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Abstract

The scattering of a time-harmonic plane elastic wave by a two-dimensional periodic
structure is studied. The grating profile is given by a Lipschitz curve on which the
displacement vanishes. Using a variational formulation in a bounded periodic cell in-
volving a nonlocal boundary operator, existence of solutions in quasi-periodic Sobolev
spaces is investigated by establishing the Fredholmness of the operator generated by
the corresponding sesquilinear form. Moreover, by a Rellich identity, uniqueness is
proved under the assumption that the grating profile is given by a Lipschitz graph.
The direct scattering problem for transmission gratings is also investigated. In this
case, uniqueness is proved except for a discrete set of frequencies.

1 Introduction

This paper is concerned with the scattering of a time-harmonic plane elastic wave by an
unbounded periodic structure. Such structures are also called diffraction gratings and have
many important applications in diffractive optics, radar imaging and non-destructive testing.
We refer to the monograph [8| for historical remarks and details of these applications.

During the last twenty years, significant progress has been made concerning the mathe-
matical analysis and the numerical approximation of grating diffraction problems for the
case of incident acoustic or electromagnetic waves, using integral equation methods (e.g.,
[27], [16], [22], [25], [28]) and variational methods (e.g., [22], [15], [9], [6], [18], [19], [29],
[7]). In particular, the variational approach appeared to be well adapted to the analytical
and numerical treatment of rather general two-dimensional and three-dimensional periodic
diffractive structures involving complex materials and non-smooth interfaces.

In this paper we assume that a periodic surface divides the three-dimensional space into
two non-locally perturbed half-spaces filled with homogeneous and isotropic elastic media.
Moreover, this surface is assumed to be invariant in the xs-direction, and its cross-section
in the (x1,z3)-plane is to be represented by a curve A which is periodic in z;. All elastic
waves are assumed to be propagating perpendicular to the x3-axis, so that the problem can
be treated as a problem of plane elasticity. The special case of an inpenetrable surface on
which all displacement vanishes leads to the Dirichlet (or first boundary value) problem for
the Navier system in the unbounded domain above the grating profile A, while the scattering
by a transmission grating is modeled by a corresponding transmission problem on the whole
(21, z2)-plane.

The first attempt to rigorously prove existence and uniqueness of solutions for the scattering
of elastic waves by unbounded surfaces is due to T. Arens; see 2], [3] for two-dimensional
diffraction gratings and [4], [5] for more general rough surfaces. In particular, in [2] existence
and uniqueness of quasi-periodic solutions to the Dirichlet problem was established in the
case that the grating profile A is given by the graph of a smooth (C?) periodic function.



The existence proof is based on the boundary integral equation method where the solution
is sought as a superposition of single and double layer potentials.

Our main aim in this paper is to study the same problem, but via a variational approach
in general Lipschitz domains, which is broad enough to cover most cases that arise in ap-
plications of diffraction gratings. We reduce the Navier system with Dirichlet boundary
condition in the unbounded domain to an equivalent strongly elliptic variational problem in
a bounded periodic cell with a non-local boundary condition. An explicit representation of
the Dirichlet-to-Neumann (DtN) map on the artificial boundary is worked out, and a detailed
analysis of this DtN map is employed to prove the strong ellipticity of the sesquilinear form.
Applying the Fredholm alternative, we then prove that there always exists a quasiperiodic
solution for either an incident pressure wave or an incident shear wave.

To extend the uniqueness result of [2] to grating profiles given by a Lipschitz graph, we use
a Rellich identity and adapt an approach by Necas [26, Chap. 5| to deal with the Lipschitz
boundary. This generalizes the result of [20] for the scalar quasi-periodic Helmholtz equation
to the case of the Navier system. More general Rellich identities for the Navier equation (on
bounded domains) can be found in [14].

Moreover, the variational approach is extended to the case of transmission gratings where a
Lipschitz interface separates two homogenous elastic media characterized by constant elastic
parameters. This allows us to obtain general existence results, and uniqueness is proved
except for a discrete set of frequencies. Note that this approach also applies to the case of
several Lipschitz interfaces.

The paper is organized as follows. In Section 2 we give the mathematical formulation of
the scattering problem in the case of an inpenetrable surface. Following [2], a radiation
condition at infinity based on Rayleigh expansions is used. In Section 3 we formulate the
variational problem in a bounded periodic cell which is equivalent to the boundary value
problem. Using Korn’s inequality and the Fourier series representation of the DtN map, we
prove the strong ellipticity of the variational equation over the energy space. In Section 4 we
present our solvability results for the Dirichlet case. The well-posedness for the boundary
value problem with mixed Dirichlet and impedance boundary conditions is also established.
In Section 5 we prove existence and uniqueness results for the transmission problem.

The problem of scattering by a diffraction grating can be seen as a special case of scattering
by a rough surface. Note that the periodicity considerably simplifies the mathematical
argument, because the compact imbedding of Sobolev spaces can be applied to a single
period of the unbounded domain. For a rigorous mathematical analysis of rough surface
scattering problems for the Helmholtz equation via variational methods, we refer to [11],
[12], |10]. The variational approach to scattering by a rough surface in an elastic medium
will be the task of future work.

2 Formulation of the Dirichlet problem

Let the profile of the diffraction grating be given by a Lipschitz curve A C R? which is
2m-periodic in x1, and let D be the unbounded domain above A. We assume the region D
is filled with an isotropic, homogenous elastic medium characterized by the Lamé constants



A, psatisfying >0, X+ p > 0. Let

kp:=w/\2u+ X, ks:=w/\/1

be the compressional and shear wave numbers respectively. We assume that a time harmonic
plane elastic wave ™ with incident angle 6 € (—m /2, 7/2) is incident on A from above, which
is either an incident pressure wave taking the form

~

u'™ = u;"(:v) = fexp(ikyf - x) with 6 := (sinf, — cosf) (2.1)
or an incident shear wave of the form
U™ = u"(z) = 0* exp(ik,d - ¥) with 6 := (cos,sinf). (2.2)

The propagation of time harmonic elastic waves in D is governed by the Navier equation (or
system)
(A*+wHu=0 in D, A*:=pA+ N+ p)grad div, (2.3)

where u = u™ + u*¢ is the total displacement field and u*¢ denotes the scattered field. Here
w > 0 stands for the angular frequency of the harmonic motion, and we assume for simplicity
that the mass density of the elastic medium is equal to one. Moreover, we require that the
total field satisfies the boundary condition

u=0 on A. (2.4)

The periodicity of the structure, together with the form of the incident waves, implies that
the solution u must be quasiperiodic with phase-shift a (or a-quasiperiodic), i.e.

u(ry + 2w, x2) = exp(2ianxy) u(ry, x2), (r1,22) € D, (2.5)

where either o := k, sin 6 for the incident pressure wave (2.1), or « := k,sin @ for the incident
shear wave (2.2).

