Weierstraß-Institut

für Angewandte Analysis und Stochastik

im Forschungsverbund Berlin e.V.

Preprint ISSN 0946 – 8633

Expansion of random boundary excitations for elliptic PDEs

K. K. Sabelfeld^{1,2}

1 Weierstrass Institute for Applied Analysis and Stochastics, Mohrenstrase 39. D – 10117 Berlin, Germany; E-Mail: sabelfel@wias-berlin.de 2 Institute of Computational Mathematics and Mathematical Geophysics, Russian Acad. Sci. Lavrentieva str.,6, 630090 Novosibirsk, Russia

No. 1277 Berlin 2007

1991 Mathematics Subject Classification. 65C05, 65C20, 65Z05.

Key words and phrases. White noise, generalized random processes, Karhunen-Loève expansion, Poisson integral formula, random boundary excitations, Laplace, biharmonic, and Lamé equations .

This work is supported partly by the RFBR Grant N 06-01-00498, HIII 4774.2006.1, and NATO Linkage Grant CLG 981426.

Edited by Weierstraß-Institut für Angewandte Analysis und Stochastik (WIAS) Mohrenstraße 39 10117 Berlin Germany

Fax: + 49 30 2044975 E-Mail: preprint@wias-berlin.de World Wide Web: http://www.wias-berlin.de/

Abstract

In this paper we deal with elliptic boundary value problems with random boundary conditions. Solutions to these problems are inhomogeneous random fields which can be represented as series expansions involving a complete set of deterministic functions with corresponding random coefficients. We construct the Karhunen-Loève (K-L) series expansion which is based on the eigen-decomposition of the covariance operator. It can be applied to simulate both homogeneous and inhomogeneous random fields. We study the correlation structure of solutions to some classical elliptic equations in respond to random excitations of functions prescribed on the boundary. We analyze the stochastic solutions for Dirichlet and Neumann boundary conditions to Laplace equation, biharmonic equation, and to the Lamé system of elasticity equations. Explicit formulae for the correlation tensors of the generalized solutions are obtained when the boundary function is a white noise, or a homogeneous random field on a circle, a sphere, and a half-space. These exact results may serve as an excellent benchmark for developing numerical methods, e.g., Monte Carlo simulations, stochastic volume and boundary element methods.

1 Introduction.

Boundary value problems with random coefficients, parameters, random source terms, stochastically distributed boundary functions, or even with randomly moving boundaries are used as a powerful instrument in modern science and technology. We mention here applied fields such as structural mechanics, composite materials [2], porous media and soils [6], [33], [17], [49], biological tissues [47], geodesy [30], [40], turbulence [48], [3], [19], [31], etc.

In engineering related stochastic boundary value problems, the common computational techniques include Monte Carlo methods, stochastic finite elements, finite difference, and spectral methods. Among these methods, the finite volume and boundary element techniques are the methods most adaptable to problems in solid and structural mechanics characterized with highly irregular and complex structures [2], [9], [43]. We mention also classical potential problems dealing with random boundary conditions and sources [7] where the Monte Carlo methods are very efficient (e.g., see [31], [37], [35]), [36]). In electrical impedance tomography [13] important problem is to evaluate a global response to random boundary excitations, and to estimate local fluctuations of the solution fields. Similar analysis is made in the inverse problems of elastography [25], [32], recognition technology [10], acoustic scattering from rough surfaces [46], fluid dynamics [1], and reaction-diffusion equations with white noise boundary perturbations [42].

It should be noted that the numerical simulation methods for stationary processes and homogeneous Gaussian random fields are well developed, and the most convenient and probably most often used are methods based on the spectral representations (e.g., see [41], [9], [31], [20], [19]). The most common simulation method for inhomogeneous random processes and fields is based on the Karhunen-Loève (K-L) expansion, also known as a proper orthogonal decomposition (POD), a series representation consisting of eigen-functions as the orthogonal basis (e.g., see [2], [15], [21],

[3], [12], [26], [27]). The expansion is known to produce the most efficient representation among all orthogonal bases for the Gaussian case. According to A.M. Yaglom’s personal communication, the proper orthogonal decomposition was suggested independently by Kosambi [18], Loève [21], Karhunen [15], Pougachev [28], and Obukhov [24]. We also mention a comprehensive studies by Van Trees [44], and A.M. Yaglom himself [48], and one generalization of K-L expansion for the Wiener process [38], [39].

In this paper, we construct exact proper orthogonal decomposition for some classical boundary value problems, for a disc, ball, and a half-plane, with a Dirichlet and Neumann boundary conditions, where the boundary functions are white noise or homogeneous (2π-periodic) random processes. In case the boundary function is a white noise, the solutions are treated as generalized random fields with the convergence in the proper spaces and relevant generalized treatment of boundary conditions, e.g., see [29], [30], [40].

The paper is organized as follows. After a short description of the spectral and Karhunen-Loève expansions, we consider in Section 2 the 2D Laplace equation, with Dirichlet and Neumann boundary conditions, for a disc and a half-plane. Generalizations to a three-dimensional case is given in Section 3. In Section 4 we analyze the biharmonic equation for a disc. The plane elasticity problem is presented in Section 5. For all these boundary value problems we find explicitly the correlation functions, and give the Karhunen-Loève expansion of the relevant random fields.

1.1 Spectral representations.

Let us first consider a real-valued zero mean homogeneous Gaussian l-dimensional vector random field u(x) = (u_1(x), . . . , u_l(x))^T , x ∈ IR^d with a given covariance tensor B(r) with entries

B_{ij} (r) = ⟨u_i(x + r) u_j (x)⟩, i, j = 1, . . . l,

or with the corresponding spectral tensor F :

F_{ij} (k) = ∫ IR^d

e^{−i 2π k·r}B_{ij}(r) dr, B_{ij}(r) = ∫ IR^d

e^{i 2π r·k}F_{ij} (k) dk . (1)

We call also B_{ij} a correlation tensor which is equivalent since we assume without loss of generality that the random fields have zero means.

Often it is reasonable to assume [20] that the condition ∫ IR^d

∑_l

j=1 |B_{jj}(r)| dr < ∞ is satisfied

which ensures that the spectral functions F_{ij} are uniformly continuous with respect to k. Note that a weaker assumption that B is squared integrable guarantees only the existence of the spectral tensor in the space L_2.

Let Q(k) be an l × n-matrix defined by Q(k)Q^∗(k) = F (k), Q(−k) = Q̄(k) . Here the star stands for the complex conjugate transpose which is equivalent to taking two operations, the transpose^T , and the complex conjugation of each entry. Then the spectral representation of the random field is written as follows (e.g., see [48])

u(x) = ∫ IR^d

e^{i 2π kx} Q(k) Z(dk) (2)

where the column-vector Z = (Z_1, . . . Z_n)^T is a complex-valued homogeneous n-dimensional white noise on IR^d with a unite variance and zero mean:

⟨Z(dk)⟩ = 0, ⟨Z_i(dk_1) Z̄_j (dk_2)⟩ = δ_{ij} δ(k_1 − k_2) dk_1 dk_2, Z(−dk) = Z̄(dk) .

Note that in the literature, different forms of the Fourier transform between the correlation and spectral tensors are used. Along with (1), we will mainly use

F_{ij} (k) = 1 (2π)^d ∫ IR^d

e^{−i k·r}B_{ij}(r) dr, B_{ij} (r) = ∫ IR^d

e^{i r·k}F_{ij} (k) dk, i, j = 1, . . . l .

The spectral representation (2) is used in different numerical simulation methods, through a deterministic or randomized evaluation of the stochastic integral in (2), see for instance [31], [19], [20].

A straightforward evaluation of the stochastic integral (2) is based on the Riemann sums calculation with fixed cells (see, e.g. [41]). The integral is approximated by a finite sum

u(x) ≈ n∑ i=1 [ cos(2πk_i · x)ξ_i + cos(2πk_i · x) η_i ]

where k_i are deterministic nodes in the Fourier space, ξ_i and η_i are Gaussian random vectors with zero mean and relevant covariance. Efficient calculation of the above sum is usually carried out by the fast Fourier transform which assumes that the nodes are chosen uniformly. It should be mentioned that this scheme suffers from an artificially periodicity in the scale of 1/Δk where Δk is the integration step in the Fourier space. In Randomized models, the nodes are chosen at random, with an appropriate probability distribution so that the model has the desired correlation structure (e.g., see [31], [19]).

Partially homogeneous random fields present an important class of random fields where this approach can be efficiently used.

Let x = (y, z), y ∈ IR^n, z ∈ IR^m, and let V(x) = (v_1(x), . . . , v_l(x))^T . Assume that the random field V(y, z) is homogeneous with respect to the variable y, i.e.,

⟨V(y_1, z_1) V^∗(y_2, z_2)⟩ = B(y_1 − y_2, z_1, z_2)⟩ .

Random fields with this property are called partially homogeneous random fields [31]. The partial spectral tensor is defined by

f(λ, z_1, z_2) = 1 (2π)^n ∫ IR^n

B(ρ, z_1, z_2) exp {−i(λ, ρ)} dρ .

It is not difficult to verify that for a general complex-valued random field V(x), which is partially homogeneous,

V(y, z) = 1 [p(λ)]^{1/2} exp {i (λ, y)}ξ_λ(z)

its correlation tensor is equal to B(ρ, z_1, z_2), if λ is distributed according to a probability density p(λ) which can be chosen quite arbitrarily, and ξ_λ (λ fixed) is a homogeneous l-dimensional complex-valued random field with the correlation tensor f(λ, z_1, z_2). A rigorous proof of this statement is given in [31].

1.2 The Karhunen-Loève expansion.

Let us now consider a real-valued inhomogeneous random field u(x), x ∈ G defined on a probability space (Ω, A, P ) and indexed on a bounded domain G. The case of unbounded domains can also be treated, in particular, if the covariance tensor belongs to a class A defined in [4], for which the corresponding covariance operator is compact and trace class. This important generalization is based on the result due to I.M. Novitsky [23] (see also [5]). In section 2.4 we deal with an unbounded domain when analysing the Dirichlet problem for the half-plane. To simplify the notations, we will not use here and in what follows the boldface characters to denote the vectors if not otherwise indicated. They will be essentially used in Section 5 for the vector solution to the Lamé equation.

Assume (without loss of generality) that the field has a zero mean and a variance E u^2(x) that is bounded for all x ∈ G. The Karhunen-Loève expansion has the form [48]

u(x) = ∞∑ k=1 √ λ_k ξ_k h_k(x) ,

where λ_k and h_k(x) are the eigen-values and eigen-functions of the covariance function B(x_1, x_2) = ⟨u(x_1) u(x_2)⟩, and ξ_k is a family of random variables.

By definition, B(x_1, x_2) is bounded, symmetric and positive definite. For such kernels, the Hilbert-Schmidt theory says that the following spectral representation is valid

B(x_1, x_2) = ∞∑ k=1 λ_k h_k(x_1) h_k(x_2)

where the eigen-values and eigen-functions are the solutions of the following eigen-value problem for the correlation operator: ∫ G B(x_1, x_2) h_k(x_1) dx_1 = λ_k h_k(x_2) .

The eigen-functions form a complete orthogonal set ∫ G h_i(x) h_j (x) dx = δ_{ij} where δ_{ij} is the Kro-

necker delta-function. The family {ξ_k} is a set of uncorrelated random variables which are obviously related to h_k by

ξ_k = 1 √ λ_k ∫ G u(x) h_k(x) dx , E ξ_k = 0, Eξ_i ξ_j = δ_{ij} .

We mention also that the assumptions of the Hilbert-Schmidt can be weakened as it is done in Mercer’s theorem. This will be discussed in section 2.

It is well known that the Karhunen-Loève expansion presents an optimal (in the mean square sense) convergence for any distribution of u(x). If u(x) is a zero mean Gaussian random field, then {ξ_k} is a family of standard Gaussian random variables. Some generalizations to non-gaussian random fields are reported in [27].

Consider now a case when G is unbounded, e.g., a homogeneous random process u(x) is defined on the whole real line IR. The eigen-value problem reads ∫ IR B(x_2 − x_1) h_k(x_1) dx_1 = λ_k h_k(x_2) , −∞ < x_2 < ∞ . (3)

Note that we can take h(x) = e^{iωx}, then from (3) we get λ = ∞∫ −∞ B(x_2 − x_1) e^{−iω(x2 −x1)} dx_1 ≡ S(ω) .

To make further considerations more rigorous, we assume that G is large but finite, and u is periodic (e.g., see [22], [44]). Then, we may develop B(x_2 − x_1) in a Fourier series,

B(x − x^′) = ∑ k λ_k e^{i 2πk(x−x′)} . (4)

The eigen-value problem can then be solved via the unique representation

B(x − x^′) = ∑ k λ_k e^{i 2πk x}e^{−i 2πk x′} (5)

which imply that e^{i 2πk x} are the eigen-functions with eigen-values λ_k = S(ω_k). And conversely, if the eigen-functions are Fourier modes we can write the equality (5) which leads to (4). Thus the correlation function B depends on the difference x−x^′ if and only if the eigen-functions of the correlation operator are Fourier modes.

