Weierstraß-Institut

für Angewandte Analysis und Stochastik

im Forschungsverbund Berlin e.V.

Preprint ISSN 0946 – 8633

Homogenization in gradient plasticity

Hauke Hanke^1

submitted: 5th November 2009

1 Weierstraß-Institut für

Angewandte Analysis und Stochastik Mohrenstraße 39 10117 Berlin Germany E-Mail: hanke@wias-berlin.de

No. 1457 Berlin 2009

Key words and phrases. two-scale convergence, folding and unfolding, elasto-plasticity, gradient plasticity, Γ-convergence of rate-independent systems.

Edited by Weierstraß-Institut für Angewandte Analysis und Stochastik (WIAS) Mohrenstraße 39 10117 Berlin Germany

Fax: + 49 30 2044975 E-Mail: preprint@wias-berlin.de World Wide Web: http://www.wias-berlin.de/

Abstract

This paper yields a two-scale homogenization result for a rate-independent elastoplastic system. The presented model is a generalization of the classical model of linearized elastoplacticity with hardening, which is extended by a gradient term of the plastic variables. The associated stored elastic energy density has periodically oscillating coefficients, where the period is scaled by ε > 0. The additional gradient term of the plastic variables z is contained in the elastic energy with a prefactor ε^γ (γ ≥ 0). We derive different limiting models for ε → 0 in dependence of γ. For γ > 1 the limiting model is the two-scale model derived in [MT07], where no gradient term was present. For γ = 1 the gradient term of the plastic variable survives on the microscopic cell poblem, while for γ ∈ [0, 1) the limit model is defined in terms of a plastic variable without microscopic fluctuation. The latter model can be simplified to a purely macroscopic elastoplasticity model by homogenisation of the elastic part.

1 Introduction

Our aim is to provide homogenization of an elastoplastic model with an additional gradient term of the vector of internal variables. The modeling is done in the framework of the energetic formulation for rate-independent problems. This framework allows us to apply the theory of Γ-convegence for rate-independent systems developed in [MRS08].

The energetic formulation is based on the energy-storage functional E : [0, T ] × Q → R and the dissipation potential R : Q → [0, ∞], which is convex, continuous and positively homogeneous of degree 1, i.e. R(0) = 0 and R(βq) = βR(q) for all β > 0 and every q ∈ Q. Here Q is a Hilbert space with dual Q^∗ and dual pairing ⟨·, ·⟩_Q : Q^∗ × Q → R and the fact that R: Q → [0, ∞] is positively homogeneous of degree 1 ensures us the rate-independence. In our case the energy functional is defined via E(t, q) :=^1_2 ⟨Aq, q⟩_Q − ⟨ℓ(t), q⟩_Q, where ℓ ∈ C^1([0, T ]; Q^∗) is a loading and A : Q → Q^∗ is a continuous, linear, positive definite, symmetric operator.

The evolutionary problem is given by the stability condition (S) and the energy balance (E), which read as follows:

(S) E � t, q(t) � ≤ E � t, q^′ � + R � q^′−q(t) � for all q^′ ∈ Q,

(E) E � t, q(t) � + Diss_R � q; [0, t] � = E � 0, q(0) � + �_t 0 ∂_sE � s, q(s) � ds, where the total dissipation Diss_R(q; [r, s]) is defined via Diss(q; [r, s]) :=

�_s r R(q̇(t)) dt. A function q : [0, T ] → Q which solves the energetic formulation (S)&(E) for every t ∈ [0, T ] is called energetic solution of the rate-independent system (Q, E, R).

In homogenization we consider problems depending on a small length-scale parameter ε > 0, that denotes the size of a micro cell inside the domain Ω ⊂ R^d. For fixed ε > 0 the elastoplastic evolution of the body described by Ω ⊂ R^d is given by the energetic formulation of the rate-independent system (Q, E_ε, R_ε), where Q = H^1_{ΓDir} (Ω)^d × H^1(Ω)^m. The goal is to derive homogenized limit models as ε → 0 and to study the link between the energetic solutions q_ε of the systems (Q, E_ε, R_ε) and the energetic solutions of the limit models. In the applications we have in mind, the energy functional E_ε : [0, T ] × Q → R with periodic coefficients and the dissipation potential R_ε : Q → [0, ∞] are defined as

E_ε(t, u, z) = 1 2 � Ω

� A �x ε � � � e(u)(x) z(x) ε^γ ∇z(x)

� � , � � e(u)(x) z(x) ε^γ ∇z(x)

� � � dx − ⟨ℓ(t), u⟩, γ ≥ 0,

R_ε(z) = � Ω ρ �x ε , z(x) � dx, where u ∈ H^1_{ΓDir} (Ω)^d is the displacement and e(u) =^1_2 (∇u + (∇u)^T ) is the linearized strain tensor. The vector of the internal variables z ∈ H^1(Ω)^m describes the inelastic effects caused by plastic hardening and plastic strains. Here the tensor valued mapping A : Y → Lin(R^{d×d}_{sym} × R^m × R^{m×d}) and the function ρ(·, z) : Y → [0, ∞] are Λ-periodic in y ∈ Y with respect to the d-dimensional periodic lattice Λ and Y = R^d/_Λ, see section 2. The model which we consider here is a generalization of a problem treated in [MT07].

In [MT07] a similar energetic formulation was considered, but without the gradient term of z ∈ H^1(Ω)^m in the energy functional; i.e. there ε^γ ≡ 0 was considered. This additional term has a couple of good properties. Firstly, this term can be seen as a regularization which, depending on γ ≥ 0, leads to more regularity of the solution of the homogenized problem. Secondly, this term enables us to deduce a one-scale homogenized model in the case of γ ∈ [0, 1). In general the homogenized model will be a two-scale one; see [MT07]. Finally, the inelastic effects of a single point influences its neighborhood due to this gradient term.

The task is to find a function space Q_γ and limit functionals E_γ : [0, T ] × Q_γ → R and R_γ : Q_γ → [0, ∞], so that the energetic solutions q_ε : [0, T ] → Q of the family of energetic formulations (S^ε)&(E^ε) in some sense converge to the energetic solution q: [0, T ] → Q_γ of formulation (S^γ )&(E^γ ), if ε tends to zero. The index γ denotes the γ-dependence of the two-scale homogenized rate-independent system (Q_γ , E_γ , R_γ ).

This kind of convergence will be a variant of the strong and weak two-scale convergence introduced in [Vis07a, Vis07b] and used for elastoplasticity in [MT07], which is closely linked with the classical two-scale convergence introduced by G. Nguetseng in [Ngu89] and further developed by G. Allaire in [All92] for some more details. As common in two-scale convergence, it will not be possible to find a homogenized model with functionals defined only on Ω again in general. That means E_γ : [0, T ] × Q_γ → R and R_γ : Q_γ → [0, ∞] are two-scale functionals, i.e. they are defined as integrals over Ω×Y. But as mentioned before, an equivalent one-scale plasticity model can be given in the case of γ ∈ [0, 1), by using special minimization properties of the energetic solution of the two-scale rate-independent system (Q_γ , E_γ , R_γ ). It turns out, that in this case the effective elasticity tensor is the same as in the linear elastic case. Moreover, we obtain the same two-scale homogenized model as in [MT07] in the case of γ > 1. The limit passage ε → 0 is a special case of the general theory of Γ-convergence for rat-independent systems as developed in [MRS08]. In addition to the Γ-convergence of E_ε to E_γ and R_ε to R_γ we will need a suitable “joint recovery condition“, see Proposition 4.3.

The current paper is structured as follows: In the following section we introduce the main tools, which are necessary to obtain the homogenization results of section 4. Thereby, we mainly follow [MT07]. We start with introducing the two-scale convergence with the help of an embedding of the one-scale space L^p(Ω) into the two-scale space L^p(R^d × Y). The embedding, called periodic unfolding operator, is given by (T_εu)(x, y) := u^{ex}(N_ε(x) + εy), where u^{ex} is the extension of the one-scale function u : Ω → R by 0 to all of R^d and N_ε : R^d → εΛ maps every point x ∈ R^d to its nearest latice point N_ε(x) ∈ εΛ, cf. [CDG02, CDD04]. In subsection 2.3 we introduce our notion of strong and weak two-scale convergence:

u_ε^s→ U in L^p(Ω × Y) ⇔ T_εu_ε → U in L^p(R^d × Y),

u_ε^w⇀ U in L^p(Ω × Y) ⇔ T_εu_ε ⇀ U in L^p(R^d × Y).

This definition is an adaptation of the definitions in [Vis04] to the case that Ω has a boundary. The main results of this section are proposition 2.9, which is a two-scale convergence statement for sequences (v_ε)_{ε>0} of H^1(Ω) with sup_{ε>0}(‖v_ε‖_L2_{(Ω)} +ε^γ ‖∇v_ε‖_L2_{(Ω)}d ) ≤ C, and proposition 2.11, which gives a construction of a folding operator G_ε from the two-scale domain Ω × Y to the one-scale domain Ω. The operators will be crucial to construct the “joint recovery sequences“ needed for the Γ-convergence theory in [MRS08].

Section 3 contains all elastoplastic models, including the limit models, which are considered and discussed in the sections 4 and 5. We start with introducing the energetic formulation in the way it will be used in the following subsections. For more details and a more general setting of this formulation we refer to [Mie03, MR07, MRS08]. The ε-dependent elastoplastic model, which will be homogenized, is stated in subsection 3.2. It turns out, that the z-component of the unique energetic solution of this system is bounded in the sense mentioned above. Furthermore, the two-scale and one-scale homogenized model are described in subsection 3.3 and 3.4, respectively, and existence results are proved.

In section 4 we prove the convergence of the ε-dependent elastoplastic model with Λperiodic coefficients to the two-scale model defined in subsection 3.3, assuming strong convergence of the initial dates. The proof is an adapted variant of the techniques of [MT07] and is done for all γ ≥ 0. That means, the functionals E_γ and R_γ are the Γ-limits of (E_ε)_{ε>0} and (R_ε)_{ε>0}, respectively, and that the energetic solutions of the rate-independent systems (Q, E_ε, R_ε) converge strongly to the energetic solution of the rate-independent system (Q_γ , E_γ , R_γ ). Thereby, the convergence has to be understood as a kind of twoscale convergence, defined in section 2.

Finally, in section 5 we focus on the case γ ∈ [0, 1) and show the equivalence of the two-scale system (Q_γ , E_γ , R_γ ) and the one-scale model defined in subsection 3.4. This is actually a consequence of the homogenization result for nonlinear and quasiconvex integrals of D. Cioranescu, A. Damlamian and R. De Arcangelis in [CDD04] and [CDD06], respectively. For these parameters γ the two-scale dissipation potential R_γ actually depends on a one-scale function z_0 only. This property is the reason why it is possible to construct a homogenized model in the classical sense, i.e. the functionals E_ε : [0, T ] × Q → R and R_ε : Q → [0, ∞] as well as their Γ-limits E_γ : [0, T ] × Q_γ → R and R_γ : Q_γ → [0, ∞] are defined as integrals over the domain Ω ⊂ R^d, only. Since Q_0 = Q if γ = 0, we especially obtain that E_0 : [0, T ] × Q → R and R_0 : Q → [0, ∞] are the classical Γ-limits of (E_ε)_{ε>0} and (R_ε)_{ε>0}, respectively, by combining the results from section 4 and 5.

PSfrag replacements PSfrag replacements

PSfrag replacements PSfrag replacements

2 Two-scale convergence

2.1 Definitions

Let d ∈ N be the space dimension. To describe periodicity let Λ be a d-dimensional, periodic lattice given by

Λ := � � � λ = d� j=1 k_j b_j | k = (k_1, k_2, . . . , k_d) ∈ Z^d � � � ,

where {b_1, b_2, . . . , b_d} is an arbitrary basis in R^d. An almost everywhere on R^d defined function f is called Λ-periodic, if f(x) = f(x + λ) for all λ ∈ Λ and almost every x ∈ R^d. Furthermore, let Y := {x =

�_d j=1 β_j b_j | β_j ∈ [−^1_2 ,^1_2 )} ⊂ R^d be the to Λ associated unit cell, so that R^d is the disjoint union of all translated cells λ + Y, e.g. λ ranges all of Λ. We also want to distinguish the unit cell Y from the periodicity cell Y := R^d/_Λ, as it is done in [Vis04]. In the following we may be inconsistent and use y to denote elements of Y and Y simultaneously.

Now we introduce the mappings [·]_Λ and {·}_Y on R^d, so that

[·]_Λ : R^d → Λ, {·}_Y : R^d → Y, and x = [x]_Λ + {x}_Y for all x ∈ R^d.

Let x ∈ R^d be in the cell λ+Y, then is [x]_Λ the center λ of the cell and {x}_Y is determinable as {x}_Y = x − [x]_Λ. For ε > 0 we have the following decomposion for x ∈ R^d :

x = N_ε(x) + εV_ε(x), with N_ε(x) := ε � x ε � Λ and V_ε(x) := �x ε � Y , where N_ε(x) denotes the macroscopic center of the cell N_ε(x) + εY that contains x and V_ε(x) is the microscopic part of x in Y. Thereby, an on R^d defined function f is Λ-periodic, if f(x) = f({x}_Y ) for almost every x ∈ R^d. Moreover, L^p(Y ) and L^p(Y) may be identified, but C^k(Y ) and C^k(Y) = C^k_{per}(Y ) have to be distinguished. Also H^1(Y) = H^1_{per}(Y ) differs from H^1(Y ).

Following [Vis04], it is now possible to construct a decomposing map D_ε and a composing map S_ε as follows:

D_ε : � R^d → R^d × Y, x → (N_ε(x), V_ε(x)),

S_ε : � R^d × Y → R^d, (x, y) → N_ε(x) + εy,

where in the last sum y ∈ Y is identified with y ∈ Y ⊂ R^d. For the periodic unfolding operator and a variant of the folding operator constructed in [CDG02], the following properties are essential:

D_ε(S_ε(x, y)) = (N_ε(x), y) and S_ε(D_ε(x)) = x for all (x, y) ∈ R^d × Y.

Since Ω ⊂ R^d should be a body, we want to consider a domain Ω, which does not coincide with R^d. Due to this there are some technical problems, because of the fact that in this case the images of D_ε and S_ε are not contained in Ω × Y and Ω, respectively. To handle this and to make sure that our periodic unfolding operator is well-defined we consider now the following subsets of Λ :

Λ^−_ε := � λ ∈ Λ | ε(λ + Y ) ⊂ Ω � and Λ^+_ε := {λ ∈ Λ | ε(λ + Y ) ∩ Ω ≠ ∅} .

