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Abstract

This paper deals with a three-dimensional mixture model describing materials undergoing phase
transition with thermal expansion. The problem is formulated within the framework of generalized
standard solids by the coupling of the momentum equilibrium equation and the flow rule with the
heat transfer equation. A global solution for this thermodynamically consistent problem is obtained
by using a fixed-point argument combined with global energy estimates.

1 Introduction

Shape-memory alloys (SMA) are employed nowadays in a large number of applications in different fields
like biomedical or structural engineering. The increasing interest in SMA materials is deeply simulating
the research on constitutive laws. Many models were developed during the last two decades, see for
instance [Fré90, SMZ98, MiT99, Paw00, HaG02, GMHO02, AuP04, GHHO7]. These models are able to
reproduce one or both of the well-known SMA behaviors; the pseudo-elasticity and the shape-memory
effect. These two peculiar behaviors allow to include SMA into the smart material category. It is well
known that the temperature plays a crucial role on the mechanical behavior of SMA allowing an austenite-
martensite phase transition (see [Bha03] and the references therein). From a mechanical viewpoint,
these phase transitions can give rise to stress-strain hysteresis loops. Consequently the temperature
should be taken into account in the modelization. Some three-dimensional models for SMA suppose
that the temperature is given a priori as a data (see [Mie07, MiP07]). This assumption is commonly
used in engineering if the characteristic dimension of the material is small in at least one direction.
Then the excessive or missing heat can be balanced through the environment. However many industrial
applications do not fit this dimension property and the description of the mechanical behavior has to be
coupled with the heat transfer equation.

Existence results have already been obtained for some of the previously mentioned models (see for
instance [C0S92, Paz05, Roul0, PaP11]). In this work, we are interested in a three-dimensional mod-
elization describing austenite-martensite phase transition by using phase fractions. This mixture model is
written in accordance with the formalism of generalized standard materials due to Halphen and Nguyen
(see [HaN75]) and it is composed of the momentum equilibrium equation (1.1a) and the flow rule (1.1b),
coupled with the heat-transfer equation (1.1c).

More precisely we denote by W (e(u), z, Vz, ) the Helmholtz free energy, depending on the infinites-
imal strain tensor e(u) = 1(Vu+Vu') € R3X3 for the displacement u : Q x (0,7) — R?, the
internal variable z :  x (0,7) — RN-1 where N is the total number of phases, i.e. the austen-
ite and all the variants of martensite, and the temperature  :  x (0,7) — R. Here Q C R3
denotes a reference configuration. We assume that 17 can be decomposed as W (e(u), z, Vz, 6) =
Wi(e(u), z, Vz) — Wy(6) + 6Wa(e(u), z). This decomposition ensures that entropy separates the
thermal and mechanical variables. Note that 0TV (e(u), z) allows for coupling effects between the tem-
perature and the internal variable. Under the assumptions of small deformations, the problem is formu-



lated as follows

— div(ca+Le(w)) = ¢, (1.1a)
OV (2) + Mz + oin 2 0, (1.1b)
c(0)0— div(k(e(u), z,0)V0)=Le(i):e(t)+00, Wa(e(u), 2)+ U (2)+M:z.2, (1.1c)

where we used the notations ain = D, W (e(u), 2, Vz,0) — divDy. W (e(u), z,Vz,0) and oy =
DO(U)W(e(u), z,Vz,0). Here L and M are two viscosity tensors, £ is the applied mechanical loading,
¢(0) is the heat capacity, r(e(u), z,6) is the conductivity and ¥ is the dissipation potential, which is
assumed to be positively homogeneous of degree 1, i.e., U(yz) = y¥(z) for all v > 0. As usual, (),
Di and O denote the time derivative %, the 7-th derivative with respect to z and the subdifferential in the
sense of convex analysis (for more details see [Bre73]), respectively. Moreover e1:e and z1.z9 denote

the inner product of e; and e in Rg’yﬁ?’ and z; and zg in RV,

We establish below a global existence result for such system by using fixed point argument. The paper
is organized as follows. In Section 2, we check the thermodynamic consistency of this model and we
present the mathematical formulation of the problem. Then we reformulate it by applying the enthalpy
transformation. In Section 3, we consider first the system composed by the momentum equilibrium equa-
tion and flow rule for a given temperature 6 and we obtain existence and regularity results. Therefore, we
prove, with a fixed point argument, a local existence result in Section 4. Finally a global energy estimate
is established in Section 5 leading to a global existence result for the system (1.1).

2 Mechanical model and mathematical formulation

We give here a rigorous justification of the thermodynamic consistency of the system (1.1). Let us define
the specific entropy s via the Gibb's relation s = —DgW (e(u), z, Vz,0) and the internal energy
Win(e(u), 2, Vz,0) = W(e(u), 2, Vz,6) 4 05 where we recall that 1/ is the Helmholtz free energy.
Then the entropy equation is given by 85 — div(k(e(u), z,0)V0) = & where § = Le(u):e(u) +
Mz.Z2 + W(2) > 0 is the dissipation rate. We can check that the second law of thermodynamics is
satisfied if # > 0. Indeed, we may divide the entropy equation by ¢, and, assuming that the system is
thermally isolated, we obtain

. [ div(k(e(u), z,0)VE) Le(d):e(u)+Mz.24+¥(2)
/Qsdx—/Q 7 d:n—l—/Q dx

0

[ k(e(u),2,0)VO-VO Le(u):e(t)+Mz.24+¥(2)
_/Q 02 dac—i—/Q 7

dz > 0.

