to
impose the following assumptions on U'.

(H3) U : Rt — Riis three times differentiable, strictly increasing and concave

(H4) We say that assumption (H4) holds for an element 7v* in II%, if
) E[XF U (XF + H)]?] < oo;

(ii) the sequence of random variables

e€(0,1)
is uniformly integrable;
(iii)

1 ﬂ-* 7'r*
— (X[ TP - X)) - &

1 * * 1 * * *
(—(X; +€p—X§5 )/0 U'(X7 + H +r(X7 +SP—X§5 ))dr)
lim sup IE[

€

€
2
=0,
e=04ci0,7)

where dét = Wf&tdSZ{ + thZT*dS;H, te [0, T], and SUDye(0,7] E[|£t|2] < 00.
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7/
(H5) There exists a constant ¢ > 0 such that % < cforallz € RT.

4.1 Characterization and verification: incomplete markets

Note that in condition (H4), if U’ (0) < oo orif H > a > 0 is satisfied, then (iii) implies (ii).

Theorem 4.1. Assume that (H3) holds and that H is a positive random variable belonging to L2(Q, Fr,P).
Let 7 be an optimal solution to (Z2) satisfying E[|U (X7 + H)|] < oo and which satisfies assumption
(H4). Then there exists a predictable process Y with Y = log(U’(XF" + H)) — log(U'(X%")) such
that X™ U’(X™ ) exp(Y) is a martingale and

W UXT)
T XTUM(XT)

m (Zi+0), sel0,T], i=1,...,d,

1 d
where Z; := <d<Y’£/ >t,... ) d<Y’£/ >‘).

Proof. As in the proof of Theorem we prove the existence of Y such that X™ U'(X™ ) exp(Y)
is a martingale with Y7 = log(U'(XF" + H)) — log(U'(XF")). Consequently, U'(XT" + H) =
U'(XF") exp(Yr). By (H4), the process

o = E[XF U(XF + H)|F)

is a square integrable martingale. In addition it is the unique solution to the BSDE
* * T
ap = X% U’(X% +H) —/ BsdWy, t e [O,T],
t

where /3 is a square integrable predictable process with values in R%. We set Y := log(a)—log(U’(X™"))—
log(X™"). As in the proof of Theorem It6’s formula implies that

T " *
Bs  U(XT) yrr
YV, =Y — D5 Z Vs IX™ o gl d §
t— 1T /t [Oés U’(X;r*) s Tg T W

T 2 1" *
VAP (U"(XT) e N
o - o S X7r * * 9
/t [ 2 a2 (U'Xw s Ms T7s )0

(
T _x|2 " T |2 (3) T* * 2
PR L ol R ATC <0 W Lo
2 \lUG| o)) e
Setting ‘
i 5152 ﬂ? *rrn * / * .
zi=t Tt (xTU(XF U\(XT)), =1,...,d, 4.2
[ U’(Xgr)( t (X7 )+U(X])), i 4.2)
we get that

T T (3) * " ym*
TUSXTY o o g o (U (XT) yr >
Y, = Yr— ZdWy — — =X i = (Z 400 | =X w4
! r / / [ > TI(XT) | "=t VT

16



U//(Xw*)

S
*

U'(X3")

S

. 1
XT |7r;*|2—5|zs|2 ds, tel0,T).

We now derive the characterization of 7* in terms of U’ and Y and Z. We employ an argument put forth
in [22] and then substitute the Hamiltonian by a BSDE. Fix m € II*. Since the latter is a convex set, for
p:=m — 7", the " + £p is an admissible strategy for every ¢ € (0, 1). We have

1 * x
(U] H) — UXF + H)) =

1 * * 1 * * *
—(X7T tee _ X7 )/ U(XF +H+r(X7 ter X7 ))dr.
2 0

Since 7* is optimal we find

1 * * 1 * * *
E (X7 ™ - XF )/0 U'(XF +H+7r(XE TP — X2 ))dr| <0, Ye>0.  (43)

Now let & be defined as
dgy = (m{& + p X7 )dSH, €0, T].