With this we define the sets Ω^−_ε and Ω^+_ε as:

Ω^±_ε := int � � λ∈Λ^±_ε

ε(λ + Y ) � . Let diam(M) be the diameter and N_{ε0} (M) the ε_0-neighborhood of the set M for some ε_0 > 0. Then Ω^−_ε and Ω^+_ε have the following properties:

Ω^−_ε ⊂ Ω ⊂ Ω^+_ε , � Ω^±_ε

�_± ε = Ω^±_ε , Ω ⊂ N_{εdiam(Y )}(Ω^−_ε ) and Ω^+_ε ⊂ N_{εdiam(Y )}(Ω). (2.1)

Furthermore, we set [Ω × Y]_ε := S^{−1}_ε (Ω) = {(x, y) | S_ε(x, y) ∈ Ω} . For this set we have the relation Ω^−_ε × Y ⊂ [Ω × Y]_ε ⊂ Ω^+_ε × Y, (2.2)

which will be needed below.

Let Ω be a bounded open set in R^d satisfying L_d(∂Ω) = 0, then we get for ε → 0

L_d(Ω\Ω^−_ε ) + L_d(Ω^+_ε \Ω) → 0. (2.3)

This can be seen by considering the characteristic function 1_ε of the set N_{εdiam(Y )}(∂Ω). We now have on the one hand Ω\Ω^−_ε ∪ Ω^+_ε \Ω ⊂ N_{εdiam(Y )}(∂Ω) and on the other hand 1_ε(x) → 0 for all x /∈ ∂Ω and ε → 0. Thereby, it follows L_d(Ω\Ω^−_ε ) + L_d(Ω^+_ε \Ω) ≤ L_d(N_{εdiamY} (∂Ω)) = � R^d 1ε(x) dx → 0 for ε → 0.

2.2 Folding and periodic unfolding operators

Henceforth let Ω be a bounded open set in R^d satisfying L_d(∂Ω) = 0 and we may also assume L_d(Y ) = 1.

The two-scale convergence is linked to a “suitable“ two-scale embedding of L^p(Ω) in the two-scale space L^p(R^d × Y). Such an embedding is called periodic unfolding operator. It is also necessary to find a function u_ε defined on Ω which has a corresponding microscopic behavior like a two-scale function U defined on Ω × Y. A mapping from L^p(R^d × Y) to L^p(Ω) is called folding operator.

The following definition of a periodic unfolding operator was given in [CDG02]. Definition 2.1. [CDG02] Let Ω ⊂ R^d be open, ε > 0 and p ∈ [1, ∞). Then the natural candidate of a periodic unfolding operator T_ε is defined via:

T_ε : L^p(Ω) → L^p(R^d × Y); u → u^{ex} ∘ S_ε,

where u^{ex} ∈ L^p(R^d) is the extension with 0 to R^d of function u.

With this definition the following product rule is valid: 1 p +^1_q =^1_r , u ∈ L^p(Ω), v ∈ L^q(Ω) ⇒ T_ε(uv) = (T_εu)(T_εv) ∈ L^r(R^d × Y).

Note that in general [Ω × Y]_ε is the support of T_εv, and from subsection 2.1 we know that this is not contained in Ω × Y. In the next subsection we will use this periodic unfolding operator to introduce the kind of two-scale convergence which is used here. To indicate a well-defined folding operator F_ε : L^p(R^d × Y) → L^p(Ω), we first have to give the definition of the classical projector to piecewise constant functions on every ε(λ + Y ).

Definition 2.2. [MT07] Let ε > 0 and p^′ ∈ (1, ∞). On L^{p′} (R^d × Y) the classical projector to piecewise constant functions in the x-component is

(P_εU)(x, y) := − � N_ε(x)+εY

U(ξ, y) dξ,

where − � A g(a) da :=^1_{|A|} � A g(a) da is the average of the function g over A.

This definition yields (P_ε)^2 = P_ε, ‖P_εU‖_{Lp}′_{(Rd×Y)} ≤ ‖U‖_{Lp}′_{(Rd×Y)} and P_εU → U in L^{p′} (R^d × Y) for all U ∈ L^{p′} (R^d × Y).

Now the folding operator F_ε, which is a variant of the “averaging operator“ defined in section 5 of [CDG02], is given as follows.

Definition 2.3. [MT07] Let ε > 0 and p^′ ∈ (1, ∞). Then the folding operator F_ε is defined as follows:

F_ε : L^{p′} (R^d × Y) → L^{p′} (Ω); U → (P_ε(1_εU) ∘ D_ε)|_Ω with 1_ε := 1_{[Ω×Y]ε} = T_ε1_Ω.

Note that this folding operator is defined on the space of functions with supports contained in R^d × Y and that it takes values in the space of functions, which are defined on Ω. This is guaranteed by the construction with the characteristic function 1_ε, because of supp(1_ε ∘ D_ε) = Ω and 1_ε = P_ε1_ε, which follow directly from the definition of [Ω × Y]_ε .

Basic properties of the periodic unfolding operator T_ε and the folding operator F_ε are listed in the following proposition.

Proposition 2.4. [MT07] Let p ∈ (1, ∞), p^′ :=^p_{p−1} and ε > 0. Then the periodic unfolding operators T_ε : L^p(Ω) → L^p(R^d × Y), ~T_ε : L^{p′} (Ω) → L^{p′} (R^d × Y) and the folding operator F_ε : L^{p′} (R^d × Y) → L^{p′} (Ω) have the following properties:

(a) ‖T_εu‖_Lp_{(R}d_{×Y)} = ‖u‖_Lp_{(Ω)} and supp(T_εu) ⊂ [Ω × Y]_ε for all u ∈ L^p(Ω). (b) ‖F_εU‖_{Lp}′_{(Ω)} ≤ ‖U‖_{Lp}′_{(Rd×Y)} for all U ∈ L^{p′} (R^d × Y). (c) F_ε is the adjoint of T_ε, i.e. F_ε = (T_ε)^′. (d) F_ε ∘ ~T_ε = id_{Lp}′_{(Ω)} and � ~ T_ε ∘ F_ε

�_2 = ~T_ε ∘ F_ε = 1_εP_ε.

2.3 Strong and weak two-scale-convergence

In this section we give the definition of the two-scale convergence used in this paper following the lines in [MT07]; the strong and weak two-scale convergence, respectively. But we want to start by defining the classical two-scale convergence introduced by G. Nguetseng in 1989 ([Ngu89]), because of the equivalence of classical and weak two-scale convergence in the bounded case.

Definition 2.5. [Ngu89] A sequence of functions (u_ε)_{ε>0} in L^p(Ω) is called two scale convergent to a function U ∈ L^p(Ω × Y), shortly u_ε^2⇀ U, if for all testfunctions ψ : Ω × Y → R from a set of testfunctions Ψ we have:

lim_{ε→0} � Ω u_ε(x)ψ � x, �x ε � Y � dx = � Ω×Y U(x, y)ψ(x, y) dydx.

Here the choice of the set of testfunctions is very important. Choosing Ψ = C^∞_c (Ω × Y), then the classical two-scale convergence corresponds to a kind of distributional convergence. Let p^′ :=^p_{p−1} be the dual of p ∈ (1, ∞), then Ψ = L^{p′} (Ω, C(Y)) guarantees the weak convergence of (u_ε)_{ε>0} to � Y U(·, y) dy in L^p(Ω). The following definition of strong and weak two-scale convergence was given in [MT07] and will be used here mainly.

Definition 2.6. [MT07] Let p ∈ (1, ∞) and let (u_ε)_{ε>0} be a sequence in L^p(Ω). Then

(a) u_ε converges strongly two-scale to U ∈ L^p(Ω × Y) in L^p(Ω × Y), u_ε^s→ U in L^p(Ω × Y), if T_εu_ε → U^{ex} in L^p(R^d × Y).

(b) u_ε converges weakly two-scale to U ∈ L^p(Ω × Y) in L^p(Ω × Y), u_ε^w⇀ U in L^p(Ω × Y), if T_εu_ε ⇀ U^{ex} in L^p(R^d × Y).

Because of the fact that for all ε > 0 the support of the function T_εu_ε is contained in [Ω × Y]_ε ⊂ Ω^+_ε × Y, we conclude with (2.2) and (2.3), that the support of a possible accumulation point U of the sequence (T_εu_ε)_{ε>0} has to be in Ω × Y. Moreover, we have L^p(Ω×Y) = L^p(Ω×Y) because of L_d(∂Ω) = 0 and so every accumulation point of (T_εu_ε)_{ε>0} can be uniquely identified with an element of L^p(Ω × Y). But notice that it is important to determine the convergence in L^p(R^d × Y) and not in L^p(Ω × Y). We refer to [MT07] where it is shown in example 2.3 that convergence in L^p(Ω × Y) is not sufficient.

Using property (c) of proposition 2.4, an equivalent definition of the weak two-scale convergence is given as follows:

u_ε^w⇀ U in L^p(Ω × Y) ⇔ � Ω u_εF_εV^{ex}dx^{ε→0}→ � Ω×Y UV dydx ∀ V ∈ L^{p′} (N_{ε0} (Ω) × Y),

where ε_0 > 0 is arbitrary but fixed. Because of the characteristic function 1_ε in the definition 2.4 of the folding operator F_ε and property (2.1) and (2.2), it is sufficient to consider all functions V of L^{p′} (N_{ε0} (Ω) × Y) instead of L^{p′} (R^d × Y).

For convenience we list further convergence properties in proposition 2.7 and refer to [MT07] for the proofs.

Proposition 2.7. [MT07] Let p ∈ (1, ∞), p^′ :=^p_{p−1} and ε > 0. Then

(a) u_ε^w⇀ U in L^p(Ω × Y) ⇒ ‖u_ε‖_Lp_{(Ω)} is bounded for all ε > 0. (b) u_ε^w⇀ U in L^p(Ω × Y) ⇒ u_ε^2⇀ U in L^p(Ω × Y).

(c) u_ε^w⇀ U in L^p(Ω × Y) and ‖u_ε‖_Lp_{(Ω)} → ‖U‖_Lp_{(Ω×Y)} ⇔ u_ε^s→ U in L^p(Ω × Y). (d) u_ε^w⇀ U in L^p(Ω × Y) and v_ε^s→ V in L^{p′} (Ω × Y) ⇒ ⟨u_ε, v_ε⟩_L2_{(Ω)} → ⟨U, V ⟩_L2_{(Ω×Y)}. (e) For all U ∈ L^p(Ω × Y) there exists a sequence (u_ε)_{ε>0} so that u_ε^s→ U in L^{p′} (Ω × Y) (for example u_ε = F_εU^{ex}).

(f) For all w ∈ L^p(Ω) we have w^s→ Ew in L^p(Ω × Y), where E : L^p(Ω) → L^p(Ω × Y) is defined via Ev(x, y) := v(x).

(g) w_ε → w in L^p(Ω) ⇒ w_ε^s→ Ew in L^p(Ω × Y).

(h) For p ∈ (1, ∞), q ∈ (1, ∞] and^1_p +^1_q =^1_r ≤ 1 let u_ε^w⇀ U in L^p(Ω × Y) and v_ε^s→ V in L^q(Ω × Y). Then u_εv_ε^w⇀ UV in L^r(Ω × Y). If additionally u_ε^s→ U in L^p(Ω × Y), then u_εv_ε^s→ UV in L^r(Ω × Y).

The following proposition is an extension of property (h) of proposition 2.7.

Proposition 2.8. [MT07] Let p ∈ [1, ∞), ε > 0 and (u_ε)_ε be a sequence in L^p(Ω) with u_ε^s→ U in L^p(Ω × Y). Furthermore, let (m_ε)_ε be in L^∞(Ω) so that T_εm_ε(x, y) → M(x, y) for almost every (x, y) ∈ Ω × Y. Then m_εu_ε^s→ MU in L^p(Ω × Y).

2.4 Two-scale convergence of Sobolev-functions

In this subsection we will consider sequences of H^1(Ω) which are bounded in the sense of relation (2.4) below. Especially we will need the function space

H^1_{av}(Y) := � v ∈ H^1(Y)| � Y v(y) dy = 0 � . To describe the weak two-scale convergence of gradients multiplied by a scaling parameter ε^γ (ε > 0, γ ≥ 0), we introduce the function space L^2(Ω; H^1_{av}(Y)), which is the space of functions V ∈ L^2(Ω × Y) = L^2(Ω; L^2(Y)), with � Y V (x, y) dy = 0 for almost every x ∈ Ω and ∇_yV ∈ L^2(Ω × Y)^d in the sense of distribution.

Proposition 2.9. Let γ ≥ 0 be given and (v_ε)_{ε>0} be a sequence in H^1(Ω) so that

‖v_ε‖_L2_{(Ω)} + ε^γ ‖∇v_ε‖_L2_{(Ω)}d ≤ C (2.4)

for all ε > 0 and a C ≥ 0. Then there exists a subsequence (v_ε′ )_ε′_{>0} of (v_ε)_{ε>0} and

γ = 0 : functions v_0 ∈ H^1(Ω) and V_1 ∈ L^2(Ω; H^1_{av}(Y)) so that v_ε′^s→ Ev_0 in L^2(Ω × Y), ∇v_ε′^w⇀ ∇_xEv_0 + ∇_yV_1 in L^2(Ω × Y)^d.

γ ∈ (0, 1) : functions v_0 ∈ L^2(Ω) and V_1 ∈ L^2(Ω; H^1_{av}(Y)) so that v_ε′^w⇀ Ev_0 in L^2(Ω × Y), ε^γ ∇v_ε′^w⇀ ∇_yV_1 in L^2(Ω × Y)^d.

γ = 1 : a function V_1 ∈ L^2(Ω; H^1_{av}(Y)) so that v_ε′^w⇀ V_1 in L^2(Ω × Y), ε∇v_ε′^w⇀ ∇_yV_1 in L^2(Ω × Y)^d.

γ > 1 : a function V ∈ L^2(Ω × Y) so that v_ε′^w⇀ V in L^2(Ω × Y), ε^γ ∇v_ε′^w⇀ 0 in L^2(Ω × Y)^d.

Proof 2.9. Theorem 3.1.4 in [Pe07] yields the result.

To simplify notation, we introduce the function space X_γ of the limit functions of proposition 2.9 and a map L^γ : X_γ → L^2(Ω × Y)^{d+1}.

γ ∈ X_γ := L^γ (V_γ ) → {0} H^1(Ω) × L^2(Ω; H^1_{av}(Y)) (Ev_0, ∇_xEv_0 + ∇_yV_1) (0, 1) L^2(Ω) × L^2(Ω; H^1_{av}(Y)) (Ev_0, ∇_yV_1) {1} L^2(Ω; H^1_{av}(Y)) (V_1, ∇_yV_1) (1, ∞) L^2(Ω × Y) (V_1, 0)

(2.5)

where V_γ denotes the Elements of X_γ and is defined via

V_γ := � (v_0, V_1) ∈ X_γ if γ ∈ [0, 1), V_1 ∈ X_γ if γ ≥ 1.

