Weierstraß-Institut

für Angewandte Analysis und Stochastik

im Forschungsverbund Berlin e.V.

Preprint ISSN 0946 – 8633

� � � � � � � � � � �

�

� � �

� � � � �

� � �

� � � � � � �

� �

� �

� �

� � � �

� �

� �

2010 Mathematics Subject Classification. 78A45, 49Q10, 35B45, 35B65, 35B20. Key words and phrases. System of Helmholtz equations, transmission problem, shap e optimization, corner singularities, a priori estimate.

The author was partially supported by a Short Visit Grant of t he European Science Foundation (ESF).

� � �

� � � � � � � � � � �

� �

� �

� �

� � � � � �

� � � �

� � � � � � � �

Abstract This paper studies conical diffraction problems with non-sm ooth grating structures. We prove existence, uniqueness and regularity results for sol utions in weighted Sobolev spaces of Kondratiev type. An a priori estimate, which follows from th ese results, is then used to prove shape differentiablility of solutions. Finally, a characte rization of the shape derivative as a solution of a modified transmission problem is given.

Contents

1 Introduction 1

2 Conical diffraction 3 2.1 The Maxwell system . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 2.2 The quasi-periodic Helmholtz problem . . . . . . . . . . . . . . . . . . . . . . . . . 4

3 Regularity of solutions 6 3.1 A priori estimates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6 3.2 Existence and uniqueness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

4 Shape derivatives 21 4.1 Existence and regularity of shape derivatives . . . . . . . . . . . . . . . . . . . . . 21 4.1.1 Smooth perturbations of the domains . . . . . . . . . . . . . . . . . . . . . 21 4.1.2 Piecewise smooth perturbations . . . . . . . . . . . . . . . . . . . . . . . . . 25 4.2 Characterization of the shape derivative . . . . . . . . . . . . . . . . . . . . . . . . 29

1 Introduction

We consider the scattering of a time-harmonic electromagne tic plane wave by a diffraction grating in R^3. The simplest form of such a diffraction grating is a periodic interface between two materials with different dielectric constants. More precisely, the gr ating surface is a perturbation of the (x_1, x_2)-plane, which is assumed to be periodic in the x_1-direction and invariant in the x_3-direction. Scattering by such gratings occurs in the micro-optics indu stry, where optical devices with certain features have to be designed [1]. Additionally, it is import ant to solve the inverse problem of shape reconstruction, i.e. to determine the grating structure fr om measured data of the diffracted wave

[13]. Mathematically, this can be formulated as an inverse p roblem for the Maxwell equations. See the books of Petit [26] and Colton/Kress [7] for detailed exp lanations. Under the assumption of a periodic grating illuminated by a plane wave it is possible t o reduce the 3D Maxwell transmission problem to a system of Helmholtz equations in R^2 which are coupled by transmission conditions on the interface. The inverse problem can then be solved by an it erative Newton-type method, which makes use of certain concepts of differentiability with resp ect to the domain. The theory of shape calculus and shape optimization has been thoroughly invest igated for example by Sokolowski and Zolesio [31] and Simon [30]. Since inverse problems of this k ind are typically ill-posed, iterative methods require regularization.

In the past, different settings and approaches have been disc ussed. Elschner, Schmidt et al. focused on Eulerian derivatives of shape functionals. In their pape rs, these fuctionals depend continuously on the Rayleigh coefficients of the scattered waves. The Rayle igh coefficients themselves depend on the shape of the diffraction grating. These investigation s cover existence and uniqueness results for the direct problem in usual Sobolev spaces [8] and gradie nt formulas for both classical TE/TM diffraction and binary gratings [10] and for conical diffract ion by general non-smooth structures [9]. They also provide an existence result for material derivati ves of solutions which are H^1-regular and statements about asymptotic expansions of the field compone nts near corner points. The formulas given in these papers involve solutions of direct and adjoin t problems. Therefore, two different diffraction problems have to be solved in each iteration step .

A different approach uses the shape derivative of the solutio n operator F : Γ → u for a fixed incident wave, depending on the interface Γ. An iterative method is given for example by the minimization problem min � 1 2 ||F^′(Γ_n )( Γ_{n+ 1} − Γ_n ) − u + F(Γ_n )||^2 + α 2 ||Γ_{n+ 1} − Γ_n ||^2 � , where F^′ is the shape derivative of F and α is a regularization parameter. Potthast, Chandler-Wilde and Hohage and Schormann characterized shape derivatives o f solutions of Dirichlet and Neumann boundary value problems [27, 28], transmission problems fo r bounded, smooth domains [15] and of Dirichlet problems for unbounded rough surfaces. These a re surfaces which are described by contiuous non-periodic functions with Hölder continuous g radients [6]. The shape derivatives are characterized as solutions of problems with the same operat or and different right-hand sides. These results were proven by representing the solution as single l ayer or double layer potentials and taking the shape derivative of the resulting boundary integrals. H ettlich [14] obtained the same results for Dirichlet and Neumann problems, and additionally for a t ransmission problem with a smooth interface, by means of weak formulations of these problems. Kirsch [16] also employed this method for a Dirichlet problem with a smooth periodic grating. This ansatz works if the shape derivative has H^1-regularity. However, if the boundaries are non-smooth, th e shape derivatives, if they exist, are no longer in H^1. Bochniak and Cakoni [4] suggested a different approach for n on-smooth boundaries, using non-local perturbation theory and Kondr atiev’s weighted Sobolev spaces [21, 17]. They showed shape differentiability of solutions for Dirich let and Neumann problems for domains with corners with the help of an a priori estimate. In this pap er, this ansatz is used to investigate shape derivatives of solutions of a system of Helmholtz equa tions coupled by transmission conditions on a periodic, non-smooth interface.

The paper is structured in the following way. The second sect ion recalls the conical diffraction problem in three dimensions and its reduction to a Helmholtz problem in a two-dimensional periodic cell. Section 3 introduces Kondratiev’s weighted Sobolev s paces and shows an a priori estimate for conical transmission problems in these spaces.This est imate can be sharpened if the solution is unique. In the second part of the third section a uniqueness r esult is shown for absorbing materials, which makes use of a former result of Elschner, Schmidt et al. [8] in standard Sobolev spaces. The last section discusses existence, uniqueness and the chara cterization of shape derivatives of solutions to the conical diffraction problem. Here, non-local perturb ation theory and the ansatz of Bochniak and Cakoni are used. We consider perturbations which preser ve the opening angles at corner points as well as perturbations which change the angles. Finally, t he shape derivative is characterized as a solution of a conical diffraction problem. More precisely, the solution operator is the same as for the original problem, only the right-hand side is changed. F or interfaces with corners, as opposed to smooth interfaces, the right-hand sides of the transmiss ion conditions involve values which are concentrated on the corner points.

2 Conical diffraction

2.1 The Maxwell system

We consider a time-harmonic incoming plane wave with freque ncy ω illuminating a periodic diffraction grating in R^3 dividing two materials with different dielectric coefficient s. The surface structure is assumed to be infinite and periodic in x_1-direction and invariant in x_3-direction. It is then determined by a profile curve Γ being the intersection of the interface with the (x_1, x_2) plane. In the conical diffraction case the angle between the incoming w ave direction and the (x_1, x_2) plane is allowed to be non zero. If the incoming wave lies in the (x_1, x_2) plane, we have TE or TM diffraction, depending on the polarization.

X_1

X_2

X_3

-

incoming wave

π/2-ϕ

Figure 1: The diffraction grating

The electromagnetic field (E, H ) is the sum (E_1, H_1) = ( E^{(i)}, H^{(i)}) + ( E^{(r)}, H^{(r)}) of the incoming wave and the reflected wave above and the transmitted wave (E_2, H_2) = ( E^{(t)}, H^{(t)}) below the grating. Since the incoming wave is time-harmonic, i.e. it a dmits the form � E^{(i)}, H^{(i)} � = � p e^{iα x1− iβx2+ iγ x3} e^{− iωt}, q e^{iα x1− iβx2+ iγ x3} e^{− iωt} � = � E^{(i)}, H^{(i)} � e^{− iωt}, (1)

where k = ( α, − β, γ ) is the wave vector and k / |k | is the direction of the incoming wave, we obtain the time-harmonic Maxwell equations

∇ × E = iωμH ∇ × H = − iωϵE (2) with transmission conditions

ν × (E_1 − E_2) = 0 ν × (H_1 − H_2) = 0 (3) on the interface Γ× R , where ν is the unit normal vector to Γ× R , μis the magnetic permeability and ϵ is the dielectric coefficient. We will assume that μis constant, that ϵ = ε_+ above the grating and ε = ε_− below the grating, respectively. Here ε_+ > 0 and ε_− are constant. If the incoming wave is of the form (1), then

(E, H )( x_1, x_2, x_3) = ( E, H)( x_1, x_2)e^{iγ x3} ,

and the above Maxwell system can be reduced to a system of Helm holtz equations for the third components E_3 of E = ( E_1, E_2, E_3) and H_3 of H = ( H_1, H_2, H_3) defined in the cross-section plane (x_1, x_2) described in the next subsection. For details, see [8], [9], [11] and the following section.

2.2 The quasi-periodic Helmholtz problem

We restrict the problem to a rectangular cell Ω := ( 0, 2π ) × (− b, b) ⊂ R^2 with artificial boundaries Γ^± := { (x_1, ± b) : 0 < x_1 < 2π } above resp. below the grating and with an interface Γ splitting Ω into an upper part Ω^+ and a lower part Ω^− . This is shown in Figure 2. Now we introduce the functions u^±_1 := E_3|_Ω± and u^±_2 := H_3|_Ω± .

In view of the periodicity of the problem and the form of the in coming wave, we look for solutions which are α-quasi-periodic in x_1, i.e.

u^±_1 (x_1 + 2π , x_2) = e^{2π iα} u^±_1 (x_1, x_2), u^±_2 (x_1 + 2π , x_2) = e^{2π iα} u^±_2 (x_1, x_2). (4)

The Maxwell equations (2) can then be formulated as

△ u^+_1 + κ^2_+ u^+_1 = f^+_1 in Ω^+ △ u^−_1 + κ^2_− u^−_1 = f^−_1 in Ω^− △ u^+_2 + κ^2_+ u^+_2 = f^+_2 in Ω^+ △ u^−_2 + κ^2_− u^−_2 = f^−_2 in Ω^− (5)

Here κ^2_± := k^2_± − γ^2, where k_± = ω √ με_± denotes the wavenumber inside Ω^± . Let further κ(x) := κ_± if x ∈ Ω^± , and define ε in the same way. Let [·]_Γ denote the jump of a function over Γ, i.e. [u]_Γ := u^+ − u^−

+Γ

X_1

X_2

Ω

Γ

Ω

+

- Γ^-

Figure 2: The 2D periodic cell

on the interface. Then the transmission conditions (3) turn into � γ κ^2

∂_τ u_2 + ωε κ^2

∂_νu_1 � Γ = − ωε κ^2_+

∂_νu^{(i)}_1 = : b_1 � γ κ^2

∂_τ u_1 − ωμ κ^2

∂_νu_2 � Γ = ωμ κ^2_+

∂_νu^{(i)}_2 = : b_2

[u_1]_Γ = − u^{(i)}_1 = : b_3 [u_2]_Γ = − u^{(i)}_2 = : b_4

(6)

on Γ. Usually the case of (u^{(i)}_1 , u^{(i)}_2 ) being a plane wave, i.e.

(u^{(i)}_1 , u^{(i)}_2 ) = ( p_3, q_3)e^{i(α− β)x2}, (7)

and f^±_j = 0 for j = 1, 2 is of interest, but for technical reasons, we will also have t o consider inhomogeneous boundary conditions and inhomogeneous right-ha nd sides of the Helmholtz equations. Note that the functions u_j describe only the scattered field and not the total field. In general, the unknown functions have to satisfy a radiatio n condition at infinity. In the given situation this leads to the requirement that in the vicinity of Γ^+ and Γ^− , they have to be a superposition of outgoing bounded plane waves of the form

u^±_j (x_1, x_2) = ∞ ∑_{n= − ∞}^{A±}j,n^{ei(n+ α)x1+ √ κ2± − (n+ α)2x2 , (8)}

which remains bounded as |x_2| → ∞ . We suppose that the artificial boundaries are straight line s and that the interface is piecewise C^2 with a finite set of corner points. Moreover, we suppose that for every corner point S there exists a neighbourhood U_S such that Ω^± ∩ U_S = C^±_S ∩ U_S, where C^±_S is an infinite cone with vertex S.

In the following we will write the boundary operators as a 4 × 4 matrix B = ( B^i_j), i.e.

B = � B^i_j(∂_ν, ∂_τ )

�_4

i,j= 1 := � � � � �

ωε+ κ^2+ ∂ν − ωε− κ^2− ∂ν γ κ^2+ ∂τ − γ κ^2− ∂τ γ κ^2+ ∂τ − γ κ^2− ∂τ − ωμ κ^2+ ∂ν ωμ κ^2− ∂ν

1 − 1 0 0 0 0 1 − 1

� � � � � , (9)

which acts on the vector (u^+_1 , u^−_1 , u^+_2 , u^−_2 )^⊤ .

3 Regularity of solutions

We are interested in shape derivatives of the solutions of th e above boundary value problem. In the first subsection, we will show an a priori estimate for soluti ons of the conical diffraction problem. Then we give an existence and uniqueness result. This is used in Section 2.2 to show existence and uniqueness of shape derivatives.

3.1 A priori estimates

Since we deal with nonsmooth interfaces, we use weighted Sob olev spaces of the Kondratiev type, which were introduced especially for boundary value proble ms where the domains have corner points.

Definition 1. Let S be the set of corner points of the boundary, let r_S be the distance from x ∈ Ω^± to S ∈ S and fix a partition of unity

1 = ∑_{S∈S}^χ S^{+ Ψ,}

where χ_S and Ψ are smooth, the χ_S have compact support in the neighbourhood of S ∈ S , χ ≡ 1 in a smaller neighbourhood and Ψ(x), χ (x) ≥ 0 for all x ∈ Ω. For k ∈ N and η ∈ R we define V^k_η (Ω^± ) as the set of generalized functions with the finite norm

||u||_Vk_{η (Ω± )} := ||Ψu||_H k_{(Ω}±_) + ∑ S∈S ∑_{|β|≤ k}^{||rη− k+ |β|}

S D^β(χ_Su)||_L2_{(Ω}±_) .

