Weierstraß-Institut

für Angewandte Analysis und Stochastik

Leibniz-Institut im Forschungsverbund Berlin e. V.

Martingale approach in pricing European options under regime-switching

Grigori N. Milstein^1, Vladimir Spokoiny^2

submitted: September 22, 2011

1 Department of Mathematics Ural Federal University Lenin Str. 51 620083 Ekaterinburg Russia E-Mail: grig.milst@mail.ru

2 Weierstrass Institute Mohrenstr. 39 10117 Berlin Germany E-Mail: vladimir.spokoiny@wias-berlin.de

Preprint No. 1645 Berlin 2011

2010 Mathematics Subject Classification. 60H35, 91G10. Key words and phrases. Incomplete markets, martingale measure, generalized, self-financing strategy, attainability, self-financing in mean.

This research was supported by the Deutsche Forschungsgemeinschaft through the CRC 649 “Economic Risk”.

Edited by Weierstraß-Institut für Angewandte Analysis und Stochastik (WIAS) Leibniz-Institut im Forschungsverbund Berlin e. V. Mohrenstraße 39 10117 Berlin Germany

Fax: +49 30 2044975 E-Mail: preprint@wias-berlin.de World Wide Web: http://www.wias-berlin.de/

Abstract

The paper focuses on the problem of pricing and hedging a European contingent claim for an incomplete market model, in which evolution of price processes for a saving account and stocks depends on an observable Markov chain. The pricing function is evaluated using the martingale approach. The equivalent martingale measure is introduced in a way that the Markov chain remains the historical one, and the pricing function satisfies the Cauchy problem for a system of linear parabolic equations. It is shown that any European contingent claim is attainable using a generalized self-financing replicating strategy. For such a strategy, apart from the initial endowment, some additional funds are required both step-wise at the jump moments of the Markov chain and continuously between the jump moments. It is proved that the additional funds (the additional investments and consumptions) are present in the proposed strategy in the risk-neutral manner, hence the generalized self-financing strategy is self-financing in mean. A payment for the considered option should consist of two parts: the initial endowment and a fair insurance premium in order to compensate for contributions and consumptions arising in future.

1 Introduction

Let a financial market consist of a saving account B (t) (riskless asset) and d stocks (risky assets) with price processes X^i (t), i = 1 , . . . , d. The system (B, X ) is assumed to satisfy the stochastic differential equations

dB = r (X, μ )Bds, (1.1) dX^i = X^i [ b^i (X, μ )ds + d∑ j =1

σ^{ij} (X, μ )dW^j (s) ] , 0 ≤ s ≤ T, i = 1 , . . . , d,(1.2)

where W = ( W^1, . . . , W^d)^⊺ is a d-dimensional standard Wiener process and μ is a Markov chain with finite state space { μ_1, . . . , μ_m }.

Let X^{t,x,μ k} (s), μ^{t,μ k} (s), 0 ≤ t ≤ s ≤ T, be a trajectory of the Markov process (X, μ )

(we consider the coefficients of (1.2) to be deterministic), where μ^{t,μ k} (s) is the Markov chain starting from μ_k at the moment t and X^{t,x,μ k} (s) is the solution of (1.2) starting from x at the moment t with μ = μ^{t,μ k} (s). We consider the problem of pricing and hedging a European claim at a maturity time T, specified by a payoff function f which depends on X (T) and μ(T) by constructing a generalized self-financing strategy. The model has a Markovian structure, hence the price of the contingent claim should be associated with a function u(t, x, μ_k ). For evaluating u(t, x, μ_k ), we use the martingale approach. To this end we choose an equivalent probability measure under which the discounted underlying assets are martingales. This martingale measure does not change the probabilistic characteristics of the Markov chain μ which remains a historical one. It turns out that the function u(t, x, μ_k ) (or the collection u_k (t, x ) := u(t, x, μ_k ), k = 1 , . . . , m) satisfies the Cauchy problem for a system of linear parabolic equations. The system can be solved by the Monte Carlo approach. Analogously to the classical Black-Scholes case, one can expect that the price of the contingent claim f (X (T), μ(T)) along the trajectory X (s) = X^{t,x,μ k} (s), μ(s) = μ^{t,μ k} (s) is connected with a wealth process

U(s) = u(s, X (s), μ(s)).

Both X and μ are observable and, consequently, we can construct a trading strategy depending not only on X but also on μ. The system (1.1)–(1.2) has two sources of randomness: the

d-dimensional Wiener process W and the Markov chain μ. However only the d-dimensional

risky asset X and the saving account B are tradable. Hence the model is incomplete. Besides, in contrast to the classical case, the wealth process U(s) here is discontinuous because of discontinuity of the Markov chain μ (we note that the stock prices X^i (s) remain continuous). The process U(s) is right-continuous with left limits (RCLL or càdlàg process). The discontinuities

of U(s) coincide with the jump times of the Markov chain μ. Let τ be a jump time of μ from the state μ_l to the state μ_r . Then U(τ− ) = u(τ, X(τ), μ_l) = u_l(τ, X(τ)), U(τ) = u(τ, X(τ), μ_r ) = u_r (τ, X(τ)) = U(τ+) .