By (H4), we can apply Lebesgue’s dominated convergence theorem in inequality which, possibly
passing to a subsequence, yields

* 1 * * 1 * * *
El¢rU (X7 + H)| = im E | ~(XF 7 — X7 )/ U'(XF + H+r(XE T — XT))dr
0

e—0 g
Combined with (4.3), it leads to
Eler(XF )" \U(XF)XE exp(Yr)] = E[rU'(XF + H)) <0, Vrell’. (44
We now restrict consideration to a particular class of processes T, that is, we choose p to be a bounded

predictable process and we define ™ := p 4+ 7* which is admissible strategy since it is square integrable.
The integration by parts formula for continuous semimartingales implies that

t t
GO = [ Wi [p 02— pomilds, e 0T
0 0
Another application of integration by parts to v = U’ (X™ ) X™ exp(Y) and £(X™ )~! yields
&rU'(XF + Yr) = &r(XF)"'U'(XF)XF exp(Y7)
T T
= / &(XT ) oy + / arprdWit
0 0
T * * * *
+ [ e V)XF - W NZ + 0 + U XE )X w)e 49)
0

We now intend to take the expectation in the above relation. To this end, we need the following moment
estimates. Using that p is bounded, we have
2]

t t
| paws [ o0  puomyds
0 0

E[ sup |&(X[ )] =E [ sup
te[0,T] te[0,T]
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2
<CE

sup

t 2

| puaw / 9o+ 0 — py -7 lds ]

t€[0,77 |J/0 t€[0,T]
T T 2
<C|E [/ ]pS\st} +E / Ds HHds / Ps - Tads
0 0 0
T
<C (1 +E [/ |7T;k|2d5:|> < 00, (4.6)
0

where we have used Doob’s inequality. Consequently, we get

sup

+E

B (XF ) azl] < Bllar ) 2E{ler(XF) A2 < o,

which follows from the Cauchy-Schwarz inequality. With p being bounded, we get for some generic constant

C>0
T T
E {/ ]aspSIst] < CE {/ \aS\st] < 0.
0 0

Hence fo at,otdWZ{ is a square integrable martingale. Next, let (Tn)n21 be a localizing sequence for the
local martingale [, & (X7 )~ !doy. Then we have

< sup
te[0,T)

/ gt(Xtﬂ*)_ldOét
0

/ (X7 ) L.

To apply Lebesgue’s dominated convergence theorem and show that £ [fOT £t(Xt”*)_1dat] = 0, we

need to prove E [supte 0.1] ‘fo &(XT)™ 1datH < o0
T 1/2
sup / G(XT) don| | < CE | | JaP|(XT)~ (e ]
t€[0,T]

1/2
< CE | sup |@|2|<Xzf*>1|2] E [(a)7]"”
| t€[0,T]

< 00,

where we have used the estimate (4.6). Thus, by it follows that

?|

and from (&.4), it holds that for every 7 in II” such that p is bounded, we get

T
[ e @2+ 01+ U)X >dtH .

T
E [ | e xz - @ XE 2+ 0 + U/’(Xf*)Xzf*wzﬂ)dt} <.
0
Substituting p with — p in the previous inequality, we obtain for every p

T
E { / ptexpmw*-<U’<Xf*><zz‘+02*>+U”<Xzf*>er*w:>dt} —0. @)
0
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Now let A; := U'(XF )W Z]t 4607+ U"(XT ) XT 7} and let py(w) := 14,(w)>0- Recall that we have
dP ® dt-a.s. exp(Y})XZT* > (. Plugging p into (4.7) yields

Ai(w) <0, dP @ dt — a.e.
Similarly choosing p¢(w) := 14, (w)<0, We find

A(w) =0, dP ® dt — a.e.
Thus, we achieve

o U

n = o A el T =1 d

Let us now deal with converse implication.

Theorem 4.2. Assume (H3) and (H5). Let (X, Y, Z) be an adapted solution of the FBSDE

t U’ XS t U’ XS
o U”(X) (ZH +07)aw}H — [] U”(X) (ZF +071)0,ds,

U'(XptH) &) (X)U"(X,s 4.8)
= log (“t") — [(IZZ“‘ +072) (1 - $ESEREE) — 4 7,2] as
T
— [, ZsdW,

such that E[|U(XF + H)|] < oo, Z is an element of H?(R%) and the positive local martingale
XU'(X)exp(Y) is a true martingale.

*1 e U/(XS)

=% (7 i T ,=1,...
4y XSU”(XS)( s+93)7 36[07 ]7 ? 5 7d1

is an optimal solution to the optimization problem (Z.2).

