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1 Introduction and notation 1

Abstract

We prove a discrete Sobolev-Poincaré inequality for functions with arbitrary boundary
values on Voronoi finite volume meshes. We use Sobolev’s integral representation
and estimate weakly singular integrals in the context of finite volumes. We establish
the result for star shaped polyhedral domains and generalize it to the finite union
of overlapping star shaped domains. In the appendix we prove a discrete Poincaré
inequality for space dimensions greater or equal to two.

1 Introduction and notation

In this paper we study discrete Sobolev inequalities. In the continuous situation the
Sobolev embedding estimates

lull oy < cqllullme) Yue HY(Q) (1.1)
for ¢ € [1,00) in two space dimensions and for ¢ € [1, -2%] in n > 3 space dimensions are

well known [1, 7, 10].

For the finite volume discretized situation some results can be found in [2, 4]. But these
estimates concern the case of zero boundary values only. The 2d case for admissible finite
volume meshes (see [4, Definition 9.1]) is treated in [4, Lemma 9.5]. The corresponding 3d
result is proven in [2, Lemma 1]. For p € [1,2], a discrete Sobolev inequality estimating
the L -norm (p* = % if p < n and p* < oo if n = p = 2) by the discrete WP-norm
is presented in [3, Proposition 2.2]. Moreover, also for the zero boundary value case and
1 < p < oo, the discrete embedding of Wol’p into L? for some ¢ > p, 1 < p < o is
established in [5, Section 5]. A corresponding result for discontinuous Galerkin methods
working in the spaces of piecewise polynomial functions on general meshes is obtained in

[11, Theorem 6.1]. The idea there is to follow Nirenberg’s proof of Sobolev embeddings.

According to our knowledge and to the information of the authors of these papers discrete
versions of the Sobolev inequality (1.1) for functions with arbitrary boundary values are
an open question up to now. Only a discrete Poincaré inequality (¢ = 2) is available in
[4, Lemma 10.2, Lemma 10.3] and [6, Lemma 4.2]. But in both papers the second step of
the proof is done for two space dimensions only.

The aim of the present paper is to prove a discrete Sobolev-Poincaré inequality for func-
tions with nonzero boundary values on Voronoi finite volume meshes. Such results can be
applied to more general boundary value problems, for instance, for problems with inho-
mogeneous Dirichlet, Neumann or mixed boundary conditions. The technique used here is
an adaption of Sobolev’s integral representation and the treatment of weakly singular in-
tegrals in the concept of Voronoi finite volume meshes. The Voronoi property of the mesh
comes essentially into play in the proofs of the potential theoretical results Lemma 3.1 —
Lemma 3.3.
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The plan of the paper is as follows. In the remaining of this section we introduce our
notation. In Section 2 we formulate our assumptions and prove our main result, the
discrete Sobolev inequality for star shaped domains (see Theorem 2.1 and Theorem 2.2
for a uniform estimate for a class of Voronoi finite volume meshes having comparable
mesh quality). The proof of three potential theoretical lemmas is contained in Section 3.
In Section 4 we generalize the discrete Sobolev inequality to domains which are a finite
union of overlapping star shaped domains (see Theorem 4.1). The last section contains
some remarks and open questions. In the Appendix we prove a discrete Poincaré inequality
for space dimensions greater or equal to two.

Let 2 C B(0, E) C R", n €N, n> 2, be a bounded, open, polyhedral domain and 99 its
boundary. We work with Voronoi finite volume meshes of {2 and our notation is basically
taken from [2, 4]. Moreover, for set valued arguments we write diam(-) for the diameter
of the corresponding set. And by mes(-) and mesy(-) we denote the n and d-dimensional
Lebesgue measure, respectively.

A Voronoi finite volume mesh of Q denoted by M = (P, T,E) is formed by a family of
grid points P in Q, a family 7 of Voronoi control volumes and a family of relatively open
parts of hyperplanes in R™ denoted by £ (which represent the faces of the Voronoi boxes).
For a Voronoi mesh we use the following notation, see Figure 1.

Figure 1: Notion of Voronoi finite volume meshes M = (P, T, ¢&).

For each grid point xx of the set P the control volume K of the Voronoi mesh belonging
to the point xx is defined by

K={zxeQ: |z —zg|<|z—zr| YereP, zp #zx}, KeT.

For K, L € T with K # L either the (n—1)-dimensional Lebesgue measure of K NL is zero
or KN L =75 for some o € £. In the latter case the symbol o = K|L denotes the Voronoi
surface between K and L. We introduce the following subsets of £. The sets of interior
and external Voronoi surfaces are denoted by &, and ., respectively. Additionally,
for every K € T we call £k the subset of £ such that 0K = K \ K = Upegi0. Then
& =Ukerlk.



2 Main result 3

Moreover, for ¢ = K|L € £ we use the following notation: m, represents the (n — 1)-
dimensional measure of the Voronoi surface o, z, corresponds to the coordinates of the
center of gravity of 0. For 0 = K|L € & let d, be the Euclidean distance between z g
and x,.

