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Abstra
tIn this paper the drag-out problem for shear-thinning liquids at variablein
lination angle is 
onsidered. For this free boundary problem dimension-redu
ed lubri
ation equations are derived for the most 
ommonly used vis
os-ity models, namely, the power-law, Ellis and Carreau model. For the resultinglubri
ation models a system of ordinary di�erential equation governing thesteady state solutions is obtained. Phase plane analysis is used to 
hara
ter-ize the type of possible steady state solutions and their dependen
e on therheologi
al parameters.1 Introdu
tionThe drag-out problem, whi
h is the problem of withdrawal of a plate or �berfrom a liquid bath, is one of the fundamental problems in �uid me
hani
s andhas many appli
ations in nature and te
hnology. The seminal paper on thisproblem was given by Landau and Levi
h [12℄ and systemati
 extensions 
anbe found in [22℄, [17℄ and [21℄. While the methods in these studies 
ould beextended and used in various appli
ations [15℄, [3℄, they fo
us on Newtonianliquids. However, many appli
ations that are 
on
erned with polymeri
 liquidsand suspensions show nonlinear stress-strain relationships, see e.g. [6℄ and[16℄. In fa
t, most polymer solutes used in 
oating exibit some degree ofshear-thinning behavior. Typi
ally, they show distin
t vis
osity regimes whensubje
t to shear stress. At very low shear rates they behave as a Newtonian�uid; as the shear rate in
reases the behavior starts to be
ome nonlinear, afterfurther in
rease it moves into a regime where the vis
osity 
an be modeled bya power-law relation. Finally, at very high shear rates the behavior be
omesNewtonian on
e more.While most studies in 
oating �ows were 
on
erned with appli
ations ofspin 
oating, rimming �ows or �ows of �lms down an in
lined plane, see e.g.[2℄, [4℄, [8℄, [10℄, [13℄, [14℄, [20℄, [9℄, we are interested in studying the relevantparameters that 
ontrol the shape of the free boundary exibited by shear-thinning liquids during the steady withdrawal from a reservoir. We 
hoose forour studies some of the most 
ommonly used vis
osity models, whi
h are thepower-law, the Ellis and the Carreau-Yasuda model. A re
ent dis
ussion onthe suitability of these models for studying thin �lm �ows of shear-thinningliquids is given in [19℄ for the 
ase of �ows in thin 
hannels, i.e. surfa
etension is negle
ted. Here, we use asymptoti
 arguments to systemati
allyderive from the underlying equations of 
onservation of momentum and mass,together with the boundary 
onditions of normal and tangential shear stress,the leading order equations. These 
an be integrated out to yield extended1



lubri
ation models for the pro�le of the �lm that take a

ount of surfa
e tensionand are also valid in the menis
us region.In the following se
tions we are 
on
erned with the steady states. Forall three models we 
an derive a system of ordinary di�erential equations forthe steady state solutions. A 
areful phase plane analysis then shows theexisten
e of two types of solutions. Type I 
orresponding to a monotone�lm pro�le and Type II, 
orresponding to a spatially os
illating �lm pro�le.We develop 
riteria for the power-law and Ellis model that sele
t the typeof solution. Another di�eren
e between these solution is also the thi
knessof the �lms towards the uniform region far away from the menis
us and isbeing dis
ussed in a separate se
tion where mat
hed asymptoti
 solutions andnumeri
al solutions are 
ompared.2 Problem formulation
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Figure 1: Thin �lm withdrawn at an angle α from a liquid reservoir.We 
onsider the evolution of a thin layer of non-Newtonian shear-thinningliquid on the in
lined plane that 
an be withdrawn from a bath with velo
ity
U , see �gure 1, or pushed into a bath with velo
ity −U , at the angle α withthe horizontal axis. Here, we only 
onsider the two-dimensional 
ase wherethe solution is independent of the 
oordinate ȳ and the thi
kness of the �lmis denoted by h̄(x̄, t̄). As usual, x̄ and z̄ denote the axes in stream-wise and
ross-stream dire
tions, respe
tively.The balan
e laws for momentum and mass of an in
ompressible �uid ofdensity ρ in the presen
e of gravity are

ρ
dū

dt̄
= −p̄x̄ − τ̄xx

x̄ − τ̄ zx
z̄ − ρg cosα, (2.1a)

ρ
dw̄

dt̄
= −p̄z̄ − τ̄xz

x̄ − τ̄ zz
z̄ − ρg sinα, (2.1b)

