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Abstract

We consider the polynuclear growth (PNG) model in 1+1 dimension with
flat initial condition and no extra constraints. The joint distributions of
surface height at finitely many points at a fixed time moment are given as
marginals of a signed determinantal point process. The long time scaling
limit of the surface height is shown to coincide with the Airy; process. This
result holds more generally for the observation points located along any space-
like path in the space-time plane. We also obtain the corresponding results
for the discrete time TASEP (totally asymmetric simple exclusion process)
with parallel update.

1 Introduction

The main focus of this work is a stochastic growth model in 1 + 1 dimensions,
called the polynuclear growth (PNG) model. It belongs to the KPZ (Kardar-Parisi-
Zhang [19]) universality class and it can be described as follows (see Figure 1). At
time ¢, the surface is described by an integer-valued height function x +— h(zx,t) € Z,
r € R, t € Ry. It thus consists of up-steps (J) and down-steps ('L). The dynamics
has a deterministic and a stochastic part:

(a) up- (down-) steps move to the left (right) with unit speed and disappear upon
colliding,

(b) pairs of up- and down- steps (nucleations) are randomly added on the surface
with some given intensity.

The up- and down-steps of the nucleations then spread out with unit speed according
to (a). The PNG model can be interpreted in several different ways, see [11] for a
review.

On a macroscopic scale the surface of the PNG model grows deterministically, i.e.,
limy ot h(EL,t) = H(E) is a non-random function. However, on a mesoscopic
scale fluctuations grow in time. This is called roughening in statistical physics and
extensive numerical studies have been made [3]. Since the PNG model is in the KPZ
universality class, the fluctuation of the surface height is expected to live on a t/?
scale and non-trivial correlations are to be seen on a t?/3 scale. Therefore, to have
an interesting large time limit, we have to rescale the surface height as

h(ut??,t) — tH (ut='/3)
e . (1.1)

One of the most natural initial conditions for PNG is the flat initial condition, i.e.,
h(z,0) = 0 for all z € R. We consider nucleations occurring with translation-



— —
- -
— — —
- - -

T

Figure 1: Hlustration of the PNG height and its dynamics. The bold vertical piece
is a nucleation. The arrows indicate the movements of the steps. A Java animation
of the PNG dynamics is available at [9].

invariant intensity.! We refer to the PNG model with such initial condition as flat
PNG. In this case, by mapping the flat PNG to a point-to-line directed percolation
model it was proven [2,21,22] that the one-point distribution is, in the t — oo
limit, the GOE Tracy-Widom distribution F}, first discovered in random matrix
theory [27]. However, no information on joint height distributions at more than one
point has been previously known.

New Results. The main results of this paper are precisely the computation and
asymptotic analysis of these joint distributions. In particular, we prove the conver-
gence of the height rescaled as in (1.1) to the Airy; process in the ¢ — oo limit (see
Section 2.2 for a definition of the process). The Airy; process has been discovered in
the context of the asymmetric exclusion process [5-7,24]. Our result, stated in The-
orem 2.6, is obtained by first determining an expression for the joint distributions
for finite time ¢ (Proposition 2.4) and then taking the appropriate scaling limit.

Proposition 2.4 is actually just a particular case of Theorem 2.5, where we determine
joint distributions along any space-like paths (as in Minkowski diagram), for which
fixed time is a special case. The scaling limit is analyzed at this level of generality,
thus Theorem 2.6 holds for any space-like paths. In contrast to previous works on
the subject, our approach does not rely on the so-called RSK correspondence (RSK
for Robinson-Schensted-Knuth), which was successfully applied for corner growth
models, but does not seem to be well suited for the flat growth.

On the way of getting the results for the flat PNG, we consider a discrete time
version of it, the Gates-Westcott dynamics [12,23]. This model is closely related
to the totally asymmetric simple exclusion process (TASEP) in discrete time with
parallel update and alternating initial conditions. The corresponding results for
this model are Theorem 2.1 for the joint distributions along space-like paths, and
Theorem 2.3 for the convergence to the Airy; process in the scaling limit. For the
TASEP, the extreme situations of space-like paths are positions of different particles
at a fixed time and positions of a fixed particle at different time moments (tagged
particle). The space-like extension for TASEP is based on the previous paper [4].

In other words, the nucleation events form a Poisson process with constant intensity in the
space-time upper half-plane.



Previous works on PNG. Another type of initial conditions for the PNG model has
been analyzed before. It is the corner growth geometry, where nucleations occur
only inside the cone {|z| < t}. The limit shape H is a semi-circle, and the model is
called PNG droplet. In this geometry, the limit process has been obtained in [23];
it is known as Airy, process (previously called simply Airy process). The approach
uses an extension to a multilayer model (inherited from the RSK construction), see
[16,23]. The multilayer method was also used in other related models [8,13, 14,17,
18,26]. Also, for the flat PNG it was used to connect the associated point process
at a single position and the point process of GOE eigenvalues [10]. Results on the
behavior for the PNG droplet along space-like paths can be found in [8]. For a
very brief description of the previously known results on TASEP fluctuations see
the introductions of [4,25].

Outline

In section 2, we introduce our models and state the results. In section 3, we give
an expression of the transition probability of the discrete TASEP as a marginal
of a determinantal signed point process. In section 4 the Fredholm determinant
expression for the joint distributions is obtained. The argument substantially relies
on the algebraic techniques of [4]. In section 5, we consider the scaling limit of the
parallel TASEP. In section 6, the continuous time PNG model is considered. In
section 7, we consider the scaling limit for the continous PNG model.
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2 Models and results

We start from the discrete time TASEP with parallel update. Then we will make
the connection with a discrete version of the PNG, from which the continuous time
PNG is obtained.

2.1 Discrete time TASEP with parallel update

We consider discrete time TASEP with parallel update and alternating initial con-
ditions, i.e., particle ¢ has initial position z;(0) = —2i, i € Z. At each time step,
each particle hops to its right neighbor site with probability p = 1 — ¢ provided that
the site is empty. The particle positions at time ¢ is denoted by x;(t),i € Z.
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The dynamics of a particle depends only on particles on its right. This fact allows us
to determine the joint distributions of particle positions also for different times, but
restricted to ”space-like paths”. To define what we mean with ”space-like paths”,
we consider a sequence of couples (n;, t;), where n; is the number of the particle and
t; is the time when this particle is observed. On such couples we define a partial
order <, given by

(ni,t;) < (nj,t;) if n; > n,;,t; <t;, and the two couples are not identical. (2.1)
A space-like path is a sequence of ordered couples, namely,

S = {(nk,tk), k= 1,2,... |(nk,tk) < (nk+1,tk+1)}. (2.2)

The reason of the name ”space-like” will be clear in the large time limit, where every-
thing becomes continuous. Then space-like is the same concept as in the Minkowski
diagram. The border cases for space-like paths are fixed time (¢; = ¢, Vi) and fixed
particle number (n; = n,Vi). The next theorem concerns the joint distributions of
particle positions.

Theorem 2.1. Let particle with label i start at x;(0) = —2i, i € Z. Consider a
space-like path S. For any given m, the joint distribution of the positions of the first
m points in S is given by

P( () {zn, (1) = ak}) = det(T = XS EXS) e ()t} < 2) (2.3)
k=1

where X[(l_)((nk,tk),x) = 1(z < ay). The kernel K, is given by

K((n1,th), @13 (na, ta), 22) = — @M 022) (g o)1 1) < )
+ K((n1,t1), 213 (na, ta), 22), (2.4)
where
K((n1,t1), 215 (na, t2), 22) 2
_ Tatnyno o \t—2ni—a
- w29
and

¢((n1 it1),(n2;t2)) (Ih $2)

1 1 tr—t2 _ -z
S o e L) v (2.6)
27 Jr_ | (1 +w)zr—=2tl \ (1 4+ w)(1+ pw)

where Ty (resp. T'_1) is any simple loop, anticlockwise oriented, with 0 (resp. —1)
being the unique pole of the integrand inside the contour.

Remark. In the limit p — 0 under the time scaling by p~! the discrete time
TASEP converges to the continuous time TASEP, and Theorem 2.1 turns into a
special case of Proposition 3.6 of [4], where a more general continuous time model
called PushASEP was considered.
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Figure 2: An example of a space-like path 7(6). Its slope is, in absolute value, at
most 1.

2.2 Airy; process and scaling limit

Starting from Theorem 2.1 we can analyze large time limits. The limit process is
the so-called Airy; process introduced in [6,24], which we recall here.