Let t < τ_1 < . . . < τ_ν < T , ν = 1 , 2, . . ., be all times between t and T where μ(s) has a jump. Between the jumps, i.e. on the intervals [t, τ_1), (τ_1, τ_2), . . . , (τ_ν , T],

the wealth process U(s) is constructed according to a trading strategy (Φ( s), Ψ( s)) =

(Φ( s), Ψ^1(s), . . . , Ψ^d(s)) depending on (s, X (s), μ(s)) :

Φ( s) = φ (s, X (s), μ(s)), Ψ^i (s) = ψ^i (s, X (s), μ(s)), i = 1 , . . . , d,

and it has the value

U(s) = Φ( s)B (s) + d∑ i=1 Ψ^i (s)X^i (s). (1.3)

If the strategy is self-financing then

U(s) = Φ( s)dB (s) + d∑ i=1 Ψ^i (s)dX^i (s). (1.4)

However, the self-financing strategy which is able to replicate the price u(s, X (s), μ(s)), is impossible (see Subsection 4.1). That is why we construct the wealth process in the form of generalized self-financing strategy, i.e. we admit (1.3) with

U(s) = Φ( s)dB (s) + d∑ i=1 Ψ^i (s)dX^i (s) + dD_s − dC_s (1.5)

instead of (1.4), allowing some contributions dD_s and consumptions dC_s to the wealth process between the jump times. Starting from the state (x, μ_k ) at the moment t with the initial endowment u(t, x, μ_k ), we construct the process U(s) on the interval [t, τ_1) according to (1.3) and (1.5). At the moment

τ_1 the Markov chain μ switches from μ_k to μ_r and the value of the portfolio changes from u(τ_1, X (τ_1), μ_k ) to u(τ_1, X (τ_1), μ_r ). Such change in the wealth of the portfolio requires an

additional capital (a contribution to the wealth process) if

U(τ_1) = u(τ_1, X (τ_1), μ_r ) > u (τ_1, X (τ_1), μ_k ) = U(τ_1− )

or withdrawal (for instance, for consumption) in the case

U(τ_1) = u(τ_1, X (τ_1), μ_r ) < u (τ_1, X (τ_1), μ_k ) = U(τ_1− ).

We proceed in the same way on the intervals (τ_1, τ_2), . . . , (τ_ν , T]. Thus, we should take into account the future necessary additional investments (contributions)

D_{τi} := max { u(τ_i , X (τ_i ), μ_{r i} ) − u(τ_i , X (τ_i ), μ_{li} ), 0 }

and consumptions

C_{τi} := max { u(τ_i , X (τ_i ), μ_{li} ) − u(τ_i , X (τ_i ), μ_{r i} ), 0 } , i = 1 , . . . , ν.

It is shown that any European contingent claim is attainable due to a generalized self-financing strategy. This property brings the considered model closer to the classical Black-Scholes model. The generalized replicating strategy on the interval [t, T ] is determined not only by the initial endowment (which is equal to u(t, X (t), μ(t))) and by means of evolution of underlying assets but also due to contributions dD_s with consumptions dC_s and due to additional funds at the jump moments τ_1, . . . , τ_ν . So, the proposed strategy requires some additional investments and consumptions. However, and this is very remarkable, they appear in the risk-neutral manner. To be more precise, it is proved that the mean of all the discounted additional funds on any interval [t, t̄ ] is equal to zero. One may say that the constructed here generalized selffinancing strategy is self-financing in mean. Let us emphasize that the strategy (Φ( s), Ψ( s)), the additional contributions dD_s and consumptions dC_s , and the additional funds at the jump moments are uniquely defined by the function u(t, x, μ ). A payment for the considered option should consist of two parts: the initial endowment (the initial value of the wealth process) and a fair insurance premium in order to compensate for contributions and consumptions arising in future. We see that both financial and insurance aspects appear together in the considered model. However, here we restrict ourselves to constructing the wealth process and the generalized replicating strategy and to determining the necessary additional funds. In Section 2, we briefly recall the well-known results concerning the classical Black-Scholes model (see, e.g. [5], [14]) in the required form. In Section 3, we choose a martingale measure fixing the chain μ as a historical one and construct the price u(t, x, μ_k ). Section 4 is devoted to the generalized self-financing strategy and it contains derivation of formulas for (Φ( s), Ψ( s)),

dD_s , dC_s , and U(τ_i ) − U(τ_i − ). In Section 5, it is proved that the mean of all the discounted

additional funds on any interval [t, t̄ ] is equal to zero, hence the constructed generalized self-financing strategy is self-financing in mean. Using a Markov chain with single jump on the interval [t, T ], the proposed approach can be exploited for modelling defaults which is illustrated in Section 6.

2 Preliminary

Let us remind the problem of pricing and hedging a European claim at a maturity time T, specified by a payoff function f which depends on X (T) in the classical Black-Scholes model:

dB = r (X )Bds, (2.1) dX^i = X^i [ b^i (X )ds + d∑ j =1

σ^{ij} (X )dW^j (s) ] , 0 ≤ s ≤ T, i = 1 , . . . , d. (2.2)

In (2.1)–(2.2), W = ( W^1, . . . , W^d)^⊺ is a d-dimensional standard Wiener process on a probability space (Ω , F , P ). As usual, the P -augmentation of the filtration generated by W is denoted by F^W_t . We write F_t for the σ-field F^W_t . It is assumed that the functions r (x), x^i b^i (x),

x^i σ^{ij} (x), i, j = 1 , . . . , d, k = 1 , . . . , m, x ∈ R^d_+ := { x : x^1 > 0, . . . , x^d > 0},

have bounded derivatives with respect to x up to some order. In addition, we assume that the volatility matrix σ(x) = { σ^{ij} (x)} has full rank for any x ∈ R^d_+ .

We denote X^{t,x} (s), 0 ≤ t ≤ s ≤ T, the solution of (2.2) starting from x at the moment t and we denote X (s) := X^{0,x} (s), 0 ≤ s ≤ T. The price U(t) of the contingent claim f (X (T)) is defined as the expectation of the discounted value of claim under the martingale measure

P̃ : U(t) = E^{P̃} [ B (t)B^{− 1}(T)f (X (T)) | F_t ] , (2.3)

with B (s) = B (0)e

∫_s 0 r (X (s^′)) ds^′. Here P̃ is an equivalent probability measure under which

the discounted stock price processes X̃^i (s) := B^{− 1}(s)X^i (s) are all martingales. It is known that dP̃ dP := Z (T),

