Weierstraß-Institut

für Angewandte Analysis und Stochastik

im Forschungsverbund Berlin e.V.

Preprint ISSN 0946 – 8633

Regularity up to the boundary for nonlinear elliptic systems arising in time–incremental infinitesimal elasto–plasticity

Patrizio Neff^1, Dorothee Knees^2

submitted: July 3, 2007

1 Fachbereich Mathematik Darmstadt University of Technology Schlossgartenstrasse 7 64289 Darmstadt, Germany E-Mail: neff@mathematik.tu-darmstadt.de

2 Weierstrass Institute for Applied Analysis and Stochastics Mohrenstr. 39 10117 Berlin, Germany E-Mail: knees@wias-berlin.de

No. 1245 Berlin 2007

2000 Mathematics Subject Classification. 35B65, 49N60, 74A35, 74C05, 74G40. Key words and phrases. polar materials, perfect plasticity, higher global regularity, quasilinear elliptic systems, error estimates, time-increments.

Edited by Weierstraß-Institut für Angewandte Analysis und Stochastik (WIAS) Mohrenstraße 39 10117 Berlin Germany

Fax: + 49 30 2044975 E-Mail: preprint@wias-berlin.de World Wide Web: http://www.wias-berlin.de/

Abstract

In this note we investigate the question of higher regularity up to the boundary for quasilinear elliptic systems which origin from the time-discretization of models from infinitesimal elasto-plasticity. Our main focus lies on an elasto-plastic Cosserat model. More specifically we show that the time discretization renders H^2-regularity of the displacement and H^1-regularity for the symmetric plastic strain ε_p up to the boundary provided the plastic strain of the previous time step is in H^1, as well. This result contrasts with classical Hencky and Prandtl-Reuss formulations where it is known not to hold due to the occurrence of slip lines and shear bands. Similar regularity statements are obtained for other regularizations of ideal plasticity like viscosity or isotropic hardening.

In the first part we recall the time continuous Cosserat elasto-plasticity problem, provide the update functional for one time step and show various preliminary results for the update functional (Legendre-Hadamard/monotonicity). Using non standard difference quotient techniques we are able to show the higher global regularity. Higher regularity is crucial for qualitative statements of finite element convergence. As a result we may obtain estimates linear in the mesh-width h in error estimates.

Contents

1 Introduction 2 1.1 Plasticity and Cosserat models . . . . . . . . . . . . . . . . . . . . . . . . . 2 1.2 Outline of this contribution . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

2 The infinitesimal elasto-plastic Cosserat model 5 2.1 Time continuous infinitesimal elasto-plastic Cosserat model . . . . . . . . . 5 2.2 Backward Euler time discretization of the flow rule . . . . . . . . . . . . . . 7 2.3 The projection onto the yield surface . . . . . . . . . . . . . . . . . . . . . . 9 2.4 Weak form of the reduced update problem . . . . . . . . . . . . . . . . . . . 10 2.5 Variational form of the update problem . . . . . . . . . . . . . . . . . . . . 13

3 Improved error estimates for Cosserat plasticity 14

4 Higher regularity for alternative regularized update potentials 15

5 The regularity theorem 16 5.1 Higher regularity for a quasilinear elliptic system . . . . . . . . . . . . . . . 17 5.2 A model problem on a half cube . . . . . . . . . . . . . . . . . . . . . . . . 18 5.3 Proof of theorem 5.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

6 Discussion 24

1 Introduction

1.1 Plasticity and Cosserat models This article addresses the regularity question for time-incremental formulations of geometrically linear elasto-plasticity. As a representative model problem we consider generalized continua of Cosserat-micropolar type.

The basic difference of a Cosserat model as compared with classical continuum models is the appearance of a nonsymmetric stress tensor which is augmented by a generalized balance of angular momentum equation allowing to model interaction of particles not only by surface forces (classical Cauchy continuum) but also through surface couples (Cosserat continuum). General continuum models involving independent rotations as additional degrees of freedom have been first introduced by the Cosserat brothers [15]. For an introduction to the theory of Cosserat and micropolar models we refer to the introduction in [49, 43, 45, 44, 48], see also [22, 9].

There are a great many proposals for extensions of the elastic Cosserat framework to infinitesimal elasto-plasticity. We mention only [17, 19, 31, 55]. Recently the finite-strain formulation has been put into focus, see, e.g., [56, 62, 23] and references therein.

The first author has also proposed an elasto-plastic Cosserat model [45, 44] in a finite strain framework. A geometrical linearization of this model has been investigated in [46, 48] and is shown to be well-posed also in the rate-independent limit for both quasistatic and dynamic processes.

When it comes to numerically solving problems in elasto-plasticity, then it is common practice to discretize the time-evolution in the flow-rule for the plastic variable with a backward Euler method and to consider a sequence of discrete-in-time problems [50]. Provided that the elasto-plastic model has certain variational features (hyperelasticity of the elastic response, associative flow rule) it is possible to recast the problem for one time-step (called the update problem in the following) itself into a variational framework: the updated displacement is obtained as a minimizer of some update functional, see e.g., [61, 60, 2, 66, 67]. This line of thought can be nicely extended to finite-strain multiplicative plasticity, see [52, 37, 36, 38] and references therein. In the geometrically linear setting the resulting variational update problem usually has the form of a quasilinear elliptic system whose corresponding energy has only linear growth (in case of perfect plasticity).

For qualitative statements on the rate of convergence of finite element methods it is necessary to know precisely the regularity of the function to be approximated. This then is the question on the regularity of the solution of the quasilinear elliptic system constituting the update problem.

As far as classical rate-independent (perfect) elasto-plasticity is concerned we remark that global existence for the displacement has been shown only in a very weak, measurevalued sense, while the stresses could be shown to remain in L^2(Ω), provided a safe-load condition is assumed. For these results we refer for example to [3, 13, 64]. If hardening or viscosity is added, then global H^1-displacement solutions are found see e.g. [1, 12, 11], already without safe-load assumption. A complete theory for the classical rate-independent case remains, however, elusive, see also the remarks in [13].

Since classical perfect plasticity is, therefore, notoriously ill-posed (the updated displacements have derivatives only in a measure-valued sense) we focus in our investigation of higher regularity on certain modified update functionals which might allow for more regular updates. The Cosserat elasto-plastic model in [46] is our basic candidate. Based on this time-continuous model we investigate the time-incremental formulation and study the global regularity of minimizers of the corresponding update functional. In [49] this time-incremental formulation is the basis of a finite-element approximation.

Our focus on Cosserat models is justified by the fact that the Cosserat type models are today increasingly advocated as a means to regularize the pathological mesh size dependence of localization computations where shear failure mechanisms [14, 40, 4] play a dominant role, for applications in plasticity, see the non-exhaustive list [31, 19, 55, 17].

1.2 Outline of this contribution Our contribution is organized as follows: first, we recall the time-continuous geometrically linear elasto-plastic Cosserat model as introduced in [45, 44] and investigated mathematically in [46, 48, 47].

Referring to the development in [49] we provide in section 2 the corresponding timediscretized formulation based on a fully implicit backward Euler discretization of the plastic flow rule in time. It is shown in [49] that at each time step t_n the updated displacement field u^n and the updated “Cosserat–microrotation–matrix” A^n can equivalently be obtained from a convex minimization problem which involves only data from the previous time step. The plastic strain ε^n_p is then derived from A^n and u^n via a simple update formula. Furthermore, in [49] it has been shown that the update problem admits unique minimizers u^n ∈ H^1(Ω, R^3), A^n ∈ H^1(Ω, so(3)) and ε^n_p ∈ L^2(Ω, Sym(3)) provided that the data coming from the previous time step are smooth enough. In order to quantify the rate of convergence of corresponding finite element methods for the update problem we investigate the regularity of the displacements u^n by studying the corresponding weak Euler–Lagrange equations. These equations form a quasilinear elliptic system of partial differential equations. The main result of this paper is Theorem 5.2 in section 5, where we formulate a global regularity result for weak solutions of a rather general class of quasilinear elliptic systems of second order. The time-incremental Cosserat plasticity formulation satisfies all the necessary assumptions of the regularity result which allows us to show higher regularity to the extent that ∀ n ∈ N : u^n ∈ H^2(Ω, R^3) , A^n ∈ H^2(Ω, so(3)), ε^n_p ∈ H^1(Ω, Sym(3)) if pure Dirichlet data are assumed. Let us remark that it remains an open problem whether a similar regularity result is also valid for the time-continuous Cosserat model or other regularized time-continuous plasticity formulations.

The general quasilinear elliptic systems, which we study in section 5, are of the following type: Find u ∈ H^1_0 (Ω) such that for every v ∈ H^1_0 (Ω) � Ω ⟨M(x, ∇u(x), z(x)), ∇v(x)⟩ dx = � Ω ⟨f, v⟩ dx.

Here, z ∈ L^2(Ω, R^N ) and f ∈ L^2(R^3) are given data. For the Cosserat model, z is identified with (ε^n_p , A^n), the explicit structure of M = M_C is given in section 2.4. It is shown that M_C is rank–one monotone in ∇u and Lipschitz continuous but not differentiable. Consequently, we assume in the general case that the function M : Ω × M^{m×d} × R^N → M^{m×d} is Lipschitz continuous, rank–one monotone in ∇u and induces a Gårding inequality. The precise conditions on M are formulated as R1–R3 in section 5.1. Our main result is theorem 5.2, where we prove for smooth domains that u ∈ H^2(Ω) provided that z ∈ H^1(Ω) and f ∈ L^2(Ω). We emphasize that we do not need the differentiability of M and that we require M to be rank-one monotone, only, instead of uniformly or strongly monotone. A further new aspect compared to systems studied in the literature is the presence of the function z in the definition of the differential operator.

Let us give a short overview on global regularity results for quasilinear second order systems. Systems with quadratic growth or, more general, with p–growth are studied by several authors. We mention here the books [42, 39, 6], and the paper [53] where global regularity results for systems of the type

Div M(x, ∇u(x)) + f(x) = 0, u � ∂Ω = g_D ,

are shown for smooth domains assuming that M is differentiable and strongly monotone. Further results for Lipschitz domains were obtained in [21, 20, 57] again assuming that M is strongly monotone (or uniformly monotone, if p ≠ 2), differentiable and that there is a function W such that M = DW . These results are proved with a difference quotient technique which relies on the standard finite differences δ_hu(x) := u(x + h) − u(x).