(2.6)

Furthermore, we equip L^2(Ω; H^1_{av}(Y)) with the norm ‖V_1‖_L2_{(Ω;H}1_{av (Y))} := ‖∇_yV_1‖_L2_{(Ω×Y)}d and set ‖ · ‖_{Xγ} : X_γ → [0, ∞) as the norm of the product space (γ ∈ [0, 1)). Definition 2.10. Let (v_ε)_{ε>0} be a sequence in H^1(Ω). Then strong and weak two-scale-γ-convergence in X_γ are defined as follows:

v_ε^{sγ}→ V_γ in X_γ :⇐⇒ (v_ε, ε^γ ∇v_ε)^s→ L^γ (V_γ ) in L^2(Ω × Y)^{d+1}.

v_ε^{wγ}⇀ V_γ in X_γ :⇐⇒ (v_ε, ε^γ ∇v_ε)^w⇀ L^γ (V_γ ) in L^2(Ω × Y)^{d+1}.

Note, if (v_ε)_{ε>0} ⊂ H^1(Ω) satisfies estimate (2.4), then there exists a subsequence (v_ε′ )_ε′_{>0} of (v_ε)_{ε>0} and a function V_γ in X_γ so that v_ε′^{wγ}⇀ V_γ in X_γ (see propostion 2.9).

Now we want to prove a kind of density result, namely, that for every function V_γ ∈ X_γ there exists a sequence (v_ε)_{ε>0} in H^1(Ω), so that this sequence converges strongly to V_γ in the sense of definition 2.10, i.e. v_ε^{sγ}→ V_γ in X_γ . This sequence is called “recovery sequence“ and will be used in section 4 to prove stability of the limit function of a stable sequence.

Thereto, we extend an idea from [MT07] from the case γ = 0 to γ ≥ 0. We start with defining L := L^2(R^d × Y) and for ε > 0 and γ ≥ 0 the two norm-preserving and linear operators T^γ_ε and F^γ_ε as follows:

T^γ_ε : � H^1(Ω) → L^{d+1},

v_0 → (T_εv_0, T_ε(ε^γ ∇v_0)),

F^γ_ε : � X_γ → L^{d+1}, V_γ → (L^γ (V_γ ))^{ex}.

In the case of γ = 0 we obtain

‖(∇_xEv_0 + ∇_yV_1)^{ex}‖^2_{Ld} = ‖(∇_xEv_0)^{ex}‖^2_{Ld} + ‖(∇_yV_1)^{ex}‖^2_{Ld} (2.7)

for v_0 ∈ H^1(Ω) and V_1 ∈ L^2(R^d; H^1_{av}(Y)) by using ‖ · ‖^2_{Ld} = ⟨·, ·⟩_Ld , integration by parts and the facts that Ev_0 is constant and V_1 is periodic in the y-component. That indicates the norm-preservation of F^0_ε (in the case of γ > 0 it is obvious).

By these definitions the images X^ε_Tγ := T^γ_ε H^1(Ω) and X^ε_Fγ := F^γ_ε X_γ are closed subsets of L^{d+1}, so that we are able to consider the orthogonal projections Q^ε_Tγ and Q^ε_Fγ of L^{d+1} on X^ε_Tγ and X^ε_Fγ , respectively. Now for ε > 0 and γ ≥ 0 we introduce the folding operator T^γ_ε and the unfolding operator G^γ_ε .

T^γ_ε : � H^1(Ω) → X_γ , v → (F^γ_ε )^{−1}(Q^ε_Fγ (T^γ_ε (v))),

G^γ_ε : � X_γ → H^1(Ω), V_γ → (T^γ_ε )^{−1}(Q^ε_Tγ (F^γ_ε (V_γ ))).

Because of the fact that the operators T^γ_ε and G^γ_ε are compositions of norm-preserving operators and orthogonal projections, they have a norm less or equal 1. The following proposition will show that the operator G^γ_ε is related to an elliptic problem and that it will help us to construct a “recovery sequence“ which converges in the sense of definition 2.10.

Proposition 2.11. Let ε > 0, γ ≥ 0 and V_γ ∈ X_γ be given. Then the function G^γ_ε (V_γ ) is uniquely characterized as the solution v ∈ H^1(Ω) of the following elliptic problem: � Ω � v − F_ε(L^γ_1 (V_γ ))^{ex} � w + � ε^γ ∇v − F_ε(L^γ_2 (V_γ ))^{ex}, ε^γ ∇w � d � dx = 0 for all w ∈ H^1(Ω),

where L^γ_1 : X_γ → L^2(Ω × Y) and L^γ_2 : X_γ → L^2(Ω × Y)^d are the first and second component of the mapping L^γ : X_γ → L^2(Ω × Y)^{d+1} defined in (2.5). Furthermore, for ε → 0 :

G^γ_ε (V_γ )^{sγ}→ V_γ in X_γ .

Proof 2.11. 1. Let first ε > 0 be fix and set v := G^γ_ε (V_γ ). Since T^γ_ε v is the orthogonal projection of F^γ_ε (V_γ ) on X^ε_Tγ := T^γ_ε H^1(Ω)^d the following is fulfilled for all w ∈ H^1(Ω)^d :

0 = ⟨T^γ_ε v − F^γ_ε (V_γ ), T^γ_ε w⟩_Ld+1

= � R^d×Y � T_εv − (L^γ_1 (V_γ ))^{ex} � T_εw + � T_ε(ε^γ ∇v) − (L^γ_2 (V_γ ))^{ex}, T_ε(ε^γ ∇w) � d � dydx

= � Ω � vw − F_ε(L^γ_1 (V_γ ))^{ex}w + ⟨ε^γ ∇v, ε^γ ∇w⟩_d − ⟨F_ε(L^γ_2 (V_γ ))^{ex}, ε^γ ∇w⟩_d � dx.

Here, we used the definitions of T^γ_ε and F^γ_ε plus property (c) and (d) of proposition 2.4.

2. Because of the definition of the operator F_ε and proposition 2.4(c), it is sufficient to show the desired convergence on the dense subset

C_γ := � C^∞_c (Ω) × C^∞_c (Ω × Y) if γ ∈ [0, 1) C^∞_c (Ω × Y) if γ ≥ 1

of X_γ . For V_γ ∈ C_γ we set v^{(γ)}_ε := G^γ_ε (V_γ ) and split v_ε as follows:

v^{(γ)}_ε (x) = ϑ^{(γ)}_ε (x) + g^{(γ)}_ε (x) with ϑ^{(γ)}_ε (x) = � v_0(x) + ε^{1−γ} V_1 � x, �_x ε � Y � if γ ∈ [0, 1) V_1 � x, �_x ε � Y � if γ ≥ 1 . Thereby, g^{(γ)}_ε is the solution of the following elliptic problem: � Ω � g^{(γ)}_ε w+ � ε^γ ∇g^{(γ)}_ε , ε^γ ∇w � d � dx = l_ε(w) for all w ∈ H^1(Ω),

with l_ε(w) = � Ω � F_ε(L^γ_1 (Z_γ ))^{ex}−ϑ^{(γ)}_ε � w+ � F_ε(L^γ_2 (Z_γ ))^{ex}−ε^γ ∇ϑ^{(γ)}_ε , ε^γ ∇w � d � dx.

3. Immediately we obtain ϑ^{(γ)}_ε^s→ L^γ_1 (Z_γ ) in L^2(Ω × Y) by using the definition of the periodic unfolding operator T_ε and the continuity of the function ϑ^{(γ)}_ε .

4. Furthermore, we have

‖T_ε(ε^γ ∇ϑ^{(γ)}_ε ) − (L^γ_2 (V_γ ))^{ex}‖_Ld = � � T_ε � ε^γ ∇v_0 + ε∇_xV_1 � ·, �_· ε � Y � + ∇_yV_1 � ·, �_· ε � Y � − (L^γ_2 (V_γ ))^{ex} � �_{Ld} if γ ∈ [0, 1) � �T_ε�εγ ∇_xV_1 �·, �^·_ε �_Y � + εγ−1∇_yV_1 �·, �^·_ε �_Y � − (L^γ_2 (V_γ ))ex � �_{Ld} if γ ≥ 1

where the terms multiplied by an ε-factor can be split off by using the Minkowski inequality. Thereby, these terms converge to zero by using the norm-preservation of T_ε and the boundedness of the functions. The remaining term of T_ε(ε^γ ∇ϑ^{(γ)}_ε ) converges pointwise to (L^γ_2 (V_γ ))^{ex} in R^d × Y by using the definition of the periodic unfolding operator T_ε. Hence, we obtain lim_{ε→0} ‖T_ε(ε^γ ∇ϑ^{(γ)}_ε )−(L^γ_2 (V_γ ))^{ex}‖_Ld = 0, i.e. ε^γ ∇ϑ^{(γ)}_ε^s→ L^γ_2 (V_γ ) in L^2(Ω×Y)^d.

5. Now it is sufficient to show ‖g^{(γ)}_ε ‖_L2_{(Ω)} → 0 and ‖ε^γ ∇g^{(γ)}_ε ‖^2_{L(Ω)d} → 0 for ε → 0. With the elliptic problem of step 2 and proposition 2.4(a), (c) and (d) we have 1 2 � ‖g^{(γ)}_ε ‖_L2_{(Ω)} + ‖ε^γ ∇g^{(γ)}_ε ‖^2_{L(Ω)d}

�_2

≤ ‖g^{(γ)}_ε ‖^2_{L2(Ω)} + ‖ε^γ ∇g^{(γ)}_ε ‖^2_{L2(Ω)d} = l_ε(g^{(γ)}_ε ) = � Ω � F_ε(L^γ_1 (V_γ ))^{ex} − ϑ^{(γ)}_ε � g^{(γ)}_ε + � F_ε(L^γ_2 (V_γ ))^{ex} − ε^γ ∇ϑ^{(γ)}_ε , ε^γ ∇g^{(γ)}_ε � d � dx = � R^d×Y � (L^γ_1 (V_γ ))^{ex} − T_εϑ^{(γ)}_ε � T_εg^{(γ)}_ε + � (L^γ_2 (V_γ ))^{ex} − T_ε(ε^γ ∇ϑ^{(γ)}_ε ), T_ε(ε^γ ∇g^{(γ)}_ε ) � d � dydx

≤‖(L^γ_1 (V_γ ))^{ex} − T_εϑ^{(γ)}_ε ‖_L‖g^{(γ)}_ε ‖_L2_{(Ω)} + ‖(L^γ_2 (V_γ ))^{ex} − T_ε(ε^γ ∇ϑ^{(γ)}_ε )‖_Ld ‖ε^γ ∇g^{(γ)}_ε ‖_L2_{(Ω)}d ≤ � ‖(L^γ_1 (V_γ ))^{ex} − T_εϑ^{(γ)}_ε ‖_L +‖(L^γ_2 (V_γ ))^{ex} − T_ε(ε^γ ∇ϑ^{(γ)}_ε )‖_Ld � ‖g^{(γ)}_ε ‖_L2_{(Ω)} +‖ε^γ ∇g^{(γ)}_ε ‖_L2_{(Ω)}d � . Dividing this by ‖g^{(γ)}_ε ‖_L2_{(Ω)} + ‖ε^γ ∇g^{(γ)}_ε ‖_L2_{(Ω)}d and going to the limit ε → 0 we obtain the result.

In the following section we introduce an elastoplastic model described by the displacement u : Ω → R^d and a vector of internal variables z : Ω → R^m. Furthermore, we expect a special Dirichlet boundary condition for the displacement. That is why we have to make some modifications in the construction of the “recovery sequence“, to make sure that the “recovery sequence“ used in section 4 has the same boundary condition as its limit. Thereto, we define G_ε : � H^1_0(Ω) × L^2(Ω; H^1_{av}(Y)) → H^1_0(Ω), (v, V ) → T^{−1}_ε (Q^ε_T(F_ε(v, V ))),

where the mappings T_ε : H^1_0(Ω) → L^{d+1} and F_ε : H^1_0(Ω) × L^2(Ω; H^1_{av}(Y)) → L^{d+1} are given by T_ε = T^0_ε|_H1_{0(Ω)} and F_ε = F^0_ε|_H1_{0(Ω)×L}2_{(Ω;H}1_{av (Y))}, respectively. Furthermore, is Q^ε_T the orthogonal projection of L^{d+1} on T_εH^1_0(Ω).

Corollary 2.12. [MT07] Let ε > 0 and (u_0, U_1) ∈ H^1_0(Ω) × L^2(Ω; H^1_{av}(Y)) be given. Then the function G_ε(u_0, U_1) ∈ H^1_0(Ω) is uniquely characterized as the solution v ∈ H^1_0(Ω) of the following elliptic problem: � Ω � v − F_ε(Eu_0)^{ex} � w + � ∇v − F_ε(∇_xEu_0 + ∇_yU_1)^{ex}, ∇w � d � dx = 0 for all w ∈ H^1_0(Ω).

Furthermore, for ε → 0 : G_ε(u_0, U_1)^{s0}→ (u_0, U_1) in X_0.

2.5 Two-scale Γ-convergence

In this subsection we will discuss the question, in which sense functionals behave under two-scale convergence.

Definition 2.13. [MT07] A function W : Y × R^n → R_∞ n ∈ N, is called a convex normal integrand, if for all v ∈ R^n the function y → W(y, v) is measurable and for almost every y ∈ Y the function v → W(y, v) is lower semicontinuous and convex.

Now the two-scale Γ-convergence for the following functionals is given in definition 2.14 below. W_ε : � L^p(Ω)^n → R_∞, v → � Ω W � �_x ε � Y , v(x) � dx and W : � L^p(Ω × Y)^n → R_∞, V → � Ω×Y W(y, V (x, y)) dydx.

(2.8)

Definition 2.14. The functional W : L^p(Ω × Y)^n → R_∞ is called the two-scale-Γ-limit of the sequence (W_ε)_{ε>0}, if the following two conditions are satisfied for all V ∈ L^p(Ω × Y)^n :

(i) (lim inf-inequality) For every sequence (v_ε)_{ε>0} ∈ L^p(Ω)^n, which satisfies v_ε^w⇀ V in L^p(Ω × Y)^n, it follows: W(V ) ≤ lim inf_{ε>0} W_ε(v_ε).

(ii) (lim sup-inequality) There exists a sequence (~v_ε)_{ε>0} ∈ L^p(Ω)^n, which satisfies ~v_ε^s→ V in L^p(Ω × Y)^n and W(V ) ≥ lim sup_{ε>0} W_ε(~v_ε).

The following two lemmata show under which assumptions the functionals W_ε are twoscale-Γ-convergent to W. The lemmata are proved in [MT07].

Lemma 2.15. [MT07] Let p ∈ (1, ∞), ε > 0 and W : Y × R^n → R_∞ be a convex normal integrand. Furthermor let W(y, ⃗v) ≥ 0 for almost every (y, ⃗v) ∈ Y × R^n. Then:

v_ε^w⇀ V in L^p(Ω × Y)^n ⇒ W(V ) ≤ lim inf_{ε→0} W_ε(v_ε).

Lemma 2.16. [MT07] Let p ∈ (1, ∞) and ε > 0.

