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Abstract

The present work is dedicated to the study of numerical schemes for a viscoelastic
bar vibrating longitudinally and having its motion limited by rigid obstacles at the both
ends. Finite elements and finite difference schemes are presented and their convergence
is proved. Finally, some numerical examples are reported and analyzed.

1 Introduction

We consider a viscoelastic bar of length L, which, vibrates longitudinally. More precisely, each
end of the bar is free to move as long as it does not hit a material obstacle and each obstacle
may constrain the displacement of the extremity to be greater than or equal to some number.

The mathematical situation can be described as follows: assume that the bar is made up
of an homogeneous viscoelastic material and satisfies the assumptions of the theory of small
deformations. Let u(x,t) be the displacement at time t of the material point of spatial coordinate
xe (O,L). Let f(x,t) denote a density of external forces, depending on space and time. Define
QE (O,L) and let a be a strictly positive number. The mathematical problem is formulated as
follows:
Ut — U — QUgg = F, Xx€ Q, 1 > 0, (1.2)
with Cauchy initial data
u(-,0) =up and w(-,0)=uy, (1.2)

and unilateral boundary conditions at x=cpand x=c¢_,t > 0,

(U(0,)+Co) L —t(0.)—artie O,

) (1.3a)
(u(L,)+e) Louk(L,-)+aug(L,) =

0 >0
0 0, (1.3b)

IN A

where (-); & %(-), (I %(-) and cp,c. > 0. The orthogonality has the natural meaning: if
we have enough regularity, it means that the product (u(X,-)+cx)(ux(X,-) + auy (X,-)) van-
ishes almost everywhere on the boundary, with X = O,L. If we do not have enough regu-
larity, the above inequality is integrated on an appropriate set of test functions, yielding a
weak formulation for the unilateral condition. From mechanical point of view, (1.3) means that
when the bar touches the obstacle in X = 0 or X =L, its reaction can be only upwards, so
that ux(0, ) + auy(0,-) < 0 on the set {t : u(0,-) = —cp} or uk(L,-) + aux(L,-) > 0 on the
set {t: u(L,-) = —c.}. When the bar does not touch the obstacle, the end is free to move,
namely, we have Ux(X,-) + aux(X,-) = 0 on the set {t : u(X,:) > —cx}, X =0,L. Note that
conditions (1.2) are also termed Slgnorlnl conditions. We suppose that the initial position ug
belongs to H2(Q) and satisfies the compatibility conditions, i.e., Up(0,0) = ug(0) > —co and
Up(L,0) = up(L) > —cy, the initial velocity u; belongs to HY(Q) and the density of forces f
belongs to L?(0,T;L?(Q)).



Let us describe the weak formulation of the problem. Denote by K the convex set:
K d:‘“{ve HY(Q x (0,T)) : v € L2(Q x (0,T)), v(0,-) > —co, v(L,-) > —c }.

This unusual convex set has been devised in order to write a weak formulation of our problem.
Since we expect to find a scalar product (uy,Vx), we require Uy to be square integrable. Thus,
the weak formulation associated to (1.1)—(1.3) is obtained by multiplying (1.1) by v—u, v € K,
and by integrating formally over Q x (0,7), T € [0, T]. Then, we get the following variational
formulation

Find u € K such that for all v e K and for all T € [0, T],

[o-wlpoc— [ [ wiw-w)axat
+/OT/Q(ux+au)¢)(vx—ux)dxdt z/or/gf(v—u)dxdt.

(1.4)

The existence result for (1.1)—(1.3) is easily established by penalty method and was already
proved by Jaru3ek et al. [JM*93] in the case of distributed constraints. To do so, the obsta-
cle constraints are penalized, this means that the rigid constraints are replaced by very stiff
responses. When the constraint is active, the response is linear and it vanishes when the
constraint is not active (see [Ma088]). Thus, the existence of a weak solution is obtained by
passing to the limit with respect to the penalty parameter in the variational formulation associ-
ated to the penalty problem. The detailed proof can be find in [Pet02, pp. 13—-26]. The reader is
also referred to [PeS09] for some existence results in higher dimension. Observe that nothing
is known about uniqueness.