In Daněček [16] the authors study systems, where M(x, u, ∇u) = B(x)∇u+h(x, u, ∇u). The main assumption in [16] is that B is uniformly positive definite, h is Hölder-continuous with respect to ∇u and h(x, u, ·) is uniformly monotone in zero. They prove that the gradient of solutions belongs locally to certain Campanato-Spanne spaces. With our main result we can treat the case, where h does not depend on u, is Lipschitz continuous and monotone but not necessarily uniformly monotone and where B induces a rank-one positive quadratic form. We obtain u ∈ H^2(Ω) globally.

In [58] a nonlinear elliptic system is studied which is more related to our Cosserat-model. There, M is chosen as M(∇u) =^{h(|ε(u)|)}_{|ε(u)|} ε(u), where ε(u) is the linearized strain tensor, and it is assumed that h is differentiable except for a finite number of points and that h is strongly monotone. It is shown for smooth domains that u ∈ H^2(Ω) by investigating the regularity of functions u_δ with Div(δε(u_δ ) + M(ε(u_δ ))) + f = 0 for δ ↘ 0. The results for u_δ are obtained with standard finite differences. Further results for related models where obtained in [54, 7]. Let us remark that the quasilinear system we are interested in contains the above described systems as special cases (if p = 2) and that our main result is not covered by the above references. The local and global regularity of the stress fields of a class of degenerated quasilinear elliptic systems is investigated in the papers [10, 33].

Note that higher regularity is not known to hold for the displacements of the classical limit of our formulation, which is the classical time-incremental Prandtl-Reuss model. In the first update step this model in turn is nothing else than the total deformation Hencky plasticity model. The Hencky model does not allow for regular displacements. Here, it is known that the displacement u ∈ L^32 (Ω, R^3) (see, e.g., [6, p.423]) while the classical symmetric stresses satisfy σ ∈ H^1_{loc}(Ω, Sym(3)) ∩ H^12^{−δ}(Ω) for every δ > 0 if the data are sufficiently regular and if Ω is a Lipschitz domain. See [59, 24, 5, 51, 18] for the local and [32] for the global result.

The proof of our own regularity result is split into the three classical steps. In the first step we investigate the tangential regularity of weak solutions in the case where Ω is a cube. Since we assumed rank–one monotonicity, only, we cannot apply the standard difference quotient technique in this step. Instead, we use finite differences which are based on inner variations: △_hu(x) = u(τ_h(x)) − u(x), where τ_h(x) = x + φ^2(x)h for h ∈ R^d and a cut–off function φ. This will be explained in more detail in remark 5.5. Let us note that these nonstandard differences where recently applied by Nesenenko [51] in order to obtain higher local regularity for models from elasto-plasticity with linear hardening. In the second step we prove higher regularity in directions normal to the boundary. Due to the lack of differentiability of M we cannot apply the usual arguments (i.e. solving the equation for the normal derivatives) to obtain the differentiability of ∇u in the normal direction. Instead, we exploit the rank–one monotonicity of M in order to get more information on the missing derivative. In the final step we prove the result for arbitrary bounded C^{1,1}-smooth domains by the usual localization procedure. The notation is found in the appendix.

2 The infinitesimal elasto-plastic Cosserat model

In this section we recall the specific isotropic infinitesimal elasto-plastic Cosserat model which has been proposed in a finite-strain setting in [44] and which was analyzed in [46]. Moreover, we derive a discrete formulation. This section does not contain new results; it serves for the clear definition of the problem and for the introduction of some of the notation.

2.1 Time continuous infinitesimal elasto-plastic Cosserat model The geometrically linear time continuous system in variational form with non-dissipative Cosserat effects reads: for given body forces f(t) ∈ L^2(Ω, R^3) and given Dirichlet data find the displacement u(t) ∈ H^1(Ω, R^3), the skew-symmetric microrotation A(t) ∈ H^1(Ω, so(3)) and the symmetric plastic strain ε_p(t) ∈ L^2(Ω, Sym(3)) with � Ω W (∇u, A, ε_p(t)) − ⟨f(t), u⟩ dx → min . w.r.t. (u, A) at fixed ε_p(t) ,

W (∇u, A, ε_p) = μ ‖sym ∇u − ε_p‖^2

+ μ_c ‖skew(∇u − A)‖^2 + λ 2 tr [∇u]^2 + 2μ L^2_c ‖∇ axl(A)‖^2 ,

ε̇_p(t) ∈ ∂χ(T_E (t)), T_E = 2μ (ε − ε_p) , ε_p ∈ Sym(3) ∩ sl(3), ε_p(0) = ε^0_p , (2.1)

u_{|ΓD} = g_D(t, x) − x, A_{|ΓD} = skew(∇g_D(t, x))_{|ΓD} .

Here, Ω ⊂ R^3 is a bounded smooth domain and Γ_D ⊂ ∂Ω is that part of the boundary where Dirichlet data are prescribed. The parameters μ, λ > 0 are the Lamé constants of isotropic linear elasticity, μ_c > 0 is the Cosserat couple modulus and L_c > 0 is an internal length parameter.^1 The classical symmetric elastic strain sym ∇u is denoted by ε. The linear operator axl : so(3) → R^3 provides the canonical identification between the Lie-algebra so(3) of skew-symmetric matrices and vectors in R^3. The Lie-algebra of trace free matrices is denoted by sl(3) and dev : M^{3×3} → sl(3), dev X = X −^1_3 11 is the orthogonal projection onto sl(3). As regards the plastic flow rule, ∂χ is the subdifferential of a convex flow potential χ : M^{3×3} → R^+ acting on the generalized conjugate forces, i.e., the Eshelby-stress tensor T_E = −∂_{εp} W (∇u, A, ε_p), where W is the free energy used in (2.1).^2

The corresponding system of partial differential equations coupled with the flow rule is given by (note that ‖A‖^2_M3×3 = 2 ‖axl(A)‖^2_R3 for A ∈ so(3, R))

Div σ = −f, x ∈ Ω , balance of forces ,

σ = 2μ (ε − ε_p) + 2 μ_c (skew(∇u) − A) + λ tr [ε] · 11 , (2.2)

−μ L^2_c Δ axl(A) = μ_c axl(skew(∇u) − A) , balance of angular momentum ,

ε̇_p(t) ∈ ∂χ(T_E ), T_E = 2μ (ε − ε_p) ,

u_{|ΓD} (t, x) = g_D(t, x) − x , A_{|ΓD} = skew(∇g_D(t, x))_{|ΓD} ,

σ.⃗n|_{∂Ω\ΓD} (t, x) = 0 , μ L^2_c ∇ axl(A).⃗n|_{∂Ω\ΓD} (t, x) = 0 ,

ε_p(0) ∈ Sym(3) ∩ sl(3) .

Note that in this model the force stresses σ need not be symmetric and that the Cosserat effects, active through the microrotations A, only appear in the balance equations but not

1Observe that for μc = 0 or Lc = 0 one recovers the classical Prandtl-Reuss formulation for the displacement u.

2The specification χ = IK as indicatorfunction of some elastic domain is not necessary at this point.

in the plastic flow rule since T_E does not depend on A. It is worth noting that this model is intrinsically thermodynamically correct. If Γ_D = ∂Ω then the model admits global weak solutions with the regularity [46]:

u ∈ L^∞([0, T ], H^1(Ω, R^3)) , A ∈ L^∞([0, T ], H^1(Ω, so(3))) , ε_p ∈ L^∞([0, T ], L^2(Ω, Sym(3) ∩ sl(3))) . (2.3)

2.2 Backward Euler time discretization of the flow rule For a numerical treatment we consider the time discretization of the flow rule with the fully implicit backward Euler scheme. Let 0 = t_0 < t_1 < . . . < t_N = T be a subdivision of the time interval [0, T ] with t_j − t_{j−1} = Δt. Let f^n(x) = f(x, t_n) and assume that at time t_{n−1} a sufficiently regular plastic strain field ε^{n−1}_p ∈ Sym(3) ∩ sl(3) is given. We want to determine the updated displacement u^n ∈ H^1(Ω, R^3), the updated skewsymmetric microrotation A^n ∈ H^1(Ω, so(3)) and the updated symmetric plastic strain ε^n_p ∈ L^2(Ω, Sym(3) ∩ sl(3)) satisfying

Div σ^n = −f^n, x ∈ Ω ,

σ^n = 2μ (ε^n − ε^n_p ) + 2 μ_c (skew(∇u^n) − A^n) + λ tr [ε^n] · 11 ,

−μ L^2_c Δ axl(A^n) = μ_c axl(skew(∇u^n) − A^n) , (2.4) ε^n_p − ε^{n−1}_p Δt ∈ ∂χ_{(T}^n_{E ), T}^n_{E = 2μ (ε}^n_{− ε}^n_{p ) ,}

u^n_{|ΓD} (x) = g^n_D(x) − x , A^n_{|ΓD} = skew(∇g^n_D(x)) ,

σ^n.⃗n|_{∂Ω\ΓD} (x) = 0 , μ L^2_c ∇ axl(A)^n.⃗n|_{∂Ω\ΓD} (x) = 0 ,

ε^{n−1}_p ∈ L^2(Ω, Sym(3) ∩ sl(3)) .

It is possible to explicitly solve the discretized flow rule (2.4)_4 for ε^n_p in terms of ε^{n−1}_p , ε^n and Δt. To see this, consider

ε^n_p − ε^{n−1}_p Δt ∈ ∂χ_{(2μ (ε}^n_{− ε}^n_{p )) ⇔ 0 ∈ ∂}χ_{(2μ (ε}^n_{− ε}^n_{p )) −}^{εnp − εn−1p}_{Δt ⇔ (2.5)}

0 ∈ ∂_εn_p � μ � �ε^n_p − ε^{n−1}_p � �^2 +_Δt χ(2μ (ε^n − ε^n_p )) � . Thus we can define the local potential for the local flow rule

V^{time}(ε^n, ε^n_p , ε^{n−1}_p , Δt) := μ � ε^n_p − ε^{n−1}_p

�_2 + Δt χ(2μ (ε^n − ε^n_p )) . (2.6)

It is easy to see that V^{time} is strictly convex in ε^n_p , thus V^{time} admits a unique minimizer satisfying (2.5)_3. Moreover, we have

V^{time}(ε^n, ε^n_p , ε^{n−1}_p , Δt) = μ � �ε^n_p − ε^{n−1}_p � �^2 +_Δt χ(2μ (ε^n − ε^n_p )) = 1 4μ � 2μ(ε^n_p − ε^n + ε^n − ε^{n−1}_p )

�_2 + Δt χ(2μ (ε^n − ε^n_p )) = 1 4μ ‖Σ^n − Σ^n_{trial}‖^2 + Δt χ(Σ^n) = Ṽ (Σ^n, Σ^n_{trial}) , (2.7)

where Σ^n = 2μ (ε^n −ε^n_p ) and the so-called trial stresses Σ^n_{trial} = 2μ (ε^n −ε^{n−1}_p ). Minimizing V^{time} w.r.t. ε^n_p is equivalent to minimizing Ṽ w.r.t. Σ^n. Proceeding further, we specialize