To ensure well-posedness of the boundary value problem (2.3) (2.5), a radiation condition
must be imposed as x5 — +00. First we note that the scattered field u*¢, which also satisfies
the Navier equation (2.3), can be decomposed in D as

l

sdivu™, 4= 2 curl u®, (2.6)
k;p

k2

s

1 — .
u*® = — (grad ¢ + curl ) with ¢ :=
i

where the two curl operators in R? are defined by
T J— T
curl u := Qyug — Ouy, u = (uj,us) and curl v:= (v, —01v)
and the scalar functions ¢, 1 satisfy the homogeneous Helmholtz equations
(A+k)e=0 and (A+k)¢=0 in D. (2.7)

Here and in the following the notation d;u = dv/0z; is used. Note that the relations (2.6)
and (2.7) follow from the well known decomposition [23] of the scattered field u*® into its
compressional and shear parts,

—
U =y Uy, Uy = grad div u*®, wu, = =) curl curl u«*¢,
S

by



and the fact that u¢ satisfies equation (2.3).

Now, as ¢ and 1 are a-quasiperiodic solutions to the Helmholtz equations (2.7) in the
unbounded domain D, we impose the usual outgoing wave condition on them (see, e.g.,
[22]). For x5 > A™, we assume that ¢, 1) have Rayleigh expansions of the form

p(r) = Apnexplianay +iB,a2),  ¥(z) =Y Aspexplicna + ivass) (2.8)

nez neL

where the constants A, ,, A, € C are called Rayleigh coefficients and

D,MN Y
JRE—aZ it | <Kk,

AT = = L =1 . 2.9
(xﬂiiAzz’ “ atn, A {Z«/Oz%—/{% it |a,| >k, (2.9)

and 7, is defined analogously as (3, with k, replaced by k,. It follows from (2.6) that the
two components of the scattered field u* in D can be represented as

1 1
uyt = i (O1p+ Ootp), sy = i (Oop — 1Y) . (2.10)

Therefore, we finally obtain a corresponding expansion of u*¢ into outgoing plane elastic
waves:

usc(g;) = Z {APJL ( %: ) GXp(iOénfL’l -+ Zﬂnflfg)
ner (2.11)
+H4&n ( T; ) exp(ﬁlnxl_%ian2)} )

—WUn

for x5 > A*. This is the radiation condition we are going to use in the following; see also
[2]. Since (3, and =, are real for at most a finite number of indices, only a finite number
of plane waves in (2.11) propagate into the far field, with the remaining evanescent waves
(or surface waves) decaying exponentially as zo — 4o00. The above expansion converges
uniformly with all derivatives in the half-plane {x € R? : x5 > b}, for any b > A", and the
Rayleigh coefficients are uniquely determined by the Fourier coefficients #, of the function
exp(—iaxy)u®(xq,b):

L A, exp(if,b) (o T
u"_D”<As,nexp(z'%b) D= ) (2.12)

Note here that det D,, = —(a2 + B,7,) # 0 for all n € Z. Our diffraction problem can now
be formulated as the following boundary value problem.

Dirichlet problem (DP): Given a grating profile curve A C R? (which is 27-periodic in
71) and an incident field u™ of the form (2.1) or (2.2), find a vector function u = u™ +u*® €
H} _(D)? that satisfies (2.3)-(2.5) and the radiation condition (2.11).

loc

3 Variational formulation of (DP)

Following the approach of [22| in the case of the scalar Helmholtz equation, we propose an
equivalent variational formulation of the boundary value problem (DP), which is posed in a



bounded periodic cell in R? and is enforcing the radiation condition. Introduce an artificial
boundary

FbZ:{(ZIJl,b)IOSZLjSQTF}, b>A+,
and the bounded domain
Qb:QAJ, = {(flfl,flfg) eD: 0<ux <27T, ) <b},

lying between the segment I', and one period of the grating profile curve which we denote by
A again. We assume that A is a Lipschitz curve, so that €2, is a bounded Lipschitz domain.

Let H!(Q,) denote the Sobolev space of scalar functions on €, which are a-quasiperiodic
with respect to ;. We introduce the space

Vo = Vo () := {u € H: ()% : ulp = 0},

which is the energy space for our variational problem. In the following V,, is equipped with
the norm in the usual Sobolev space H'(£2;)? of vector functions.

By the first Betti formula, it follows that for u, p € V,,
—/ (A* + - pdr = / (ar(u,P) — wu-P)dr — / p-Tuds (3.1)
o o T,
where the bar indicates the complex conjugate, and
ar(u, ) = (2p+ ) (Or1ur O1p1 + Daug Oapa) + p (Dauy Oapr + Oruz Or4pa)

+ 1% (81’&1 82@2 + 82U2 01901) + A (02U1 01Q02 + a1u2 82901) ) (32)

and T'u stands for the stress vector or traction having the form:

Tu = 20 04u + Andiv u+ ( " Egﬁi - 2?33 ) , (3.3)

where n = (nq, ng)T denotes the exterior unit normal on the boundary of €2,. Moreover, we
have

Tu="T(pu, \u := 24 Ou + A ( (1) ) (O1uq + Oauz)
(3.4)

1
+,u ( 0 ) (81U2 —82’&1) on Fb.

Now we introduce the DtN map 7 on the artificial boundary T,. For any u € H} ()2, we
have

v:=ulp, € HY*(T,)?, exp(—iaz,)v € HY(T,)?

per

from the trace theorem, where H;(T',) and H,, (T'y) denote the Sobolev spaces of order s € R
of functions on I'y that are a-quasiperiodic and periodic respectively. Note that an equivalent

norm on H2(T')? is given by

A 1/2
e = (Do + D 0?)

nez

0]



where 9,, € C? are the Fourier coefficients of exp(—iaz;) v(xy,b). For any v € Hé/Z(Fb)2, we
define 7v as the traction Tu*® on I'y, where u*¢ is the unique a-quasiperiodic solution of the
homogenous Navier equation in {xs > b} which satisfies (2.11) and u*® = v on I'y. The next
lemma shows an explicit representation of 7.

Lemma 1 With the notation introduced in (2.9), we have

Tv=T(w,a)v=— Z W, 0, exp(ic,zy)  for v = Z@n exp(ia,x1) € HY*(Iy)?, (3.5)

nez nel
where
B 1 w?B,/d, 2u00, — w3ay,/d, o
W, =W, (w,a) = ; (_2/@” +w?ay /d, 2/, , dy =+ Bayn. (3.6)

Proof. Let u*® be the radiating solution of (2.3) in {zs > 0} such that «** = v on I',. Then

u*® takes the form (2.11), where the corresponding Rayleigh coefficients A, ,,, Ay, are given
by

Ap,n eXp(zﬁnb) _ —1 A .
< Ao explind) )~ D v, ; (3.7)

see (2.12). Moreover, from the representation (2.10) of u*¢, the Rayleigh expansions (2.8),
(2.11) and the relations (2.7), (3.4), we obtain

Tu’ = 2,u 82’&80 + A < ? ) (81UTC + 82U§C) + 12 ( (1) ) (81U§C - 02u§c)

= 204 Opu® — i\ <(1)) Ap +ip < (1] ) A

=2/ Z {iﬁnApvn < %" ) exp (i1 + i8,22) + i Asn ( _fy(’; ) exp(ia,ry + i%asg)}

ne”Z

. 0 . . . 1 . .
+ Z {MkﬁApm < 1 ) exp(ia, 1 + i0,19) — iuk2Ag < 0 ) exp(ia,z + wnxg)} .

ne”Z

Together with (3.7), this implies

6,\) B 2ipBa,  2ipuy? — ipk? A, exp(if3,b)
P T\ 2ips2 + Nik2 <2ipyaon )\ Asexp(ivab)