For K € T, 0 € £k we define dg, to be the Euclidean distance between xx and the
hyperplane containing . Then, in the case of (isotropic) Voronoi meshes we have dg , =
%" for o € Eips.

We work with the half-diamonds Dg, = {tzx + (1 —t)y : t € (0,1), y € o}, where

nmes(Dk,) = Mmedr . Then due to our definitions

nmes(K) = Z medr, YK eT.
ocelk
The mesh size is defined by size(M) = supycs diam(K).

Definition. Let 2 be an open bounded polyhedral subset of R” and M a Voronoi finite
volume mesh.

1. X (M) denotes the set of functions from 2 to R which are constant on each Voronoi
box of the mesh. For u € X (M) the value at the Voronoi box K € 7 is denoted by ug.

2. For u € X (M) the discrete H'-seminorm of u, |u|i 4, is defined by

Mo
M= Y T(Dou)2>

o€€int e

|u
where D,u = |ug — ur|, ugx is the value of u in the Voronoi box K and o = K|L.

2 Main result

First we formulate our assumptions on the geometry and the grid:
(A1) We assume that the open, polyhedral domain 2 C B(0, ﬁ) C R™is
star shaped with respect to some ball B(0, R).
Let o be the function g : R™ — [0, 1] given by

0 if ly| > R.

We introduce the piecewise constant approximations o™ € X (M) as
o (z) = ming(y) forz e K. (2.1)
yeK
(A2) Let M = (P,T,E) be a Voronoi finite volume mesh of 2 with the property
that Ex N Eeyt # O implies xx € Q. The mesh size size(M) is assumed to

be so small that there exists a constant gy > 0 such that [, o™ (z)dz > go.
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Under assumption (A2) there exist minimal constants x1(M) > 0, ka(M) > 1 such that
the geometric weights fulfill

0 < diam(o) < kK1(M) dy for all o € Epy (2.2)
and
—zl < i f 11 . 2.
aegﬁ%}ém max g — x| < @(M)aeé’mKlr%m di o for all zg € P (2.3)

Remark 2.1. Having in mind that

Rk out = max max|rg —z|, Rginm:= min dg,
c€EKNEint TET c€EKNEint

are the smallest radius of a circumscribed ball of K centered at xx and the greatest radius
of a ball fully contained in K and centered at xf, respectively, the inequality (2.3) implies
that

RK,out S HQ(M)RK,inn-

Moreover, the inequality (2.3) supplies that

— < i d fi 11 . 24
aeg;%}gm |TK — 26| < Ko (M) aesrglmnsm Ko forall zx € P (2.4)

In this prescribed setting of a Voronoi finite volume mesh we establish the discrete Sobolev-
Poincaré inequality.

Theorem 2.1. We assume (A1) and (A2). Let q € (2,00) forn =2 and q € (2,-2%) for

' n—2
n > 3, respectively. Then there exists a constant cq > 0 only depending on n, q, Q0 and

the constants og, k1(M) and k(M) such that

1
lu —ma(u)llLeq) < cqlulim Yu€ X(M) where ma(u) = Ines(Q)/Qu(x) dz.

Proof. We adapt the techniques used in [12, 13] to the discretized situation using Voronoi
diagrams. We establish some discrete analogon for Sobolev’s integral representation (see
[12, §116]) and of the treatment of weakly singular integral operators (see [12, §115]).

1. First, let us introduce some notation we need in this proof and later on: We denote by
[z,y] ={(1 = s)z +sy: s €[0,1]}

the line segment connecting the points z € R" and y € R™. Further, for ¢ € &;,,; we define
the function x, : R" x R™ — {0, 1} by

1 ifz,yeQand[z,y]No #0,

: = — (2.5)
0 ifxgQory¢Qorlz,yno=0.

XJ(Q;?y) = {

Finally, for v € X(M) and 0 = K|L € &;,; we introduce the function Ayu : Q x Q@ — R,

(Aou)(z,y) = {uL—uK if (1-s)z+sy €e K and (1—t)z+ty €L for some 0 < s <t <1,

0 otherwise.
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Set 7o = {K € T : K C B(0,R)} and let u € X (M) be arbitrarily fixed. Considering
Koy € T and K’ € Ty, for almost all z € K’ the intersection [zk,, 2] N o consists of at most
one point for every o € &;,r. Hence, for almost all z € K’ we can substitute ug, — mq(u)
by the difference

ur, — ma(u) = (u(x) —ma(u)) — Z (Agu) (T, )Xo (Trcy, T).-

Uegint

Multiplying by o™ € X (M) and integrating over z € Q for every Ky € 7 we obtain
(1, = ma(w) [ eM(@)de = [ (o) = ma(w)eM(@) do
- Z /K'/ Z (AUU)($K07$)XU($KO,I)QM(I') dﬂf,

KIG% Uegint

which corresponds to a discrete version of Sobolev’s integral representation. According to
(A2) we estimate

I I (K,
fuy — ma(w)] < 2+ 200, (26)
00 00
where
I ;:/ () — ma(u)|e™M(z) dz
Q
and

I(Ky) = Z / Z Douxo(TK,, ) gé\(/‘,d:c,
K/

K'eTy 0€Eint
remembering that Dyu = |ug — ur| for 0 = K|L € E;ps.
2. Since [oM(y)| < 1 for almost all y € Q we find

1/2

Iy < el 2o lu — ma(u)| r2(0) < mes(Q)"?|lu — ma(u)|| 12 (q).