Next we differentiate Win(e(u), z, Vz, ) with respect to time, and we integrate over (). By using the
entropy equation, we find

/VVm(e(u),z,Vz,H)dx:/Do(u)W(e(u),z,Vz,H):e(iL)d:U

Q Q

+/ DZW(e(u),z,Vz,H).z"dx—i—/DVZW(e(u),z,Vz,H)-Vz‘dw (2.1)
Q Q

+ / (div(k(e(u), z,0)VO)+Le(w):e(w)+Mz.24+V(2)) dx.
Q



We recalculate the left hand side of (2.1) by using (1.1a) and (1.1b). More precisely, we test (1.1a) with
u and (1.1b) with 2. Reminding that W is positively homogeneous of degree 1, we get

/De(u)W(e(u),z,Vz,Q):e(u)dw+/Le( dx—/ﬁudx (2.2)
Q

and

/DZW(e(u),z,Vz,H).z’dx—i—/DVZW(e(u),z,Vz,H)-Vz‘dw
Q Q

/MzzdaH—/Q\I!( )dz = 0.

Then we insert (2.2) and (2.3) into (2.1), and we obtain

(2.3)

/I/Vin(e(u),z,Vz,H)dx:/E-ﬂdw—i—/ k(e(u), z,0)VO-ndz,
) Q 09

which means that the total energy balance can be expressed in terms of the internal energy, as the sum
of power of external load and heat. Finally, we have s = DyWWy(6) — Wa(e(u), 2) and we may deduce
from the entropy equation that the heat-transfer equation (1.1c) holds with the heat capacity given by
c(8) = OD2Wy(6).

We will focus on the case where

Wi(e(u), 2, Vz) = 3E(e(u)—E(2)):(e(u)— E(2)) + 5|V2|* + Hi(2),
Wa(e(u),z) = atr(e(u)) + Ha(z).

Here o« > 0 is the isotropic thermal expansion coefficient, [E is the elastic tensor, H;, ¢ = 1,2, are
two hardening functionals, v > 0 is a coefficient that measures some non local interaction effect for the
internal variable z and F(z) is the effective transformation strain of the mixture given by

N—-1 N—-1
PEA S0l (1_ zk>EN (2.4)

k=1 k=1

where E¥ is the transformation strain of the phase k. In the systems described in [MiT99, Mie00, HaG02,
GMH02, MTL02, GHHO7], the temperature-dependent hardening functional H(z, ) is the sum of a
smooth part w(z,6) and the indicator function of the set [0, 1] ~1. Following the ideas proposed in
[MiP0O7], we will consider here a regularization given by

H%(2,0) £ w(z,0) +Z( =l G g < sl

and we define Hy and Hy in order that H;(z) + 6 Hy(z) is an affine approximation of H°(z, ). If
we define By € LRN L R3P) by Ey(z) = = Z]kv 11 2F(EF—EN), the system (1.1) is rewritten as
follows:

— div(E(e(u)—E(z))+abl+Le(w)) = (2.5a)
OV (%) + Mz — EJE(e(u)—E(2)) + D, H ( ) + 60D, Hy(2) — vAz 30, (2.5b)
¢(0)6— div(k(e(u), z,0)VO)=Le(w):e(0)+0(atr(e())+D, Hy(2).2)+ ¥ (2)+Mz.2,  (2.5¢)



where | is the identity matrix. We have naturally to prescribe initial and boundary conditions for the
displacement, the internal variables, and the temperature, namely
u(-,0) =u’, 2(-,0)=2° 6(-,0) =46, (2.6a)
U, =0, Vzu,, =0, £VOn,, =0, (2.6b)

where 7) denotes the outward normal to the boundary 052 of 2.

In order to get another formulation of this problem, we define the enthalpy transformation g(#) = ¢ =
foe c(s) ds. We will assume that ¢ is continuous and bounded from below by a positive constant c©.
Hence we deduce that g is a bijection from [0, co) into [0, c0) which allows us to define the mapping ¢
by () = g1 (¥9) if ¥ > 0 and ¢(9) = 0 otherwise where g~ is the inverse of g (see also [Rou09]

for more details on the enthalpy transformation). Let (e(u), z,9) = W. The system (2.5) is
transformed into the following form

— div(E(e(u)—E(2))+a((0)I+Le(n)) = ¢, (2.7a)
OU(2)+Mi—Ej E(e(u)—E(2))+D, H1(2)+((9)D, Ha(2)—vAz 5 0, (2.7b)
I— div(k°(e(u), z,0) VD) =Le(w):e(w)+C (9) (atr(e(w))+D. Ha(2).2)+ ¥ (2)+Mz.2, (2.7¢)

with initial and boundary conditions

u(70) = ’LLO, Z('70) = Zov 19(7 0) = 190 = 9(90)7 (2.8a)
=0, Vzu,, =0, sViny,, =0. (2.8b)

U o

The identity (2.7c) will be called the enthalpy equation. As usual Korn's inequality plays a role in the
mathematical analysis. We assume that {2 is a bounded domain such that 0f2 is of class C?*P. Hence
there exists C*°™ > 0 such that for all u € H}(£2), we have He(u)”iz(g > CK"mHuH%{l(Q) (see
[KoO88, DuL76]).

Let us introduce now the assumptions on the data.