χ_{. Let us define the elastic domain in stress-space}

K := {Σ ∈ M^{3×3} | ‖dev Σ‖ ≤ σ_y } , (2.8)

with initial yield stress σ_y, [σ_y] = [MPa], and corresponding indicator function

I_K (Σ) = � � � 0 ‖dev Σ‖ ≤ σ_y ∞ ‖dev Σ‖ > σ_y ,

(2.9)

and let χ = I_K . We have therefore ∂χ = ∂I_K in the sense of the subdifferential. With this choice, the unique minimizer of Ṽ is simply characterized by

inf_{Σn∈K} ‖Σ^n − Σ^n_{trial}‖^2 , (2.10)

independent of Δt. The solution is the orthogonal projection of Σ^n_{trial} onto the convex set K, denoted by

Σ^n = P_K (Σ^n_{trial}) ⇒ 2μ (ε^n − ε^n_p )) = P_K (2μ (ε^n − ε^{n−1}_p )) . (2.11)

Reintroducing the last result into the balance of forces equation (2.4)_1 delivers

Div σ^n = −f^n, x ∈ Ω , σ^n = P_K (2μ (ε^n − ε^{n−1}_p )) + 2 μ_c (skew(∇u^n) − A^n) + λ tr [ε^n] · 11 . (2.12)

This step is called return-mapping [61, 60] in an engineering context of classical plasticity. At given plastic strain of the previous time step ε^{n−1}_p this equation is the strong form of the update problem for the force-balance equation.

Gathering the previous development the formal problem for the update consists in determining u^n ∈ H^1(Ω, R^3), A^n ∈ H^1(Ω, so(3)) and ε^n_p ∈ L^2(Ω, Sym(3) ∩ sl(3)) satisfying

Div σ^n = −f^n, x ∈ Ω , σ^n = P_K (2μ (ε^n − ε^{n−1}_p )) + 2 μ_c (skew(∇u^n) − A^n) + λ tr [ε^n] · 11 , (2.13) −μ L^2_c Δ axl(A^n) = μ_c axl(skew(∇u^n) − A^n) .

The updated plastic strain field is then given by

ε^n_p = ε^n − 1 2μ P_K (2μ (ε^n − ε^{n−1}_p )) . (2.14)

For the precise formulation of this system we need the projection operator onto the yield surface which we recall in the following.

2.3 The projection onto the yield surface Let K be a convex domain in stress space defined as

K := � Σ ∈ M^{3×3} | ‖dev Σ‖ ≤ σ_y � . (2.15)

The orthogonal projection P_K : M^{3×3} → K onto this set is uniquely given by (see, e.g.,[29, 30])

P_K (Σ) = � � � Σ Σ ∈ K Σ − (‖dev Σ‖ − σ_y)^{dev Σ}_{‖dev Σ‖} Σ ∉ K = � � � Σ ‖dev Σ‖ ≤ σ_y 1 3 tr [Σ] 11 +^{σy}_{‖dev Σ‖} dev Σ ‖dev Σ‖ > σ_y .

(2.16)

It is easy to see that P_K is Lipschitz continuous but not differentiable at Σ with ‖dev Σ‖ = σ_y.^3 From convex analysis it is clear that P_K represents a monotone operator which is non-expansive. Therefore, P_K has Lipschitz constant 1. Observe also that

P_K (Σ) = 1 3 tr [Σ] 11 + P_K (dev Σ) . (2.18)

For future reference we calculate also

Σ − P_K (Σ) = � � � 0 ‖dev Σ‖ ≤ σ_y dev Σ � 1 −^{σy}_{‖dev Σ‖} � ‖dev Σ‖ > σ_y = [‖dev Σ‖ − σ_y]_+ dev Σ ‖dev Σ‖

, (2.19) ‖Σ − P_K (Σ)‖^2 = [‖dev Σ‖ − σ_y]^2_+ ,

where [x]_+ := max{0, x}.

3Consider the simple example p : R → R,

p(x) = 8 < : x |x| ≤ σy σy^x_{|x|} |x| > σy

(2.17)

2.4 Weak form of the reduced update problem From now onwards we take Γ_D = ∂Ω and assume g_D = x, i.e. the body is fixed everywhere on its boundary and subject only to body forces. This assumption allows us to confine attention to the simpler setting in H^1_0 (Ω). We introduce the nonlinear mapping

M_C : M^{3×3} × Sym(3) × so(3) → M^{3×3} , M_C (X, ε_p, A) := P_K (2μ(sym X − ε_p)) + λ tr [X] 11 + 2μ_c(skew(X) − A) . (2.20)

The weak form of the update problem (2.13) now reads as follows: for given f^n ∈ L^2(Ω, R^3) and ε^{n−1}_p ∈ L^2(Ω, Sym(3) ∩ sl(3)) find (u^n, A^n) ∈ H^1_0 (Ω, R^3) × H^1_0 (Ω, so(3)) solving � Ω ⟨M_C (∇u^n, ε^n_p , A^n), ∇v⟩ dx = � Ω ⟨f^n, v⟩ dx ∀v ∈ H^1_0 (Ω, R^3) , (2.21)

μ L^2_c � Ω ⟨DA^n, DB⟩ dx = μ_c � Ω ⟨skew ∇u^n − A^n, B⟩ dx , ∀ B ∈ H^1_0 (Ω, so(3)) . (2.22) The updated plastic strain field ε^n_p is then obtained by (2.14). It is shown in [49] that for every n the system (2.21)–(2.22) admits a unique weak solution u^n ∈ H^1_0 (Ω, R^3) and A^n ∈ H^1_0 (Ω, so(3)). Equation (2.21) represents the quasilinear elliptic system for determining u^n which will be discussed with respect to regularity. Together with ε^{n−1}_p , ε^n ∈ H^1(Ω, Sym(3)), which we will obtain from the regularity result to be proven below, using (2.14) we see that ε^n_p ∈ H^1(Ω, Sym(3)).

Lemma 2.1 (Strong Legendre-Hadamard ellipticity) Let μ > 0, 2μ+3λ > 0 and 0 < μ_c. Then the matrix valued function M_C is strongly rank– one monotone, i.e., there exists a constant c^+_{LH} > 0 such that for every X ∈ M^{3×3}, ε_p ∈ Sym(3), A ∈ so(3) and for all ξ, η ∈ R^3 we have

⟨M_C (X + ξ ⊗ η, ε_p, A) − M_C (X, ε_p, A), ξ ⊗ η⟩ ≥ c^+_{LH} ‖ξ‖^2 ‖η‖^2 . (2.23)

Proof. The projection P_K itself is monotone and for μ > 0 there is no sign-change. Thus the map X → P_K (2μ(sym X − ε_p)) is also monotone in X. Since (2.18) holds we have

⟨P_K (2μ(sym X + ξ ⊗ η − ε_p)) − P_K (2μ(sym X − ε_p)), ξ ⊗ η⟩ ≥ 2μ 3 tr [ξ ⊗ η]^2 .

For the remaining linear contribution we have

⟨λ tr [X + ξ ⊗ η] 11 + 2μ_c skew(X + ξ ⊗ η − A) − [λ tr [X] 11 + 2μ_c skew(X − A)] , ξ ⊗ η⟩ = λ tr [ξ ⊗ η]^2 + 2μ_c ‖skew(ξ ⊗ η)‖^2 . (2.24)

Thus

⟨M_C (X + ξ ⊗ η, ε_p, A) − M_C (X, ε_p, A), ξ ⊗ η⟩ ≥ 2μ + 3λ 3 tr [ξ ⊗ η]^2 + 2μ_c ‖skew(ξ ⊗ η)‖^2 =

2μ + 3λ 3 ⟨ξ, η⟩^2 + μ_c � ‖ξ‖^2 ‖η‖^2 − ⟨ξ, η⟩^2 �

split μ^1_c + μ^2_c = μ_c = � 2μ + 3λ 3 − μ^1_c � ⟨ξ, η⟩^2 + μ^1_c ‖ξ‖^2 ‖η‖^2 + μ^2_c � ‖ξ‖^2 ‖η‖^2 − ⟨ξ, η⟩^2 � � � � ≥0 ≥ � 2μ + 3λ 3 − μ^1_c � ⟨ξ, η⟩^2 + μ^1_c ‖ξ‖^2 ‖η‖^2 ≥ μ^1_c ‖ξ‖^2 ‖η‖^2 , (2.25)

if 0 < μ^1_c <^{3λ+2μ}_3 . Thus M_C generates a strongly Legendre-Hadamard elliptic operator with ellipticity constant c^+_{LH} = min(μ_c,^{2μ+3λ}_3 ). ■

Obviously, M is Lipschitz continuous: for every X_i ∈ M^{3×3}, P_i ∈ Sym(3), A_i ∈ so(3) we have

‖M_C (X_1, P_1, A_1) − M_C (X_2, P_2, A_2)‖ ≤ L_{MC} (‖X_1 − X_2‖ + ‖P_1 − P_2‖ + ‖A_1 − A_2‖) . (2.26)

Lemma 2.2 Let μ > 0, 2μ + 3λ > 0 and μ_c > 0. The operator M_C generates a strongly monotone operator on H^1_0 (Ω, R^3), that is, there exists a constant c_{MC} > 0 such that for every v_1, v_2 ∈ H^1_0 (Ω, R^3) and for all ε_p ∈ L^2(Ω, Sym(3)) and A ∈ L^2(Ω, so(3)) we have � Ω ⟨M_C (∇v_1, ε_p, A) − M_C (∇v_2, ε_p, A), ∇v_1 − ∇v_2⟩ dx ≥ c_{MC} ‖v_1 − v_2‖^2_H1_{0 (Ω,R}3_) . (2.27)

Proof. The same calculation as in the proof of Lemma 2.1 yields the estimate

⟨M_C (∇v_1, ε_p, A) − M_C (∇v_2, ε_p, A), ∇v_1 − ∇v_2⟩ ≥ 2μ + 3λ 3 tr [∇v_1 − ∇v_2]^2 + 2μ_c ‖skew(∇v_1 − ∇v_2)‖^2 . (2.28)

Set u = v_1 − v_2 and consider

2μ + 3λ 3 tr [∇u]^2 + 2μ_c ‖skew ∇u‖^2 =

2μ + 3λ 3 |Div u|^2 + μ_c ‖curl u‖^2 . (2.29)

The Curl/Div inequality on the space H^1_0 (Ω) guarantees that there exists C^+ > 0 such that

∀ u ∈ H^1_0 (Ω, R^3) : � Ω |Div u|^2 + ‖curl u‖^2 dx ≥ C^+ ‖u‖^2_H1_{0 (Ω,R}3_) , (2.30)

see for example [28]. Applying this inequality to (2.29) implies finally (2.27). ■

It is instructive to realize that although the quadratic form (2.29) is formally positive in the sense of Nečas [41] and strongly Legendre-Hadamard elliptic with constant coefficients it is impossible to extend the analysis to Dirichlet boundary conditions given only on a part of the boundary ∂Ω.