In the present paper, a family of numerical schemes is defined in Section 2 with help of a
variational formulation. Let V}, be a sequence of approximation spaces of H'(Q), which, can
be a space of finite elements. Let K, be a convex set of elements of V;,. The duality product in
L?(Q) and HY(Q) are denoted by (-,-) and by

L
a(u,v) = / Uy Vy OX, (1.5)
0
respectively. Thus, the family of schemes is defined by

Find u™?! € K, such that for all v € Ky,

un-l—1_2un un—1 un—&-l un—l
< At2+ ,v—u”+l> —|—a<+,v—uﬂ+l>

(1.6)

un+l_unfl 1 1
N+ n N+
+aa<7t,v—u > > (f ,V—u ),

with " a suitable discretization of f and initial conditions u® and u® adequately chosen. Thus,
we establish that the scheme (1.6) converges, under a stability condition, to a solution of



(1.1)—(1.3). In Section 3, we deal with finite difference schemes given by

u?+1—2uT+u? AV 2u”+1+u”+1Jr Ul -0t el
NG 20x2 2Ax2
n+1 n+1 n+1 n 1 n—1 n—1
Uppp—2u07 Uy U =20 Uy — M for je[2,3-1]
2AtAx2 2AtAx2 ! ’ ’

(1.7)

e 2h- (gt g g D
=max (CO’ ca ( At2 + NG + 20\%2 +a 2AtAx2 —t 20tAX? ’
1 n—1 n+1 n—1
yrio 2uj—ujt Ut u-u utro Ui
Uy max (C Lsca ( At2 + 21\%2 + 20\%2 +a 20MNC T 2N ’

where cp # 0is some constant. The convergence of the scheme (1.7) is proved. Finally, numer-
ical examples in Section 4 illustrate the usage of the provided tools for benchmark examples.

2 Fully discretized finite elements schemes

We consider W}, and Hy two sequences of finite- dimensional subspaces of H}(Q) and L?(Q)

2
such that L?(Q) = U, HhL © and HY(Q) =UpVh V ). We assume that At is the uniform time
step, t, = to +nAt and n < N(At) with N(At) £ | tJ denotes the greatest integer at the most

equal to . Let Kp & {VEWh: v € Hn v(0) > —cp, v(L) > —c. be the sequence of convex

sets. We deflne a fully discrete scheme

(Find U™ € Ky, such that for all v € K,

N1yt nl o1
up+-ul Ut 4u
< h v—uﬂ“) +a<u,v—uﬂ”>

At? 2 (2.8)
pr-upt 1 1
aa| —"— v—ut fl,v—u ”*
+ < 2Nt h > ( h» )7
with f;! a suitable discretization of f and initial conditions uﬂ and u% satisfying
1_,0
Up—Uu
lim( |[ud—u h_u | =0 2.9
im (u Aol + |5 1> : 2.9)

where |-| and ||-|| denote the norms in L?(Q) and H(Q), respectively. Note that (2.8) can be
rewritten in a slightly different but equivalent form. To do so, we define an operator A, : Vi, — VW
such that

WE WL (Al v) =a(ul™,v), (2.10)
and a maximal monotone operator such that
{0} if upt! e int(Kn),
O, (WTH = { fwe K (wv—ultl) <0, Wwe Ky} if uMle aKp, (2.11)
0 otherwise.

For further details on maximal monotone operators, the reader is referred to [Lio69, Bré73].
Clearly, using (2.10) and (2.11), it follows that (2.8) can be rewritten as
n+1 2uh+un 1
At?

n+1 n—1

u
+ AN th + O, (UMY o £l (2.12)

n+1_’_uﬂ 1
2

+An



The scheme (2.8) is implicit in the constraints. It is equivalent to minimize a coercive and twice
differentiable function in a convex set. Thus, for each step uj is unique.

We establish now the convergence of the numerical scheme (2.8). More precisely, following
the analogous ideas developed for a wave equation with unilateral constraints in [ScB89], it is
possible to prove the Theorem 2.1. To do so, we assume that there exist two strictly positive
constants A, y such that

Wwe HYQ) : a(v,v) > y|V]|>— AV (2.13)

In the following, the notations for the constants introduced in the proofs are valid only in the
proof.

Theorem 2.1 Assume that (2.9) and (2.13) hold. Then the numerical scheme (2.8) converges
to a solution of (1.1)—(1.3) when Ax and At tend to O.