(A1) The dissipation potential ¥ is positively homogeneous of degree 1, satisfies the triangle inequality,
and there exists C'Y > 0 such that for all Z,2; € RN-1 = 1,2, and all ¥ > 0, we have

U(yz) =4P(2), 0<U(z) <CYz|, U(z1+2) < U(z1)+ U(20). (2.9)

(A2) The hardening functionals H;, i = 1, 2, belong to Cz(RN_l; R) and that there exist cth e > 0
and C’gi > 0 such that for all z € RV~ we get

Hi(z) > Mz =21 and  |D?Hi(2)| < CH (2.10)
Then we may deduce that there exists C’ZHZ' > 0 such that for all z € RY~1 we have

ID.H;(z)| < CHi(14]2|) and |H;(2)| < CHi(1+]z]?). (2.11)

(A3) The elastic tensor E : 3 — £(R§yﬁ3, ngfn?’) is a symmetric positive definite operator such that

there exists ¢ > 0 such that for all e € L2(£; ngff) andforall 7,5,k = 1,2, 3, we have
C]EHeHig(Q) < / Ee:edz and E(.), %jk(') € L>(Q). (2.12)
Q



(A4) The tensors . and M are symmetric positive definite. This implies that there exist four constants
.l M CM > O suchthat foralle € R3X3 and z € RV~

sym

Flef? < Le:e < C%ef*> and M|z < Mz.z < CM |2 (2.13)

(A5) The heat capacity c is continuous from R™ to R™, the conductivity <€ is continuous from Rg’yfn?’ X

RN xRto ngfn?* and there exist 3; > 2 and ¢¢, ¢**, C*° > 0 such that for all § > 0, v € R3,
(e,2,9) € RSP x RV~ x R, we have

0<c < (14071 < ¢(8), (2.14a)

ke, z,Mvw > v and  |KS(e, 2,9)| < CF°. (2.14b)

(A6) The applied loading satisfies
(e HY(0,T;12(Q)). (2.15)

Our existence result for problem (2.5)-(2.6) is based on a fixed point argument. More precisely, for any
given 5 we define § = C(ﬁ) and we solve first the system composed by (2.5a)—(2.5b), then we solve
2.7¢) with k¢ & k°(e(u), z, C(1)). This allows us to define a mapping ¢ : ¥ — o, and we will prove
that this mapping satisfies the assumptions of Schauder’s fixed point theorem. Let us observe that, since
( is a Lipschitz continuous mapping from R to R, the mapping ¢ : 9+ Bis also Lipschitz continuous
from LI(0, T; 1P(£2)) to LI(0,T; LP(Q2)) forany p > 1 and ¢ > 1. Furthermore (2.14a) implies that
forall § € [1, 3] and ¥ € R, we have

@l

C)] < (2 max(0,9)+1)7 — 1 < (& max(0,9))7. (2.16)

Hence, for all 3 € [1,31] and for all ¥ € LI(0,T;LP(R)), we have § € LA9(0, T; L°P(2)) with

1~ 1
101lLs3(0,7;L85(0)) < (%) s HﬂHﬁq(O 7.Ls(q))- N the rest of the paper, we will assume that ¢ > 4 and

P = 2. When there is not any confusion, we will use simply the notation X (2) instead of X(£2; Y) where
X is a functional space and Y is a vector space.

3 Existence and regularity results for the system composed b y the mo-
mentum equilibrium equation and the flow rule

We focus in this section on existence, uniqueness and regularity results for the system (2.5a)—(2.5b) when

6 = ((¥) is given in a bounded subset of L(0,7; LP(£2)) with ¢ = 1g and p € [4, min(fp, 6)]
More precisely we look for a solution of the problem (P, ):
— div(E(e(u)—E(z))+abl+Le(w)) = £, (3.1a)
0¥ (2) + Mz — EJE(e(u)—E(2)) + D, Hi(2) + 6D, Ho(z) — vAz 2 0, (3.1b)

with initial and boundary conditions

0 0
u(-,0) =u’, 2(,0)=2", wup,, =0, Vzn,,=0. (3.2)
As a first step, we use classical results for Partial Differential Equations (PDE) and Ordinary Differential
Equations (ODE) to obtain an existence result. In the sequel, the notations for the constants introduced

in the proofs are valid only in the proof and we also use the set @, = Q x (0, 7) with 7 € [0, T].



Theorem 3.1 (Existence for (P,,;)) Assume that (2.9), (2.10), (2.12), (2.13) and (2.15), u® € H}(2)
and 20 € H(Q) hold. Then for a given 6 € L4(0, T; LP(£2)), the problem (3.1)—(3.2) admits a solution
(u,2) € HY(0, T; H(Q) x L2(Q)) N L*°(0, T; H{(Q) x HY(Q)).

Proof. We recall that for all f € L2(0,7; (H§(£2))’) and for all u* € H(2) the problem

— div(Ee(u)+Le(w)) = f, u(-,0) =u* € H{(Q), =0

Ulaq
admits a unique solution u = L(u*, f) € HY(0,T;H(Q)) N CO([0,T); H(R)). Moreover for all
(f1, fa,u*) € (L2(0,T; (HA(2))'))? x H{(Q), we have L(u*, fi+f2) = L(u*, f1) + L(0, f2) and
L£(0,-) : f — wis alinear and continuous mapping from L2(0, 7'; (H{ (€2)’)) into H' (0, T; H{(2)) N
CO([0, T); HA(£2)). Then (3.1) can be rewritten as follows

OV (2) + Mz + EJEE(2) + D Hy(2) + 0D, Ha(2) — vAz + g1(0) + g2(2) 20,  (3.3)
with initial and boundary conditions