We observe that � � � √ μ_c skew X + � λ 2 · 3 tr [X] 11 � � � 2 = λ 2 tr [X]^2 + μ_c ‖skew X‖^2 . (2.31)

Let ^A be the constant-coefficients first order differential operator

^A.∇u = √μ_c skew(∇u) + � λ 2 · 3 tr [∇u] 11 . (2.32)

The corresponding Fourier-symbol is given as a linear operator A(ξ) : C^3 → C^{3×3} with

A(ξ).û := √ μ_c skew(ξ ⊗ û) + � λ 2 · 3 tr [ξ ⊗ û] 11 . (2.33)

From (2.31) it follows

‖A(ξ).û‖^2 = λ 2 tr [ξ ⊗ û]^2 + μ_c ‖skew ξ ⊗ û‖^2 . (2.34)

By algebraic completeness of the symbol A(ξ) : C^3 → C^{3×3} it is meant

∀ ξ ∈ C^3, ξ ≠ 0 : A(ξ).û = 0_C3×3 ⇒ û = 0_C3 . (2.35)

Recall that the corresponding statement for real ξ, i.e.,

∀ ξ ∈ R^3, ξ ≠ 0 : A(ξ).û = 0_R3×3 ⇒ û = 0_R3 , (2.36)

is a consequence of strict Legendre-Hadamard ellipticity of ^A. If the symbol is algebraically complete, then, using the result in Nečas [41] the induced quadratic form � Ω � � ^A.∇u � �^2 + ‖u‖^2 dx (2.37)

is an equivalent norm on H^1(Ω, R^3). However, we proceed to show that A as defined in (2.33) corresponding to our quadratic form (2.29) is not algebraically complete.

Proof. To this end we write

A(ξ).û = 0 ⇒ tr [ξ ⊗ û] = 0, and skew(ξ ⊗ û) = 0 ⇒ ξ = û , tr [ξ ⊗ ξ] = 0 . (2.38)

Consider for simplicity the 2D-case: ξ = � α_1 + i β_1 α_2 + i β_2 � , ξ ⊗ ξ = � ξ_1 ξ_1 ξ_1 ξ_2 ξ_2 ξ_1 ξ_2 ξ_2 � , tr [ξ ⊗ ξ] = ξ_1ξ_1 + ξ_2ξ_2 = α^2_1 + α^2 − (β^2_1 + β^2 ) + 2i(α_1β_1 + α_2β_2) = 0 . (2.39)

Choosing ξ = (i, 1)^T shows that tr [ξ ⊗ ξ] = 0, which proves the claim. ■

Thence, the quadratic form is not algebraically complete and this excludes the treatment of mixed boundary conditions on u in the following: we are forced to assume Γ_D = ∂Ω. However, inhomogeneous Dirichlet conditions may be prescribed as far as the use of the Div / Curl estimate is concerned.

2.5 Variational form of the update problem Due to the underlying variational formulation, the weak form (2.21) of the time-incremental Cosserat problem still has a variational structure. In [49] it is shown that solving (2.21)– (2.22) is equivalent to the following minimization problem: find (u^n, A^n) ∈ H^1_0 (Ω, R^3) × H^1_0 (Ω, so(3)) which minimize the functional

I^n_{incr}(u, A) = E_{incr}(u, A, ε^{n−1}_p ) − � Ω ⟨f^n, u⟩ dx (2.40)

in H^1_0 (Ω, R^3)×H^1_0 (Ω, so(3)). Here E_{incr} denotes the free energy of the incremental problem defined by

E_{incr}(u, A, ε_p) = 1 2μ � Ω Ψ � 2μ(sym(∇u) − ε_p) � dx + λ 2 � Ω tr [∇u]^2 dx

+ μ_c � Ω ‖skew(∇u) − A‖^2 dx + μL^2_c � Ω ‖DA‖^2 dx, (2.41)

with a potential function Ψ : M^{3×3} → R^+ of the form

Ψ(X) := � � � 1 2 ‖X‖^2 ‖dev X‖ ≤ σ_y 1 2 �_1

3 tr [X]^2 + 2 σ_y ‖dev X‖ − σ_y^2 � ‖dev X‖ > σ_y = 1 2 ‖X‖^2 − 1 2 [‖dev X‖ − σ_y]^2_+ . (2.42)

Clearly, Ψ is convex but not strongly convex outside the yield surface. Moreover, it has only linear growth outside the yield surface. Note that for the first time step n = 1 and ε^0_p = 0, μ_c = 0, L_c = 0 the functional I^1_{incr}(u, 0) reduces to the primal plastic functional of static perfect plasticity (Hencky-plasticity) [35, 63, 24, 25, 6].

Calculating the subdifferential of the convex potential shows that

∂Ψ(Σ).H = � � � ⟨Σ, H⟩ ‖dev Σ‖ ≤ σ_y 1 3 tr [Σ] tr [H] +^{σy}_{‖dev Σ‖} ⟨dev Σ, dev H⟩ ‖dev Σ‖ > σ_y = ⟨P_K (Σ), H⟩ . (2.43)

Hence ∂Ψ(Σ) = P_K (Σ) motivating the variational structure.

The following relationship between the potential Ψ and the projection P_K is also valid

Ψ(X) = 1 2 ‖X‖^2 − 1 2 ‖X − P_K (X)‖^2 . (2.44)

For future reference the second differential of the potential Ψ can be calculated in those points where the potential is differentiable. It holds

D^2_X Ψ(X).(H, H) = � � � � �

‖H‖^2 ‖dev X‖ < σ_y does not exist ‖dev X‖ = σ_y 1 3 tr [H]^2 + σ_y

�_{‖dev H‖2}

‖dev X‖ −

⟨dev X,H⟩^2 ‖dev X‖^3 � ‖dev X‖ > σ_y .

(2.45)

The potential Ψ is not strictly rank-one convex in X, since, taking H = ξ⊗η with ⟨ξ, η⟩ = 0 yields

D^2_X Ψ(X).(ξ ⊗ η, ξ ⊗ η) = � � � ‖ξ‖^2 ‖η‖^2 ‖dev X‖ ≤ σ_y σ_y

�_{‖dev ξ⊗η‖2}

‖dev X‖ −

⟨dev X,ξ⊗η⟩^2 ‖dev X‖^3 � ‖dev X‖ > σ_y

(2.46)

Taking X = ξ ⊗ η shows finally

D^2_X Ψ(X).(ξ ⊗ η, ξ ⊗ η) = � � � ‖ξ‖^2 ‖η‖^2 ‖dev X‖ ≤ σ_y 0 ‖dev X‖ > σ_y .

(2.47)

3 Improved error estimates for Cosserat plasticity

Let h > 0 be the mesh-size of a finite element method and let V_h ⊂ H^1_0 (Ω, R^3) be a corresponding discrete finite-element space. Let us concentrate on the displacement approximation only. In [49, Th.8] the following error estimate for the discrete solution u^{μc,n}_h ∈ V_h of the Galerkin-approximation of (2.41) in V_h has been shown: � �u^μc^{,n} − u^{μc,n}_h � �_{H10 (Ω)} ≤ C^1 μ_c inf_{vh∈Vh} ‖u^{μc,n} − v_h‖_H1_{0 (Ω)} , (3.1)

with a constant C_1 > 0. Here, u^{μc,n} = u^n is the exact solution of (2.21).

Using our regularity result from section 5, i.e., u^{μc,n} ∈ H^2(Ω, R^3), the right hand side can be estimated qualitatively. If V_h is chosen to be the space of piecewise linear finite elements, then it holds [8, p.107] � u^{μc,n} − u^{μc,n}_h � H^1_0 (Ω) ≤

C_2 μ_c h ‖u^{μc,n}‖_H2_{(Ω)} . (3.2)

In [49] it has also been shown that for μ_c → 0 the classical Prandtl-Reuss symmetric Cauchy stresses σ^0 are approximated by the sequence of non-symmetric stresses σ^{μc} whenever a safe load condition is satisfied. The estimate (3.2) strongly suggests therefore to balance h against μ_c to obtain optimal rates of convergence to the classical solution as in [54], where hardening type approximations have been considered.

4 Higher regularity for alternative regularized update potentials

Our regularity result can also be applied to many other problems arising in the context of infinitesimal plasticity. There exist several other possibilities to regularize the classical update problem for the Prandtl–Reuss model. We recall the classical update problem: find a minimizer u^n ∈ BD(Ω, R^3) of the functional

I^{class}_{incr} (u) = E^{class}_{incr} (u, ε^{n−1}_p ) − � Ω ⟨f^n, u⟩ dx , (4.1)

where E^{class}_{incr} denotes the free energy of the classical incremental problem defined by

E^{class}_{incr} (u, ε_p) = 1 2μ � Ω Ψ � 2μ(sym(∇u) − ε_p) � dx + � Ω λ 2 tr [∇u]^2 dx , (4.2)

with the potential Ψ as in (2.42). There is a vast literature on this Prandtl-Reuss update problem, mostly for the first time step n = 1, in which case it is the classical Henckyproblem of total deformation plasticity [63, 54, 24, 25]. In this case, the plastic strain field ε_p is a symmetric bounded measure [63, 6]. The classical symmetric Cauchy stresses σ = 2μ (sym ∇u − ε_p) + λ tr [∇u] 11 satisfy σ ∈ L^2(Ω, Sym(3)), indeed higher regularity for the stresses can be shown in the sense that σ ∈ H^1_{loc}(Ω, Sym(3)) ∩ H^12^{−δ}(Ω).