Z (s) := exp { − d∑ i=1 ( ∫_s 0 θ^i dW^i (s^′) + 1 2 ∫_s 0 [θ^i ]^2ds^′ ) } , (2.4)

with the vector θ = ( θ^1, . . . , θ^d)^⊺ to be equal to

θ = σ^{− 1}(b − r 1), 1 = (1 , . . . , 1)^⊺ , b = ( b^1, . . . , b^d)^⊺ , σ = { σ^{ij} },

where r , b, and σ are calculated at (s^′, X (s^′)). Here it is assumed that Z (s) is a martingale. A well known sufficient condition for the martingale property is

E exp { 1 2 ∫_T 0 d∑ i=1 [θ^i ]^2ds } < ∞ . (2.5)

We have

dX^i = X^i [ rds + d∑ j =1

σ^{ij} dW̃^j (s) ] , i = 1 , . . . , d, X (0) = x, (2.6)

where

W̃^j (s) = W^j (s) +

∫_s 0 θ^j (s^′)ds^′

is a P̃ -Brownian motion due to the Girsanov theorem. Now the formula (2.3) can be written in the form

U(t) = E^{(2.6)} [ e^{− ∫Tt r (X (s)) ds} f (X (T)) | F_t ] , (2.7)

where the sign E^{(2.6)} means that the averaging is carried by virtue of the system (2.6) with W̃

being the Brownian motion on the probability space (Ω , F , P̃ ) with filtration F_t .

Due to the Markov property, the price U(t) can be represented in the form

U(t) = u(t, X (t)), (2.8)

where the function u(t, x ) is found according to

u(t, x ) = E^{(2.6)} [ e^{− ∫Tt r (X t,x (s)) ds} f (X^{t,x} (T)) ] . (2.9)

This yields that the function u(t, x ) satisfies the following Cauchy problem for the parabolic

partial differential equation ∂u ∂t + 1 2 d∑ i,j =1

a^{ij} (x)

∂^2u ∂x^i ∂x^j

+ r (x) d∑ i=1 x^i ∂u ∂x^i

− r (x)u = 0 , (2.10)

u(T, x) = f (x), (2.11)

where

a^{ij} (x) = x^i x^j d∑ l=1 σ^{il} (x)σ^{jl} (x), i, j = 1 , . . . , d.

The price U(t) = u(t, X (t)) coincides with the portfolio value of a trading strategy (Φ( t), Ψ( t)) =

(Φ( t), Ψ^1(t), . . . , Ψ^d(t)), where Φ and Ψ^i denote the portfolio positions in bond B (t) and

stocks X^i (s), respectively. Hence U(t) is given by

U(t) = Φ( t)B (t) + d∑ i=1 Ψ^i (t)X^i (t).

Self-financing property of the trading strategy implies

dU(t) = Φ( t)dB (t) + d∑ i=1 Ψ^i (t)dX^i (t). (2.12)

On the other hand,

dU(t) = ∂u ∂t dt + d∑ i=1 ∂u ∂x^i dX^i + 1 2 d∑ i,j =1

∂^2u ∂x^i ∂x^j dX^i dX^j . (2.13)

The equations (2.12) and (2.13) imply in view of (2.6) and (2.10) that

Φ( t) = φ (t, X (t)) = 1 B (t) [ u(t, X (t)) − d∑ i=1 ∂u ∂x^i

(t, X (t)) ·X^i (t) ] , (2.14)

Ψ^i (t) = ψ^i (t, X (t))) = ∂u ∂x^i

(t, X (t)),

with

φ (t, x ) = 1 B (t) [ u(t, x ) − d∑ i=1 ∂u ∂x^i

(t, x ) ·x^i ] , ψ^i (t, x )) = ∂u ∂x^i

(t, x ), i = 1 , . . . , d.

3 The pricing function u(t, x, μ )

Let us return to the system (1.1)–(1.2)

dB = r (X, μ )Bds, (3.1)

dX^i = X^i [ b^i (X, μ )ds + d∑ j =1

σ^{ij} (X, μ )dW^j (s) ] , 0 ≤ s ≤ T, i = 1 , . . . , d.(3.2)

In (3.1)–(3.2), W = ( W^1, . . . , W^d)^⊺ is a d-dimensional standard Wiener process and μ is a Markov chain with finite state space { μ_1, . . . , μ_m } on a probability space (Ω , F , P ). As usual,

the P -augmentation of the filtration generated by W (by μ) is denoted by F^W_t (by F^μ_t ). We

write F_t for the σ-field F^W_t ∪ F^μ_t . Let

Q = − q_1 q_{12} . . . q_{1m} q_{21} − q_2 . . . q_{2m} · · · · q_{m 1} q_{m 2} . . . − q_m

be the infinitesimal generator matrix of the chain μ with q_{kl} ≥ 0, k ≠ l, and ∑ l≠ k

q_{kl} = q_k . (3.3)

It is assumed that the functions r (x, μ_k ), x^i b^i (x, μ_k ), x^i σ^{ij} (x, μ_k ), i, j = 1 , . . . , d, k =

1, . . . , m, x ∈ R^d_+ := { x : x^1 > 0, . . . , x^d > 0}, have bounded derivatives with respect to x up to some order. In addition, we assume that the volatility matrix σ(x, μ_k ) = { σ^{ij} (x, μ_k )}

has full rank for any 0 ≤ s ≤ T, x ∈ R^d_+ , and μ_k , k = 1 , . . . , m.

Let X^{t,x,μ k} (s), μ^{t,μ k} (s), 0 ≤ t ≤ s ≤ T, be a trajectory of the Markov process (X, μ ), where μ^{t,μ k} (s) is the Markov chain starting from μ_k at the moment t, X^{t,x,μ k} (s) is the solution of

(3.2) starting from x at the moment t with μ = μ^{t,μ k} (s). We denote X (s) := X^{0,x,μ k} (s),

μ(s) := μ^{0,μ k} (s), 0 ≤ s ≤ T. Consider the problem of pricing and hedging a European

claim at a maturity time T, specified by a payoff function f which depends on X (T) and μ(T). Applying the martingale approach, we introduce the option’s price using a natural analogue of the formula (2.3). So, the price of the option appears here in a postulated way. This price as a function of t, x, μ plays the key role in construction of the replicating self-financing in mean strategy.