Definition 2.2 (The Airy; process). Define the extended kernel,

T (it 1o

+A1(£1 + 52 + (7'2 — T1)2) exXp <(T2 — T1)(£1 + 52) + %(TQ — 7_1>3) . (27)

KA1(7'17§1;7'2752) = -

The Airy, process, A, is the process with m-point joint distributions at 71 < 75 <
.. < Tm given by the Fredholm determinant,

P( A < sk}) = det(1 = oK A X ) 2(mr 0 (2.8)
k=1

where xs(Tg, x) = L(x > s).

Theorem 2.1 allows us to analyze joint distributions of particle positions for situ-
ations spanning between fixed time and fixed particle number (the tagged particle
problem). One way to parametrize such situations is via a space-like path. We thus
consider an arbitrary smooth function 7 satisfying

|7'(#)] <1 and 7(0) + 6 > 0, (2.9)

see Figure 2. The requirement mw(6) + 6 > 0 reflects ¢ > 0. Then, we choose couples
of (t,n) on {((w(0) +0)T, (7(0) — 0)T),0 € R}, where T is a large parameter. The
case of fixed time, say t = T, is obtained by setting 7(6) = 1 — 60, while fixed particle
number, say n = o1, by 7(0) = o + 0 with some constant a.

From KPZ scaling exponents [19], we expect to see a nontrivial limit if we consider
positions at distance of order 7%/3. Thus, the focus on the region around 07 is given

bt



by 0T — uT?3, ie., setting § — uT~'/3 instead of § and, by series expansions, we
scale time and particle number as

tu) = [(m(0) + )T — (x'(0) + DuT*® + 3n" ()T,

n(u) = [(7(0) —O)T + (1 — W'(@))UT2/3 + %w”(@)uQTl/gJ. (2.10)

The KPZ fluctuation exponent is 1/3, thus we expect to see fluctuations of particle
positions on a scale of order T"/3. Therefore, we define the rescaled process =7 by

2 (1)) = (~2n(u) + vi(w))

w > Ep(u) = — . (2.11)

Here the mean speed of particles, v, is determined to be v .= 1 — /g from the
subsequent asymptotic analysis but can be known beforehand from the stationary
measure for density 1/2 [15]. This process has a limit as 7" — oo given in terms of
the Airy; process.

Theorem 2.3. Let =1 be the rescaled process as in (2.11). Then

lim ET(U) = Iiv.Al(u/FLh), (212)

T—o0

in the sense of finite dimensional distributions. The vertical (fluctuations) and hor-
izontal (correlations) scaling coefficients are given by

v = (m(0) +0)*(1 = q)'/°4"", (2.13)

(m(0) +0)*°(1 — q)* ¢~/
(m'(0) + (1 = v/g)/2 + 1 —='(0)

(2.14)

Rh =

Remark. A similar result for the PushASEP with alternating initial condition has
been proved in Theorem 2.2 of [4].

2.3 TASEP and growth models

As mentioned in the introduction, the discrete TASEP with parallel update is related
to a surface growth model from which the polynuclear growth model in continuous
time can be obtained as a limit. Let ¢ > 0 and # € R denote the time and the
one-dimensional space coordinate respectively, and let h;(z) be the height of the
surface at time ¢ and at position z. Let us introduce a dynamics of h;(x) as follows.
Initially, at time ¢ = 0, the surface is flat; ho(x) = 0, for all z € R. Right after each
integer time (t = 0+, 14,2+, ...), there could occur a nucleation with width 0 and
height 1 with probability ¢ (0 < ¢ < 1) independently at each integer position x such
that ¢ +x + hy(x) is even. Each nucleation is regarded as consisting of an upstep and
a downstep and each upstep (resp. downstep) moves to the left (resp. right) with
unit speed. This is a deterministic part of the evolution. When an upstep and a
downstep collide, they merge together. See the solid line in Figure 3 for an example
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Figure 3: A surface growth model. For half-odd integer times this is equivalent

to the discretized Gates-Westcott dynamics and for integer times to the discrete
TASEP.

until £ = 2. The dynamics of the growth model, if we focus only on half-odd times
(t= %, %, ...), is the same as one considered in [23], i.e., a discretized version of the
Gates-Westcott dynamics [12]. It is known that in an appropriate ¢ — 0 limit this

growth model reduces to the standard continuous time PNG model [23].

To see the connection to the discrete TASEP, let us focus on integer times (¢t =
0,1,2,...) and positions (z € Z) from now on and represent the surface as consisting
of elementary upward slopes /" and downward slopes \_as indicated by dashed lines
in Figure 3. At t =0, even (resp. odd) z’s are taken to be the center of the upward
(resp. downward) slopes. Then the dynamics of the surface is described as follows:
At each time step the surface grows upward by unit height deterministically and then
each local maximum (,\) of slope turns into a local minimum (\_) independently
with probability p = 1 — ¢. If we interpret an upward (resp. a downward) slope as
a site occupied by a particle (resp. an empty site), this is equivalent to the discrete
time TASEP with parallel update under the alternating initial condition.

The relation between the surface height h;(z) and the position of the TASEP particle
is given by
hi(z) < H & x\_tfxz—HJ(t) > (2.15)

and is understood as follows. On the plot of the surface at some fixed time ¢, draw



Figure 4: Surface height and TASEP particle positions. An expample for ¢t = 4.

also the initial surface at h = t. See Figure 4 for an expample. Then, from the
correspondence between the growth model and the TASEP, the surface at time ¢
can be regarded as the particle positions. In this plot particles move along the
down-right direction as indicated. The left hand side of (2.15) is equivalent to the
condition that the TASEP particle corresponding to (z,h = t — H) has already
reached z. Since the axis of the particle number n is in the down-left direction, the
value of n corresponding to (z,h =t — H) is |(t — H — x)/2]|. This consideration
results in the relation (2.15). From the relation (2.15) the joint distributions of the
height of the growth model is readily obtained through

P(ﬁ{hti(x,-) < H,-}) _ P(ﬁ{xm (t;) > g;}) (2.16)

combined with Theorem 2.1.

When ¢ — 0, the TASEP particles move almost deterministically and the surface
hi(z) grows slowly, when a particle decides not to jump (with probability ¢). The
continuous time PNG model is obtained by taking ¢ — 0 while setting space and
time units to ,/q/2 (the 2 is chosen to have nucleations with intensity 2 like in [23]).
Denote by x and t the position and time variables in the continuous time PNG
model. The PNG height function h"N%(x,t) is then obtained by the limit

WP (x, 6) = lim o a(~2X//2). (2.17)

Here the minus sign on the right hand side is put for a convenience. The results below
do not depend on this sign because of the symmetry of the model in consideration.
The joint distribution of the surface height at time t is given as follows.

Proposition 2.4. Consider m space positions X; < Xo < ... < X,,. Then, the joint
distribution at time t of the heights h*NC(xy,t), k= 1,...,m, is given by

8



where the kernel is given by

KENG(Xl, hl; X9, hg) = _[\h1—h2\ (2(X2 — Xl)) H(Xg > Xl)
(21; + Xy —x1)<h1+h2>/2

b B J (2 42 — (xy — 2)12t> _ 2.19
2% — x5 + Xy hi+hz \/ (x2 —x1) (2t > [x2 —x1]) ( )

where I,(x) and J,(x) are the modified Bessel functions and the Bessel functions,
see e.g. [1].

The last indicator function is obvious if one thinks about the PNG model. In fact,
the height at position x at time t depends on events lying in the backward light
cone of (x,t) on R x R;. Thus, when |x2 — x;| > 2t, the backwards light cones
of (x1,t) and (x2,t) do not intersect in R x R, which implies that the two height
functions are independent. The Fredholm determinant then splits into blocks.

The result of Proposition 2.4 is actually a specialization of a more general situation
which follows from the TASEP correspondence. In the TASEP, the space-like paths
7 we had for particle numbers and times become the paths

(x,t) = (7(0) — 30,0 + =(0)). (2.20)

The condition |7'(#)| < 1 implies that 0t/0x € [—1, 0], i.e., these are space-like paths
as in special relativity oriented into the past. By the symmetry of the problem, one
can consider also space-like paths locally oriented into the future, just looking at
the process in the other direction.

Denote by v such a path on R x R% | i.e., (x,t = 7(x)), then 0 and 7(6) are given
by the relations

0=(v(x)—x)/4, 7(0) = (3v(x)+x)/4, (2.21)
and the joint distributions of the surface height along the path ~ are expressed as
in Theorem 2.5.