For regularization purposes the following proposals are usually made:

E^{reg}_{incr}(u, ε_p) = 1 2μ � Ω Ψ � 2μ(sym(∇u) − ε_p) � dx + � Ω λ 2 tr [∇u]^2 + Reg(∇u, ε_p) dx , (4.3)

with the function Reg in the form

Reg(∇u, ε_p) = μ δ 2 ‖dev sym ∇u − ε_p‖^2 , Fuchs/Seregin [24, p.60] ,

Reg(∇u, ε_p) = 1 2 μ (1 +^{Δt}_η )

[‖μ(dev sym ∇u − ε_p)‖ − σ_y]^2_+ , linear viscosity η ,

Reg(∇u, ε_p) = μ δ 2 ‖∇u − ε_p‖^2 , locally strictly convex in ∇u . (4.4)

In each case, for δ > 0 the density of the update problem is then uniformly convex in the symmetric strain ε = sym ∇u. Moreover,

Reg(∇u, ε_p) + λ 2 tr [∇u]^2 ≥ c^+ ‖ε − ε_p‖^2 , (4.5)

and Korn’s first inequality establishes quadratic growth and we have uniform convexity for the regularized problem. Our main regularity result applies therefore also to these models.

In the case with linear hardening it is simpler to write the update potential directly. We consider as an example isotropic hardening with the hardening variable α ≥ 0 (a measure for the accumulated plastic strain in the previous time step). Here, the energy E_{incr} can be expressed as (cf. [60, p.124])

E^{hard}_{incr} (u, ε_p, α) = 1 2μ � Ω Ψ_{hard} � 2μ(sym(∇u) − ε_p), α � dx + � Ω λ 2 tr [∇u]^2 dx , (4.6)

with (cf. (2.42))

Ψ_{hard}(X, α) = � � � � �

1 2 ‖X‖^2 ‖dev X‖ ≤ σ_y +H α 1 2 (1+^H_{1[MPa]} )

�_H

1[MPa] ‖X‖

2 +^1_3 tr [X]^2

+2 (σ_y +H α) ‖dev X‖ − (σ_y +H α)^2 � ‖dev X‖ > σ_y +H α = 1 2 ‖X‖^2 − 1 2 (1 +^H_{1[MPa]} ) � ‖dev X‖ − (σ_y +H α)

�_2 + , (4.7)

whose second derivative coincides with the consistent tangent method introduced already in [61]. The constant H > 0 is the hardening modulus with dimension [MPa]. In this form it is easy to see that for positive hardening modulus H > 0 the isotropic hardening update potential is uniformly convex in sym ∇u with quadratic growth and has a Lipschitz continuous derivative. Therefore, our main regularity result applies also to this functional.^4 The relative merits of each individual regularization scheme depend on their ability to balance regularization and approximation. Linear viscosity and hardening can be justified on physical grounds, but the (small) viscosity parameter η > 0 is difficult to estimate, as is the linear hardening modulus H > 0. The physically motivated regularization terms have the property to only control the symmetric part of the displacement gradient. The regularization (4.4)_3, however, does not satisfy the linearized frame-indifference condition.

All alternative regularization procedures thus establish local coercivity in the strains. In contrast, the Cosserat regularization is weaker in the sense that only strong Legendre- Hadamard ellipticity is reestablished, which, provided displacement boundary data are prescribed, suffice for existence, uniqueness and higher regularity. Thus the Cosserat approach appears as the weakest regularization among the considered ones.

5 The regularity theorem

We know already that (2.41) has solutions u^n ∈ H^1(Ω, R^3). Looking at the system for the microrotations A^n at given ∇u^n ∈ L^2(Ω, M^{3×3}) we realize at once that the linearity in A^n together with the Laplacian structure allows to use standard elliptic regularity results for linear systems which yields higher regularity for the microrotations: A^n ∈ H^2(Ω, so(3)). In this section we study the regularity of the displacement field u^n, which is determined through equation (2.21).

4Repin [54, eq.(2.3)] calls (4.4)_2 linear hardening and shows the regularity u^δ ∈ H^2_{loc}(Ω, R^3) while for the planar case n = 2 he obtains u^δ ∈ H^2(Ω, R^2) if Γ = ∂Ω is smooth.

5.1 Higher regularity for a quasilinear elliptic system The quasilinear elliptic system introduced in section 2.4 is a special case of the systems which we define here below. For d, m, N ≥ 1 and Ω ⊂ R^d let M : Ω×M^{m×d} ×R^N → M^{m×d} be a matrix valued function with the following properties:

R1 The mapping M : Ω × M^{m×d} × R^N → M^{m×d} is a Carathéodory function which is Lipschitz continuous in the following sense: there exist constants L_1, L_2 > 0 such that for every x, x_i ∈ Ω, a, a_i ∈ M^{m×d} and z, z_i ∈ R^N we have

‖M(x_1, a, z) − M(x_2, a, z)‖ ≤ L_1(‖a‖ + ‖z‖) ‖x_1 − x_2‖ , (5.1) ‖M(x, a_1, z_1) − M(x, a_2, z_2)‖ ≤ L_2(‖a_1 − a_2‖ + ‖z_1 − z_2‖), (5.2) M(x, 0, 0) = 0. (5.3)

Assumption R1 implies the useful estimate

‖M(x_1, a_1, z_1) − M(x_2, a_2, z_2)‖ ≤ L_1(‖a_1‖ + ‖z_1‖) ‖x_1 − x_2‖ + L_2(‖a_1 − a_2‖ + ‖z_1 − z_2‖). (5.4)

R2 The mapping M is strongly rank–one monotone. That means that there exists a constant c_{LH} > 0 such that for every x ∈ Ω, a ∈ M^{m×d}, z ∈ R^N , ξ ∈ R^m and η ∈ R^d we have

⟨M(x, a + ξ ⊗ η, z) − M(x, a, z), ξ ⊗ η⟩ ≥ c_{LH} ‖ξ‖^2 ‖η‖^2 . (5.5)

R3 The Gårding inequality shall be satisfied: there exist constants C_G > 0, c_G ∈ R such that for every u_1, u_2 ∈ H^1(Ω) with u_1 − u_2 ∈ H^1_0 (Ω) and for every z ∈ L^2(Ω) the following inequality is valid: � Ω ⟨M(x, ∇u_1, z) − M(x, ∇u_2, z), ∇(u_1 − u_2)⟩ dx ≥ C_G ‖∇(u_1 − u_2)‖^2_L2_{(Ω)} − c_G ‖u_1 − u_2‖^2_L2_{(Ω)} .

Remark 5.1 If M is differentiable, then the Gårding inequality already implies that M is rank–one monotone, see for example [65, Th.6.1].

We investigate the regularity properties of weak solutions to the following quasilinear elliptic boundary value problem. For given g ∈ H^12 (∂Ω), z ∈ L^2(Ω, R^N ) and f ∈ L^2(Ω, R^m) find u ∈ H^1(Ω, R^m) with u � �_{∂Ω} = g such that for every v ∈ H1_0 (Ω, Rm) we have: � Ω ⟨M(x, ∇u(x), z(x)), ∇v(x)⟩ dx = � Ω ⟨f, v⟩ dx . (5.6)

Theorem 5.2 Let Ω ⊂ R^d be a bounded C^{1,1}–smooth domain, m ≥ 1, N ≥ 1, and assume that M : Ω × M^{m×d} × R^N → M^{m×d} satisfies R1–R3. Let furthermore g ∈ H^32 (∂Ω), z ∈ H^1(Ω) and f ∈ L^2(Ω). Every weak solution u ∈ H^1(Ω) of (5.6) with u � �_{∂Ω} = g is an element of H^2(Ω) and satisfies

‖u‖_H2_{(Ω)} ≤ c � ‖g‖_H 3_{2 (∂Ω)} + ‖z‖_H1_{(Ω)} + ‖f‖_L2_{(Ω)} + ‖u‖_H1_{(Ω)} � . Before we prove theorem 5.2, we apply it to the situation described in section 2.4. There, m = d = 3 and R^N is identified with Sym(3) × so(3) so that z = (ε_p, A). Moreover,

M(x, ∇u, z) = M_C (∇u, ε_p, A) = P_K (2μ(sym ∇u − ε_p)) + λ(tr [∇u])11 + 2μ_c(skew(∇u) − A).

Since P_K is a Lipschitz continuous mapping, we see immediately, that assumption R1 is satisfied. R2 is proved in lemma 2.1 and the Gårding inequality is satisfied since M_C generates a strongly monotone operator on H^1_0 (Ω), see lemma 2.2. Therefore, we have the following result for the reduced update problem (2.13):

Theorem 5.3 Let Ω be C^{1,1}–smooth, f^n ∈ L^2(Ω) and ε^{n−1}_p ∈ H^1(Ω). Then u_n ∈ H^2(Ω), A^n ∈ H^2(Ω) and ε^n_p ∈ H^1(Ω).

The proof of theorem 5.2 is carried out with a difference quotient technique. We cover the boundary of Ω with a finite number of domains and map each of these domains with a C^{1,1}– diffeomorphism onto the unit cube in such a way that the image of the boundary of Ω lies on the midplane of the unit cube. We first prove higher regularity in directions tangential to the midplane by estimating difference quotients. The regularity in normal direction is then obtained on the basis of the tangential regularity and by using the differential equation together with the rank–one monotonicity of M.

Since M is nonlinear and since we assumed rank–one monotonicity in stead of strong monotonicity, we cannot use as test functions the usual finite differences of the type h^{−1}φ^2(x)(u(x + h) − u(x)), where φ is a cut–off function. Instead, we use differences which are based on inner variations. We begin the proof of theorem 5.2 by studying a model problem on a half cube.

5.2 A model problem on a half cube Let C_r = { x ∈ R^d ; |x_i| < r, 1 ≤ i ≤ d } be a cube with side length 2r, C^±_r the upper and lower half–cube, respectively, and M_r = { x ∈ C_r ; x_d = 0 } the mid plane.

Lemma 5.4 Let Ω = C^−_1 , f ∈ L^2(C^−_1 ), z ∈ H^1(C^−_1 ) and assume that u ∈ H^1(C^−_1 ) with u � M_1 = 0

satisfies (5.6). Then for every r ∈ (0, 1) and for 1 ≤ i ≤ d − 1 we have ∂_iu ∈ H^1(C^−_r ).

Moreover, there is a constant c_r > 0 such that

‖∂_iu‖_{H1(C}−_{r )} ≤ c_r � ‖u‖_{H1(C}−_{1 )} + ‖z‖_{H1(C}−_{1 )} + ‖f‖_{L2(C}−_{1 )} � . (5.7)

Proof. Let r ∈ (0, 1) and φ ∈ C^∞_0 (C_1) with φ(x) = 1 on C_r. For h ∈ R^d we introduce the mapping τ_h : C_1 → R^d : x → τ_h(x) = x + φ(x)h.