In our considerations this fact will be used in two-dimensional regions, when G is a disc, a ball or a half-plane. The correlation function of a zero mean random process has the form B(x, x^′) = B(x, y; x^′y^′). Suppose that our random process is homogeneous with respect to one coordinate, say, B = B(x − x^′; y, y^′). Then we can perform the above procedure over the xdirection, and get a 1D eigen-value problem for every Fourier wavenumber. It means, we then work with the partial spectral density.

Assume we deal with a homogeneous real-valued process on the whole line. Then it is possible to cut-off the integration in the eigen-value problem, i.e., we have to solve the eigen-value problem a∫ −a B(x_2 − x_1) h(x_1) dx_1 = λ_k h_k(x_2),

where a is sufficiently large. Then it is possible to show (e.g., see [44]) that

λ_k ≈ S(ω_k) = S(π k/a) , h_k(x) ≈ 1 2π e^{i (π k x/a)} ,

which yields an approximation

B(x_1, x_2) ≈ B̃_a(x_1, x_2) = ∞∑ k=1 1 a S( π k a ) cos

(π k(x_2 − x_1) a ) , and the K-L expansion approaches in this case to the spectral representation

u(x) ≈ ũ_a(x) = ∞∑ k=1 [ 1 2a S( π k a ) ]_{1/2}{ ξ_k cos[π k x/a] + η_k sin[π k x/a] } .

The rate of convergence of the K-L expansion is closely related to the smoothness of the correlation kernel and to ratio between the length a and L, the correlation length of the process. For example, in [22] is reported that for the particular case B(x_1, x_2) = σ e^{−|x2−x1|/L}, an upper bound for the relative error in variance ε of the process represented by its K-L expansion is given by ε ≤^4_{π2}^1_n^a_L where n is the number of retained terms.

2 Stochastic boundary value problems for the 2D Laplace equation.

Let us start with the two-dimensional boundary value problems for the Laplace equation. We are interested in the statistical structure of the solution when the solution (Dirichlet boundary conditions), or the normal derivative (Neumann boundary conditions) are homogeneous random functions (g(y)) on the boundary. The basic idea is first to establish the Karhunen-Loève expansion for the case when the boundary function g is a white noise, therefore, the solutions are considered as generalized random fields. This expansion gives a smooth representation for the solution and the correlation function inside the open disc, and the case of general homogeneous boundary functions is immediately obtained from this expansion by a simple substitution of the spectral expansion of the boundary random function g(x).

Before we start with the details for the Laplace equation, let us outline shortly the general scheme. Assume we are given a stochastic Dirichlet boundary value problem for a linear elliptic equation in a domain D with a boundary Γ = ∂D:

Lu(x) = 0, x ∈ D, u(x)|_{x→y∈Γ} = g(y)

where g(y) is a random field with zero mean and covariance function B_g(y_1, y_2) = ⟨g(y_1) g(y_2)⟩. We are interested in the covariance of the solution, B_u(x_1, x_2) = ⟨u(x_1) u(x_2)⟩.

Suppose that there exists a continuous normal derivative of the Green function on the boundary, ∂G ∂n , so that the solution is represented by the Green formula:

u(x) = ∫ Γ ∂G ∂n (x, y)g(y) dS(y) .

Using the Green formula representation for the solution in points x_1 and x_2 we obtain

B_u(x_1, x_2) = ∫ Γ ∫ Γ ∂G ∂n (x_1, y_1) ∂G ∂n (x_2, y_2) B_g(y_1, y_2) dS(y_1) dS(y_2) . (1)

If g is a white noise, B_g(y_1, y_2) = δ(y_1 − y_2), and we obtain formally from (1) that

B_u(x_1, x_2) = ∫ Γ ∂G ∂n (x_1, y) ∂G ∂n (x_2, y) dS(y) . (2)

This representation shows that the covariance function B_u(x, x_2) solves the boundary value problem

L_xB(x, x_2) = 0, x, x_2 ∈ D,

B(x, x_2)|_{x→y∈Γ} = ∂G ∂n (x_2, y)|_{y∈Γ} , (3)

so that the solution of this problem at any point x = x_1 ∈ D yields B_u(x_1, x_2) for any fixed x_2 ∈ D which defines well the covariance function for any two points x_1 and x_2 inside the domain D. These formal considerations leave open the singularity problem of the correlation function when both points tend to one point on the boundary, but the weak convergence to the delta-function can be given in the framework of generalized solutions (e.g., see [29], [30], [40]).

2.1 Dirichlet problem for a 2D disc. White noise excitations.

Let us consider the Dirichlet boundary value problem for the Laplace equation

Δu(x) = 0, x ∈ D, u(y) = g(y) y ∈ Γ = ∂D, (4)

where the domain D is a disc K(x_0, R) centered at O = x_0, bounded by the circle Γ = S(x_0, R). We denote the closed disc by K̄(x_0, R) = K(x_0, R) ∪ S(x_0, R).

The regular solution to the harmonic equation is represented by the Poisson integral formula [45]:

u(x) =

R^2 − r^2 2πR ∫ S(x_0, R)

g(y)dS_y |x − y|^2 ,

for any point x ∈ K(x_0, R), where r = |x − x_0|.

We suppose that the boundary function g(y) is a zero mean Gaussian random field, homogeneous or not, defined by its correlation function B_g(y_1, y_2) = ⟨g(y_1)g(y_2)⟩. In case g is homogeneous, it is alternatively defined by its spectral density function f(k) related to the correlation function B_g(y), y = y_2 − y_1, by the Fourier transform

f(k) = 1 2π ∫ B_g(y)e^{−i(y k)} dy , B_g(y) = ∫ f(k)e^{i(y k)} dk .

When dealing with the homogeneous random processes g(φ) on the circle, we assume throughout the paper that they are 2π-periodic, so the spectra are discrete, and the Fourier integral transforms become Fourier series.

Let us start with the case when the prescribed boundary function g is a Gaussian white noise, B_g(y, y^′) = δ(y −y^′), thus we deal in this paper with generalized random solutions which however are smooth in the open domain (in a disc, ball, and a half-plane). The generalized treatment of the convergence to the boundary functions can be explicitly described (e.g., see [29]) in more general cases.

Let us introduce polar coordinates centered at x_0, so that a point x is specified by (r, θ), hence, for two points, x_1 = (r_1, θ_1), x_2 = (r_2, θ_2), and ρ_1 = r_1/R, ρ_2 = r_2/R. It is convenient then to rewrite the Poisson formula as follows

u(r, θ) =

1 − ρ^2 2π 2π∫ 0 g(φ) dφ 1 − 2ρ cos(θ − φ) + ρ^2 (5)

where ρ = r/R.

Theorem 1. The solution of the Dirichlet problem (4) in a disc K(x_0, R) with the white noise boundary function g(y) is an inhomogeneous 2D Gaussian random field uniquely defined by its correlation function

⟨u(r_1, θ_1) u(r_2, θ_2)⟩ = B_u(ρ_1, θ_1; ρ_2, θ_2) = 1 2π 1−ρ^2_1ρ^2 1−2ρ_1ρ_2 cos(θ_2 −θ_1)+ρ^2_1ρ^2 (6) which is harmonic, and it depends only on the angular difference θ_2 − θ_1 and the product of radial coordinates ρ_1ρ_2 = r_1r_2/R^2. The random field u(r, θ) is thus homogeneous with respect to the angular coordinate θ, and its partial discrete spectral density has the form f_θ(0) = 1/2π, f_θ(k) = (ρ_1ρ_2)^k/π, k = 1, . . . . Proof. We start by simple evaluations:

B_u = ⟨u(r_1, θ_1) u(r_2, θ_2)⟩ = ⟨ 1 2π 2π∫ 0 (R^2 − r_1^2) g(φ) dφ R^2 − 2 Rr_1 cos(θ_1 − φ) + r_1^2 · 1 2π 2π∫ 0 (R^2 − r_2^2) g(φ) dφ R^2 − 2 Rr_2 cos(θ_2 − φ) + r_2^2 ⟩

= 1 (2π)^2 2π∫ 0 2π∫ 0 ((R^2 − r^2_1)(R^2 − r^2) ⟨ g(φ^′) g(φ^{′′}) ⟩ dφ^′ dφ^{′′} [R^2 − 2R r_1 cos(θ_1 − φ^′) + r^2_1] [R^2 − 2R r_2 cos(θ_2 − φ^{′′}) + r^2]

= 1 (2π)^2 2π∫ 0 1 − ρ_1^2 1 − 2 ρ_1 cos(θ_1 − φ) + ρ_1^2 · 1 − ρ_2^2 1 − 2 ρ_2 cos(θ_2 − φ) + ρ_2^2 dφ . (7)

Here we used the property of the white noise ⟨g(φ^′) g(φ^{′′})⟩ = δ(φ^′ − φ^{′′}). This integral can be evaluated explicitly, and the result is given in (6). However we will obtain it using Fourier series expansion which not only presents a simple derivation of (6), but yields the spectrum of our random field, and the Karhunen-Loève expansion. Indeed, we start with the well known expansion [45]

K(ρ; θ − φ) ≡ 1 2π · 1 − ρ^2 1 − 2ρ cos(θ − φ) + ρ^2 = 1 2π + 1 π ∞∑ k=1 ρ^k cos[k(θ − φ)] (8)

and proceed (7) as follows

B_u = 2π∫ 0

{ 1 2π + 1 π ∞∑ k=1 ρ^k_1 cos[k(θ_1 − φ)] } { 1 2π + 1 π ∞∑ k=1 ρ^k_2 cos[k(θ_2 − φ)] } dφ

= 1 2π + 1 π ∞∑ k=1 ρ^k_1 2π∫ 0 cos[k(θ_1 − φ)]K(ρ_2; θ_2 − φ) dφ

= 1 2π + 1 π ∞∑ k=1 ρ^k_1 2π∫ 0 [cos kθ_1 cos kφ + sin kθ_1 sin φ] K(ρ_2; θ_2 − φ) dφ

= 1 2π + 1 π ∞∑ k=1 ρ^k_1 ρ^k_2 cos[k(θ_1 − θ_2)] = 1 2π · 1 − ρ^2_1ρ^2 1 − 2ρ_1ρ_2 cos(θ_2 − θ_1) + ρ^2_1ρ^2

. (9)

Here we used the nice property of the integral operator with the kernel K(ρ; θ − φ) that it has the following system of eigen-values {λ_k} and the corresponding orthonormal eigen-functions {h_k(φ)} complete in L_2(0, 2π):

λ_0 = 1, h_0 = 1 √ 2π , λ_{2k−1} = λ_{2k} = ρ^k,

h_{2k−1} = π^{−1/2} cos(kθ) ; h_{2k} = π^{−1/2} sin(kθ), k = 1, 2, . . . . (10)

This can be verified by a direct substitution of the series expansion (8) into the eigen-value problem

1 2π 2π∫ 0 (1 − ρ^2) h_k(φ) dφ 1 − 2ρ cos(θ − φ) + ρ^2

= λ_k h_k(θ) . (11)

So it remains to prove that our random field u(ρ, θ) has a discrete partial spectral density, f_θ(0) = 1/2π, and

f_θ(k) = 1 2π 2π∫ 0 B_u(ρ_1, θ_1; ρ_2, θ_2) e^{−i k (θ2−θ1)} d(θ_2 − θ_1) = (ρ_1ρ_2)^k/π, k = 1, . . . . (12)

Actually this can be easily seen from the arguments given in (9). A direct proof follows from the Fourier transform property for convolutions. Indeed, the representation (9) shows that the correlation function B_u is written in the form of a convolution, i.e.,

B_u = K(ρ_1; ψ) ∗ K(ρ_2; ψ − (θ_1 − θ_2)) = 1 (2π)^2 2π∫ 0 1 − ρ^2_1 (1 − 2ρ_1 cos(ψ) + ρ^2_1) · 1 − ρ^2 (1 − 2ρ_2 cos(ψ − (θ_2 − θ_1)) + ρ^2) dψ .

Now we take the inverse Fourier transform of both parts, and use the Fourier transform property for convolutions. This yields

f_θ(0) = 1/2π, f_θ(k) = ρ^k_1 ρ^k_2/π

which is the desired result. Here we used the property [11] 1 2π 2π∫ 0 (1 − ρ^2) cos(kx) dx 1 − 2ρ cos x + ρ^2

= ρ^k

while the sin-transform is zero. Finally, the covariance function B_u(x_1, x_2) is harmonic with respect to both of its coordinates which follows from the general representation (3).

The proof is complete.

Remark 1. The angular behaviour of the correlation function shows thus that the random field is partially homogeneous. The radial behaviour is also interesting. Let us fix a direction, say the line y = 0, then, B(x_1, x_2) =^1_{2π} ·^{R2+x1x2}_{R2−x1x2} , where x_1 and x_2 vary between −R and R. This shows that if one of the points, x_1, x_2 is in the center of the disc, the covariance equals to a constant value, 1/2π.

For illustration, in Figure 1 we show the angular (left panel) and radial (right panel) behaviour of the correlation function B_u. The angular and radial functions are both plotted versus the section number k, the number of sections being 50, so that θ = k 2π/50 (angular behaviour, left panel), and x = k 2R/50 (radial behaviour, right panel). The angular behaviour in the left panel is shown for three different choices of the radii ρ_1 and ρ_2. The radial behaviour is given for 6 different values of the value x_1, the radius of the disc was 5, see the right panel in Figure 1. As expected, a low number of eigen-modes in the K-L expansion is enough to have a good approximation; in Figure 2 we compare the K-L approximation against the exact result, taking M = 5 and M = 10 terms (left panel), and M = 2 and M = 5 terms (right panel).