Proof. We first note that 7* € TI” since by the fact that Z is in H2(R?), there is a constant C' > 0 such

that . .
E U |7r;‘|2dt] <CE [/ |Zﬁ+9§‘|2dt] < 0.
0 0

Now let 7 be an element of IT%. Let D := U’(X)exp(Y). Applying It&’s formula and plugging in the
expression of 7%, we find that

dD; = Dy(=0,dW7t + Z, dWP), Do = U'(x)exp(Yy),

hence,

Dy = U'(z) exp(Y)€ <— / 0,dW 7t + / stWL?> , telo,T1], (4.9)
0 0

t
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which is a positive local martingale. Now fix 7 in II”. By definition of X™ and of D, the product formula
implies that X™ D satisfies

DX™ = 2Do&E((m —0) - W + 2. WO).

Hence, X™ D is a supermartingale and so E[D7 X 7] < Dgz. By assumption, X™ D = XU'(X)exp(Y)
is a true martingale so IE[DTX{,E*] = Dyx. Finally combining the facts above, recalling that Dy =
U'(XF + H) and using the concavity of U, we obtain

E[U(XF + H) — U(XF + H)] <E[U'(X} + H)(X} — X})] <0. (4.10)
O

Remark 4.3. In the previous proof, if we apply integration by parts formulato D = U’(X)exp(Y’) and
X™— X™, we get

U (X exp(Y)(X™ —X™) = /O (XF — X7 )dD; + /O Dy(m X — wf XT )dWit,

thus U’/ (X™) exp(Y)(X™ — X™ ) is a local martingale for every admissible strategy 7.

Remark 4.4. Note that using the regularity assumptions of the FBSDE (4.8), we derived that D :=
U'(X™ ) exp(Y) is a true martingale

Dy =U'(z)exp(Yo)€ (=0 - W + 29 - WO).

4.2 Characterization and verification: complete markets

We adopt the setting and notations of Sectionwith dy = d = 1 and H = 0. In the complete case we can
give sufficient conditions for the existence of a solution to the system (4.8). To this end, note the following
remark.

Remark 4.5. Similar to Remark[4.4] we can use to characterize further the martingale U’ (X™ ) exp(Y):
applying Ito's formulato U’ (X™ ) exp(Y") gives rise to

U'(XT ) exp(Y;) = U'(z) exp(Yy) — /O U'(X,) exp(Ys)0sd W,

hence, we have
U'(XT )exp(Y;) = U'(z) exp(Yo)E(=0 - W)y, t€[0,T]. (@.11)

This observation allows to prove the existence of (4.8) under a condition on the risk aversion coefficient

" ’ (3) ’
—%. Let p1(z) := gT(é)) and pa(z) :==1— %W We will now give sufficient condition for the

system to exhibit a solution. We begin with the following remark.

Remark 4.6. Note that if 2 is constant then the system above decouples. An elementary analysis shows
that this happens if and only is U is the exponential, power, log or quadratic (mean-variance hedging)
function. If U(x) = —exp(—ajz) — exp(—apgx) then p9 is bounded and Lipschitz and if U(z) :=

% + % then 9 is a bounded function.
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Theorem 4.7. Assume that (9 is a continuous bounded function. Then there exists an adapted solution
(X,Y,Z)inS?2(R%) x S2(R) x H?(R%) to the FBSDE

t U'(Xs t U'(Xs)
Xi=z— OU,}(X))(Z +05)dW — [, U”(X (Zs + 05)0,ds

(4.12)
(3) /
Y, =0 [T Zaw, - [T [,ZS 40, ( _ %W> _ %’28’2] ds

Moreover, E[|U(Xr)|] < oo and E[|U’(X7)|*] < .

Proof. Fix m > 0 and consider the BSDE

T 1
it =0- / Lz;n + 0,2 ((U) 71 (U' (@) exp(m)€ (=6 - W), exp(=Y;"™)) = 5|22 'st}

T
- / ZmdW,.
t

Since 3 is bounded, the driver of the BSDE above in (Y, Z™) can be bounded uniformly in m, hence
[12] yields a pair (Y™, Z™) € S?(R) x H?(R) solution to this equation with |Y™| < C where C' does
not depend on m and Z - W is a BMO-martingale. In addition (once again using standard arguments like in
the proof of Proposition[3.9) we have that m > Y;"* is continuous. Thus there exists an element m™ > 0
such that Yom* = m™. Now applying It&’s formula to

X = (U) " (U (&) exp(m*)E(~6 - W) exp(—Y™),

we check that (X™, Y™, Z™") satisfies @I2). It remains to show that E[|U(X7)|] < oc. From the
concavity of U we have that

