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AbstratThe multisympleti analysis of the Short Pulse Equation known in nonlin-ear optis is used in order to onstrut a geometri multisympleti integratorof it. A brief omparison of its e�etiveness relative to the pseudo-spetralintegration sheme is presented.1 IntrodutionThe multisympleti Hamiltonian formalism has emerged from geometri theoriesin the alulus of variations [1℄. It has been a subjet of numerous investigations re-ently [2�9℄ inluding possible appliations to �eld quantization [10�13℄. The multi-sympleti approah to the onstrution of geometri numerial integrators of PDEswas proposed in [14℄. The appliation of the losely related �multi-sympleti� stru-ture in wave propagation has been pioneered by Bridges [15℄.In this ontribution we apply the multisympleti formalism to the short pulse equa-tion (SPE) known in nonlinear optis. The short pulse equation has appeared re-ently [16, 17℄ as a desription of ultra-short pulses when the standard nonlinearShrödinger equation annot be applied beause the slowly varying envelope ap-proximation it is based on is not valid anymore. In [18, 19℄ the integrability of thisequation has been proven, and in [20℄ an example of the exat solution has beenonstruted. In [21℄ three integrable two omponent generalizations of SPE havebeen found.Here we apply the multisympleti formalism in order to onstrut a multisymple-ti geometri integrator for SPE. This work is a part of the investigation of theproperties of ultra-short pulses in nonlinear optis with the help of SPE and itsgeneralizations whih requires a stable and robust numerial integration sheme forSPE.The multisympleti formulation of SPE is disussed in Set. 2. In Set. 3 we on-strut the simplest multisympleti integrator and brie�y ompare its e�etivenesswith the well known pseudo-spetral numerial integration [22℄.2 The multisympleti formulation of SPEThe short pulse equation
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φ2. (6)Then the multisympleti (De Donder-Weyl) Hamiltonian equations take the form
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(pt)3.This set of �rst order equations is equivalent to SPE written in terms of the potentialfuntion φ(x, t), Eq. 2. It is well known that these equations an be obtained fromthe geometrial formulation of �rst order variational problems using the Poinare-Cartan form and its exterior derivative (the multisympleti form) [1, 9℄.

Ω = dφ ∧ dpx
∧ dt + dφ ∧ dpt

∧ dx − dH ∧ dx ∧ dt. (8)In order to establish a onnetion with the multi-sympleti formulation of Bridges[15℄ whih has beame more popular in disussions of geometri integrators of PDEs,let us introdue the set of variables Zv := (φ, px, pt). Then the DW Hamiltonianequations an be written in matrix form
βt∂tZ + βx∂xZ = ∇ZH, (9)2



where the β-matries
βt =





0 0 1
0 0 0
−1 0 0



 , βx =





0 0 0
0 0 1
0 −1 0



 , (10)an be identi�ed with the so-alled Du�n-Kemmer-Petiau matries (in 2D) [23℄whih ful�ll the DKP algebra relations (a, b, c = (x, t)).
βaβbβc + βcβbβa = −βaδbc

− βcδab. (11)This form of DW Hamiltonian equations generalizes the Hamiltonian equations inmehanis written in the form
ω∂tZ = ∂ZH,where (

0 1
−1 0

) is the sympleti matrix and Z := (p, q) .Assoiated with the above two antisymmetri matries β are two pre-sympletiforms
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∧ dφ,
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dz ∧ βtdz = dpt

∧ dφ. (12)The struture given by two pre-sympleti forms κx and κt is alled multi-sympletiby Bridges [15℄. In the notations introdued by Bridges (1997) βx = K and βt =
M and H = −S. These notations are now standard in the papers devoted tothe geometri (multisympleti) integrators of PDEs [24�28℄. In this notation thefundamental multisympleti onservation law is written in the form:

d/dtκt + d/dxκx = 0. (13)3 A multisympleti integrator for SPEThe simplest realization of the multisympleti integrator is onstruted by thedisretization of DW Hamiltonian equations using the midpoint method in both xand t diretions:
φi,j ≈ φ(i∆x, j∆t),
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)3. (15)As a onsequene of the statement proven by Bridges and Reih [24℄ this integratorful�lls the disretized multisympleti onservation law.3.1 The numerial implementationWe solve the initial boundary value problem for Eq. 1 using the above multi-sympleti integrator. We know the initial value u(x, t = 0), its disretization
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p   Figure 1: The disretization mesh.In order to test the e�etiveness of the method, we numerially propagate the knownSakovih' exat solution of SPE [20℄ to t = 100. The evolution of the Sakovih exatsolution (with m = 0.2) is shown on Fig. 2 at t = 0 and t = 100.The exat solution is ompared with the numerial solutions obtained using themultisympleti sheme and the pseudo-spetral sheme. We ompare the error ofthe methods, and the CPU time required to reah t = 100 at di�erent values ofdisretization steps ∆t and ∆x. The error of numerial integration is given by thestandard deviation:
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2, (17)where ui,j is the numerial solution and ūi,j is the exat Sakovih' solution at time

t = j∆t.The results of the multisympleti integration for di�erent values of ∆t and ∆x =
Xmax/N (Xmax = 400) are shown of Fig. 3. As expeted, the error dereases with
∆x and ∆t dereasing. The multisympleti method appears to be more e�etivethan the pseudo-spetral method. For example, for N = 217 and ∆t = 0.0001 theerror of the multisympleti sheme σ ≈ 6.5 × 10−6, while for the pseudo-spetral5
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Figure 2: The evolution of the Sakovih' solution (with m = 0.2) for t = 0 and
t = 100.
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Figure 3: The dependene of the error of the multisympleti integrator from ∆t fordi�erent values of ∆x.method σ ≈ 7 × 10−5. The CPU time required by the multisympleti methodsis 40000 se, while the pseudo-spetral method requires ≈ 100000 se (on 3GHzPentium 4 PC).In onlusion, we have used the multisympleti formulation of SPE in order to on-strut the geometri multisympleti integrator of SPE. We have ompared the ef-fetiveness of the orresponding numerial sheme with the pseudo-spetral methodwhih uses the Runge-Kutta integration. The multisympleti integration appearsto be an order of magnitude more preise and approximately 2.5 times faster at longpropagation times than the pseudo-spetral method. A omparison with the exatsolution of SPE shows that the multisympleti integration is stable and robust andpreserves the energy funtional. 6
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