3.1 The equivalent martingale measure

Analogously to the classical Black-Scholes case, one can expect that the price of the contingent claim f (X (T), μ(T)) along the trajectory X (s), μ(s), 0 ≤ s ≤ T, is given by

U(t) = E^{P̃} [ B (t)B^{− 1}(T)f (X (T), μ(T)) | F_t ] , (3.4) B (s) = B (0)e^{∫s0 r (X (s ′),μ (s ′)) ds ′}, 0 ≤ s ≤ T.

In (3.4), F_t = F^W_t ∪ F^μ_t , P̃ is an equivalent probability measure under which the discounted stock price processes X̃^i (s) := B^{− 1}(s)X^i (s) are all martingales.

Let us verify directly that such a measure is defined by the density (in comparison with (2.4), we have ϑ instead of θ) dP̃ dP := Z (T), Z (s) := exp { − d∑ i=1 ( ∫_s 0 ϑ^i (s^′)dW^i (s^′) + 1 2 ∫_s 0 [ϑ^i (s^′)]^2ds^′ ) } , where the vector ϑ = ( ϑ^1, . . . , ϑ^d)^⊺ is equal to

ϑ = σ^{− 1}(b − r 1), 1 = (1 , . . . , 1)^⊺ , b = ( b^1, . . . , b^d)^⊺ , σ = { σ^{ij} },

and r , b, and σ are evaluated at (X (s^′), μ(s^′)).

Due to the Girsanov theorem (of course, we assume that the condition (2.5) with ϑ instead of

θ is fulfilled), the process W̃(s) = ( W̃^1(s), . . . , W̃^d(s)) with

W̃^j (s) = W^j (s) +

∫_s 0 ϑ^j (s^′)ds^′, j = 1 , . . . , d,

is an F_t -standard Wiener process. This yields

dX^i = X^i [b^i ds + d∑ j =1

σ^{ij} dW^j (s)] = X^i [ b^i ds − d∑ j =1

σ^{ij} ϑ^j (s)ds + d∑ j =1

σ^{ij} dW̃^j (s) ] , i.e.,

dX^i = X^i [ rds + d∑ j =1

σ^{ij} dW̃^j (s) ] , i = 1 , . . . , d. (3.5)

It follows easily from (3.5) that the processes X̃^i (s) := B^{− 1}(s)X^i (s) are P̃ -martingales.

Further, (3.4) can be written in the form

U(t) = E^{(3.5)} [ e^{− ∫Tt r (X (s),μ (s)) ds} f (X (T), μ(T)) | F_t ] , where the sign E^{(3.5)} means that the averaging is carried out with respect to μ^{t,μ k} (s) and

X^{t,x,μ k} (s), t ≤ s ≤ T, which is the solution of (3.5).

Because the process (X (t), μ(t)) is Markovian, the price U(t) can be represented as a

function u of the position (t, x, μ ) :

U(t) = u(t, X (t), μ(t)), 0 ≤ t ≤ T. (3.6)

Due to the Markov property,

u_k (t, x ) := u(t, x, μ_k ) = E^{(3.5)} [ e^{− ∫Tt r (X t,x,μ k (s),μ t,μ k (s)) ds} f (X^{t,x,μ k} (T), μ^{t,μ k} (T)) ] . (3.7)

3.2 The system of parabolic equations for u(t, x, μ_k)

The infinitesimal generator A of the Markov process (X, μ ) governed by the system (3.5) is

given by (see [1, 3, 7, 8, 15])

Af (x, μ_k ) = 1 2 d∑ i,j =1

a^{ij} (x, μ_k )

∂^2f ∂x^i ∂x^j

(x, μ_k ) + d∑ i=1 x^i r (x, μ_k ) ∂f ∂x^i

(x, μ_k ) (3.8)

− q_k f (x, μ_k ) + ∑ l≠ k

q_{kl} f (x, μ_l), k = 1 , . . . , m,

We note also that the discounted price

e^{− ∫t0 r (X 0,x,μ k (s),μ 0,μ k (s)) ds} u(t, X^{0,x,μ k} (t), μ^{0,μ k} (t)) = E^{(3.5)} [ e^{− ∫T0 r (X 0,x,μ k (s),μ 0,μ k (s)) ds} f (X^{0,x,μ k} (T), μ^{0,μ k} (T)) | F_t ]

is a P̃ -martingale.

It follows from (3.8) that for sufficiently good functions f_k (x) := f (x, μ_k ), k = 1 , . . . , m, (for

instance, for functions with bounded derivatives up to some order), the functions (3.7) satisfy

the following Cauchy problem for linear system of parabolic partial differential equations:

∂u_k ∂s (s, x ) + 1 2 d∑ i,j =1

a^{ij} (x, μ_k )

∂^2u_k ∂x^i ∂x^j

(s, x ) + d∑ i=1 x^i r (x, μ_k )

∂u_k ∂x^i

(s, x ) (3.9)

− ru_k (s, x ) − q_k u_k (s, x ) + ∑ l≠ k

q_{kl} u_l(s, x ) = 0 ,

u_k (T, x) = f (x, μ_k ), k = 1 , . . . , m. (3.10)

Because μ(s) is constant on any of the intervals [t, τ_1), (τ_1, τ_2), . . . , (τ_ν , T], the equation (3.9) implies: ∂u ∂s (s, x, μ (s)) + 1 2 d∑ i,j =1

a^{ij} (x, μ (s))

∂^2u ∂x^i ∂x^j

(s, x, μ (s)) + d∑ i=1 r (x, μ (s))x^i ∂u ∂x^i

(s, x, μ (s))

− ru (s, x, μ (s)) − q_{μ (s)} u(s, x, μ (s)) + ∑ l≠ μ (s)

q_{μ (s)l}u(s, x, l ) = 0 , (3.11)

s ∈ (t, τ_1) ∪ (τ_1, τ_2) ∪ . . . ∪ (τ_ν , T).