Let h_0 = ‖φ‖^{−1}_{W 1,∞(C1)} min � 1, dist(supp φ, ∂C_1) � . For every h ∈ R^d with |h| < h_0 and h parallel to the plane M_1, the mapping τ_h is a diffeomorphism from C_1 onto itself with τ_h(C^±_1 ) = C^±_1 , τ_h(M_1) = M_1 and τ_h(x) = x for every x ∈ ∂C_1, see e.g. [26]. Moreover, τ_h has the following properties (if |h| < h_0):

∇τ_h(x) = � 11 + h ⊗ ∇φ(x) � , det[∇τ_h(x)] = 1 + ⟨h, ∇φ(x)⟩, ∇_yτ^{−1}_h (y) = � 11 + h ⊗ ∇φ

�_{−1}�

τ^{−1}_h (y) = 11 − � (1 + ⟨h, ∇φ⟩)^{−1}h ⊗ ∇φ � τ^{−1}_h (y).

For a function v : C^−_1 → R^s we introduce

△_hv = v∘τ_h − v, △^hv = v − v∘τ^{−1}_h .

For f, g ∈ L^2(C^−_1 ), |h| < h_0 and h ‖ M_1 the following product rule is valid: � C^−_1

f △^hg dx = − � C^−_1

g △_hf dx − � C^−_1

(f ∘τ_h g) ⟨h, ∇φ⟩ dx. (5.8)

This identity can be shown by a transformation of coordinates y = τ_h(x) in the term (g ∘τ^{−1}_h )f. Let u ∈ H^1_0 (C^−_1 ) be a solution of (5.6). We define for h ∈ R^d with |h| < h_0 and h ‖ M_1

v_h(x) = △^h(△_hu(x)).

In view of the assumptions on φ, h_0 and h it follows that v_h ∈ H^1_0 (C^−_1 ). Inserting v_h into (5.6) yields � C^−_1

⟨M(x, ∇u, z), ∇v_h⟩ dx = � C^−_1

⟨f, v_h⟩ dx. (5.9)

Note that ∇v_h = △^h∇(△_hu) + [(det[∇τ_h])^{−1}(∇△_hu) h⊗∇φ]∘τ^{−1}_h and therefore, (5.9) is equivalent to � C^−_1

⟨M(x, ∇u, z), △^h∇(△_hu)⟩ dx = − � C^−_1

⟨M(x, ∇u, z), � det[∇τ_h]^{−1}(∇△_hu) h ⊗ ∇φ � ∘τ^{−1}_h ⟩ dx + � C^−_1

⟨f, △^h△_hu⟩ dx.

Furthermore, the product rule (5.8) entails � C^−_1

⟨△_hM(x, ∇u, z) , ∇△_hu⟩ dx = − � C^−_1

⟨M(x, ∇u, z)∘τ_h, ∇△_hu⟩⟨h, ∇φ⟩ dx + � C^−_1

⟨M(x, ∇u, z), � (det[∇τ_h])^{−1}(∇△_hu) h ⊗ ∇φ � ∘τ^{−1}_h ⟩ dx + � C^−_1

⟨f, △^h△_hu⟩ dx =: S_1 + S_2 + S_3 (5.10) Finally we have � C^−_1

⟨M(x, ∇(u∘τ_h), z) − M(x, ∇u, z) , ∇△_hu⟩ dx = � C^−_1

⟨△_hM(x, ∇u, z), ∇△_hu⟩ dx + � C^−_1

⟨M(x, ∇(u∘τ_h), z) − M(x, ∇u, z)∘τ_h � , ∇△_hu⟩ dx

(5.10)

= S_1 + S_2 + S_3 + � C^−_1

⟨M(x, ∇(u∘τ_h), z) − M(x, ∇u, z)∘τ_h, ∇△_hu⟩ dx = S_1 + . . . + S_4. (5.11) The next task is to show that there is a constant c > 0, which does not depend on h, such that

|S_1 + . . . + S_4| ≤ c |h| � ‖u‖_{H1(C}−_{1 )} + ‖z‖_{H1(C}−_{1 )} + ‖f‖_{L2(C}−_{1 )} � ‖△_hu‖_{H1(C}−_{1 )} . (5.12) Due to the Lipschitz assumptions on M we have |S_1| + |S_2| ≤ c |h| ‖M(·, ∇u, z)‖_{L2(C}−_{1 )} ‖△_hu‖_{H1(C}−_{1 )} ≤ c |h| � ‖u‖_{H1(C}−_{1 )} + ‖z‖_{L2(C}−_{1 )} � ‖△_hu‖_{H1(C}−_{1 )} .

Moreover, since f ∈ L^2(C^−_1 ), the term S_3 can be estimated as |S_3| ≤ c |h| ‖f‖_{L2(C}−_{1 )} ‖△_hu‖_{H1(C}−_{1 )} .

By inequality (5.4) we see that

|S_4| ≤ cL_1 |h| � ‖u‖_{H1(C}−_{1 )} + ‖z‖_{H1(C}−_{1 )} � ‖△_hu‖_{H1(C}−_{1 )} + cL_2 � ‖∇(u ∘ τ_h) − (∇u) ∘ τ_h‖_{L2(C}−_{1 )} + c |h| ‖z‖_{H1(C}−_{1 )} � ‖△_hu‖_{H1(C}−_{1 )} .

The identity ∇(u∘τ_h) − (∇u)∘τ_h = (∇u)∘τ_h (h ⊗ ∇φ) leads to

|S_4| ≤ c |h| � ‖u‖_{H1(C}−_{1 )} + ‖z‖_{H1(C}−_{1 )} � ‖△_hu‖_{H1(C}−_{1 )} .

Collecting all the above estimates we finally arrive at inequality (5.12). Gårding’s inequality (see R3) and Poincaré’s inequality imply that � C^−_1

⟨M(x, ∇(u ∘ τ_h),z) − M(x, ∇u, z) , ∇△_hu⟩ dx

≥ C_G ‖∇△_hu‖^2_{L2(C}−_{1 )} − c_G ‖△_hu‖^2_{L2(C}−_{1 )} ≥ c � ‖△_hu‖^2_{H1(C}−_{1 )} − |h|^2 ‖u‖^2_{H1(C}−_{1 )} � . Combining the above estimates with (5.11) and (5.12) results finally in

‖△_hu‖^2_{H1(C}−_{1 )} ≤ c |h| � ‖u‖_{H1(C}−_{1 )} + ‖z‖_{H1(C}−_{1 )} + ‖f‖_{L2(C}−_{1 )} � ‖△_hu‖_{H1(C}−_{1 )}

+ c |h|^2 ‖u‖^2_{H1(C}−_{1 )}

and the constant c is independent of h. From Young’s inequality we obtain

|h|^{−1} ‖△_hu‖_{H1(C}−_{1 )} ≤ c � ‖u‖_{H1(C}−_{1 )} + ‖z‖_{H1(C}−_{1 )} + ‖f‖_{L2(C}−_{1 )} � . (5.13)

It follows from this inequality that ∂_iu ∈ H^1(C^−_r ) for 1 ≤ i ≤ d − 1 and that ‖∂_iu‖_{H1(C}−_{r )} is bounded by the right hand side in (5.13), see e.g. [34]. ■

Remark 5.5 If we choose the usual finite differences as test functions, i.e. ṽ_h(x) = δ_{−h}(φ^2δ_hu), where δ_hu = u(x + h) − u(x), then similar calculations as those for v_h lead to the estimate � C^−_1

φ^2(x)⟨M(x, ∇u(x + h), z(x)) − M(x, ∇u(x), z(x)), δ_h∇u⟩ dx ≤ c |h| � �φ^2δ_hu � �_{H1(C−1 )} ,

(5.14)

compare also (5.11) and (5.12). But now neither R2 nor R3 help us to find a lower bound for the left hand side of (5.14) in terms of � �φ^2δ_h∇u � �^2_{L2(C−1 )}, since in general δ_h∇u is not a rank–one matrix, and since we cannot interchange φ and M due to the nonlinearity of M. Lemma 5.6 (Regularity in normal direction) With the same assumptions as in lemma 5.4 it follows for every r ∈ (0, 1) that ∂_du ∈ H^1(C^−_r ). Furthermore, there exists a constant c_r > 0 such that

‖u‖_{H2(C}−_{r )} ≤ c_r � ‖z‖_{H1(C}−_{1 )} + ‖f‖_{L2(C}−_{1 )} + ‖u‖_{H1(C}−_{1 )} � . (5.15)

Proof. Let r ∈ (0, 1). Equation (5.6) implies that

Div M(x, ∇u(x), z(x)) + f(x) = 0 (5.16)

for almost every x ∈ C^−_1 . Let M_i denote the columns of the matrix valued function M, i.e. M_i(x, a, z) = (M^α_i (x, a, z))_{1≤α≤m} ∈ R^m for 1 ≤ i ≤ d. The Lipschitz continuity of M and the tangential regularity proved in lemma 5.4 guarantee that ∂_iM_i(·, ∇u, z) ∈ L^2(C^−_r ) for 1 ≤ i ≤ d − 1 and is bounded by the right hand side in (5.7). Together with (5.16) we obtain therefore

∂_dM_d(·, ∇u, z) = −f − d−1� i=1 ∂_iM_i(·, ∇u, z) ∈ L^2(C^−_r ).

By Lemma 7.23 in [27] the derivative ∂_d can be replaced with a finite difference in the following way: For every Ω^′ ⊂⊂ C^−_r and every h ∈ R^d with |h| < dist(Ω^′, ∂C^−_r ) and h⊥M_1 we have

‖δ_hM_d(·, ∇u, z)‖_L2_{(Ω}′_) ≤ � ‖f‖_{L2(C}−_{r )} + d−1� i=1 ‖∂_iM_i(·, ∇u, z)‖_{L2(C}−_{r )} � |h| =: c_0 |h| . (5.17)

Here, δ_hv(x) := v(x+h)−v(x) for h ∈ R^d. Thus, for every h⊥M_1 with |h| < dist(Ω^′, ∂C^−_r ) we have � Ω^′

⟨δ_hM_d(x, ∇u, z), δ_h∂_du⟩ dx ≤ c_0 |h| ‖δ_h∂_du‖_L2_{(Ω}′_) , (5.18)

where c_0 is the constant from (5.17). We split now the left hand side into a term which can be estimated from below due to the rank-one monotonicity of M and into terms which may be estimated from above using the Lipschitz continuity of M and the regularity results from lemma 5.4. For functions v : C^−_1 → R^m we define ~∇v(x) = (∂_1v(x), . . . , ∂_{d−1}v(x), 0) ∈ M^{m×d}. Furthermore, v_h(x) := v(x+h) and e_d = (0, . . . , 0, 1)^⊤ ∈ R^d. With these notations we have � Ω^′

⟨M_d(x, ~∇u + ∂_du_h ⊗ e_d, z) − M_d(x, ∇u, z), δ_h∂_du⟩ dx = � Ω^′

⟨δ_hM_d(x, ∇u, z), δ_h∂_du⟩ dx + � Ω^′

⟨M_d(x, ~∇u + ∂_du_h ⊗ e_d, z) − M_d(x + h, ∇u_h, z_h), δ_h∂_du⟩ dx

= S_1 + S_2. (5.19)