E[JUX7)]) < [U"(0)[E[ X2[] + [U0)] + E[U"(X7)Xz]] + [U(0)]

Since X = z&(— XU,(,())()(Z—i—G) W), xU,§(>) < kforx € Rand (Z+6)-W is a BMO-martingale, X
is a true martingale, and thus E[X ] = x. Similarly we have that X7 U’ (X7) = XoU'(X7) exp(Yr) =
xU'(x) exp(i’o)é'((—%(Z +6) —0) - W) and so XU'(X)exp(Y) is a true martingale. This
hence proves E[| XU’ (X7)|] < oc. O

5 Links to other approaches

In this section we link our approach to characterizing optimal investment strategies to two other approaches
based on the stochastic maximum principle and duality theory, respectively.

5.1 Stochastic maximum principle
This section links our approach in the complete market setting to the approach using the stochastic maxi-

mum principle. As we are interested only in the link, we will only give a formal derivation. In particular, we
suppose here that U and U~ are smooth enough with bounded derivatives. Let us consider the complete
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market case with d; = d = 1 for simplicity and H = 0 and recall that in this setting, the wealth process
is given by

t t
X[ = x—|—/ T dWy —|—/ msbsds, t € [0,T].
0 0
We consider J(7) := E[U(XF)] and set X[ := U(XT). Ito's formula yields
- - - 1 -
dX[ = U'(UY(X]))medW; + [U’(U‘l(Xt”))mHt + §U”(U_1(Xf))]7rt\2]dt

and J () = E[X%] Applying the maximum principle technique described in [3] (see also [22], Section 4]),
we introduce the adjoint equation to get

dXT = U'(U~Y(XT))medW; + [U’(U*l()?gf))mat + SU(UHXT)) ] }dt, X5 =U(=),
—dp: = [ (G (U XP)rme + 35 (U XP)Imel?) pe+ ke (UL (X)) ] dt + kedWe, pr = 1.

(5.1)
We now introduce the corresponding Hamiltonian, defined as
A, on 1 1o 1o
H(t,p,k,m) = plU' (U (X]))m:6; + SUU N |meP] + kU (U (X)) e
A formal maximization gives
* U’ T ky
Ty = W( HXT)) Pt+9t
Plugging this into (5.1) yields
T U')? —1/vm T
axy = L&) (& 4 0) [awi - 3 (B - 0) at], X§ = Ul), )

2 @y
dpy = — (8 400) " pi | =1+ Sl (U1 (XF)) | de + kedWo, pr =1

We now relate this system with (£12) using a Cole-Hopf type transformation. First we plug 7* into (&.2)
and obtain

dXF = (X7 [k— +9t] (dW, + 0dt), XZ~ ==,

k 1y®U’ (5-3)
dpy = — (& +9t) pr |1+ $Y5 (XT)] dt + kedWe, pr = 1.
Next consider the system
dXtﬂ* = —ur ()(7T )(Zt + Ht)(th + Gdt), Xg* =x,
(5.4)

(3) w* / *
Yy = [(Zt + et) ( - %U \(U)/(/t|2())[(]gf(*))(t )) - %’Zt‘ﬂ dt + Z;dWy, Yr = 0.

Setting pr := exp(Y}), k= Zpand X := X, Ito’s formula implies that (P, ]~€) is a solution to (&.3).
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5.2 BSDE solution via convex duality methods

Let us now turn to a very important link of our approach with the convex duality theory. We have seen in Sec-
tions[3land [l that our approach relies on choosing a process Y such that the quantities U’(X”* +Y)and
X U’(X“*) exp(Y’), respectively, are martingales. In fact, these martingales are not any martingales.
For instance in case of a utility function on the whole real line, U'(X™ +Y) is exactly U’ (z + Y)E(—0 -
wH + ({]—I/I(X”* +Y)Z% - WO). so in the complete case it is exactly the martingale under which the
price is itself a martingale. For utility functions defined on the positive half line this leads directly to duality
theory, since it is known from the original paper by Kramkov and Schachermayer (|13]) that (under some
growth-type condition on U) the optimal wealth process X7 and the stochastic process Y * solution to the
so-called dual-problem are such that the stochastic process X™Y*isa martingale. In addition, with our
notations, Kramkov and Schachermayer prove that Y * has the form Y* = Y& (—0- W + M) where M
is a martingale orthogonal to T/ 7£. Recall that in our case X™ U’(X™ ) exp(Y’) is a martingale and from
(@3), we have proved that D := U’(X™" ) exp(Y) is exactly of the form Do&(—0 - WH + ZC . W©), in
other words Y* = D and the Z© component appearing in the solution of our FBSDE exactly represents
the orthogonal part in the dual optimizer of Kramkov and Schachermayer theory. Obviously, this needs to
be derived more formally. This is the goal of this section.