2(+,0) = 2% € HY(), Vzn,, = 0. (3.4)

Here we denoted g1 () £ —EJ Ee(L(u°, (+ div(adI-EEN))cH (0, T; L*(Q)) and
go : L2(0,T;L2(Q)) — HL(0, T; L2()),
2+ EJ Ee(Lo(div(EEy(2)))).
Letp(z) = ng”i?(m if 2 € H'(Q) and ¢(2) £ o0 otherwise. Observe that  is a proper, convex
lower semicontinuous function on L2(Q), which implies that Oy is a maximal monotone operator on
L2(02) (see [Bre73]). The resolvant of the subdifferential Oy is defined by J, = (I4+€d¢) ! where ¢ >
0. We also define ¢ (z) = 1rninz€L2(Q){2—1(E Hz—2||i2m)—|—gp(2)} for all z € L2(Q). Itis a convex and
Fréchet differentiable mapping from L2(Q) to R. Furthermore the Yosida approximation of 0y coincide
w1

with the Fréchet differential of ¢, i.e. dp = 2(I—J.) and it is 1-Lipschitz continuous on L2(£2) (see

€

[Bre73]). We approximate the problem (3.3)—(3.4) by
OV (%) + Mz + Y(0e, 2¢) 20, z(-,0) = 2°. (3.5)

Here Y (0., z¢) e 0pe(ze) + EOTIEE(zE) +D.Hi(2ze) + 91(0c) + 92(Teze) + 0D, Hao( Te 2 ), where
0. € C(0, T)®C(£2) and OV (%, ) is taken in the sense of the L.2(2)-extension of the subdifferential
of the convex function W. Observing that 0¥ -+ M is a strongly monotone operator on L2(Q), we rewrite
(3.5) as

fe = (OU4HM) (=T (b, 2.)). (3.6)

We solve this differential equation in LQ(Q) by using the Picard'’s iteration technique. More precisely, we
prove that the mapping A, defined on C°([0, 77]; L2(£2)) by

Ae(z):tn—>z0+/0 (OULM) " (=T (0,(-, 5), 2(-, 5))) ds

admits a unique fixed point 2., which is the unique solution z. € C'([0,T7]; L%(£2)) of (3.6) satisfying
ze(+,0) = 20 (the verification is left to the reader).

We choose now a sequence (6).>o such that 6. converges strongly to 6 in L4(0,7"; LP(2)). Define
def

wﬁ('v t):ge(ta L7EZE('7 t))—@gpe(ze(-, t))_Ea—EE(ZE('v t))_DzHl(ZE('v t)) with ge(ta L7EZE('> t)) =



—(91(0c (-, 1))+ 92(Teze (-, 1) +0c (-, t)D, Ho(Teze(+, 1)) for all t € [0, T]. We notice that for all ¢ €
[0, T, we have
wﬁ('> t) + 8906(26('7 t)) + ES—EE(ZE(v t)) + DZHI(ZE('> t)) = ge(tv t7EZ€('7 t))» (3.79)
() = (OU+M) ! ((we(-, 1))). (3.7b)
Our goal is to pass to the limit in (3.7) as € tends to 0. As the first step, we may reproduce the same kind
of a priori estimates as in the proof of [PaP11, Thm 4.1], we find that z. is bounded in H! (0,T; LQ(Q)) N
L>®(0,T;L%(9)), J.zc is bounded in L>°(0,T; H*(Q)), w. is bounded in L2(0,T;L?(Q)) and
O (2e) is bounded in L2(0, T; L2(2)), independently of ¢ > 0. Hence, we may extract subsequences,
still denoted z,, Jeze, we and 0@ (z¢) such that
ze — z in HY(0,T;L2(Q)) weak and in L°(0,T;L2(Q)) weak *,
Jeze — Z in L0, T; HY(Q)) weak *,
we = w, Opc(ze) — v in L20,T;L*(Q)) weak.

Moreover, reminding that 7, is a contraction on LQ(Q), it is possible to extract another subsequence,
still denoted by z,, such that

Jeze — z in CU[0,T);LYQ)) and  z. — z in CO([0,T]; L*(2)).

Since the mapping £(0, -) is linear and continuous, the mappings g; and go are also continuous from
L2(0,T; L*(Q)) into H' (0, T; L2(2)), D, H;, i = 1,2, are Lipschitz continuous, it follows that

91(06)+92(Teze) +0D. Ha(Teze) — g1(0)+92(2)+0D. Ha(2) in L*(0,T;L*(5)),
D.Hy(z)+ EJEE(z) — D, Hy(2) + EJEE(z) in C°([0,T];L?(Q)),
which allows us to pass to the limit in all the terms of (3.7a), we get
w+ v+ EEE(2) + D.Hy(2) = —(91(0)+g2(2)+0D. Ha(2)). 3.8)

The second step consists in proving that v(-, t) € dp(z(+,t)) and w(-,t) —Mz(-, t) € O (2(-,t)) for
almost every ¢t € [0, T"] which is obtained by using the lower semicontinuity of ¢ and [Bre73, Prop. 2.5].
This allows us to deduce that z is a solution of (3.3)—(3.4). O