We show that using the price function u(s, x, μ ), one is able to construct the replicating wealth process.

Remark 3.1 . Suppose that an infinitesimal generator matrix Q^{(1)} is such that q^{(1)}_{kl} > 0 if and only if q_{kl} > 0. It is known ([13], P. 39) that the new law of the Markov chain is equivalent to the old one. Basing on the new law we can introduce the equivalent martingale measure P̃^{(1)} instead of the measure P̃ and repeat the previous construction. Clearly, we obtain the new pricing function u^{(1)} (t, x, μ_k ) which satisfies the system (3.9)–(3.10) with q^{(1)}_{kl} instead of q_{kl} . The questions concerning a choice of an equivalent martingale measure are not considered here. However, bearing in mind the problem of evaluating a fair insurance premium, the real world probability measure for μ given by Q seems to be suitable.

4 The wealth process, the generalized self-financing strategy, attainability

Let t < τ_1 < . . . < τ_ν < t̄, 0 ≤ t < t̄ ≤ T, be all the times between t and t̄ where μ(s) has

a jump. Using the Ito formula for u(s, X (s), μ(s)) on the intervals [τ_0, τ_1), (τ_1, τ_2), . . . , (τ_ν , τ_{ν+1} ],

τ_0 := t, τ_{ν+1} := t̄, we obtain

du = ∂u ∂s ds + d∑ i=1 r ∂u ∂x^i

X^i ds + 1 2 d∑ i,j =1

a^{ij}

∂^2u ∂x^i ∂x^j ds (4.1)

+ d∑ i=1 ∂u ∂x^i

X^i d∑ j =1

σ^{ij} dW̃^j (s), τ_i < s < τ_{i+1} , i = 0 , . . . , ν, ν = 0 , 1, . . .

On an interval [t, t̄ ], 0 ≤ t ≤ t̄ ≤ T, we get (see [15])

u(t̄, X (t̄), μ(t̄)) − u(t, X (t), μ(t)) (4.2) = ∫_{t̄} t ( ∂u ∂s + d∑ i=1 r ∂u ∂x^i

X^i + 1 2 d∑ i,j =1

a^{ij}

∂^2u ∂x^i ∂x^j ) ds +

∫_{t̄} t d∑ i=1 ∂u ∂x^i

X^i d∑ j =1

σ^{ij} dW̃^j (s)

+ ν∑ i=1 u(τ_i , X (τ_i ), μ(τ_i )) − u(τ_i , X (τ_i ), μ(τ_i − )),

with the preceding notation the sum

∑_0 i=1 := 0 .

In contrast to the classical case, the process

U(s) = u(s, X (s), μ(s)) (4.3)

here is discontinuous on [t, T ] because of discontinuity of the Markov chain μ (we note that the

asset prices X^i (s) remain continuous). The process U(s) is right-continuous with left limits

(RCLL process), i.e. it is càdlàg. The discontinuity moments of U(s) coincide with the jump

times τ_i of the Markov chain μ which are observable.

4.1 Impossibility of replicating self-financing strategy

Let us suppose for a while that U(s) is the value of a self-financing portfolio defined by

(Φ_s , Ψ_s ) = (Φ_s , Ψ^1_s , . . . , Ψ^d_s ) on the interval (τ_i , τ_{i+1} ), where Φ_s and Ψ^i_s denote the portfo-

lio positions in the bond B (s) and stocks X^i (s), respectively:

U(s) = Φ_s B (s) + d∑ i=1 Ψ^i_s X^i (s), τ_i < s < τ_{i+1} . (4.4)

The trading strategy (Φ_s , Ψ_s ) is self-financing on (τ_i , τ_{i+1} ) if

dU = Φ_s dB + d∑ i=1 Ψ^i_s dX^i

= Φ_s rBds + d∑ i=1 Ψ^i_s X^i [ rds + d∑ j =1

σ^{ij} dW̃^j (s) ] , τ_i < s < τ_{i+1} . (4.5)

Assuming that U(s) of the form (4.4) replicates the price u, we get from (4.3)

du = dU, τ_i < s < τ_{i+1} . (4.6)

Let μ(s) = μ_k under τ_i < s < τ_{i+1} . Comparing (4.1) and (4.5), we obtain

Ψ^i_s = ψ^i (s, X (s), μ(s)) = ∂u ∂x^i

(s, X (s), μ(s)) =

∂u_k ∂x^i

(s, X (s)), (4.7)

and ∂u_k ∂s + 1 2 d∑ i,j =1

a^{ij}

∂^2u_k ∂x^i ∂x^j

= Φ_s rB, τ_i < s < τ_{i+1} . (4.8)

From (4.6), (4.4), and (4.7) we get

Φ_s B (s) = u_k − d∑ i=1 Ψ^i_s X^i (s) = u_k − d∑ i=1 ∂u_k ∂x^i

X^i (s). (4.9)

Substituting this in (4.8), we obtain

∂u_k ∂s + 1 2 d∑ i,j =1

a^{ij}

∂^2u_k ∂x^i ∂x^j

− ru_k + d∑ i=1 r ∂u_k ∂x^i

X^i = 0 . (4.10)

However, (4.10) contradicts to (3.9). Hence the trading strategy of the form (4.4)–(4.5) is im-

possible and we should allow some contributions dD_s and consumption dC_s to the wealth

process.

4.2 The generalized self-financing strategy

We propose to construct the wealth process in the form (4.4) but with the generalized self-

financing strategy (see, e.g. [2]):

dU = Φ_s rBds + d∑ i=1 Ψ^i_s X^i [ rds + d∑ j =1

σ^{ij} dW̃^j (s) ] + dD_s − dC_s , (4.11)

μ(s) = μ_k , τ_i < s < τ_{i+1} ,

with contributions dD_s and consumptions dC_s .