The aim of this section is to derive a solution of the forward-backward equation (4.12) by means of the
results from the convex duality approach to (2.2). We denote by II! the set of admissible strategies with
initial capital one unit of currency. In the case of zero endowment H = 0, the solution to the concave
optimization problem (2.2) is achieved by formulating and solving the following dual problem: denoting the
convex conjugate of the concave function U by

Vy) = sup {U() -2y}, y>0,

where d X[ = Xfwtds%t, o = x > 0, and defining a family of nonnegative semimartingales via

Y= {Y >0:Yy =1, X™Y is a supermartingale for every w € Hl},
the primal problem (2.2) is solved by solving instead the dual convex optimization problem

v(y) = YiTneny[V(yYT)], y > 0. (5.5)

If this dual problem admits a unique solution Y, € Y, then the primal problem 2.2) with H = 0 also
yields a unique solution

. r o . .dS
X7 :x—i—/ XTI ==
0 Ss
T
=z +/ asdSs
0
= [(inf),
with the corresponding optimal control T = ;ﬁ Herewe have I = (U’)"!andz = —v’(y)@. The case

of bounded terminal endowment H is dealt with in [5], where instead of (&.5) the following dual problem is

*This is equivalent to u’(z) = y where u(z) = sup, E[U(XT + H)]. The differentiability of both v(y) and u(z) are
shown in [5].
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considered

v(y) = YiTneny[V(yYT) +yYrH|, y>0.

The case of general integrable H has been studied in [10], using the original dual problem (&5) but a
slight different choice of the domain ). A ubiquitous property of the convex duality method is that once
the primal and the dual optimizers are obtained, their product X™Y*isa nonnegative true martingale
(hence uniformly integrable), see [13] for a economic interpretation. In the context of utility maximization
with bounded random endowments, this martingale property of X™Y*is pointed out in [5, Remark 4.6].
This martingale property of X™Y* constitutes the first main ingredient for deriving a solution for the
forward-backward equation (4.12). A second main ingredient is constituted by the characterization of the
dual domain ). Note in the continuous process setting, )/ is the family of all non-negative supermartingales
(see e.g. [13, [1Q]). According to a well known result, every nonnegative cadlag supermartingale Y € Y
admits a unique multiplicative decomposition

Y =AM

where A is a predictable, non-increasing process such that Ag = 1 and M is cadlag local martingale.
However, [15] characterize the elements of Y € ) by the multiplicative decomposition

Y = AE(—0" - W + K- W©9), (5.6)

where A is a predictable non-increasing process such that Ag = 1 and K € Hlro(Rd2) (see |15}
Proposition 3.2]). Using that the Fenchel-Legendre transform V' is strictly decreasing, [15} Corollary 3.3]
shows that the dual optimizer is a (continuous) local martingale and admits the representation

YV =&(-0" - wh+ K- wO) (5.7)

for a uniquely determined K* € H2 (R%). If v(y) = E[V(yYfi)] < 00, then we can check that the

optimal K* actually belongs to H? (RdQ). This is done in the following lemma whose proof is in the same
spirit as in |14, Lemma 3.2]

Lemma5.1. If for some y > 0, it holds that

o =, (0w <

we have

o=, L, BV (- W W),

i.e. the optimal K* minimizing v(y) can be assumed to belong to H?(R%).