Figure 1: Laplace equation, Dirichlet boundary conditions: angular correlations B_u, for three different values of the ratio ρ_i = r_i/R (left panel), and radial correlations B(x_1, x), for six different values of the starting point x_1, R=5 (right panel).

Figure 2: Laplace equation, Dirichlet boundary conditions: angular correlations B_u, for two different values of the retained number of terms M, for ρ_1 = 0.8, ρ_2 = 0.9 (left panel), and ρ_1 = 0.7, ρ_2 = 0.7 (right panel). The number of angular sections equals 500.

Theorem 2. The Gaussian random field described in Theorem 1 has the following Karhunen- Loève type expansion

u(r, θ) = ξ_0 √ 2π + 1 √ π ∞∑ k=1 ρ^k [ ξ_k cos(k θ) + η_k sin(k θ) ] (13)

where {ξ_k}, {η_k} are sets of mutually independent standard Gaussian random variables.

Proof. The idea of the proof appeals to Mercer’s theorem which states the following (e.g., see [14]. Let U be a compact set in IR^d, and let K(s, t) be a symmetric L_2(U)-kernel with eigen-values {λ_n} and eigen-functions h_k(t): ∫ K(s, t) h_k(t) dt = λ_kh_k(x) , k = 1, 2 . . . .

Mercer’s Theorem. If a nonnull, symmetric L_2(U)-kernel K(s, t) is quasi-definite (i.e., when all but a finite number of eigen-values are of one sign) and continuous, then the series

∑_∞ n=0 λ_n is convergent, and

K(s, t) = ∞∑ n=0 λ_nh_n(s) h̄_n(t) , (14)

where h̄_k(t) be the complex conjugate of h_k(t), and the series converges absolutely and uniformly in U × U.

From this theorem, the Karhunen-Loève expansion can be obtained (e.g., see [48]): Let v(x) be a real-valued, zero mean, gaussian random field with continuous covariance function K(x, y) which has Mercer’s expansion K(x, y) = ∑ k λ_kh_k(x) h_k(y). Then, under some regulary

conditions,

v(x) = ∞∑ k=0 √ λ_k h_k(x) ξ_k , (15)

in L_2 and a.s., where {ξ_k}_{k∈}IN is a sequence of independent and identically standard normally distributed random variables.

Note that although our correlation function (9) is continuous everywhere inside the disc, it increases infinitely as both points approach a point on the boundary, i.e., when θ_1 = θ_2, and ρ_1 → 1, ρ_2 → 1.

However our kernel, the covariance function (9), belongs to L_2(K̄_0), for each disc K̄_0(x_0, ρ_0) ⊂ K(x_0, 1), and we find from the expansion (9) that ∫ K̄_0(x_0,ρ_0)

B_u dx dy < ∞ ,

and so the weak convergence as ρ_0 → 1 can be proven.

Now we consider the eigen-value problem for the covariance function B_u:

∫_1 0 dρ_1 2π∫ 0 1 2π (1 − ρ^2_1ρ^2) h_k(ρ_1, θ_1) dθ_1 1 − 2ρ_1ρ_2 cos(θ_2 − θ_1) + ρ^2_1ρ^2

= λ_k h_k(ρ_2, θ_2) .

Using the expansion (9) we find the eigen-functions and eigen-values:

λ_0 = 1, h_0 = 1 √ 2π ; λ_{2k−1} = λ_{2k} = 1 2k + 1 ; h_{2k−1}(ρ, φ) = √ 2k + 1 ρ^k cos(kθ) π^{1/2}

; h_{2k}(ρ, φ) = √ 2k + 1 ρ^k sin((θ) π^{1/2} , k = 1, 2, 3, . . .

where the eigen-functions are orthonormal to one another: 1∫ 0 2π∫ 0 h_n(ρ, θ) h_m(ρ, θ) dρ dθ = δ_{nm} .

Thus the Karhunen-Loève expansion (13) follows from the representation

u(r, θ) = ∞∑ k=1 ζ_k √ λ_k h_k(ρ, θ)

where ζ is a family of standard independent Gaussian random variables. The proof of Theorem 2 is complete.

The explicit representation of our random field (13) is very convenient in practical simulations, as well as in analytical evaluations of different statistical functionals.

Note that since our random field is homogeneous with respect to the angular variable, we can also write down the relevant randomized spectral representation when ρ = ρ_1 = ρ_2. Indeed, we now let the discrete wave numbers k be randomly distributed with the distribution

p_k =

1 − ρ^2

ρ^2 ρ^{2k} , k = 1, 2, . . . .

Then the random field

u(r, θ) = ξ_0 √ 2π + ρ √ π(1 − ρ^2) [ ξ cos(k θ) + η sin(k θ) ] (16)

has the desired correlation function (6). Here ξ_0, ξ and η are standard independent Gaussian variables. Further, to make the distributions close to Gaussian, in the spectral models one usually takes independent sums of models (16) (e.g., see [31]).

2.2 General homogeneous boundary excitations.

Assume now that a zero mean real-valued Gaussian random process g is defined on the circle by its spectrum f_k so that the covariance function reads

B_g(φ^{′′} − φ^′) = f_0 2π + 1 π ∞∑ k=1 f_k cos k(φ^{′′} − φ^′) .

Substituting this in (7) and using the series expansion of the kernel K(ρ; θ − φ), we arrive at the following series expansion for the covariance function B_u:

B_u(ρ_1, θ_1; ρ_2, θ_2) = f_0 2π + 1 π ∞∑ k=1 f_k ρ^k_1 ρ^k_2 cos k(θ_2 − θ_1) . (17)

Thus the generalization of the random filed representation (15) has the form

u(r, θ) = √ f_0 ξ_0 √ 2π + 1 √ π ∞∑ k=1 √ f_k ρ^k [ ξ_k cos(k θ) + η_k sin(k θ) ] . (18)

The result (17) is an indication that there should be a simple relation between the correlation function B_u and the correlation function B_g of the homogeneous process g defined on the boundary. Indeed, we present this relation below in Theorem 3.

The correlation function of the solution in the case when g is a white noise, is given in (6). It depends on the difference ψ = θ_2 − θ_1, and on the product ρ_1ρ_2. Thus in the notation of Poisson kernel given in (8) the correlation function (6) reads

B_u = K(ρ_1ρ_2; ψ) = 1 2π 1−ρ^2_1ρ^2 1−2ρ_1ρ_2 cos(ψ)+ρ^2_1ρ^2

. (19)

Now we can give the desired relation between the correlation functions.

Theorem 3. Assume the boundary function g in the Diriclet problem (4) is a homogeneous random process with a continuous correlation function B_g(ψ). Then the solution of the problem (4) is partially homogeneous with respect to the angular coordinate, and its correlation function B_u(ρ_1, θ_1; ρ_2, θ_2) depends on the angular difference ψ = θ_2 − θ_1 and the product ρ_1ρ_2, and is explicitly given by the convolution B_u = K ∗ B_g, i.e. , by the Poisson formula

B_u(ρ_1ρ_2; ψ) = 1 2π 2π∫ 0 K(ρ_1ρ_2; ψ − ψ^′) B_g(ψ^′) dψ^′ (20)

which implies that the correlation function B_u(ρ, θ) is harmonic in the unit disc, and it is the unique solution of the Dirichlet boundary value problem

ΔB_u = 0, B_u|_{ρ→1} = B_g . (21)

Proof. To obtain (20), we turn to the proof of Theorem 1, and use in the double integral in (7) the change of variable ψ = φ^{′′} − φ^′, use there the series expansions for the both Poisson kernels, and perform the integration over φ^{′′}. This yields (20).

Remark 2. From the proof it is clear that the same convolution relation result remains true if two homogeneous and homogeneously correlated stochastic processes are given on the boundary. Indeed, let g_1 and g_2 be two homogeneous processes on the circle with zero mean and a crosscorrelation B_{g1g2} (θ_2 − θ_1). Then the corresponding solutions u_1 and u_2 are also homogeneously correlated, and the cross-correlation function B_{u1u2} is related to B_{g1g2} by the same convolution formula with the kernel K as in Theorem 3: B_{u1u2} = K ∗ B_{g1g2} .

Finally we note that from (18) we can derive the expressions for B_{ux} and B_{uy} , the correlation functions for the derivatives u_x and u_y which is our case remarkably coincide:

B_{ux} = B_{uy} = 1 π ∞∑ k=1 f_k k^2 ρ^{k−1} cos [(k − 1) θ] .

2.3 Neumann boundary conditions.

Let us study the case when on the boundary, the normal derivative is prescribed, i.e., we consider the inner problem for the disc D = K(x_0, R):

Δu(x) = 0, x ∈ D, ∂u ∂n (y) = g(y) y ∈ Γ = ∂D, (22)

where n is the external normal vector.

The Poisson type formula in polar coordinates centered at x_0 has the form [45]

u(r, θ) = − 1 2π 2π∫ 0 ln(1 − 2ρ cos(θ − φ) + ρ^2) g(φ) dφ + const (23)

where ρ = r/R, and const is an arbitrary constant which we further take equal to zero. As in the Dirichlet problem, here the eigen-value property of the kernel (see (10) plays the crucial role. By direct evaluations we can prove that

− 1 2π 2π∫ 0 ln(1 − 2ρ cos(θ − φ) + ρ^2) h_k(φ) dφ = λ_k h_k(θ) (24)

where

λ_{2k−1} = λ_{2k} = ρ^k k ; h_k = π^{−1/2} cos(kθ) ; h_{2k} = π^{−1/2} sin(kθ), k = 1, 2, 3, . . . (25)

This can be easily proved by substituting the expansion [11]

ln(1 − 2ρ cos(θ − φ) + ρ^2) = −2 ∞∑ k=1 ρ^k k cos[k(θ − φ)]

in (24).

From this, we can derive the following result which is a counterpart of Theorem 1.

Theorem 4. The solution of the Neumann problem (22) in a disc K(x_0, R) with the Gaussian white noise boundary function g(y) is an inhomogeneous 2D Gaussian random field uniquely defined by the correlation function

B_u(ρ_1, θ_1; ρ_2, θ_2) = K_{Neum}(ρ_1ρ_2; θ_2 − θ_1) = 1 π ∞∑ k=1 ρ^k_1ρ^k_2 k^2 cos k(θ_2 − θ_1) . (26)

The random field u(r, θ) is homogeneous with respect to the angular coordinate θ, and its respective discrete spectral density has the form f_θ(k) =^{ρk1 ρk2}_{πk2} k = 1, . . ..

Moreover, if g is a homogeneous random process with a correlation function B_g(ψ^′) then the correlation function of the solution is related to B_g by the convolution

B_u(ρ_1ρ_2; ψ) = 1 2π 2π∫ 0 K_{Neum}(ρ_1ρ_2; ψ − ψ^′) B_g(ψ^′) dψ^′ . (27)

Figure 3: Comparison of angular correlations for Laplace and Neumann boundary conditions, for two different values of the radii (left panel). Radial correlation function for the Neumann boundary conditions (right panel).

Proof. The proof of (26) is essentially the same as in the case of Dirichlet problem. The correlation function B_u is written in the form of a convolution, i.e.,

B_u = K_1(ρ_1; ψ) ∗ K_1(ρ_2; ψ − (θ_1 − θ_2))

where K_1(ρ; ψ) = ln(1 − 2ρ cos(ψ) + ρ^2). Then we take the Fourier transform of both parts, and use the Fourier transform property for convolutions. This yields f_θ(k) = ρ^k_1 ρ^k_2/πk^2 which is the desired result. The proof of (27) follows basically the same scheme, and repeats the scheme given in the proof of Theorem 3.

From these considerations, we can find the eigen-values and eigen-functions of the correlation function. These are

λ_{2k−1} = λ_{2k} = 1 k^2 (2k + 1)

; k = 1, 2, 3, . . . (28)

h_{2k−1}(ρ, φ) = √ 2k + 1 ρ^k cos(kθ) π^{1/2}

; h_{2k}(ρ, φ) = √ 2k + 1 ρ^k sin(kθ) π^{1/2} . This leads to the Karhunen-Loève expansion (26). The random filed is therefore written as follows

u(r, θ) = 1 √ π ∞∑ k=1 ρ^k k [ ξ_k cos(k θ) + η_k sin(k θ) ] . We compare in Figure 3 the angular correlations for the Laplace and Neumann boundary conditions (left panel), and show the radial behaviour of the correlation function for the solution of the Neumann problem (right panel).