A 2panB, w?—2ua? A
4 2 2 D, in
w* = 2p0;, =200,
o 2p0nB, WP =2pal (0 T ;
T od, \w?—2ua?  —2ua, v, "

6n —Qp
_ w?B,/d, 2100, — w3ay, /d, ;
- —2ua, + wiay, /d, Wy, /dy, "
= - Wn@n )



—_—

where (7v), denotes the n-th Fourier coefficient of exp(—iax;) Tv = exp(—iax;) Tu®**. This
completes the proof by recalling the definitions of W,, and d,, in (3.6). O

Next we introduce the sesquilinear form B(u, ¢) defined by

B(u, ) == / (aL(u,@ — wzu-ﬁ) dx —/ 0 -Tuds, Yu,¢€V,, (3.8)
Qp T
with 7u := T (u|r,). Note that, by Lemma 1, 7u takes the form

Tu=— Z Wy, exp(ionxy) , (3.9)

nez

where 4, are the Fourier coefficients of exp(—iax;)u(xy,b). Applying Betti’s identity (3.1)
to a solution u = u*® + u™ of (DP) and using the fact that

Tu=T(u*+u™) =Tu+Tu" =Tu+ fo, with fo:=Tu"™ —Tu™,

we obtain the following variational formulation of (DP): Find u € V, such that

B(u,p)= | fo-Pds, YpeV,. (3.10)
Iy
Here
2180k, (A + 2 —
Jo=fpo:= iBoky (X + 21) ) expliaz; — iBob) (3.11)
do Yo
for an incident pressure wave of the form (2.1), and
2ivoks _ ,
fo= fuo = — 205 ( % ) exp(iaz, — ivob) (3.12)
0

for an incident shear wave of the form (2.2). The problems (DP) and (3.10) are equivalent
in the following sense.

Remark 1 If u € H. (D)? is a solution of the boundary value problem (DP), then u|q,
satisfies the variational problem (3.10). Conversely, a solution u € Vo () of (3.10) can
be extended to a solution u = u™ + u*® of the Navier equation (2.3) for xy > b, where u*
is defined by the relations (2.11), (2.12) via the Fourier coefficients 4, of exp(—iaxy) (u —
u™)(x1,b).

To study the form B, the following lemma is needed. For a matrix M € C?*2, let Re M :=
(M + M*)/2, and we shall write Re M > 0 if Re M is positive-definite. Here M* is the
adjoint of M with respect to the scalar product (-, )¢z in C2,

Lemma 2 Let W, = W, (w, «) be defined as in Lemma 1. Then
(i) Given a fized frequency w > 0, we have Re W,, > 0 for all sufficiently large [n/.
(ii) There ezists a sufficiently small frequency wo > 0 such that

(ReW, 2,2)c2 > C'n||z]*, Y2€C?, Vwe (0,w], Yn#0 (3.13)

with some constant C' > 0 independent of w and n.



Proof. We can write the matrix W,, as

, 5 )
o an icy . wihh W L Qn, o
W, = <—icn bn) y =1 7 b, == —1 , Cp = —(w” —2udy,) . (3.14)

Let first w > 0 be fixed. We have
Bon=1iy/(n+a)?2—k2 ~iln|, ym=iV(n+a)?—k2~iln| as |n|— o0, (3.15)

and, on using Taylor expansions,

2 =(n+a)?ll-— _i -
dy =02+ Bytn = (n + @) {1 \/1 (n+a)2\/1 (n+a)2} (3.16)

kS
2

, as |n| — o0

Moreover, from (3.14) (3.16) we have, for sufficiently large |n|,

an>0, b,>0 ¢, €R, ReW,= (_C;"C Z;") . (3.17)
Note that the relation Re.W,, > 0 holds if and only if
an >0 and det(ReW,) =a,b, —c > 0. (3.18)
It is easily seen that
1
det(Re W,,) = = (—w* By — af (W — pdy,)?)
1" (3.19)
= (—w* 4+ 402 p (W — pdy))

which together with (3.16) and the relations k, = w/v/2u + A, ks = w/\/p implies that

2 2
2 2 _ M w w o M+ A
w'—pd, ~ w— = +— ) =w'———>0, as |n|] > . 3.20

a 2 <2u+)\ u) 2(2u+ A) i (3:20)

From (3.19) and (3.20) we now obtain the second inequality of (3.18) for all |n| sufficiently
large, which completes the proof of assertion (i).

To prove assertion (ii), we also need to analyze the behavior of Re W,, as w — 0. Notice
that, for all sufficiently small w > 0 and n # 0, we have the relations

Bu/i 2 Clnl, /i =z Cln|, (3.21)
with a positive constant C' independent of w and n. Moreover, by arguing as in (3.16),

3+ A
_ 2 OBkt A 4
n=w 2u(2u+)\)+0(w), as w—0,

which yields

2 HEA

_prA 4
2(2M+)\)+(’)(u)), as w— 0, (3.22)

w? —pud, =w



uniformly in n # 0. Thus, combining (3.19), (3.21) and (3.22), we find that there exists a
sufficiently small frequency wy > 0 such that, for all w € (0, wo] and n # 0,

In|ta, >c>0, |n|?det(ReW,)>c>0,
which means that the matrices [n|~! Re W, are uniformly positive-definite; compare (3.18).

This implies estimate (3.13) and finishes the proof of assertion (ii). [J

It follows from Lemma 1 and the relations (3.14)-(3.16) that the DtN operator 7 maps

the Sobolev space H;/2(Fb)2 continuously into Ha_l/Q(l"b)z. Therefore, the sesquilinear form
B(u, ) defined in (3.8) is bounded on the energy space V,,. Setting

B(u, ) = (Bu,p)a, Yu,p € Va, (3.23)

the form B obviously generates a continuous linear operator B : V,, — V.. Here V! denotes
the dual of the space V, with respect to the duality (-,-)q, extending the scalar product in
L2(%)%

We call a bounded sesquilinear form B(-,-) given on some Hilbert space X strongly elliptic
if there exists a compact form ¢(-,-) such that

[Re B(u,u)| > c|lullk — q(u,u), ¥V ueX.

To establish the strong ellipticity of the sesquilinear form B defined in (3.8), we need the
following auxiliary results on the bilinear form a;, defined in (3.2), which can be written as

CLL( ) Adiv udiv v —+ 2,LL Z 81) 82]( ) é?ij(U) = (8Ju2 + 8Zuj)/2 .

i,j=1

Under our assumptions on the Lamé constants, i > 0, A4 > 0, we have the estimate (e.g.,
[21, Chap. 5.4])

/ arp(u,w)dr > C(G Z lleij(u ||L2(G Vue HY(G)?, (3.24)
¢

2,7=1

with a positive constant C(G), for each bounded Lipschitz domain G C R?. To obtain a
lower bound for the second term in (3.24), the well known Korn’s inequality can be used;
see e.g. |24, Chapter 10|, [17, Chapter 3| for a proof.

Lemma 3 For each bounded Lipschitz domain G C R?, we have the inequality

2
Z e ()22 + D loillza@ = C(@) lolfingye, Y ve HY(G). (3.25)
i=1

i.0=1

Remark 2 Let G be a bounded Lipschitz domain in R?, and suppose that T'y C OG has
positive Lebesque measure. Then, using (3.25) and the arguments in the proof of [17, Chapter
3, Theorem 3.3/, one can prove that

1]l < C(G) <||v||L2<r0 2 + Z llei ()22 ) . YveH(G).