For k ≥ 1, the well defined (see [24],[18]) trace space on the boundary ∂Ω^± is denoted by V^{k− 1/2} η (∂Ω^± ). If, as in our setting, Ω = Ω^+ ·∪ Ω^− , then

V^k_η (Ω) := V^k_η (Ω^+ ) × V^k_η (Ω^− ).

The following lemma, which is Lemma 6.2.1 in [18], concernin g embeddings of these spaces will be needed later on.

Lemma 1. Let Ω be a bounded domain and η, β ∈ R . If k ≥ l ≥ 0 and η − k ≤ β − l, then V^k_η (Ω) is continuously embedded into V^l_β (Ω). Moreover, V^k_η (Ω) is dense in V^l_β (Ω). If k > l ≥ 0 and η − k < β − l, then this embedding is compact. Analogous statements are t rue for the trace spaces.

Remark 1 (Dual spaces ). Let Ω be a bounded domain and let k be a nonnegative integer. The dual space of V^k_η (Ω) is denoted by V^k_η (Ω)^∗. It is equipped with the norm

||u||_Vk_{η (Ω)∗} = sup � |(u, v)| : ||v||_Vk_{η (Ω)} = 1 � , where (·, ·) is the extension of the scalar product in L^2(Ω) to V^k_η (Ω)^∗ × V^k_η (Ω). Obviously, V^0_η (Ω)^∗ = V^0_{− η} (Ω), because the weight functions cancel out in the scalar produ ct. We define V^{− k}_{− η} (Ω) := V^k_η (Ω)^∗.

For every S ∈ S , we set v^±_j := χ_Su^±_j and extend v_j by zero outside the support of χ_S. Additionally, we define σ^±_j := ( △ + κ^2_± )v^±_j for j = 1, 2, ϕ_1 := B^1(∂_ν, ∂_τ )v^+_1 + B^2_1(∂_ν, ∂_τ )v^−_1 + B^3_1(∂_ν, ∂_τ )v^+_2 + B^4_1(∂_ν, ∂_τ )v^−_2 , ϕ_2 := B^1_2(∂_ν, ∂_τ )v^+_1 + B^2(∂_ν, ∂_τ )v^−_1 + B^3_2(∂_ν, ∂_τ )v^+_2 + B^4_2(∂_ν, ∂_τ )v^−_2 , ϕ_3 := B^1_3(∂_ν, ∂_τ )v^+_1 + B^2_3(∂_ν, ∂_τ )v^−_1 + B^3(∂_ν, ∂_τ )v^+_2 + B^4_3(∂_ν, ∂_τ )v^−_2 , ϕ_4 := B^1_4(∂_ν, ∂_τ )v^+_1 + B^2_4(∂_ν, ∂_τ )v^−_1 + B^3_4(∂_ν, ∂_τ )v^+_2 + B^4(∂_ν, ∂_τ )v^−_2 .

Now we switch to polar coordinates (r, θ^±_S ) in the cone C^±_S ⊂ Ω^± with origin S and apply the coordinate transform t → e^t . We define w^±_j (t, θ^±_S ) := v^±_j (e^t , θ^±_S ),

w_j := ( w^+_j , w^−_j ), ϱ^±_j (t, θ^±_S ) := e^{2t} σ^±_j (e^t , θ^±_S ), ϱ_j := ( ϱ^+_j , ϱ^−_j ), ω_i(t, θ^±_S ) := e^{(3/2 − mi)t}ϕ_i(e^t , θ^±_S ) with m_1 = m_2 = 0, m_3 = m_4 = 1 and i = 1, . . . , 4. Using this notation, we now have the following interface problem in the ramified strip (see [24], Chapter 1. 6.3) B_S = B^+_S ∪ B^−_S with B^+_S := { (t, θ^+_S ) : t ∈ R , 0 < θ^+_S < δ^+_S }, B^−_S := { (t, θ^−_S ) : t ∈ R , δ^+_S < θ^−_S < 2π }, Lemma 2. With the notation introduced above and L^± := △ + κ^2_± , the inhomogeneous conical diffraction problem in the vicinity of a corner point can be tr ansformed to L^± (D_θ, D_t)w^±_1 = ϱ^±_1 in B^±_S

L^± (D_θ, D_t)w^±_2 = ϱ^±_2 in B^±_S with transmission conditions B^1(∂_θ, ∂_t )w^+_1 + B^2_1(∂_θ, ∂_t )w^−_1 + B^3_1(∂_θ, ∂_t )w^+_2 + B^4_1(∂_θ, ∂_t )w^−_2 = ω_1, B^1_2(∂_θ, ∂_t )w^+_1 + B^2(∂_θ, ∂_t )w^−_1 + B^3_2(∂_θ, ∂_t )w^+_2 + B^4_2(∂_θ, ∂_t )w^−_2 = ω_2, B^1_3(∂_θ, ∂_t )w^+_1 + B^2_3(∂_θ, ∂_t )w^−_1 + B^3(∂_θ, ∂_t )w^+_2 + B^4_3(∂_θ, ∂_t )w^−_2 = ω_3, B^1_4(∂_θ, ∂_t )w^+_1 + B^2_4(∂_θ, ∂_t )w^−_1 + B^3_4(∂_θ, ∂_t )w^+_2 + B^4(∂_θ, ∂_t )w^−_2 = ω_4.

Proof. See [24], Theorem 2.10.

Applying the Laplace transform

ǔ(·, λ ) := ∞� − ∞ e^{− λ t} u(·, t)dt

to the problem of Lemma 2 leads to an ”interface” problem on A^+_S ∪ A^−_S := { θ^+_S : 0 < θ^+_S < δ^+_S } ∪ { θ^−_S : δ^+_S < θ^−_S < 2π } for w̌^±_j with inhomogeneities ϱ̌^±_j and ω̌^±_j . This problem depends on the parameter λ . We introduce the norms ||u||_H k_{( A}±_{S ,λ )} := ||u||_H k_{( A}±_{S )} + |λ |^k||u||_L2_{( A}±_{S )} and H^k( A_S, λ ) := H^k( A^+_S , λ ) × H^k( A^−_S , λ ).

Then, as in [18], Theorem 3.6.1, where it is necessary to assu me that Re λ does not coincide with the real part of one of the eigenvalues of the parameter depen dent system, it can be shown that there exists a unique solution w̌_j, which satisfies 2 ∑_{j= 1}^{||w̌}j^{(·, λ )||}H k+ 2( A_S,λ )^{≤ C}1

�_2

∑_{j= 1}^{||ϱ̌}j^{(·, λ )||}H k( A_S,λ )^{+ 4}∑_{j= 1}^{(1 + |λ |k+ mj+ 1/2 )|ω̌}j^{(λ )|} � , (10)

where w̌_j := ( w̌^+_j , w̌^−_j ) and ϱ̌_j := ( ϱ̌^+_j , ϱ̌^−_j ).

We integrate this equation along the line Re λ = − β and use the norm equivalence

||u||_H k_{β (B}±_{S )} ≃ � � � � Re λ = − β

||ǔ(·, λ )||^2_{H k( A}±_{S ,λ )} dλ � � � 1/2 ,

where H^k_β (B^± ) := � u ∈ D^′(B^± ) : (t, θ) → e^{βt} u(t, θ) ∈ H^k(B^± ) � . Furthermore, H^k_β (B) := H^k_β(B^+ ) × H^k_β (B^− ) as usual. In this way we get 2 ∑_{j= 1}^{||w}j^{||}_H k+ 2_{β (BS)}^{≤ C}2

�_2

∑_{j= 1}^{||ϱ||}H k_β (B_S)^{+ 4}∑_{j= 1}^{||ω}j^{||}_H k+ mj+ 1/2

β (∂B^+_S ) � . (11)

The trace spaces H^{k+ mj+ 1/2} β (∂B^±_S ) consist of all functions u on ∂B^±_S which satisfy e^{βt} u ∈ H^{k+ mj+ 1/2} (∂B^±_S ).

Let Θ be the coordinate transform (t, θ) → (log t, θ) mapping a ramified strip B ⊂ R^2 onto a ramified cone C ⊂ R^2. Lemma 1.62 in [24] states that the mapping V^k_η (C) → H^k_β (B) : u → u ∘ Θ^{− 1}, is an isomorphism for β = η − k + 1 with η and k from Definition 1. We will omit the dependence of β on k and η in the notation. In terms of these spaces the estimate (11) be comes 2 ∑_{j= 1}^{||v}j^{||}_Vk+ 2_{η (CS)}^{≤ C}3

�_2

∑_{j= 1}^{||t2σ} j^{||}Vk_{η− 2}(C_S)^{+ 4}∑_{j= 1}^{||t3/2 − mj ϕ i}j^{||}_Vk+ mj+ 1/2

η− mj (∂B + S ) � (12)

because of the isomorphism. The product rule yields

σ^±_j = χ_S(△ + κ^2_± )u^±_j + 2∇ u^±_j · ∇ χ_S + u^±_j △ χ_S = χ_S f^±_j + 2∇ u^±_j ∇ χ_S + u^±_j △ χ_S. The operator L^∗u^±_j := 2∇ u^±_j ∇ χ_S + u^±_j △ χ_S is continuous and of first order, i.e. ||L^∗u_j||_Vk_{η (CS)} ≤ C_4||u||_Vk+ 1_{η (CS)} Moreover, ||χ_S f_j||_Vk_{η (CS)} ≤ C_5|| f_j||_Vk_{η (CS)} by Lemma 3.3 in [17]. Since V^k_η (C_S) → V^k_{η− α} (C_S) : u → t^α u realizes isomorphisms, it follows by switching back to Cart esian coordinates that ||t^2σ_j||_Vk_{η− 2(CS)} ≤ C_6 � || f_j||_Vk_{η (CS)} + ||u_j||_Vk+ 1_{η (CS)} � . Analogously, we get

||t^{3/2 − mj} ϕ_j||_Vk+ m_j+ 1/2

η− mj ({ (t,δ + s ):t≥ 0})

≤ C_7 � ||b_j||_Vk+ m_j+ 1/2

η (∂C^+_S )

+ ∑_l^{||u}l^{||}_Vk+ 1_{η (CS)} � . Inserting this into (12) yields 2 ∑_{j= 1}^{||v}j^{||}_Vk+ 2_{η (CS)}^{≤ C}8

�_2

∑_{j= 1}^{|| f}j^{||}Vk_η (C_S)^{+ 4}∑_{j= 1}^{||b}j^{||}_Vk+ mj+ 1/2

η (∂C^+_S ) + 2 ∑_{j= 1}^{||u} j^{||}_Vk+ 1_{η (CS)} � . (13)

Now we consider the smooth part Ψu_j. From now on we use the notation û^±_j := Ψu^±_j and û^±_j := ( û^+_j , û^−_j ) and define g^±_j := ( △ + κ^2_± )( û^±_j ) Again, by the product rule, it holds that

(△ + κ^2_± )( û^±_j ) = Ψ(△ + κ^2_± )u^±_j + 2∇ u^±_j · ∇ Ψ + u^±_j △ Ψ = Ψ f^±_j + 2∇ u^±_j · ∇ Ψ + u^±_j △ Ψ and ∂û^±_j ∂ν = Ψ ∂u^±_j ∂ν + u^±_j ∂Ψ ∂ν , ∂Ψu^±_j ∂τ = Ψ ∂u^±_j ∂τ + u^±_j ∂Ψ ∂τ . Using the notation (9), we define B^1(∂_ν, ∂_τ )û^+_1 + B^2_1(∂_ν, ∂_τ )û^−_1 + B^3_1(∂_ν, ∂_τ )û^+_2 + B^4_1(∂_ν, ∂_τ )û^−_2 = : Φ_1, B^1_2(∂_ν, ∂_τ )û^+_1 + B^2(∂_ν, ∂_τ )û^−_1 + B^3_2(∂_ν, ∂_τ )û^+_2 + B^4_2(∂_ν, ∂_τ )û^−_2 = : Φ_2, B^1_3(∂_ν, ∂_τ )û^+_1 + B^2_3(∂_ν, ∂_τ )û^−_1 + B^3(∂_ν, ∂_τ )û^+_2 + B^4_3(∂_ν, ∂_τ )û^−_2 = : Φ_3, B^1_4(∂_ν, ∂_τ )û^+_1 + B^2_4(∂_ν, ∂_τ )û^−_1 + B^3_4(∂_ν, ∂_τ )û^+_2 + B^4(∂_ν, ∂_τ )û^−_2 = : Φ_4.

Note that B^i_j(∂_ν, ∂_τ )[û^±_k ] = ΨB^i_j(∂_ν, ∂_τ )u^±_k + u^±_k B^i_j(∂_ν, ∂_τ )Ψ.