The term S_1 is already estimated in (5.18). From the Lipschitz continuity of M (see (5.4)) and the regularity results of lemma 5.4 we obtain by straightforward calculations

|S_2| ≤ c ‖δ_h∂_du‖_L2_{(Ω}′_) � ( � � ~∇u + ∂_du_h ⊗ e_d � �_{L2(Ω′)} + ‖z‖_{H1(C−1 )}) |h| + � �δ_h ~∇u � �_{L2(Ω′)}�

≤ c |h| � ‖u‖_{H1(C}−_{1 )} + ‖z‖_{H1(C}−_{1 )} + � ∂_d ~∇u � L^2(C^−_r ) � ‖δ_h∂_du‖_L2_{(Ω}′_) (5.20) and the constant c is independent of Ω^′ and h. Moreover, choosing ξ = ∂_du_h and η = e_d in (5.5), we obtain for the left hand side in (5.19) from the rank-one monotonicity of M that � Ω^′

⟨M_d(x, ~∇u + ∂_du_h ⊗ e_d, z) − M_d(x, ∇u, z), δ_h∂_du⟩ dx ≥ c_{LH} ‖δ_h∂_du‖^2_L2_{(Ω}′_) . (5.21)

Estimates (5.18)–(5.21) together with Young’s inequality finally imply that

|h|^{−1} ‖δ_h∂_du‖_L2_{(Ω}′_) ≤ c � ‖u‖_{H1(C}−_{1 )} + ‖z‖_{H1(C}−_{1 )} + � ∂_d ~∇u � L^2(C^−_r ) � (5.22)

for every h⊥M_1 and the constant c is independent of h and Ω^′ ⋐ C^−_r . This implies that ∂^2_d u ∈ L^2(C^−_r ) and � �∂^2_d u � �_{L2(c−r )} is bounded by the right hand side in (5.22). Estimate (5.15) is a combination of (5.22) and (5.7). ■

5.3 Proof of theorem 5.2 Let the assumptions of theorem 5.2 be valid and assume that g = 0. Choose x_0 ∈ ∂Ω and let U_{x0} be a neighborhood of x_0 such that there exists a C^{1,1}-diffeomorphism Φ_{x0} : U_{x0} → C_1, where C_1 is the unit cube in R^d, with the following properties (we omit the index x_0): Φ(U) = C_1, Φ(U ∩ Ω) = C^−_1 , Φ(U\Ω) = C^+_1 , Φ(U ∩ ∂Ω) = M_1 and Φ(x_0) = 0. Let u ∈ H^1_0 (Ω) be a solution for (5.6) with the data f ∈ L^2(Ω) and z ∈ H^1(Ω). It follows that � U∩Ω ⟨M(x, ∇u, z), ∇v⟩ dx = � U∩Ω ⟨f, v⟩ dx

for every v ∈ H^1_0 (Ω ∩ U). After a transformation of coordinates with y = Φ(x) and Ψ := Φ^{−1}, the previous equation can be written as follows: Let ũ(y) = u(Ψ(y)). For every v ∈ H^1_0 (C^−_1 ) we have � C^−_1

⟨M̃(y, ∇ũ, z̃), ∇v⟩ dy = � C^−_1

⟨f̃, v⟩ dy.

Here, we use the abbreviations

M̃(y, a, ζ) = |det[∇Ψ(y)]| M(Ψ(y), a(∇Ψ(y))^{−1}, ζ)(∇Ψ(y))^{−⊤}, (5.23) f̃(y) = |det[∇Ψ(y)]| f(Ψ(y)), (5.24)

z̃(y) = z(Ψ(y)) (5.25)

for y ∈ C^−_1 , a ∈ M^{m×d} and ζ ∈ R^N . It follows immediately from the properties of the diffeomorphism Φ and from those of M that M̃ satisfies R1–R3 with respect to C^−_1 . Furthermore, f̃ and z̃ have the smoothness required in lemma 5.4. Thus, lemmata 5.4 and 5.6 guarantee that ũ ∈ H^2(C^−_r ) for every r < 1 and that estimate (5.15) is valid. After applying the inverse transformation Ψ : C^−_1 → U ∩ Ω, we have finally shown the following: For every x_0 ∈ Ω exists an open neighborhood Ũ_{x0} such that u � Ũ_{x0} ∩Ω ∈ H

2(Ũ_{x0} ∩ Ω) and estimate (5.15) is valid with respect to Ũ_{x0} ∩ Ω. The constants may depend on x_0. Since Ω is assumed to be bounded, we can cover Ω by a finite number of the domains Ũ_{x0} and obtain finally that u ∈ H^2(Ω) with

‖u‖_H2_{(Ω)} ≤ c � ‖z‖_H1_{(Ω)} + ‖f‖_L2_{(Ω)} + ‖u‖_H1_{(Ω)}). (5.26)

This proves theorem 5.2 for the case of vanishing Dirichlet conditions. The general case can be seen as follows. There exists a linear and continuous extension operator F : H^32 (∂Ω) → H^2(Ω) with (F (g)) � �_{∂Ω} = g for every g ∈ H^3_2 (Ω), see for example [68]. Then u ∈ H^1(Ω) with u � ∂Ω = g for some g ∈ H^32 (∂Ω) is a solution to (5.6) if and only if there exists an element ũ ∈ H^1_0 (Ω) with u = ũ + F (g) and for every v ∈ H^1_0 (Ω), ũ satisfies � Ω ⟨M̂(x, ∇ũ, z̃), ∇v⟩ dx = � Ω ⟨f, v⟩ dx,

where z̃ = (F (g), z) and M̂(x, a, z̃) = M(x, a + F (g)(x), z). Clearly, M̂ satisfies R1–R3 as well and by the first part of this proof it follows that ũ ∈ H^2(Ω). This finishes the proof of theorem 5.2.

6 Discussion

We have shown that the time-incremental Cosserat elasto-plasticity problem admits H^1(Ω)- regular updates of the symmetric plastic strain ε^n_p provided that the previous plastic strain ε^{n−1}_p is in H^1(Ω) and the domain and data are suitably regular. Altogether, the timeincremental problem allows the regularity ∀ n ∈ N : u^n ∈ H^2(Ω, R^3), ε^n_p ∈ H^1(Ω, Sym(3)) and A^n ∈ H^2(Ω, so(3)). Uniform bounds in time are missing and it is an open question whether a similar result holds for the time continuous problem.

The presented method of proof for higher regularity uses a difference quotient method which is based on inner variations and can be extended to more general problems. This will be the subject of further investigations.

Acknowledgment

The idea to this work was conceived during a visit of P.N. at the Weierstrass-Institute, Berlin. The kind hospitality of A. Mielke is gratefully acknowledged. P.N. has also profited from the exchange with M. Costabel regarding Div / Curl-systems. P.N. and D.K. both acknowledge the help of inspiring discussions on regularity of nonlinear elliptic problems with J. Frehse.

References

[1] H.D. Alber. Materials with Memory. Initial-Boundary Value Problems for Constitutive Equations with Internal Variables., volume 1682 of Lecture Notes in Mathematics. Springer, Berlin, 1998.

[2] J. Alberty, C. Carstensen, and D. Zarrabi. Adaptive numerical analysis in primal elastoplasticity with hardening. Comp. Meth. Appl. Mech. Engrg., 171(3-4):175–204, 1999.

[3] G. Anzellotti and S. Luckhaus. Dynamical evolution of elasto-perfectly plastic bodies. Appl. Math.

Optim., 15:121–140, 1987.

[4] J.P. Bardet. Observations on the effects of particle rotations on the failure of idealized granular materials. Mechanics of Materials, 18:159–182, 1994.

[5] A. Bensoussan and J. Frehse. Asymptotic behaviour of Norton-Hoff’s law in plasticity theory and H^1 regularity. In J.-L. Lions and C. Baiocchi, editors, Boundary value problems for partial differential equations and applications, volume 29 of RMA, pages 3–25. Masson, Paris, 1993.

[6] A. Bensoussan and J. Frehse. Regularity results for nonlinear elliptic systems and applications, volume 151 of Applied Mathematical Sciences. Springer, Berlin, 2002.

[7] M. Bildhauer and M. Fuchs. Smoothness of weak solutions of the Ramberg/Osgood equations on plane domains. Z. Angew. Math. Mech., 87(1):70–76, 2007.

[8] S.C. Brenner and L.R. Scott. The Mathematical Theory of Finite Element Methods. Springer, Heidelberg, 1994.

[9] G. Capriz. Continua with Microstructure. Springer, Heidelberg, 1989.

[10] C. Carstensen and S. Müller. Local stress regularity in scalar nonconvex variational problems. SIAM J. Math. Anal., 34(2):495–509, 2002.

[11] K. Chełmiński. Coercive approximation of viscoplasticity and plasticity. Asymptotic Analysis, 26:105– 133, 2001.

[12] K. Chełmiński. Perfect plasticity as a zero relaxation limit of plasticity with isotropic hardening.

Math. Meth. Appl. Sci., 24:117–136, 2001.

[13] K. Chełmiński. Global existence of weak-type solutions for models of monotone type in the theory of inelastic deformations. Math. Meth. Appl. Sci., 25:1195–1230, 2002.

[14] B.D. Coleman and M.L. Hodgdon. On shear bands in ductile materials. Arch. Rat. Mech. Anal., 90:219–247, 1985.

[15] E. Cosserat and F. Cosserat. Théorie des corps déformables. Librairie Scientifique A. Hermann et Fils (Translation: Theory of deformable bodies, NASA TT F-11 561, 1968), Paris, 1909.

[16] J. Daněček and E. Viszus. L^{2,Φ} regularity for nonlinear elliptic systems of second order. Electronic J. Diff. Equat., http://ejde.math.swt.edu, 2002:1–13, 2002.

[17] R. de Borst. A generalization of J2-flow theory for polar continua. Comp. Meth. Appl. Mech. Engrg., 103:347–362, 1992.

[18] A. Demyanov. Regularity in Prandtl–Reuss perfect plasticity. In G. Dal Maso, G. Francfort, A. Mielke, and T. Roubíček, editors, Analysis and Numerics for Rate–Independent Processes, volume 11/2007 of Oberwolfach Report, 2007.

[19] A. Dietsche, P. Steinmann, and K. Willam. Micropolar elastoplasticity and its role in localization.

Int. J. Plasticity, 9:813–831, 1993.