(a) Let W : Y × R^n → R_∞ be a Carathéodory-function. Furthermore, there exists a function h ∈ L^1(Y), so that |W(y, ⃗v)| ≤ h(y) + C(1 + ‖⃗v‖_n)^p for all ⃗v ∈ R^n and almost every y ∈ Y for a constant C > 0. Then:

v_ε^s→ V in L^p(Ω × Y)^n ⇒ W(V ) = lim_{ε→0} W_ε(v_ε).

This implies especially W_ε(F_εV^{ex}) → W(V ).

(b) Let W : Y × R^n → R_∞ be a convex normal integrand. Furthermore, there exists a function h ∈ L^1(Y), so that |W(y, 0)| ≤ h(y) for almost every y ∈ Y. Then:

W(V ) = lim_{ε→0} W_ε(F_εV^{ex}) for all V ∈ L^p(Ω × Y)^n.

Altogether we obtain the following corollary with lemma 2.15 and 2.16.

Corollary 2.17. [MT07] Let p ∈ (1, ∞) and let W : Y × R^n → R_∞ be a convex normal integrand. Moreover, there exists a function h ∈ L^1(Y), so that W(y, ⃗v) ≥ −h(y) for all ⃗v ∈ R^n and almost every y ∈ Y and W(y, 0) ≤ h(y) for almost every y ∈ Y. Then W is the two-scale-Γ-limit of (W_ε)_{ε>0}, where W and W_ε are defined as in (2.8).

3 Existence and uniqueness of solutions

In the following subsection we shortly introduce the energetic formulation and cite an existence and uniqueness result from [MTh04] and [Mie05]. In subsection 3.2 we consider an ε-dependent periodic model and clarify the existence and uniqueness of a solution. Since the task is to pass to the limit ε → 0 in this model, we also state a two-scale and a one-scale model, which turn out to be the limits of the ε-dependent periodic one. Finally, we show existence and uniqueness of a solution for these two models, too. Whereas the analysis of the convergence of the ε-dependent periodic model to these two models is done in section 4 and 5.

3.1 Energetic formulation

We start with a Hilbert space Q with a dual Q^∗, a dual pairing ⟨·, ·⟩_Q : Q^∗ × Q → R and a positive definite, continuous and symmetric operator A ∈ Lin(Q, Q^∗), i.e. A = A^∗ and ⟨Aq, q⟩_Q ≥ α‖q‖^2_Q. For a function ℓ ∈ C^1([0, T ]; Q^∗) we define the energy functional E : [0, T ] × Q → R via E(t, q) :=^1_2 ⟨Aq, q⟩_Q − ⟨ℓ(t), q⟩_Q. Furthermore, let a dissipation potential R : Q → [0, ∞] be given which is convex, lower semicontinuous and positively homogeneous of degree 1, i.e R(0) = 0 and R(βq) = βR(q) for all β > 0 and every q ∈ Q. Then the energetic formulation (S)&(E) of the rate-independent system (Q, E, R) is given by: (S) E � t, q(t) � ≤ E � t, q^′ � + R_ε � q^′−q(t) � for all q^′ ∈ Q.

(E) E � t, q(t) � + Diss_R � q; [0, T ] � = E � 0, q(0) � + �_t 0 ∂_sE � s, q(s) � ds, where ∂_sE(s, q(s)) = −⟨ℓ̇(s), q(s)⟩ and Diss_R(q; [r, s]) =

�_r s R(q̇(t)) dt is called total dissipation. We call q : [0, T ] → Q satisfying (S)&(E) for all t ∈ [0, T ] an energetic solution associated with (Q, E, R). An equivalent definition of the global stability condition (S) can be given by defining the set of stable states S(t) for t ∈ [0, T ] via

S(t) := � q ∈ Q | E(t, q) ≤ E(t, q^′) − R(q^′ − q) for all q^′ ∈ Q � . Then (S) just means q(t) ∈ S(t).

Theorem 3.1. Let Q be a Hilbert space with norm ‖ · ‖_Q : Q → [0, ∞). Furthermore, let A ∈ Lin(Q, Q^∗) be a positive definite, continuous and symmetric operator, i.e. we have:

∃ α > 0 : ∀ q ∈ Q : ⟨Aq, q⟩_Q ≥ α‖q‖^2_Q, (3.1)

where α > 0 is the ellipticity constant. Moreover, let R : H^1(Ω)^m → [0, ∞] be convex, lower semicontinuous and positively homogeneous of degree 1 and ℓ ∈ C^1([0, T ]; Q^∗). Then, for a given q^0 ∈ S(0), there exists a unique solution q ∈ C^{0,1}([0, T ]; Q) of the energetic formulation (S)&(E) of the rate-independent system (Q, E, R) with:

q(0) = q^0, sup_{t∈[0,T ]}‖q(t)‖_Q ≤ ‖q^0‖_Q +^{T Θ}_α , ess sup_{t∈[0,T ]} ‖q̇(t)‖_Q ≤^Θ_α ,

where Θ = ‖ℓ̇‖_L∞_{([0,T ];Q}∗_).

Proof 3.1. The proof of this theorem can be found in [MTh04] and [Mie05], respectively, in a more general setting.

3.2 Elastoplasticity with periodic coefficients

Let the elastoplastic body be given by a bounded open domain Ω ⊂ R^d with Lipschitzboundary ∂Ω. Moreover, let Γ_{Dir} ⊂ ∂Ω be a part of the boundary of the set Ω with a positive (d − 1)-dimensional measure. Now we consider the Hilbert space Q := H^1_{ΓDir} (Ω)^d × H^1(Ω)^m where H^1_{ΓDir} (Ω) := � u ∈ H^1(Ω)|u|_{ΓDir} = 0 � , i.e. the displacement vanishes on Γ_{Dir}. We denote the elements of Q by q = (u, z), where u ∈ H^1_{ΓDir} (Ω)^d denotes the displacement and z ∈ H^1(Ω)^m denotes a vector of internal variables which describe the inelastic effects like plastic hardening. For ε > 0 and γ ≥ 0 we equip Q with the following ε-dependent norm:

‖q‖^2_{Q,ε} := ‖u‖^2_{H1 (Ω)d} + ‖z‖^2_L2_{(Ω)}m + ‖ε^γ ∇z‖^2_{L2(Ω)m×d} . (3.2)

To describe the problem by the energetic formulation, we denote by ⟨⟨·, ·⟩⟩ : R^n × R^n → R the scalarproduct of R^n and define the function W : Y × R^n → R as follows:

W � y, ξ, ζ, η � := � A(y) � � ξ ζ η

� � , � � ξ ζ η

� � � ,

where n := d^2 + m + md, ξ ∈ R^{d×d}_{sym}, ζ ∈ R^m, η ∈ R^{m×d} and y ∈ Y. Thereby, the mapping A: Y → R^n has the block structure

A(y) = � � C(y) −C(y)B(y) 0 −B^T (y)C(y) H(y) + B^T (y)C(y)B(y) 0 0 0 F(y)

� �

and the elasticity tensor C ∈ L^∞(Y, Lin_{sym}(R^{d×d}_{sym} , R^{d×d}_{sym} )) (tensor of fourth order), the hardening tensor H ∈ L^∞(Y, Lin_{sym}(R^m, R^m)) (tensor of second order) and the tensor F ∈ L^∞(Y, Lin_{sym}(R^{m×d}, R^{m×d})) (tensor of fourth order) have the following properties:

The tensors are uniformly positive definite and symmetric. (3.3)

Thereby, the fourth order tensors are symmetric in the following way: F_{iκjμ}(y) = F_{jμiκ}(y) and C_{ijkl}(y) = C_{klij}(y) = C_{jikl}(y) = C_{ijlk}(y) for almost every y ∈ Y and i, j, k, l = 1, . . . , d, κ, μ = 1, . . . , m . Furthermore, let B ∈ L^∞(Y, Lin(R^m, R^{d×d}_{sym} )).

Let ⟨·, ·⟩ : (H^1_{ΓDir} (Ω)^d)^∗ × H^1_{ΓDir} (Ω)^d → R be the dual pairing and e(u) :=^1_2 (∇u + (∇u)^T ) for u ∈ H^1_{ΓDir} (Ω)^d the linearized strain tensor. Then we define the energy functional E_ε : [0, T ] × Q → R as

E_ε(t, u, z) = 1 2 � Ω W � �_x ε � Y , e(u)(x), z(x), ε^γ ∇z(x) � dx − � ℓ(t), u � , (3.4)

where � ℓ(t), u � := � Ω � ~u(x), f_{ap}(t, x) � ddx + � ∂Ω\Γ_{Dir} � ~u(ξ), g_{ap}(t, ξ) � ddξ,

for f_{ap} ∈ C^1([0, T ], L^2(Ω)^d), g_{ap} ∈ C^1([0, T ], L^2(∂Ω \ Γ_{Dir})^d) and u ∈ H^1_{ΓDir} (Ω)^d, so that ℓ ∈ C^1([0, T ], (H^1_{ΓDir} (Ω)^d)^∗).

Let Q^∗ be the dual of Q and ⟨·, ·⟩_Q : Q^∗ × Q → R the dual pairing. Then, with respect to the quadratic structure of the function W, the energy functional E_ε can be equivalently represented as E_ε(t, u, z) =^1_2 � A_εq, q � Q − � ℓ(t), u � , where A_ε ∈ Lin(Q, Q^∗) is the continuous, linear, positive definite and symmetric operator given by ⟨A_εq, q⟩_Q := � Ω W � �_x ε � Y , e(u)(x), z(x), ε^γ ∇z(x) � dx.

Finally, let a convex, lower semicontinuous and positively homogeneous of degree 1 dissipation potential R_ε : H^1(Ω)^m → [0, ∞] be given by

R_ε(z) := � Ω ρ �x ε � Y , z(x) � dx (3.5)

where ρ: Y × R^m → [0, ∞] satisfies the following properties:

ρ: Y × R^m → [0, ∞] is a Cartheodory-function and there exists a constant C > 0 and a function h ∈ L^1(Y), so that |ρ(y, ⃗z)| ≤ h(y) + C(1 + |⃗z|_m)^2 for all ⃗z ∈ R^m and almost every y ∈ Y. Furthermore, ρ(y, ·): R^m → [0, ∞] is convex and positive homogeneous of degree 1 for almost every y ∈ Y.

(3.6)

Now the energetic formulation (S^ε)&(E^ε) for the elastoplastic model with periodic coefficients is indicated. The ε-dependent energy balance (E^ε) and the global stability condition (S^ε) read for ε > 0 as follows:

(S^ε) E_ε � t, u_ε(t), z_ε(t) � ≤ E_ε � t, u^′, z^′ � + R_ε � z^′−z_ε(t) � for all q^′ = (u^′, z^′) ∈ Q.

(E^ε) E_ε � t, u_ε(t), z_ε(t) � + Diss_{Rε} � z_ε; [0, t] � = E_ε � 0, u_ε(0), z_ε(0) � − �_t 0 �˙ ℓ(s), u_ε(s) � ds, where Diss_{Rε} (z; [0, t]) :=

�_t 0 R_ε(ż(s)) ds. The set of stable states S_ε(t) for t ∈ [0, T ] is defined via:

S_ε(t) := � q = (u, z) ∈ Q | E_ε(t, u, z) ≤ E_ε(t, u^′, z^′) − R_ε(z^′ − z) for all q^′ = (u^′, z^′) ∈ Q � . Under all these assumptions we obtain the following existence and uniqueness result.

Proposition 3.2. Let ε > 0, γ ≥ 0 and let Q := H^1_{ΓDir} (Ω)^d × H^1(Ω)^m be equipped with the norm given by (3.2). Moreover, let E_ε : [0, T ] × Q → R and R_ε : H^1(Ω)^m → [0, ∞] be defined by (3.4) and (3.5), respectively, and let the conditions (3.3) and (3.6) be satisfied. Then, for a given q^0_ε ∈ S_ε(0), there exists a unique solution q_ε ∈ C^{0,1}([0, T ]; Q) of the energetic formulation (S^ε)&(E^ε) of the rate-independent system (Q, E_ε, R_ε) with:

q_ε(0) = q^0_ε , sup_{t∈[0,T ]} ‖q_ε(t)‖_{Q,ε} ≤ ‖q^0_ε ‖_{Q,ε} +^{T Θ}_α , ess sup_{t∈[0,T ]} ‖q̇_ε(t)‖_{Q,ε} ≤^Θ_α ,

where α is given in (3.1) and Θ = ‖ℓ̇‖_L∞_{([0,T ];(H}1_{ΓDir (Ω)}d_)∗_).

Proof 3.2. To apply theorem 3.1, it only remains to show the coercivity condition (3.1), which is a straightforward consequence of Young and Korn inequality.

3.3 The two-scale homogenized problem

Since we want to consider the two-scale-Γ-limits of the functionals E_ε and R_ε, the limit function space Q_γ is basically given by X_γ defined in (2.5). The only thing we have to keep in mind is that we assumed a Dirichlet boundary condition in the first component, so that Q_γ has the following form:

Q_γ := H^d × X^m_γ where H := H^1_{ΓDir} (Ω) × L^2(Ω; H^1_{av}(Y)) and X_γ defined in (2.5). (3.7)

Thereby, we equip L^2(Ω; H^1_{av}(Y)) with the norm ‖V ‖_L2_{(Ω;H}1_{av(Y))} := ‖∇_yV ‖_L2_{(Ω×Y)}d and set ‖ · ‖_{Qγ} : Q_γ → [0, ∞) as the norm of the product space. Analog to (2.6), the elements of X^m_γ are denoted by Z_γ , so that q_γ = (u_0, U_1, Z_γ ) denotes the elements of Q_γ . With the help of the mapping L^γ given by (2.5), we specify the two-scale-functional as follows:

E_γ (t, q_γ ) = 1 2 � Ω×Y W � y, e_x(u_0)(x, y) + e_y(U_1)(x, y), L^γ (Z_γ )(x, y) � dydx − � ℓ(t), u_0 � . (3.8)

The two-scale dissipation potential R_γ : X^m_γ → [0, ∞] has the form:

R_γ (Z_γ ) := � Ω×Y ρ � y, L^γ_1 (Z_γ )(x, y) � dydx, (3.9)

where L^γ_1 is the first component of the function L^γ : X^m_γ → L^2(Ω × Y)^m × L^2(Ω × Y)^{m×d}. Note , if γ ∈ [0, 1), then the two-scale dissipation potential R_γ actually depends on a one-scale function z_0 only. This property is the reason why it is possible to construct an equivalent one-scale model, if γ ∈ [0, 1), see section 5.