Analogous to the considerations above, it follows that ||g^±_j ||_H k_{(Ω}±_) ≤ C_9 � || f^±_j ||_Vk_{η (Ω± )} + ||u^±_j ||_Vk+ 1_{η (Ω± )} �

and ||Φ_j||_{H k−} 1_{2 (Γ)} ≤ C_{10} � � � ||b_j||_Vk+ m_j+ 1/2

η (Γ) + 2 ∑_{l= 1i∈{ + ,−}}^{||ui}l^{||}_Vk+ 1_{η (Ω}i_) � � � ,

where H^k(Ω) := H^k(Ω) × H^k(Ω) as before. Inserting this into the estimate (2.2) in [5] (ori ginally proven by Roitberg and Seftel [29]), namely 2 ∑_{j= 1}^{||û} j^{||}H k+ 2(Ω)^{≤ C}11

�_2

∑_{j= 1}^{||g}j^{||}H k(Ω)^{+ 4}∑_{j= 1}^{||Φ} j^{||}_H k+ mj+ 1/2_{(Γ)} � , yields 2 ∑_{j= 1}^{||û} j^{||}H k+ 2(Ωi)^{≤ C}12

�_2

∑_{j= 1}^{|| f}j^{||}Vk_η (Ωi)^{+ 4}∑_{j= 1}^{||b}j^{||}_Vk+ mj+ 1/2

η (Γ) + 2 ∑_{j= 1}^{||ui}j^{||}_Vk+ 1_{η (Ω)} � . (14)

By adding the estimates (13) and (14) we get the desired a prio ri estimate. As we have seen and as explained in [10] in more detail, to each corner point S ∈ S one can attach a parameter dependent system of ordinary differential equat ions, which arises from the problem in Lemma 2 by applying a Laplace transform. The eigenvalues for m the sets

A^±_S := � � � λ_S ∈ C : � sin (π − δ^±_S )λ_S sin πλ_S

�_2 = � k^2_− + k^2_+ k^2_− − k^2_+

�_2� � ∪ N \{ 0}, where λ_S are the eigenvalues of the system, δ^+_S and δ^−_S := 2π − δ^+_S are the opening angles of the interface at the corner point S from above and from below the interface, respectively. Let λ^0_S be the λ_S with minimal positive real part and

μ^0 := min_{S∈S} � Reλ^0_S � . (15)

Proposition 1. Assume that k + 1 − η ∈ (0, μ^0) and that the solution (u_1, u_2) of (4) - (8) is in [V^{k+ 1}_η (Ω)]^2 for k ∈ Z , k ≥ 0. Then (u_1, u_2) ∈ [V^{k+ 2}_η (Ω)]^2 and 2 ∑_{j= 1}^{||u} j^{||}_Vk+ 2_{η (Ω)}^{≤ C}

�_2

∑_{j= 1}^{|| f}j^{||}Vk_η (Ω)^{+ 4}∑_{j= 1}^{||b}j^{||}_Vk+ mj+ 1/2

η (Γ) + 2 ∑_{j= 1}^{||u} j^{||}_Vk+ 1_{η (Ω)} � . (16)

Proposition 2. If in addition to the assumptions of Proposition 1 the conica l diffraction problem (4) - (8) is uniquely solvable in V^{k+ 1}_η (Ω), then 2 ∑_{j= 1}^{||u} j^{||}_Vk+ 2_{η (Ω)}^{≤ C}

�_2

∑_{j= 1}^{|| f}j^{||}Vk_η (Ω)^{+ 4}∑_{j= 1}^{||b}j^{||}_Vk+ mj+ 1/2

η (Γ) � . (17)

Proof. The proof follows the technique used in [3], Lemma III 3.10. S uppose that the hypothesis is not satisfied. Then it follows that there exist sequences (u_{j,n} )_n ⊆ V^{k+ 2}_η (Ω) for j = 1, 2 such that 2 ∑_{j= 1}^{||u} j,n^{||}_Vk+ 2_{η (Ω)}^{> n} � � � 2 ∑_{j= 1}

i∈{ + ,−}

||L^iu^i_{j,n} ||_Vk_{η (Ωi)} + 4 ∑_{j= 1}^{|| 2}∑_{i= 1}^{� B2i− 1}j^{u+}i,n^{+ B2i}j^{u−}i,n^{� ||}_Vk+ mj+ 1/2

η (Γ) � , (18)

where L^± := △ + κ^2_± and the B^i_j are the operators of the boundary conditions. Now define

v^±_{j,n} := u^±_{j,n} ||u^±_{j,n} ||_Vk+ 2_{η (Ω± )} .

If we insert this into (18) we have 2 ∑_{j= 1}

i∈{ + ,−}

||L^iv^i_{j,n}||_Vk_{η (Ωi)} + 4 ∑_{j= 1}^{|| 2}∑_{i= 1}^{� B2i− 1}j^{v+}i,n^{+ B2i}j^{v−}i,n^{� ||}_Vk+ mj+ 1/2

η (Γ) < 2 n . (19)

We will use the compact embeddings stated in Lemma 1, i.e.

V^{k+ 2}_η (Ω^± ) → → V^{k+ 1}_η (Ω^± ) → → V^k_η (Ω^± ).

Since the unit sphere is closed with respect to weak converge nce we can choose a subsequence (v^±_{j,n′})_n′ ⊆ (v^±_{j,n} )_n and functions Φ^±_j ∈ V^{k+ 2}_η (Ω^± ) such that (v^±_{j,n′})_n′ ⇀ Φ^±_j weakly in V^{k+ 2}_η (Ω^± ). Since compact embeddings are completely continuous, it fol lows that v^±_{j,n′} → Φ^±_j in the norm of

V^{k+ 1}_η (Ω^± ). Proposition 1 implies that 2 ∑_{j= 1}^{||v}j,n^{′ − v}j,m^{′||}_Vk+ 2_{η (Ω)}^{≤ C} � � � 2 ∑_{j= 1}

i∈{ + ,−}

||L^iv^i_{j,n}′ − L^iv^i_{j,m}′||_Vk_{η (Ωi)} +

+ 4 ∑_{j= 1}^{|| 2}∑_{i= 1}^{� B2i− 1}j^{v+}_{i,n}′^{− B2i− 1}j^{v+}_{i,m}′^{+ B2i}j^{v−}_{i,n}′^{− B2i}j^{v−}_{i,m}′^{� ||}_Vk+ mj+ 1/2

η (Γ) + 2 ∑_{j= 1}^{||v}j,n^{′ − v}j,m^{′||}_Vk+ 1_{η (Ω)} � , and therefore (v^±_{j,n′})_n′ is a Cauchy sequence in V^{k+ 2}_η (Ω^± ) because the right-hand side tends to zero if m^′, n^′ → ∞ . Hence v^±_{j,n′} → Φ^±_j in V^{k+ 2}_η (Ω^± ) and ||Φ^±_j ||_Vk+ 2_{η (Ω± )} = 1. On the other hand 2 ∑_{j= 1}

i∈{ + ,−}

||L^iΦ^i_j||_Vk_{η (Ωi)} = lim

n′→ ∞ 2 ∑_{j= 1}

i∈{ + ,−}

||L^iv^i_{j,n}′||_Vk_{η (Ωi)} = 0

and 4 ∑_{j= 1}^{|| 2}∑_{i= 1}^{� B2i− 1}j^{Φ +}i^{+ B2i}j^{Φ −}i^{� ||}_Vk+ mj+ 1/2

η (Γ) =

= lim

n′→ ∞ 4 ∑_{j= 1}^{|| 2}∑_{i= 1}^{� B2i− 1}j^{v+}_{i,n}′^{+ B2i}j^{v−}_{i,n}′^{� ||}_Vk+ mj+ 1/2

η (Γ) = 0 because of (19). If the kernel of the operator of the diffracti on problem is trivial, then Φ^±_j = 0. This is a contradiction and finishes the proof.

3.2 Existence and uniqueness

In this section, we will prove the existence and uniqueness o f the solution of the conical diffraction problem for absorbing materials. The following two Lemmas e stablish the Fredholm property of the problem, which is then used together with a result from [8 ]. The first Lemma is due to Peetre [25]. A proof can also be found in [24]. Lemma 3. Let X , Y and Z be Banach spaces such that X is compactly embedded into Z , and let A be a bounded linear operator from X into Y. Then the following two assertions are equivalent:

(i) dim ker A < ∞ and ran A is closed in Y. (ii) ∃C > 0 ∀u ∈ X : ||u||_X ≤ C { ||Au||_Y + ||u||_Z } .

This Lemma, together with Proposition 1, establishes the se mi-Fredholm property. In order to show that the operator of the conical diffraction problem has a finite-dimensional cokernel, we will construct a right regularizer. Definition 2. Let A be a linear and continuous operator from a Banach space X into a Banach space Y and let R be a linear and continuous operator from Y into X . If AR − I : Y → Y is compact, then the operator R is called a right regularizer for A.

Lemma 4. Let X and Y be Banach spaces and let A : X → Y be a linear and continuous operator. If a right regularizer for A exists, then the dimension of the cokernel of A is finite.

This is a classical result, cf. [33]. We will furthermore nee d the notions of proper ellipticity and Shapiro-Lopatinskii ellipticity . Let Ω be a bounded domain in R^2. The inward-pointing unit normal at a point x ∈ ∂Ω will be denoted by ν(x). Then the tangent space T_xR^2 can be written as a direct sum T_xR^2 = T_x(∂Ω) ⊕ span { ν(x)}.

The cotangent space T^∗_x R^2 is then

T^∗_x R^2 = [ T_x(∂Ω)]^⊥ ⊕ [span { ν(x)}]^⊥ = [ T_x(∂Ω)]^⊥ ⊕ T^∗_x (∂Ω),

because [span { ν(x)}]^⊥ can be identified with T^∗_x (∂Ω). For σ ∈ T^∗_x R^2, we write σ := ( σ_1, σ_2), with a cotangent σ_1 ∈ T^∗_x (∂Ω) and a conormal σ_2 ∈ [T_x(∂Ω)]^⊥ . Obviously, T^∗_x R^2 is canonically isomorphic to R^2. We may also assume σ ∈ C ⊗ T^∗_x R^2 ⊂ C^2, so when we write σ_1 ∈ C in the following, we mean in fact the coefficient of σ_1 ∈ T^∗_x (∂Ω) in the canonical basis representation of σ ∈ C ⊗ T^∗_x R^2.

Definition 3. Let L(x; D_{x1}, D_{x2} ) be an n × n-matrix of elliptic differential operators and denote its principal part by L_0(x; D_{x1} , D_{x2} ). The operator L(x; D_{x1}, D_{x2} ) is called properly elliptic if for every σ_1 ∈ C\{ 0} the polynomial

p(λ ) := det L_0(x; σ_1, λ ), λ ∈ C

has as many roots with strictly positive imaginary part as wi th strictly negative imaginary part, including multiplicities.

If, for example, L(x; D_{x1}, D_{x2} ) is a system of two Laplacians in R^2, then

p(λ ) = det � σ^2_1 + λ^2 0 0 σ^2_1 + λ^2 � . The polynomial p(λ ) has two double roots λ_{1/2} = ± iσ_1. Consequently, this system is properly elliptic.

Lemma 5. Consider the n × n-matrix operator L(x; D_{x1}, D_{x2} ) and the m × n-matrix B(x; D_{x1} , D_{x2} ) for x ∈ ∂Ω, where m is the number of roots of p(λ ) = det L_0(x; σ_1, λ ) with strictly positive (or equivalently, with strictly negative) imaginary part, counting multiplicities. Let σ_1 ∈ C\{ 0}. Assume that L(x; D_{x1}, D_{x2} ) is properly elliptic. If the homogeneous initial value prob lem

L_0 � x; σ_1, 1 i d dt � ϕ (t) = 0, t > 0,

B_0 � x; σ_1, 1 i d dt � ϕ (t) = 0, t = 0,

lim_{t→ ∞} ϕ (t) = 0

has only the trivial solution, then the problem

L_0 � x; σ_1, 1 i d dt � ϕ (t) = 0, t > 0,

B_0 � x; σ_1, 1 i d dt � ϕ (t) = s, t = 0,

lim_{t→ ∞} ϕ (t) = 0

is uniquely solvable for every s ∈ C^m.

Proof. Combine Definition 9.28 and Theorem 9.29 from [33].

Note that B(x; D_{x1} , D_{x2} ) does not need to be a differential operator. It can also be pseu dodifferential in the tangential variable.

Definition 4. A pair of operators (L, B) which satisfies the assumptions of Lemma 5 is said to fulfill the Shapiro-Lopatinskii condition .

Definition 5. Let (L, B) be a pair of operators satisfying the Shapiro-Lopatinskii c ondition. Let ϕ_j be the solution of the initial value problem

L_0 � x; σ_1, 1 i d dt � ϕ_j(σ_1, t) = 0, t > 0,

B_0 � x; σ_1, 1 i d dt � ϕ_j(σ_1, t) = e_j, t = 0,

lim_{t→ ∞} ϕ (t) = 0,

where e_j = ( 0, . . . , 0, 1, 0, . . . , 0). The matrix Φ (σ_1, t) with columns ϕ_j(σ_1, t) is called the canonical matrix function of (L, B).

We will now construct a right regularizer. This will be carri ed out in four steps, combining the techniques of Wloka et al. [33], Chapter 9.3, and Kondratiev [17], as follows. First we will construct regularizers for operators in the plane and in the half space . Using local coordinates, it is possible to use these results to construct for every point x_0 ∈ Ω a local regularizer in a neighbourhood U (x_0). It is necessary to distinguish between the case that x_0 lies in the interior of Ω^± and the case that x_0 lies on the boundary or on the interface. Then we obtain a glob al regularizer by means of a partition of unity. (i) Assume that L_0(D_{x1} , D_{x2} ) : H^{k+ 2}(R^2) → H^k(R^2) is the principal part of an elliptic differential operator. Let F denote the Fourier transform on R^2 and σ = ( σ_1, σ_2). It is shown in [33] that the operator R : H^k(R^2) → H^{k+ 2}(R^2) defined by

R f := F^{− 1}|σ |^2(1 + |σ |^2)^{− 1}L^{− 1}_0 (σ_1, σ_2)F f,

is a right regularizer for L_0(D_{x1} , D_{x2} ) and

L_0 ∘ R = I + K,

where K is an operator of order − 1. In our case, L_0(D_{x1} , D_{x2} ) is the Laplacian and L_0(σ_1, σ_2) = σ^2_1 + σ^2_2 . (ii) Let u^+_1 and u^+_2 be functions defined on the upper half plane R^2_+ . Analogously, assume that u^−_1 and u^−_2 are functions on the lower half plane R^2_− . Assume further that these functions fulfill a Helmholtz system coupled via transmission conditions on the x_1-axis. Then the functions u^−_{1/2} (x_1, − x_2) are defined on R^2_+ and the transmission problem becomes a boundary value probl em with boundary values on the x_1-axis. Let r : H^k(R^2) → H^k(R^2_+ ) denote the restriction of a function on R^2 to R^2_+ and let ϑ : H^k(R^2_+ ) → H^k(R^2) be a linear and continuous extension operator. Now define

L_0(D_{x1} , D_{x2} ) := � � � � L_0(D_{x1} , D_{x2} ) 0 0 0 0 L_0(D_{x1} , D_{x2} ) 0 0 0 0 L_0(D_{x1} , D_{x2} ) 0 0 0 0 L_0(D_{x1} , D_{x2} )

� � � � (20)

with L_0(D_{x1} , D_{x2} ) from step (i). Then the operator R_0 defined by

R_0 f := rF^{− 1}|σ |^2(1 + |σ |^2)^{− 1}L^{− 1}_0 (σ_1, σ_2)F ϑ f

is a continuous operator from [H^k(R^2)]^4 into [H^{k+ 2}(R^2)]^4. Additionally we define

R_1b := F^{− 1}_+ Φ (σ^′, x_2)|σ^′|^2(1 + |σ^′|^2)^{− 1}F_+ b, (21)

with b = ( b_1, . . . , b_4)^⊤ from (6), F_+ is the truncated Fourier transform on R^2_+ and Φ (σ^′, x_2) is the canonical matrix function corresponding to the boundary va lue problem (cf. Definition 5). The system of ordinary differential equations in the sense of Defi nition 5 is

L_0 � σ_1, ∓ 1 i d dt � w^±_{1/2} (t) = � σ^2_1 − d^2 dt^2 � w^±_{1/2} (t) = 0, t > 0.