Due to the discrete Poincaré inequality (see Theorem A.1) there is a constant Cy > 0
depending only on €2 such that

lu = ma () 2@y < Colulim Vu € X(M). (2.7)
Therefore we obtain

I < mes()Y2Co ul1 . (2.8)

3. Now we rearrange the sums in I5(Kp). We write

IQ(KO): Z Dsu Z //Xa(xKovx) Q%dx

0€Eint K'eTy
< Z Dsu Z / Xo(TKy, z) dz
o€ it K'eTy VK

< Z Dou mes({z € B(0,R) : 0N [zx,,z] # 0}),

Uegint
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TK,

Figure 2: Parts of Voronoi boxes included in the ball B(0, R) and shaded by the Voronoi
surface o with respect to the view point z,.

see Figure 2, too. We use now Lemma 3.1 and obtain

My

I(Ky) < A, Z D,u

_ n—1"
0€Eint ‘xKO $U|

Let ¢ € (2,00) for n =2 and q € (2, %) for n > 3. We introduce the exponent 3 > 0 by

n n
20 = — — — + 1. 2.9
5 . 5 T (2.9)

Applying Hélder’s inequality for three factors with a1 = ¢q, as = 2¢/(q¢ — 2), ag = 2 we
find

I(Ko _
) < S IDguler, — 2 "mo
" Uegint
_ﬁ+ﬁ ~1 2-9 n 1
= 3 (IDoular, — w75 dy ) (1Doul 145" ) (Jasey — 20|~ 3743 ),
Uegint
2 —n+qB8 Mo 1/a 2 Mo %
S( Z |D0'U| |!TK0_CU0'| E) ( Z |DO-U| E)
oc€E€int o€Eint
1/2
x < Z “T}Ko _xo‘_n+26moda>
Uegint
9 —ntq3 Mo 1/q Doy2Me o2
< (X2 1DouPlay — | ) (DD Do)
0€Eint 0€E€int
—n+28 1/2
x (Z Z ‘xKo — Zo| madK,o> .
KeT oeli

According to the definition of the discrete H'-seminorm and to Lemma 3.2 we continue
our estimate by

&>1/q.

I2<K0> < AHB%Q ’u‘},_/\%l/q( Z ‘DUU’P‘J:KO - xarnJrqﬂ d
o

Uegint
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This estimate can be obtained for all Ky € 7. We consider Iy as an element of X (M)
with value I5(Ky) in Ky € 7. Taking now the gth power and adding the terms for all
Voronoi boxes Ky € 7 we get

1allfoiy = D> D D(Ko)* mes(Diyo)

Ko€T 00€lk,,
- m -
< LBl % D IDeuP T 3T Y ey ol mes(Dicyon)-
0E€Eint 7 Ko€T o0€ék,

Due to Lemma 3.3 we evaluate at first the last two sums on the right hand side and obtain

1 ) m,
120170 () S;A%BZ/Q\UI‘{,M > !Dau\QfDn
o€€int 7 (210)
1
ﬁAng/an|u|§7M.

IN

4. Because of (2.6), (2.8) and (2.10) we find for u € X (M) that

1
e =ma(@llo@) < | Illze) + 22 oo

Do\t L
n>qBﬁ!U\1,M
n

1 1.1 A
< —mes(Q)17 20 |ulym + J(
00 00

with the constants gy, Cy, Ay, B, and D,, from (A2), (2.7), Lemma 3.1, Lemma 3.2 and
Lemma 3.3. Taking into account the definition of B,, and D,, in Lemma 3.2 and Lemma 3.3
this estimate yields a constant ¢, > 0 depending only on n, ¢, {2 and the constants oo,

k1(M) and k2(M) such that
lu —ma(u)lLa@) < cqlulm Vu e X(M)

which proves the theorem. O

After deriving the discrete Sobolev inequality for fixed meshes M and pointing out the
dependence of the constants on the quality of the mesh M we generalize our result to a class
of Voronoi finite volume meshes having a unified mesh quality. Namely, we additionally
assume for the meshes

(A3) There exist constants k1 > 0 and k2 > 1 such that the geometric weights fulfill
0 < diam(o) < k1 d, for all o € &y and
MAXeef i Ny | TK — Lo| < KoMiNgegyne,,, di,o for all zx € P.