Theorem 2.5. Let us denote by ti, = ~(xx). Then, the joint distributions of
RPN (xp 1), k= 1,...,m, is given by

k=1

where the kernel is given by

Xo — X1+t —to (h1=h2)/2
Xo — X1 — tl + t2

KNG ((x1,t1), hi; (X, t2), ho) = — (

X Ly —hy| (2\/(X2 —x1)? — (t2 — t1)2> (1 41,61)< (b2 x2,82)}

Xy — 1) (B2 2 2
+ <EE iij i— EX2 — Xl%) Jhiths (2\/(131 +1t2)% — (x2 — x1) )

X ﬂ(tl +ty > |X1 — XQD (223)




¢ = T(x/T)

X

Figure 5: A space-time path ~ for continuous time PNG. T is proportional to the
PNG time t.

where I,,(x) and J,(x) are the modified Bessel functions and the Bessel functions.
The condition Ty, 4x,,61)<(ta+x2,t2)} Me€aNS that Xo —x1 >t —t2 >0 or xo —x; >
t, —ty > 0.

In the first term, for xo > x;, the condition x5 — x; > t; — t, is satisfied for
ty = v(xx). Also, notice that when xs — x; — t; — to, the first term of the kernel
goes to (2(xg — x1))P P2l /(|hy — hy|)! .

2.4 Scaling limit for the continuous PNG model

The last result of this paper is the large time behavior of the flat PNG. The large
parameter denoted by 7' is proportional to time t. Using the function v, we consider
t =Tv(x/T), see Figure 5.

Since the system is translation invariant, we focus around the origin, i.e., we look
at the PNG height at

x(u) = uT?3,
(2.24)
{t(u) =~(0)T + 7/ (0)uT?/? + Ly (0)u?T"/3.

The surface height grows with the speed equal to 2. Thus, for large time t, the
macroscopic height will be close to 2t. Fluctuations live on a T%/? scale. Conse-
quently, we define the rescaled height process htN¢ by

PN hPNC (x(u), t(u)) — 2t(w)
u — hp G(u) = T3 .

(2.25)

The large T' (thus large time too) behavior of hYNC is given in terms of the Airy,
process as stated below.

Theorem 2.6. Let hPNG be the rescaled process as in (2.25). Then, in the limit of
large T', we have
lim hyNC(u) = Sy Ai(u/Sh), (2.26)

T—o0

10



in the sense of finite dimensional distributions. The scaling coefficients S, and Sy,
are given by

So = (29(0)'%, S = (24(0))*° = 57. (2.27)

For v(x) =1, i.e., fixed time, this was conjectured to hold in [6].

3 Transition probability for the finite system

Let G(x1,...,xy;t) denote the transition probability of the parallel TASEP with
N particles starting at t = 0 at positions yy < ... < y;. This is the probability
that the N particles starting from positions yy < ... < y; at t = 0 are at positions
Ty < ...<ux att.

Consider a determinantal signed point process on the set z = {2",1 <i <n < N}
by setting the measure

N-1
Wy (z) = ( [T det(e (7, x?ﬂ))ogi,jgn) det (F_is1 (2] — ynsi—int + 1 — ) i<ijen
n=1

(3.1)
where
L y=>a,
0, y<z-2,
the function F,,(x,t) defined by
Pofet) = o § dog (14 (1 gu) 3.3
Loz, t) = — W —q)w)", .
271-1 To. 1 (1 + w)n-l—:c—i—l q
and where we used the convention, zj = —o0.

The following proposition states that the one time transition probability of the
TASEP is given as a marginal of the signed measure (3.1).

Proposition 3.1. Let us set 27 =x,,n=1,...,N. Then

G(ry,...,on;t) =Y Wi(z) (3.4)

where summation is over the variables in the set,
D={z]'\2<i<n< Nz} >z} (3.5)

varying over 7.

11



Note that Wy (z) is actually symmetric with respect to permutations of variables
with same upper index, so the ordering in (3.5) is used for singling out the minimal
oy =min{al i =1,...,n}.

Remark. Similar representations for the transition probability of continuous time
TASEP, discrete time TASEP with sequential update and PushASEP have been
obtained in [4-6].

In the different parts of the proof of Proposition 3.1, we will use several properties
of the function F;,, which are listed below.

Lemma 3.2.

n+1 x, t ZF y, (36)

F.(z,t+1)= an(x, t)+ (1 —q)F.(z—1,1) (3.7)
=F,(z,t) + (1 —q)F—1(x — 1,1), (3.8)

(¢ﬁ x Fo)(2,t) = Fopa(z,t + 1), (3.9)
p(x,—m) =0 for x < —m,n >0, (3.10)
F.(z,n)=0 for xz >n,n >0, (3.11)
Fo(n,n)=(1-¢)",n >0, (3.12)

F (—n,—n)=1/(—¢)",n > 0. (3.13)

Here “” represents the convolution: (¢* * f)(x) = >, #*(x,y) f(y).
Proof of Lemma 3.2. These are proven by using the definition (3.2) and (3.3). O

The first step in the proof of Proposition 3.1 is the following Lemma.

Lemma 3.3. Let us set

wer >,
o(r,y)=<¢1—q, y=x—1, (3.14)
07 Yy S r—2

and ¢% (—o0,y) = v¥. Then, for any antisymmetric function f(by, ..., b,),

S det(dh(an by))osigen - fbrs - ba)

bp>...>b1>bo
bo:fixed
=g(a,bo) Y det(¢(ai,b))i<ijen - f(br, .. bn) (3.15)
bn>...>b1>bg
bg:fixed
where a, > ...> a;,a9 = —00 and
0, b>a
gv(a,b) =< v*(1 - (1 —q)v), b=a—1, (3.16)
P, b<a-—?2

12



Proof of Lemma 3.3. From the antisymmetry of f and of the determinant, (3.15) is
equivalent to

Z det(gb,ﬁ/(ai, bj))OSiJS" : .f(bla R bn)

b1,..., bn>bo
bo:fixed
= go(a1,bo) Y det(f(ai, bj))i<ijen - f(brs. - bn). (3.17)
b1,..., bn>bo

bg:fixed

Since a basis of the antisymmetric functions is made of the antisymmetric delta
functions and the relation to prove is linear in f, it is enough to consider

(=1)7, if (by,...,b,) = (boy,---,bs,) for some o € S,

. (3.18)
0, otherwise

f(bl,...,bn):{

for fixed by, ...,b, > by. Here S, is the group of all permutations of {1,...,n}. For
this special choice of f, the left hand side of (3.17) is n! times the single determinant,

o b . ybn
“(ay,b “(ap, b)) ... &% (aq,by,
dot 3 ( : 0)  Pi( L 1) o ( : ) (3.19)
¢E(an, bO) qb’li/(afh bl) s qb’li/(afh bn)
We have the following three cases.
(a) a; < by: the second row gives (v~ ... pP»~4) which is proportional to the
first row. Therefore in this case the LHS is zero.
(b) a; = by + 1: The second row is (1 — q,v? =%, ... vbn=a) Subtracting v times
the second row from the first row one obtains
V(1= (1= q)v) - det(¢f(as, b5)) 1< j<n- (3:20)

(c) a; > by + 1: The first column is (v%,0,...,0)!. Thus the determinant is % -
det(¢f,(a;, bj))1<i j<n-

The result in each case agrees with n! times the RHS of (3.17) and hence the lemma
is proved. O

Let N(z1,...,2y) denote the number of j’s s.t. @, — x4, = 1,7 =1,...,N — 1.
Using the above lemma with v = 1 in which case ¢ reduces to ¢, we have the
following result.