The sign of d/ dt alternates because the ”inward” direction changes dependi ng on whether the original Helmholtz equation of the interface problem appli es to the region above or below the interface. With lim_{t→ ∞} w^±_{1/2} (t) = 0, this leads to w^±_{1/2} (t) = c^±_{1/2} e^{σ 1t} . One of the transmission conditions in the system (6) is u^−_1 − u^+_1 = u^{(i)}_1 . The homogeneous initial value condition following from this is 0 = w^−_1 (0) − w^+_1 (0) = c^−_1 − c^+_1 , so c^−_1 = c^+_1 = : c_1. Analogously, c^−_2 = c^+_2 = : c_2. From � γ κ^2

∂_τ u_2 + ωε κ^2

∂_νu_1 � Γ = − ωε κ^2_+

∂_νu^{(i)}_1

we have the homogeneous initial value condition

ωε_+ κ^2_+ d dt w^+_1 (t)|_{t= 0} − ωε_− κ^2_− d dt w^−_1 (t)|_{t= 0} + γ κ^2_+ σ_1w^+_2 (0) − γ κ^2_− σ_1w^−_2 (0) = 0.

This is equivalent to � ωε_+ κ^2_+ − ωε_− κ^2_− � c_1σ_1 + � γ κ^2_+ − γ κ^2_− � c_2σ_1 = 0.

In the same way we get � ωμ κ^2_− − ωμ κ^2_+ � c_2σ_1 + � γ κ^2_+ − γ κ^2_− � c_1σ_1 = 0.

This system has a non-trivial solution if and only if

ε_+ = ε_− , which would only be satisfied if there was no interface. It fol lows that c_1 = c_2 = 0. The system (L, B), with B from (9), is therefore Shapiro-Lopatinskii elliptic, and t he canonical matrix function exists. Then it is shown in [33] that the operator

R( f, b) := R_0 f + R_1 (b − B ∘ R_0 f) , (22)

is bounded from [H^k(R^2_+ )]^4 × � 4 j= 1 H k+ m_j+ 1/2 (R ) into [H k+ 2(R 2

+ )]^4 and that it is a right regularizer for the operator A := ( L, B). As explained in detail in [8], the radiation condition (8) fo r the original problem induces boundary conditions on the artificial boundaries Γ^+ and Γ^− . These boundary conditions involve the Dirichletto-Neumann map. In general, it maps the Dirichlet data of an e xterior solution to the Neumann data. In our case, we must distinguish between the upper and t he lower artificial boundary and the Dirichlet-to-Neumann map consists of two parts. More pr ecisely, from [8] we take the periodic pseudodifferential operators of order 1

(T^±_j ) � u_1 u_2 � (x) := 1 2π ∞ ∑_{n= − ∞}^{ei(n+ α)x}

� M± ,1_{n,j}

M^{± ,2}_{n,j} � · 2π� 0 � u_1(x) u_2(x) � e^{− i(n+ α)x}dx, j = 1, 2,

acting on α-quasi-periodic functions. The exact definition of the coeffi cients M^{± ,k}_{n,j} is given in [8]. Then we have the nonlocal boundary conditions

ωε_+ κ^2_+

∂_νu^+_1 + γ κ^2_+

∂_τ u^+_2 + T^+_1 � u^+_1 u^+_2 � = 0, − ωμ κ^2_+

∂_νu^+_2 + γ κ^2_+

∂_τ u^+_1 + T^+_2 � u^+_1 u^+_2 � = 0 (23)

on Γ^+ and − ωε_− κ^2_−

∂_νu^1 − γ κ^2_−

∂_τ u^−_2 + T^−_1 � u^−_1 u^−_2 � = 0, ωμ κ^2_−

∂_νu^−_2 − γ κ^2_−

∂_τ u^−_1 + T^+_2 � u^−_1 u^−_2 � = 0 (24)

on Γ^− . Now let T^±_j denote the respective Dirichlet-to-Neumann maps on the hal f space, with Γ^± replaced by the x_1-axis. Let T^+ denote the boundary operator for the boundary conditions (2 3) and T^− shall denote the boundary operator of the boundary conditio ns (24), respectively. Let T := R /2 π Z denote the one-dimensional torus. Define the periodization operator

(P u)( x) := ∞ ∑_{k= − ∞}^{u(x + 2π k),}

which is a linear and continuous map from H^s(R ) into H^s(T ). If χ ∈ C^∞_0 (R ), then

P (χ u) = ( P χ )u

for any periodic function u.

Fix a point x_0 on the real line and a neighbourhood U (x_0). Suppose that ζ and ξ are smooth cut-off functions such that U (x_0) ⊂ supp ζ ⊂ supp ξ ⊂ (a, b)

and assume that the length of the interval (a, b) is smaller than the period 2π . Let T_p be a periodic pseudodifferential operator of order r, i.e. T_p maps H^s(T ) into H^{s− r} (T ). Assume that T is a pseudodifferential operator on H^s(R ) satisfying

ξT_p([P ζ]u) = ξT(ζu) (25)

for any 2π -periodic function u. Wloka’s construction ([33]) applies to non-local pseudod ifferential operators on the real line. The regularizer for the operator s (A, ξT^± P ζ) is constructed as in (21) and (22) with b = 0, because both (23) and (24) have homogeneous right-hand sid es. The existence of a canonical matrix function is assured in the same way as it was done earlier for the transmission conditions. Because of (25), the results can be carried over to periodic operators as well. Since in the following we will construct regularizers in small neigh bourhoods, we only need to consider one type of boundary conditions at once.

(iii) We establish local regularizing properties. Suppose that x_0 ∈ Ω and that the neighbourhood U (x_0) lies in the interior of Ω^+ ∪ Ω^− . Let χ and ζ be two smooth functions with compact support in U (x_0). Then χ A ∘ Rζ = χ Iζ + χ Kζ, (26)

where K is a continuous operator of order − 1 and therefore, χ Kζ is compact from [H^k(U (x_0))]^4 into [H^k(U (x_0))]^4. We call the operator R a local regularizer .

Now surround any corner point on the interface Γ with an ϵ-neighbourhood and assume that x_0 either lies on the interface Γ so that a neighbourhood U (x_0) does not intersect with any of these ϵ-neighbourhoods, or that that is lies on one of the artificial boundaries Γ^± . We introduce local coordinates κ : U (x_0) → V ⊆ R^2.

To simplify the notation, consider two linear spaces X(Ω) and Y(Ω) of functions defined on Ω. Let A : X(Ω) → Y(Ω) be a linear operator. Let further r : Y(Ω) → Y(U (x_0)) be the restriction operator, and assume that there exists a continuous extensi on operator i : X(U (x_0)) → X(Ω). The existence of such an extension operator is assured for So bolev spaces on sufficiently smooth domains. This holds true in particular for Sobolev spaces on domains with Lipschitz boundaries (cf. [20]). Now we define

A_r := r ∘ A ∘ i : X(U (x_0)) → Y(U (x_0)) .

Then we have the commutative diagram

X(U (x_0)) Ar �Y(U (x_0))

(κ^∗)^{− 1} � X(V) κ∗ �

A_κ �Y(V).

Here, κ^∗ is the pull-back map, (κ^∗)^{− 1} is the push-forward map and A_κ := ( κ^∗)^{− 1} ∘ A_r ∘ κ^∗ is the push-forward of A_r . By this construction and by step (ii) we have a local regular izer and an equation like (26) also for neighbourhoods which contain sm ooth parts of the interface or parts of the smooth artificial boundaries.

Let χ_S be a cut-off function with support inside the ϵ-neighbourhood of the corner point S. Suppose that the assumption of Proposition 1 concerning the eigenva lues is satisfied. From Theorem 3.6.1 in [18] and the considerations made in the previous subsecti on, it follows that there exists a solution u_0 = ( u^+_{1,0}, u^+_{2,0}, u^−_{1,0}, u^−_{2,0})^⊤ of the problem

L_0u_0 = χ_S f, Bu_0 = χ_Sb (27)

in the ramified cone C_S, with f = ( f^+_1 , f^+_2 , f^−_1 , f^−_2 )^⊤ from (5), b = ( b_1, . . . , b_4)^⊤ from (6) and B from (9). (iv) We cover Ω with a finite number of open sets U (x_j), take a partition of unity { χ_j}^n_{j= 1} and functions ζ_j, j = 1, . . . , n so that any ζ_j is equal to 1 on the support of χ_j. The indexing of this set should be chosen such that no χ_j ∈ { χ_i}^k_{i= 1} has a support containing a corner point of the interface. According to step (iii), here we have local regul arizers { R_i}^k_{i= 1}. We define

u_i := R_i(χ_i f, χ_ib), i = 1, . . . , k and u^∗ := k ∑_{i= 1}^ζi^ui^{+ n}∑_{j= k+ 1}^ζj^u0,j^,

where u_{0,j} satisfies the transmission problem (27) in the cone correspo nding to the corner point x_j that lies in the support of χ_j. Since ζ_j = 1 in a neighbourhood of the respective corner point, we have △ � ζ_jv � = ζ_j△ v + 2∇ ζ_j · ∇ v + v△ ζ_j = ζ_j△ v in this neighbourhood for any function v. We obtain

Lu^∗ = k ∑_{i= 1}^ζi^L0^ui^{+ n}∑_{j= k+ 1}^ζj^{Lu}0,j^{+ k}∑_{i= 1}^D i^ui^{+ n}∑_{j= k+ 1}^D j^u0,j = k ∑_{i= 1}^ζi^χ i^{f + k}∑_{i= 1}^ζi^Ki^{( f, b) + n}∑_{j= k+ 1}^ζj^χ j^{f + k}∑_{i= 1}^D i^ui^{+ n}∑_{j= k+ 1}^D j^u0,j

= f + k ∑_{i= 1}^ζi^Ki^{( f, b) + K}0^{f,}

where K_i are local regularizers, D_l denotes first order differential operators with coefficients v anishing near the corner points and

K_0 f := k ∑_{i= 1}^D i^ui^{+ n}∑_{j= k+ 1}^D j^u j,0^.

Since the mappings f → u_i : [V^k_η (Ω)]^2 → [H^{k+ 2}(Ω)]^2 and f → u_{j,0} : [V^k_η (Ω)]^2 → [V^{k+ 2}_η (Ω)]^2 are continuous by definition for any k ∈ N , it follows that K_0 : [V^k_η (Ω)]^2 → [V^{k+ 1}_η (Ω)]^2 is continuous. Since [V^{k+ 1}_η (Ω)]^2 is compactly embedded into [V^k_η (Ω)]^2, the mapping is also compact from [V^k_η (Ω)]^2 into [V^k_η (Ω)]^2. The transmission conditions on the interface are treated a nalogously (cf. [17]). For the boundary conditions, Wloka’s construction c an be applied without changes because the artificial boundaries are smooth. The construction of th e right regularizer is completed. The following Lemma is now a direct consequence of Lemma 3 and the existence of a right regularizer.

Lemma 6. If k + 1 − η ∈ (0, μ^0) with μ^0 from equation (15), then the operator

(L, B) : [V^{k+ 2}_η (Ω)]^2 → [V^k_η (Ω)]^2 × 4� j= 1

V^{k+ mj+ 1/2} η (Γ)

of problem (4) - (8) has the Fredholm property.