The energetic formulation (S^γ )&(E^γ ) is now given by:

(S^γ ) E_γ � t, q_γ (t) � ≤ E_γ � t, q^′_γ � + R_γ � Z^′_γ −Z_γ (t) � for all q^′_γ = (u^′_0, U^′_1, Z^′_γ ) ∈ Q_γ ,

(E^γ ) E_γ � t, q_γ (t) � + Diss_{Rγ} � Z_γ ; [0, t] � = E_γ � 0, q_γ (0) � − �_t 0 �˙ ℓ(s), u_0(s) � ds, where Diss_{Rγ} (Z_γ ; [0, t]) :=

�_t 0 R_γ (Ż_γ (s)) ds. Note, that in the case of γ ∈ (0, 1) the energetic solution q_γ = (u_0, U_1, z_0, Z_1) : [0, T ] → Q_γ of the rate-independent system (Q_γ , E_γ , R_γ ) satisfies Z_1 ≡ 0. This follows by testing the stability condition (S^γ ) with special testfunctions and will be specified in section 5.

Finally, the set of stable states ~S_γ (t) for t ∈ [0, T ] is defined via

~S_γ (t) := �q ∈ Q_γ | E_γ (t, q) ≤ E_γ (t, q^′) − R_γ (Z^′_γ − Z_γ ) for all q^′ = (u^′_0, U^′_1, Z^′_γ ) ∈ Q_γ � .

The abstract existence and uniqueness theorem 3.1 now yields the following result.

Proposition 3.3. Let Q_γ be given by (3.7) and equipped with the norm described above. Furthermore, let E_γ : [0, T ] × Q_γ → R and R_γ : H^1(Ω)^m → [0, ∞] be defined by (3.8) and (3.9), respectively, and let the conditions (3.3) and (3.6) be satisfied. Then, for a given q^0_γ ∈ ~S_γ (0), there exists a unique solution q_γ ∈ C^{0,1}([0, T ], Q_γ ) of the energetic formulation (S^γ )&(E^γ ) of the rate independent system (Q_γ , E_γ , R_γ ) with

q_γ (0) = q^0_γ , sup_{t∈[0,T ]} ‖q_γ (t)‖_{Qγ} ≤ ‖q^0_γ ‖_{Qγ} +^{T Θ}_α , ess sup_{t∈[0,T ]} ‖q̇_γ (t)‖_{Qγ} ≤^Θ_α ,

where α is defined in (3.1) and Θ = ‖ℓ̇‖_L∞_{([0,T ];(H}1_{ΓDir (Ω)}d_)∗_).

Proof 3.3. It only remains to show the coercivity condition (3.1). With condition (2.7) this follows analogously to proof 3.2.

3.4 Equivalent one-scale model in the case of γ ∈ [0, 1)

In this subsection we introduce a one-scale model which turns out to be equivalent (section 5) to the two-scale model of the previous subsection if γ ∈ [0, 1) and if B is constant, i.e. B ∈ Lin(R^m, R^{d×d}_{sym} ). To prove this (section 5), we will use a special property of the solution of the two-scale energetic formulation (S^γ )&(E^γ ) of the rate-independent system (Q_γ , E_γ , R_γ ), namely, that the solution minimizes the energy functional E_γ . Furthermore, we will use the fact that the two-scale dissipation potential R_γ in this case (γ ∈ [0, 1)) depends on a one-scale function z_0 only.

Thereto, we introduce the space Q_γ := H^1_{ΓDir} (Ω)^d × X^m_γ where

X_γ := � H^1(Ω); ‖ · ‖_{Q0} := ‖ · ‖_Q if γ = 0, L^2(Ω); ‖(u, z)‖^2_{Qγ} := ‖u‖^2_{H1(Ω)d} + ‖z‖^2_{L2 (Ω)m} if γ ∈ (0, 1). (3.10)

Now we consider two minimizing problems which correspond to the minimizing property of the two-scale solution of the energetic formulation (S)_γ &(E)_γ of the rate-independent system (Q_γ , E_γ , R_γ ) as it is shown in section 5. Let C_{eff} : R^{d×d} → R, H_{eff} : R^m → R and F_{eff} : R^{m×d} → R for ξ ∈ R^{d×d}, ζ ∈ R^m and η ∈ R^{m×d} be given by

C_{eff} (ξ) = min_{v∈H1av (Y)d}I_1(ξ, v) := min_{v∈H1av (Y)d} � Y ⟨C(y)(ξ + e(v)(y)), ξ + e(v)(y)⟩_{d×d} dy, (3.11)

H_{eff} (ζ) = ⟨H_{eff} ζ, ζ⟩_m := � Y ⟨H(y)ζ, ζ⟩_m dy,

F_{eff} (η) = min

w∈H^1_{av}(Y)^m

I_2(η, w) := min

w∈H^1_{av}(Y)^m � Y ⟨F(y)(η + ∇w(y)), η + ∇w(y)⟩_{m×d} dy. (3.12)

Before describing the one-scale energetic formulation with the help of these mappings, we want to show the existence and uniqueness of solutions of (3.11) and (3.12).

Lemma 3.4. Let C ∈ L^∞(Y; Lin(R^{d×d}, R^{d×d})) and F ∈ L^∞(Y; Lin(R^{m×d}, R^{m×d})) be uniformly positive definite and symmetric. Then there exist unique solutions of minimizing problems (3.11) and (3.12) and symmetric, linear mappings C_{eff} ∈ Lin_{sym}(R^{d×d}_{sym} , R^{d×d}_{sym}) and F_{eff} ∈ Lin_{sym}(R^{m×d}, R^{m×d}), so that C_{eff} (·) = ⟨C_{eff} ·, ·⟩_{d×d} and F_{eff} (·) = ⟨F_{eff} ·, ·⟩_{m×d} .

Proof 3.4. 1. Let ξ ∈ R^{d×d} and η ∈ R^{m×d} be given and fixed. Since the functionals I_1(ξ, ·) : H^1_{av}(Y)^d → R and I_2(η, ·) : H^1_{av}(Y)^m → R are strictly convex and continuous, the existence and uniqueness of minimizers v^∗ ∈ H^1_{av}(Y)^d and w^∗ ∈ H^1_{av}(Y)^m of (3.11) and (3.12) follows. Furthermore, by applying the Lax-Milgram theorem to the Euler- Lagrange equations of I_1(ξ, ·) : H^1_{av}(Y)^d → R and I_2(η, ·) : H^1_{av}(Y)^m → R there exist linear mappings L_C : R^{d×d} → H^1_{av}(Y)^d and L_F : R^{m×d} → H^1_{av}(Y)^m, which satisfy L_C(ξ) = v^∗ and L_F(η) = w^∗. Therefore, we used crucially the uniqueness of the minimizeres of (3.11) and (3.12) as well as the uniqueness of the solutions of the Euler-Lagrange equations.

2. It remains to show that C_{eff} : R^{d×d} → R and F_{eff} : R^{m×d} → R actually have quadratic structure. We show this only for the second one. According to step 1 this mapping can be written in the following form:

F_{eff} (η) = � Y ⟨F(y)(η + ∇L_F(η)(y)), η + ∇L_F(η)(y)⟩_{m×d} dy.

Testing this function with η = e_{ij} ∈ R^{m×d}, where (e_{ij} )_{kl} := δ_{ij,kl} and δ_{ij,kl} for i, k ∈ {1, . . . , m} and j, l ∈ {1, . . . d} is the Kronecker delta, enables us to define the effective tensor F_{eff} of forth order as follows:

F_{eff ijkl} := � Y ⟨F(y)(e_{ij} + ∇L_F(e_{ij} )(y)), e_{kl} + ∇L_F(e_{kl})(y)⟩_{m×d} dy. (3.13)

By this definition, the symmetry of F_{eff} is obvious and the quadratic structure can be seen by writing η ∈ R^{m×d}, η := (η_{ij} )^{j∈{1,...,d}}_{i∈{1,...m}} as η =

�_m i=1 �_d

j=1 η_{ij} e_{ij} .

Note that the effective tensor C_{eff} ∈ Lin_{sym}(R^{d×d}, R^{d×d}), defined analogously to (3.13), is exactly the same as in the linear elastic case, see [Ngu89] subsection 6.2. There, equation (6.10) is in fact the Euler-Lagrange equation of I_1(ξ, ·) : H^1_{av}(Y)^d → R with ξ = −e_{jl}, if one extends the result of [Ngu89] to the d-dimensional case, i.e. u ∈ H^1_0(Ω)^d instead of u ∈ H^1_0(Ω). Furthermore, in our case u ∈ H^1_{ΓDir} (Ω)^d instead of u ∈ H^1_0(Ω)^d, but this is only an easy generalization. Then the definition of the effective tensor of [Ngu89] given in condition (6.14) is the same as ours in definition (3.13).

The one-scale energy functional E_γ : [0, T ] × Q_γ → R is given by

E_γ (t, u, z) = 1 2 � Ω

� A_γ � � e(u)(x) z(x) ~∇z(x) � � , � � e(u)(x) z(x) ~∇z(x) � � � dx − ⟨ℓ(t), u⟩, (3.14)

where

A_γ = � � C_{eff} −C_{eff} B 0 −B^T C_{eff} H_{eff} + B^T C_{eff} B 0

0 0 F_γ

� � with F_γ := � F_{eff} if γ = 0, 0 if γ ∈ (0, 1) and ~∇ : � � � X^m_γ → L^2(Ω)^{m×d} z → � ∇z if γ = 0, 0 if γ ∈ (0, 1).

(3.15)

The one-scale dissipation potential R_γ : X^m_γ → [0, ∞] reads as follows

R_γ (z) := � Ω ρ_{eff} (z(x)) dx, (3.16)

where ρ_{eff} := � Y ρ(y, ·) dy : R^m → [0, ∞]. With this definition we obtain R_γ (z_0) = ~R_γ (z_0) for every z_0 ∈ H^1(Ω)^m, where R_γ (z_0, Z_1) ≡ ~R_γ (z_0) := � Ω×Y ρ(y, z_0(x)) dydx for all (z_0, Z_1) ∈ X^m_γ .

Now the energetic formulation (S^γ )&(E^γ ) of the rate-independent system (Q_γ , E_γ , R_γ ) reads as follows:

(S^γ ) E_γ � t, u(t), z(t) � ≤ E_γ � t, u^′, z^′ � + R_γ � z^′−z(t) � for all (u^′, z^′) ∈ Q_γ ,

(E^γ ) E_γ � t, u(t), z(t) � + Diss_{Rγ} � ż; [0, t] � = E_γ � 0, u(0), z(0) � − �_t 0 �˙ ℓ(s), u(s) � ds, where Diss_{Rγ} (ż; [0, t]) :=

�_t 0 R_γ (ż(s)) ds. Furthermore, we define the set of stable states S_γ (t) for t ∈ [0, T ] via

S_γ (t) := � q ∈ Q_γ | E_γ (t, q) ≤ E_γ (t, q^′) − R_γ (z^′ − z) for all q^′ ∈ Q_γ � . Proposition 3.5. Let Q_γ be given as above and be equipped with the norm introduced by (3.10). Furthermore, let E_γ : [0, T ]×Q_γ → R and R_γ : X^m_γ → [0, ∞] be defined by (3.14) and (3.16), respectively, and let the conditions (3.3) and (3.6) be satisfied. Then, for a given q^0 ∈ S_γ (0), there exists a unique solution q ∈ C^{0,1}([0, T ], Q_γ ) of the energetic formulation (S^γ )&(E^γ ) of the rate-independent system (Q_γ , E_γ , R_γ ), with

q(0) = q^0, sup_{t∈[0,T ]} ‖q‖_{Qγ} ≤ ‖q^0‖_{Qγ} +^{T Θ}_α , ess sup_{t∈[0,T ]} ‖q̇‖_{Qγ} ≤^Θ_α ,

where α is defined in (3.1) and Θ = ‖ℓ̇‖_L∞_{([0,T ];(H}1_{ΓDir (Ω)}d_)∗_).

Proof 3.5. It only remains to show the coercivity condition (3.1). Analog to condition (2.7), we obtain for all v ∈ H^1_{av}(Y)^d � Y ⟨C(y)(ξ + e(v)(y)), ξ + e(v)(y)⟩_{d×d}dy ≥ � Y c|ξ+e(v)(y)|^2_{d×d} dy^{(2.7)}= c � |ξ|^2_{d×d}+‖e(v)‖^2_{L2 (Y)d×d} � ,

where we used that C ∈ L^∞(Y; Lin(R^{d×d}, R^{d×d})) is uniformly positive definite. Since this is true for every ξ ∈ R^{d×d}, this means that C_{eff} ∈ Lin_{sym}(R^{d×d}, R^{d×d}) is positive definite. Analog we obtain that F_{eff} ∈ Lin_{sym}(R^{m×d}, R^{m×d}) (γ = 0) is positive definite and thereby follows coercivity condition (3.1) analog to Proof 3.2.

4 Convergence results

The following theorem yields one of the main results of this paper: Assuming strong twoscale convergence (in sense of definition 2.10) of the initial data we obtain strong two-scale convergence (in sense of definition 2.10) of the solutions (u_ε, z_ε) of the energetic formulation (S^ε)&(E^ε) of the rate-independent systems (Q, E_ε, R_ε) to the solution (u_0, U_1, Z_γ ) of the energetic formulation (S^γ )&(E^γ ) of the rate-independent system (Q_γ , E_γ , R_γ ).

Theorem 4.1. Let γ ≥ 0, ε > 0 and let q^0_ε = (u^0_ε, z^0_ε ) ∈ S_ε(0) be given. Furthermore, let q_ε = (u_ε, z_ε) ∈ C^{0,1}([0, T ], Q) be the unique solution of the energetic formulation (S^ε)&(E^ε) of the rate-independent system (Q, E_ε, R_ε) with q_ε(0) = q^0_ε . Moreover, let u_ε(0)^{s0}→ (u^0, U^0_1 ) in H^d and let z_ε(0)^{sγ}→ Z^0_γ in X^m_γ . Then q^0_γ := (u^0, U^0_1 , Z^0_γ ) ∈ ~S_γ (0) and for all t ∈ [0, T ] it follows: u_ε(t)^{s0}→ (u_0(t), U_1(t)) in H^d and z_ε(t)^{sγ}→ Z_γ (t) in X^m_γ where q_γ := (u_0, U_1, Z_γ ) ∈ C^{0,1}([0, T ], Q_γ ) is the unique solution of the energetic formulation (S^γ )&(E^γ ) of the rateindependent system (Q_γ , E_γ , R_γ ) with q_γ (0) = q^0_γ .

One of the main difficulties by proving this result is to show that the weak limit (in sense of definition 2.10) of a stable sequence is stable again. That is why we first start with two propositions before proving theorem 4.1. In [MRS08] was introduced a sufficient condition to get this result, namely, the existence of a “joint recovery sequence“. In the context of this paper, “joint recovery sequences“ are defined as follows:

Definition 4.2. The functionals E_ε and R_ε fulfill the “joint recovery condition“, if for every stable sequence (u_ε, z_ε)_{ε>0} ⊂ Q (i.e. (u_ε, z_ε) ∈ S_ε(t) for every ε > 0) with u_ε^{w0}⇀ (u_0, U_1) in H^d and z_ε^{wγ}⇀ Z_γ in X^m_γ and every ~q_γ = (~u_0, ~U_1, ~Z_γ ) ∈ Q_γ , there exists a sequence (~u_ε, ~z_ε)_{ε>0} ⊂ Q with ~u_ε^{w0}⇀ (~u_0, ~U_1) in H^d and ~z_ε^{wγ}⇀ ~Z_γ in X^m_γ so that:

lim sup ε→0 � E_ε(t, ~u_ε, ~z_ε) + R_ε(~z_ε − z_ε) − E_ε(t, u_ε, z_ε) � ≤ E_γ (t, ~q_γ ) + R_γ ( ~Z_γ − Z_γ ) − E_γ (t, q_γ ),

where q_γ = (u_0, U_1, Z_γ ) ∈ Q_γ . The sequence (~u_ε, ~z_ε)_{ε>0} ⊂ Q is called “joint recovery sequence“.