ūx̄ + w̄z̄ = 0. (2.1
)2



for 0 < z̄ < h̄ and −∞ < x̄ < +∞. Here, we denote d/dt = ∂t + u∂x + w∂z .At the free surfa
e z̄ = h̄ we have the normal and tangential stress 
ondition
τ̄ zz − 2τ̄xzh̄x̄ + τ̄xxh̄2

x̄

1 + h̄2
x̄

− p̄ = σκ̄, (2.1d)
(τ̄ z̄z̄ − τ̄xx)h̄x̄ + τ̄xz(1 − h̄2

x̄) = 0, (2.1e)respe
tively. At the surfa
e of the plane z̄ = 0 we require the no-slip 
onditionand impermeability of the plane, i.e.
ū = U, w̄ = 0 (2.1f)where ū(x̄, z̄, t̄), w̄(x̄, z̄, t̄) denote the �uid velo
ity ve
tor 
omponents, τ is theshear stress tensor

τ =

(

τ̄xx τ̄xz

τ̄ zx τ̄ zz

)

, γ̇ =

(

2ūx̄ ūz̄ + w̄x̄

ūz̄ + w̄x̄ 2w̄z̄

)whi
h is related to the strain tensor via
τ = −ηγ̇ . (2.2)We denote by η the vis
osity and ¯̇γ is the strain rate,

¯̇γ = (2ū2
x̄ + ū2

z̄ + 2ūz̄w̄x̄ + w̄2
x̄ + 2w̄2

z̄)
1
2 . (2.3)Additionally we in
lude, in parti
ular for the 
ases of verit
al drag-out, thenonlinear 
urvature at the free boundary h̄(x̄, t̄)

κ̄ =
h̄x̄x̄

(1 + h̄2
x̄)3/2

. (2.4)For a dis
ussion of the importan
e of this modi�
ation see e.g. [17℄ and [22℄.Some of the most well-known vis
osity models for shear-thinning or shear-thi
kening �uids are: the power-law model
η = m¯̇γn−1 (2.5)that is pseudoplasti
 or shear thinning for n < 1 and shear thi
kening if n > 1,the Ellis model, given by

η0

η
= 1 +

∣

∣

∣

∣

τ

τ1/2

∣

∣

∣

∣

q−1 (2.6)where η0 denotes the vis
osity at zero shear and τ1/2 is the value at whi
h
η = η0/2 and the Carreau-Yasuda Model

η − η∞
η0 − η∞

= (1 + (λγ̇)c)(k−1)/c (2.7)where η0 and η∞ are the limiting vis
osities at low and high shear rates, re-spe
tively. We note that, unlike the Ellis and Carreau-Yasuda models, the3



power-law model is only meant to apply at large shear rates. While the El-lis model may for 
ertain liquids underpredi
t the vis
osity in the low sheartransition region from power law to Newtonian behavior, the results in [19℄show that in many 
ases it 
ompares well with the results for the Carreau-Yasuda model, whi
h is most 
ommonly employed for industrial appli
ations.The main advantage of the Ellis model over Carreau-Yasuda is that, in the
ase of a �lm with a free surfa
e, an expli
it expression for the �lm pro�lemay be derived. Nevertheless, we show here, that for the 
ase of η∞ = 0 and
c = 2, i.e. the so-
alled Carreau model, we still 
an derive a dimension-redu
edlubri
ation model.In the following se
tion we derive the lubri
ation equations for these modelsfor the drag-out problem. We will take a

ount of the nonlinear 
urvaturewhi
h will be important when α is small, or even zero for the 
ase of verti
aldrag-out.3 Lubri
ation models for power-law, Ellis andCarreau modelTo begin with, we introdu
e dimensionsless variables

x̄ = L x, ū = U u, p̄ = P p, h̄ = H h,

z̄ = H z, w̄ = W w, t̄ = T t,and assume that
U

L
=

1

T
, and ε =

H

L
≪ 1.For the power-law model we observe �rst that the strain rate is

¯̇γ =
U

H
γ̇, γ̇ = (2ε2u2

x + u2
z + 2ε2uzwx + ε4w2

x + 2ε2w2
z)