2.4 Upper half-plane.

Let us consider the Dirichlet problem in the half-plane:

Δu(x) = 0, x ∈ D^+, u(y) = g(y) y ∈ Γ = ∂D^+, (29) where the domain D^+ is the upper half-plane with the boundary Γ = {(x, y) : y = 0}. The Poisson formula reads [45]

u(x) = y π ∞∫ −∞ g(ξ) dξ (x − ξ)^2 + y^2

. (30)

Direct evaluation of the covariance function B(x_1, y_1; x_2, y_2) even in the case when the function g(ξ) is a white noise meets some technical difference in comparison to the disc,

B(x_1, y_1; x_2, y_2) = y_1 y_2 (π)^2 ∞∫ −∞ dξ [(x_1 − ξ)^2 + y^2_1][(x_2 − ξ)^2 + y^2]

. (31)

Therefore, we use the Fourier transform technique. Let us introduce the notation for the kernel

K_p(η, y) = y η^2 + y^2

(32)

so that the covariance is written in the form of convolution

B(x_1, y_1; x_2, y_2) = K_p(η, y_1) ∗ K_p(η − (x_2 − x_1), y_2) ,

and the Fourier transform yields F_B = F_{K(·,y1)} · F_{K(·,y2)}. Since [11]

F_{K(·,y)} = y π ∞∫ −∞ cos(kx) dx y^2 + x^2

= e^{−|k|y} ,

we get F_B = e^{−|k|(y1+y2)}. Inverse Fourier transform finally yields [11]

B(x_1, y_1; x_2, y_2) = F^{−1}(e^{−|k|(y1+y2)}) = 1 π y_1 + y_2 (y_1 + y_2)^2 + (x_1 − x_2)^2

. (33)

Now we need to solve the eigen-value problem for the covariance operator: ∞∫ 0 dy_2 ∞∫ −∞ y_1 + y_2 π h_k(x_2, y_2) dx_2 (y_1 + y_2)^2 + (x_1 − x_2)^2

= λ_k h_k(x_1, y_1) . (34)

Here we cannot apply the classical Hilbert-Schmidt theory since the process is defined on the unbounded domain D^+. Therefore, we can apply the cut-off approach described in section 1.2. Indeed, the correlation function (33) is partially homogeneous, with respect to the horizontal coordinate x.

Through a Fourier analysis we find that the partial spectrum is S(k) = exp(−k(y_1 + y_2), and the eigen-functions are the Fourier modes. Thus as discussed in section 1.2,

λ_k ≈ S(ω_k) = S(πk/a) = exp{−πk(y_1 + y_2)/a}, and the spectral approximations are

B_u ≈ B̃_a(x_1, y_1; x_2, y_2) = ∞∑ k=1 1 a e^{− πka (y1+y2)} cos

[πk(x_2 − x_1) a ] , (35)

Figure 4: Comparison of the approximate correlation function with the exact result, for three different values of the cut-off parameter a, Δx = 0.01.

u ≈ ũ_a(x, y) = ∞∑ k=1 1 √ a exp{−π ky/a} [ξ_k cos[π k x/a)] + η_k sin[π k x/a)] (36)

where ξ_k and η_k are two mutually independent families of standard Gaussian random variables. Thus introducing the cut-off we can find the orthonormal set of eigen-functions of the eigen-value problem for the correlation operator (34):

h_{2k−1}(x, y) = cos(πkx/a) √ a √ 2π k a e^{− πkya} , h_{2k}(x, y) = sin(πkx/a) √ a √ 2π k a e^{− πkya} ,

λ_{2k−1} = λ_{2k} = a 2π k

, k = 1, 2, . . . , .

Note that the cut-off parameter a should be chosen large enough.

For illustration, we present in Figure 4 the approximation (35) for 3 different values of a compared against the exact representation (33). The numerical convergence is clearly seen as the cut-off parameter increases. Obviously, as mentioned at the end of section 1.2, the larger a, the larger the number of retained terms n, so that n ∼ a/ε where ε is the approximation error.

Finally we notice that the Theorem 3 proved above for the case of a disc holds also for the half-plane where the kernel K(ρ_1ρ_2; θ_2 − θ_1) should be replaced by the kernel (33). Thus if the random function g defined on the axis x, {(x, y) : y = 0} is a homogeneous random process with the correlation function B_g, then the correlation function of the solution B_u(x_1, y_1; x_2, y_2) = B_u(x_2 − x_1, y_2 + y_1) depends on x = x_2 − x_1 and y = y_2 + y_1, so B_u(x, y) is harmonic in D^+, with the boundary conditions B_u|_{y→0} = B_g. We will show now that this is true indeed for a half-space in any dimension. So let us give the result in more details. Here it is convenient to use the boldface chracter x for the horithontal coordinates, and y for the vertical one.

Theorem 5. Let u(x, y), x = (x_1, . . . x_{n−1}) be a random field defined in the half-space D_+ = IR^n_+ as a harmonic function with the boundary condition u|_{y=0} = g where g is a zero mean homogeneous random field on the boundary {y = 0} with the correlation function B_g(x) which is bounded in dimension n = 2, or tends to zero as |x| → ∞ if n > 2. Then B_u(x, y) = B_u(x_2 − x_1, y_1 + y_2), the correlation function of the solution, is a harmonic function in IR^n_+, and is related to B_g by the Poisson type formula:

B_u(x_2 − x_1, y_1 + y_2) =

Γ(n/2) π^{n/2} ∫ ∂D_+

(y_1 + y_2) B_g(x^′) dS(x^′) [(x^′ − (x_2 − x_1))^2 + (y_1 + y_2)^2]^{n/2}

. (37)

The proof is obtained by the same Fourier transform technique we used above.

Remark 3. We remark that exactly as in the case of a disc as discussed in Remark 2 to the Theorem 3, the same convolution relation (37) is true for the cross-correlation functions, we need only to write it for the kernel K_p: B_{u1u2} = K_p ∗ B_{g1g2} . Note that in the n-dimensional case, K_p has the form of the kernel given in (37).

In practice, it is often important to know the statistical structure of the gradient of the solution. Let us denote by B_{uxi} (x, y), i = 1, . . . , n−1, and B_{uy} (x, y) the correlation functions of the partial derivatives of the solution u. They obviously also depend only on x = x_2 − x_1 and y = y_1 + y_2 by the assumption that g is homogeneous. Direct evaluation gives

B_{uxi} = −

∂^2 B_u ∂x_i

, i = 1, . . . , n − 1, B_{uy} =

∂^2 B_u ∂^2y . Note that since the correlation function B_u is harmonic, this implies the following remarkable property: B_{uy} =^{n−1} ∑ i=1 B_{uxi} . So in dimension two, B_{uy} = B_{ux} .

3 3D Laplace equation.

For a ball in 3D, all considerations are quite similar, where the eigen-functions involved are the spherical harmonics. The regular solution to the harmonic equation in a 3D ball D(x_0, R) of radius R centered at a point x_0 is represented by the Poisson integral formula as an integral over the sphere S(x_0, R) = ∂D(x_0, R) [45]:

u(x) =

R^2 − r^2 4πR ∫ S(x_0, R)

g(y)dS_y |x − y|^{3/2}

for any point x ∈ D(x_0, R), where r = |x − x_0|.

In spherical coordinates centered at x_0 the Poisson formula reads

u(r, θ, φ) =

1 − ρ^2 4π 2π∫ 0 π∫ 0 sin(θ^′) g(θ^′, φ^′) dθ^′ dφ^′ [1 − 2ρ cos(ψ) + ρ^2]^{3/2}

(38)

where ρ = r/R, and ψ is the angle between the vectors s and s^′, which implies,

cos(ψ) = cos θ cos θ^′ + sin θ sin θ^′ cos(φ − φ^′) . (39)

Let g be a zero mean random field defined on the sphere S(x_0, R). It is called isotropic, if its correlation function B_g(s, s^′) depends only on the angular distance between s and s^′, i.e., only on the angle ψ as defined in (39). We say that a random field defined in a ball D(x_0, R) is partially isotropic in the ball if it is isotropic with respect to the angular coordinates. The statement of Theorem 1 for the 3D case can be formulated as follows.

Theorem 6. The solution of the Dirichlet problem in the ball D(x_0, R) with the white noise boundary function g(y) is an inhomogeneous 3D Gaussian random field uniquely defined by the correlation function

B_u = K_3(ρ_1ρ_2; ψ_{12}) ≡ 1 4π 1 − ρ^2_1ρ^2 [1 − 2ρ_1ρ_2 cos(ψ_{1,2}) + ρ^2_1ρ^2]^{3/2}

(40)

where cos(ψ_{1,2}) = cos θ_1 cos θ_2 +sin θ_1 sin θ_2 cos(φ_1 −φ_2) . The random field u(r, θ, φ) is partially isotropic in the ball, and its respective discrete spectral density has the form f_θ(0) = 1/4π, f_θ(k) = (ρ_1ρ_2)^k/2π, k = 1, . . .. Generally, if g is an isotropic random field on the sphere, the correlation function of the solutions B_u is related to B_g by B_u(ρ_1ρ_2; ψ) = K_3(ρ_1ρ_2; ψ−ψ^′)∗B_g(ψ^′) which implies that the solution u is partially isotropic in the ball, and the correlation function B_u is harmonic, with the prescribed boundary function B_g.

Proof. We use here also a series expansion method. Let us recall some definitions. The Legendre polynomials we denote by P_l(cos θ), - recall that these functions are defined on (−1, 1) as follows:

P_l(μ) = 1 2^l l!

d^l dμ^l

(μ^2 − 1)^l, l = 0, 1, . . . .

The associated Legendre polynomials P^m_l (μ), l = 0, 1, . . . ; m = 0, 1, . . . , l are defined via the (m)-derivatives of P_l(μ) as follows

P^m_l (μ) = (1 − μ^2)^{m/2}P^{(m)}(μ), l = 0, 1, . . . ; m = 0, 1, . . . , l .

Then, the system of spherical harmonics functions {Y^m_l (θ, φ)}, l = 0, 1, . . . ; m = 0, ±1, ±2, . . . , ±l is defined as follows

Y^m_l (θ, φ) = P^m_l (cos θ) cos(mφ), m = 0, 1, 2, . . . , l;

Y^m_l (θ, φ) = P^m_l (cos θ) sin(|mφ|), m = −1, −2, . . . . (41)

It is well known that this is a system of orthogonal functions complete in L_2(S), and

||Y^m_l ||^2 = π∫ 0 2π∫ 0 [Y^m_l (θ, φ)]^2 sin θ dθ dφ = 2π

1 + δ_{0m} 2l + 1

(l + |m|)! (l − |m|)! .

The following expansion is well known (e.g., see [45], [8]):

K(ρ, ψ) ≡

1 − ρ^2 [1 − 2ρ cos(ψ) + ρ^2]^{3/2}

= 1 + ∞∑ k=1 ρ^k (2k + 1) P_k(cos(ψ)) . (42)

For brevity, let us introduce the notation for the unit vectors, s^′, s_1 and s_2 defined by its direction angles (θ^′, φ^′), (θ_1, φ_1), and (θ_2, φ_2), respectively, and let

(s^′, s_1) = cos(ψ_1) = cos θ_1 cos θ^′ + sin θ_1 sin θ^′ cos(φ_1 − φ^′) (s^′, s_2) = cos(ψ_2) = cos θ_2 cos θ^′ + sin θ_2 sin θ^′ cos(φ_2 − φ^′) .

In what follows, we will sometimes use a shorter notation for the integration over a surface measure ds^′ on a unit sphere: ∫ ds = 2π∫ 0 π∫ 0 sin(θ^′)dθ^′ dφ^′ .

We use the expansion (42) in the following explicit evaluations:

B_u(ρ_1, s_1; ρ_2, s_2) = 1 (4π)^2 2π∫ 0 π∫ 0 (1 − ρ^2_1)(1 − ρ^2) sin(θ^′) dθ^′ dφ^′ [1 − 2ρ_1 cos(ψ_1) + ρ^2_1]^{3/2} [1 − 2ρ_2ρ_2 cos(ψ_2) + ρ^2]^{3/2} = 1 (4π)^2 ∫ [ 1+ ∞∑ k=1 ρ^k_1 (2k+1) P_k ((s^′, s_1)) ][ 1+ ∞∑ k=1 ρ^k_2 (2k+1) P_k ((s^′, s_2)) ] ds^′

= 1 4π [ 1 + ∞∑ k=1 (ρ_1ρ_2)^k (2k + 1)^2

P_k((s_1, s_2)) 2k + 1 ] . (43)

Here we used the following property: 1 4π ∫ P_l((s, s_1))P_k((s, s_2))ds =

P_k((s_1, s_2)) 2k + 1 δ_{kl} . (44)

This can be derived from the following property 1 4π ∫ P_k((s, s^′)) Y^m_l (s^′) ds^′ = 1 2l + 1

Y^m_l (s) δ_{lk} (45)

which in turn follows from

P_l((s, s^′)) = l∑ m=−l

κ_{lm} Y^m_l (s)Y^m_l (s^′) . (46)

Here the coefficients are given by

κ_{lm} = 2 (1 + δ_{0m})

(l − |m|)! (l + |m|)!

. (47)

Thus the last line of (43) gives the desired result (40) and the proof is complete. Now we use the series representation (43) to solve the eigen-problem for the correlation function ∫_1 0 dρ_2 ∫ B_u(ρ_1, s_1; ρ_2, s_2) h_l(ρ_2, s_2) ds_2 = λ_l h_l(ρ_1, s_1) . (48)

The next assertion follows immediately from the properties (44)-(46).