Now we can formulate our main theorem of the paper, the discrete Sobolev inequality
uniformly on a class of Voronoi finite volume meshes M characterized by (A2) and (A3).

Theorem 2.2. Let € be an open bounded polyhedral subset of R™ and let M be a Voronoi
finite volume mesh such that additionally (A1) — (A3) are fulfilled. Let q € (2,00) for
n=2andqé€ (2 %) for n > 3, respectively. Then there exists a constant ¢, > 0 only
depending on n, q, Q and the constants in (A1) — (A3) such that

lu = ma () a) < cqlulip Va € X(M).
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Corollary 2.1. The discrete Sobolev-Poincaré inequalities
lu —ma(u)llLe@) < cqlulim Vu e X(M)
for q € [1,2], are a direct consequence of Theorem 2.2 and Hélder’s inequality.

Corollary 2.2. Let € be an open bounded polyhedral subset of R™ and let M be a Voronoi
finite volume mesh such that additionally (A1) — (A3) are fulfilled. Let q € [1,00) for
n=2andq € [1, %) for n > 3, respectively. Then there exists a constant c; > 0 only

depending on n, q, Q and the constants in (A1) — (A3) such that

ey < ool aa + mes(@) 7] [ wda| v X(m),

3 Potential theoretical lemmas

In the proof of the following lemma we work with the solid angle which is related to the
surface of a sphere in the same way as an ordinary angle is related to the circumference
of a circle. The solid angle w? X of the Voronoi surface o € &;,; with respect to the grid

g

26 0

TK,

Figure 3: Notation for the calculation of the solid angle.

point z g, is the surface area of the projection of o onto a sphere centered at x,, divided
by the (n — 1)th power of the spheres radius. It can be calculated by

W0 :/(aj_fcmdg’ (3.1)

where n, denotes the unit vector normal to o and (-|-) is the scalar product in R™. This
formula results by the following consideration. Let 20 = dist(zx,,o) > 0. We denote by

Q:{(l—t)xK0+ty: t€(0,1), y € o with tly — g, >} CR"

the domain which is traced by o, the part of the sphere with radius § and lines passing
through xk, and points of do (see Figure 3). Let at first n > 2. Then x — |z — 2>
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is a harmonic function on . Denoting by n(z) the outer unit normal at the point = we
obtain by the Gauss Theorem

1 ~ _ ~
0= 0 daQ:—(n—z)/ = 2ro|n(®@)) 4o
o0 an@:) ’x - xKo‘n o0 ’x - xKo‘n

Having in mind that (z — xk,|n(z)) = 0 on that part of 89 which is formed by the rays
from x g, through do and that (r — zx,|n(x)) = —|z — xk,| = —J on that part F' of 9
which belongs to the sphere with radius § we find that

/(“T o[ /dE)Q—w
o |x - xKo’n

If n = 2 we start with the harmonic function = +— In Ix—iix\ on Q and apply the Gauss
0
Theorem 5 .
0= In dafz:—/ (@ = 2ro|n(2)) 05
o0 8n(x) |$ - 1'}(0‘ o0 ‘:B - $K0’

Using similar arguments as in the higher dimensional case we obtain (3.1), too. In both
cases we find the upper estimate for the solid angle given in (3.1) by

< lx—ﬂfko\l%\dgg/dff. (3.2)

Ko — |l‘ - xK0|n o |3j - xKo‘n_l

Lemma 3.1. Let n € N, n > 2. We assume (Al) and (A2). Let xx, € P be a fized grid
point and o € Eipr an internal Voronoi surface with gravitational center x,. Then

mes({z € B(0,R) : [zk,,z]No # 0})

1 o
< ;max{l 4 k1 (M)} diam(Q)" m

m (3.3)
n—1 - A” > n—1"
‘xKo - x0| |xK0 - 'rU’

Proof. 1. At first we calculate the solid angle w? o corresponding to ¢ and the reference
point x,. We distinguish two cases.
Case A: 2diam(o) < |z, — Tx,|:
For all x € o we find
“”L‘g - xK0| < ‘I‘ - xK0| + diam(g)a

therefore |z, — zk,| — diam(o) < |z — 2k, |, and in case A we obtain
1
§|33U — 2, <|r—zKg,| Vreo.

Using (3.2) this leads to an upper estimate of the solid angle

- do 2" ldo 2" 1m,
me < n—1 = n—1 = n—1"
0 o ‘x_mKo‘ o ‘xa—mKo‘ ’xv—xKo‘

Case B: 2diam(o) > |z, — 2k, |:
For x € 0 = K|L we have x € K and due to the definition of Voronoi boxes, (2.2) and the
situation in case B we can estimate

1

Wk{?o——x}(o‘ Vz € o.