Lemma 3.4. With 2} =x,,n=1,...,N, one has
> Wyl) = ¢V det[Fyy(on_j — yn—ivn b+ — Di<ijen
D
= G(x1,...,z5:0). (3.21)
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Proof of Lemma 3.4. For simplicity, we denote
fl(l’) = F—z’—i—l(l’ — yN_Hl,t —1+ 1), (322)
fori=1,..., N. From the definitions (3.1), the LHS of (3.21) writes

3 (Hdet (#(a, ?If))osmm) det(fe icijen.  (323)

p>Tn o >..>x)
z7:fixed,1<n<N

n=1

Applying Lemma 3.3 withv =1,n=N—-1,a, =2} ' i=1,...,N—1,b =z},

1=0,...,N—1and Z
f(bl, e bn) = det(fi(l';-v))lgi’jgjv, (324)

we obtain

(3.23) = gi(z) "2y - > ( H det (¢ (7, ?if))ogz,an)

Tp>an 1 >..>a]
z7fixed,1<n<N-1

X > det(¢f (2] ", ar) i<igen—1 - det (fi(]))i<ijen- (3.25)
TN >INy > >y
x{v:ﬁxed

Heine’s identity,
> det(i(r)))1<i<n det(vi(2)))1<ij<n = det [¢; x ;] I<ij<n? (3.26)

allows us to rewrite the last summation in (3.25) as
fi(@)) (¢ﬁ * fl)(lev_l) (¢ﬁ fl)(xN 1)
det : : . (3.27)
fu(@) (¢ = fau)(a ™) o (% fN)(fEN )
We repeat the procedure up to a total of j — 1 times in column j and we get

j—1

o N— .
3 25 ( H g1 Il y LE{H—I ) det[@j LS (ﬁﬁ *fi(xiV_J—i_l)]lgi,jSN- (328)

The proof of the lemma is finished using (3.22), (3.9) and [[_}' g1 (z7}, a7FY) =
V@), 0

Proof of Proposition 3.1. We need to prove

G(zy1,...,xN;t) = G(21, ..., 2N t). (3.29)
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This statement was also proved in [20] by the Bethe ansatz techniques. Our proof
is by induction in t. We start by showing that the initial conditions agree, i.e.,
G(z1,...,2n;0) = G(z1,...,2yN;0), that is,

N
1 N . .
gV det[Fy_i(n—ji1 — yn—it1,d — Dhi<ijen = H O (3.30)
n=1

We first show that LHS of (3.30) is zero if xy # yn. If x5 < yy —1, since yn_;j11 >
yv +i—1,onehas xy —yn_i11 < —i+1,i=1,...,N. Then, from (3.10) we have
Fi_i(zy —yn_ir1,1—1) = 0, i.e., the first column of LHS of (3.30) is zero. Similarly,
ifeny > yn+1,since xy_j41 > xy+j—1,onehasey_jp1—yn >j—1,7=1,...,N.
Then, from (3.11) we have Fj_i(xy_j+1 — yYn,j — 1) = 0, i.e., the first row of LHS
of (3.30) is zero. This agrees with RHS of (3.30) also being zero if zn # yn.

Now let us assume zy = yy. There are two cases.

(a) ynv—1 > yny + 1. In this case, since on — yny_it1 = Yy — Yn—iz1 < —i + 1,0 =
2,...,N,onehas F|_;(ztNy—yn_i+1,1—1) = 0,2 =2,..., N. Then the first column of
LHS of (3.30) is (1,0, ...,0)" and hence the determinant is equal to det[Fj_;(xn_j+1—
Yn-i+1,J — D)]a<ij<n-

(b) yv—1 = yn+ 1. First let us see that LHS of (3.30) is zero when xy_1 # yny_1. We
have zy_1 > oy +1=yy+1=yn_1. foy_1 > yn_1 + 1, we have zy_j11 —yn >
eyt —2—(yvo1—1) > j, for j =2,... N, and ay_j11 —yn-1 > j — 1,
for j = 2,...,N. Then the first and the second row of LHS of (3.30) are both
of the form, (x,0,...,0) where * represents an arbitrary number and hence the
determinant is zero. Hence LHS of (3.30) is zero if zxy_1 # yy_1. On the other
hand, when zy_1 = yy_1, the upper-left 2 x 2 submatrix of the determinant is

Fp(0,0)  Fi(1,1) 11—
Foi(-1,-1) Fo(o,())} B [—l/q 1 q] = (3.31)

whose determinant is 1/q.

Repeating the same procedure, at each step one has either case (a) or (b). The final
result is that y, = z, for k =1,..., N, otherwise the determinant in LHS of (3.30)
is zero. Moreover, when y, =z, k= 1,..., N, denote by ny,n1+ns, ..., ni+...4+ny
the values of j such that z;_; —x; > 1. Then LHS of (3.30) is equal to an:1 D,,,
with

D, = det [Fj_;(j — i, j — )] (3.32)
Finally using (3.12), (3.13), we obtain an explicit form of the matrix. To compute
its determinant it is enough to develop along the first row. The determinant of
the (1,1) minor is D,,_y, while the one of the (1,2) minor is (—1/¢)D,_1 because
the minor is the same as the (1,1) minor except the first column is multiplied by
—1/q. All the other minors have determinant zero, because the first two column are
linearly dependent. Thus, D,, = 1D, 1 — (1 —q)/(—q)D,_1, and since D; = 1, it
follows that

1<i,j<n

(3.33)



This ends the part of the proof concerning initial conditions.

Next we prove that (3.29) holds for ¢ + 1 if it does for ¢. Since this is true for t = 0,
by induction it will be true for all t € N. G satisfies the TASEP dynamics, thus

G(l’l,...,l’N;t—l—l)

= Z G(z1,..., 2y, w(z,z) = Z Gz, ..., 2y, Hw(z, x) (3.34)

= Y w(z,2)g" ) det[Fy_i(an—j — Yn—iv1, t+J — Di<ijen.

Here
N 1, Zn = Zpno1 — 1, Ty = 2p,
w(z,:):) = va Un =44, Zn < Zp—1— L, &n = 2y, (335)
n=1

1l—q, z,<zp1—1,2,=2,+1,

and in the second equality we have used the assumption of the induction. We rewrite
G(z1,...,xy;t+ 1) using (3.7) and (3.8) as follows. For k from 1 to NV:

(a) if o, = zxs1 + 1, then we use (3.8) to the N + 1 — kth column. Then, the new
term with the (1 — ¢) factor in front cancels out because it is proportional to its left
column of the determinant.

(b) if & > xpy1 + 1, then we just use (3.7).
With these replacements we get
G(z1,...,on:it+1) (3.36)
= Z (z, x) gV @) det[Fj_i(2n—j+1 — YN—it1, t + T — 1) ]1<ij<n,

where
N 1, Ty = Tng1 + 1, 20 = Ty,
w(z,2) = [[on, =14 Tp > Tng1 + 1,2, = 2y, (3.37)
n=1 1—q, zp>xp+1,2, =1, — 1.

Comparing (3.34) and (3.36), it is enough to show
VN (2, x) = V@ T (2, ). (3.38)

This indeed holds and can be seen by checking case by case. We illustrate it using
Figure 6. First consider a block of particles, say m of them at time ¢ + 1. There are
two possibility of reaching this situations in one time step, as indicated in Figure 6
(a) and (b). The products of all the weights on the right and on the left are the
same, i.e., (3.38) holds for a single block of particles. If two blocks of particles at
time ¢t + 1 are at distance at least 2, they are independent during one time step. We
just have to check that (3.38) holds for two blocks at distance 2 at time ¢ + 1. Case
(a) is illustrated in (c) and the weights are unchanged for both blocks. Case (b) is
illustrated in (d). This time, the ¢ on the top line of the second block becomes a 1,
but this is compensated by an extra factor ¢ on the left. O
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t t+1 t t+1

q q
qm—l qm—l qm72 qm—l
q q—1
a1y
(a) (0)
q qg—1
. _aml .
¢ < 1

Figure 6: Graphical representation of (3.38). The dots represents empty places,
while a line leaving/arriving to a point is an occupied position. In (a) and (b), on
the left (resp. right) we indicate the weights different from 1 of LHS (resp. RHS) of
(3.38). In (c) and (d) the bottom and top lines of two blocks at distance 2 at time
t + 1 are represented, for the cases corresponding to (a) and (b) for the top block.

4 Joint distributions along space-like paths

Theorem 4.1. Let us consider particles starting from y, > yo > ... and denote
x(t) the position of jth particle at time t. Consider a sequences of particles and
times which are space-like, i.e., a sequence of m such couples S = {(ng,tx), k =
L...,m|(ng, tg) < (Ngt1,tis1)}. The joint distribution of their positions x,, (ty) is
given by

P( () {&n, (t) = ak}) = det(1 — Xa B Xa)e2({(n1,61), (0 b))} x2) (4.1)

k=1

where Xq((ng, tg), x) = 1(x < a). Here K is the extended kernel with entries

n2
K((n1,t1), 215 (na, ta), wg) = —g" (i) () ) 4 Z ‘I’Ziflk(xl)qﬁ;fzk(@)
k=1

(4.2)
where
P*((1,11),(n2,t2) (21, x2) (4.3)

1 oy L pw) e w e
— w n n )
2mi Jro o, (L +w)mr=m2 (1 4+ w)(1 + pw) [(n1,41) = (n2,82)]

and the functions ‘Ifol are given by

it 1 (14 pw)? w n—k
V@) = o 7{ Wy (<w A +pw>) - @)

17




The functions (IDka are determined by the two conditions

>t (@) ®rt(z) = 0y, 1<k l<m, (4.5)
TEZ
and
span{®"" (z),k =1,...,n} =span{l,z,..., 2" '}. (4.6)

The paths L'y _1 are any simple loops anticlockwise oriented including 0, —1 and no
other poles.