Let us choose the following contributions and consumptions:

dD_s = q_k u_k (s, X (s))ds, dC_s = ∑ l≠ k

q_{kl} u_l(s, X (s))ds. (4.12)

The equality (4.11) is equivalent to

BdΦ_s + d∑ i=1 X^i dΨ^i_s + d∑ i=1 dX^i dΨ^i_s = q_k u_k ds − ∑ l≠ k

q_{kl} u_lds, τ_i < s < τ_{i+1} . (4.13)

Comparing (4.1) and (4.11), we obtain

Ψ^i_s =

∂u_k ∂x^i

(s, X (s)), τ_i < s < τ_{i+1} , (4.14)

and from (4.3) and (4.14)

Φ_s = 1 B (s) [ u_k (s, X (s)) − d∑ i=1 X^i (s)

∂u_k ∂x^i

(s, X (s)) ] , τ_i < s < τ_{i+1} . (4.15)

We pay attention that the formulas (4.14)–(4.15) coincide with (2.14). However, the strategy (4.14)–(4.15) is not self-financing in contrast to the classical case.

Now instead of (4.8) we get from (4.1) and (4.11)

∂u_k ∂s + 1 2 d∑ i,j =1

a^{ij}

∂^2u_k ∂x^i ∂x^j

= Φ_s rB + q_k u_k ds − ∑ l≠ k

q_{kl} u_lds

which is consistent with (3.9) if we take into account (4.4). The equality (4.13) for the strategy (4.14)–(4.15) can be checked directly.

4.3 Dynamics of the wealth replicating process

Let us describe the evolution of the wealth process and the additional funds on the interval

[t, T ]. The initial value U(t) of the wealth process is equal to the initial endowment u(t, x, μ (t)).

Due to (4.3), we have

U(s) = u(s, X (s), μ(s)), μ(s) = μ(t), t ≤ s < τ_1.

Besides, U(s) satisfies (4.3), (4.11) and the funds D_s , C_s are found as (see (4.12)):

D_s =

∫_s t q_{μ (t)} u(s^′, X (s^′), μ(t))ds^′,

C_s =

∫_s t ∑ l≠ μ (t)

q_{μ (t)l}u(s^′, X (s^′), l)ds^′, t ≤ s < τ_1. (4.16)

So, starting from the initial endowment, the portfolio value U(s) changes on [t, τ_1) through trading in the saving account B and in the underlying assets X^1, . . . , X^d according to (4.14)– (4.15) and due to the contributions dD_s and consumptions dC_s according to (4.16). Clearly,

U(τ_1− ) = u(τ_1− , X (τ_1), μ(t)). Let the chain μ jump at the moment τ_1 from the state μ(τ_1− ) = μ(t) to the state μ(τ_1). Then we set U(τ_1) = u(τ_1, X (τ_1), μ(τ_1)). If the differ-

ence

U(τ_1) − U(τ_1− ) = u(τ_1, X (τ_1), μ(τ_1)) − u(τ_1− , X (τ_1), μ(t))

is positive, we need the additional contribution at the moment τ_1 in order to have U(τ_1) for the wealth process U. And we get the consumption U(τ_1− ) − U(τ_1) if the difference

U(τ_1) − U(τ_1− ) is negative. On the intervals [τ_1, τ_2), . . . , [τ_ν , T] and at the jump moments τ_2, . . . , τ_ν the behavior of the wealth process is analogous.

In particular, we obtain

U(T) = u(T, X^{t,x,μ (t)} (T), μ^{t,μ (t)} (T)) = f (X^{t,x,μ (t)} (T), μ^{t,μ (t)} (T)).

This equality shows that any European contingent claim is attainable in the considered model. Such a property is usual for complete markets. However, it is not fulfilled for incomplete markets if one bears in mind self-financing strategies. Though the considered market is incomplete, we attain this property due to using the generalized self-financing strategy.

Remark 4.1 . The computational aspects of the considered model can be developed on the base of numerical integration of stochastic differential equations (see [6, 9, 11]) using special methods from computational finance, in particular, Monte Carlo methods [4]. A lot of works are devoted to numerics in finance. Let us mention [10] and [12] among them.

5 The generalized self-financing strategy is self-financing in mean

Introduce the value at time t of the s-price u :

v(s, X^{t,x,μ (t)} (s), μ^{t,μ (t)} (s)) := e^{− ∫st r (X t,x,μ ( t ) (s ′),μ t,μ ( t ) (s ′)) ds ′}u(s, X^{t,x,μ (t)} (s), μ^{t,μ (t)} (s)). (5.1)

The discounted additional funds F_1 during the time from t to T inside the intervals (τ_i , τ_{i+1} ),

i = 0 , . . . , ν with τ_0 := t and τ_ν + 1 := T, are equal to

F_1 =

∫_T t e^{− ∫st rds ′} [ q_{μ (s)} u(s, X (s), μ(s))ds − ∑ l≠ μ (s)

q_{μ (s)l}u(s, X (s), l) ] ds, (5.2)

and the discounted additional funds F_2 at the moments τ_i , i = 1 , . . . , ν, are equal to

F_2 = ν∑ i=1 e^{− ∫τ it rds ′}[u(τ_i , X (τ_i ), μ(τ_i )) − u(τ_i , X (τ_i ), μ(τ_i − ))]. (5.3)

Theorem 5.1 . The P̃ -mean of all the discounted additional funds on the interval [t, T ] is equal to zero .

Proof . Applying the Ito formula to the function v on the interval [t, T ] (see [3], [15]), we obtain

v(T, X (T), μ(T)) − v(t, X (t), μ(t)) = e^{− ∫Tt rds ′}u(T, X (T), μ(T)) − u(t, x, μ (t))

(5.4) = ∫_T t e^{− ∫st rds ′} [ − ru + ∂u ∂s + 1 2 d∑ i,j =1

a^{ij}

∂^2u ∂x^i ∂x^j + d∑ i=1 r ∂u ∂x^i

X^i ] ds

+ ∫_T t e^{− ∫st rds ′} d∑ i=1 ∂u ∂x^i

X^i d∑ j =1

σ^{ij} dW̃^j (s) + F_2.