In order to obtain more regularity properties for 4 and z, we will use maximal regularity results for
parabolic systems. Let A : H'(Q) — (H'(2))’ be the linear continuous mapping defined as fol-
lows (Au, v) 51 )y, 1 (©) = Jo M 1Vu: Vo dz for all (u,v) € (H(2))?. Classical results about
elliptic operators implies that A generates an analytic semigroup on LZ(Q), which extends to a CP-
semigroup of contractions on L (§2). We denote by A, the realization of its generator in L”(£2) and by
X,»(Q) Z (LP(Q), D(Ap))l_%% N(LP/2(Q), D(Ag))l—;q where D(.A, ) is the domain of A, with

r = g,p (see [HIR08, PrS01]). Then we observe that (3.1b) can be rewritten as follows
5 — M Az = MY ((EJE(e(u)—E(2)))—D, Hy (2)—0D, Hy(2) ) (3.9)

with 1) = w — M and (2.9) implies that [[¢)(-, £) |5 () < C" for almost every ¢ € [0, 7). Since z €
L>°(0, T; HY(€2)), we may infer with (2.11) that D, H;(z) € L>°(0,T;LP(Q)) for i = 1,2. It follows
that the right hand side in (3.9) belongs to L9(0, T'; L%(£2)). We conclude from the maximal regularity
result for parabolic systems that z € L%(0, T; H2(Q)) N C°([0, T); HY()) and 2 € LI(0, T;L2(£2))
since 20 € X, ,(Q) (see [Dor93, HIR08, Prso1]).

Next we can prove that (P, ) admits a unique solution.



Proposition 3.2 (Uniqueness for  (P,)) Assume that (2.9), (2.10), (2.12), (2.13) and (2.15), ud €
H{(2) and 2° € X,,(9) hold. Then for any given § € L9(0,T;LP(f2)), the problem (3.1)—(3.2)
admits a unique solution.

Proof. Let 6 be given in LI(0,7; LP(£2)) and denote by (u;, 2;), i = 1,2, two solutions of (P, ). Let
CHv > 0 and define hy(z) £ Hi(z) — CH1|z|? forall z € RV~ and

() =5 /QE((e(m)—E(zl)) — (e(u2)=E(22))):((e(u1)—E(21)) —(e(u2) — E(z2))) d
-5 /Q A(z1—2).(z1—22) da + CH /Q|z1—22|2d:£ vVt € [0,T].
By using (2.12) and Korn’s inequality, we infer that there exists C&, > 0 such that

A(t) 2 Oy (lua (s ) =n (- DI ey + 121 (-, )22, 8) 21 ) for all £ € [0,T). (3.10)

We can obtain an estimate of 4/(t) by using ; — @3—; as a test-function in (3.1a) and the definition of the
subdifferential OW(-) to rewrite(3.1b) as a variational inequality associated with the test-function Z3_;.
Then adding these expressions, we find

/Q(E(e(ui)—E(zi))—i-ozHI—HLe(ui)):(e(ui)—e(ug_i))dx
—|—A(MZZ—EJE(G(UZ)—E(ZZ))—i—DzHl(Zz)—i-@DZHQ(ZZ))(ZZ—Zg_Z)de' (3.11)
+u /Q Azi(3i—25 ) da < /Q (0-(li—tig— )+ (33— W (3,)) da
for s = 1, 2. We add these two inequalities and we get
w)+CM/Q|zl—zg|2dx+CL/Q|e(u1)—e(u2)|2dx
S —/(Dzhl(zl)—Dzhl(ZQ)).(é’l—2"2)dx—/Q(DZHQ(Zl)—DZHQ(ZQ)).(Zl—2"2)dx
Q Q

for almost every ¢ € [0, T]. Then (2.10), (2.13) and the continuous embedding H!(2) — L*(2) imply
that there exists C' > 0 depending on M, C’Hl,C’gl and ng such that

A(t) < C(1+||9(-,t)\|i4(9))||z1(-,t)—z2(-,t)\|12_11(9) for almost every ¢t € [0, 7. (3.12)

We insert (3.10) into (3.12) and we conclude with Grénwall’'s lemma. O

Lemma 3.3 Assume that (2.9), (2.10), (2.12), (2.13), (2.15), v’ € H}(), 20 € X, ,(£2) hold. Then
the mapping ¥ — (u,2) is continuous from L9(0, T; LP(2)) into H(0, T; H{(Q) x L*(Q)) N
L°°(0,T; Hy(2) x HY(£2)) and maps any bounded subset of L7(0, T'; LP(€2)) into a bounded subset
of H1(0, T; HY () x L3(Q)).

Proof. Reminding that ¢ : ¥ — 0 is continuous from LI(0, T; LP(£2)) to L9(0, T; LP(£2)), we need
to prove that the mapping 6 — (u, 2) is continuous from L7(0, T; LP(2)) to LI(0,T;LP(Q)). We
Q

)
consider ¥; € LI(0,T;LP(Q)) and for i = 1,2, we define §; = ((¥;) € L(0,T;LP()) and



(u4, ;) the solution of the problem (3.1)—(3.2) with § = 6;. Therefore we reproduce the same kind of
computations as in the proof of Proposition 3.2, we find by using (2.11) and (2.13) that

() + MIE 2y + Flle@)Faq) < — /Q aftr(e () da

—/(HlDzHQ(21)—92DZH2(22)).2"dl‘—/(Dzhl(zl)—Dzhl(ZQ)).é’dw
Q Q

where @ = Ui —us, 2 = z1—2z9 and 0= 01 —05. The first and the third terms on the right hand side
are estimated by using Cauchy-Schwarz’s inequality, while the second term is estimated by employing
the decomposition 91DZH2(Z1)—92DZH2(22)).Z; = (H_DZHQ(Zl) + HQ(DZHQ(Zl)—DZHQ(ZQ))).z
combined with Young's inequality. Then using (3.10) and the continuous embeddings H2(Q) — L>®(Q)
and H'(Q2) — L*(9), we deduce that there exists a generic constant C' > 0 depending only on the
data such that