Proof of Theorem 4.1. This is the analogue of Proposition 3.1 of [4]. The first step
to obtain this proposition, was Lemma 4.4 of [4]. In the simple case where in the
model studied in [4] all particles have the same jump rates, i.e., v; = 1 for all 4, then
Lemma 4.4 of [4] and our Proposition 3.1 have exactly the same structure. For the
comparison of the two, we need just the following identifications.

PushASEP | Parallel TASEP
p(z,y) ¢, y)
F.(z,a,b) F.(z,t)
where N
F.(z,t) = F,(z,t +n). (4.7)
From (3.9) it then follows that F, satisfies
(¢F % F,)(2,t) = Fpyq(, 1) (4.8)

The identity (4.8) corresponds to Lemma 4.3 of [4]. To obtain Proposition 3.1 of [4]
one needs to prove Lemma 4.5 of [4] which needs as ingredients only Lemma 4.3
of [4]. These Lemmas are the only ingredients used to obtain Theorem 4.1 and then
Theorem 4.2 of [4]. This last theorem concerns some general determinantal measures
(a generalization of Lemma 3.4 in [6]), whose specialization to the PushASEP model
is Proposition 3.1 of [4]. All these steps go through unchanged in our case provided
we make the above identifications.

To obtain the precise expressions of Theorem 4.1, we use an integral representation
for ¢*, namely,

1 7{ q ( 1 (1+pw)(1+w). (4.9)

f -
(@, y) 2mi w+ 1)zl w

From this we get

(@) (2,9) = = A,ldw( ! ((1—0—pw)(1—0—w))n' (4.10)

= o W T w

Also, the 7y, 4, , (z,y) from [4] now becomes

~ 1 (1 _’_pw)ti_tifl
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The only step we have still to prove is that the space where we need to do the or-
thogonalization is actually V,, = span(1,x,...,2" ). This follows from Lemma 4.2
below. O

Lemma 4.2. We have the identity
n—1
> T det(@ a5 icijann = Co [ (2] — ). (4.12)
ok, 1<i<k<n k=1 1<i<j<n
for some constant C,, # 0.

Proof of Lemma 4.2. The proof is made by induction. Assume that (4.12) is true
for some n, which is the case for n = 2. Then we prove that (4.12) holds for n + 1.
Consider

1- q9 T =1Y,
0, y <z

We will prove (4.12) for ¢ instead of ¢*; the statements are clearly equivalent by
shifts o — ¥ + k. Set

1 Llat—ag2) "

Ch(z) = —
e WP Py e

(4.14)

Then, for x > 0, GI'(x) = 1 and G}(x) is a polynomial of degree n — k in x (by
evaluating the residue at z = 1), while for < 0, G}(z) = 0 (because the residue at
oo gives zero). Therefore

det(Gr(x!) icjmen = Co [ (2} — ). (4.15)

1<i<j<n

For the proof by induction, we apply Heine identity,

> det(GR(;)hi<jhen det(Pni1 (26, Y;)1<i j<n i

T1,.00yTn
= nldet((G} * ©nt1)(Y;))1<)k<n+1- (4.16)
The computation of the convolution leads to (G * ,41)(y) = G (y). O

Theorem 4.1 holds for general fixed initial conditions. We want to apply it to the
alternating initial condition. For that we first have to do the orthogonalization with
the result given in the next lemma.

Lemma 4.3. For initial conditions y; = =27, j =1,...,n, we have
1 w’ (14 pw)t=7
V() = — d : 4.17
P =g A (.17
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and

1 (14 22+ p2?)(1 4 z)*+2n=971
PV z)==— ¢ d : : 4.18
(z) 2mi fi“o : 21 4 pz)t—itt ’ (4.18)

where, as before, p=1— q. In particular, ' (x) = 1.
Proof of Lemma 4.3. The formula for W7 is just obtained by substituting the initial
conditions into (4.4). Now we prove that the orthonormality relation (4.5) holds.

For k=0,...,n —1, the pole at w = 0 in ¥} is not present, and for x < —2n + k,
U?(x) = 0 because the residue at —1 vanishes. Thus

S 0 (@) vy @)

TEZ

% q % (1+ 22+ p2) (1 + 2)* 7L wk(1 + pw)t=F
frd ya N .
27?1 T T, 21 4 pz)t-i+t (14 w)2n—hk-1

x E: (fi;) (4.19)

r=—2n+k

where we have the constraint on the integration paths |1 4 z| < |1 + w|. The last
term (the sum) equals

1 —2n+k 1
(-ii) tw (4.20)
1+w w— 2
Now the pole at w = —1 has disappeared and instead of it there is a simple pole at

w = z. Thus, the integral over w is just the residue at w = z, leading to

1 1422 +4p2% (2(1+2)\"7"
O (2) Tt = — ¢ d
Z i (@) () 27i j{ﬂo © (1 + pz)? ( 1+pz

TEL
1 )
= — [ duufF 7' =4, 4.21
omi Jp o 3k (421)
where we used the change of variable u = Zl(f;). O]

Lemma 4.3 together with Theorem 4.1 leads to the kernel for the alternating initial
condition.

Proposition 4.4. Fory; = —2j,7 = 1,...,n, the kernel K in Theorem 4.1 is given
by
K((n1,t1), m1; (na, ta),22) = —@™M 022D (0 wo) T 1) < ng o)
+E((ny, 1), 215 (n2, t), 72) (4.22)
where ¢t (n2:82)) () 00 s given by (2.6) and

n1 1 +pw)t1 ni+1
K((n1,t1), 215 (na, t), 22) 27?1 7{ 1 dw 750 (1 4 w)rtmil
(14 2)%2%72(1 + 22 + p2?) 1
2n2(1 + pz)te—n2+2 (w—2)(w+ 11:;2)'
(4.23)

20



Here Ty (resp T'_1) is any simple loop, anticlockwise oriented, which includes the
pole at z =0 (resp. w = —1), satisfying {—11:;2, z€Tg} C Ty and no point of Ty
lies inside I'_4.

Proof of Proposition 4.4. We substitute (4.17) and (4.18) in the kernel (4.2). Since
<I>”t( ) = 0 for j < 0, we can extend the sum over k to co. We can take the

1+pw z(1+2)

(rw) Tips < 1. Then we

sum inside the integrals if the integration paths satisfy ‘

compute the geometric series and obtain

o w™ t1—ni1+1
\I,m,tl (I)nz,tz d ! 1 +pw) o
e (1) @32 75 (22) 27r1 w (1 + w)mrtm+l
k=1 Fo,—1 Fo

X(1+zx2+"2(1+2z+pz) 1

2m2(1 4 pz)t2—n2+2 (w— 2)(w + 11:;2)'

(4.24)

At this point both simple poles w = z and w = —(1 + 2)/(1 + pz) are inside the
integration path I'y _;, but the integrand does not have any pole anymore at w = 0.
Thus we will drop the 0in I'y _;. Separating the contribution from the pole at w = 2
we get

n2

D oW (@) B (1) = K((n1,t), 213 (na, ta), 22) (4.25)
k=1
+ L (1_|_pz)”2_nl (1+Z)n2+x2—n1—x1—1.
27 Jr, z

Moreover, we also have

¢*((n17t1)7(n27t2))(x1’1'2) — ¢(("17t1)7("27t2))(x1’ ) (4.26)
i 1 —l—pz e (1 4 Z)n2+m2—n1—m1—1.
27 Jp, z
Thus the last two terms of (4.25) and (4.26) cancel out, leading to (4.23). O

With Proposition 4.4 we almost obtained Theorem 2.1. What remains to do is to
focus far enough into the negative axis, where the influence of the finiteness of the
number of particles is not present anymore. There the kernel is equal to the kernel
for the initial conditions y; = —2i, i € Z.

Proof of Theorem 2.1. The kernel for the flat case is obtained by considering the
region satisfying x; + ny + 1 < 0 where the effect of the boundary in the TASEP

is absent. Here the pole at w = —1 vanishes. Computing the residue at w =
—(1+4 z)/(1 + pz) in Proposition 4.4 gives the kernel (2.5) up to a factor (—1)"~"2
which we cancel by a conjugation of the kernel. O
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5 Proof of Theorem 2.3

From Theorem 2.1 we have that P(x,(t) > z) = det(1 — L—oo ) K L(—00a)). We
have such a situation but with = y — s7"'/3. With this change of variable, we get
P(z,(t) >y — sT"/3) = det(1 — L(s,00) K771 (5,00)) Where K775°(&1, &) = T'3K (2, —
T3, 29 — &TY3) (here we did not write explicitly the (n,t) entries). Taking into
account the scaling (2.10), we thus have to analyze the rescaled kernel

K™ (ua, &15 u2, &) (5.1)
= TYPK((n(w), t(w)), z(w) = &ET?; (n(us), t(us)), (uz) — &TY?),

with z(u) = —2n(u) + vt(u), v. = 1 — ,/g. In particular, we have to prove
that, for wuy,us fixed, KI*° (or a conjugate kernel of it) converges to the kernel
K7 VK 4, (Rt 65160 Ky Mg, 51> uniformly on bounded sets and have enough con-
trol (bounds) on the decay of K**° in the variables £;, & such that also the Fredholm
determinant converges.