In order to investigate the regularity of solutions, let us r ecall some results about asymptotic expansions which have been obtained in [10] for classical TM diffraction and are true for conical diffraction as well, see [8]. Choose s > 1 with s − 1 ≠ Re λ for all λ ∈ � S∈S (A^+_S ∪ A^−_S ). Again we switch to polar coordinates (r_S, θ_S) centered at S ∈ S . According to the theory of asymptotic analysis (see e.g. [17], [18], [23], [8], [10]), any solutio n { u_j}, j = 1, . . . , 4, admits an expansion of the form u_j(x) = ∑ S∈S L_S

∑_{l= 1}

p^l_S

∑_{p= 0}^CS,j^χ S^{(x)d}S,j,l,p^{(θ}S^{(x)) r}S^{(x)λ S log p(r}S^{(x)) + w}j^{(x), (28)}

where χ_S are cut-off functions, {{ d_{S,j,l,p}}_p}_l is a system of Jordan chains for the eigenvalue λ_S ∈ A^±_S , which consists of smooth functions in θ_S, and p^l_S depends on the geometric multiplicity of λ_S and on the length of the lth Jordan chain. Furthermore w_j ∈ H^s(Ω^± ). Since r_S(x)^{λ S} ∈ H^{1+ Re λ S− ϵ}(Ω^± ) for any ϵ > 0, we have ∇ r_S(x)^{λ S} ∈ H^{Re λ S− ϵ}(Ω^± ). On the other hand, ∇ r_S(x)^{λ S} /∈ H^{Re λ S} (Ω^± ). Thus we can remark the following. Remark 2. Let (u_1, u_2) be a solution of the conical diffraction problem (4) - (8). If μ^0 < 1 for the μ^0 defined in (15) and the coefficients C_{S,j} in the asymptotic expansion (28) do not vanish, then u_j /∈ H^2(Ω^+ ) × H^2(Ω^− ) for j = 1, 2. This is also reflected by the fact that V^k_η (Ω) → H^k(Ω^+ ) × H^k(Ω^− ) if and only if η ≤ 0. The condition 1 − η ∈ (0, μ^0) means in particular that 1 − μ^0 < η, so η > 0 if μ^0 < 1. Remark 3. Let b be a function defined on Ω^+ which satisfies b = O (r^a_S) for some a ∈ R and c > 0 in the neighbourhood of a corner point S. If b is in V^{3/2}_η (Γ), then a > 1 − η. In particular, b(x) → 0 as r → 0, which is not true if the right-hand sides of (6) are restrict ions of incoming plane waves (7) or of their normal derivatives to Γ. To overcome this difficulty, we define u^+_{1/2} = : u^{(s)}_{1/2} + u^{(i)}_{1/2} ,

where u^{(s)}_{1/2} is the scattered wave, which leads to homogeneous boundary c onditions on the nonsmooth interface and accordingly modified radiation condit ions

u^+_j (x_1, x_2) = ∞ ∑_{n= − ∞}^{A±}j,n^{ei(n+ α)x1+ √ κ2± − (n+ α)2x2 + u(i)}1/2^{(29)}

in a vicinity of Γ^+ . The estimate (17) from Proposition 2 then needs to be replac ed with 2 ∑_{j= 1}^{||u} j^{||}_Vk+ 2_{η (Ω)}^{≤ C}

�_2

∑_{j= 1}^{|| f}j^{||}Vk_η (Ω)^{+ 4}∑_{j= 1}^{||b}j^{||}_Vk+ mj+ 1/2

η (Γ) + 2 ∑_{j= 1}^{||u(i)}j^{||}_Vk+ 1_{η (Ω)} � . (30)

In order to prove unique solvability, we need the following v ersion of Green’s formula. For simplicity only real valued functions are considered.

Lemma 7. Let Ω be a domain with piecewise C^m boundary, m ≥ 1, and assume that η < 1 and u, v ∈ V^2_η (Ω). Then � Ω △ uvdx = − � Ω ∇ u∇ vdx + � ∂Ω ∂_νuvds, � Ω ∇ u∇^⊥ vdx = − � ∂Ω ∂_τ uvds, (31)

where ∇^⊥ = ( − ∂_2, ∂_1).

Proof. The Lemma follows by a density argument from Lemma 3.4. in [19 ] and formula (2.21) in [8]. See also [2] and [12] for a detailed discussion of Green’ s formula.

Proposition 3. Consider a diffraction problem of the form (4) - (8) with homog eneous boundary conditions and homogeneous Helmholtz equations, i.e. f^±_i = 0 for i = 1, 2 and b_j = 0 for j = 1, . . . , 4, and radiation conditions (29) near Γ^+ . Assume that the incoming wave admits a representation u^{(i)}_1 (x_1, x_2) = p_3e^{iα x1− iβx2}, u^{(i)}_2 (x_1, x_2) = q_3e^{iα x1− iβx2} (32) near Γ^+ , which includes incoming plane waves with real α and β. Assume that Im k > 0 in a subdomain Ω_1 ⊆ Ω and that ϵ is constant in Ω_1. Then for every η with 1 − η ∈ (0, μ^0), the conical diffraction problem (4) - (8) has a unique solution in V^2_η (Ω).

Proof. We are looking for α-quasiperiodic solutions. If u is an α-quasiperiodic function in x_1, then v := e^{− iα x1} u is 2π -periodic in x_1. Let P(v_1, v_2; ϕ , ψ ) be the sesquilinear form corresponding to the conical diffraction problem for the modulated solution v, which is given in [8]. Then the problem can be formulated as follows: Find 2π -periodic functions v_1, v_2 ∈ H^1(Ω) so that

J(v_1, v_2; ϕ , ψ ) = −

2ie^{− iβb} κ^2_+ � Γ+ � ωϵ p_3ϕ^+ + ωμq_3ψ^+ � ds (33)

for all 2π -periodic ϕ , ψ ∈ H^1(Ω), ϕ = ( ϕ^+ , ϕ^− ), ψ = ( ψ^+ , ψ^− ), where Γ^+ = { (x_1, b) : 0 ≥ x_1 ≥ 2π }. According to [8], setting

J(v_1, v_2; ϕ , ψ ) = � J � v_1 v_2 � , � ϕ ψ � (34)

generates a bounded linear operator

J : [H^1(Ω)]^2 → [H^{− 1}(Ω)]^2.

Due to Theorem 3.1 in [8], the variational equation (33), and equivalently (4) - (8), has at most one solution in [H^1(Ω)]^2. By Lemma 1, V^2_η (Ω) → V^1_0 (Ω) for η < 1, and V^1_0 (Ω) → H^1(Ω). Theorem 3.1 from [8] provides uniqueness of solutions in H^1(Ω) for conical diffraction problems with absorbing materials. Therefore, there is also at most o ne solution in V^2_η (Ω) for η < 1.

If we restrict the operator to [V^2_η (Ω)]^2, we have

J : [V^2_η (Ω)]^2 → [V^0_η (Ω)]^2.

Chapter 8.3.3. from [18] tells us that J is Fredholm if and only if the operator of the strong problem is Fredholm. By Lemma 6, J is indeed a Fredholm operator.

The adjoint operator J^∗ is given by � J^∗ � v_1 v_2 � , � ϕ ψ � = J(ϕ , ψ ; v_1, v_2).

It maps [V^0_{− η} (Ω)]^2 into [V^{− 2}_{− η} (Ω)]^2. Moreover, we have

Re(iJ(v_1, v_2; v_1, v_2)) ≥ ωβ 2π � � �ϵ^+ � � � � � 2π� 0 v^+_1 (x_1, b)dx_1 � � � � � 2 + μ � � � � � 2π� 0 v^+_2 (x_1, b)dx_1 � � � � �

2� � � (35)

for every v_1, v_2 ∈ V^2_η (Ω) (cf. the proof of Corollary 3.2 in [8]). Since V^2_η (Ω) is dense in V^0_{− η} (Ω) for η ≤ 1, we have � ker J^∗ ∩ V^2_η (Ω)

�_⊥

= (ker J^∗)^⊥ .

Therefore, the right-hand side of (33) vanishes for every (ϕ , ψ ) ∈ kerJ^∗, and every ( f_1, f_2) which satisfies � f_1 f_2 � , � ϕ ψ � = − 2ie^{− iβb}

κ^2_+ � Γ+ � ωϵ p_3ϕ^+ + ωμq_3ψ^+ � ds, is orthogonal to the kernel of the adjoint operator. Since J is a Fredholm operator, we have

ran J = (ker J^∗)^⊥ .

Thus, there is a unique solution in [V^2_η (Ω)]^2 for every right-hand side that satisfies (32).

4 Shape derivatives

4.1 Existence and regularity of shape derivatives

4.1.1 Smooth perturbations of the domains

Proposition 2 enables us to prove the existence of shape deri vatives in the same way as it is done in [4], which uses the theory of non-local perturbations of a domain, see [21]. Consider a vector field T ∈ [C(Ω)]^2 which is C^{k+ 2}. This vector field generates a diffeomorphism

T_ϵ(v) := v + ϵT(v)

and perturbed domains Ω_ϵ := T_ϵ(Ω).

We can now define material and shape derivatives.

Definition 6. Let Ω be a bounded domain and assume that u^ϵ is the solution of the boundary value problem

Lu^ϵ = f_ϵ on Ω_ϵ,

Bu^ϵ = g_ϵ on ∂Ω_ϵ

in a function space X(Ω_ϵ), with Ω_ϵ as above. The material derivative of u := u^0 in direction T is defined as u̇(T) := d(u^ϵ ∘ T_ϵ) dϵ � � �_{ϵ= 0}

with convergence in X(Ω).

We could also define a derivative

lim_{ϵ↘ 0} u^ϵ (x) − u^0(x) ϵ = : u^′(x).

This limit is defined only pointwise, since the domains on whi ch the functions u^ϵ are defined change with ϵ. We can formally write 1 ϵ � (u^ϵ ∘ T_ϵ)( x) − u^0(x) � = 1 ϵ � u^ϵ(x) − u^0(x) � + ∇ u^ϵ(x) ·T(x) + O (ϵ).

This motivates the following definition.

Definition 7. Suppose that the material derivative of a function u exists in a function space X(Ω) and that ∇ u^0 ·T ∈ Y ⊆ X(Ω). Then the shape derivative of u is globally defined as

u^′(T) := u̇(T) − ∇ u^0 ·T. (36)

If we are interested in functions on the boundary ∂Ω, we have to replace the gradient in the above formula with its tangential component. We say that u is shape differentiable in direction T in a function space Y, if its shape derivative u^′(T) exists in Y.

Remark 4. Remark 2 stated that for μ^0 < 1 solution (u_1.u_2) of the conical diffraction problem (4) - (8) is likely not in [H^2(Ω)]^2. Then

(u_1, u_2)^′ /∈ [H^1(Ω)]^2.

If this is the case, then the variational approach of Hettlic h and Kirsch ([14],[16]) cannot immediately be applied to problems in domains with corners in g eneral, because for this technique H^1-regularity of the shape derivative is a crucial requiremen t. For this reason we use a different approach suggested by Bochniak and Cakoni[4] for mixed boun dary value problems.

We return to our transmission problem. Let T_ϵ be a smooth perturbation as above. Since we are only interested in perturbations of the interface Γ, we assume that for every ϵ we have ∂Ω^ϵ = ∂Ω. The perturbed interface will be denoted by Γ_ϵ. If we are interested in functions on the boundary ∂Ω, we have to replace the gradient in the above formula with its tangential component. We investigate the transmission problem

△ u^{+ ,ϵ}_1 + κ^2_+ u^{+ ,ϵ}_1 = f^+_1 in Ω^+_ϵ , △ u^{− ,ϵ}_1 + κ^2_− u^{− ,ϵ}_1 = f^1_− in Ω^−_ϵ , △ u^{+ ,ϵ}_2 + κ^2_+ u^{+ ,ϵ}_2 = f^2_+ in Ω^+_ϵ , △ u^{− ,ϵ}_2 + κ^2_− u^{− ,ϵ}_2 = f^2_− in Ω^−_ϵ , with transmission conditions � γ κ^2

∇ u^ϵ_2 ·τ_ϵ + ωε κ^2

∇ u^ϵ_1 ·ν_ϵ � Γ = − ωϵ_+ κ^2_+

∇ u^{(i)}_1 ·ν_ϵ, � γ κ^2

∇ u^ϵ_1 ·τ_ϵ − ωμ κ^2

∇ u^ϵ_2 ·ν_ϵ � Γ = ωμ κ^2_+

∇ u^{(i)}_2 ·ν_ϵ,

[u^ϵ_1]_Γ = − u^{(i)}_1 , [u^ϵ_2]_Γ = − u^{(i)}_2

on Γ_ϵ and a radiation condition (8) with u^±_j replaced by u^{± ,ϵ}_j . Here, ν_ϵ is the unit normal to the perturbed interface Γ_ϵ and τ_ϵ is the unit tangential vector to Γ_ϵ. By the coordinate transform x → x_ϵ := T_ϵ(x) we get

△^ϵ(u^{+ ,ϵ}_1 ∘ T_ϵ) + κ^2_+ (u^{+ ,ϵ}_1 ∘ T_ϵ) = f^+_1 ∘ T_ϵ in Ω^+ , △^ϵ(u^{− ,ϵ}_1 ∘ T_ϵ) + κ^2_− (u^{− ,ϵ}_1 ∘ T_ϵ) = f^−_1 ∘ T_ϵ in Ω^− , △^ϵ(u^{+ ,ϵ}_2 ∘ T_ϵ) + κ^2_+ (u^{+ ,ϵ}_2 ∘ T_ϵ) = f^+_2 ∘ T_ϵ in Ω^+ , △^ϵ(u^{− ,ϵ}_2 ∘ T_ϵ) + κ^2_− (u^{− ,ϵ}_2 ∘ T_ϵ) = f^−_2 ∘ T_ϵ in Ω^− ,

(37)

with transmission conditions � γ κ^2

∇^ϵ(u^ϵ_2 ∘ T_ϵ) ·(τ_ϵ ∘ T_ϵ) + ωε κ^2

∇^ϵ(u^ϵ_1 ∘ T_ϵ) ·(ν_ϵ ∘ T_ϵ) � Γ = − ωε_+ κ^2_+

∇^ϵ(u^{(i)}_1 ∘ T_ϵ) ·(ν_ϵ ∘ T_ϵ), � γ κ^2

∇^ϵ(u^ϵ_1 ∘ T_ϵ) ·(τ_ϵ ∘ T_ϵ) − ωμ κ^2

∇^ϵ(u^ϵ_2 ∘ T_ϵ) ·(ν_ϵ ∘ T_ϵ) � Γ = ωμ κ^2_+

∇^ϵ (u^{(i)}_2 ∘ T_ϵ) ·(ν_ϵ ∘ T_ϵ),

[u^ϵ_1 ∘ T_ϵ]_Γ = − u^{(i)}_1 ∘ T_ϵ, (38) [u^ϵ_2 ∘ T_ϵ]_Γ = − u^{(i)}_2 ∘ T_ϵ

on Γ and a radiation condition (8) with u^±_j replaced by u^{± ,ϵ}_j ∘ T_ϵ and A^±_{j,n} replaced by A^{± ,ϵ}_{j,n} . Here △^ϵ = ∂^2_{x1,ϵ} + ∂^2_{x2,ϵ} is the Laplacian and ∇^ϵ = ( ∂_{x1,ϵ} , ∂_{x2,ϵ} )^⊤ is the gradient with respect to x_ϵ. As it is shown in [4], the operators △^ϵ and ∇^ϵ depend smoothly on ϵ and admit the Taylor expansion