Proof. We introduce the family of stopping times

t
(at ::inf{t>0:/ (|93{|2+|K§|2)d52n}, n € N.
0
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Lety > 0, then we have

o(y) = E[V@&( w4 K Wo)ﬂ
—F [ [v(yeT( P W K WO))\}"TnH
> E[V@&n( e WM K WO))],

where the last line follows by Jensen'’s inequality. Continuing the last line and recalling that V(y) is a strictly
convex function, we have

n

1

u(y) zﬂ«:[v(yexp(/o (= 07awH + K:dW©)) exp —5/0 (1672 + yK;*P)ds))}

2V<E[yexp(/0 (= 0MdWM + K2dW)) exp —3/0 9”12+1K;12)ds)]>

2
>v (v (5[~ 5 [ (o2 + ii)a])).

where Jensen’s inequality has been used twice. By continuity of I and of the exponential function, it follows
from the monotone convergence theorem that

v(y) > lim V<exp < — %E[/OTn (’93{’2 + ]K:P)dSD)

n—oo

1 T
=V ——IE/ 0% + |KZ?)ds| ) ).
(o0 (= B[ | (62 +1K:P)as]))
Since v(y) < oo and V (exp(—o0)) = V(0) = U(c0) = o0, it follows that
T
E[/ (1672 + ]K;P)ds] <
0
We deduce that K* € H?(R%). O

Now using that X™ Y* is a true martingale and that the dual optimizer Y* is a local martingale satis-
fying (5.2), we get the following result.

Theorem 5.2. Let H be a non-negative bounded random endowment and assume that the coefficient of
2U' (J:)

relative risk aversion — satisfies
U (x)
li 2U” (@) < (5.8)
msup | —— 0. .

Then there exists xg > 0 such that for all z > x( the coupled FBSDE has a solution (X,Y, Z)
such that Xy = z. In addition, X is the optimal wealth of the problem (2.2) and the dual optimizer Y*
associated with it is given by Y* = U’(X) exp(Y') (so that yY/} = U' (X1 + H)).
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Proof. The existence of xg > 0 such that for every x > x( the quantity

u(z) = :elll%E[U(X% +H)] = E[U(X%* + H)]

is finite has been shown [5]. We set X* := X7 Also recall that we have y = u'(x) > 0 for z > x¢ and

that we have
E{yX}YQf} = zy.

Moreover, yY7;t = U'(X7 + H). We define the true martingale o := yX*Y™*. We set Y := log(a) —
log(X*) — log(U’'(X*)). We have that

Qi
Y, =log [ ——t——
PR (X:U’(X:))

~log yY;©
U'(Xy)

= log(y) + log(Yy") — log(U"(X7).

Recall that by definition of X* and Y™* we have that

ayy =Yy (-0t awlt + K;awP)

and
dX; = X[ (m;dW + n;o}tdt) .
Hence
* 1 *
aY; = 01wl + Krawe — S(0}2 + |K; 2t
U”(X*) * VK * Wk
- WX})(W Xy thH + m X H?dt)
1 3) X ! X*) — " X 2
_ LUK — UIEDP ey,
2 (U'(X3))?
We define: U”(X*)
ZMt .= gt -~ llgx ’,
t t U/(Xt*) t“*t
so that 77 X{ = —(Z}* + 0}) frex=s, and
z° = K.
Then

dY; = ZHawH + 20awP — (012 + |K7|?)dt

o N

oz s gy - LUOCOUO) — X702 |2+ 0P,
PR UXE)P TXDP
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= ZMtawt + ZPawP + dt.

2 JUnXHP

1UB(XHU (X} 1
|Z;H—|—9;H|2 (1__ ( t) ( t)>—§|Z;H|2

Finally note that by construction Y7 = log <%) Hence, (X,Y, Z) = (X*,Y, Z) is a solution

to and
yY* = U'(X)exp(Y).
a

and the risk

Let us recall that the absolute risk aversion of U (x) is defined as ARA(z) := — UU, ((f))
tolerance as m. We say that U (x) has hyperbolic absolute risk aversion (HARA) if and only if its risk
tolerance #A(x) is linear in . More precisely, it can be shown that a utility function U (x) is HARA if and
only if

1—7v/ ax v azr
sz—( +b>,—+b>0,
() 5 1—7 1—7
for given real numbers v, a,b € R.