The following proposition shows the existence of such “joint recovery sequences“ and that this is sufficient for the stability of a limit of stable states.

Proposition 4.3. Let γ ≥ 0 and (u_ε, z_ε)_{ε>0} be a sequence in Q with (u_ε, z_ε) ∈ S_ε(t) for t ∈ [0, T ]. Furthermore, let u_ε^{w0}⇀ (u_0, U_1) in H^d and z_ε^{wγ}⇀ Z_γ in X^m_γ . Then:

(a) For every ~q_γ = (~u_0, ~U_1, ~Z_γ ) ∈ Q_γ exists a “joint recovery sequence“. (b) q_γ = (u_0, U_1, Z_γ ) ∈ ~S_γ (t).

Proof 4.3. 1. With the help of the in subsection 2.4 introduced folding operators G_ε and G^γ_ε , the joint recovery sequence can be constructed explicitly: � ~u_ε ~z_ε � := � u_ε z_ε � + � ~u_0 − u_0 + G_ε(0, ~U_1 − U_1) G^γ_ε ( ~Z_γ − Z_γ ) � . Note, that the first component of this sequence has the correct boundary value because of u_ε + ~u_0 − u_0 ∈ H^1_{ΓDir} (Ω)^d and G_ε(0, ~U_1 − U_1) ∈ H^1_0(Ω)^d. Now proposition 2.7 (f) and corollary 2.12 yield

~u_ε − u_ε = ~u_0 − u_0 + G_ε(0, ~U_1 − U_1)^{s0}→ (~u_0 − u_0, ~U_1 − U_1) in H^d (4.1)

and proposition 2.11 yields

~z_ε − z_ε = G^γ_ε ( ~Z_γ − Z_γ )^{sγ}→ ( ~Z_γ − Z_γ ) in X^m_γ . (4.2)

Condition (4.1) and (4.2) imply ~u_ε^{w0}⇀ (~u_0, ~U_1) in H^d and ~z_ε^{wγ}⇀ ~Z_γ in X^m_γ because of the assumed convergence u_ε^{w0}⇀ (u_0, U_1) in H^d and z_ε^{wγ}⇀ Z_γ in X^m_γ , respectively.

2. Since ρ : Y × R^m → [0, ∞] has the properties (3.6) and ~z_ε − z_ε^s→ L^γ_1 ( ~Z_γ − Z_γ ) in L^2(Ω × Y)^m, according to definition 2.10 and condition (4.2), we obtain with lemma 2.16(a):

lim_{ε→0} R_ε(~z_ε −z_ε) = lim_{ε→0} � Ω ρ �x ε � Y , ~z_ε − z_ε � dx = � Ω×Y ρ � y, L^γ_1 ( ~Z_γ −Z_γ ) � dydx = R_γ ( ~Z_γ −Z_γ ).

3. Because of the quadratic structure of the energy functionals E_ε, we obtain

E_ε(t, ~u_ε, ~z_ε) − E_ε(t, u_ε, z_ε) =

1 2 � Ω

� A �x ε � Y � � � e(~u_ε − u_ε)(x) ~z_ε(x) − z_ε(x) ε^γ ∇(~z_ε(x) − z_ε(x))

� �, � � e(~u_ε + u_ε)(x) ~z_ε(x) + z_ε(x) ε^γ ∇(~z_ε(x) + z_ε(x))

� � � dx − ⟨ℓ(t), ~u_ε − u_ε⟩.

Using definition 2.10 and the results of step 2, we have firstly � � e(~u_ε + u_ε) ~z_ε + z_ε ε^γ ∇(~z_ε + z_ε)

� �^w⇀ � � � e_x(E(~u_0 + u_0)) + e_y( ~U_1 + U_1) L^γ_1 ( ~Z_γ + Z_γ ) L^γ_2 ( ~Z_γ + Z_γ )

� � � in L^2(Ω × Y)^n,

and secondly with condition (4.1) and (4.2) � � e( ~u_ε − u_ε) ~z_ε − z_ε ε^γ ∇(~z_ε − z_ε)

� �^s→ � � � e_x(E(~u_0 − u_0)) + e_y( ~U_1 − U_1) L^γ_1 ( ~Z_γ − Z_γ ) L^γ_2 ( ~Z_γ − Z_γ )

� � � in L^2(Ω × Y)^n,

where n := d^2 + m + md.

The last result allows us now to apply proposition 2.8 to m_ε := A

� �_· ε � Y � , i.e.

A � · ε � Y � � � e(~u_ε − u_ε)

~z_ε − z_ε ε^γ ∇(~z_ε − z_ε)

� �^s→ A � � � e_x(E(~u_0 − u_0)) + e_y( ~U_1 − U_1) L^γ_1 ( ~Z_γ − Z_γ ) L^γ_2 ( ~Z_γ − Z_γ )

� � � in L^2(Ω × Y)^n,

where we used T_εm_ε(x, y) = A(y).

4. Now, with step 3, all assumptions of proposition 2.7(d) are fulfilled and we conclude � Ω

� A �x ε � Y � � � e(~u_ε − u_ε)(x) ~z_ε(x) − z_ε(x) ε^γ ∇(~z_ε(x) − z_ε(x))

� �, � � e(~u_ε + u_ε)(x) ~z_ε(x) + z_ε(x) ε^γ ∇(~z_ε(x) + z_ε(x))

� � � dx^{ε→0}→

� Ω×Y

� A(y) � � � ^e((~u_0, ~U_1) − (u_0, U_1))(x, y) L^γ_1 ( ~Z_γ − Z_γ )(x, y) L^γ_2 ( ~Z_γ − Z_γ )(x, y)

� � �, � � � ^e((~u_0, ~U_1) + (u_0, U_1))(x, y) L^γ_1 ( ~Z_γ + Z_γ )(x, y) L^γ_2 ( ~Z_γ + Z_γ )(x, y)

� � � � dydx,

where ^e(^u_0, ^U_1) = e_x(E^u_0) + e_y( ^U_1), which gives:

lim_{ε→0} � E_ε(t, ~u_ε, ~z_ε) − E_ε(t, u_ε, z_ε) � = E_γ (t, ~u_0, ~U_1, ~Z_γ ) − E_γ (t, u_0, U_1, Z_γ ),

where we used ~u_ε − u_ε ⇀ ~u_0 − u_0 in H^1(Ω)^d. Thereby, we proved part (a). 5. Part (b) is a direct consequence of part (a). Let (u_0, U_1, Z_γ ) ∈ Q_γ be the weak twoscale-γ-limit of the stable states (u_ε, z_ε) ∈ Q and let (~u_0, ~U_1, ~Z_γ ) ∈ Q_γ be an arbitrary teststate. Replacing (~u, ~z) ∈ Q in the stability condition (S^ε) by the constructed “joint recovery sequence“ (~u_ε, ~z_ε) ∈ Q from step (a), leads to

0 ≤ E_ε(t, ~u_ε, ~z_ε) + R_ε(~z_ε − z_ε) − E_ε(t, u_ε, z_ε). (4.3)

According to part (a), the right-hand side of (4.3) converges for ε → 0 and we obtain 0 ≤ E_γ (t, ~u_0, ~U_1, ~Z_γ ) + R_γ ( ~Z_γ − Z_γ ) − E_γ (t, u_0, U_1, Z_γ ). Thereby, stability is proven since (~u_0, ~U_1, ~Z_γ ) ∈ Q_γ was arbitrary.

Finally, before proving theorem 4.1, we show that E_γ and R_γ are the two-scale Γ-limits (in sense of definition 2.14) of E_ε and R_ε, respectively.

Proposition 4.4. Let γ ≥ 0 and let (u_ε, z_ε)_{ε>0} be a sequence in Q. Then for t ∈ [0, T ] :

(a) If u_ε^{w0}⇀ (u_0, U_1) in H^d and z_ε^{wγ}⇀ Z_γ in X^m_γ then � E_γ (t, u_0, U_1, Z_γ ) ≤ lim inf_{ε→0} E_ε(t, u_ε, z_ε), R_γ (Z_γ ) ≤ lim inf_{ε→0} R_ε(z_ε).

(b) For all (~u_0, ~U_1, ~Z_γ ) ∈ Q_γ there exists a sequence (~u_ε, ~z_ε)_{ε>0} in Q so that ~u_ε^{s0}→ (~u_0, ~U_1) in H^d, ~z_ε^{sγ}→ Z_γ in X^m_γ and � E_γ (t, ~u_0, ~U_1, ~Z_γ ) = lim_{ε→0} E_ε(t, ~u_ε, ~z_ε), R_γ ( ~Z_γ ) = lim_{ε→0} R_ε(~z_ε).

Proof 4.4. (a) This is an easy consequence of lemma 2.15. We only have to show that W : Y × R^n → [0, ∞] and ρ : Y × R^m → [0, ∞] satisfy its assumptions. Thereby, let n := d^2 + m + md. Since A ∈ L^∞(Y; Lin_{sym}(R^n; R^n)) is uniformly positive definite, we have W(y, (A, b, C)) ≥ 0 for all (A, b, C) ∈ R^n and almost every y ∈ Y. Furthermore, (A, b, C) → W(y, (A, b, C)) is continuous and because of its quadratic structure it is also convex for almost every y ∈ Y.

Let now (u_ε, z_ε)_{ε>0} ⊂ Q with u_ε^{w0}⇀ (u_0, U_1) in H^d and z_ε^{wγ}⇀ Z_γ in X^m_γ be given. Following definition 2.10, this means v_ε^w⇀ V_γ in L^2(Ω × Y)^n, where v_ε := (e(u_ε), z_ε, ε^γ ∇z_ε) ∈ L^2(Ω)^n and V_γ := (e_x(u_0) + e_y(U_1), L^γ (Z_γ )) ∈ L^2(Ω × Y)^n. Thereby, the assumptions of lemma 2.15 are fulfilled and we have

W(V_γ ) = � Ω×Y W � y, V_γ (x, y) � dydx ≤ lim inf_{ε→0} W_ε(v_ε) = lim inf_{ε→0} � Ω W �x ε � Y , v_ε(x) � dx.

Because of the weak convergence of u_ε to u_0 in H^1(Ω)^d, it follows : ⟨ℓ(t), u_0⟩ = lim_{ε→0}⟨ℓ(t), u_ε⟩. Finally, we obtain:

E_γ (t, u_0, U_1, Z_γ ) = W(V_γ )−⟨ℓ(t), u_0⟩ ≤ lim inf_{ε→0} W_ε(v_ε)− lim_{ε→0}⟨ℓ(t), u_ε⟩ = lim inf_{ε→0} E_ε(t, u_ε, z_ε).

Since ρ : Y × R^m → [0, ∞] has the properties (3.6) and z_ε^s→ L^γ_1 (Z_γ ) in L^2(Ω × Y)^m, we also have

R_γ (Z_γ ) = � Ω×Y ρ � y, L^γ_1 (Z_γ )(x, y) � dydx ≤ lim inf_{ε→0} � Ω ρ �x ε � Y , z_ε(x) � dx = lim inf_{ε→0} R_ε(z_ε)

according to lemma 2.15. Lemma 2.16(a) states that this is even an equality. (b) With the help of the in subsection 2.4 given folding operators G_ε and G^γ_ε , the sequence (~u_ε, ~z_ε)_{ε>0} ⊂ Q is explicitly given in the form � ~u_ε ~z_ε � := � ~u_0 + G_ε(0, ~U_1) G^γ_ε ( ~Z_γ ) � .

Proposition 2.11 immediately yields the wanted convergence and analog to step 2 of proof 4.3 we obtain lim_{ε→0} R_ε(~z_ε) = R_γ ( ~Z_γ ) with lemma 2.16(a). Finally, we conclude analog to step 3 and 4 of proof 4.3 that: lim_{ε→0} E_ε(t, ~u_ε, ~z_ε) = E_γ (t, ~u_0, ~U_1, ~Z_γ ).

Now we are in the position to prove theorem 4.1.

Proof of theorem 4.1. Let q_ε = (u_ε, z_ε) ∈ C^{0,1}([0, T ], Q) be the unique solution of the energetic formulation (S^ε)&(E^ε) of the rate-independent system (Q, E_ε, R_ε) with q_ε(0) = q^0_ε ∈ S_ε(0).

1. Let Q := H^1(Ω)^d × L^2(R^d × Y)^n, where n := d^2 + m + md. Now we consider the subset M of C^{0,1}([0, T ], Q) defined as follows:

M := {~q_ε := (u_ε, T_ε(∇u_ε), T_εz_ε, T_ε(∇z_ε)) | (u_ε, z_ε) : [0, T ] → Q solution of (S^ε)&(E^ε)} .

According to proposition 3.2 we obtain sup t∈[0,T ] � ‖u_ε(t)‖^2_{H1 (Ω)d} + ‖z_ε(t)‖^2_L2_{(Ω)}m + ‖ε^γ ∇z_ε(t)‖^2_{L2(Ω)m×d}

� 1_2 ≤ ‖q^0_ε ‖_{Q,ε} + T Θ α , (4.4)

ess sup

t∈[0,T ] � ‖u̇_ε(t)‖^2_{H1 (Ω)d} + ‖ż_ε(t)‖^2_L2_{(Ω)}m + ‖ε^γ ∇ż_ε(t)‖^2_{L2(Ω)m×d}

� 1_2 ≤ Θ α . Because of the assumed two-scale convergence (in sense of definition 2.10) of the initial data, there exists a constant C_1 > 0 so that ‖q^0_ε ‖_{Q,ε} ≤ C_1 for every ε > 0. Thereby, we obtain that the subset M is bounded in C^{0,1}([0, T ], Q), since T_ε is norm-preserving. Now, according to the Arzela-Ascoli theorem, there exists a subsequence (~q_ε′ )_ε′_{>0} of (~q_ε)_{ε>0} and a function (u_0, ~U_1, ~Z_γ , ~W_γ ) ∈ C^{0,1}([0, T ]; Q), so that the following holds true for every t ∈ [0, T ] : � u_ε′ (t), T_ε(∇u_ε′ (t)) T_εz_ε′ (t), T_ε((ε^′)^γ ∇z_ε′ (t)) � ⇀ � u_0(t), ~U_1(t) ~Z_γ (t), ~W_γ (t) � weakly in Q. (4.5)

Since the supports of the functions T_ε(∇u_ε(t)), T_ε(z_ε(t)) and T_ε(ε^γ ∇z_ε(t)) are contained in [Ω × Y]_ε for every t ∈ [0, T ], the supports of the functions ~U_1(t), ~Z_γ (t) and ~W_γ (t) are contained in Ω × Y.