△^ϵ = △ + ϵ ~△ + ϵ^2△^R(ϵ), ∇^ϵ = ∇ + ϵ ~∇ + ϵ^2∇^R(ϵ),

with ~△ u = div � [I div T − (DT^⊤ + DT)]∇ u � − div T△ u, ~∇ u = − DT^⊤ · ∇ u,

(39)

where DT denotes the Jacobian of T. We return to the investigation of the transmission problem . Inserting the formal ansatz u^ϵ_j ∘ T_ϵ = : u^0_j + ϵu̇_j + ϵ^2v_j(x) (40)

into the transformed boundary value problem on Ω, taking into account that ḟ^±_j = 0 for j = 1, 2, and comparing the terms of order ϵ, yields

△ u̇^+_1 + κ^2_+ u̇^+_1 = − ~△ u^{+ ,0}_1 in Ω^+ , △ u̇^−_1 + κ^2_− u̇^−_1 = − ~△ u^{− ,0}_1 in Ω^− , △ u̇^+_2 + κ^2_+ u̇^+_2 = − ~△ u^{+ ,0}_2 in Ω^+ , △ u̇^−_2 + κ^2_− u̇^−_2 = − ~△ u^{− ,0}_2 in Ω^− ,

(41)

and � γ κ^2

∇ u̇_2 ·τ + ωε κ^2

∇ u̇_1 ·ν � Γ = − ωε_+ κ^2_+

∇ u^{(i)}_1 ·ν̇ − � γ κ^2

~∇ u^0_2 ·τ + ωε κ^2

~∇ u^0_1 ·ν � Γ − � γ κ^2

∇ u^0_2 ·τ̇ + ωε κ^2

∇ u^0_1 ·ν̇ � Γ , � γ κ^2

∇ u̇_1 ·τ − ωμ κ^2

∇ u̇_2 ·ν � Γ = ωμ κ^2_+

∇ u^{(i)}_2 ·ν̇ − � γ κ^2

~∇ u^0_1 ·τ − ωμ κ^2

~∇ u^0_2 ·ν � Γ (42) − � γ κ^2

∇ u^0_1 ·τ̇ − ωμ κ^2

∇ u^0_2 ·ν̇ � Γ , [u̇_1]_Γ = − u̇^{(i)}_1 = 0, [u̇_2]_Γ = − u̇^{(i)}_2 = 0

on the interface Γ. Near Γ^+ and Γ^− , we use the ansatz

A^{± ,ϵ}_{j,n} = : A^{± ,0}_{j,n} + ϵ Ȧ^±_{j,n} + ϵ^2R^±_{j,n} (ϵ). (43)

Expanding u^ϵ_j ∘ T_ϵ into a Taylor series at ϵ = 0, and using (43) together with (40), yields

u̇^±_j (x) = ∞ ∑_{n= − ∞} � Ȧ^±_{j,n} + A^{± ,0}_{j,n}

� i(n + α) � κ^2_± − (n + α)^2

�_{1/2} � ·T � e^{i(n+ α)x1+}

√_{κ2± − (n+ α)2x2} (44)

near the artificial boundaries. It remains to show that the so lution u̇ of the transmission problem (41)+(42)+(44) is indeed the material derivative of u_j for j = 1, 2, i.e. we have to show that 2 ∑_{j= 1}^{||uϵ}j^{∘ T}ϵ^{− u0}j^{− ϵu̇} j^{||}Vl_η (Ω)^{≤ Cϵ2 (45)}

for some suitable l and η. In fact we will prove this for l = k + 2, k ≥ 0. By straightforward calculations we see that the functions v^±_j = u^{± ,ϵ}_j ∘ T_ϵ − u^{± ,0}_j − ϵu̇^±_j satisfy the equation

△^ϵv^±_j + κ^2_± v^±_j = − ϵ^2 � △^Ru^{± ,0}_j + ~△ u̇^±_j � − ϵ^3△^R u̇^±_j in Ω^± (46)

for j = 1, 2. With ν_ϵ = ν_0 + ϵν̇ + ϵ^2ν_R and τ_ϵ = τ_0 + ϵτ̇ + ϵ^2τ_R the transmission conditions on Γ become � γ κ^2

∇^ϵv_2 ·(τ_ϵ ∘ T_ϵ) + ωε κ^2

∇^ϵv_1 ·(ν_ϵ ∘ T_ϵ) � Γ = = ϵ^2 � − ωε_+ κ^2_+

~∇ u^{(i)}_1 ·ν̇ − � γ κ^2 � ∇ u̇_2 ·τ̇ + ∇ u^0_2 ·τ_R + ~∇ u^0_2 ·τ̇ + ~∇ u̇_2 ·τ + ∇^Ru^0_2 ·τ � + (47)

+ ωε κ^2 � ∇ u̇_1 ·ν̇ + ∇ u^0_1 ·ν_R + ~∇ u^0_1 ·ν̇ + ~∇ u̇_1 ·ν + ∇^Ru_1 ·ν � Γ � + P_1(ϵ^3, ϵ^4, ϵ^5) and � γ κ^2

∇^ϵv_1 ·(τ_ϵ ∘ T_ϵ) − ωμ κ^2

∇^ϵv_2 ·(ν_ϵ ∘ T_ϵ) � Γ = = ϵ^2 � ωμ κ^2_+

~∇ u^{(i)}_2 ·ν̇ − � γ κ^2 � ∇ u̇_1 ·τ̇ + ∇ u^0_1 ·τ_R + ~∇ u^0_1 ·τ̇ + ~∇ u̇_1 ·τ + ∇^Ru^0_1 ·τ � + + ωμ κ^2 � ∇ u̇_2 ·ν̇ + ∇ u^0_2 ·ν_R + ~∇ u^0_2 ·ν̇ + ~∇ u̇_2 ·ν + ∇^Ru_2 ·ν � Γ � + P_1(ϵ^3, ϵ^4, ϵ^5), (48)

[v_1]_Γ = 0, [v_2]_Γ = 0.

Here, P_{1/2} (ϵ^3, ϵ^4, ϵ^5) are polynomials in ϵ involving the powers ϵ^3, ϵ^4, ϵ^5 with coefficients ~∇ u̇^±_j · ν̇, ~∇ u^{± ,0}_j ·ν_R, ∇^Ru^{± ,0}_j ·ν̇, ∇^R u̇^±_j ·ν, ∇ u̇^±_j ·ν_R, ~∇ u̇^±_j ·ν_R, ∇^Ru^{± ,0}_j ·ν_R, ∇^R u̇^±_j ·ν̇, ∇^R u̇^±_j ·ν_R. Since u^{± ,ϵ}_j ·T_ϵ, u^{± ,0}_j and u̇^±_j all satisfy a radiation condition, this also applies to v^±_j .

Non-local perturbation theory tells us that the operator S_ϵ of the transmission problem (46) - (48), which maps a solution (v_1, v_2) to the corresponding right-hand side, is a small perturbati on of the operator S of the original problem. Therefore, if S is invertible, this is also true for S_ϵ by a Neumann series argument. Moreover, since (u^{± ,0}_j )_{j= 1,...,4} is a solution of the conical diffraction problem with homogeneous Helmholtz equations and smooth incoming waves or their normal derivatives as righthand sides of the boundary conditions we see by Proposition 2 that u^{± ,0}_j ∈ V^{k+ 2}_η (Ω^± ). Hence, ∇ u^{± ,0}_j |_Γ ∈ V^{k+ 1/2} η (Γ) and △^Ru^{± ,0}_j ∈ V^k_η (Ω^± ) because △^R is an operator of second order.

Now ( u̇^±_j )_{j= 1,...,4} is a solution of an inhomogeneous conical diffraction proble m with − ~△ u^{± ,0}_j on the right-hand sides of the Helmholtz equations and the right-h and sides of the boundary conditions are ∇ u^{± ,0}_j ·ν and ∇ u^{± ,0}_j ·τ respectively. Therefore u̇^±_j ∈ V^{k+ 2}_η (Ω^± ) also by Proposition 2 and ~△ u̇^±_j , △ R u̇^±_j ∈ Vk_η (Ω± ), ∇ u̇^±_j |_Γ, ~∇ u̇^±_j |_Γ ∈ V^{k+ 1/2} η (Γ).

Additionally ~∇ u^{± ,0}_j |_Γ, ∇^Ru^{± ,0}_j |_Γ ∈ V^{k+ 1/2} η (Γ) and all coefficients of the ϵ-powers in P_i(ϵ^3, ϵ^4, ϵ^5), i = 1, 2 belong to V^{k+ 1/2} η (Γ). The incoming wave is smooth and therefore fulfills all neces sary smoothness assumptions as well. In the norm of this space, P_i(ϵ^3, ϵ^4, ϵ^5) = O (ϵ^3) for i = 1, 2. By these considerations, we can apply Proposition 2 to the pe rturbed problem above and immediately obtain (45). Summarizing we can state the following th eorem.

Theorem 1. Suppose that the conical diffraction problem has a unique sol ution (u_1, u_2) belonging to [V^{k+ 1}_η (Ω)]^2 and that the assumptions of Proposition 1 are satisfied. Then , according to Proposition 1, (u_1, u_2) ∈ [V^{k+ 2}_η (Ω)]^2. Furthermore, the material derivative ( u̇_1, u̇_2) exists and belongs to [V^{k+ 2}_η (Ω)]^2 and the shape derivative (u^′_1, u^′_2) lies in [V^{k+ 1}_η (Ω)]^2.

4.1.2 Piecewise smooth perturbations

Regular perturbations of the identity that were considered in the previous section leave the the angles at corner points unchanged. If we want to change those angles, we have to allow piecewise smooth perturbations. In this case, a Dirac delta occurs in t he first equation of (39). Consequently,

+y_1

+y_1

θ=-θ_0 y_2^+ εΗ( )

S

Figure 3: Boundary perturbation near a corner point

we need a different representation of the perturbed boundary for the coordinate transform x → x_ϵ, that leads to the perturbed problem (37) + (38). The following statements can be found with more detailed exp lanations in [21], Chapter 5.5.2. Let { V_j : j = 1, . . . , J} be an open covering of the interface Γ. In each set which does not include a corner point, we introduce local coordinates (ξ^j_1, ξ^j_2) with the ξ^j_2-axis pointing in the normal direction at Γ. Then the perturbed interface Γ_ϵ can be given in each V_j by ξ^j_2 = ϵT_j(ξ^j_1) with a smooth function T_j and small positive ϵ. Now we introduce new coordinates (ζ^j_1, ζ^j_2) given by ζ^j_1 = ξ^j_1 and ζ^j_2 = ξ^j_2 − ϵT_j(ξ^j_1)χ_j(ξ^j_2), where χ_j is a cut-off function with a support containing V_j and χ_j ≡ 1 on V_j. In this way, we generate a coordinate transform

(ξ^j_1, ξ^j_2) → (ζ^j_1, ζ^j_2) : Γ_ϵ ∩ V_j → Γ∩ V_j (49)

for the smooth parts of the boundary. In each cone C_S = { x = x(r, θ) ∈ R^2 : r > 0, θ ∈ (− θ_0, θ_0)} with origin S, we proceed in the following way. The perturbed boundary ∂C_S(ϵ) of the cone can be given by y^±_2 = ϵH(y^±_1 ), y^±_1 ≥ 0 with (y^±_1 , y^±_2 ) denoting cartesian coordinates with origin S. The y^±_1 -axis is given by { x : θ = ± θ_0} and the y^±_2 -axis by { x : θ = ± θ_0 ± π /2 }. Furthermore, H is a smooth function with

H(t) = at^ξ + O (t^{ξ+ 1}), ξ ≥ 1. (50)

An illustration is given in Figure 4. Then the domain C_S(ϵ) is given by

θ_0 − ϵr^{ξ− 1}b(r, ϵ) ≤ θ ≤ θ_0 + ϵr^{ξ− 1}b(r, ϵ) (51)

with a smooth function b. Then one can construct a mapping of C_S(ϵ) onto C_S by introducing new polar coordinates (R, Θ) with

R = r, Θ = θ_0 � θ_0 + ϵr^{ξ− 1}b(r, ϵ)

�_{− 1} θ. (52)

With the local coordinate transforms (49) and (52) we can ass emble a diffeomorphism

T_ϵ : Ω_ϵ → Ω,

where Ω_ϵ is the perturbed domain. For simplicity, we consider only functions H which are linear, i.e. the perturbation of a cone is again a cone. If H(t) = at with a > 0, then b(r, ϵ) = ϵ^{− 1} arctan (aϵ) and the perturbed cone C_S(ϵ) is given by angles θ which satisfy

− θ_0 − arctan (aϵ) ≤ θ ≤ θ_0 + arctan (aϵ).

In the polar coordinates (R, Θ) we have

R = r, Θ = θ_0 (θ_0 + arctan (aϵ))^{− 1} θ.

The Laplace operator in these coordinates is

△^ϵu =

∂^2 ∂R^2 u + 1 R ∂ ∂R u + � 1 + θ^{− 1}_0 arctan (aϵ)

�_{− 2} 1 R^2

∂^2 ∂Θ^2 u and the gradient is

∇^ϵu = � ∂ ∂R u � ⃗R + � � 1 + θ^{− 1}_0 arctan (aϵ)

�_{− 1} 1 R ∂ ∂Θ u � ⃗Θ, where ⃗R and ⃗Θ are the unit vectors in the polar coordinate system. As befor e, we can expand these operators into Taylor series and obtain

△^ϵu =

∂^2 ∂R^2 u + 1 R ∂ ∂R u + 1 R^2

∂^2 ∂Θ^2 u � 1 − 2ϵaθ_0 + O (ϵ^2) �

and ∇^ϵ u = � ∂ ∂R u � ⃗R + � 1 R ∂ ∂Θ u � ⃗Θ � 1 − ϵaθ_0 + O (ϵ^2) � . Now we can proceed in the same way as in the previous section. W e only have to replace the perturbation of the identity, that has been considered there, w ith the diffeomorphism T_ϵ constructed in this section.