1
2and the shear stress 
omponents are

τ̄xx = −m Un

Hn
ε2uxγ̇

n−1, τ̄xz = −m Un

Hn
(uz + ε2wx)γ̇n−1,

τ̄ zz = −m Un

Hn
2ε wz γ̇

n−1, τ̄xx
x̄ = −m Un

Hn+1
ε2
(

2uxγ̇
n−1
)

x
,

τ̄xz
z̄ = −m Un

Hn+1

[

(uz + ε2wx)γ̇n−1
]

z
, τ̄ zz

z̄ = −m Un

Hn+1
ε
(

2wz γ̇
n−1
)

z

τ̄xz
x̄ = −m Un

Hn+1
ε
[

(uz + ε2wx)γ̇n−1
]

x
.As usual, the 
hara
teristi
 s
ale for the pressure is obtained by balan
ing the

x-momentum equation (2.1a) px with the dominant vis
ous stress term τxz
zthen

P =
m Un

ε Hn
. (3.1)Requiring the balan
e of the normal pressure and surfa
e tension at the freesurfa
e yields

P =
σ ε2

H
. (3.2)4



This in turn yields for the 
apillary number
Ca =

η U

σ
=
mUn−1U

Hn−1σ
=

mUn

Hn−1σ
= ε3 (3.3)Balan
ing τxz

z in equation (2.1a) with the gravity term yields an expressionfor the 
hara
teristi
 height
H =

(

mUn

ρg cosα

)
1

n+1 (3.4)Hen
e, we obtain for the dimensionless governing equations
ε4Re

du

dt
= −px + ε2(2uxγ̇

n−1)x +
[

(uz + εwx)γ̇n−1
]

z
− 1, (3.5a)

ε6Re
dw

dt
= −pz + ε2

[

(uz + ε2wx)γ̇n−1
]

x
+ ε2(2wz γ̇

n−1)z −D, (3.5b)
ux + wz = 0, (3.5
)for 0 < z < h(x, t) and −∞ < x < +∞. At the free boundary z = h we �ndnow
p = − hxx

(1 + ε2h2
x)3/2

+ ε2
2[wz − (uz + ε2wx)hx + ε2uxh

2
x]γ̇n−1

1 + ε2h2
x

(3.5d)
0 = 2ε2(wz − ux)hx + (uz + ε2wx)(1 − ε2h2

x) (3.5e)and at the surfa
e of the plate z = 0 we have
u = 1, w = 0. (3.5f)The dependen
e on the in
lination angle is now 
ontained in the parameter
D = ε tanα. (3.5g)To leading order in ε we �nd τxz = −uz |uz|n−1 and obtain the followingfree boundary problem

0 = −px − τxz
z − 1, (3.6a)

0 = −pz −D, (3.6b)
0 = ux + wz. (3.6
)with boundary 
onditions

u = 1, w = 0, at z = 0 (3.7a)
uz = 0, p = −κ, at z = h(x). (3.7b)This problem 
an now be integrated to yield a single partial di�erentialequation for the pro�le h(x, t). We obtain �rst the pressure by integrating(3.6b) with respe
t to z from z to h and use the boundary 
ondition (3.7b)5



p = −κ+D(h− z) (3.8)From the leading order equation (3.6a) we 
an get
(

uz|uz|n−1
)

z
= −(κx −Dhx − 1) (3.9)and intergrating this from z to h(x, t) and noting that z ≤ h(x, t)

uz = |ψ| 1−n
n ψ(h− z)

1
n (3.10)where

ψ = κx −Dhx − 1 (3.11)We integrate this equation on
e more from 0 to z and use the no-slip 
onditionto get for the velo
ity
u(z) = 1 − n

n+ 1
|ψ| 1−n

n ψ
(

(h− z)
n+1

n − h
n+1

n

)

. (3.12)This 
an now be used in the kinemati
 
onditon at the free boundary
∂th = −∂x

∫ h

0
u dz (3.13)to obtain

∂th = −∂x

[

h− |ψ| 1−n
n ψ

n

n+ 1

(

n

2n+ 1
h

2n+1
n − h

2n+1
n

)]

, (3.14)or, introdu
ing the new time s
ale t→ 2n+1
n t we get the following lubri
ationequation for the power-law model

∂th = −∂x

[

h
2n+1

n |ψ| 1−n
n ψ +

2n + 1

n
h

] (3.15)with boundary 
onditions
lim

x→∞

h = h∞, lim
x→∞

hx = 0, (3.16a)
lim

x→−∞

κ = 0, lim
x→−∞

h = ∞ . (3.16b)In prin
iple, the derivation of the lubri
ation approximation for the Ellis-and Carreau-Yasuda model are quite similar as demonstrated above. We there-fore state only the main di�eren
es here and refer for details to the 
orrespond-ing appendi
es.For the Ellis model the balan
e in the x-momentum equation of px withthe dominant vis
ous stress term τxz
z now yields the following 
hara
teristi
s
ale for the pressure

P =
η0 U

2εH
(3.17)6



Similarly, balan
ing τxz
z in x-momentum equation with the gravity term givesthe following 
hara
teristi
 height