2. According to proposition 2.9 (note condition (4.4)), we obtain for every t ∈ [0, T ], that there exists a subsequence (u_ε′′ (t))_ε′′_{>0} of (u_ε′ (t))_ε′_{>0} and functions u_0(t) ∈ H^1_{ΓDir} (Ω)^d and U_1(t) ∈ L^2(Ω; H^1_{av}(Y))^d, so that ∇u_ε′′ (t)^w⇀ ∇_xEu_0(t) + ∇_yU_1(t) in L^2(Ω × Y)^{d×d}. Furthermore, ∇u_ε′′ (t)^w⇀ ~U_1(t) in L^2(Ω × Y)^{d×d} for every t ∈ [0, T ] according to condition (4.5), i.e. we obtain ∇_yU_1 = ~U_1 − ∇_xEu_0 (4.6)

as a possible representation of the function ∇_yU_1 : [0, T ] → L^2(Ω×Y)^{d×d}. Following step 1, the right-hand side of (4.6) is Lipschitz-continuous, i.e. U_1 ∈ C^{0,1}([0, T ]; L^2(Ω; H^1_{av}(Y))^d). Since the same argument works for the z-component, we showed: There exists a subsequence (u_ε′ , z_ε′ )_ε′_{>0} of (u_ε, z_ε)_{ε>0} and a function (u_0, U_1, Z_γ ) ∈ C^{0,1}([0, T ]; Q_γ ), so that

u_ε′ (t)^{w0}⇀ (u_0(t), U_1(t)) in H^d and z_ε′ (t)^{wγ}⇀ Z_γ (t) in X^m_γ (4.7) for every t ∈ [0, T ]. Since every subsequence converges to the same limit, we obtain the

convergence of the whole sequence.

3. It remains to show that (u_0, U_1, Z_γ ) ∈ C^{0,1}([0, T ]; Q_γ ) is the unique solution of the

energetic formulation (S^γ )&(E^γ ) of the rate-independent system (Q_γ , E_γ , R_γ ) with the

initial value (u_0(0), U_1(0), Z_γ (0)) = (u^0, U^0_1 , Z^0_γ ) ∈ ~S_γ (0). According to prop. 4.3(b),

(u_0(t), U_1(t), Z_γ (t)) is stable for every t ∈ [0, T ]. To show the energy balance (E^γ ), we

pass in (E^ε) to the limit ε → 0.

4. Proposition 3.2 yields for almost every t ∈ [0, T ] �˙ ℓ(t), u_ε(t) � ≤ ‖ℓ̇‖_L∞_{([0,T ];(H}1_{ΓDir (Ω)}d_)∗_)‖u_ε‖_C0_{([0,T ];H}1_{ΓDir (Ω)}d_) ≤ ‖ℓ̇‖_L∞_{([0,T ];(H}1_{ΓDir (Ω)}d_)∗_)C_2,

where C_2 := C_1 + α^{−1}T Θ. Thereby we obtain

lim_{ε→0}

�_t 0 �˙ ℓ(s), u_ε(s) � ds =

�_t 0 lim_{ε→0} �˙ ℓ(s), u_ε(s) � ds =

�_t 0 �˙ ℓ(s), u_0(s) � ds, by applying Lebesgue’s theorem of dominated convergence and making use of u_ε(t) ⇀ u_0(t)

in H^1(Ω) for every t ∈ [0, T ].

5. Because of the assumed strong two-scale convergence of the initial condition, we have

lim_{ε→0} E_ε(0, u_ε(0), z_ε(0)) = E_γ (0, U(0), Z(0)) analog to step 3 and 4 of proof 4.3.

6. According to step 4 and 5, we now obtain for every t ∈ [0, T ] from (E^ε) � E_ε � t, u_ε(t), z_ε(t) � + �_t 0 R_ε � ż_ε(s) � ds �_{ε→0}

→ E_γ � 0, u_0(0), U_1(0), Z_γ (0) � + �_t 0 �˙ ℓ(s), u_0(s) � ds,(4.8)

if we pass in (E^ε) to the limit ε → 0. Furthermore, because of convergence (4.7) proposition

4.4 can be applied, so that for every t ∈ [0, T ] we have

E_γ � t, u_0(t), U_1(t), Z_γ (t) � ≤ lim inf_{ε→0} E_ε � t, u_ε(t), z_ε(t) � (4.9)

and for all t_k ∈ [0, T ], where k = 0, . . . , N and N ∈ N, we have N� j=1 R_γ � Z_γ (t_j) − Z_γ (t_{j−1}) � ≤ lim inf_{ε→0} N� j=1 R_ε � z_ε(t_j ) − z_ε(t_{j−1}) � ≤ lim inf_{ε→0}

�_t 0 R_ε � ż_ε(s) � ds.

In the last estimation we used Diss_{Rε} (z_ε; [0, T ]) := sup

� �_N

j=1 R_ε(z_ε(t_j) − z_ε(t_{j−1})) � as an equivalent definition of the total dissipation Diss_{Rε} (z_ε; [0, T ]) :=

�_t 0 R_ε � ż_ε(s) � ds, where

N ∈ N and the supremum is taken over all finite partitions of [0, T ]. That means, after

taking the supremum over all finite partitions of [0, T ], we obtain with the same equivalent

definition of Diss_{Rγ} (Z_γ ; [0, T ])

�_t 0 R_γ �˙ Z_γ (s) � ds ≤ lim inf_{ε→0}

�_t 0 R_ε � ż_ε(s) � ds. (4.10)

Thereby, we finally showed together with condition (4.8)

E_γ � t, u_0(t), U_1(t), Z_γ (t) � + �_t 0 R_γ �˙ Z_γ (s) � ds ≤ lim inf_{ε→0} E_ε � t, u_ε(t), z_ε(t) � + lim inf_{ε→0}

�_t 0 R_ε � ż_ε(s) � ds ≤ lim_{ε→0} � E_ε � t, u_ε(t), z_ε(t) � + �_t 0 R_ε � ż_ε(s) � ds �

= E_γ � 0, u_0(0), U_1(0), Z_γ (0) � + �_t 0 �˙ ℓ(s), u_0(s) � ds (4.11)

for every t ∈ [0, T ]. Because of the stability of (u_0(t), U_1(t), Z_γ (t)) for every t ∈ [0, T ]

showed in step 3, we obtain immediately the opposite inequality to (4.11) and altogether

we have the energy balance (E^γ ) for every t ∈ [0, T ]. That means

E_γ � t, u_0(t), U_1(t), Z_γ (t) � + �_t 0 R_γ �˙ Z_γ (s) � ds = E_γ � 0, u_0(0), U_1(0), Z_γ (0) � + �_t 0 �˙ ℓ(s), u_0(s) � ds. Hence, it is shown that (u_0, U_1, Z_γ ) ∈ C^{0,1}([0, T ]; Q_γ ) is the unique solution of the ener-

getic formulation (S^γ )&(E^γ ) of the rate-independent system (Q_γ , E_γ , R_γ ) with the initial

condition (u_0(0), U_1(0), Z_γ (0)) = (u^0, U^0_1 , Z^0_γ ) ∈ ~S_γ (0).

7. According to step 6, (u_0, U_1, Z_γ ) ∈ C^{0,1}([0, T ]; Q_γ ) has to satisfy the energy balance

(E^γ ), so that

lim inf ε→0 E_ε � t, u_ε(t), z_ε(t) � + lim inf_{ε→0}

�_t 0 R_ε � ż_ε(s) � ds = lim_{ε→0} � E_ε � t, u_ε(t), z_ε(t) � + �_t 0 R_ε � ż_ε(s) � ds �

following condition (4.11). But this means that the limits lim_{ε→0} E_ε � t, u_ε(t), z_ε(t) � and lim_{ε→0}

�_t 0 R_ε � ż_ε(s) � ds have to exist. Furthermore, we have the following equation from

the energy balance (E^γ ) and (4.11)

E_γ � t, u_0(t), U_1(t), Z_γ (t) � − lim_{ε→0} E_ε � t, u_ε(t), z_ε(t) � � � �

≤0 see (4.9) + �_t 0 R_γ �˙ Z_γ (s) � ds− lim_{ε→0}

�_t 0 R_ε � ż_ε(s) � ds � � �

≤0 see (4.10)

= 0,

i.e. altogether we have

E_γ � t, u_0(t), U_1(t), Z_γ (t) � = lim_{ε→0} E_ε � t, u_ε(t), z_ε(t) � & �_t 0 R_γ �˙ Z_γ (s) � ds = lim_{ε→0}

�_t 0 R_ε � ż_ε(s) � ds. 8. In this step all arguments are valid for every t ∈ [0, T ], even if it is not explicitly

mentioned. By using the in (4.7) showed weak convergence, we now show strong con-

vergence. Thereto, let q_ε(t) := (u_ε(t), z_ε(t)) and q_γ (t) := (u_0(t), U_1(t), Z_γ (t)). Further-

more, we consider the sequence (~q_ε(t))_{ε∈(0,ε0)}, which is defined via ~q_ε(t) := (~u_ε(t), ~z_ε(t)) =

(u_0(t) + G_ε(0, U_1(t)), G^γ_ε (Z_γ (t))). Applying proposition 2.11, we have ~u_ε(t)^{s0}→ (u_0(t), U_1(t))

in H^d and ~z_ε(t)^{sγ}→ Z_γ (t) in X^m_γ . Moreover, because of the ellipticity of the operator

A_ε ∈ Lin(Q, Q^∗) (see (3.1)), we obtain α 2 ‖~q_ε(t) − q_ε(t)‖^2_Q

≤^1_2 ⟨A_ε(~q_ε(t) − q_ε(t)), ~q_ε(t) − q_ε(t)⟩_Q

= E_ε(t, q_ε(t)) − E_ε(t, ~q_ε(t)) + ⟨A_ε ~q_ε(t), ~q_ε(t) − q_ε(t)⟩_Q − ⟨ℓ(t), ~u_ε(t) − u_ε(t)⟩.

According to step 7 we have lim_{ε→0} E_ε(t, q_ε(t)) = E_γ (t, q_γ (t)) and moreover we obtain firstly lim_{ε→0} E_ε(t, ~q_ε(t)) = E_γ (t, q_γ (t)) and secondly lim_{ε→0} ⟨A_ε ~q_ε(t), ~q_ε(t) − q_ε(t)⟩_Q = 0 analog to step 3 and 4 of proof 4.3. Finally, we have lim_{ε→0} ⟨ℓ(t), ~u_ε(t) − u_ε(t)⟩ = 0 because of ~u_ε(t) − u_ε(t) ⇀ 0 in H^1(Ω)^d.

Thereby, the above yields lim_{ε→0} ‖~q_ε(t) − q_ε(t)‖_Q = 0 and the following estimation gives us the wanted strong convergence.

‖T_εu_ε − (Eu_0)^{ex}‖_L2_{(R}d_{×Y)}d + ‖T_ε(∇u_ε) − (∇_xEu_0 + ∇_yU_1)^{ex}‖_L2_{(R}d_{×Y)}d×d ≤ ‖T_ε(u_ε(t) − ~u_ε(t))‖_L2_{(R}d_{×Y)}d + ‖T_ε(∇u_ε(t) − ∇~u_ε(t))‖_L2_{(R}d_{×Y)}d×d + δ^{(1)}_ε ≤ √ 2‖q_ε(t) − ~q_ε(t)‖_Q + δ^{(1)}_ε , ‖T_εz_ε − L^γ_1 (Z_γ )^{ex}‖_L2_{(R}d_{×Y)}m×d + ‖T_ε(ε^γ ∇z_ε) − L^γ_2 (Z_γ )^{ex}‖_L2_{(R}d_{×Y)}m×d ≤ ‖T_ε(z_ε(t) − ~z_ε(t))‖_L2_{(R}d_{×Y)}m + ‖T_ε(ε^γ ∇z_ε(t) − ε^γ ∇~z_ε(t))‖_L2_{(R}d_{×Y)}m×d + δ^{(2)}_ε ≤ √ 2‖q_ε(t) − ~q_ε(t)‖_Q + δ^{(2)}_ε

where δ^{(1)}_ε := ‖T_ε~u_ε − (Eu_0)^{ex}‖_L2_{(R}d_{×Y)}d + ‖T_ε(∇~u_ε) − (∇_xEu_0 + ∇_yU_1)^{ex}‖_L2_{(R}d_{×Y)}d×d and δ^{(2)}_ε := ‖T_ε~z_ε − L^γ_1 (Z_γ )^{ex}‖_L2_{(R}d_{×Y)}m + ‖T_ε(ε^γ ∇~z_ε) − L^γ_2 (Z_γ )^{ex}‖_L2_{(R}d_{×Y)}m×d . Thereby, we added a nil, then estimated by triangle inequality and finally used the norm-preservation of T_ε. Now corollary 2.12 and proposition 2.11 yield δ^{(1)}_ε → 0 and δ^{(2)}_ε → 0, respectively, for ε → 0, and the proof is done.

5 Equivalence of the two-scale and the one-scale model

Henceforth let γ ∈ [0, 1) and B be constant in y, i.e. B ∈ Lin(R^m, R^{d×d}_{sym} ).

Theorem 5.1. Let γ ∈ [0, 1). Then q = (u_0, z_0) ∈ C^{0,1}([0, T ]; Q_γ ) is the solution of the energetic formulation (S^γ )&(E^γ ) of the rate-independent system (Q_γ , E_γ , R_γ ) with q(0) = q^0, if and only if q = (u_0, U_1 = L_C(e(u_0)−Bz_0), z_0, Z_1 = L_F( ~∇z_0)) ∈ C^{0,1}([0, T ]; Q_γ ) is the solution of the energetic formulation (S^γ )&(E^γ ) of the rate-independent system (Q_γ , E_γ , R_γ ) with q(0) = q^0, where L_C, L_F and ~∇ are defined in subsection 3.4.

Before proving this, we show that E_γ and E_γ are equal along the energetic solution of the rate-independent system (Q_γ , E_γ , R_γ ).

Lemma 5.2. Let γ ∈ [0, 1) and let q = (u_0, U_1, z_0, Z_1) ∈ C^{0,1}([0, T ]; Q_γ ) be the unique solution of the energetic formulation (S^γ )&(E^γ ) of the rate-independent system (Q_γ , E_γ , R_γ ) with q(0) = q^0. Then for every t ∈ [0, T ] :

E_γ (t, u_0(t), U_1(t), z_0(t), Z_1(t)) = E_γ (t, u_0(t), z_0(t)).