Theorem 7. The eigen-value problem (48) has a complete set of orthonormal eigen-functions and the relevant eigen-values (l = 0, 1, . . . , m = −l, . . . , l):

λ_l = 1 2l + 1

, h_l(ρ, s) = √ κ_{lm}(2l + 1) 4π Y^m_l · √ 2l + 1 ρ^l . (49)

The KL-expansions of the correlation function and the random field are given by

B_u(ρ_1, s_1; ρ_2, s_2) = 1 4π + 1 4π ∞∑ k=1 (2k + 1) ρ^k_1 ρ^k_2

{^k∑

m=−k

κ_{km} Y^m_k (s_1) Y^m_k (s_2) } ,

u(r, s) = ξ_0 √ 4π + 1 √ 4π ∞∑ k=1 √ 2k + 1 ρ^k

{^k∑

m=−k

ξ_{km} √ κ_{km} Y^m_k (s) } , where ξ_0, {ξ_{km}} are independent standard Gaussian random variables.

4 Biharmonic equation.

Let us consider the following problem for a biharmonic equation in a disc D = K(x_0, R), governing a slow viscous motion inside a circular cylinder of radius R [16]:

Δu^2(x) = 0, x ∈ D, u(y) = g_0(y), ∂u ∂n (y) = g_n(y) y ∈ Γ = ∂D, (50)

where n is the external normal vector.

In polar coordinates centered at x_0 with ρ = r/R the Poisson type integral formula reads [31]

u(r, θ) =

(1 − ρ^2)^2 2π 2π∫ 0 { − R 2[1 − 2ρ cos(θ − φ) + ρ^2] } g_n(φ) dφ

+ (1 − ρ^2)^2 2π 2π∫ 0 [1 − ρ cos(θ − φ)] [1 − 2ρ cos(θ − φ) + ρ^2]^2 g_0(φ) dφ . (51)

Assuming the random white noise excitations g_0 and g_n are independent, we decompose the random field into two independent components: u = u^{(1)} + u^{(2)}. Then, the covariance of u is the sum of covariances of u^{(1)} and u^{(2)}. From (51) we obtain

B_u = ⟨u(r_1, θ_1) u(r_2, θ_2)⟩ =

R^2 4 (1 − ρ^2_1)(1 − ρ^2) B_Δ(ρ_1, θ_1; ρ_2, θ_2) (52) + 1 (2π)^2 2π∫ 0 (1 − ρ^2_1)^2 (1 − ρ_1 cos(θ_1 − φ)) [1 + ρ^2_1 − 2ρ_1 cos(θ_1 − φ)]^2 · (1 − ρ^2)^2 (1 − ρ_2 cos(θ_2 − φ)) [1 + ρ^2 − 2ρ_2 cos(θ_2 − φ)]^2 dφ

where B_Δ is the covariance of the solution of the Dirichlet problem for the Laplace equation given in Theorem 1.

To tackle the second term which represents the covariance of the second component, u^{(2)}, we first remark that 1 2π 2π∫ 0 (1 − ρ^2)^2 (1 − ρ cos(θ − φ)) [1 + ρ^2 − 2ρ cos(θ − φ)]^2 cos(kφ) dφ = [ 1 + k 2 ((1 − ρ^2) ] ρ^k cos(kθ) (53)

1 (2π) 2π∫ 0 (1 − ρ^2)^2 (1 − ρ cos(θ − φ)) [1 + ρ^2 − 2ρ cos(θ − φ)]^2 sin(kφ) dφ = [ 1 + k 2 ((1 − ρ^2) ] ρ^k sin(kθ) . (54)

Figure 5: Angular correlation function for the biharmonic equation, compared against the correlation function for the Laplace equation with Dirichlet boundary conditions.

This can be shown as follows. First we note that by differentiating with respect to ρ we obtain the following useful equality 2 ∞∑ k=1 k ρ^k cos(kθ) = ρ ( 2 ∞∑ k=1 ρ^k cos(kθ)

)_′ = −4ρ^2 + 2ρ^3 cos θ + 2 ρ cos θ [1 + ρ^2 − 2ρ cos θ]^2 . Now, combining with the expansion (8) we find that the kernel in the eigen-value problem (53), (54) is represented as the following series

K(ρ; θ − φ) = 1 2π (1 − ρ^2)^2 (1 − ρ cos(θ − φ)) [1 + ρ^2 − 2ρ cos(θ − φ)]^2 = 1 − ρ^2 2π ∞∑ k=1 k ρ^k cos[k(θ − φ)]

+ 1 2π + 1 π ∞∑ k=1 ρ^k cos[k(θ − φ)]

= 1 2π + 1 π ∞∑ k=1 [(1 − ρ2) k 2 + 1 ] ρ^k cos[k(θ − φ)] . (55)

Substituting this representation in the eigen-value problem we arrive at (53), (54). The covariance can be evaluated by substituting the series expansion (55) in (52). This yields

B_u(2) = 1 2π + 1 π ∞∑ k=1 [(1 − ρ2_1) k 2 + 1 ][(1 − ρ2) k 2 + 1 ] ρ^k_1 ρ^k_2 cos[k(θ_1 − θ_2)] .

Analogously to the case of Laplace equation, we consider the eigen-value problem for the covariance kernel:_{2π} ∫ 0 dθ_1 1∫ 0 dρ_1 B_u(2) (ρ_1, θ_1; ρ_2, θ_2) h_k(ρ_1, θ_1) = λ_k h_k(ρ_2, θ_2) . (56)

Let us introduce the notation:

Δ_k = 1∫ 0 [(1 − ρ^2) k 2 + 1 ]_2

ρ^{2k} dρ .

Using the series expansion of the kernel, it is not difficult to find that the eigen-value problem has the following system of eigen-functions and eigen-values:

λ_0 = 1, h_0 = 1 √ 2π ; λ_{2k−1} = λ_{2k} = Δ_k;

h_{2k−1}(ρ, φ) =

[(1 − ρ2)k 2 + 1 ] ρk √ Δ_k · cos[k(θ)] π^{1/2} ; h_{2k}(ρ, φ) =

[(1 − ρ2)k 2 + 1 ] ρk √ Δ_k · sin[k(θ)] π^{1/2}

; k = 1, 2, . . .

where the eigen-functions are orthonormal to one another: 1∫ 0 2π∫ 0 h_n(ρ, θ) h_m(ρ, θ) dρ dθ = δ_{nm} .

From this we finally arrive at the Karhunen-Loève expansion

u^{(2)}(r, θ) = ξ_0 √ 2π + 1 √ π ∞∑ k=1 [(1 − ρ2) k 2 + 1 ] ρ^k [ ξ_k cos kθ + η_k sin kθ ] . (57)

The first component is obviously represented as u^{(1)}(r, θ) =^{R(1−ρ2 )}_2 u(r, θ), where u(r, θ) is modeled by the KL-expansion given in (13).

In Figure 5 we show the angular behaviour of the correlation function of the solution to the biharmonic equation compared against the correlation function for the Laplace equation. In both cases, the correlations are plotted for the fixed values of ρ taken equal to 0.5, and R = 1.

5 Lamé equation. Plane elasticity problem.

5.1 White noise excitations.

Let us consider the plane elasticity problem in the disc K(x_0, R):

μ Δu(x) + (λ + μ) grad div u(x) = 0, x ∈ K(x_0, R), u(y) = g(y), y ∈ S(x_0, R) (58)

where u = (u_1, u_2)^T is the displacement column-vector which is prescribed on the boundary as a column-vector g = (g_1, g_2)^T .

Let us work in polar coordinates centered at x_0, so that the point x is r e^{i θ}, and on the boundary, y = R e^{i φ}, and as everywhere above, ρ = r/R.

Let us recall that the kernel in the Poisson integral formula (5) for the Laplace equation given explicitly by (8), has in the polar coordinates the form

K(ρ; θ − φ) = 1 2π 1 − ρ^2 1 − 2ρ cos(θ − φ) + ρ^2

. (59)

The Poisson type integral formula for the solution to the Lamé equation (58), derived in [34], can be rewritten as follows:

u(r e^{i θ}) = 2π∫ 0 K(ρ; θ − φ) B(ρ; θ, φ) g(R e^{i φ}) dφ (60)

where the matrix B has the form

B = I + λ + μ λ + 3μ

Q_{11} Q_{12} Q_{21} Q_{22}

, (61)

with the entries given explicitly by

Q_{11} = cos(2φ) − ρ cos(θ + φ) + cos(2φ) − 2 ρ cos(θ + φ) + ρ^2 cos(2θ) 1 + ρ^2 − 2ρ cos(θ − φ)

, (62)

Q_{12} = sin(2φ) − ρ sin(θ + φ) + sin(2φ) − 2 ρ sin(θ + φ) + ρ^2 sin(2θ) 1 + ρ^2 − 2ρ cos(θ − φ)

, (63)

and Q_{22} = −Q_{11}, Q_{21} = Q_{12}, I being an identity matrix.

This form of the Poisson type integral formula is simple and convenient to use in numerical simulations (e.g., see [35]). However it is seen that in contrast to all of the above considered cases, the matrix kernel has loosed the nice property of depending only on the difference of the angles θ and φ. This property is crucial for our analysis. This in turn is related to the probabilistic property of the solutions considered as random fields, namely, that these solutions are homogeneous with respect to the angular variable.

From the physical and probabilistic points of view, it is clear that the solution of the Lamé equation should be homogeneous with respect to the angular variable if the boundary functions are homogeneous random functions, in particular, when they are white noises. This means, we can try to find a transformation which leads to a Poisson integral formula with a matrix kernel depending only on the difference θ − φ. It turns out that this can be done by a proper transformation of the vector u = (u_1, u_2)^T to polar coordinates.

So let us turn to the expansion of our displacement vector u in polar coordinates

u = u_r e_r + u_θ e_θ ,

where e_r, e_θ are unit vectors in directions r and θ, respectively. Then, the vectors (u_1, u_2)^T and (u_r, u_θ)^T are related through a rotation, u1(r, θ) u_2(r, θ) = cos θ − sin θ

sin θ cos θ ur(r, θ) u_θ(r, θ) , (64)

and conversely, ur(r, θ) u_θ(r, θ) = R_{Tθ} u1(r, θ) u_2(r, θ)

where we use the notation for the rotation matrix

R_θ = cos θ − sin θ sin θ cos θ

, (65)

and R^T_θ means the transpose to R_θ.

Then, the Poisson integral formula (60) can be obviously rewritten as follows

ur(r, θ) u_θ(r, θ) = R_{Tθ} 2π∫ 0 K(ρ; θ − φ)

1 + βQ11 βQ12 β Q_{12} 1 − β Q_{11} R_φ gr(R e^{i φ})

g_θ(R e^{i φ}) dφ (66)

where β =^{λ+μ}_{λ+3μ} .

After some transformations we come to the desired form of the Poisson integral formula

u_r(r, θ) u_θ(r, θ) = 1 λ + 3μ 2π∫ 0 K(ρ; θ − φ)

G_{11} G_{12} G_{21} G_{22} g_r(R e^{i φ}) g_θ(R e^{i φ}) dφ (67)

where the entries of the new matrix kernel G = G(θ − φ) are

G_{11} = [2(λ + 2μ) cos(θ − φ) − (λ + μ)ρ] + (λ + μ) cos(θ − φ) − 2ρ + ρ^2 cos(θ − φ) 1 + ρ^2 − 2ρ cos(θ − φ) , G_{12} = 2μ sin(θ − φ) − (λ + μ)

(1 − ρ^2) sin(θ − φ) 1 + ρ^2 − 2ρ cos(θ − φ) , G_{21} = − 2(λ + 2μ) sin(θ − φ) − (λ + μ)

(1 − ρ^2) sin(θ − φ) 1 + ρ^2 − 2ρ cos(θ − φ)

, (68)

G_{22} = [2μ cos(θ − φ) + (λ + μ)ρ] − (λ + μ) cos(θ − φ) − 2ρ + ρ^2 cos(θ − φ) 1 + ρ^2 − 2ρ cos(θ − φ) .

We are now in a position to formulate and solve the eigen-value problem for the integral operator with the matrix-kernel of the Poisson type integral (67)

L(ρ; θ − φ) = 1 λ + 3μ

K(ρ; θ − φ) G(ρ; θ − φ) . (69)

The eigen-value problem is written as the following system 2π∫ 0 L(ρ; θ − φ) h_1(φ) h_2(φ) dφ = λ h_1(θ) h2(θ)

. (70)

Theorem 7. The eigen-value problem (70) has the following system of eigen-values and eigenfunctions (k = 1, 2, . . . ) :

λ_{2k−1} = λ_{2k} = ρ^{k−1}, h1,2k−1 h_{2,2k−1} = sin kθ cos kθ , h1,2k h_{2,2k} = − cos kθ sin kθ ,

and for the case k = 2, for λ_3 = λ_4 = ρ, there is a third eigen-function h^′_{1,3} h^′_{2,3} = 1 1 .