Corollary 5.3. Assume that U (z) is HARA. Then there exists a constant € R such that the backward
equation from (4.8) can be written as

_ U'(X5 + H) g Tl H o gHp2

UI(X* —I—H) T T
—log (——L "7 _ ZydW — , Zs)ds.
0g< 0(X) ) /t W, /t 9(s, Zs)ds

Proof. Notice that for the risk tolerance

’

o 1 U ()
)= ARA(z) ~  U'(2)

it holds that , @)
Fa) = —14 L@V @)

U ()2
Since U(x) being HARA implies that f is linear in z, it follows that there exist constants ¢,d € R such
that f'(x) = ca 4 d. Hence the BSDE from can also be written as

_ U'(X; + H) g LR T TS S O
Y;f_log (W) _l stWs_/t (_§’Z8’ +(§_§f (Xs))‘Zs +08 ’ )ds

U'(X:+ H) T T, 1
=log (—Flet) — | ZdW, — — | Z)? + |2 4 6742 )d
o8 (Syriny ) - | W= [ (= Gz iz o

_1_1
fork = 5 EC. Od
Obviously the driver of the BSDE (5.9), ¢(s, z), satisfies the quadratic growth condition
Y2
l9(5.2)| < a+ 7z

for suitably chosen real numbers a;, v > 0. In this setting [4, Theorem 2] yields the following result.
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Corollary 5.4. If £ = log (%) satisfies [E [67‘5‘] < 00, then the BSDE (5.9) admits a solution
T
(Y, Z) such that Y is continuous and Z € H? (R9).

loc

5.3 The power case with general endowment

We finally deal with an open question in mathematical Finance namely the case of power utility with general
endowment. We know from duality theory that an optimal solution exists but we would like to prove that the
strategy is smooth (i.e. square integrable) and to characterize it in terms of the solution to an equation (for
instance a FBSDE). We will use definitions and notations of Section[d Let U(x) := % with -y a fixed
parameter in (0, 1). Let H be a positive bounded F-measurable random variable where we recall that
(Ft)tefo,r) is the filtration generated by W = (WH WO). We recall that we denote by TI” the set of
admissible strategies with initial capital  which is now defined by

T
" .= {71 : Q% [0,T] = R%, 7is predictable, E [/ ’WS’2d8:| < oo} (5.10)
0

where 7Ti,’L' = 1,...,dy denotes the proportion of wealth invested in the stock. The associated wealth
process is given by

t
Xr ::x+/ T XTdSH?, te0,T).
0

Again, we extend 7 to R? via 7@ = (771, .. ,wdl,O, ...,0) and make the convention that we write 7

instead of 7. Thus, we have
X =& (/ mlSZ*) , telo,T).
0 t

Note that this setting covers the case of a purely orthogonal endowment of the form H := ¢(S(T9) where
¢ is positive. Now we can go in the analysis of the problem:

)

sup E
mell®

(5.11)

Indeed, what is only known in that case is that an optimal strategy exists (|10]) but in a much larger space
that II%, in particular it is not proved that the optimal strategy is square integrable. About the characteri-
zation of this optimal strategy one can write the Hamilton-Jacobi-Bellman PDE in the Markovian case but
no results allow us to solve it. We believe that combining the duality theory, BSDEs techniques and our
approach we could show first that the optimal strategy belongs to the space II* and that we will give a
characterization of it in terms of a FBSDE. Let us be more precise.

Theorem 5.5. There exists g > 0 such that for every x > x(, the system

Xs(ZH40H Xs(ZH40H
Xy =+ [y REOD gy (LR A 00 g

(5.12)

T T
Vi= (7= 1)log (14 L) = [T Zoaw, — [T (55|22 + 0742 = 312, ) ds
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admits an adapted solution (X, Y, Z). If in addition Z* = (Z1,..., Z%) is in H?(R®), then

) 1 ) )
7= ——(Z2"+ 0%, i=1,...,d; (5.13)
L—=n

is the optimal solution to the maximization problem (5.11).

Proof. First note that the system is exactly the system with U (x) = % Hence from Theorem
5.2 there exists 2y > 0 such that the system admits a solution (X, Y, Z) when = > x(. We fix,
x > xo and consider the associated solution (X, Y, Z) (that is Xo = x). In addition, we know from
Theorem[B.2lthat X = X *. Hence 7* is given by (E.13). It just remains to prove that 7* is in II”, which is
a direct consequence of the fact that Z is in H2(R?). O

Remark 5.6. Note that since we know that the dual optimizer Y* is given by Y* = U’'(X) exp(Y') itis
clear that XU’ (X ) exp(Y') is a true martingale. Hence the square integrability of Z implies the condition
of TheoremE2t E[( X7 4 H)"] < oc. Finally notice that Z is in H?(R2) by Lemma[5.1l

So the only element missing in the proof is indeed to show that Z* is in HZ(Rdl) (naturally, since
the process 7* is integrable with respect to S™ and so it is in HQ(Rdl)). This question requires a deeper
analysis of the system and is currently investigated by the authors.
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