Proof. First we prove the stability. To do so, we introduce vE uﬂ Yin (2.8) ,which, leads to the
following inequality:

n+1 ) n—1 n+1 n—1
up +Uy _ +U _
< h un 1_UR+1> +a< h ,UE 1_UR+1>

At2 h 2
(2.14)

pu Tt 1 1
- + +
+aa<T,ug Y, >z(fh", 1y,
Note that the identity
2
n-+1
Up " —Up
At

1 1 1 1 up - i
= n+ 2U U n un+ — _
ae R At

implies that

2
n+1 n
Up " Uy

At

A,
2

2
alu un 1 un—s—l_un 1
+ (h h )_|_2<f}?7 h h >At.

un-|r1_ unfl un-s-l_un—l
h h h h At

20a
+ < 2At ’ 2Nt

n—1 n
Uy " —Uy
At

2 20t

Hence we perform a discrete time integration of the above expressions and we obtain

n+1

Up " —up
At

2
au”*l,u”“ n u —um- 1 umt+ _um 1
+(h2h)+2a2a<h2Ath ’hZAth )

m=1

o (2.15)
< [Y~Yh
At

2 0,0 n m+-1, m-1
a(up, Uy) Uy "—Uy

2 ok LS— | S\
te > (T 2t

m=1

By using Cauchy-Schwarz inequality, we find

2
n m+1 m—1 n n —1
+u 1 1 I_ym

fm i = 2At h At. 2.16

2 ( hoont > znz T3 Z (2.16)

m=1




Clearly, (2.16) and (2.13) lead to the following inequality

2 2
URJrl_uR a(uﬂ”, R+1) +2ayi uherl_uhm—l A
At 2 L 2Nt
0,12 n | m1, m-1|? 0,0 n
Up—Up Uy " —Uy a(Up, Un) m2
—_ 1+2aA At fi|“At.
S| a0 | T )n; oAl +— +W;I hl
m+1_ m-1 2 m+1_ m 2 m-1_,m 2
Since | —| < |B | 4 [P we may infer that
n+1 n 2 n+1 n+1 n mH-1 m—1 2
un T —un a(u ,un) \2ay Z up " — up At
At 2 L 2Nt
) ) (2.17)
0 1 0,0 n n m+-1 m
u—u a(u,u —u
< |h (U ) S IfVPAt+2(142a4) § [ At
At 2 & o At

Thus a discrete Gronwall's lemma implies that there exists C > 0, independent of h, such that

2
m+1 m—1
Uy ™ — Uy
20\t

2
n-+1 n
Uy "~y

At

+2ay
2 2

On the other hand, we define an interpolation u, by

At <C. (2.18)

%+uﬂ+l% for te [nAt,(n+1)At].

Therefore by using (2.18), we can extract from the sequence uy, a subsequence, still denoted
by up, such that

Uh(X,t) = Uﬂ

Up—u in L%(0,T;HY(Q)) weak x, (2.19a)
du, du o 2
up—u in C°P(Qx(0,T)) forall B<1/2. (2.19¢)

In order to prove that the limit u satisfies (1.4), it is necessary to take convenient test functions.
It is obvious that un belongs to K. Thanks to (2.19), we may deduce that u belongs to K. The
elements of K are not smooth enough in time, and they have to be approximated before being
projected onto V;,. This projection does not conserve the constraints at x=0and x=L, and
therefore, the elements of K need another approximation in order to satisfy the constraints
strictly. More precisely, let v be an element of K, which, is equalto ufort > T —&. Forn < &,
we define

u(x,t) if t>T-n,

VT (x,t) & 1

u(xt) + _/t‘t+’7 (v—u)(x,9)ds+c(n)et) if t<T-n. (2.20)

The function @ is nonnegative and smooth; it is equal to 1 on [O,T—%], and it vanishes on
[T—%,T]. The parameter c(n) is chosen as follows:

< — u(L,t)—u(L,s dsg—/ sﬁds:_7
[ n-utsjos< £ [Mas=

L Lo L,s)d
{1 -
uL) - [ uLsds -
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WLO-ULS)| \ye have the inequality

where C wpse]t 0] W

t+n B
Vth—%: VI(Lt) > 1/ viL, s ds— S 4 c(n)o(t).
t

n p+1
If we choose ¢(n) = ZBCT”E, we will be sure that
Cnk
VIST_E vI(L,t) > cL+m.
With the same arguments, we obtain
Vth—g: v1(0,t) > c0+gzﬁl.