In order to have a proper limit of the kernel as T" — oo, we have to consider the
conjugate kernel K7™ given by

) q r1—T2 3 3 3
eon €15 Us, — J(resc &1 ug, \/_ ni—ng —(t1—t2)/2 . 5.2
7 (U, 15 uz, &) 7 (u1, 15 uz, ) <1 i \/a) q q (5.2)

The new kernel does not change the determinantal measure, being just a conjugation
of the old one. So, in the following we will determine the limit of (5.2) as T" — oo.

Proposition 5.1 (Uniform convergence on compact sets). Foruy, us fized, according
to (2.10), set

T; = [—Qn(ui) + vit(u;) — fiTl/g} , (5.3)
Then, for any fixed L > 0, we have
lim K;‘mj(nl, T1; Mo, xg)T1/3 = /ﬁ;lKAl(/@glul, K7L, /‘{,EIUQ, Ky 1Ey) (5.5)

T—o0

uniformly for (&1,&) € [—L, L|*, with the kernel K4, given by (2.7) and the con-
stants ky and Ky, given by (2.13).

Proof of Proposition 5.1. First we consider the first term in (2.4). We thus consider
(2.6) with the above replacements and conjugation. This term has to be considered
only for up > u;. The change of variable w = —1 + ,/qz leads then to

1/3
l %6T2/3(go(Z)—go(Zc))+T1/3(91(Z)—gl(Zc)) (5.6)
2m Jp, 2

22



with z, = (1 + /)"

() = (1~ w)(@(0) + D(In(yT+ (1 - 0)2) — (1~ ) ()
—u —71'/ n \/a+(1_Q)Z
(o)1 = (0 n (YA
01(2) =~ ~ " O) (VA(:) + (1~ Va) — (& - )n). (57)

The function gg has a critical point at z = z.. The series expansions around z = z,
are

9o(2)
91(2)

go(2ze) + (ug — up)k1 (2 — 2)* + O((2 — 2.)*), (5.8)
g1(ze) = (&2 = &)1+ V@) (2 — 2) + O((z — 2)*),

where

= Va(l+/q)?* | (n ()+1)¥+1—7ﬁ(9) : (5.9)

To prove convergence of (5.6) we have to show that the contribution coming around
the critical point dominates in the 7' — oo limit. We do it by finding a steep descent
path? for gy passing by z = z.. Consider the path ['y = {pe’®,¢ € [, 7)}. Then,
on Iy, %Re(ln(z)) =0,

Ao )y VA~ @)psin(9)
e+ (1= ) = Y (5.10)
and 1
 Re(~In(1 - /g2)) = — Vapsin(9) (5.11)

d¢ 11— /g2 NGER
Thus I'y is a steep descent path for gg. Now we set p = z.. Then, the real part of
go(2) is maximal at z = z. and strictly less then g(z.) for all other points on I'y.
Therefore, we can restrict the integration from I'y to I'§ = {z € Tg||z — z.| < 6}.
For & small, the error made is just of order O(e=7*"*) with ¢ > 0 (¢ ~ 6% as § < 1).
In the integral over I') we can use (5.8) to get

1/3
(1+ \/a)T / % dzeT2/3(uz—u1)m(2—2c)2—T1/3(§2—€1)(1+\/5)(Z—Zc)
271-1 1'\6

o QOT3 (a2 T3 (=202, (z—20)) (5.12)

We use |e* — 1| < |z|el*l to control the difference between (5.12) and the same
expression without the error terms. By taking 0 small enough and the change of
variable (z — 2.)T"/3 = W, we obtain that this difference is just of order O(T~1/3),

uniformly for &;,&; in a bounded set. At this point we remain with (5.12) without

2For an integral I = f,y dzet/*) | we say that « is a steep descent path if (1) Re(f(z)) is maximal

at some zg € 7: Re(f(2)) < Re(f(20)) for z € v\ {20} and (2) Re(f(z)) is monotone along v\ {z0}
except, if 7y is closed, at a single point where Re(f) is minimal.
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the error terms. We extend the integration path to z. + iR and this, as above, gives
an error of order O(e<T**). Thus we have

(5.6) = O(e~T** T-1/3) (5.13)
1/3
(1+ )T % QT a2 BT (€2 0) (L4 ) (2—20).
27 zc+iR
Therefore, uniformly for &1, & in bounded sets,
1 _ 2
lim (5.6) = exp <—(£2—£1)2) (5.14)
T—o0 47T(UQ — Ul)Oé 4(”2 - ul)a

with o = k1/(1+ 1/9)* = K2 /kn.
Now we have to consider the second term in (2.4). Notice that this time the restric-
tion up > u; does not apply. Set z. = —1/(1+ /q). Then

_T1/3 % eTfo()+T?/3 fr(2)+T/3 fa(2)+f3(2)
To

K (ug, §15u9, §2) = T )T ) (5.15)

2mi

with

7e) = w6+ )= Vi () = (4 VD G+ (1= 0)2) + Vi)
£i(2) = (W) + D (1 = D In(=2) + vaIn((1L+ (1= 9)2)/q)

—u((1 — /@) In(1+2) —In(1 + (1 — ¢q)2))

=T O - (1525, (5,10
fo(z) = WT@ [w3n(1+ 2) + /gIn(-g2) = (1+ V) In(1 + (1 - 9)2))

—w2(/gIn(1 + 2) + ln(—z))]
+ & In(—gz/(1+ (1 —q)z)) — & In(1 + 2),
f3(2) = =In(=2(1 + (1 — g)2)). (5.17)

The function fy has a double critical point at z = z. and the series expansions
around z = z. of the f;’s are given by

fo(2) = Lra(z = 2)* + O((z — 2.)"),
ﬁuw:ﬁ@a+%%w—uo@—%f+0«z—am,

= Ze) — 1_‘_\/62—2 2—2’2
Fl) = falze) = €&+ €)= L = 20) + O(( = =),

f3(2) = In((1 + va)/va) + O((z — z)), (5.18)
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with &1 given in (5.9) and

(m(6) + 8)(1 — (1 + yD)*

q

Ro = (519)
The leading contribution in the T" — oo limit will come from the region around the
double critical point. The first step is to choose for vy a steep descent path for f.
First we consider 7o = {—pe'?, ¢ € [-m,7)}, p € (0,1/(1+ ,/g)]. The only part in
Re(fo(2)) which is not constant along 7y is the term (7 (6) + 6)(1 — |/g) multiplied
by A(z) =In|l+z|—aln|l+(1—-q)z|, a = (14+,/9)/(1—/q). Simple computations
lead then to

d sin(@)py/A2 + VA — (1 + ) cos(9) + 22— VD) (1 + V3)?)

a1 = 4 2P+ (1 q)zp

(5.20)
This expression is strictly less than zero along 7, except at ¢ = 0, —m, provided that
the last term is strictly positive for ¢ # 0, —m. This is easy to check because the
last term reaches his minimum at cos(¢) = —1. Solving a second degree equations,
we get that on p € (0,1/(1+ ,/g)) it is strictly positive and at p = 1/(1 + ,/q) is
zero. Thus, the path v is steep descent for f.

But close to the critical point, the steepest descent path leaves with an angle +m /3.
Therefore, consider for a moment v; = {z = z,+e~™8"®)/3|z| 2 € R}. By symmetry
we can restrict the next computations to x > 0. We have to see that B(z) =
In|l1+z|—In|z] —aln |l + (1 —¢)z| is maximum at z = 0 and decreasing for x > 0.
We have

d x?
P Ty e e PR
X (2¢+2(1 = q)var — (1 = 3y/q+ q) (1 + /q)*a* + 2(1 — q) (1 + /9)°2”).

The term in the second line is always positive for all x > 0. To see this, remark
that it is a polynomial of third degree which goes to oo as x — oo and at x = 0 is
already positive and has positive slope. Therefore one just computes its stationary
points and, if reals, takes the right-most one. There, the term under consideration
turns out to be positive, which concludes the argument. Consequently, ~v; is also a
steep descent path.