2,7=1



In particular, if v € H'Y(G)? satisfies v|r, = 0, we see that

9 1/2
vl = (Z IIEij(v)lliz(cn)

=1

is an equivalent norm of v in HY(G)?, and from (5.24) we then have the estimate
[ asv.0)de 2 C(6) el
G
with C(G) > 0 not depending on v.

We are now ready to prove the main result of this section.

Theorem 1 Assume that the grating profile A is a Lipschitz curve. Then the sesquilinear
form B defined in (3.8) is strongly elliptic over V,. Moreover, the operator B defined by
(3.23) is always a Fredholm operator with index zero.

Proof. Since u vanishes on A, it follows from Korn’s inequality (see Lemma 3 and Remark
2) that there exists a positive constant C' such that

/ ap(u, @) dz > C|Jul 2y = C llull?, . Y u€ V. (3.26)
Qp
Moreover, the operator K : V,, — V! defined by
(Ku, p)q, = —w* / u-pdr, Vu,pel, (3.27)
Qp

is compact. To prove the strong ellipticity of the form B defined in (3.8), it is now sufficient
to verify that 7 is the sum of a finite dimensional operator and an operator 7; with

Re {—/ ﬂ-’]’luds} >0, Yue H(0). (3.28)
Iy

To do so, we apply (3.9) and set

Tiu=— Y Wyt,, Ty=T-T.

In[=no
where ng € N is sufficiently large, so that
Re (W,z,2)c2 >0, VzeC?, V|n|>ng (3.29)

by Lemma 2 (i). Then the operator 7, is finite dimensional, and (3.28) is a consequence
of (3.29). This finishes the proof of the strong ellipticity of the form B over V,, and the
Fredholm property of B follows in a standard way. []

10



4  Existence and uniqueness results

In this section, we establish existence and uniqueness theorems for the boundary value prob-
lem (DP), or equivalently, the variational problem (3.10) in the case of arbitrary frequencies.
Problem (3.10) can also be written in the form

BU:fQ, fOGVO’C, (41)

where Fy is given by the right hand side of (3.10), and the operator B : V,, — V! is defined
by (3.23) via the sesquilinear form (3.8).

Let u € V,, be a solution of the homogeneous equation Bu = 0. Then u can be extended to
a radiating solution of (2.3) in D by setting u(z) = u*(x) for xs > b, where u*® is defined by
the expansion (2.11) with the Rayleigh coefficients A, ,,, A ,,, which are uniquely determined
by the Fourier coefficients @, of exp(—iaz)u(zy,b) via the relation (2.12). We will need
the following technical result, which has already been proved in [2|. Here we prefer to give
a more direct proof that is based on the Fourier series representation of the DtN operator.

Lemma 4 Ifu €V, satisfies Bu = 0, then
A, =0 for |oy,| <k, and As, =0 for |a,| <ks. (4.2)

Proof. Taking imaginary parts in the variational equation (3.10) with ¢ = u and fy = 0,
we are going to prove that

Im B(u,u) = —Im [ u-Tuds=—27w* Z B | Apnl? + Z Yo lAsnl? |, (4.3)

Ly atn | <kp |atn | <k

which implies (4.2) since the left hand side of (4.3) is zero. Rewrite the relation (2.12) in
the form

L (A, exp(ifnb)
= Do, Ani= ( Ay explingb) )

Then the Fourier coefficients 1w, of exp(—icax;) Tu(xy,b) can be written

A o 2lu’anﬂn w? — QIMOKEL .
W, =1Gp Ay, Gn:= (w2 —2pap,  —2pany, )

see the proof of Lemma 1. Hence we get

/ u-Tuds=2m Z(z’GnAn, D, Ay)c2 ==27 Z(iLnAn, Ap)ez,
Iy

nez neL

where L,, := D} G, can be written as

oo (e B ( 2wanBe W = 2pa;
T\ —ow) W 2005 —2p0m7n
4/Lai(1mﬁn)l + W2Bn ((.4)2 - 2:““0'/721)an - QMO./an’yn
20100 3,7,, — (W? — 20 ), Apag (Imy,)i + w3, '
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Thus we obtain

Im [ @ Tuds=2rIm (iLyAn, Ay)ee =27 Y (Re Ly Ay, Az

Iy nez nez

Finally, we note that the matrix Re L,, is diagonal,

Re L diag{en, fu} h w?fB,  for o kf), f w?y, for a? < k2,
e L, = diagie,, f,} with e, := =
g 0 for aiZkf), 0 for OéiZkg-

This completes the proof of (4.3). O

The above lemma shows that a solution to the homogenous equation Bu = 0 can only consist
of exponentially decaying modes. Obviously this does not imply the uniqueness in problem
(4.1); however, a solvability result can be proved by combining Theorem 1 and Lemma 4.

Theorem 2 Assume that the grating profile A is a Lipschitz curve. Then, for all incident
waves of the form (2.1) or (2.2), there ezists a solution to the variational problem (3.10)
and hence to problem (DP).

Proof. By Theorem 1, equation (4.1) is solvable if its right hand side Fj is orthogonal (with
respect to the duality (-, -)g,) to all solutions v of the homogenous adjoint equation B*v = 0.
Here the adjoint operator B* : V,, — V! of B satisfies (cf. (3.8) and (3.23))

(B*v,v)q, = (v, BY)q, = B(,v) = / (ap(v,¥) —w?v-9)dx —/ T vds, Y €V,,
Qp T
where the adjoint 7* of 7 takes the form (cf. Lemma 1 and (3.9))
Tv=— Z W 0, exp(ia,zy)  for ovlp, = Z Uy, exp(iap,xy) .
nezZ nez

Let v € V,, be an arbitrary solution of the equation B*v =0, i.e.,
B(y,v) =0, V¢ el,. (4.4)

Then we can extend v to a solution of (2.3) in the unbounded domain D by setting

vy =Y {A,,,n (_‘%ﬂ ) exp(i ana1i — B, T2)

neL - (4_5)
+As,n <:Zn ) QXp(i apl1 — Zin']’é)} )

n

for x5 > b, where the Rayleigh coefficients A, ,,, A;, € C of v are determined by the Fourier
coefficients 0, of exp(—iax,)v|pr, via the relation

(T Ay exp(—if,b) \

= (0 T) (eeCim ) (0
compare (2.12). Note that (4.5) is an expansion into incoming plane elastic waves, and as in
the proof of Lemma 1, it can be verified that Tv = 7*v on I',. Moreover, arguing as in the

12



proof of Lemma 4, it follows that each solution v of (4.4) has vanishing Rayleigh coefficients
of the incoming modes,

A, =0 for |a,| <k, and As,, =0 for |a,| <ks. (4.7)

Consider first equation (4.1) in the case of an incident pressure wave (2.1) where the right
hand side is given by (3.10), (3.11). Then (4.7) implies that A,y = Aso = 0, hence

(Fo,v), = | fpo-0ds=0 for each solution v of (4.4);
Iy

note that k, < ks and oo = g = kpsinf . For an incident shear wave (2.2), where the right
hand side of (4.1) is given by (3.10), (3.12), with a = kgsiné, from (4.7) we only obtain
A, o =0 in general. However, this is enough to imply, together with (3.12) and (4.5), that

(f(]?U)Qb = fs,O'ﬁdSZQW%'st' ( O/é) :0’
Fb — Mo

for each solution v of (4.4). Thus the right hand side of equation (4.1) is orthogonal to each
solution of (4.4), which finishes the proof of the theorem. [J

We next give the main theorem of this section. Supposing the grating surface is given
by a Lipschitz graph, we establish the uniqueness in the Dirichlet problem for arbitrary
frequencies. Such a uniqueness result has already been obtained in [2] for smooth profile
functions; see also [22] in the case of the scalar Helmholtz equation. Our uniqueness proof
is essentially based on a (periodic) Rellich identity and follows the approach of [20] in the
scalar case. To deal with the Lipschitz boundary, we adapt Necas’ method [26, Chap. 5| of
approximating the grating profile by smooth curves.