F() + 1Z1E2 () + le(@f2q) < C ({21l o)) 1012(0)+C (1411621 ()) (1)

for almost every t € [0, T'], which allows us to conclude by using once again Grénwall’'s lemma. ]

We establish now some further regularity properties for the solutions of the system (P,,.). Let us define
VP(Q) = {ue L R3) : Vu € LP(Q;R3*3)} endowed with the norm llullvr @) . lullr2) +
[Vullgr (o) and VE(Q) = {u € VP(Q;R3) Ujy, = 0}.

Lemma 3.4 Assume that (2.9), (2.10), (2.12), (2.13), (2.15), u’ € V5(Q), 20 € X,,(2) hold. Then
e(u) belongs to W14(0, T; LP(£2)) and 6 + e(u) maps any bounded subset of L(0, T; LP(2)) into
a bounded subset of Wh4(0, T'; LP(€2)).

Proof. The key-point consists in interpreting (3.1a) as an ODE for w in an appropriate Banach space.
def

More precisely, let 77(Q) = L2(Q;R3)xLP(Q; R3<%) be endowed with the norm ||| o) =
le1lliz) + llp2llie @) with ¢ = (p1,2). Since LL is a symmetric, positive definite tensor then
classical results about PDE in Banach spaces give that for all ¢ = (¢1,p2) € FP(), there exists a

unique u € VH(Q), denoted by u = A, (¢p), satisfying

/QILe(u):e(v)dx:/Qcpl-fudw—k/ﬂcpg:e(v)dw

for all v € D(Q). Furthermore A, is linear continuous from F7(§2) to V§ () (see [Valgg]). It comes
that (3.1a) can be rewritten as

U= Ap(¢,EE(2)—abl)—A,(0,Ee(u)). (3.13)

Then using (2.12), (2.15) and the continuous embedding H' (2) — LP(Q), we infer that (¢, EE(z) —
af1) belongs to LI(0, T'; FP(£2)) and (3.13) is an ODE for u in V}(£2). Hence classical results about
ODE in Banach spaces and Lemma 3.3 allow us to conclude. O

Finally, by using (3.9), the regularity results for (u, z) previously obtained and the maximal regularity
results for parabolic systems (see [Dor93, HiR08, PrS01]), we can easily deduce the Lemma 3.5. The
reader is referred to [PaP11] for technical details.



Lemma 3.5 Assume that (2.9), (2.10), (2.12), (2.13), (2.15), u® € VE(Q), 2 € X, () hold. Then
(2, Az)e(LY2(0, T;LP(2))NLI(0, T; LP/2(Q)))? and 2€CO([0, T], X, (2)) NLI(0, T; H2(Q)).
Moreover 6 — (%, Az, z) maps any bounded subset of L%(0,7"; LP(£2)) into a bounded subset of
(L9/2(0, T3 1P (@) NLA(0, T5 LP/2(02)))* x (CO((0, T]; X p () N LA(0, T3 H(Q))).

4 Local existence result

We establish here a local existence result for (2.7)—-(2.8) by using a fixed-point argument. To this aim,
for any given ¢ € L7(0,T;LP(2)), we consider the solutions of (P,.) with § = ((«}) and we define

R = ke(e(u), 2,0) and f¥ = Le(w):e(i) + O(atr(e(w)) + D, Ha(2).2) + W(2) + Mz.2. We
already know from Section 3 that f¥ € Lq/4(O,T; Lp/z(Q)). Since p > 4 and ¢ > 8, we infer that

fg € L2(0,T;L2(Q)). We assume that ¥° € L2(2) and (2.14) hold. By using [Lio68] we infer that
there exists a unique ¥ € C°([0,7]; L?(Q)) N L2(0,T; H'(2)) with ¥ € L2(0,T; (H*(2)") such
that _

9 — div(R°VY) = £, 9(-,0) =%, EVIq,, =0. (4.1)

Moreover, for all 7 € [0, T], we have

19(T)1E2 0 + 2CKCA IVI@) 120y dt < e (10122 (@) HIf IR 0 rr2())- 42

Proposition 4.1 The mapping ¢ : ¥ — 1 is continuous from LI(0, T; L?(£2)) to L7(0, T; LP(2)).

Proof. The proof is obtained by the same techniques detailed in [PaP11, Prop. 6.1]. Since it is quite a
routine to adapt this proof to our case, the verification is left to the reader. O

It remains to prove that the mapping ¢ fulfills the other assumptions of the Schauder’s fixed point theorem.
To do so, we define the following functional space

Wr 2 {9 € L2(0, 7 H () N LX(0, 75 LA(2) « 4§ € L2(0, 75 (H'(2))}

endowed with the norm ||19HWT = H’L9||L2(O,T;H1(Q)) + H'l9||Loo(077-;L2(Q)2 -+ H’L9H1:42(0,7’;(H1(Q)’) for all
¥ € W, with 7 € (0, T]. We know that W; is compactly embedded in L(0, 7; LP(2)) (see [Sim87]).
From the previous results, we may infer that ¢ maps any bounded subset of LI(0, T'; LP(2)) into a
bounded subset of Wy More precisely, for any RV > 0 and for any ¥ such that 19| Laco,msre) < RY,
we have