It is not difficult to check that
Vte [T—5,T—n]: vI(xt) = u(xt) +c(n)e(t),

so that V! belongs to K. Furthermore, the time integration having a smoothing effect, we
may easily prove that v belongs to L*(0,T;HY(Q)). We denote by Py, the projection onto
Vh with respect to scalar product of Lz(Q). The sequence Py converges in strong operator
topology of L2(Q) to the identity |. Then Sobolev injections imply that there exists a sequence
Vh converging to O when h tends to O such that

vze HY(Q) : [[(Ph—1)Zlcoi) < W12l -
Moreover there exists Cp, > 0 such that
Ve HY(Q): ||Pav|| <Cp, ||V -
This property is proved by a classical computation. Now, we choose V' as in (2.20) and we let
Vi = Ut 4 PR (V1 (nAt) —u(nAt)).

If we substitute this value for {} in (2.8) and perform a discrete integration, we obtain

N-1 ut— P up—ut vt e
nZ]_( hsVh h ) = At h h nZ]_ At ) At

N—-1 n+1_|_ n vn n+1 N-1 un+1 Uﬂ vn n+1
al| —— A+a At.
s 2t o 3 oMot

(2.21)

The passage to the limit in this expression is obvious. It is enough to show that the total energy
of up converges to the total energy of u. This is done by a discrete integration of (2.14). ]

A similar result to Theorem 2.1 can be obtained in the case where one of the Signorini condi-
tions is replaced by a Neumann or a Dirichlet boundary conditions. Since the proof uses the
same ideas as already developed in Theorem 2.1, the verification is let to the reader.



3 Finite difference schemes

Let Ax & '- be the space step where J is an integer. We denote by u” the solution of the
following flnlte difference scheme:

(1 n n—1 n+1 n+1 n+1 u™ 1 n—1 n—1
Uy —2ui+-; (Yt —2u Uyt L U —2u) "+ujTy
At2 2Ax2 2Ax2
n+1 n+1 n+1 u™ 1 n—1 n—1
Uiy —2U; TUTT Ui —2U U oo 21
- 2AtAx2 2AtAx2 =f for jef23-1]
N1 20— -1 U+l —ug 1 un+l u- 1 —u- 1 (3'22)
Up " =max (CO> cA< A2 +<2Ax2+ 2% )+a(2AtAx2 20AX )))>
+1
u _n-1 n+1 -1
n+1_ 2uf—uj? J-1 , ui-uj utl o Ui
Uy "=max (C >cA< - T\ope T e ) TO 2ame T 2ime ’
\
def
where fI' denotes a suitable discretization of f and ca = 5 — 57z — sz We assume that

up = 0 and ca # 0. We define now an interpolation in the space of u” and an approximation
of the L? scalar product. We will see below that this family of schemes have a variational
formulation. More precisely, we introduce

def 1—@ if xe [(j—1)Ax (j+1)AX],

0 otherwise,

and ]
Up(x) = z Wi and 0= S (%)
=1 =1
Observe that up and f;' belong to Vi, the space of uniform P finite elements with the nodes at
the points jh, j € [0,J]. Let u(x )defzj 1Uj;j(x) and v( )defzj 1Vj®;(x), and let us define the
scalar product over V;, by

J
(uv) =y ujvax (3.23)
=1
Thus for all u and v belonging to V,, we have

Ax?

Ta(ua U) < <U, u>7 (324&)
AX? X

(u,v) — (u,v) = Ta(u,v) + — Wv. (3.24b)

The detailed proof of (3.24) can be found in the Appendix.

Lemma 3.1 The finite difference scheme (3.22) is equivalent to the following variational in-
equality

Find U™ € Kp, such that for all v € Kp,

n+1 ) n—1 n+1 1
u4-ul U
< h v—uﬂ+1>+a<u,v—uﬂ“>

At? 2 (3.25)

R+1 UR 1
n+1 n n+1
\



Proof. Let g(x) be a function depending on x such that g(0) = g(L) = 0. Thus, taking v =
urt 4 g(x) in (2.8), we find

+1 n—1 n+1 n—1 n+1 n—1
—2up+up u."+u u U,
< Atg >g>+a<%,g> +aa<hTag> <fh7g>>

which, implies the first relation in (3.22). Choosing now Vv such that v; > ¢_ and vj = u?” for
j € [1,3—1], then it follows that

1 1 1 ntl 1
Wi S G uj T —2uf+uy” (V- ) — Uyt —uj +UJ Uy (V-
I At2 J 20X2 20¥2 I
ugﬁ—ug” uj” 1 —ujt 1 1 820
—a — vi—ulth) = f(v;—uTh).
( 20\X2 NN >( 0=Uy) = -

Therefore it is clear that (3.26) is equivalent to the third relation of (3.22). Finally, choosing v
such that v; > ¢g and vj = u'j1+1 for j = [2,J], and proceeding as above, the second relation
follows. This proves the lemma. ([l