(5.21)

We choose a steep descent path [y as follows. We follow v, starting from the critical
point until we intersect it with vy, and then we follow ~y. Since I'y is steep descent
for fo, we can integrate only on ') = {z € ||z — 2] < &}. The error made by this
cut is just of order O(e~T) for some ¢ = ¢(d) > 0 (with ¢ ~ 6% as § — 0). Around
the critical point we use the series expansions (5.18). Thus we have

k;mj(ulaﬁ; ug, &) = O(Q_CT)

1/3
+_T ‘/ / dzl + \/aeO((z—zc)4T,(z—zc)3T2/3,(z—zc)2T1/3,(z—zc))
21 Jrs Va

1 K 1
% 6352(2—%)3714'71(“2 —uy)(z—2)2T2/3 (& +§2)+7‘q/a(z—zc)Tl/3

(5.22)
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We want to cancel the error terms. The difference between (5.22) and the same
expression without the error terms is bounded using |e* — 1| < el*!|z|, applied to
x = O(--+). Then, this error term becomes

1/3
T /F6 1+ \/_(9 (2 — 2)*T, (2 — )3T2/3, (2 — zc)2T1/3, (2 — 2))

27

Xeclgng(z ZC)ST-"-CQ (ug u)(z— zc)2T2/3—03(§1+§2) /(z—zc)Tl/S (523)

for some ¢y, ¢o, c3 depending on §. As § — 0, the ¢; — 1. Thus, for § small enough,
we have ¢; > 0. By the change of variable (z — 2.)T"3 = W we obtain that (5.23)
is just of order O(T~1/3). Thus we have
K (ur, &15us, &) = O(e™T, T71%) (5.24)
—T/3 / 1+ \f gh2(z—2e) T+ (1) (2—20) 2 T2/3 (61 +€2) “2 (2—2c) TV/3

The extension of the path I') to a path going from e™/300 to e™™/300 accounts into

an error O(e~T) only. We do the change of variable Z = rs/*T'/3(z — z.) and we
define

1/3
- 2/ V4 _ “;/361
v s Ry = (525)
1 + \/a K1

Then,
Tim R, €15m, €0) = 1y 1o / e CED
where 74 is any path going from €"/300 to e "/300. The proof ends by using the
Airy function representation (A.5). O

Proposition 5.2 (Bound for the diffusion term of the kernel). Let n;, t;, and z; be
defined as in Proposition 5.1. Then, for us — uy > 0 fized and for any &,& € R,
the bound

T1—T2
Pt (n2:82) (o) YT/ (%) g m2q ()2 < const eIl (5.27)
q

holds for T large enough and const independent of T

Proof of Proposition 5.2. We start with (5.6). The difference now is that the contri-
bution coming from large |{; — &;| can be of the same order as the one from go(z).
We consider as path Ty = {pe'®, ¢ € [—7,7)}.

The difference is that now we choose p as follows. For an € with 0 < ¢ < 1 and
ze = 1/(1+./9),

/3

Ze + %, if |& — &| < T3,

P =1 2+ m, if 52 — 51 > €T1/3, (528)
if 52 - 51 S —€T1/3.

Fe ™ (ug—u1)k1’
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By (5.10) and (5.11), I'y is a steep descent path for go(z) plus the term proportional
to & — & in g1(2). So, integrating on 'y = {z = pel?, ¢ € (—0,0)} instead of [y we
do only an error of order O(e=T*"") times the value at ¢ = 0, for some ¢ > 0. Thus

LHS of (5.27) = T2 (90(p)=g0(2e)+T (g1(p)— 1 (2¢)) (5.29)
1/3
x (O(e—cT”g)Jrl %em(go(z)—go(p))wl“(m(z)—m(p))).
211 Jrs 2

On I'Y, the &;-dependent term in Re(g;(2) — g1(p)) is equal to zero. With the same
procedure as in Proposition 5.1 one shows that the integral is bounded by a constant,
uniformly in 7.

It remains to estimate the first factor in (5.29). With our choice (5.28), we need
just series expansions of gy and g; around p. Namely, by (5.8)

T**(go(p) — go(ze)) = (w2 —ur)ra(p — 2)*T**(1+ O(p — zc)),
TY3(g1(p) — g1(2)) = (&= &)1+ VD(p—2)T"*(1+O(p— )
+ O(p— 2)H)T3. (5.30)

First consider the case |& — & | < eT/3. We replace p given in (5.28) into (5.30)
and get that the sum of the two contributions in (5.30) writes

V(& —&)° ~1/3

—Yo2t 2 (14 0(e) + O(T13)). 5.31

(150 + o) (531)
O(¢) comes from O(p — z.), while the O(T~1/3) from O((p — 2.)?). Then, by taking
¢ small enough and 7" large enough, we get

(5.31) < —|& — & | + const. (5.32)

In the case, & — & > T3, we also replace the appropriate p given in (5.28) into
(5.30). We explicitly use the bound eT'/3 < & — & to bound O((p — 2.)?) < (& —
£1)T~/3¢. Then, we obtain the following bound for the sum of the two contributions
in (5.30),

-6l (00 - Y _qrop)) s -6l 63
(ug — u1)ky
by taking a fixed e small enough and then T large enough. Finally, for £,—¢&, < T3,

the same result holds in a similar way:. O

Proposition 5.3 (Bound for the main term of the kernel). Let n;, t;, and x; be
defined as in Proposition 5.1. Let L > 0 fized. Then, for given uy,us and £1,& >
—L, the bound o

| K77 (ug, &1 us, £2)| < const e~ (E1F€2) (5.34)

holds for T large enough and const independent of T
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Proof of Proposition 5.3. For §;,&, € [~L, L] it is the content of Proposition 5.1.
Thus we consider &1, & € [—L,00)?\ [~L, L]?. Define & = (& +2L)T~2/3 > 0. Then
we consider a slight modification of (5.15), namely

[}ccronj(ul,fl;umé) =

(5.35)

_T1/3 % T Fo(2)FT2/3 f1(2)+ T2 fa(2)+ f3(2)
T

ori BT T o) A T2 1 (20) A TV o (22)
with fi(2) and f3(2) as in (5.16)-(5.17), fa(2) as fo(2) in (5.17) but with & and &
replaced by —2L, and finally fy(2) is set to be equal to fy(2) in (5.16) plus the term

—&In((1+ (1—q)2)/(—gz)) — &In(1 + 2). (5.36)

We also chose 'y = {—pe'?, ¢ € [—m,7)}. In the proof of Proposition 5.1 we already
proved that I'g is a steep descent path for fy for the values p € (0, 2]. Also, since
& >0, Re((5.36)) is also decreasing while |¢| is increasing. The precise choice of p
is

_ )T (6 + &) /ra)'2, if \5:1 + 5}\ <e, (5.37)
—z — (e/R2)"?, if [&1 + &l > €, .
for some small € > 0 which can be chosen later. Let us define
Qp) = (TP (=P FiGDT (o)~ Fa() (5.38)
Then, since Ty is a steep descent path for fo,
T —T/3 T Jo()+T2/3 fu(2)+T"/3 fa(2)+f3(2)
(5:35) = Qp)O(e ™) + Qlp) 27i /Fg eTTo(p)+T2/3 fr(p)+T /3 fa(p) (5.39)

where 'y = {—pe'®, ¢ € (—9,0)}, for a small § > 0. The expansion around ¢ = 0
leads to

Re(fo(—pe'?) = fo(=p)) = = (1 + O(4)) (5.40)
with
(1= p(1+ /q)py/a(1 — /D) (pg + (1 = p)(2+ /7))
2(1=p)2(1 = p(1—q))?

P 52 51(1 —q)
i ((1 B TR T p>>2) (541)

which is strictly positive for p chosen as in (5.37). Also, Re(fi(—pel?) — fi(—p)) =
Y120*(1 + O(¢)) for some bounded v, (we do not write it down explicitly since the
precise formula is not relevant). Therefore, the last term in (5.39) is bounded by

M=

é
const Q(p)T/3 / e 1 T+O@)(A+OT 1) (5.42)
-5
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with v = 71 + 7T~ /3. By choosing § small enough and independent of T, and then
T large enough, the error terms can be replaced by 1/2, and the integral is then
bounded by the one on R. Thus

1

/7T1/3'

In the worse case, when v — 0, which happens when p — z., we have T3 ~
(€1 + & +4L0)Y? > (2L)Y/2, which dominates ~y, for L large enough.