Theorem 3 If A is a Lipschitz graph, then the operator B : V, — V. is invertible. In
particular, the variational problem (3.10) and hence problem (DP) have a unique solution
for all incident waves of the form (2.1) or (2.2).

Proof. By Theorem 1, we only need to prove the uniqueness. Let u € V, be a solution of
the homogeneous equation Bu = 0, and let A, ,, A, be its Rayleigh coefficients which are
determined by the Fourier coefficients 4,, of exp(—iax;) ulr, via the relation (2.12).

Step 1. We first prove that the theorem holds for periodic C? graphs. In this case, u €
H?*()?> NV, and using integration by parts, we obtain

2 Re/ (A* + W) u- Oyidr = / (Ontt - 0w + Oy - 01T + no w? |ul?) ds, (4.8)
o o%,

where 0y denotes the tangential derivative on the boundary. Analogously, using integration
by parts again, we get

2Re/ grad div u - Ohu dr = 2Re/ ny Oquq div wds
Q O

(4.9)
"‘/ ) (\82u2|2 - |81’U/1‘2> ds.
oy

13



Then it follows from (4.8) and (4.9) that

2 Re/ (A* + wHu - i dr = / (1(Onu - 0o + Dgu - D) + npw? [ul?) ds
o, o%,
(4.10)
+(>\ + ,u) {2 Re/ ny 82u1div uds + /
o0,

a0

N9 (\82u2|2 - |81’U/1‘2> dS} .

Note that (4.10 is a special case of the Rellich identity for the Navier equation proved in
[14, Proposition 2|. Since u vanishes on A, we have dyu = —ng 0ju+ ny Gou = 0 on A, which
implies that

niOou =noO1u, Ou=n10,u and Ohu=nydyu on A.

Thus the integral over A on the right hand side of (4.10) takes the form

/ (1 10nul® + (A + p) [div ul?) ny ds. (4.11)
A

Moreover, using the Rayleigh expansion (2.11) of u for xs > b, one can verify by careful
calculations that the integral over I', in (4.10) takes the form

/ (1 (102w ]* = |D1ua]®) + (A + 2) (|Ooual® — [Orus[*) + w® [ul?) ds
Iy

(4.12)
= 47w’ Z len ‘Ap,n|2 + Z o ‘As,n‘2 ]
|on |<k2 lon | <k2
and combining (4.10)-(4.12) gives
2R,e/ (A* + wu - dudr = / (1 10aul® + (A + ) [div ul?) nads
Q A
(4.13)

—|—47T(.4)2 Z /85|Ap,n|2+ Z 7721|A57n|2

|OC7L‘<]€% |OC7L|<]€§

This is just the quasiperiodic version of the Rellich identity (4.10) for our variational problem
(4.1). Now we observe that the left hand side of (4.13) vanishes, and by Lemma 4 the
boundary term (4.12) vanishes, too. Therefore, (4.13) implies that d,u = 0 on A, using the
fact that —ny, > C' > 0 on A. Note that A is assumed to be the graph of a C? function.
Finally, as a consequence of Holmgren’s uniqueness theorem and the unique continuation
principle, v must vanish in all of .

Step 2. Now we consider the general case that the profile of the diffraction grating is given
by the graph

A=Ap:={(t f(t) eR*: ¢t €0,27]}

where f is a periodic Lipschitz function of period 27. Again we have to show that a solution
u € V,, to the homogeneous problem (4.1) vanishes in §2, = Qy p; recall that b > max{f(¢) :
t € [0,27]}. Consider the inhomogeneous boundary value problem

(A* +w? +i)v=yg:=iu in Q,
vja=0, Tv—T(w,a)v=0 on IY. (4.14)

14



One easily verifies that the operator By : V,, — V! generated by the sesquilinear form

Bi(v,p) == /Q (ar(v, ) — (W +i)v-P) do — /F 7T (w,a)vds

is invertible. Indeed, as in Theorem 1 it follows that B; is Fredholm with index zero, and
arguing as in the proof of Lemma 4 we obtain that Im By (w,w) = 0, w € V,, implies that

e [ BlAP+ Y 2 AG) + [

lwl*dr =0,
|avn| <k2 |om | <k2 2

where flp,n, flsm are the Rayleigh coefficients of a solution w to the homogeneous problem
(4.14) (with g = 0). Hence w must vanish in €.

Therefore v = u is the unique solution of the inhomogeneous problem (4.14) in V,, = V,,(£2).
Following the proof of [26, Thm. 5.1.1], we choose C* profiles A; = Ay, such that the
Lipschitz constants of f; are uniformly bounded in j, and

O =Qp,p C Y, max{|f;(t) — f®)]:t€[0,2n]} -0, as j— oco. (4.15)

Let v/ € V,(Q]) be the solution of the problem (4.14) for QJ, which is unique by step 1.
Extending «’ by zero to Q, \ 7, we regard v/ € V,(£2,) as a solution of the problem (4.14)
with the right hand side ¢ € L?(£2,) where ¢’ denotes the extension of _iu|9i by zero. Then,

from (4.15) we have ¢/ — g in L?*(£), and the invertibility of B; implies
w —u in Vu(Q), j— 0. (4.16)
We rewrite the boundary value problem for u/ as

(A" +w))w! =W =i(u—u!) in Q,
' ' (4.17)
vjp; =0, Tw —T(w,a)uw’ =0 on IY.