Due to (3.11), we get from (5.4)

e^{− ∫Tt rds ′}f (X (T), μ(T)) − u(t, x, μ (t))

= F_1 + F_2 +

∫_T t e^{− ∫st rds ′} d∑ i=1 ∂u ∂x^i

X^i d∑ j =1

σ^{ij} dW̃^j (s). (5.5)

According to the definition of price u (see (3.7) the mean of the left-hand side of (5.5) is equal to zero, hence the P̃ -mean of the right-hand side is equal to E^{P̃} (F_1 + F_2) = 0 . Theorem 5.1 is proved.

Corollary 5.1 .By the same way it can be proved that the P̃ -mean of all the discounted additional funds on the any interval [t, t̄ ], t < t̄ ≤ T, is equal to zero .

6 A single jump case

As an example, let us consider the situation when there is only a single jump of the Markov chain on the interval [t, T ]. Such a situation can be modelled by the system (3.1)–(3.2) where the chain μ has absorbing states. For definiteness, consider the chain with two states μ_1 and

μ_2 where μ_2 is the absorbing state. The infinitesimal generator matrix of such chain is equal to Q = [ − q q 0 0 ] , q > 0.

Let τ > t be a (single) jump time of the chain μ^{t,μ 1} (s). If τ > T then during the time t ≤ s ≤ T the chain has no jumps, i.e., μ^{t,μ 1} (s) ≡ μ_1, t ≤ s ≤ T. The price u(t, x, μ_k ), k = 1 , 2, is given by (3.7) where the functions u_1(t, x ), u_2(t, x ) satisfy the system (see

(3.9)–(3.10)):

∂u_1 ∂s + 1 2 d∑ i,j =1

a^{ij}_1

∂^2u_1 ∂x^i ∂x^j + d∑ i=1 r_1x^i

∂u_1 ∂x^i

− r_1u_1 − qu_1 + qu_2 = 0 , (6.1)

u_1(t, x ) = f_1(x),

∂u_2 ∂s + 1 2 d∑ i,j =1

a^{ij}_2

∂^2u_2 ∂x^i ∂x^j + d∑ i=1 r_2x^i

∂u_2 ∂x^i

− r_2u_2 = 0 , u_2(t, x ) = f_2(x). (6.2)

This system can be solved sequentially starting from the second equation. We also note that in

this case, the generalized self-financing strategy on the interval [τ, T] reduces to self-financing

one.

If u_2(τ, x) ≫ u_1(τ, x) then there is a possibility of default.

Consider the particular case when r_1 = r_2 := r , a^{ij}_1 = a^{ij}_2 := a^{ij} , but

f_2(x) ≥ f_1(x). (6.3)

Subtracting (6.1) from (6.2), we obtain

∂(u_2 − u_1) ∂s + 1 2 d∑ i,j =1

a^{ij}

∂^2(u_2 − u_1) ∂x^i ∂x^j + d∑ i=1 rx^i

∂(u_2 − u_1) ∂x^i

(6.4)

− r (u_2 − u_1) − q(u_2 − u_1) = 0 , u_2 − u_1 = f_2 − f_1 ≥ 0.

It follows from (6.3) and (6.4) that

u_2(s, x ) − u_1(s, x ) ≥ 0, t ≤ s ≤ T. (6.5)

Therefore we have

F_1 =

∫_{τ∧ T} t e^{− ∫st rds ′}q[u_1(s, X (s)) − u_2(s, X (s))]ds ≤ 0.

Because the integrand here is negative, the value − e^−

∫_s t rds^′q[u

1(s, X (s)) − u_2(s, X (s))]ds

is positive. This value is the discounted consumption on [s, s + ds] and therefore − F_1 is the

summarized discounted consumption of the wealth process on the interval [t, τ ∧ T]. Further,

F_2 = { e^{− ∫τ}t^{rds ′}[u_2(τ, X(τ)) − u_1(τ, X(τ))], t < τ ≤ T, 0, τ > T,

is positive, hence F_2 is the necessary additional contribution to the wealth process. According

to Theorem 5.1 E^{P̃} F_2 = − E^{P̃} F_1. In the case of default, E^{P̃} F_2 ≫ 0 and therefore the

P̃ -mean of the discounted consumption is large as well. This can be done only at cost of

the sufficiently large endowment. This fact corresponds with our intuition: in the prevision of a

serious default the price of the option should be large.

7 Summary and outlook

The paper considers the problem of pricing and hedging a European-type contingent claim in an incomplete market with regime switching. First we show that a replicating self-financing strategies in this situation does not exist. Instead, for any contingent claim, we construct a generalized self-financing strategy. Such a strategy requires not only an initial endowment but also some additional funds (additional investments and consumptions) which have to be involved both at the jump moments of the Markov chain and continuously between the jump moments. However, these additional funds are risk-neutral, so that the generalized self-financing strategy is self-financing in mean. The construction is based on the general martingale approach and it is reduced to a system of linear parabolic differential equations which can be solved numerically by a Monte Carlo method. A payment for the considered option should consist of two parts: the initial endowment and a fair insurance premium in order to compensate for contributions and consumptions arising in future. So, both financial and insurance aspects appear together in the considered model. This paper restricts itself to constructing the generalized replicating strategy and to determining the necessary additional funds. The insurance premium aspect will be studied elsewhere.

References

[1] Dynkin E.B. Markov Processes. Springer, 1965.

[2] Elliott R.J., Kopp P.E. Mathematics of Financial Markets. Springer, 1999.

[3] Gichman I.I., Skorochod A.V. Stochastic Differential Equations and their Applications.

Naukova Dumka, Kiev, 1982.

[4] Glasserman P. Monte Carlo Methods in Financial Engineering. Springer, 2003.