[20] C. Ebmeyer. Mixed boundary value problems for nonlinear elliptic systems with p-structure in polyhedral domains. Math. Nachrichten, 236:91–108, 2002.

[21] C. Ebmeyer and J. Frehse. Mixed boundary value problems for nonlinear elliptic equations in multidimensional non-smooth domains. Math. Nachrichten, 203:47–74, 1999.

[22] A. C. Eringen. Microcontinuum Field Theories. Springer, Heidelberg, 1999. [23] S. Forest, G. Cailletaud, and R. Sievert. A Cosserat theory for elastoviscoplastic single crystals at finite deformation. Arch. Mech., 49(4):705–736, 1997.

[24] M. Fuchs and G. Seregin. Variational Methods for Problems from Plasticity Theory and for Generalized Newtonian Fluids., volume 10 of Annales Universitatis Saraviensis. FB Mathematik, Univ. Saarbrücken, Saarbrücken, 1999.

[25] M. Fuchs and G. Seregin. Variational Methods for Problems from Plasticity Theory and for Generalized Newtonian Fluids., volume 1749 of Lect. Notes Math. Springer, Berlin, 2000.

[26] M. Giaquinta and S. Hildebrandt. Calculus of Variations I. Springer-Verlag, Berlin, Heidelberg, 1996. [27] D. Gilbarg and N. S. Trudinger. Elliptic partial differential equations of second order. Number 224 in Grundlehren der mathematischen Wissenschaften. Springer Verlag, 1977.

[28] V. Girault and P.A. Raviart. Finite element approximation of the Navier-Stokes equations., volume 749 of Lect. Notes Math. Springer, Heidelberg, 1979.

[29] W. Han and B.D. Reddy. Plasticity. Mathematical Theory and Numerical Analysis. Springer, Berlin, 1999.

[30] I.R. Ionescu and M. Sofonea. Functional and Numerical Methods in Viscoplasticity. Oxford Mathematical Monographs. Oxford University Press, Oxford, first edition, 1993.

[31] M.M. Iordache and K. Willam. Localized failure analysis in elastoplastic Cosserat continua. Comp.

Meth. Appl. Mech. Engrg., 151:559–586, 1998.

[32] D. Knees. Global regularity of the elastic fields of a power-law model on Lipschitz domains. Math.

Meth. Appl. Sci., 29:1363–1391, 2006.

[33] D. Knees. Global stress regularity of convex and some nonconvex variational problems. Ann. Mat.

Pura Appl., 2007. DOI 10.1007/s10231-006-0039-5.

[34] D. Knees and A. Mielke. Energy release rate for cracks in finite-strain elasticity. Math. Meth. Appl.

Sci., 2007. accepted.

[35] R.V. Kohn and R. Temam. Dual spaces of stresses and strains, with applications to Hencky plasticity.

Appl. Math. Optimization, 10:1–35, 1983.

[36] A. Mielke. Deriving new evolution equations for microstructures via relaxation of variational incremental problems. Comp. Meth. Appl. Mech. Engrg, 193:5095–5127, 2004.

[37] A. Mielke. Existence of minimizers in incremental elasto-plasticity with finite strains. SIAM J. Math.

Analysis, 36:384–404, 2004.

[38] A. Mielke and S. Müller. Lower semi-continuity and existence of minimizers in incremental finite-strain elastoplasticity. Z. Angew. Math. u. Mech., 86:233–250, 2006.

[39] C.B. Morrey. Multiple integrals in the calculus of variations. Springer Verlag, 1966. [40] H.B. Mühlhaus. Shear band analysis for granular materials within the framework of Cosserat theory.

Ing. Archiv, 56:389–399, 1989.

[41] J. Nečas. Les Méthodes Directes en Théorie des Équations Elliptiques. Masson et Cie. and Éditeurs, Paris, 1967.

[42] J. Nečas. Introduction to the Theory of Nonlinear Elliptic Equations. Teubner Verlagsgesellschaft, Leipzig, 1983.

[43] P. Neff. Existence of minimizers for a finite-strain micromorphic elastic solid. Preprint 2318, http://wwwbib.mathematik.tu-darmstadt.de/Math-Net/Preprints/Listen/pp04.html, Proc. Roy. Soc. Edinb. A, 136:997–1012, 2006.

[44] P. Neff. A finite-strain elastic-plastic Cosserat theory for polycrystals with grain rotations. Int. J.

Eng. Sci., DOI 10.1016/j.ijengsci.2006.04.002, 44:574–594, 2006.

[45] P. Neff. Finite multiplicative elastic-viscoplastic Cosserat micropolar theory for polycrystals with grain rotations. Modelling and mathematical analysis. Preprint 2297, http://wwwbib.mathematik.tudarmstadt.de/Math-Net/Preprints/Listen/pp03.html, appeared partly in Int. J. Eng. Sci., 9/2003.

[46] P. Neff and K. Chełmiński. Infinitesimal elastic-plastic Cosserat micropolar theory. Modelling and global existence in the rate independent case. Preprint 2290, http://wwwbib.mathematik.tudarmstadt.de/Math-Net/Preprints/Listen/pp03.html, Proc. Roy. Soc. Edinb. A, 135:1017–1039, 2005.

[47] P. Neff and K. Chełmiński. Approximation of Prandtl-Reuss Plasticity through Cosserat-Plasticity.

Preprint 2468, http://wwwbib.mathematik.tu-darmstadt.de/Math-Net/Preprints/Listen/pp06.html, submitted to Quart. Appl. Math., 2007.

[48] P. Neff and K. Chełmiński. Well-posedness of dynamic Cosserat plasticity. Preprint 2412, http://wwwbib.mathematik.tu-darmstadt.de/Math-Net/Preprints/Listen/pp05.html, to appear in Appl. Math. Optimisation, 2007.

[49] P. Neff, K. Chełmiński, W. Müller, and C. Wieners. A numerical solution method for an infinitesimal elastic-plastic Cosserat model. Preprint 2470, http://wwwbib.mathematik.tu-darmstadt.de/Math- Net/Preprints/Listen/pp06.html, Math. Mod. Meth. Appl. Sci. (M3AS), 17(8):1–29, 2007.

[50] P. Neff and C. Wieners. Comparison of models for finite plasticity. A numerical study. Comput.

Visual. Sci., 6:23–35, 2003.

[51] S. Nesenenko. Homogenization and Regularity in Viscoplasticity. Ph.D. Thesis, TU Darmstadt. Logos Verlag, ISBN:3-8325-1223-3, Berlin, 2006.

[52] M. Ortiz and L. Stainier. The variational formulation of viscoplastic constitutive updates. Comp.

Meth. Appl. Mech. Engrg., 171:419–444, 1999.

[53] J.-P. Raymond. Régularité globale des solutions de systèmes elliptiques non linéaires. Rev. Mat. Univ.

Complutense Madr., 2(2/3):241–270, 1989.

[54] S.I. Repin. Errors of finite element method for perfectly elasto-plastic problems. Math. Models Meth.

Appl. Sci., 6(5):587–604, 1996.

[55] M. Ristinmaa and M. Vecchi. Use of couple-stress theory in elasto-plasticity. Comp. Meth. Appl.

Mech. Engrg., 136:205–224, 1996.

[56] C. Sansour. A theory of the elastic-viscoplastic Cosserat continuum. Arch. Mech., 50:577–597, 1998. [57] G. Savaré. Regularity results for elliptic equations in Lipschitz domains. J. Funct. Anal., 152:176–201, 1998.

[58] G. A. Seregin and T. N. Shilkin. Regularity for minimizers of some variational problems in plasticity theory. J. Math. Sci., 99(1):969–988, 2000.

[59] G.A. Seregin. Differentiability of extremals of variational problems in the mechanics of elastic perfectly plastic media. Differential Equations, 23(11):1349–1358, 1987.

[60] J.C. Simo and J.R. Hughes. Computational Inelasticity., volume 7 of Interdisciplinary Applied Mathematics. Springer, Berlin, 1998.

[61] J.C. Simo and R. L. Taylor. Consistent tangent operators for rate-independent elasto-plasticity. Comp.

Meth. Appl. Mech. Engrg., 48:101–118, 1985.

[62] P. Steinmann. A micropolar theory of finite deformation and finite rotation multiplicative elastoplasticity. Int. J. Solids Struct., 31(8):1063–1084, 1994.

[63] R. Temam. Mathematical Problems in Plasticity. Gauthier-Villars, New-York, 1985. [64] R. Temam. A generalized Norton-Hoff model and the Prandtl-Reuss law of plasticity. Arch. Rat.

Mech. Anal., 95:137–183, 1986.

[65] T. Valent. Boundary Value Problems of Finite Elasticity. Springer, Berlin, 1988.

[66] C. Wieners. Multigrid methods for Prandtl-Reuss plasticity. Numer. Linear Algebra Appl., 6(6):457– 478, 1999.

[67] C. Wieners. Efficient elasto-plastic simulation. In A.M. Sändig et al., editor, Multifield Problems.

State of the art., pages 209–216. Springer, 2000.

[68] J. Wloka. Partielle Differentialgleichungen. Teubner Verlag, Stuttgart, 1982.

Notation

We denote by M^{3×3} the set of real 3 × 3 second order tensors, written with capital letters. The standard Euclidean scalar product on M^{3×3} is given by ⟨X, Y ⟩_{M3×3} = tr ^ XY^T ~ , and thus the Frobenius tensor norm is ‖X‖^2 = ⟨X, X⟩_{M3×3} (we use these symbols indifferently for tensors and vectors). The identity tensor on M^{3×3} will be denoted by 11, so that tr [X] = ⟨X, 11⟩. We let Sym and PSym denote the symmetric and positive definite symmetric tensors respectively. We adopt the usual abbreviations of Lie-algebra theory, i.e. so(3) := {X ∈ M^{3×3} |X^T = −X} are skew symmetric second order tensors and sl(3) := {X ∈ M^{3×3} |tr [X] = 0} are traceless tensors. We set sym(X) =^1_2 (X^T + X) and skew(X) =^1_2 (X − X^T ) such that X = sym(X) + skew(X). For X ∈ M^{3×3} we set for the deviatoric part dev X = X −^1_3 tr [X] 11 ∈ sl(3).

For a second order tensor X we let X.ei be the application of the tensor X to the column vector ei. The first and second differential of a scalar valued function W (F ) are written DF W (F ).H and D^2_F W (F ).(H, H), respectively. Sometimes we use also ∂X W (X) to denote the first derivative of W with respect to X. We employ the standard notation of Sobolev spaces, i.e. L^2(Ω), H^{1,2}(Ω), H^{1,2}_∘ (Ω), which we use indifferently for scalar-valued functions as well as for vector-valued and tensor-valued functions.