[z — K| 2 o — k| 2 dko = diam(o) >

b
2k1(M)
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According to (3.2) this yields
W S/ do < / (4 k(M) Ldo < (4/{1(M))"_1m0.
o c |1: - l‘Ko|ni1 o

’xﬁ - $K0|n71 N |x0 - 'TK0|ni1

Therefore, in cases A and B the solid angle wg o of o with respect to the grid point z g,
can be estimated by

1 Mg
ngO < max{2,4 K1 (M)}" PR T (3.4)
0 R
g
g LKy 2R

TKy |13K0| + R

Figure 4: Subsets {z € B(0,R) : [xk,, 2] N o # 0} of the ball B(0, R) shaded by the
Voronoi surface o with respect to the view point zg,; (a) Far-point case: zg, ¢ B(0, R),
shaded set included in a sector with radius |z, |+ R; (b) Near-point case: zx, € B(0, R),
shaded set belongs to a sector with radius 2R.

2. We estimate the measure of the subset
{z € B(0,R) : [zk,, x| No # 0}

of points, which are shaded by the beams starting from the view point zx, and passing
through the Voronoi surface o. To do so, first, we discuss the far-point case zx, ¢ B(0, R):
In that case the above subset is included in the sector of the ball B(xg,, |rk,| + R) with

solid angle ngo, see Figure 4. Using Fubini’s Theorem we obtain

|CEK0|+R B 1
mes({z € B(0,R) : [zk,,z]No #0}) < /0 ngor” Ly — ﬁngo(’m%‘ +R)™.

In the near-point case we have xg, € B(0, R). Here, the shaded subset under consideration
is part of the sector of the ball B(xg,,2R) with solid angle ngO, see Figure 4, again. By
the same argument as before we get

2R
mes({z € B(0,R) : [zx,, x| No # 0}) < / wg T dr = %ngO (2R)".
0

xKO

In view of |zk,| + R < diam(Q2) and 2R < diam((2), from the discussion of the two cases
in Step 2 and the estimate of the solid angle in Step 1 we obtain the desired result. O
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Lemma 3.2. Let n € N, n > 2. We assume (Al) and (A2). Let q € (2,00) for n = 2
and q € (2, -2%) for n > 3. Moreover, let 3 be given in (2.9). Let xx, € P be a fived grid

point. Then

Z Z 2Ky — To| TP mydi » < nmax{1l + 2k (M), 2}
KeT océk

Mnp—1

R)26 —.

where my_1 denotes the measure of the (n — 1)-dimensional unit sphere in R™.

Proof. 1. The idea is to prove that

3 lowy — al " iy < ¢ [ fo, - ol " da,

KeT o€k Q
where the right hand side is known to be finite for 8 > 0, which is fulfilled for ¢ € (2, 00)
if n =2 and for ¢ € (2, %) if n > 3. The factor ¢ > 0 in front depends on n, ¢, k1(M).

n
We estimate the integrand pointwise.

2. Let K € 7 and o € £k be given. Since o belongs to the closure of the Voronoi box
K, we have due to the definition of the Voronoi boxes that |xx — z,| < |z — x5| for all
L €T, also for L = K. Thus

2K — %o| < K, — Tol-

For x € Dk, we estimate |rx, — z| from above. Let z;, i € I,, denote the set of vertices
of 0. Due to (2.2) and |xg — x| > di o, for the points z;, i € I, and zx we can estimate

|k, — x| < |rk, — x| + diam(o)
<oy — 20| + 261(M)dg o < (1 +261(M)) |2k, — 26|, 1 € Lo,

iy — 2| < |TKy — To| + |70 — 2K | < 2|TKy — To.

Since all x € Dk, are convex combinations of zg, x;, i € I,, we find

2K, — x| < max {1+ 2k1(M),2} |z, — 20| Vo € Dgo.

3. Now we derive the desired estimate. We apply the estimate from Step 2,

Z Z ’xKO _xa‘_n+2ﬁmodl(,a

KeT ol
= > |2, — 20| T modic
KeT,0€€k, |vky—To| 2|t K —T0|
<n Z max{1+2/<a1(M),2}n_2’8/ lzx, — x| " dz
KeT,0€lk, |y~ |>|TK —0| Do
_92 _
= nmax {1+ 2x;(M),2}" g Z Z lzx, — | " da

KeT gesy ¥ Pro

§nmax{1—|—2m(./\/l),2}n_25/ lzx, — x| d.
Q

Hence, the result follows from [, [zx, — 2| """’ dz < %(2&)26. O
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Lemma 3.3. Letn € N, n > 2. We assume (Al) and (A2). Let g € (2,00) forn =2 and
q € (2,2%) for n > 3. Moreover, let 3 be given in (2.9). Let 0 € Eins be a fized inner

' n—2
Voronoi surface and let x, denote its center of gravity. Then

n—gqBMn—1

Z Z‘mKo_xo_|fn+q/6mgodKo7U0SN(1+K2(M)(1+2I€1(M))) 7(2é)qﬂ:Dn
Ko€T 00€lk,, q

Proof. 1. Similar as in the proof of Lemma 3.2 we now look for an inequality
Z Z ‘xKO - $U|7n+qﬁ maodKo,ao < C/ |x — xg‘—nJrqg dx.
KoeT UOEEKO Q

We estimate the integrand pointwise.