. def 1 Blﬁjp
IS Iao,1i1r ) = [10llLeo, im0 Q)) < R’ = (%Rﬁ)ﬁl Q| Free

and there exists a constant C' = C([[u’[lys(q), 12°(x,., @), 1?°lL2(), Ilcoo.m1:12(0))» R?), de-
pending only on [[u°[|lvs(a). 12°[lx,,@): 19°llL2 (@) [€llcoo,r1:2 () and R? such that

o) lwr = 191wy < CU vay, 1200x, @) 1902 (), 1llcoqo 12 BY)-

Now let 0 < 7 < T'. For any J e L9(0,7;LP(€2)), we define 5% € LI(0, T;LP(Q)) by Ve = 0
on [0, 7] and Ve = 0 on (7, 7] and ¢, (V) as the restriction of ¢(Jext) to [0, 7]. From Proposition 4.1,
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it is clear that ¢ is continuous from L7(0, 75 LP(Q2)) to LI(0, 7; LP(£2)). Furthermore, reminding that
= 2 and observing that ||19ext\|Lq 0,755(Q) = 19lLao,r15(0)), we get

~ 1 ~ 1 ~

|- (D)lLao,r17Q) < TTd(Fex) oo 0,i15(0)) < T @ (Vext) W
1

< 7aC(|Ju0lve@), 12°lx, ) 19° L2 (@)s 1€llco o 2@, BY)-

It follows that, for any R” > 0, there exists 7 € (0, T such that ¢, maps BL@(OJ-;LE(Q))(O, RY) into
itself. Moreover, for any 9 € Bri(o,r15(2)) (0, RY), ¢(Uex) belongs to a bounded subset of W, thus
the image of BL(T(Oﬂ—;Lﬁ(Q))(O,Rﬁ) by ¢, is included into a bounded subset of WV, and is relatively
compact in L(0, 7; LP(€2)) ([Sim87]). Consequently, we may apply Schauder’s fixed point theorem to
¢, and we conclude that the problem (2.7)—(2.8) possesses a local solution (u, z, %) defined on [0, 7]
such thatu € Wh4(0,7; VB (1)), z € L>°(0, 7, HL(Q)) N H(0, 75 L2(22)) N C([0, 7); X4, (2)) N
L9(0,7; H2(Q)), 2, Az € L4/2(0,7; LP(Q)) N L4(0, 75 LP/2(Q)) and ¥ € W,

In order to go back to problem (2.5)—(2.6), we observe that the mappings g and { are two C'-diffeo-
morphism from (0, +o0) into (0, +00) and any solution of (2.7)-(2.8) gives a solution of (2.5)—(2.6) as
soon as the enthalpy remains positive. So we assume in the sequel that there exists 9 > 0 such that

9°(z) >9 >0 (4.3)

for almost every x € . The local solution for the problem (2.5)—(2.6) is obtained by using the Stampac-
chia’s truncation method.

Theorem 4.2 (Local existence result)  Assume that (2.9), (2.10), (2.12), (2.13), (2.14) and (2.15) hold.
Then, for any initial data u’ € V5(2), 2 € X, ,(2) and 9° € L?(Q) satisfying (4.3), there exists
7 € (0,7 such that the problem (2.5)—(2.6) admits a solution on [0, 7].

H.
(Cz ) . 2 e
Proof. Let p(t) = de CC o O+ (oo ) ds forallt € [0, 7] where C' = (30‘) +(C ° Let
G € CH(R) be s strictly increasing on (0, 0o) such that there exists C% >0 such that |G’ (o )| <c¢
forallc € Rand G(¢) = 0forall ¢ < 0. Then we define H (o) £ = [y G(s)dsforallo € R and

= = [q H(—Y+¢p)dz. Clearly h(0) = 0. Since ¥ € W» and € HI(O,T,R), we infer that & is
absolutely continuous and it follows from (2.11), (2.13), (2.14) and Cauchy-Schwarz’s inequality that

t) g/G(—ﬁw)(ye\?(cju@f#yz\?)m)dx
Q

for almost every t € [0,7]. But § = ((¥9) and, since 3; > 2, we infer from (2.16) that |0|> <
61 2 max(0, ). Observing that G(—1¥+¢) = 0 whenever — + ¢ < 0, we get

/G —94¢) (¢ (C+ \ ?)+¢)dz <0

for almost every ¢ € [0, 7]. We deduce that h(t) < h(0) = 0 for all ¢ € [0,7] and it follows that
—1U + ¢ < 0 for aimost every (x,t) € © x (0, 7) which proves the theorem. O
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5 Global existence result

We establish some a priori estimates for the solutions of the problem (2.7)—(2.8) which are relied on an
energy balance combined with Gronwall's lemma. Then by using a contradiction argument together with
the results obtained in the previous sections, the global existence result is obtained.

Proposition 5.1 Assume that (2.9), (2.10), (2.12), (2.13), (2.14) and (2.15) hold. Assume moreover
that u® € VE(Q), 20 € X,,(Q) and ¥° € L%(2) such that (4.3) is satisfied. Then, there exists

a constant C' > 0, depending only on Hu0||H1(Q), Hz0||H1(Q), H190HL1(Q) and the data such that for
any solution (u, z,1)) of problem (2.7)—(2.8) defined on [0, 7], 7 € (0, T, we have Hu(‘,?)H%{l(Q) +

Hz(-,?)”%{l(m + |19, )HL1 ) < Corall 7 € [0, 7].