(5.42) < const Q(p) (5.43)

Therefore we have shown that

| K57 (un, €15 ua, &) | < Q(p)O(1). (5.44)
It thus remains to find an bound on Q(p). We have, by (5.18),

1 - .
Q(p) _ e[gm(—/’—zc)g—(&-l-&)IJ:}(I/E(—p—zC)T-i-Tl(uz—U1)(—P—Zc)2T2/3](1+O(—P—Zc))' (5.45>
In the case |& + &| < &, we then obtain

1+0(e))+(€1+E2+4L)O(1)

1+ _
6(51-%—524—4L)3/2 (%—Wﬁ) Ko 1/2(

< conste™ 1782 (5.46)

Q(p) <
for L > 1, ¢ < 1. Finally, when |, + &]| > ¢, we have

1 1+ a —
Qlp) < e‘(§1+52+4L>((?Wﬁ)e”%”% 240() < (@t (5.47)

by first choosing € > 0 small and then T' large enough. O

Proof of Theorem 2.3. The proof of Theorem 2.3 is the complete analogue of Theorem
2.5 in [5]. The results in Propositions 5.1,5.3,5.4, and 5.5 in [5] are replaced by the
ones in Proposition 5.1, 5.2, and 5.3. The strategy is to write the Fredholm series
of the expression for finite 7" and, by using the bounds in Propositions 5.2 and 5.3,
see that it is bounded by a T-independent and integrable function. Once this is
proven, one can exchange the sums/integrals and the 7' — oo limit by the theorem
of dominated convergence. For details, see Theorem 2.5 in [5]. U

6 Proof of Theorem 2.5

In this section we prove Theorem 2.5. By Theorem 2.1, the right hand side of (2.16)

with n; = |(t; — H; — x;)/2] can be written as Fredholm determinant of the kernel
(X < i) K((ni, t), Xi; (g, £5), X)) 1(X; < xy) (6.1)

with K given in (2.4). By the change of variable X; = —h; + H; + x;, one obtains
the Fredholm determinant of the kernel
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With this preparation, we now go to the proof of Theorem 2.5.

Proof of Theorem 2.5. We have to analyze the kernel (2.4) with entries

ti + X; Hz " 2tz 2Xi
) [ ) Ty = —

i T Vi
and take the limit ¢ — 0 with h;, H; fixed. The scaling of x; might look different
from the one in (2.17) but, as we can see below, (6.3) with the last one replaced

by z; = 2"2 gives the same limiting kernel. As ¢ — 0, the kernel does not have a

Y H,— h (6.3)

n;, =

well defined hmlt and, as usual, we first have to consider a conjugate kernel. More
precisely, we define

ni—ns
Ko((x1,t1), hs (X2, 82), ho) = K ((n1, 1), 15 (n2, ta), 22) g™ )/ qzl_m)/r (6.4)
What we have to prove is
}Iii% det(1 — xg K, xm) = det(1 — xg K" p). (6.5)

First we prove the pointwise convergence and then we obtain bounds allowing us to
take the limit inside the Fredholm determinant.

Consider the term coming from (2.6). By the change of variable w = -1+ /gz, we

get iéog(ﬂﬂl—q)z)“‘” ( ( L= vae ) ))m_m (6.6)

27 z 212 2(v/a+ (1 —q)z

and, by inserting (6.3), one obtains

Ly ((ﬂ+(1—q)z)(1—f2)> i .

27

Va+ (1—1¢q)z (x1—x2)//q Ja+ (1-q)z (Hi—H2)/2
< (1 - /g2)2 ) ( (1-42)z ) gheha
Consider g < ¢ for some ¢y < 1 fixed. Then, we can fix the path [y independent of
q, and the ¢ — 0 limit is easily obtained. It results in
1 dz 1
2mi T, % 2 Zha

(h1—h2)/2
— X+t —t
o E o) R N (N e R

X2-X1-t1+t2

hm (6.7) = e (t1m82) (== (e —xa) (a2 ) (6.8)

where we applied (A.4).

It is the turn of the term coming from (2.5). We do the change of variable z =
—w/(w + ,/q) and then we insert (6.3). The result is

prd Ry Ty (wﬁww))mw (ﬁ) W+ Vo™

) (x1—x2)//q+(H2—H1)/2

w

((w + VO (1 + /qw)

(6.9)
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If x5 — x1 > t1 + tg, then for ¢ small enough, the result is identically equal to zero,
because the pole at w = 0. If x; — x5 > t1 + to, then the result is also zero, because
the residues at all other poles, \/g, 1/,/q, and oo vanishes. In the other case, when
|xy — x1| < t1 + to, the apparent pole at w = —,/q is actually not there. So, we can
choose a I'y independent of ¢ < ¢y for some gy < 1. Then, we can simply take the
limit ¢ — 0 of the integrand, which leads to

lim (6.9) = 1 d—wwhﬁhze(tﬁtz)(w’l—W>e<x2—X1><w+W’1> (6.10)
q—0 2 Jp, w

<t1 +t+ X2 — X ) (htha)/2

J (2 ty + 62)? — (x5 — 2) ,
tl -+ tg — X9 —+ X1 haths \/( 1 + 2) (X2 Xl)
where in the last step we made the change of variable w — 1/w and applied (A.3).

To have convergence of the Fredholm determinants we still need some bounds for
large values of hy, he. For ¢ small enough, say ¢ € [0, go] for some ¢y < 1, we can set
in (6.7) Ty = {z,]z| = e} in the case hy > hy, and Ty = {2,]z| = e7'} in the case
hy < hy. Then, we get the bound

1(6.7)| < Cye~h2=Ml (6.11)

for some finite constant € independent of ¢q. Moreover, in (6.9) we can choose
[y = {z,|z| = e}, which leads to the bound

(6.9)] < Che~hath) (6.12)

with (5 < oo independent of ¢ < qg. These two bounds are enough to have con-
vergence of the Fredholm determinants. The strategy is exactly the same as in the
proof of Theorem 2.3. O

7 Proof of Theorem 2.6

We analyze the kernel (2.23) with the scalings

X; = uiT2/3, (71)
/!

t; = (0)T + 7' (0)u, T + %@U?T”g’, (7.2)

hi = 2t; + T3 (7.3)

(See (2.24) and (2.25)). The strategy of he proof is the same as that for Theorem
2.3 and hence we only give the main differences.

First we consider the first term in (2.23). From (6.8) it is rewritten in the from (5.6)
with go(2), g1(2) replaced by

90(2) = (ug —uy) (/' (0)(z —1/2 — 2In2) + (2 + 1/2)), (7.4)
00 = L)1)z -2ma) - @ -g)me (19)
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The critical point of go(2) is now z. = 1. The series expansions around z = z. are
90(2) = go(ze) + (uz — u1) (2 — 2.)* + O((z — z.)*), (7.6)
91(2) = g1(ze) = (&2 — &1)(= — 2zc) + O((2 = 2)*). (7.7)

The steep descent path can be taken to be T’y = {€, ¢ € [-7,7)}. Then the same
arguments as in the proof of Theorem 2.3 give the first term in (2.7).
Next we consider the second term in (2.23). From (6.10) it is rewritten in the form
(5.15) with fo(2), f1(2), f2(2) replaced by
) =27(0)(1/w —w + 2Inw), (7.8)
fi(w) =~"(0)(ug + u2)(1/w — w+2Inw) + (uz — ur)(w + 1/w), (7.9)
)

(uf +u3)(1/w —w+2Inw) + (£ + &) Inw. (7.10)

Their series expansions around z. are

folw) = =280 12 1 0(w — 1y, (r.11)
() = fulze) + (= ) = 12 + O((w ~ 17, (112
fo(w) = fo(ze) + (&1 + &) (w — 1) + O((w — 1)*). (7.13)

The steepest descent path is taken to be Ty = {pe’®, ¢ € [—m,7)} with 0 < p < 1.
Using these one obtains the second term in (2.7).

The bounds for the diffusion terms and the main term of the kernel are also proved
in the same way as those of Propositions 5.2 and 5.3.

A Some integral representations

In this appendix we list some integral representations of the Bessel functions and
the modified Bessel functions (we use the conventions of [1]).

1 d t(z—z"1)
Ja2t) = — ¢ EE

27 Jp, 2 2"

: (A1)

1 d t(z+z71)
Lot =— ¢ &F

1 n
2m Jr, 2 2

: (A.2)

1 dz ebz=2"Dealz+27") <b +a

27l Jp, 2 2" b—a

)W Jn (zm) , (A.3)

b(z—z"1) ja(z+271) n/2
L dadt e (255) n(va=w). o

27 Jp, 2 2" a—b
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where v, is any path from e

_—1, dve?”/3+a*+ — Aj(a® — b) exp(2a° /3 — ab), (A.5)
2 ),

/3650 to e /300,
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