2. Let Ko € T and o9 € Ex, N Eint be given and let the half-diamond D, s, be described
by its vertices z;, i € I,,, and zk,. Taking into account (2.2), (2.4) and diam(og) <
2k1(M)|zs, — TK,| We can estimate

|ze — 2] < |2e — 2K, | + 2K, — i
<|zo — K| + |TK, — Toy| + diam(og)
< |ze — 2o | + (14 261(M)) |20y — Tk |
<|ze — Try| + K2(M)(1+261(M)) . min_ dg, 5,

50€EKNEint
Since z, is the gravitational center of some internal Voronoi surface we have

|z — 2K, > min  dg,z,-
UOESKomgint 0,70

Hence, we get
2o — ;] < (14 ke(M)(1 + 261(M))) |20 — Tk, i € Iy,
Since all z € Dg,q, are convex combinations of x;, i € I,,, and xx, we obtain
2o — 2| < (14 ka(M)(1 + 261(M)))|z6s — TK,| V2 € Diyory-

3. Due to n — ¢ > 0 and the estimates in Step 2, for all Ky € 7, 09 € £k, we have

1 n—qB 1
o < (L aeM(L+ 26 (M) "™ ey V¥ € Dioy:
Therefore
Z Z 2Ky — $U|_n+QB Moy dKo,00
KoETO'OGgKO
_ 1
<1+ rM)(1+2m M) ST Y gL
FKoeT ooetr, ? Prono |25 —
_ n—gqf ;
—n(1+H2(M)(1+2’11(M))) /Q |z, — a|n—4B de.

Because of n — g3 > 0 and [, |z, — 2| """ dz < ma (2R)%° this finishes the proof. [
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4 Discrete Sobolev-Poincaré inequalities for more general domains

In this section we discuss how the results of Theorem 2.1 and Theorem 2.2 which hold true
for star shaped domains {2 can be used to obtain assertions for a more general situation.
In the nondiscretized situation the result can be carried over to domains 2 which are a
finite union of star shaped domains €2; (see [12, §118], [13, p. 69/70]). In our discretized
situation we suppose

(A4) The open, connected, polyhedral domain © C B(0, R) is a finite union of open,
polyhedral Q;, i = 1,..., N, and there are § > 0, R > 0, and points z* € Q
such that Q; as well as the set ;5 := Q; UUj4i{z € Q; : dist(z,Q;) < 6}
are star shaped with respect to the ball B(z*,R),i=1,...,N.
We introduce the functions

2 . )
eXp{—W} lf|y—Z7"<R,

0i : R" = [0,1], 0i(y) = .
[0,1] (y) {0 ity | > R

and their piecewise constant approximations Q'Z»/Vl € X(M). Concerning the mesh we
assume

(A5) Let M = (P,7T,E&) be a Voronoi finite volume mesh of 2 with the property
that Ex N Eept # B implies xx € IN. Moreover, size(M) of the Voronoi mesh
of {2 is assumed to be less than § and to be so small that there exists a
constant gg > 0 such that fQ QZM(a:) dex >0y, i=1,...,N.

Then the discrete Sobolev-Poincaré inequalities remain true also for finite unions of §-
overlapping star shaped domains.

Theorem 4.1. We assume (A3) — (A5). Let q € (2,00) forn =2 and q € (2,;2%) for
n > 3, respectively. Then there exists a constant Cq > 0 only depending on n, q, ) and
the constants in (A3) — (Ab) such that

Hu - mQ(u)HLq(Q) < Cq \uh,M Yu € X(M)
Proof. We illustrate the idea of the proof for a composition of 2 by only two star shaped
subdomains Q7 and Q5. We introduce
Ti={KeT:KCQs KNQ #0}, To:={KeT:KCB((:R)}

and apply the estimates of Step 1 and 2 in the proof of Theorem 2.1 for each subdomain
separately. For each Ky € 7;, we write

/ (uko — ma(w))oM () dz = / (u(x) — ma(u)) oM () da
Q

Q

- Z /K’ Z (AUU)(xKOvx)XU(ﬁKO,x)Q;M($)d:C,

K’ 67;0 Uegint
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and find ‘ ‘
T INK
ug, —ma(u)| < -+ + M, Ky €T,
00 00
where

i [ o) - ma@le @y = Y [ Jua) — mau)|ell az

K'eT;o

I2 (Ko) : Z / Z Douxo(TK,, )QZK/ dz.

K'eTyo 0€Eint

Here, since the discrete Poincaré inequality (A.1) works on £,
I} < mes(Q)Y? ||u — mo(u)| 20y < Comes(2)? ul .