Note that v’/ € VQ(Q{;) C Vo.() can be extended to a radiating solution of the Navier equa-
tion in the unbounded domain D, using the expansion (2.11) with the Rayleigh coefficients

A, Al determined by the Fourier coefficients @, of exp(—iaxi)u/(x1,b) via the relation

(2.12). Applying the periodic Rellich identity (4.13) to problem (4.17), we obtain

2R,e/ b - Oqui d :/ (1 10a’|* + (X + p) |div o) nods + I,
, A

(4.18)
L=dm® | D GrlA P+ > 7alAlLP

|OC7L‘<]€% |OC7L|<]€§

Moreover, setting ¢ = u/ in the variational formulation of (4.17),

B ¢) = [ (0 7) =t -7 de = [ 5 Toaneas

Iy

Qp
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and taking imaginary parts, we get (cf. (4.3))

I; = —Im B(v,u/) = Im (/ h? -wdzv) ,
Qp

which implies I; — 0 as j — oo in view of (4.16) and the definition of A/ in (4.17). From
(4.18) we then have, on using the uniform estimate —ny > C' > 0 on A; for all j € N,

/\8nuj|2ds—>0, Jj—00. (4.19)
Aj

We may identify the spaces L?(A;) and L*(A) with L?(0,27) via the norm

1/2

27
||Uij||L2(o,27r>=</0 \v(t,fj<t>>|2dt) ve (A,

with Ag = A, fo = f, which is a uniformly equivalent norm with respect to j. From (4.19) we
get Opu? |5, — 0in L?(0, 27)?, which together with u/|y, = 0, € N, implies that Tu/|y, — 0
in L2(0,27)% Here T denotes the traction operator defined in (3.3). Moreover, then it follows
from (4.16) and the relation ¢y, — ¢|x in L*(0,27)* (cf. Lemma 2.4.5 in [26]) that, by
passing to the limit in Betti’s identity,

/ ?-Tu! ds = B(u/, o) +/ B ouidr, Y€ HL(Q)?,
Aj Qy

we obtain that B(u, ) = 0 for all o € H()?, hence Tu|y = 0. Note that the trace Tu|
in the sense of H~'/2 is defined by

/@~Tuds: B(u,¢), Y @& Hy ().
A

Finally, since the Dirichlet and Neumann data of u vanish on A, we obtain v = 0 in €, by
the unique continuation principle. [

Remark 3 (i) Assume that A is given by a piecewise smooth graph having only a finite
number of corner points (with non-zero angles). Then the uniqueness already follows from
the arguments in step 1 of the above proof. In that case each solution to problem (5.10)
satisfies u € H3/>T<(Qy)? for some € > 0, so that the integration by parts in the Rellich
identity (4.10) is justified. Moreover, then the uniqueness result extends to the case that the
To-component of the normal, —ngy, vanishes on a subset of A and has a positive lower bound
on the other parts, e.g, in the case of rectangular groove gratings where the profile consists
of a finite number of horizontal and vertical segments only.

(i1) If the grating profile A is given by a general Lipschitz curve, we can only prove the
uniqueness for all sufficiently small frequencies w. To see this, we decompose the operator B
into the sum A+ IC, where K is the operator defined in (3.27) and A is defined by

(Av, @)q, = /

aL(v,@dx—/ p-Tvds, Vov,peV,. (4.20)
Qp

T

From Lemma 1 we get, for any v € V,,

Re {—/ v-Tv ds} = 27‘(‘2 Re (W, 0p, Un)c2 + 27 Re (Woto, Vo) c2 , (4.21)
Ty n#0
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where U, are the Fourier coefficients of exp(—iaxy) v(xy1,b). For the last term in (4.21) we
have

|(Wotlo, Do) c2| = O (w)]to]* as w — 0;

see the definition of W, in (3.6). Then it follows from Lemma 2 (ii) applied to the second
term in (4.21) and from estimate (3.26) that the operator A defined in (4.20) is coercive,
1.€.,

IRe (Av,v)q,| > Cv|)}., YoveV,,
if w is sufficiently small. Here the constant C' > 0 does not depend on w. Finally, we have
IKlvaevy = O (w?) as w—0,
which implies that the operator B = A + K s always invertible if w is sufficiently small.

(i11) Relying on the above uniqueness result for small frequencies, it is possible to prove the
invertibility of the operator B for all frequencies w > 0 with the possible exception of a
discrete set in (0,00); see Theorem 6 below in the case of the transmission problem.

To conclude this section, we present an existence and uniqueness result in the case where the
Dirichlet condition (2.4) in the diffraction problem (DP) is replaced by the mixed Dirichlet
and Robin boundary conditions:

u=0 on Ap, Tu—inu=0 on Aj. (4.22)

We assume that A has a Lipschitz dissection A = Ap U X U A7, where Ap and A; are
two disjoint and relative open subsets of A having ¥ as their common boundary (see |24,
p. 99]). On A;, n € C is assumed to be a constant with Ren > 0. In this case, the proof
of uniqueness becomes easy because of the impedance coefficient n on A;. The boundary

conditions (4.22) lead to the following variational problem in the bounded periodic cell €
Findu € E, :={ve H(Q)*:v=0o0n Ap} such that

/ (aL(u,@—wQU-@)dx—in/ u-@ds—/@-’fuds
o, A I,

= fO'@dsv VQOGEQ,
T

(4.23)

where fy is defined by (3.11) for an incident pressure wave, and by (3.12) for an incident
shear wave.

Theorem 4 If A; # 0, then there always exists a unique solution u € E, to the variational
problem (4.23).

Proof. It follows from the proof of Theorem 1 that the operator generated by the sesquilinear
form of (4.23) is a Fredholm operator with index zero. Thus it is enough to prove the
uniqueness. Letting fo = 0, u = ¢ and taking imaginary parts in (4.23), we have (cf. (4.3))

—Ren [ |uf*ds=Im [ @-Tuds>0,
A r,

which implies that « = 0 on A;. This means that u has vanishing Dirichlet and Neumann
data on Aj, and as a consequence of the unique continuation principle, v = 0 on €. [J
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5 Solvability results for transmission gratings

The aim of this section is to provide a solvability theory of quasiperiodic transmission prob-
lems for the two-dimensional Navier system. Suppose the whole (x1, z3)-plane is filled with
elastic materials which are homogenous above and below a certain periodic interface A. We
assume throughout this section that A is a 27-periodic Lipschitz curve. Let D be the un-
bounded domains above and below A respectively. We assume that the Lamé coefficients
pE . AF in D are constants satisfying u* > 0, A* 4+ u® > 0, and that the mass densities p*
are positive constants in these subdomains. Let

ky =/ pH/Qut ), kS = w /et (5.1)

be the corresponding compressional and shear wave numbers respectively. As in Section 2
we assume that a time harmonic plane elastic wave u™ with incident angle € is incident on
A from D%, which is either an incident pressure wave of the form (2.1), or an incident shear
wave of the form (2.2), with k,, ks replaced by kf, kf. Then we are looking for the total
displacenent field wu,

u=u"+u" in DY, wu=wu" in D, (5.2)
where the scattered fields u® satisfy the corresponding a-quasiperiodic Navier equations
(A* +w?pH)u* =0 in D*, with u*(z, + 27, 20) = exp(2iamz)) u* (z1,22), (5.3)

and either a := kfsinf for an incident pressure wave, or a := kfsiné for an incident
shear wave. On the interface the continuity of the displacement and the stress lead to the
transmission conditions

u"+ut=u", TT(W"+ut)=T"u" on A, (5.4)

where the corresponding stress operators are defined as in (3.3), with u, A replaced by
u®, ME. Finally, we need to impose appropriate radiation conditions on the scattered fields
as r9 — £oo. Introduce the notation

AT = max x,, A := min a,,
(z1,22)EA (z1,22)EA

let a, := o+ n, and define 85 and ~;F as in (2.9) with &y, k, replaced by k3, k. Then we
insist that the scattered fields u* admit the following Rayleigh expansions (cf. (2.11)), for
) 2 A:tl

uF(z) = Z {A;'fn ( :I:O;Li ) exp(ic,zy + i85 xs)
ne? ! (5.5)

+
—I—Af:n ( :_EZ" ) exp(io, 1 + i%jfa:g)} ,

n

where for any bt > AT, b~ < A~, the Rayleigh coefficients are related with the Fourier
coefficients 4% of exp(—iax;) u*(z1, £b) by the relations (cf. (2.12))

a, EE AL exp(FifEv*t
it = DfA:, DFi= L I T B R ey
+8F —a, Af, exp(Linb®)
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Note that det D= # 0 for all n € Z. The diffractition problem for transmission gratings can
now be formulated as the following boundary value problem.