Proof. In the proof, we expand the matrix kernel in the Fourier series. In the expansion, we will use the following formulae simply obtained via differentiations:

1 − ρ^2 1 + ρ^2 − 2ρ cos θ

= 1 + 2 ∞∑ k=1 ρ^k cos (kθ) ,

ρ sin θ 1 + ρ^2 − 2ρ cos θ = ∞∑ k=1 ρ^k sin (kθ) ,

ρ (cos θ − 2ρ + ρ^2 cos θ) (1 + ρ^2 − 2ρ cos θ)^2 = ∞∑ k=1 k ρ^k cos (kθ) ,

ρ sin θ (1 − ρ^2) (1 + ρ^2 − 2ρ cos θ)^2 = ∞∑ k=1 k ρ^k sin (kθ) .

Substituting these representations in the functions (68), after some evaluations we obtain the following series expansions for the kernel L:

L_{11} = ρ 2π + 1 2π (λ + 3μ) ∞∑ k=1 [ 2μ ρ +

2(λ + 2μ) ρ + k (λ + μ)(1 − ρ^2) ρ ] ρ^k cos[k(θ − φ)] ,

L_{12} = 1 2π (λ + 3μ) ∞∑ k=1 [ 2μ ρ − 2μρ − k (λ + μ)(1 − ρ^2) ρ ] ρ^k sin[k(θ − φ)] ,

L_{21} = 1 2π (λ + 3μ) ∞∑ k=1 [ 2(λ + 2μ) ρ −

2(λ + 2μ) ρ − k (λ + μ)(1 − ρ^2) ρ ] ρ^k sin[k(θ − φ)] ,

L_{22} = ρ 2π + 1 2π (λ + 3μ) ∞∑ k=1 [ 2(λ + 2μ) ρ + 2μ ρ − k (λ + μ)(1 − ρ^2) ρ ] ρ^k cos[k(θ − φ)] . (71)

Note that each of these series could be written in the form of a power series a_1ρ+a_2ρ_2 +a_3ρ^3 + . . . , however as we will see below, the form (71) is very convenient when solving the eigen-value problem for the correlation operator. Let us introduce the notations

λ_{11}(ρ, k) = 1 2(λ + 3μ) [ 2μ ρ +

2(λ + 2μ) ρ + k (λ + μ)(1 − ρ^2) ρ ] , λ_{12}(ρ, k) = 1 2(λ + 3μ)

[ 2μ ρ − 2μρ − k (λ + μ)(1 − ρ^2) ρ ] , λ_{21}(ρ, k) = 1 2(λ + 3μ) [ 2(λ + 2μ) ρ −

2(λ + 2μ) ρ − k (λ + μ)(1 − ρ^2) ρ ] , λ_{22}(ρ, k) = 1 2(λ + 3μ) [ 2(λ + 2μ) ρ + 2μ ρ − k (λ + μ)(1 − ρ^2) ρ ] . (72)

From the expansions (71) we find that

2π∫ 0 L_{11}(ρ; θ − φ) sin kφ cos kφ dφ = λ_{11}(ρ, k) ρ_k sin kθ cos kθ ,

2π∫ 0 L_{12}(ρ; θ − φ) cos kφ sin kφ dφ = λ12(ρ, k) ρ^k sin kθ − cos kθ , 2π∫ 0 L_{21}(ρ; θ − φ) sin kφ cos kφ dφ = λ_{21}(ρ, k) ρ_k − cos kθ sin kθ ,

2π∫ 0 L_{22}(ρ; θ − φ) cos kφ sin kφ dφ = λ22(ρ, k) ρ^k cos kθ sin kθ

. (73)

Now, by substituting these equalities in the eigen-value problem (70) and taking into account that λ_{11}(ρ, k) + λ_{12}(ρ, k) = ρ^{−1}, −λ_{21}(ρ, k) + λ_{22}(ρ, k) = ρ^{−1}, we find the solution of the eigenvalue problem for k = 1, 2 . . .. The existence of the eigen-function (1, 1)^T for λ_3 = ρ follows from the properties_{2π} ∫ 0 L_{11}(ρ; θ − φ) · 1 dφ = ρ, 2π∫ 0 L_{22}(ρ; θ − φ) · 1 dφ = ρ, 2π∫ 0 L_{12}(ρ; θ − φ) · 1 dφ = 0, 2π∫ 0 L_{21}(ρ; θ − φ) · 1 dφ = 0 .

The proof is complete.

We turn now to the derivation of the correlation tensor of the solution,

B_u(ρ_1, θ_1; ρ_2, θ_2) = u(r_1, θ_1) ⊗ u(r_2, θ_2) ≡ ⟨ u^r(r^1, θ^1)

u_θ(r_1, θ_1)

(u_r(r_2, θ_2) , u_θ(r_2, θ_2)⟩ (74)

assuming the boundary random vector-function g has a Gaussian distribution specified by the zero mean and covariance tensor

B_g(φ_1, φ_2) = ⟨ g^r(φ^1)

g_θ(φ_1)

(gr(φ2) , gθ(φ2) ⟩ . We use here and in what follows the following notation for v ⊗u, a tensor product of two vectors: v ⊗ u = v u^T .

The Poisson integral formula (67) reads

u_r(r, θ) u_θ(r, θ) = 2π∫ 0 L_{11}(ρ; θ − φ) L_{12}(ρ; θ − φ) L_{21}(ρ; θ − φ) L_{22}(ρ; θ − φ) g_r(R e^{i φ}) g_θ(R e^{i φ}) dφ . (75)

Substituting this representation in (74) and changing the relevant product of integral expressions by double integrals, we arrive at the following representation

B_u(ρ_1, θ_1; ρ_2, θ_2) = 2π∫ 0 2π∫ 0 L(ρ_1; θ_1 − φ^′) B_g(φ^′, φ^{′′}) L^T (ρ_2; θ_2 − φ^{′′}) dφ^′ dφ^{′′} . (76)

Let us again first consider the case when the boundary vector-function g is a white noise, namely, assume that B_g(φ_1, φ_2) = δ(φ1 − φ2) 0 0 δ(φ_1 − φ_2) . (77) Note that this property then holds also in rectangular coordinates (see (95) below). Then, from (76) we obtain

B_u(ρ_1, θ_1; ρ_2, θ_2) = 2π∫ 0 L(ρ_1; θ_1 − φ) L^T (ρ_2; θ_2 − φ) dφ . (78)

Theorem 8. The exact Karhunen-Loève representations for the covariance tensor and the random field (u_r, u_θ)^T which solves the Lamé equation under the boundary white noise excitations with the covariance tensor (77) are given by

B_u(ρ_1, θ_1; ρ_2, θ_2) = (79)

ρ_1 ρ_2

2π +^1_π^∞ ∑ k=1 Λ_{11} ρ^k_1 ρ^k_2 cos [k(θ_2 − θ_1)]^1_π^∞ ∑ k=1 Λ_{12} ρ^k_1 ρ^k_2 sin [k(θ_2 − θ_1)]

1 π ∞∑ k=1 Λ_{21} ρ^k_1 ρ^k_2 sin [k(θ_2 − θ_1)]^{ρ1 ρ2}_{2π} +^1_π^∞ ∑ k=1 Λ_{22} ρ^k_1 ρ^k_2 cos [k(θ_2 − θ_1)]

Λ_{11} = λ_{11}(ρ_1, k) λ_{11}(ρ_2, k) + λ_{12}(ρ_1, k) λ_{12}(ρ_2, k), Λ_{12} = λ_{11}(ρ_1, k) λ_{21}(ρ_2, k) − λ_{12}(ρ_1, k) λ_{22}(ρ_2, k), Λ_{21} = λ_{22}(ρ_1, k) λ_{12}(ρ_2, k) − λ_{21}(ρ_1, k) λ_{11}(ρ_2, k), Λ_{22} = λ_{22}(ρ_1, k) λ_{22}(ρ_2, k) + λ_{21}(ρ_1, k) λ_{21}(ρ_2, k) , (80) and u_r(r, θ) = ξ_0 ρ 2π + 1 π ∞∑ k=1 λ_{11} ρ^k [ ξ_k cos kθ + η_k sin kθ ]

+ 1 π ∞∑ k=1 λ_{12} ρ^k [ − η^′_k cos kθ + ξ^′_k sin kθ ] , (81)

u_θ(r, θ) = ξ^′_0 ρ 2π + 1 π ∞∑ k=1 λ_{21} ρ^k [ − η_k cos kθ + ξ_k sin kθ ]

+ 1 π ∞∑ k=1 λ_{22} ρ^k [ ξ^′_k cos kθ + η^′_k sin kθ ] , (82)

where {ξ_k, η_k} and {ξ^′_k, η^′_k}, k = 0, 1, 2, . . . are two independent families of standard independent gaussian random variables. Thus the random field is homogeneous with respect to the angular variable, and the respective partial spectra are: S_{mm}(k) =^1_π Λ_{mm}ρ^k_1 ρ^k_2 , S_{mm}(0) = ρ_1ρ_2/2π, and for n ≠ m the spectrum is pure imaginary: S_{mn}(k) = i^1_π Λ_{mn}ρ^k_1 ρ^k_2 .

Proof. To get the expansion of the correlation tensor (79), we substitute the expansions (71) in (78) and use the eigen-function properties (73).

To construct the explicit simulation formula (81), (82) for our random field, we first split it into two independent Gaussian random fields:

u(r, θ) = V_1(r, θ) + V_2(r, θ) .

We will show now that for each of these random fields we can obtain a Karhunen-Loève expansion. We introduce four single mode vector functions

h_{1k}(ρ, θ) = λ_{11}(ρ, k) cos kθ λ_{21}(ρ, k) sin kθ

, h̃1k(ρ, θ) = λ_{11}(ρ, k) sin kθ − λ_{21}(ρ, k) cos kθ

, (83)

h_{2k}(ρ, θ) =

− λ_{12}(ρ, k) cos kθ λ_{22}(ρ, k) sin kθ

, h̃2k(ρ, θ) = λ_{12}(ρ, k) sin kθ λ_{22}(ρ, k) cos kθ

. (84)

Here the modes are indexed by k = 1, 2 . . ., while the subindexes_1 and_2 stand for the first and second series of eigen-functions.

Note that these vectors are pairwise orthogonal: ∫_1 0 dρ ∫_{2π} 0 dθ h_{1k} · h̃_{1k} = 0,

∫_1 0 dρ ∫_{2π} 0 dθ h_{2k} · h̃_{2k} = 0,

as well as the two following vectors are orthogonal:

h_0 = ρ√ 2π 0 . h̃0 =

0_ρ √ 2π . It is now a matter of technical evaluations to find that the correlation tensor can be represented in the form:

B_u(ρ_1, θ_1; ρ_2, θ_2) = h_0(ρ_1) · h^T_0 (ρ_2) (85) + 1 π^2 ∞∑ k=1 {h_{1k}(ρ_1, θ_1)h^T_{1k}(ρ_2, θ_2) + h̃_{1k}(ρ_1, θ_1) h̃^T_{1k}(ρ_2, θ_2)} ρ^k_1 ρ^k_2

+h̃_0(ρ_1) · h̃^T_0 (ρ_2) (86) + 1 π^2 ∞∑ k=1 {h_{2k}(ρ_1, θ_1)h^T_{2k}(ρ_2, θ_2) + h̃_{2k}(ρ_1, θ_1) h̃^T_{2k}(ρ_2, θ_2)}ρ^k_1 ρ^k_2 .

This follows from the easily verified representation

h_{1k}(ρ_1, θ_1) h^T_{1k}(ρ_2, θ_2) + h̃_{1k}(ρ_1, θ_1) h̃^T_{1k}(ρ_2, θ_2) = λ11(ρ1, θ1) λ11(ρ2, θ2) cos[k(θ2 − θ1)] λ11(ρ1, θ1) λ21(ρ2, θ2) sin[k(θ2 − θ1)] − λ_{21}(ρ_1, θ_1) λ_{11}(ρ_2, θ_2) sin[k(θ_2 − θ_1)] λ_{21}(ρ_1, θ_1) λ_{22}(ρ_2, θ_2) cos[k(θ_2 − θ_1)] and h_{2k}(ρ_1, θ_1) h^T_{2k}(ρ_2, θ_2) + h̃_{2k}(ρ_1, θ_1) h̃^T_{2k}(ρ_2, θ_2) = λ_{12}(ρ_1, θ_1) λ_{12}(ρ_2, θ_2) cos[k(θ_2 − θ_1)] − λ_{12}(ρ_1, θ_1) λ_{22}(ρ_2, θ_2) sin[k(θ_2 − θ_1)] λ_{22}(ρ_1, θ_1) λ_{12}(ρ_2, θ_2) sin[k(θ_2 − θ_1)] λ_{22}(ρ_1, θ_1) λ_{22}(ρ_2, θ_2) cos[k(θ_2 − θ_1)] .

So we can see from (85) that the first and the second pairs of lines present the covariances of the first and second vectors in our splitting, respectively:

B_u = ⟨u(r_1, θ_1) · u^T (r_2, θ_2)⟩ = ⟨V_1(r_1, θ_1) · V^T_1 (r_2, θ_2)⟩ + ⟨V_2(r_1, θ_1)V^T_2 (r_2, θ_2)⟩ ,

thus,

B_{V1} = h_0(ρ_1) · h^T_0 (ρ_2) + ∞∑ k=1 {h_{1k}(ρ_1, θ_1) h^T_{1k}(ρ_2, θ_2)h̃_{1k}(ρ_1, θ_1) h̃^T_{1k}(ρ_2, θ_2)} ρ^k_1 ρ^k_2 ,

B_{V2} = h̃_0(ρ_1) · h̃^T_0 (ρ_2) + ∞∑ k=1 {h_{2k}(ρ_1, θ_1) h^T_{2k}(ρ_2, θ_2) + h̃_{2k}(ρ_1, θ_1) h̃^T_{2k}(ρ_2, θ_2)}ρ^k_1 ρ^k_2

where B_{V1} = ⟨V_1(r_1, θ_1) · V^T_1 (r_2, θ_2)⟩ B_{V2} = ⟨V_2(r_1, θ_1)V^T_2 (r_2, θ_2)⟩ .