The expression for I3(K() can be estimated according to Step 3 of the proof of Theorem 2.1
by

me

i (i 1-2 n
I(Ko) < ALBL) 2 uly (X Dol — ol 0 7

Uegint

)1/(]7 Ko € T,

where the constants A%, B! now contain the geometric data from 7;, i = 1,2, which can
be estimated from above by those of 7. Following the estimates in (2.10) we get

2 2
Yo D Ko moydre, < Y (AL)UB) D ulf

i=1 Ko€T; 00€€x, i=1

Note that in A%, BY and D! now the constants k1 and k2 (see (A3)) are used. Then
estimates like in Step 4 of the proof of Theorem 2.1 give the desired result. O

5 Remarks and open questions

Remark 5.1 (The anisotropic setting). Let H be a positive definite symmetric n x n
matrix, let k3, k4 > 0 be the smallest and largest eigenvalue of H, that is

/43|y|2 < (Hyly) < /£4|y|2 for all y € R".

Then the inverse matrix H ! is positive definite and symmetric, too, and by means of the
matrix H ! we define the modified distance function d : R” x R" — R,

d(z,y) ==/ (z —y|H (z — y)).

We consider corresponding anisotropic Voronoi finite volume meshes M®* = (P, 7%, E%).
Belonging to the grid points xx € P the set 7¢ of anisotropic Voronoi boxes is given by

K :={xe€Q:d(zx,zx) <d(zx,zr) forall z; € P, xp #xx}, K*eT"
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The set K* then is traced by Voronoi surfaces 0% € Exa. And mes(c®) is denoted by
mega. Note that in this anisotropic context the face o = K%|L® in generally is no more
perpendicular to the line [xg,zr]. But, if nye denotes the unit normal vector to o2,
then Hngya is parallel to the line [z, z]. For the Euclidean distance dg so of xx to the
hyperplane containing o® we find that

doa
2

Hnga
dK oo = (Noa| ‘H20a|)7 (5.1)
where dyo = |xxg — xr|. For the corresponding (anisotropic) half diamonds Dgya =
{trg + (1 —t)y, t €(0,1), y € 0} we obtain

dya

Hnga
n mes (Dioe) = moedi gn = Moo == (Noa| f2e)- (5.2)

Let X (M%) denote the set of functions from 2 to R which are constant on each anisotropic
Voronoi box of the mesh. For u € X(M?) the value at the box K is denoted by uk again.
For u € X(M?%) we define a discrete (anisotropic) H!-seminorm by

m ~a
%,M“ = Z da ‘Hna“‘(Dcr“u>27 (5.3)

o—a
a a
ore&l .

|u

where Dyau = |ug —ur| and 0% = K*|L®.

For this anisotropic setting and more general boundary conditions one has to prove a
discrete (anisotropic) Poincaré inequality using the discrete H'-seminorm defined in (5.3)
by modifying the proof of the discrete isotropic Poincaré inequality, see Theorem A.1l.
Namely, taking into account that in the anisotropic situation we have

R4 ..

Y doacony wXoo (T, y) < —diam(Q)
K3

ceeEL

int

instead of (A.4) and k3 < |Hnga| we get the discrete anisotropic Poincaré inequality

K4 “
|u — mQ(u)H%z(Q) < P Co lulfppa Vu € X(M?),
3

where Cj is the constant in the isotropic Poincaré inequality (A.1).

Moreover, one has to prove anisotropic versions of Lemma 3.1, Lemma 3.2 and Lemma 3.3,
respectively. There in the distinction of cases we have now to use the distance function
introduced by the anisotropy. For the space integration now (5.2) has to be applied.
Having in mind all these changes an anisotropic discrete Sobolev inequality of the form

lu = ma(w)llo) < Gluliae Vu € X(M)

can be proved, too.

Such estimates are for example of interest in the treatment of finite volume discretized
electro-reaction-diffusion systems where for each species a different anisotropic mobility
should be taken into account. Such problems can be found in [8, 9].
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Remark 5.2 (Critical exponent). For n > 3, the discrete version of the Sobolev embed-
ding H'(Q) — L>”/(=2)(Q) (the critical Sobolev exponent) can not be obtained by the
presented technique using the Sobolev integral representation, only. This is exactly the
same situation as for the continuous case (see [7, Chap. 7.8], [12, §§114 — 116]), [13, §8].

Remark 5.3 (More general finite volume meshes). Lemma 1 in [2] gives a discrete Sobolev
inequality for functions with zero boundary values for more general finite volume meshes,
not only Voronoi diagrams. There the class of admissible finite volume meshes is restricted
by the demand that for some ¢ > 0 it has to be fulfilled

dke > (dy, dige>(diam(K) Vo elg VK €T. (5.4)

In [4] Lemma 9.5 (for space dimension n = 2) uses only the first inequality in (5.4). It
arises the question to generalize our result of Theorem 2.1 for functions with nonzero
boundary values to more general finite volume meshes.

A The discrete Poincaré inequality for functions with nonzero boundary
values

The discrete Poincaré inequality for functions with nonzero boundary values can be found
in [4, Lemma 10.2], [6, Lemma 4.2]. There the proof is decomposed in three steps, but
the second step works only for two space dimensions. We give here an alternative proof
which works for higher space dimensions, too.