Proof 5.2. 1. Let us start with showing that the solution of the two scale energetic formulation (S^γ )&(E^γ ) minimizes E_γ : [0, T ] × Q_γ → R. This is the motivation for the in subsection 3.4 defined one-scale energetic formulation (S^γ )&(E^γ ) as well. Let q(t) = (u_0(t), U_1(t), z_0(t), Z_1(t)) ∈ Q_γ be the unique solution of the energetic formulation (S^γ )&(E^γ ) of the rate-independent system (Q_γ , E_γ , R_γ ) with q(0) = q^0.

Because of the continuity and the strict convexity of the mapping E_γ (t, ·) : [0, T ] → R, there exists a unique solution (U^∗_1 (t), Z^∗_1 (t)) of the following minimization problem: min � E_γ (t, u_0(t), U_1, z_0(t), Z_1) | (U_1, Z_1) ∈ L^2(Ω; H^1_{av}(Y))^d × L^2(Ω; H^1_{av}(Y))^m � . By choosing ~q(t) := (u_0(t), U^∗_1 (t), z_0(t), Z^∗_1 (t)) for t ∈ [0, T ] in the stability condition (S^γ ), we obtain (U_1(t), Z_1(t)) = (U^∗_1 (t), Z^∗_1 (t)) for every t ∈ [0, T ].

2. Considering the functionals I_3 : H^d × X^m_γ → R, I_4 : X^m_γ → R, I_5 : X^m_γ → R given by:

I_3(u_0, U_1, z_0) := 1 2 � Ω×Y ⟨C(y)(e_x(u_0) + e_y(U_1) − BEz_0), e_x(u_0) + e_y(U_1) − BEz_0⟩_{d×d} dydx,

I_4(z_0) := 1 2 � Ω×Y ⟨H(y)Ez_0(x, y), Ez_0(x, y)⟩_mdydx,

I_5(z_0, Z_1) := 1 2 � Ω×Y ⟨F(y)L^γ_2 (z_0, Z_1)(x, y), L^γ_2 (z_0, Z_1)(x, y)⟩_{m×d} dydx.

The two-scale energy functional E_γ : [0, T ] × Q_γ → R now can be represented as

E_γ (t, u_0, U_1, z_0, Z_1) = I_3(u_0, U_1, z_0) + I_4(z_0) + I_5(z_0, Z_1) − ⟨ℓ(t), u_0⟩.

Because of the continuity and strict convexity of I_3(u_0, ·, z_0) : L^2(Ω; H^1_{av}(Y))^d → R and I_4(z_0, ·) : L^2(Ω; H^1_{av}(Y))^m → R there exist unique minimizers U^∗_1 ∈ L^2(Ω; H^1_{av}(Y))^d and Z^∗_1 ∈ L^2(Ω; H^1_{av}(Y))^m of these functionals, analog to step 1. Moreover, these minimizers satisfy the Euler-Lagrange equations

D_{∇yU1} (I_3(u_0, U_1, z_0))[ ~U_1] = 0 ∀ ~U_1 ∈ L^2(Ω; H^1_{av}(Y))^d, (5.1)

D_{∇yZ1} (I_5(z_0, Z_1))[ ~Z_1] = 0 ∀ ~Z_1 ∈ L^2(Ω; H^1_{av}(Y))^m. (5.2)

Furthermore, the one-scale energy functional E_γ : [0, T ] × Q_γ → R can be written as

E_γ (t, u_0, z_0) = � Ω I_1 � e_x(u_0)(x) − Bz_0(x), L_C(e_x(u_0)(x) − Bz_0(x)) � dx

+ I_4(z_0) + � Ω I_2 � ~ ∇z_0(x), L_F( ~∇z_0(x)) � dx − ⟨ℓ(t), u_0⟩,

where L_C : R^{d×d} → H^1_{av}(Y)^d and L_F : R^{m×d} → H^1_{av}(Y)^m are given in step 1 of proof 3.4, I_1 : R^{d×d} × H^1_{av}(Y)^d → R and I_2 : R^{m×d} × H^1_{av}(Y)^m → R are defined in (3.11) and (3.12), respectively, and ~∇ : X^m_γ → L^2(Ω)^{m×d} is given by (3.15). In proof 3.4 we have also seen that L_C(ξ) and L_F(η) are the unique solutions of the following Euler-Lagrange equations:

D_{∇v}(I_1(ξ, v))[~v] = 0 ∀ ~v ∈ H^1_{av}(Y)^d, (5.3)

D_{∇w}(I_2(η, w))[ ~w] = 0 ∀ ~w ∈ H^1_{av}(Y)^m. (5.4)

3. Now we show that the unique solutions L_C(e_x(u_0)(x) − Bz_0(x)) and L_F( ~∇z_0(x)) of the Euler-Lagrange equations (5.3) and (5.4) for ξ = e_x(u_0)(x) − Bz_0(x) and η = ~∇z_0(x) are also the solutions of the Euler-Lagrange equations (5.1) and (5.2), respectively. Note that here B ≡ constant is necessary, because we are only allowed to insert functions which are constant in y. Inserting ξ = e_x(u_0)(x) − Bz_0(x) and η = ~∇z_0(x) in (5.3) and (5.4), respectively, and integrating over Ω nearly yields the result. The only difference between � Ω(5.3) dx & � Ω(5.4) dx and (5.1)&(5.2) is the set of testfunctions.

How we get rid of this difference, we show exemplarily for the first equality (5.3). First we take the special testfunction ~v_i = v_ie_i ∈ H^1_{av}(Y)^d, where e_i is the standard basis vector of R^d and v_i ∈ H^1_{av}(Y) for i ∈ {1, . . . , d}. Then we multiply (5.3) with an arbitrary function f_i ∈ L^2(Ω) and finally we integrate over Ω. Now, for an arbitrary testfunction ~v = (v_1, . . . , v_d)^T ∈ H^1_{av}(Y)^d, we repeat this with arbitrary functions f_1, . . . , f_d ∈ L^2(Ω) and the testfunctions ~v_1, . . . , ~v_d ∈ H^1_{av}(Y)^d defined as before. Then we add everything up (i = 1, . . . , d), so that we have (5.1) with ^U_1 = (f_1v_1, . . . , f_dv_d)^T . Since the set � (f_1v_1, . . . , f_mv_m)^T | f_i ∈ L^2(Ω), v_i ∈ H^1_{av}(Y) � is dense in L^2(Ω; H^1_{av}(Y))^d we finally obtain equation (5.1) for all ~U_1 ∈ L^2(Ω; H^1_{av}(Y))^d.

Now U^∗_1 = L_C(e_x(u_0) − Bz_0) ∈ L^2(Ω; H^1_{av}(Y))^d is the unique solution of (5.1) for a given (u_0, z_0) ∈ Q_γ and thereby it is also the minimizer of I_3(u_0, ·, z_0) : L^2(Ω; H^1_{av}(Y))^d → R.

Altogether we showed � Ω I_1 � e_x(u_0)(x) − Bz_0(x), L_C(e_x(u_0)(x) − Bz_0(x)) � dx = min_{U1∈Ld} I_3(u_0, U_1, z_0), � Ω I_2 � ~ ∇z_0(x), L_F( ~∇z_0(x)) � dx = min_{Z1∈Lm} I_5(z_0, Z_1)

for given a (u_0, z_0) ∈ Q_γ , where L := L^2(Ω; H^1_{av}(Y)).

4. Let q(t) = (u_0(t), U_1(t), z_0(t), Z_1(t)) ∈ Q_γ for all t ∈ [0, T ] be the unique solution of the energetic formulation (S^γ )&(E^γ ) of the rate-independent system (Q_γ , E_γ , R_γ ) with q(0) = q^0, then we have

E_γ � t, q(t) � = min_{U1∈Ld} I_3 � u_0(t), U_1, z_0(t) � + I_4 � z_0(t) � + min

Z_1∈L^m

I_5 � z_0(t), Z_1 � − � ℓ(t), u_0(t) � , according to step 1. Using step 3 and the representation of E_γ : [0, T ] × Q_γ → R of step 2, we finally obtain

E_γ (t, u_0(t), z_0(t)) = E_γ (t, u_0(t), U_1(t), z_0(t), Z_1(t))

for every t ∈ [0, T ].

Note, if γ ∈ (0, 1), we obtain Z_1 ≡ 0, because of the minimization property of the energetic solution, so that there is no gradient term of the internal variables in the homogenized model.

Now we are able to prove theorem 5.1.

Proof of theorem 5.1. “⇒“ Let q = (u_0, z_0) ∈ C^{0,1}([0, T ]; Q) be the unique solution of the energetic formulation (S^γ )&(E^γ ) of the rate-independent system (Q_γ , E_γ , R_γ ) with q(0) = q^0 = (u^0, z^0 ) ∈ S_0(0). Because of definition (3.16) and (3.9) of the dissipation potential R_γ and R_γ , respectively, we have R_γ (z_0(t)) ≡ ~R_γ (z_0(t)), where ~R_γ : X^m_γ → [0, ∞] is defined in subsection 3.4.

Furthermore, we have E_γ (t, u_0(t), z_0(t)) = E_γ (t, u_0(t), U^∗_1 (t), z_0(t), Z^∗_1 (t)) according to step 4 of proof 5.2, where U^∗_1 (t) = L_C(e_x(u_0(t)) − Bz_0(t)) and Z^∗_1 (t) = L_F(∇_xz_0(t)). Thereby, q^∗(t) := (u_0(t), U^∗_1 (t), z_0(t), Z^∗_1 (t)) satisfies the energy balance (E^γ ) and the stability condition (S^γ ) for every t ∈ [0, T ]. Because of the uniqueness of the solution of the energetic formulation (S^γ )&(E^γ ) of the rate-independent system (Q_γ , E_γ , R_γ ), it has to be U^∗_1 (t) = U_1(t), Z^∗_1 (t) = Z_1(t) and thereby q^∗(t) = q(t) for every t ∈ [0, T ].

“⇐“ Since R_γ (z_0(t), Z_1(t)) ≡ R_γ (z_0(t)) this follows immediately from lemma 5.2.

Remark : Since in the case of γ = 0 the spaces Q_0 and Q coincide, E_0 and R_0 are the classical Γ-limits of the sequence (E_ε)_{ε>0} and (R_ε)_{ε>0}, respectively, according to proposition 4.4 and lemma 5.2.

Furthermore, we obtain that the solution of the energetic formulation (S_ε)&(E_ε) converges strongly in Q_γ to the solution of the energetic formulation (S^γ )&(E^γ ) for ε → 0 according to theorem 4.1, if we assume q^0_ε → q^0 in Q_γ for ε → 0.

References

[All92] G. Allaire. Homogenization and two-scale convergence. SIAM J. Math. Anal., Vol. 23, pp. 1482-1518, 1992.

[BD98] A. Braides and A. Defranceschi. Homogenization of Multiple Integrals. Oxford lecture series in mathematics and its applications 12. Oxford University Press Inc., New York 1998.

[BP06] A. Braides and V. C. Piat. Topics on Concentration Phenomena and Problems with Multiple Scales. Springer-Verlag Berlin Heidelberg 2006.

[CD99] D. Cioranescu and P. Donato. An Introduction to Homogenization. Oxford lecture series in mathematics and its applications 17. Oxford University Press Inc., New York 1999.

[CDD04] D. Cioranescu, A. Damlamian and R. De Arcangelis. Homogenization of nonlinear integrals via the periodic unfolding method. C. R. Math. Acad. Sci. Paris, Ser. I 339, pp. 77-82, 2004.

[CDD06] D. Cioranescu, A. Damlamian and R. De Arcangelis. Homogenization of quasiconvex integrals via the periodic unfolding method. SIAM J. Math. Anal., Vol. 37, No. 5, pp. 1435-1453, 2006.

[CDG02] D. Cioranescu, A. Damlamian and G. Griso. Periodic unfolding and homogenization. C. R. Math. Acad. Sci. Paris, Ser. I 335, pp. 99-104, 2002.

[Cia88] P. G. Ciarlet. Mathematical elasticity. Volume I: Three-dimensional elasticity. Studies in Mathematics and its Applications, 20. Amsterdam etc.: North- Holland 1988.

[HR99] W. Han and B. D. Reddy. Plasticity. (Mathematical Theory and Numerical Analysis.) Springer-Verlag New York 1999.

[Mie03] A. Mielke. Energetic formulation of multiplicative elasto-plasticity using dissipation distance. Contin. Mech. Thermodyn., Vol. 15, pp. 351-382, 2003.

[Mie05] A. Mielke. Evolution of rate-independent systems. in Handbook of Differential Equations, Evolutionary Equations, Vol. 2, C. Dafermos and E. Feireisl, eds., Elsevier B. V., Chap. 6, pp. 461-559, Amsterdam 2005. Contin. Mech. Thermodyn., Vol. 15, pp. 351-382, 2003.

[MM05] A. Mainik and A. Mielke. Existence Results for Energetic Models for Rate- Independent Systems. Calc. Var, Partial Differential Equations, Vol. 22, pp. 73-99, 2005.

[MR07] A. Mielke and R. Rossi. Existence and uniqueness results for general rateindependent hysteresis problems. Math. Models Methods Appl. Sci., Vol. 17 pp. 81-123, 2007.

[MRS08] A. Mielke, T. Roubíček and U. Stefanelli. Γ-limits and relaxations for rateindependent evolutionary problems. Calc. Var. Partial Differ. Equ., Vol. 31, pp. 387-416, 2008.

[MTh99] A. Mielke and F. Theil. A mathematical model for rateindependent phase transformations with hysteresis. Proc. Workshop on Models of Continuum Mechanics in Analysis and Engineering, H.-D. Alber, R. Balean and R. Farwig, eds, Shaker-Verlag, Aachen 1999.

[MTh04] A. Mielke and F. Theil. On rate-independent hysteresis models. NoDEA, Nonlinear Differ. Equ. Appl., Vol. 11, pp. 151-189, 2004.

[MT07] A. Mielke and A. M. Timofte. Two-scale homogenization for evolutionary variational inequalities via the energetic formulation. SIAM J. Math. Anal., Vol. 39, No. 2, pp. 642-668, 2007.

[Ngu89] G. Nguetseng. A general convergence result for a functional related to the theory of homogenisation. SIAM J. Math. Anal., Vol. 20, No. 3, pp. 608-623, May 1989.

[Pe07] M. A. Peter. Coupled reaction-diffusion systems and evolving microstructure: mathematical modelling and homogenisation. Logos Verlag Berlin, 164 p., 2007.

[Vis04] A. Visintin. Some properties of two-scale convergence. Atti. Accad. Naz. Lincei. Cl. Sci. Fis. Mat. Natur. Rend. Lincei (9) Mat. Appl., Vol. 15, pp 93-107, 2004.

[Vis07a] A. Visintin. Two-Scale Convergence of First-Order Operators. J. for Analysis and its Applications, Vol. 26, pp 133-164, 2007.

[Vis07b] A. Visintin. Two-scale convergence of some integral functionals. Calc. Var., Vol. 29, pp. 239-265, 2007.