Note that each part, i.e., B_{V1} and B_{V2} , is represented as an orthogonal-mode expansion. Therefore, we can construct a KL-expansion for our random fields V_1 and V_2. We have not yet normalized the eigen-functions. We can do it through dividing the angular modes by √ π, and the radial modes by Δ_1(k) =

∫_1 0 (λ^2_{11} + λ^2_1) ρ^{2k} dρ, the first family of eigenfunctions (83), and by Δ_2(k) =

∫_1 0 (λ^2_{12} + λ^2_2) ρ^{2k} dρ , the second family of eigen-functions (84).

We then collect the orthonormal eigen-modes in one family:

H^{(1)}_{2k−1} = 1 √ Δ_1(k) π h_{1k}(ρ, θ), H^{(1)}_{2k} = 1 √ Δ_1(k) π h̃_{1k}(ρ, θ), k = 1, 2, . . . and H^{(2)}_{2k−1} = 1 √ Δ_2(k) π h_{2k}(ρ, θ), H^{(2)}_{2k} = 1 √ Δ_2(k) π h̃_{2k}(ρ, θ), k = 1, 2, . . .

Then, the orthonormal functions H^{(1)}_k and H^{(2)}_k are eigen-functions of the covariance tensors B_{V1} and B_{V2} , respectively, with the corresponding eigen-values Δ_1(k) and Δ_2(k): 1∫ 0 2π∫ 0 B_{Vm} · H^{(m)}_k (ρ_2, θ_2) dρ_2 dθ_2 = Δ_m(k) H^{(m)}_k (ρ_1, θ_1) , m = 1, 2 .

We can now construct a KL-expansion for the random field V_1(r, θ) in the form

V_1(r, θ) = ∞∑ k=1 ζ_kH^{(1)}_k (ρ, θ)

where ζ_k are gaussian random variables such that

⟨ζ_kζ_j⟩ = Δ_1(k) δ_{jk} ,

and the same for V_2(r, θ).

Putting these expansions together we finally arrive at the desired representation

u_r(r, θ) = ξ_0 ρ 2π + 1 π ∞∑ k=1 λ_{11} ρ^k [ ξ_k cos kθ + η_k sin kθ ]

+ 1 π ∞∑ k=1 λ_{12} ρ^k [ − η^′_k cos kθ + ξ^′_k sin kθ ] ,

Figure 6: Correlations B_{11} (left panel) and B_{22} (right panel) for the Lamé equation, for different values of the elasticity parameter α; ρ_1 = ρ_2 = 0.3.

u_θ(r, θ) = ξ^′_0 ρ 2π + 1 π ∞∑ k=1 λ_{21} ρ^k [ − η_k cos kθ + ξ_k sin kθ ]

+ 1 π ∞∑ k=1 λ_{22} ρ^k [ ξ^′_k cos kθ + η^′_k sin kθ ]

where {ξ_k, η_k} and {ξ^′_k, η^′_k}, k = 0, 1, 2, . . . are two independent families of standard independent gaussian random variables.

Finally note that the spectra given in the theorem are obtained immediately from the representation (79). This completes the proof of Theorem 8.

It is interesting to note that we could obtain these expressions by substituting formally a generalized representation of the boundary white noises on the circle

g_1(φ) = ξ_0 2π + 1 π ∞∑ k=1 [ ξ_k cos kφ + η_k sin kφ ]

g_2(φ) = ξ^′_0 2π + 1 π ∞∑ k=1 [ ξ^′_k cos kφ + η^′_k sin kφ ]

into the Poisson formula (67) with the kernels given by the series expansions (71). But the justification would then need to work with generalized stochastic processes.

In the Figure 6 - 10 presented below we show the longitudinal correlation function B_{11}, the transverse correlation function B_{22}, and the cross-correlation functions B_{12} and B_{21}, in polar coordinates, as well as in rectangular coordinates. Figure 6 presents the angular behaviour of B_{11} for 5 different values of the elasticity constant α (left panel), and the same for B_{22} (right panel). The relevant cross-correlations are shown in Figure 7. The radial behaviour of B_{11} and B_{22} is shown in Figure 8. As is clearly seen from all these curves, the angular behaviour is periodic. When plotting these functions in rectangular coordinates, we get a complicated behaviour shown

Figure 7: Correlations B_{12} (left panel), for different values of the elasticity parameter α. The same curves are shown in the right panel, superimposed by the relevant correlations B_{21}; ρ_1 = ρ_2 = 0.3.

Figure 8: Radial correlations B_{11} (left panel), and B_{22} (right panel), for different values of the starting point ρ_1. Lamé equation, λ = 2222, μ = 2.

Figure 9: Angular correlations in rectangular coordinates, B^{rec}_{11} (left panel), and B^{rec}_{22} (right panel), for different values of the starting angle θ; ρ_1 = ρ_2 = 0.3.

Figure 10: Angular correlations in rectangular coordinates, B^{rec}_{12} (left panel), and B^{rec}_{21} (right panel), for different values of the starting angle θ; ρ_1 = ρ_2 = 0.3.

in Figures 9 -10, where the correlations depend on the starting angle θ; we present the curves for different values of θ, see Figures 9 and 10.

5.2 General case of homogeneous excitations.

We have so far considered the case when the boundary functions g_1 and g_2 are two independent white noise processes. We will see now that the general case when g_1 and g_2 are some arbitrary dependent homogeneous processes, is basically derived from the white noise case. Thus assume we are given two homogeneous zero mean processes g_1 and g_2 with the correlation tensor B_g(φ_2 − φ_2), with the entries B_{g,ij}, i, j = 1, 2. As shown above, the correlation tensor of the solution B_u is related to B_g by the double integral representation (76). Changing the integration variable φ^{′′} to a new integration variable ψ by φ^{′′} − φ^′ = ψ we obtain from (76) for u = (u_ρ, u_θ)^T :

B_u(ρ_1, θ_1; ρ_2, θ_2) = 2π∫ 0 2π∫ 0 L(ρ_1; θ_1 − φ^′) B_g(ψ) L^T (ρ_2; θ_2 − ψ − φ^′) dφ^′ dψ . (87)

The idea is now to evaluate explicitly the inner integral with respect to φ^′ using the series expansions for the kernel L(ρ, θ) given above in (71). We now rewrite the relation (87) in a different form. We construct from the correlation tensor B_u a column-vector function B̂_u as follows B̂_u = (B_{u,11}, B_{u,12}, B_{u,21}, B_{u,22})^T . Analogously, we use the notation B̂_g for the columnvector B̂_g = (B_{g,11}, B_{g,12}, B_{g,21}, B_{g,22})^T . Using this notation, we can rewrite (87) as follows

B̂_u(ρ_1, θ_1; ρ_2, θ_2) = 2π∫ 0 2π∫ 0 L(ρ_1; θ_1 − φ^′) ⊗ L(ρ_2; θ_2 − ψ − φ^′) B̂_g(ψ) dφ^′ dψ . (88)

Here we denote by ⊗ a tensor product of two matrices which is defined in our case as a 4 × 4 matrix, represented as a 2×2-block matrix each block being a 2×2 matrix of the form L_{ij}(ρ_1; θ_1 − φ^′)L(ρ_2; θ_2 − ψ − φ^′), i, j = 1, 2.

We will now evaluate explicitly all the 16 entries a_{ij} of the matrix A = 2π∫ 0 L(ρ_1; θ_1 − φ^′) ⊗ L(ρ_2; θ_2 − ψ − φ^′) dφ^′ . (89)

Substituting the series representation of the matrix L given by (71) in (89) we obtain after a long but simple calculations

a_{11} = ρ_1ρ_2 2π + 1 π ∞∑ k=1 λ_{11}(ρ_1, k)λ_{11}(ρ_2, k) ρ^k_1 ρ^k_2 cos [k(θ_2 − θ_1 − ψ)]

a_{12} = 1 π ∞∑ k=1 λ_{11}(ρ_1, k)λ_{12}(ρ_2, k) ρ^k_1 ρ^k_2 sin [k(θ_2 − θ_1 − ψ)]

a_{13} = − 1 π ∞∑ k=1 λ_{12}(ρ_1, k)λ_{11}(ρ_2, k) ρ^k_1 ρ^k_2 sin [k(θ_2 − θ_1 − ψ)]

a_{14} = 1 π ∞∑ k=1 λ_{12}(ρ_1, k)λ_{12}(ρ_2, k) ρ^k_1 ρ^k_2 cos [k(θ_2 − θ_1 − ψ)] (90) a_{21} = 1 π ∞∑ k=1 λ_{11}(ρ_1, k)λ_{21}(ρ_2, k) ρ^k_1 ρ^k_2 sin [k(θ_2 − θ_1 − ψ)]

a_{22} = ρ_1ρ_2 2π + 1 π ∞∑ k=1 λ_{11}(ρ_1, k)λ_{22}(ρ_2, k) ρ^k_1 ρ^k_2 cos [k(θ_2 − θ_1 − ψ)]

a_{23} = 1 π ∞∑ k=1 λ_{12}(ρ_1, k)λ_{21}(ρ_2, k) ρ^k_1 ρ^k_2 cos [k(θ_2 − θ_1 − ψ)]

a_{24} = − 1 π ∞∑ k=1 λ_{12}(ρ_1, k)λ_{22}(ρ_2, k) ρ^k_1 ρ^k_2 sin [k(θ_2 − θ_1 − ψ)] (91)

a_{31} = − 1 π ∞∑ k=1 λ_{21}(ρ_1, k)λ_{11}(ρ_2, k) ρ^k_1 ρ^k_2 sin [k(θ_2 − θ_1 − ψ)]

a_{32} = 1 π ∞∑ k=1 λ_{21}(ρ_1, k)λ_{12}(ρ_2, k) ρ^k_1 ρ^k_2 cos [k(θ_2 − θ_1 − ψ)]

a_{33} = ρ_1ρ_2 2π + 1 π ∞∑ k=1 λ_{22}(ρ_1, k)λ_{11}(ρ_2, k) ρ^k_1 ρ^k_2 cos [k(θ_2 − θ_1 − ψ)]

a_{34} = 1 π ∞∑ k=1 λ_{22}(ρ_1, k)λ_{12}(ρ_2, k) ρ^k_1 ρ^k_2 sin [k(θ_2 − θ_1 − ψ)] (92)

a_{41} = 1 π ∞∑ k=1 λ_{21}(ρ_1, k)λ_{21}(ρ_2, k) ρ^k_1 ρ^k_2 cos [k(θ_2 − θ_1 − ψ)]

a_{42} = − 1 π ∞∑ k=1 λ_{21}(ρ_1, k)λ_{22}(ρ_2, k) ρ^k_1 ρ^k_2 sin [k(θ_2 − θ_1 − ψ)]

a_{43} = 1 π ∞∑ k=1 λ_{22}(ρ_1, k)λ_{21}(ρ_2, k) ρ^k_1 ρ^k_2 sin [k(θ_2 − θ_1 − ψ)]

a_{44} = ρ_1ρ_2 2π + 1 π ∞∑ k=1 λ_{22}(ρ_1, k)λ_{22}(ρ_2, k) ρ^k_1 ρ^k_2 cos [k(θ_2 − θ_1 − ψ)] . (93)

Thus we see from these formulae that the entries of the matrix A depend on the difference θ = θ_2 − θ_1, hence the correlation tensor B_u also depends on θ = θ_2 − θ_1, and from (88), (89) we arrive at the desired convolution representation

B̂_u(ρ_1, ρ_2; θ) = 2π∫ 0 A(ρ_1, ρ_2; θ − ψ) B̂_g(ψ) dψ . (94)

Note that if the boundary correlation tensor B_g is given by its spectral expansion, we can express the correlation tensor of the solution through the spectra. For instance, assuming the spectral tensor is real-valued, so that

B_{g,ij}(φ^{′′} − φ) = f_{ij}(0) 2π + 1 π ∞∑ k=1 f_{ij}(k) cos k(φ^{′′} − φ^′) , i, j = 1, 2 , we can derive a general formula for the covariance tensor by substituting this expansion in (87). After routine evaluations we obtain the general formulae

B_{11} = f_{11}(0) ρ_1 ρ_2 2π + 1 π ∞∑ k=1 ρ^k_1 ρ^k_2 ( Λ^c_{11} cos[k(θ_2 − θ_1)] + Λ^s_{11} sin[k(θ_2 − θ_1)] ) ,

B_{12} = 1 π ∞∑ k=1 ρ^k_1 ρ^k_2 ( Λ^c_{12} cos[k(θ_2 − θ_1)] + Λ^s_{12} sin[k(θ_2 − θ_1)] ) ,

B_{21} = 1 π ∞∑ k=1 ρ^k_1 ρ^k_2 ( Λ^c_{21} cos[k(θ_2 − θ_1)] + Λ^s_{21} sin[k(θ_2 − θ_1)] ) ,

B_{22} = f_{22}(0) ρ_1 ρ_2 2π + 1 π ∞∑ k=1 ρ^k_1 ρ^k_2 ( Λ^c_{22} cos[k(θ_2 − θ_1)] + Λ^s_{22} sin[k(θ_2 − θ_1)] ) , where Λ^c_{11} = f_{11}λ^1_1λ^2_{11} + f_{22}λ^1_2λ^2_{12} , Λ^s_{11} = f_{21}λ^1_1λ^2_{12} − f_{12}λ^1_2λ^2_{11} , Λ^c_{12} = f_{21}λ^1_2λ^2_1 + f_{12}λ^1_1λ^2_2 , Λ^s_{12} = f_{11}λ^1_1λ^2_1 − f_{22}λ^1_2λ^2_2 , Λ^c_{21} = f_{21}λ^1_{22}λ^2_{11} + f_{12}λ^1_{21}λ^2_{12} , Λ^s_{21} = f_{22}λ^1_{22}λ^2_{12} − f_{11}λ^1_{21}λ^2_{11} , Λ^c_{22} = f_{22}λ^1_{22}λ^2_2 + f_{11}λ^1_{21}λ^2_1 , Λ^s_{22} = f_{21}λ^1_{22}λ^2_1 − f_{12}λ^1_{21}λ^2_2 .