[5] Karatzas I., Shreve S.E. Methods of Mathematical Finance. Springer, 1998.

[6] Kloeden P.E, Platen E. Numerical Solution of Stochastic Differential Equations. Springer, 1992.

[7] Milstein G.N. Interaction of Markov processes. Theory Prob. Appl., 17(1972), 36-45.

[8] Milstein G.N. On a probabilistic solution of linear systems of elliptic and parabolic equations. Theory Prob. Appl., 23(1978), 851-855.

[9] Milstein G.N. Numerical Integration of Stochastic Differential Equations. Kluwer Academic Publishers, 1995 (English translation from Russian 1988).

[10] Milstein G.N., Schoenmakers J.G.M. Numerical construction of hedging strategies against multi-asset European claims. Stochastics and Stochastics Reports, 73(2002), no. 1-2, 125-157.

[11] Milstein G.N., Tretyakov M.V. Stochastic Numerics for Mathematical Physics. Springer, 2004.

[12] Milstein G.N., Tretyakov M.V. Numerical analysis of Monte Carlo evaluation of Greeks by finite differences. J. of Computational Finance, 8(2005), no. 3, 1-33.

[13] Rogers L.C.G., Williams D. Diffusions, Markov Processes, and Martingales, v. 2, Ito Calculus. John Wiley & Sons, 1987.

[14] Shiryaev A.N. Essentials of Stochastic Finance: Facts, Models, Theory. World Scientific, 1999.

[15] Skorochod A.V. Asymptotic Methods of the Theory of Stochastic Differential Equations.

Naukova Dumka, Kiev, 1987.

Recent publications of the Weierstraß-Institut

1611: Dorothee Knees, Andreas Schröder: Computational aspects of quasi-static crack propagation.

1612: Alexander Mielke: Generalized Prandtl-Ishlinskii operators arising from homogenization and dimension reduction.

1613: Alexander Mielke, Riccarda Rossi, Giuseppe Savaré: Nonsmooth analysis of doubly nonlinear evolution equations.

1614: Antonis Papapantoleon, John G. M. Schoenmakers, David Skovmand: Efficient and accurate log-Levy approximations to Levy driven LIBOR models.

1615: Mark Lichtner, Vasile Tronciu, Andrei Vladimirov: Improvment of output beam quality in broad area lasers with off-axis feedback.

1616: Laetitia Paoli, Adrien Petrov: Global existence result for thermoviscoelastic problems with hysteresis.

1617: Alexander Mielke, Ulisse Stefanelli: Linearized plasticity is the evolutionary Γ -limit of finite plasticity.

1618: Matthias Wolfrum, Oleh Omel’chenko: Chimera states are chaotic transients. 1619: Giovanni Colombo, René Henrion, Nguyen D. Hoang, Boris S. Mordukhovich: Optimal control of the sweeping process.

1620: Wolfgang Dreyer, Maren Hantke, Gerald Warnecke: Exact solutions to the Riemann problem for compressible isothermal Euler equations for two phase flows with and without phase transition.

1621: Wolfgang Hackbusch, Volker John, Aram Khachatryan, Carina Suciu: A numerical method for the simulation of an aggregation-driven population balance system.

1622: Johannes Elschner, Guanghui Hu: An optimization method in inverse elastic scattering for one-dimensional grating profiles.

1623: Bernd Metzger: An effective medium approach to the asymptotics of the statistical moments of the parabolic Anderson model and Lifshitz tails.

1624: Simon S. Harris, Matthew I. Roberts: The many-to-few lemma and multiple spines. 1625: Matthew I. Roberts: A simple path to asymptotics for the frontier of a branching Brownian motion.

1626: Leif Döring, Matthew I. Roberts: Catalytic branching processes via spine techniques and renewal theory.

1627: Christian Köhler, Eduardo Cabrera-Granado, Ihar Babushkin, Luc Bergé, Joachim Herrmann, Stefan Skupin: Directionality of THz emission from photoinduced gas plasmas.

1628: Laetitia Paoli, Adrien Petrov: Thermodynamics of multiphase problems in viscoelasticity. 1629: Holger Stephan: A mathematical framework for general classical systems and time irreversibility as its consequence.

1630: Pierluigi Colli, Gianni Gilardi, Paolo Podio-Guidugli, Jürgen Sprekels: Distributed optimal control of a nonstandard system of phase field equations.

1631: Denis Belomestny, Vladimir Panov: Abelian theorems for stochastic volatility models with application to the estimation of jump activity of volatility.

1632: Sabine Jansen, Wolfgang König, Bernd Metzger: Large deviations for cluster size distributions in a continuous classical many-body system.

1633: Dorothee Knees, Riccarda Rossi, Chiara Zanini: A vanishing viscosity approach to a rateindependent damage model.

1634: Klaus Schneider, Alexander Grin: Andronov–Hopf bifurcation of higher codimensions in a Liènard System.

1635: Laetitia Paoli, Adrien Petrov: Existence result for a class of generalized standard materials with thermomechanical coupling.

1636: Matthias Liero, Thomas Roche: Rigorous derivation of a plate theory in linear elastoplasticity via Γ -convergence.

1637: Sebastian Heinz: Quasiconvexity equals rank-one convexity for isotropic sets of 2x2 matrices.

1639: Shalva Amiranashvili, Uwe Bandelow, Nail Akhmediev: Dispersion of nonlinear group velocity determines shortest envelope solitons.

1640: Andreas Rathsfeld: Shape derivatives for the scattering by biperiodic gratings. 1641: Robert I. A. Patterson, Wolfgang Wagner: A stochastic weighted particle method for coagulation-advection problems.

1642: Sabine Jansen: Fermionic and bosonic Laughlin state on thick cylinders. 1643: Alexander Mielke: Emergence of rate-independent dissipation from viscous systems with wiggly energies.

1644: Shalva Amiranashvili, Uwe Bandelow, Alexander Mielke: Calculation of ultrashort pulse propagation based on rational approximations for medium dispersion.