Theorem 2. By the above considerations, Theorem 1 is also true for pertu rbations which change the angle at corner points.

Theoretically, this theorem could also be stated for the mor e general case that ξ > 1 in equation (50). According to [21], we obtain the following. In polar co ordinates with respect to r and θ we have ∂ ∂x_1

= cos θ ∂ ∂r − 1 r sin θ ∂ ∂θ ,

∂ ∂x_2

= sin θ ∂ ∂r + 1 r cos θ ∂ ∂θ and 1 r ∂ ∂θ = 1 R � 1 + 1 θ_0 ϵR^{ξ− 1}b(R, ϵ)

�_{− 1} ∂ ∂Θ , ∂ ∂r = ∂ ∂R − � 1 + 1 θ_0 ϵR^{ξ− 1}b(R, ϵ)

�_{− 1} � ∂ ∂r � 1 + 1 θ_0 ϵr^{ξ− 1}b(r, ϵ) � r= R Θ ∂ ∂Θ . Expanding this in a Taylor series at ϵ = 0 yields 1 r ∂ ∂θ ≍ 1 R � 1 + ∞ ∑_{k= 1}^{ϵk k}∑_{j= 1}^{Rj(ξ− 1) θ} − j 0 (k − j)! � ∂ ∂ϵ �_{k− j} b^j(R, 0) � ∂ ∂Θ , ∂ ∂r ≍ ∂ ∂R − 1 R ∞ ∑_{k= 1}^{ϵk k}∑_{j= 1}^{Rj(ξ− 1) θ} − j 0 (k − j)! � ξ − 1 + R j ∂ ∂R � � ∂ ∂ϵ �_{k− j} b^j(R, 0)Θ ∂ ∂Θ (53)

The differential operators of the perturbed transmission pr oblem (45) - (48) can be represented by series of so-called admissible operators if ξ ≥ 1. These are defined as follows (see also [18]). Definition 8. The operator P(x, D_x) = ∑

α≤ k

p_α (x)D^α_x

is called admissible of order k in the vicinity of a corner point S if the coefficients p_α have the form

p_α (x) = r^{|α|− k}p^{(0)}_α (r, θ)

in this neighbourhood, where p^{(0)}_α ∈ C^∞ (( 0, ∞ ) × C^±_S ) ∩ C([0, ∞ ) × C^±_S ) and

(rD_r )^jD^γ_θ � p^{(0)}_α (r, θ) − p^{(0)}_α (0, θ) � → 0 for every j = 0, 1, . . . as r → 0 uniformly with respect to θ ∈ C^±_S . As usual, (r, θ) are polar coordinates in the cone C^±_S with origin S. P is said to be a model operator if it has the form

P(x, D_x) = r^{− k} k ∑_{j= 0}^pj^{(θ, D}θ^{)( rD} r^{) j}

with p_j(θ, D_θ) being differential operators of order ≤ k − j with smooth coefficients on C^±_S . If P is a boundary operator, then additionally P(x, D_x)u|_{∂C}±_S has to depend only on u|_{∂C}±_S for every smooth function u in the vicinity of ∂C^±_S .

To apply the theory used in Chapter 1, we need admissibility o f the occurring differential operators. According to [18], every model operator is admissible. It is easy to show that the differential operators in (4) - (8) are model operators. If ξ < 1, then the perturbed transmission problem is not admissible any more because the coefficients in (53) do not behave in the way that was required in Definition 8, and Proposition 1 is no longer true. The concept of admissibility does not apply to the boundary c onditions (23) and (24) because of the occurring pseudodifferential operators and because the art ificial boundaries do not have corners. The theory of the first section also includes this kind of oper ators, see Chapter 9 of Wloka’s book [33], where pseudodifferential boundary operators are trea ted explicitely for smooth boundaries.

Remark 5. The symmetric structure of (51) is not necessary for the abov e considerations. We could also represent the perturbed boundary by two function s H_1 and H_2 with

H_1(t) = a_1t^{ξ1} + O (t^{ξ1+ 1}), H_2(t) = a_2t^{ξ2} + O (t^{ξ2+ 1}), ξ_1, ξ_2 ≥ 1.

The inequality (51) would then change to

− θ_0 − ϵr^{ξ1− 1}b_1(r, ϵ) ≤ θ ≤ θ_0 + ϵr^{ξ2− 1}b_2(r, ϵ)

with smooth functions b_1 and b_2. Define

θ_1 := − θ_0 − ϵr^{ξ1− 1}b_1(r, ϵ), θ_2 := θ_0 + ϵr^{ξ2− 1}b_2(r, ϵ).

The new polar coordinates

R = r, Θ = θ_0θ^{− 1}_1 � θ_1 θ_1 − θ_2 θ − θ_1θ_2 θ_1 − θ_2 � + θ_0θ^{− 1}_2 � θ_2 θ_2 − θ_1 θ − θ_2θ_1 θ_2 − θ_1 �

induce a mapping of C_S(ϵ) onto C_S. This is similar to (52) and allows essentially the same considerations, only with more long-winded notation.

4.2 Characterization of the shape derivative

Once the shape differentiability of the solution of the conic al diffraction problem has been proved, the diffraction problem for the u̇_j is no longer merely formal. Indeed it is a valid characteriza tion of the material derivative. We could now establish a similar ch aracterization for the shape derivative by inserting its definition (7). Let us assume that the shape derivative u^′_j of the solution of (4) - (8) exists in V^l_η (Ω) for some l ∈ Z , l ≥ 0, η ∈ R . Inserting (7) into

△ u̇^±_j + κ^2_± u̇^±_j = − ~△ u^±_j ,

we get △ � u^±_j

�_′

+ κ^2_± � u^±_j

�_′ + △ � ∇ u^±_j ·T � + κ^2_± � ∇ u^±_j ·T � = − ~△ u^±_j .

If T is only piecewise smooth, then this equation has to be unders tood in the sense of distributions. Straightforward calculations and the Helmholtz equation y ield △ � ∇ u^±_j ·T � + ~△ u^±_j = T · ∇ � △ u^±_j � = − κ^2_± � ∇ u^±_j ·T � . Thus � u^±_j

�_′ also satisfies the homogeneous Helmholtz equation in Ω. Let us now investigate the radiation condition. Let Γ be a part of the boundary ∂Ω and let

u^±_j (x) = r^±_j (x)

for every x in a neighbourhood of Γ^± . The perturbed boundary condition is

u^±_{j,ϵ}(x + ϵT(x)) = r^±_{j,ϵ}(x + ϵT(x)) .

We expand this into a Taylor series and get r^±_{j,0} ≠ r^±_{j,ϵ} if ϵ ≠ 0. We have u^±_{j,0} = r^±_{j,0} in a neighbourhood of Γ, not only on Γ itself. Hence, ∇ r^±_{j,0} = ∇ u^±_{j,0}, and it follows that � u^±_j

�_′ = � r^±_j

�_′

+ ∇ r^±_{j,0} ·T − ∇ u_0 ·T = � r^±_j

�_′ . In our case, r^±_j is of the form

r^±_j (x_1, x_2) = ∞ ∑_{n= − ∞}^{A±}j,n^{ei(n+ α)x1+ √ κ2± − (n+ α)2x2 .}

Hence, its shape derivative has the form � r^±_j

�_′

(T)( x_1, x_2) = ∞ ∑_{n= − ∞}^{� A±}j,n^{� ′(T)ei(n+ α)x1+ √ κ2± − (n+ α)2x2 .}

In order to formulate transmission conditions for shape der ivatives for transmission problems, we state the following Lemma.

Lemma 8. Suppose that Ω is a domain with piecewise C^m boundary, m ≥ 1, that the function u is shape differentiable in direction T on Ω and that u|_{∂Ω} is also shape differentiable in direction T. Then the shape derivative of the domain integral

F(Ω)( u) = � Ω udx

in direction T is F^′(Ω; T)( u) = � Ω u^′(T)dx + � ∂Ω u(T ·ν)ds.

Let κ̃ be the curvature of ∂Ω and let { S_j}^m_{j= 1} be the set of corner points of ∂Ω. The shape derivative of the boundary integral G(Ω)( u) = � ∂Ω uds in direction T is given by

G^′(Ω; T)( u) = � ∂Ω u^′(T)ds + � ∂Ω { ∂_νu + uκ̃(T ·ν)} ds + m ∑_{j= 1}^ζj^,

where ζ_j = u(S_j)[T(S_{j+ 1}) ·τ^− (S_{j+ 1})] − u(S_j)[T(S_j) ·τ^+ (S_j)],

with ν^± and τ^± denoting the left, resp. the right limit of the unit normal an d the unit tangent vector. If u is only defined on ∂Ω, then

G^′(Ω; T)( u) = � ∂Ω u^′(T)ds + � ∂Ω uκ̃(T ·ν)ds + m ∑_{j= 1}^ζj^.

Proof. See [31], Chapters 2.31, 2.33 and 3.8.

This Lemma can now be used for the characterization of transm ission conditions over the interface. We apply a technique from [31]. Again, we discuss a simple mod el problem first and then use the results to characterize shape derivatives of solutions of t he more complicated problem (4) - (8). Let (u_1, u_2) be a shape differentiable solution of the transmission probl em

△ u_1 + κ^2_+ u_1 = 0 in Ω^+ △ u_2 + κ^2_− u_2 = 0 in Ω^−

∂_νu_1 − ∂_τ u_2 = ∂_νu^{(i)} on Γ u_1 − u_2 = u^{(i)} on Γ

and suitable boundary conditions on Γ^± , with Ω, Γ and Γ^± as described in Section 1.2. The exact form of the boundary conditions is not important because we a re only interested in the transmission conditions. Let u_j be an α-quasiperiodic functions satisfying u_j ∈ V^k_η (Ω^± ), j = 1, 2 with k ≥ 2 and η < 1. Assume further that v is a test function which satisfies the same regularity requir ements as u_1 and u_2, that e^{iα x1} v(x_1, x_2) is periodic in x_1, ∂_νv = 0 on Γ^+ ∪ Γ^− ∪ Γ and v = 0 on Γ^+ ∪ Γ^− . Then Green’s formula yields � Ω+ � ∇ u_1∇ v − κ^2_+ u_1v � dx − � Ω− ∇ u_2∇^⊥ vdx − � Γ { ∂_νu_1 − ∂_τ u_2} vds = 0.

Note that, because of the periodicity, the contributions of the boundary integrals over the parts of the boundary parallel to the x_2-axis cancel out. By Lemma 8 and by the chain rule for Fréchet derivatives, taking the shape derivative in direction T gives � Ω+ ∇ u^′_1∇ vdx − � Ω− ∇ u^′_2∇^⊥ vdx − � Ω+ κ^2_+ u^′_1vdx + � Γ ∇ u_1∇ v[T ·ν]ds + � Γ ∇ u_2∇^⊥ v(T ·ν)ds

− � Γ κ^2_+ u_1v(T ·ν)ds = � Γ � ∂_νu^{(i)}_1

�_′

vds + � Γ κ̃∂_νu^{(i)}_1 v(T ·ν)ds + m ∑_{j= 1}^ζj^,

where κ̃ denotes the curvature of Γ and

ζ_j = ν^− · ∇ u^{(i)} (S_{j+ 1})v(S_{j+ 1})[T(S_{j+ 1}) ·τ^− (S_{j+ 1})] − ν^+ · ∇ u^{(i)} (S_j)v(S_j)[T(S_j) ·τ^+ (S_j)]. (54)

Since � Ω+ � ∇ u^′_1∇ v − κ^2_+ u^′_1v � dx − � Γ ∂_νu^′_1vds = 0

and � Ω− ∇ u^′_2∇^⊥ vdx + � Γ ∂_τ u^′_2vds = 0,

it follows that � Γ � ∂_νu^′_1 − ∂_τ u^′_2 � vds = � Γ � −∇ u_2∇^⊥ v − ∇ u_1∇ v + κ^2_+ u_1v � (T ·ν)ds

+ � Γ � ∂_νu^{(i)}_1

�_′

vds + � Γ ∂_νu^{(i)}_1 vκ̃(T ·ν)ds + m ∑_{j= 1}^ζj^.

(55)

Let div_ΓV := (divV − (DV ·ν) ·ν)|_Γ denote the tangential divergence of a vector field V. As usual, DV is the Jacobian of the vector field V. Additionally, let ∇ u|_τ := ∇ u − (ν · ∇ u)ν = ( τ · ∇ u)τ

be the tangential gradient of u. Then by � Γ (∇ u ·V + udiv_ΓV) ds = � Γ (∂_νu + κ̃u)( V ·ν)ds,

which is formula (2.145) from [31], it follows that � Γ ∇ u_1∇ v(T ·ν)ds = − � Γ vdiv_Γ(( T ·ν)∇ u_1)ds + � Γ κ̃(T ·ν)[∇ u_1 ·ν]vds = − � Γ vdiv_Γ ((T ·ν)∇ u_1|_τ ) ds.

The last equality is Proposition 2.57 in [31]. In the same way we obtain � Γ ∇ u_2∇^⊥ v(T ·ν)ds = − � Γ ∇^⊥ u_2∇ v(T ·ν)ds = � Γ vdiv_Γ � (T ·ν)∇^⊥ u_2 � ds − � Γ κ̃(T ·ν)[∇^⊥ u_2 ·ν]vds = � Γ vdiv_Γ � (T ·ν)∇^⊥ u_2|_τ � ds.

Inserting this into (55) yields � Γ � ∂_νu^′_1 − ∂_τ u^′_2 � vds = � Γ div_Γ � (T ·ν) � ∇ u_1|_τ − ∇^⊥ u_2|_τ � vds + � Γ κ^2_+ u_1(T ·ν)vds+

+ � Γ � ∂_νu^{(i)}

�_′

vds + � Γ κ̃∂_νu^{(i)} (T ·ν)vds + m ∑_{j= 1}^ζj^.

Now consider the jumps u^′_1 − u^′_2. We have � Γ { u_1 − u_2}vds = � Γ u^{(i)}vds.