Proof. We test (2.5a) with 1, (2.5b) with 2 and (2.5c) with the test-function equal to 1. Then we add these
equalities and we integrate over [0, 7], with 7 € (0, 7]. We get

%/QE(e(u(-f))—E( (7)) (e(ul ) =E(=(, 7)) dz + 5lIVa(, 7) 2 q)

—|—/H1(z d:L'—|—/19 7)dx = Cy + C-udzdt

Q Qx

with Co 2 § [ B(e(u®)— B(=°)): (e(u®)~ B(=°)) da-+§[[ V2|2, 0 + foy H1(2°) d + [0l g,
We estimate from below the first term of the left hand side and we integrate by parts the last term of the

right hand side: there exist two generic constants C7,Cy > 0 depending only on ¢®, IE[| 100 (), ¥
crom et GHy || Eo|| and || EV]| such that

Sl DI 0y + CollzC ) )+ /19 )da < Co+|[€llco o720 14" lL2(0)

+ Co + gz MGaqo iz + 3 10E2 0 i) + %/0 el @

This allows us to conclude by using Gronwall’s lemma since ¥} > 0 almost everywhere on Q. ([l

Let us assume now that ; > 4 and let (u, z,%9) be a solution of problem (2.7)—(2.8) defined on
_ 1 B1—4 ~ 1

[0,7] C (0,7]. we have [|0 = ((9)|lLa(o,rLa)) < RY = Ta|Q| (%C) f1. By using Lem-

mas 3.4, 3.5 and estimate (4.2), we infer that there exists a constant Rgo, depending only on C,

[0 llvr (), 12°1x, @) 19°llL2(0) and [[€]lcoo,r1:12()). but independent of 7, such that [|¢) =

(bT('lg)”Loo(O’T;LQ(Q)) < R Then we can check that there exists 7p > 0, independent of 7, such

that problem (2.7)—(2.8) admits a solution on the extended time-interval [0, min (7, 7'—1—7'0)] Indeed,

let us assume that 7 € (0,7") (otherwise there is noting to prove) and define RV = T3 R’9 + 1,
~ _ _ _ _ 1 ~ _ ~ e
RY = (R")A-T(RY,)7)7 > 0. Forany ¥ € BLq(T,TJr;;Lz(Q))(O,Rﬁ), we define Jeg by Jex = 0
on [0, 7], Jext £ U on (7, 747 and Jex 2 0 on (7+7, T). Clearly, we have

‘|5ext||€§(07T;L2 ||Q9HLq 0 TL2( + HﬁHLq(T T+T; L2(Q)) (Rﬂ ) (éﬂ)(j S (Rﬂ)(j’

and the mapping 0 Ve is a contraction on LI(7, 7+7; L?(12)). Let 0 = ((Jex). By definition of
¢, we have § = ((¥) = A on [0,7], 8 = C(J) on (7,7+7] and 6 = ¢(0) = 0 on (747, T]. Hence
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6 € LI(0, T;L*(Q)) and

T+

1800y < B+ [ 1@t < (R,

T

~ _ a B2~ 1
with R = ((R‘g)q—l—(%) Ar|Q| 490 Y(R?)7) 4. By definition of ¢, we getimmediately that the restriction
of ¢(Pext) on [0, 7] coincide with ¢~ (1)) = ) and we define ¢=(1}) as the restriction of ¢(Jey) to

[7, 7+7]. Furthermore, with the estimates of Section 4, we have ¢(Jex) € L°(0,T; L2(£2)) and

[p(Fex) lLoe 01252y < C (1l lvoey: 12°01x, , @) 19° N2y, €l coqo.mzzy)s BY).-

1

Let 7o > 0 be such that 7 C([|u®|lvr (), [12°[1x,., @) [P°llL2 ) Il coo,r12(0))s RY) < R”.
Then ¢= maps BLq(T,TJr;;Lz(Q))(O, ﬁﬁ) into itself for all 7 € (0, min(7y, T—7)|. By using the same
arguments as in section 4, we can check that 5; satisfies the other assumptions of Schauder’s fixed point
theorem. Hence gz~5; admits a fixed point Jin BLq(T,TJr;;Lz(Q))(O, Eﬁ). But, by construction of <;~S;, the
restriction of ¢(UJey) to [0, 7++7] is also a fixed point of ¢r17 N Bra(o r4712(0)) (0, RY). By choosing
7 = min(7p, T—7), we get a solution (2.7)—(2.8) on [0, min(7+70, T')]. Since Ty does not depend on
T, we may reproduce this argument to obtain finally a global solution of (2.7)—(2.8) on [0, T']. Therefore
we conclude with the following theorem:

Theorem 5.2 (Global existence result)  Assume that (2.9), (2.10), (2.12), (2.13), (2.14) and (2.15) hold.
Assume moreover that 31 > 4, u® € VB(Q), 2% € X, ,(2), ¥° € L3() such that (4.3) is satisfied.
Then the problem (2.7)—(2.8) admits a global solution (u, z, 1) such that u € W4(0, T; VE(Q)), z €
L0, T; HY(Q) N X, ,(2)) NHY(0,T;L2(Q)), 2, Az € LY/2(0,T;LP(Q)) N LI(0, T; LP/%(Q))
and 9 € Wrp. Moreover ¥ remains strictly positive and (u, z,0 = ((¢)) is a solution of problem (2.5)—
(2.6)on [0, 7.
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