Transmission problem (TP): Given a grating profile curve A C R? (which is 27-periodic
in z1) and an incident plane pressure or shear wave u™, find a vector function u € H} (R?)?
that satisfies (5.2) (5.5).

Following the approach of Section 3, we reduce the problem (TP) to a variational problem in
a bounded periodic cell in R?, enforcing the transmission and radiation conditions. Introduce
artificial boundaries

%= {(z,0%): 0<a; <27}, b">AT, b <A™
and the bounded domains
Q= 4+ :=(0,27) x (b7,b%), QF:=DF¥NQ.

The DtN maps 7+ on the artificial boundaries I'* have the Fourier series representations
(cf. (5.6) and Lemma 1)

THu* = — Z WEut exp(ian,r) , u* = Z’[Lf exp(ianz,) € HY*(I%)?, (5.7)

neZ nel

where the matrices W = W*(w, a) take the form (cf. (3.6))

1 w2 j:ﬁj:/dj: 2 j:a _w2 j:a /dj:
+._ - P~ Pn [ Gy, MO P Qn [ty £._ 2 +, &
W, = ; <—2,uioén+w2pioén/dff prifyff/djf , dy=an + By (5.8)
Applying the first Betti formula on each subdomain QF to a solution of (TP), and using the
transmission conditions (5.4) at the interface and the DtN operators (5.7), we obtain the
following variational formulation of (TP) on the bounded domain : Find u € H!(Q)? such
that

B(u, p) :I/Q(aL(u,@)—w2pu-¢)dx—/+¢.7+ud5_/@.T—uds

g (5.9)
= [ fo-pds, Vo€ HYQ)?.

T+

Here the domain integral is understood as the sum of the integrals
/ (a7 (u, ) —W’p* u-P) da
[9ES

where the bilinear forms af are defined as in (3.2), with u, X replaced by u*, A*, and the
right hand side is given by (cf. (3.10)-(3.12))

2005 kY (AT +2ut) [ —
o p(d+ 20 ( 73 ) exp(iax; — i3 b") (5.10)
0 0

jb ::f}p =

for an incident pressure wave, and

iy ki pt
dg

fo = fso:= < ﬁg ) exp(iaxy —iyg b") (5.11)
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for an incident shear wave. As in (3.23), the sesquilinear form B defined in (5.9) generates
a continuous linear operator B from HL(Q)? into its dual (H}(Q)?)’, with respect to the

pairing (u, p)o = [, u- @, via
B(u, ) = (Bu,p)a, Yu, e Hy(Q)?. (5.12)

The following lemma extends Lemma 4 to the transmission case.

Lemma 5 Let B be the operator defined in (5.12). If u € H:(Q)? satisfies Bu = 0, then
Ar =0 for |on| <ky and A7, =0 for |a,| <k, (5.13)
where Aim, AL are the Rayleigh coefficients of u defined via (5.6) with the Fourier coeffi-

s,n

cients U= of exp(—iaxy) u(xy, b*).
Proof. As in the proof of Lemma 4, we can verify the identity

ImB(u,u)=—Im [ w-7T uds—Im [ u-7 uds (5.14)
I+ r-

= —om® | ) BHIALLP+ D arlALP+ YD B IALP+ DD wm AL
| | <kl lan | <k lan |<kp lan|<k5

and taking imaginary parts in the variational equation (5.9) with ¢ = u and fy = 0, we then
obtain the relation (5.13). O

The following result extends Theorems 1 and 2 to the transmission problem.

Theorem 5 (i) The sesquilinear form B defined by (5.9) is strongly elliptic over HL()?,
and the operator B defined in (5.12) is Fredholm with index zero.
(i1) For all incident plane pressure or shear waves, there exists a solution to the variational

problem (5.9) and hence to problem (TP).

Proof. (i) It follows from the estimate (3.24) applied to the subdomains QF and from Korn’s
inequality (see Lemma 3) on € that there exist positive constants ¢, C' such that

/ (ap(u,w) + clul?) de > Clullfnqpe, Y ue Hy(Q)?. (5.15)
Q
As in the proof of Theorem 1, from Lemma 2 (i) we obtain

Re {—/ ﬂ“]’fuds} >0, Yuec HLY(Q)? (5.16)

T+

by setting (cf. (5.7), (5.8))

Teu=— Y WEaE, TE=T*-T¢,

[n|>n0

where 4 are the Fourier coefficients of exp(—iax;)u(xy,b*) and ng is sufficiently large.

Note that the operators 75~ are finite dimensional. Moreover, the operator K : H}(Q)? —

(HL(Q)?) defined by

(K, 0) = —(w? +0) /u.m, Vg€ HY(Q)
Q
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is compact. Now the strong ellipticity of the form B defined in (5.9) follows from (5.15) and
(5.16).

(ii) To ensure existence of solutions, we only need to prove that the relation

fo-ﬂds:() (517)

T+
holds for all v € HL(€2)? in the null space of the adjoint operator, i.e., B*v = 0, where fj
is the right hand side defined in (5.10) and (5.11) respectively; see the proof of Theorem 2.
Here the adjoint B* of B satisfies (cf. (5.9) and (5.12)), for all v € H}(Q)?,

(B0, ¥)a = B, 0) = /(aL(v,E) —wto-B)de— [ Go@yeds— [ T Ty vas.

Q r-
where the adjoints (7F)* take the form (cf. (5.7) and (5.8))

(T*)v = — Z(Wf)* oF exp(iayr;) for vlps = Z@f exp (i, 1) .

neL nez
Let v € H(©)? be an arbitrary solution of the equation B*v = 0, i.e.,

B(y,v) =0, Y€ HY(Q)?. (5.18)

We can extend v to a solution of (2.3) in R? by using the Rayleigh expansions (5.5) for
xy > bt and x5 < b~ respectively, with 55, 4F replaced by —3%, —vE. Here the Rayleigh
coefficients A5, A, of v are determined by the Fourier coefficients 05 of exp(—iawy)v|p+
via the relations (5.6), again with 3, v* replaced by —3%, —yE; compare (4.5) and (4.6).
Arguing as in the proof of Lemma 5, we now obtain that each solution v of (5.18) has
vanishing Rayleigh coefficients of the incoming modes in D,

AZ =0 for || <ky and Af, =0 for |o,| <k . (5.19)

Finally, recalling the definition of fy (see (5.10) or (5.11)), the relation (5.17) follows from
(5.19) as in the proof of Theorem 2. [

Following the approach in [18], [19], [29] in the case of electromagnetic diffraction gratings,
we finally establish some uniqueness results for the variational problem (5.9) and hence for
the boundary value problem (TP).

Theorem 6 If u™ is an incident pressure wave of the form (2.1) (with k, = k), then

(i) There exists wy > 0 such that the variational problem (5.9) admits a unique solution
u € HL(Q)? for all incident angles and for all frequencies w € (0, wy).