Taking the shape derivative on both sides yields � Γ ({ u_1 − u_2}v)^′ds + � Γ � ∂_ν(u_1 − u_2) + κ̃u^{(i)} � (T ·ν)vds + m ∑_{l= 1}^ξl^= = � Γ (u^{(i)})^′vds + � Γ κ̃u^{(i)}(T ·ν)vds + m ∑_{l= 1}^ρ l^,

where

ξ_j = { u_1 − u_2}(S_{j+ 1})v(S_{j+ 1})[T(S_{j+ 1}) ·τ^− (S_{j+ 1})] − { u_1 − u_2}(S_j)v(S_j)[T(S_j) ·τ^+ (S_j)] and ρ_j = u^{(i)} (S_{j+ 1})v(S_{j+ 1})[T(S_{j+ 1}) ·τ^− (S_{j+ 1})] − u^{(i)} (S_j)v(S_j)[T(S_j) ·τ^+ (S_j)].

The incoming wave does not depend on the geometry, consequen tly (u^{(i)})^′ = 0. Furthermore, we have v^′ = ∂_νv(T ·ν).

If we assume that the jump of the normal derivative of v across the interface is zero, we get � Γ { u^′_1 − u^′_2}vds = − � Γ ∂_ν(u_1 − u_2)( T ·ν)vds − m ∑_{l= 1}^ξl^{+ m}∑_{l= 1}^ρ l^{= −} � Γ ∂_ν(u_1 − u_2)( T ·ν)vds,

because the two sums cancel out and the incoming wave does not depend on Γ. Thus, it follows that u^′_1 − u^′_2 = − ∂_ν(u_1 − u_2)( T ·ν).

Summarizing everything, we have obtained that the shape der ivative of the solution of the model problem satisfies Helmholtz system

△ u^′_1 + κ^2_+ u^′_1 = 0 in Ω^+ △ u^′_2 + κ^2_− u^′_2 = 0 in Ω^−

with transmission conditions � Γ � ∂_νu^′_1 − ∂_τ u^′_2 � vds = � Γ div_Γ � (T ·ν) � ∇ u_1|_τ − ∇^⊥ u_2|_τ � vds + � Γ κ^2_+ u_1(T ·ν)vds+

+ � Γ � ∂_νu^{(i)}

�_′

vds + � Γ κ̃∂_νu^{(i)} (T ·ν)vds + m ∑_{j= 1}^ζj^,

u^′_1 − u^′_2 = − ∂_ν(u_1 − u_2)( T ·ν),

with ζ_j from (54), on Γ. We assumed a suitable boundary condition for the model prob lem, but we did not investigate this in general. Nevertheless, if this s uitable boundary condition is a radiation condition of the form (8), then the shape derivatives u^′_j also satisfies this radiation condition. We see that the operator of the problem that characterizes th e shape derivative is the same as the operator of the original model problem. Only the right-h and side changes. These results can be carried over to our original problem (4) - (8). We obtai n the following theorem on the characterization of shape derivatives.

Theorem 3. Assume that (u^0_1, u^0_2) ∈ [V^{k+ 2}_η (Ω)]^2 is the unique solution of the problem (4) - (8). Define

ζ_j := ν^− · ωε_+ κ^2_+

∇ u^{(i)}_1 (S_{j+ 1})v(S_{j+ 1})[T(S_{j+ 1}) ·τ^− (S_{j+ 1})] − ν^+ · ωε_+ κ^2_+

∇ u^{(i)}_1 (S_j)v(S_j)[T(S_j) ·τ^+ (S_j)] and ξ_j := ν^− · ωμ κ^2_+

∇ u^{(i)}_2 (S_{j+ 1})v(S_{j+ 1})[T(S_{j+ 1}) ·τ^− (S_{j+ 1})] − ν^+ · ωμ κ^2_+

∇ u^{(i)}_2 (S_j)v(S_j)[T(S_j) ·τ^+ (S_j)]

with ν^± , τ^± and { S_j}^m_{j= 1} from Lemma 8. Then the shape derivative of (u^0_1, u^0_2) exists in [V^{k+ 1}_η (Ω)]^2. It satisfies the Helmholtz system

△ (u^+_1 )^′+ κ^2_+ (u^+_1 )^′ = 0 in Ω^+

△ (u^−_1 )^′+ κ^2_− (u^−_1 )^′ = 0 in Ω^− △ (u^+_2 )^′+ κ^2_+ (u^+_2 )^′ = 0 in Ω^+ △ (u^−_2 )^′+ κ^2_− (u^−_2 )^′ = 0 in Ω^− with the transmission conditions � Γ � γ κ^2

∂_τ u^′_2 + ωε κ^2

∂_νu^′_1 � Γ vds = � Γ div_Γ � (T ·ν) � γ κ^2

∇ u^0_2|_τ + ωε κ^2

∇^⊥ u^0_1|_τ � Γ � vds

− � Γ � κ̃(T ·ν) ωε_+ κ^2_+

∂_νu^{(i)}_1 + ωε_+ κ^2 ν^′· ∇ u^{(i)}_1 � vds

+ � Γ κ^2_+ (T ·ν) � u^0_1 � Γ vds − m ∑_{j= 1}^ζj^, � Γ � γ κ^2

∂_τ u^′_1 − ωμ κ^2

∂_νu^′_2 � Γ vds = � Γ div_Γ � (T ·ν) � γ κ^2

∇ u^0_1|_τ − ωμ κ^2

∇^⊥ u^0_2|_τ � Γ � vds

+ � Γ � κ̃(T ·ν) ωμ κ^2_+

∂_νu^{(i)}_2 + ωμ κ^2 ν^′· ∇ u^{(i)}_2 � vds

+ � Γ κ^2_+ (T ·ν) � u^0_2 � Γ vds + m ∑_{j= 1}^ξj and � u^′_1 � Γ = − ∂_ν [u_1]_Γ (T ·ν), � u^′_2 � Γ = − ∂_ν [u_2]_Γ (T ·ν) on the interface Γ and a radiation condition of the form (8). Remark 6. (i) The weak formulation of the transmission condition in Th eorem 3 can formally be written in the following form involving Dirac deltas: � γ κ^2

∂_τ u^′_2 + ωε κ^2

∂_νu^′_1 � Γ = div_Γ � (T ·ν) � γ κ^2

∇ u^0_2|_τ + ωε κ^2

∇^⊥ u^0_1|_τ � Γ �

− κ̃(T ·ν) ωε_+ κ^2_+

∂_νu^{(i)}_1 + ωε_+ κ^2 ν^′· ∇ u^{(i)}_1

+ κ^2_+ (T ·ν) � u^0_1 � Γ − m ∑_{j= 1}^ζj^, � γ κ^2

∂_τ u^′_1 − ωμ κ^2

∂_νu^′_2 � Γ = div_Γ � (T ·ν) � γ κ^2

∇ u^0_1|_τ − ωμ κ^2

∇^⊥ u^0_2|_τ � Γ �

+ κ̃(T ·ν) ωμ κ^2_+

∂_νu^{(i)}_2 + ωμ κ^2 ν^′· ∇ u^{(i)}_2

+ κ^2_+ (T ·ν) � u^0_2 � Γ + m ∑_{j= 1}^ξj

with ζ_j := ν^− · ωε_+ κ^2_+

∇ u^{(i)}_1 (T ·τ^− )δ_{Sj+ 1} − ν^+ · ωε_+ κ^2_+

∇ u^{(i)}_1 (T ·τ^+ )δ_{Sj} and ξ_j := ν^− · ωμ κ^2_+

∇ u^{(i)}_2 (T ·τ^− )δ_{Sj+ 1} − ν^+ · ωμ κ^2_+

∇ u^{(i)}_2 (T ·τ^+ )δ_{Sj} .

(ii) In the case of incoming plane waves, according to Remark 3, we set

u^+_{1/2} = : u^{(s)}_{1/2} + u^{(i)}_{1/2} .

Since the incoming waves do not depend on the geometry, their shape derivatives vanish. The terms in Theorem 3 involving u^{(i)}_{1/2} drop as well.

Acknowledgement. The author would like to thank Andreas Rathsfeld for many hel pful hints and discussions and Gunther Schmidt for carefully reading t he paper. Part of the work was carried out during a short visit at the Institut Élie Cartan, Univers ité Henri Poincaré Nancy 1. Sincere thanks are given to Jan Sokolowski for his hospitality and fo r valuable discussions.

References

[1] Y. Achdou, O. Pironneau , Optimization of a photocell , Optimal Control Applications and Methods 12, Issue 4, 221-246, 1991

[2] A. Aziz, B. Kellogg , On homeomorphisms for an elliptic equation in domains with corners , Differential and Integral Equations 8, No. 2, 333-352, 1995

[3] J. M. Berezanskii , Expansions in eigenfunctions of selfadjoint operators , Translations of Mathematical Monographs 17, American Mathematical Soci ety, 1968

[4] M. Bochniak, F. Cakoni , Domain sensitivity analysis of the acoustic far field patter n, Mathematical Methods in the Applied Sciences 25, No. 7, 595- 613, 2002

[5] J. H. Bramble, J. T. King , A finite element method for interface problems in domains with smooth boundaries and interfaces , Advances in Computational Mathematics 6, 109- 138, 1996

[6] S. N. Chandler-Wilde, R. Potthast , The domain derivative in rough-surface scattering and rigorous estimates for first-order perturbation theory , Proceedings of the Royal Society of London. Series A 458, No. 2028, 2967-3001, 2002

[7] D. Colton, R. Kress , Inverse acoustic and electromagnetic scattering theory , Applied Mathematical Sciences 93, Springer, Berlin, Heidelberg, N ew York, 1998

[8] J. Elschner, R. Hinder, F. Penzel, G. Schmidt , Existence, uniqueness and regularity for solutions of the conical diffraction problem , Mathematical Models and Methods in Applied Sciences 10, 317-341, 2000

[9] J. Elschner, R. Hinder, G. Schmidt , Finite element solution of conical diffraction problems , Advances in Computational Mathematics 16, No.2-3, 139-15 6, 2002

[10] J. Elschner, G. Schmidt , Diffraction in periodic structures and optimal design of binary gratings I: Direct problems and gradient formulas , Mathematical Methods in the Applied Sciences 21, No. 14, 1297-1342, 1998

[11] J. Elschner, G. Schmidt , Conical diffraction by periodic structures: Variation of interfaces and gradient formulas , Mathematische Nachrichten 252, 24-42, 2003

[12] P. Grisvard , Elliptic problems in nonsmooth domains , Monographs and Studies in Mathematics 21, Pitman, Boston, 1985

[13] H. Gross, R. Model, M. Bär, M. Wurm, B. Bodermann, A. Rathsfeld , Mathematical modelling of indirect measurements in scatteromet ry, Measurement 39, 782-794, 2006

[14] F. Hettlich , Fréchet derivatives in inverse obstacle scattering , Inverse Problems 11, 371-382, 1995

[15] T. Hohage, C. Schormann , A Newton-type method for a transmission problem in inverse scattering , Inverse Problems 14, 1207-1227, 1998

[16] A. Kirsch , The domain derivative and two applications in inverse scatt ering theory , Inverse Problems 9, 81-96, 1993

[17] V. A. Kondratiev , Boundary problems for elliptic equations in domains with co nical or angular points , Transactions of the Moscow Mathematical Society 16, 209-2 92, 1967

[18] V. A. Kozlov, V. G. Mazya, J. Rossmann , Elliptic boundary value problems in domains with point singularities , Mathematical Surveys and Monographs 52, American Mathematical Society, Providence, 1997

[19] H. Li, A. Mazzucato, V. Nistor , Analysis of the finite element method for transmission/mixed boundary value problems on general polygona l domains , Preprint, Pennsylvania State University, Mathematics Department, 2008

[20] V. G. Mazya , Extension of functions from Sobolev spaces , Journal of Mathematical Sciences 22, No. 6, 1983

[21] V. G. Mazya, S. A. Nazarov, B. A. Plamenevskii , Asymptotic theory of elliptic boundary value problems in singularly perturbed domains - V ol. I, Operator Theory - Advances and Applications 111, Birkhäuser, Basel, Boston, Berlin, 2000

[22] W. McLean , Local and global descriptions of periodic pseudodifferenti al operators , Mathematische Nachrichten 150, 151-161, 1991

[23] S. A. Nazarov, B. A. Plamenevskii , Elliptic problems in domains with piecewise smooth boundaries , de Gruyter, New York, Berlin, 1994

[24] S. Nicaise , Polygonal interface problems , Methoden und Verfahren der Mathematischen Physik 39, Lang, Frankfurt am Main, 1993

[25] J. Peetre , Another approach to elliptic boundary problems , Communications on Pure and Applied Mathematics 14, 711-731, 1961

[26] R. Petit (ed.) , Electromagnetic theory of gratings , Topics in Current Physics 22, Springer, Berlin, Heidelberg, New York, 1980

[27] R. Potthast , Fréchet differentiability of boundary integral operators i n inverse acoustic scattering , Inverse Problems 10, 431-447, 1994

[28] R. Potthast , Fréchet differentiability of the solution to the acoustic Ne umann scattering problem with respect to the domain , Journal of Inverse and Ill-Posed Problems 4, 67-84, 1996

[29] J. A. Roitberg, Z. G. Seftel , A theorem on homeomorphisms for elliptic systems and its applications , Mathematics of the USSR - Sbornik 7, 439-465, 1969

[30] J. Simon , Differentiation with respect to the domain in boundary value problems , Numerical Functional Analysis and Optimization 2, 649-687, 1 980

[31] J. Sokolowski, J.-P. Zolesio , Introduction to shape optimization - shape sensitivity analysis , Springer Series in Computational Mathematics 16, Springe r, Berlin, Heidelberg, New York, 1992

[32] H. P. Urbach , Convergence of the Galerkin method for two-dimensional ele ctromagnetic problems , SIAM Journal on Numerical Analysis 28, No. 3, 697-710, 1991

[33] J. Wloka, B. Rowley, B. Lawruk , Boundary value problems for elliptic systems , Cambridge University Press, 1995