Here we use the notations λ^m_{ij} = λ_{ij} (ρ_m, k), m = 1, 2.

Remark 3.

Note that using the relation between the vectors in polar and rectangular coordinates,

u_1(r, θ) u_2(r, θ)

= R θ u_ρ(r, θ) u_θ(r, θ

we can easily relate the desired statistical characteristics in these two coordinate systems. For example, the covariance tensors are related as follows

B_{(u1,u2)}(ρ_1, ρ_2; θ_1, θ_2) = R_{θ1} B_{(ur ,uθ)}(ρ_1, ρ_2; θ_1, θ_2) R^T_{θ2} (95)

The KL-expansion in the rectangular coordinates is also obtained directly from the KL-expansion of the random field in the polar coordinates on the basis that the eigen-functions are related by h_{rectangular} = R_θ h_{polar} and h̃_{rectangular} = R_θ h̃_{polar}.

Let us write down here the relation (95) in details. We denote the entries of the covariance matrix B_{(u1,u2)} by B^{rec}_{ij} , and the entries of the covariance matrix B_{(ur,uθ )} by B^{pol}_{ij} . From (95) we obtain

B^{rec}_{11} = cos θ_1 cos θ_2 B^{pol}_{11} −cos θ_1 sin θ_2 B^{pol}_{12} −sin θ_1 cos θ_2 B^{pol}_{21} +sin θ_1 sin θ_2 B^{pol}_{22} , B^{rec}_{12} = cos θ_1 sin θ_2 B^{pol}_{11} +cos θ_1 cos θ_2 B^{pol}_{12} −sin θ_1 sin θ_2 B^{pol}_{21} −sin θ_1 cos θ_2 B^{pol}_{22} , B^{rec}_{21} = sin θ_1 cos θ_2 B^{pol}_{11} −sin θ_1 sin θ_2 B^{pol}_{12} +cos θ_1 cos θ_2 B^{pol}_{21} −cos θ_1 sin θ_2 B^{pol}_{22} , B^{rec}_{22} = sin θ_1 sin θ_2 B^{pol}_{11} +sin θ_1 cos θ_2 B^{pol}_{12} +sin θ_2 cos θ_1 B^{pol}_{21} +cos θ_1 cos θ_2 B^{pol}_{22} .

This representation clearly shows that the property that the covariance functions B^{pol}_{ij} all depend only on the angle difference θ_2 − θ_1 does not generally hold for the covariance functions B^{rec}_{ij} . It is however seen that B^{rec}_{ij} will depend only on θ_2 −θ_1 if (u_r, u_θ) is homogeneous, and B^{pol}_{11} = B^{pol}_{22} .

References

[1] Nadine Aubry. On the hidden beauty of the proper orthogonal decomposition. Theoretical and Computational Fluid Dynamics, 2 (1991), 339-352.

[2] Maciej Anders, Muneo Hori. Stochastic finite element method for elasto-plastic body. International Journal for Numerical Methods in Engineering, 46 (1999), Issue 11, 1897 - 1916.

[3] Gal Berkooz, Philip Holmes, and John L. Lumley. The proper orthogonal decomposition in the analysis of turbulent flows. Annu. Rev. Fluid Mech., 25 (1993), 539-575.

[4] Jorge Buescu and A.C. Paixao. Eigenvalues of positive definite integral operators of unbounded intervals. Positivity, 10 (2006), 627-646.

[5] J. Buescu, F. Garcia, I. Lourtie, A. Paixao. Positive definiteness, integral equations and Fourier transforms. Journal of Integral equations and Applications, 16 (2004), 33-52.

[6] G. Dagan. Flow and Transport in Porous Formations. Springer-Verlag, Berlin - Heidelberg, New York, 1989.

[7] Dalang R.C. and Levesque O. Second-order linear hyperbolic SPDEs driven by isotropic gaussian noise on a sphere. The Annals of Probbability, 32 (2004), 1B, 1068-1099.

[8] R. Courant, D. Hilbert. Methods of Mathematical Physics, Volume 2, Wiley, 1989.

[9] Roger G. Ghanem, Pol D. Spanos. Stochastic finite elements. A spectral approach. Courier Dover Publications, 2003.

[10] Anthony Giordano and Michael Uhrig. Human face recognition technology using the Karhunen-Loeve expansion technique. Regis University. Denver, Colorado. http://www.rose-hulman.edu/mathjournal/archives/2006/vol7-n1/paper11/v7n1-11pd.pdf

[11] Gradstein, I.S. and Rygyk, I.M. Tables of Integrals, Sums, Series and Products. Nauka, Moscow, 1971 (in Russian).

[12] Huang S.P., Quek S.T., and Phoon K.K. Convergence study of the truncated Karhunen- Loeve expansion for simulation of stochastic processes. International Journal for numerical methods in engineering, 52 (2001), 1029-1043.

[13] Jari Kaipio, Ville Kolehmainen, Erkki Somersalo, and Marko Vauhkonen. Statistical inversion and Monte Carlo sampling methods in electrical impedance tomography. Inverse problems, 16 (2000), 1487-1522.

[14] Ram P. Kanwal. Linear Integral Equations. Theory and Technique. Birkhaeser, Boston- Basel-Berlin. Second Edition, 1997.

[15] K. Karhunen, Zur Spektraltheorie stochastischer prozesse, Ann.Acad.Sci. Fennicae, A1 (1946), pp.34.

[16] Prem K. Kythe. Fundamental solutions for differential operators and applications.

Birkhauser, Boston - Basel - Berlin, 1996.

[17] Kolyukhin D. and Sabelfeld K. Stochastic flow simulation in 3D porous media. Monte Carlo Methods and Applications, 11 (2005), N1, 15-37.

[18] Kosambi, D.D. Statistics in function space. J. Indian Math. Soc., 7 (1943), 76-88.

[19] P. Kramer, O. Kurbanmuradov, and K. Sabelfeld. Comparative Analysis of Multiscale Gaussian Random Field Simulation Algorithms. Journal of Computational Physics, 226 (2007), 897-924.

[20] Kurbanmuradov O. and Sabelfeld K.K. Stochastic spectral and Fourier-wavelet methods for vector Gaussian random field. Monte Carlo Methods and Applications, 12, N 5-6, 395-446.

[21] M. Loève. Functions aleatorie de second ordre, Comptes rendus Acad. Sci., Paris (1945), pp.220. Lecture notes in computer science, Springer, 3038 (2004), 827-834.

[22] Lucor D., Su C.H., and Karniadakis G.E. Karhunen-Loeve representation of periodic second-order autoregressive processes. International Conference on Computational Science, Springer, 2004, 827-834.

[23] I.M. Novitsky. Representation of kernels of integral operators by bilinear series. Siberian Math. J., 25 (1984), N3, 774-778. Translated from the Russian: Sibirsk. Mat. Zh., 25 (1984), N5, 114-118.

[24] Obukhov, A.M., Statistical description of continuous fields. Tr. geophys. Int. Akad. nauk SSSR, 24 (1954), 3-42 (in Russian).

[25] J. Ophir, S. Alam, B. Garra et al. Elastography: Imaging the elastic properties of soft tissues with ultrasound. J. Med. Ultrasonics, 29 (2002), 155-171.

[26] K.K Phoon, H.W Huang, S.T. Quek. Comparison between Karhunen-Loeve and wavelet expansions for simulation of Gaussian processes. Computers and Structures, 82 (2004) issues 13-14, 985-991.

[27] K.K Phoon, H.W Huang, S.T. Quek. Simulation of strongly non-Gaussian processes using Karhunen-Loeve expansion. Probabilistic engineering Mechanics, 20 (2005), 188-198.

[28] Pougachev, V.S. General theory of the correlations of random functions. Izv. Akad. Nauk SSSR, Ser. Mat., 17 (1953), 1401-1402.

[29] Yu. A. Rozanov. Some boundary-value problems for generalized differential equations.

Matem. Zametki, 41 (1987), N1, 110-118.

[30] Yu. A. Rozanov. F. Sanso. The analysis of the Neumann and the oblique derivative problem:

the theory of regularization and its stochastic version. Journal of Geodesy, 75 (2001), 391- 398.

[31] Sabelfeld, K.K. Monte Carlo Methods in Boundary Value Problems. Springer-Verlag, Berlin – Heidelberg – New York, 1991.

[32] Sabelfeld, K.K. Evaluation of elastic coefficients from the correlation and spectral tensors in respond to boundary random excitations. Proceed. Intern. Conference on Inverse and Ill-Posed pproblems of mathematical physics. dedicated to professor M.M. Lavrentiev on occation of his 75-th birthday. Novosibirsk, august 21-24, 2007.

[33] Sabelfeld K. and Kolyukhin D. Stochastic Eulerian model for the flow simulation in porous media. Monte Carlo Methods and Applications, 9 (2003), N3, 271-290.

[34] Sabelfeld, K.K. and Shalimova, I.A. Spherical Means for PDEs. VSP, The Netherlands, Utrecht, 1997.

[35] K. Sabelfeld, I. Shalimova., and A. Levykin. Random Walk on Fixed Spheres for Laplace and Lamé equations. Monte Carlo Methods and Applications, 12 (2006), N1, 55-93.

[36] K. Sabelfeld, I. Shalimova., and A. Levykin. Stochastic simulation method for a 2D elasticity problem with random loads. Probabilistic Engineering Mechanics, 2007, accepted for publication.

[37] Sabelfeld, K.K. and Simonov, N.A. Random Walks on Boundary for Solving PDEs. VSP, The Netherlands, Utrecht, 1994.

[38] K.K.Sabelfeld and V.I.Tatarskii. On the approximate evaluation of Wiener path integrals.

Dokl.Akad.Nauk SSSR, 243 (1978), N4, 905-908 (in Russian)

[39] K.K.Sabelfeld. On approximate evaluation of Wiener path integrals by the Monte Carlo method. Journ. of Comp.Mathem. and Mathem. Physics., 19 (1979), N1, p.29-43 (in Russian)

[40] F. Sanso, G. Venuti. White noise stochastic BVP’s and Cimmino’s theory. PL da Vinci - IV Hotine-Marussi Symposium on Mathematical Geodesy: Trento, Italy, 2001, pp.5-20.

[41] M. Shinozuka, Simulation of multivariate and multidimensional random processes, J. of Acoust. Soc. Am. 49 (1971), 357-368.

[42] R. B. Sowers. Multidimensional reaction-diffusion equation with white-noise boundary perturbations. The Annals of Probability, 22 (1994), N 4, 2071-2121.

[43] Vanmarcke, E; Shinozuka, M; Nakagiri, S; Schueeller, G I; Grigoriu, M. Random fields and stochastic finite elements. Structural Safety, 3 (1986), N 3-4, 143-166.

[44] Van Trees, H.L. Detection, Estimation and Modulation Theory. Parts 1-3. Hohn Wiley and Sons, New York, 1968.

[45] V.S. Vladimirov. Equations of mathematical physics. Nauka, Moscow, 1967 (in Russian).

[46] D. Xiu and J. Shen. An efficient spectral method for acoustic scattering from rough surfaces.

Communications in computational physics, 2 (2007), N 1, 54-72.

[47] X. Frank Xu. A multiscale stochastic finite element method on elliptic problems involving uncertainties. Computer Methods in Applied Mechanics and Engineering, 196 (2007), issues 25-28, 2723-2736.

[48] A.M. Yaglom. Correlation theory of stationary and related random functions I. Basic results.

Springer-Verlag, New York - Heidelberg - Berlin, 1987.

[49] J. Yang, D. Zhang, Z. Lu. Stochastic analysis of sturated-unsaturated flow in heterogeneous media by combining Karhunen-Loeve expansion and perturbation method. Journal of Hydrology, 294 (2004), 18-38.