Note that the difference between (2.8) and (3.25) is that the scalar product (-,-) is replaced by
(-,-). Let us introduce the following approximations:

W = ug(jAX), (3.27a)
. 2Nt 3/20x

u}d:fu(l’JrK/o ug(x) dx, (3.27b)
At (i+1/2)

1 def 0 ;

uj = U +Ax/(j 2 u(x)dx for je[2,3-1], (3.27c¢)
2At [IAX

1 def 0O

u;=u +—/ Uy (X) dx, 3.27d

DZWE A Jai1mx 1(X) ( )

fndef (n+1)At  pjAx Xt

i AxAt / f(x,t)dx (3.27¢)

We establish now the convergence of the finite difference scheme (3.22). Note that the proof
is quite similar to the proof of convergence of an explicit finite difference scheme for a wave
equation with unilateral constraints (see [ScB89]). We assume now that { = LA s a fixed

AX
number sufficiently small.

Theorem 3.2 Assume that (2.20) and (3.27) hold. Then the numerical scheme (3.22) con-
verges to a solution of (1.1)—(1.3) when Ax and At tend to O.

Proof. We proceed exactly as in the proof of Theorem 2.1. Let us go into details. Taking

v=ul"tin (2.8), we get

UEH Up URH_UR 1 1t +1 1 1
—a(u™,up —a urt it ottty
< At ’ At > + 2 ( h ) + 2At ( h h h )

untlogn gntl_gn 1
h h Up h LYy 1 1
(EE Y s g g



Then we perform a discrete integration and we use a discrete Gronwall’s lemma, which, im-
plies that there exists C > 0, independent of h, such that

n+1 n+1 n
<Uh —Up Uy —up

ni 2
<C. .
L >+uuhu <cC (3.28)

Define an interpolation u, by

n+1)At—t t—nAt
Un(X,t) = up (1ALt +utt——— for te [nAt,(n+1)At).
At At
Relation (3.28) implies that we can extract from the sequence uy, a subsequence, still denoted

by up, such that

up—u in L®(0,T;HYQ)) weak =, (3.29a)
du,  du o 2

o L®(0,T;L%(Q)) weak =, (3.29b)
uh—u in C*P(Qx(0,T)) forall B<1/2 (3.29c)

Obviously u belongs to K. Let V) = u™ + Pp(v1(nAt) —u(nAt)) where Py and v as defined
in the proof of Theorem 2.1. We substitute this value for Vj) in (2.8) and perform a discrete
integration, we obtain

N—1 1 0 N—-1 n—1 n+1 -1 n
ui—u ul—u vi—u vn +u

Y (fivh-uphat< (2 -up) - Y (P h nat

:<“’h n AL At N L At At

(3.30)

n+1Jruh - N-1 un+1 up n+1

+Z ( ,Vp—up >At+orz < oAt ,Vh—u >At
The difference between (2.21) and (3.30) is that the scalar product (-,-) is replaced by the
scalar product (-,-). Now if we substitute in (3.30) the scalar product (-, -) by the scalar product

(+,-) and we use (3.24b), the error commited is given by

ot i s (3.31)
ra
where
a =B p), & (S, (3:322)
e Agz Nzl <U”—Uh 1’ Vnh_uﬂ+1A_tVnh_1+uﬂ>At, (3.32b)
4d_efA2X Z <UJ—U9 1) <v5‘—u5‘+1A—tv5‘1+u5‘>At’ (3.32¢)
(D@SiefA_% Nzla (PA-DHAL G d_efAZX Z VUl )At. (3.32d)

We evaluate now &, i = 1,...,6. Concerning the first term, we observe that letting u; (0+x) =
u1(0—x) and ug (L+X) = up(L—X), (3.24a) can be written as follows

ujl—u? 1 [(i+1/28x )
= —/ u(x)dx forall je[1,J],
(

At AXJ(j—1/2)ax



which, implies that

lup(x)|2dx forall je[1,J]. (3.33)

w-0)® 1 a2
<a)
At — DX J(j-1/2)ax

Then, adding (3.33) from j = 1to J, we get

1 0 1 0 J
A &

which, leads by using (3.24a) that

1_0
J UJ

J (j+1/2)Ax ) )
DS 3 |y 0P DS 2
=1/(i-1/2)A

ut—ul <2\/§|u1|
At | T Ax
We may deduce that
V20
1l = — |ug|[VR—Usl| = /(8%). (3.34)