(1) For all but a sequence of countable frequencies w;, w; — 0o, the variational problem (5.9)
(with fized incidence angle 0) admits a unique solution u € H}(Q)?%

Proof. (i) Assuming there exists a solution v € H}(Q)? to the homogenous problem (5.9),
so that B(u,u) = 0, we shall prove that v = 0 in 2. Applying Lemma 2 (ii) to the DtN
operators (5.7), we obtain that, for all w € (0, wy] with wy sufficiently small,

I = Re (—/ U-T+uds—/ E-T_uds)
r+ -

= 21> (Re (W, a}, ) )c2 + Re (W, iy, iy, )2 ) (5.20)

ny Yn
neL

n#0
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where 4= are the Fourier coefficients of exp(—iax;) u(zy, b*). Here and in the following C

denotes various positive constants not depending on v and w. Let A;,'fn, A;'fn be the Rayleigh
coefficients of u which are defined via the relations (5.6).

Since kf >k, it follows from Lemma 5 that A7, = Afj = 0, which implies 4§ = 0. Recall
that

By =1[(kF)?—a2, =k —a2, ay=n+klsinf, a=a (5.21)

n

in the case of an incident pressure wave with incidence angle 6, where the square roots are
chosen such that their imaginary parts are non-negative. Therefore, the estimate (5.20) can
be written as

I>C <Hu\|i{é/2(r+)2 +) |n||u;|2> +Re (Wy iy, 15 )c2, VYV w € (0,w (5.22)
n#0

Furthermore, from the definition of W in (5.8), we have the bound

Wy tig, g )ez| < Cw g [ < Cwlfullf gy - (5.23)
Combining the estimates (5.20), (5.22) and (5.23) and using the definition of the sesquilinear
form B in (5.9), we obtain for w € (0, wo)

ar(u,w)dr + C IIuII:i(;/z(F+ ,—Cuw HUH%P(Q)Z )

O:ReB(u,u)Z/ )

Q

which leads to
[ awtu,m do+ €l < Clalfnga (5.24)

Now it follows from the estimate (3.24) applied to the subdomains Q* and from Remark 3
applied to  that the square root of the left hand side of the inequality (5.24) is an equivalent
norm on H'(Q)% Therefore, it follows that u = 0 in  if the frequency w is sufficiently small.

(ii) To study the uniqueness for arbitrary frequencies w using analytic Fredholm theory, it
is necessary to replace equation (5.9) on the w-dependent space H!(Q2)? by an equivalent
variational problem acting on the same energy space,

V=H(2)?:={uec H(Q)?*: u is 27 — periodic in 2},

per

for each w. Recall that (cf. (5.1) and (5.21))

a =kl sing=wsing\/pt/2ut +AT). (5.25)

So, instead of the operator B : H!(Q)? — (HL(Q)?) defined by (5.12), we consider the
operator

B,:V =V Byu:=exp(—iax)Blexp(iazi)u), ueV, (5.26)

where V"’ is the dual of V' with respect to the pairing (-, -)q. Note that B, is then generated
by the sesquilinear form

Ba(uv (P) = B(exp(iaxl)u,exp(iaxl) (p)v u, e € Vv
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which can be written as (cf. (5.9))

Bu(u, ) = /Q (apo(u,?) —w’pu-p)de _/F

@-’Z:juds—/ p-T uds, (5.27)
+
where the bilinear form az,, on QF is defined as in (3.2), with p, A replaced by p*, A%, and
0 replaced by the differential operator 0 , = 01 + i, and where (cf. (5.7), (5.8))

TFu = — Z WE(w, a)it exp(ine,) ,  ulps = Zﬁf exp(inz,) € HY2(T%)?.  (5.28)

per
neZ nel

To indicate the dependence on the frequency w, we shall write B, = B(w) and 7.* = T*(w)
in the following. Note that the operator generated by the first term of the form (5.27)
depends analytically on w € C, while for the DtN operators (5.28) this is only valid if one

avoids the set of exceptional values (the Rayleigh frequencies) where one of the numbers
£ 4E vanishes (cf. (5.1), (5.21)):

R ={w:3ne€Z such that a =w’p*/(2u*" + ) or ol =w’p=/pu*} . (5.29)

It follows immediately from Theorem 5 and (5.26) that B(w) : V' — V" is a Fredholm operator
with index zero for all w > 0. Moreover, by assertion (i), we can choose wy > 0 sufficiently
small so that B(wy) is invertible. Then B(w) is invertible if and only if the operator

Aw) =T+ Kw):V =V, K(w):=B(w) " (B(w)— B(w)) (5.30)

is invertible, where I denotes the identity operator. To prove that the operator K(w) defined
in (5.30) is compact on V', we note that

(Bw) — Bwn) w.g)o = — / (T w) — T wo)uds - / BT (@)~ T~ (wo)) uds

—(w—wo)/puadx, u, eV, (5.31)
Q
and (cf. (5.28))

(TH(w) — TH(wp)) u = — Z(Wi(w, @) — Wi (wg, ) @ exp(inay) .

Then the uniform estimates
W (w, o) = W (wo, @)llczmee < c(w,wo), VneZ,

together with the trace and imbedding theorems for periodic Sobolev spaces, imply the
compactness of the form (5.31) and hence that of K(w).

Since C(w) is a compact operator function depending analytically on w if w ¢ R (cf. (5.29),
(5.21)) and A(wp) is invertible, it follows from the analytic Fredholm theory (e.g., |13, The-
orem 8.26|) that A(w) is invertible for all w € U := (0,00) \ R, with the possible exception
of some discrete subset, say D, of U. Thus assertion (ii) is proved if we show that a point
w, € R cannot be an accumulation point of D. It follows from the definition of 3+, 4+
(cf. (5.21)) that, in some neighbourhood of w,, the operator functions 7*(w), and hence
B(w), K(w), A(w), are analytic in z := (w — w,)"/?, where the branch of the root is chosen
such that its imaginary part is non-negative. Then, applying |13, Theorem 8.26] to the
operator function A(z) = I 4+ K(z) in a neighbourhood of z = 0, gives the desired result. O
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Remark 4 (i) For an incident shear wave u™, Theorem 6 holds under the additional as-
sumption that k; > k¥, or equivalently, p~/(2u~ 4+ X7) > p*/u*. Note that the relations
(5.21) hold with o, = n+k} sin@, so that in the proof of the corresponding assertion (i) one
obtains u, = 0 and thus estimate (5.24) with the corresponding boundary term on I'". We

do not know whether this condition can be removed.

(i1) Assume that the elastic material is homogeneous above a periodic Lipschitz interface A™
and below another periodic Lipschitz interface A=, whereas the elastic medium between AT
and A~ may be inhomogeneous with piecewise constant Lamé parameters A\, p and density p
having jumps at certain (finitely many) disjoint periodic Lipschitz interfaces. Then Theorems
5 and 6 can easily be extended to these more general periodic diffractive structures.

(11i) The uniqueness result of Theorem 3 does not hold for the transmission problem (TP).
Even in the special case of two half-planes with certain elastic parameters \*, u*, p* and
the transmission conditions (5.4) on the line {x2 = 0}, there may exist non-trivial solutions
of the homogeneous problem (Rayleigh surface waves) that decay exponentially as xo — +o0;
see [1]. Hence additional conditions must be imposed on the elastic parameters to guarantee
the uniqueness. However, so far we do not know of any general result in this direction.
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