Theorem A.1. Let Q C R", n > 2, be open, bounded, polyhedral and connected and let
Qq,...,9, C R" be nonempty, open, convex sets with @ = U;_,8);. Then there exists a

constant Cy > 0 depending on Qq,...,CQ, only, such that for all Voronoi finite volume
meshes M

1
lu — ma ()]l gz < Colulia Vu € X(M)  where mQ(u):meS(Q)/Qud:E. (A1)

Proof. We decompose the proof into two steps. If €2 is convex itself, the proof results from
Step 1 alone.

1. Estimation on a nonempty, open, convex subset w C R™ of {2: We show that there
exists a constant Cq > 0 such that

Co
2 2
|lu—m /(u)H[Q( )< es( ,>|U|1,M Vu € X (M), (A.2)

whenever w’ C R™ is a measurable subset of w with mes(w’) > 0. Here m,,(u) denotes the
mean value of u on w'. Because of

L@ =mofar < s [ [ jut@) - uw)P ayas

it suffices to prove

[ [ 1ut@) = utP dyds < Caful oo
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Using the convexity of w C R™ we have

u(r) —uy)? < | 3 Douxolay)|

Jegint

for almost all x € w and y € ', where the function x, is defined in (2.5). We apply the
Cauchy-Schwarz inequality to obtain

w@) —uwP< 3 A2 ) T oty (y) (A.3)

dec
Ueglnt 7oy I Uegint

for almost all z € w and y € W', where ¢y, = |(|77\ |ng)| is defined for n € R™\ {0} and n,
is a unit vector normal to o € ;. Since xx — vy = +dyne for o = K|L € E;yy we find

for some K* and L* (depending on x € w, y € w') such that

< diam(€). (A.4)

S doayaXal@y) = (G lox — o10)

oc€€int

Integration over x € w and y € w’ in (A.3) yields

ul?
/ , lu(z) — u(y)|* dy dz < diam(9Q) / // Z ng(x,y) dy dz.

w

By a change of variables, y = z + 2z, we obtain

D,
//|u —u(y)|? dz dy < diam(9 / Z ’d cu‘/ oz, + 2z)dxdz.

Uegznt

Because for all z € w we have x,(z,x + 2) =0 if z € R", |2| > diam(Q2) and
/ Xo(z,x + 2)de < mglzlc,, VzeR"
w

we end up with

2
/ / lu(x) — u(y)>dedy < diam(Q)g/ Z Do medz
w' Jw B(0,diam(2)) do

o€Eint
< diam(9)"*2 mes(B(0, 1))|U‘%,M7

that means, we can choose Cq = diam(2)"*2 mes(B(0,1)).
2. Estimate (A.1) for the general case: We consider the intersections Q;; = §; N Q; for
i,7€{1l,...,r} and set

B:= {(Za]) € {1,...,7"}2 : Z#]a Qij 7& (D}
Then, following (A.2) for w = ;, W’ = Q; and W’ = Q;;, respectively, in Step 1 we get

Cq .
lu = ma, (w)l[720,) < mes() ulfae i=1,.m (A.5)
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Co
lu = may,; (W)l[72q,) < mes(2y) ulf o V(i,5) € B.

Hence, for every (i,j) € B we obtain

ima, (u) — ma, (u)Pmes(Q,) gz/ |u—in(u)|2dx+2/ ot — e, (w)? da
Q; Q;

< ( 2Cq 2Cq

(A.6)
mes(§2;) + mes(§2; j)>| |1M

Since ) = U;_;£); is both connected and a finite union of bounded, open, convex sets
Q1,...,8,, for every pair (i,7) € {1,...,7}% with i # j we find some / € N, 2 < ¢ < r
and pairwise disjoint indices k1,...,k; € {1,...,r} with k; =4, ky = j and (k;, kj41) € B
for all [ = 1,...,¢ — 1. Hence, using the triangle inequality and (A.6) we can find some
constant M > 0 depending on Q1,...,8Q,, only, such that

Ima, (u) —ma, (u)| < Mulim V(7)€ {1,.. )R (A7)
Introducing the averaged quantity

2 j=1 M, (u) mes(§;)

) = 2 =1 mes($2)

we see that for every ¢ = 1,...,r we have

mes(£2;)

m(u) — ’<Z|mﬂ ()\m-

Because of (A.7) we obtain
|m(u)_m91(u)’ §M|u’1,M7 izlv"'ar'

Together with (A.5) we find some constant ¢y > 0 depending on Qg,...,,, only, such
that

Hu_i( )HL2 )<CO|U’1M7 t=1,...,r.

Summing up, this yields
o = ) 22 <Z||u—* Wz < 7o ul} .

Since @ = mgq(u) € R minimizes the function o — |lu — 04”%2(9), the assertion of the
theorem follows. O
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