On the other hand, there exists C, > 0, independent of h, such that
|| < CoVDX|ug|[V3—us],
since \§ and uj are bounded independently of h, we infer that
6| = O(VDX). (3.35)
We evaluate now &3. We observe by using the projection Py introduced in Theorem 2.1 that

VRt V24t = [|Pa (v (nAL) —u(nAt)—v ((n—1)At)+u((n—1)AL)) |

(3.36)
< C|VT(nAt)—u(nAt) —vT((n—1)At)+u((n—1)At)]|.
Owing (2.20), we get
&3] = O(VDX). (3.37)

For the bound |&4|, we use the following inequality

VAt nAt-+n 1/2
-5t < e ([ jv-umsPas)

where C4 > 0. Therefore we may deduce that

r&rsc“ﬁf ax || VN1 ((z [ - <xs>u2ds)l/2

N-1 ,(n—1)At+n 24 1/2
+ / v—Uu)(X,s S .
(572 o))

Choosing n such that n € [IAt, (I+1)At) for all integer |, we may deduce from the above
inequality that

|4 <X

1/2
maxHuhH At\/nJrA </ |(v—u)(x,s) szs> = 0(VDx). (3.38)

The last two terms can be easily estimated, we find

85| + |&| = O (VDX). (3.39)
Inserting (3.34), (3.35), (3.37), (3.38) and (3.39) into (3.31), we find |&'| = & (VAX). Thus, the
passage to the limit is done as in the proof of Theorem 2.1. ]

10



4 Numerical examples

We consider the viscoelastodynamic problem with Signorini boundary conditions (1.4) on Q =
[0,26] in the time interval (0, T), T = 40 and its discretization by (2.8). We choose the time
step At = 0.125, the space step Ax = 2—17 the initial data up(x) = x(1—x) and uz(X) = Up(X)
and a = 1. We performed two numerical experiments for f(x,t) = 0, which, are summarized
in Figure 1. More precisely, we consider Signorini boundary conditions at the both ends as
well as Signorini condition at the one end and Neumann condition at the other end. We did
the same experiments for f(x,t) = sin(tv/2) cos(2x), and they are reported in Figure 2. The
numerical results show that if the constraint is active, we can observe small oscillations at the
boundary. These oscillations do not exist if the constraint is not active.
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Figure 1: Numerical experiments with Signorini conditions at the both ends and with f(x,t) =0
(lefty and f(x,t) = sin(t\/2) cos(2x) (right).

Figure 2: Numerical experiments with Signorini condition at one end and Neumann condition
at other end with f(x,t) = 0 (left) and f(x,t) = sin(tv/2) cos(2x) (right).

The numerical experiments obtained for f(x,t) = 0 and f(x,t) = sin(tyv/2) cos(2x) with dis-
tributed constraints are summarized in Figure 3. In this case, we consider the following convex
set:

KE{ve HY(Qx (0,T)): e € L2(Q x (0,T)), v(x,-) > ¢ for all x e Q}.
where cg. > 0. We have not treated the mathematical theory of this problem (see [JM*93]),
nor its numerical approximation. We give nevertheless the results of these simulations for the
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reader’s information.
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Figure 3: Numerical experiments with distributed Signorini conditions with f(x,t) = O (left) and

f(x,t) = sin(tv/2) cos(2x) (right).

In practical, the resolution is done in a very simple-minded way: at each time step, we check
whether the solution of the problem without constraints is admissible; if it is, we advance by
one time-step; if it is not, we solve when one or two constraints are active. Thus we have at
almost four linear problem to solve per time-step.

Appendix

The aim of this section is to give the proof of (3.24).

Proof. Note that (3.24b) follows from the following inequality
Uj 12— U] < 2(U8 4 +UF). (4.40)
Then, adding (4.40) from j = 1to J—1 gives
1 3-1 2 J-1 (323) 4
Ax Z Ui < Z Uf 1 +Uf) A% < mwau%

which, implies (3.24b). On the other hand, by using (3.23), we get

1‘]71
(U= (uu) =5 Z) EHUP, ) AX+ 2uJAx— 3 ;(UJ'Z+1+UJZ+Uj+1Uj)AX
J:

1J 1
=3 Z) Uj11—U;) *Ax+ 2u 20X,

which, leads to

1,
2uJAx (4.41)

Therefore by differentiation, we get (3.24a). ]

AxX?
<U, U> - (U, U) = ?”u”z +
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