H =

(

η0U

2ρg cosα

)
1
2 (3.18)Here, η0, the vis
osity at zero shear, is used to non-dimensionalize the vis
osity

η̄ =
η0

2
η (3.19)where

η0

η̄
= 1 +

∣

∣

∣

∣

τ̄

τ1/2

∣

∣

∣

∣

q−1 (3.20)and hen
e
2

η
= 1 + E1−q|τxz|q−1. (3.21)with
E =

2Hτ1/2

η0U
. (3.22)The resulting non-dimensional equations 
an now be integrated, resulting inthe following expression for the velo
ity

u =
1

2

[

ψ(hz − z2) +
ψ|ψ|q−1

Eq−1

( −1

q + 1
(h− z)q+1 +

1

q + 1
hq+1)

)]

+ 1 (3.23)from whi
h we obtain, after res
aling time as t → 3t, from the kinemati

ondition the lubri
ation equation for the Ellis model
∂th = −∂x

[

1

2

(

ψh3 +
3

q + 2

1

Eq−1
ψ|ψ|q−1hq+2

)

+ 3h

] (3.24)together with the boundary 
onditions (3.16).Finally, for the Carreau-Yasuda model note �rst that the parameter λ isassumed to be of order O(1/ε), i.e.
λ̄ = λT = λ∗εT (3.25)where λ∗ = O(1). If λ would be of larger or smaller order the lubri
ations
aling we 
onsider below would simplify into the lubri
ation problem for thepower-law or Newtonian 
ase, respe
tively. Additionally, we set η∞ = 0 forsimpli
ity.Hen
e, we have

η = η0 [1 + (λ∗γ̇)c]
k−1

c (3.26)and the shear stress 
omponents are
τ̄xx = −η0 U

H
ε2 ux[1 + (λγ̇)c]

k−1
c ,

τ̄xz = −η0 U

H
(uz + ε2wx)[1 + (λγ̇)c]

k−1
c ,

τ̄ zz = −η0 U

H
ε22 wz[1 + (λγ̇)c]

k−1
c ,7



Integrating the system (3.6a)-(3.7b) on
e w.r.t. z we �nd
uz (1 + |λ∗uz|c)

k−1
c = ψ(x, t)(h − z) (3.27)As shown in appendix 2, one 
an �nd for the velo
ity u the representation

u(x, z, t) = −F (ω(g(z)) − F (ω(g(0))

cλ∗2ψ
+ 1 (3.28)where

F (ω) =

∫

ω
2−c

c (1 + kω)

(1 + ω)
1−k

c
+1

dω (3.29)
an be written in terms of generalized hypergeometri
 fun
tions, and where ωand g are related by
ω(1 + ω)k−1 = g(x, z, t), with g := (λ∗|ψ|(h − z))c (3.30)Furthermore, for the Carreau model, i.e. c = 2, one 
an integrate on
e moreto obtain a representation for the �ux

QC(x, t) =

∫ h

0
udz (3.31)

=

√
ω0

λ∗3(k + 1)

1

ψ|ψ|

[

kω0 − 1

(ω0 + 1)
1−k

2

(

F1 +
kω0

3
F2

)

+

(

F3 −
k2ω2

0

5
F4

)

]

+ hand hen
e the 
orresponding lubri
ation equation
∂th = −∂xQ

C (3.32)where the Fi denote the following generalized hypergeometri
 fun
tions, seee.g. [1℄,
F1 = F

(

1

2
,
3 − k

2
;
3

2
;−ω0

)

, F2 = F

(

3 − k

2
,
3

2
;
5

2
;−ω0

)

, (3.33)
F3 = F

(

1

2
, 2 − k;

3

2
;−ω0

)

, F4 = F

(

5

2
, 2 − k;

7

2
;−ω0

) (3.34)and
w0 = w(g(0)),together with the boundary 
onditions (3.16) at x→ ±∞. We next investigatethe steady state solutions for these models.4 Steady states4.1 Power-law, Ellis and Carreau modelSet ∂th = 0 in (3.15) and integrate w.r.t. x using the boundary 
onditions(3.16), to obtain for the �ux at +∞. For 
onvenien
e set

a =
2n+ 1

n
, and b =

1 − n

n
. (4.1)8



Then we have
haψ |ψ|b + ah = QPL

∞
(4.2)where the �ux at +∞ is

QPL
∞

= ah∞ − ha
∞

(4.3)Note now, that in the 
ase of a power-law vis
osity we 
an obtain an expli
itexpression for ψ as a fun
tion of h. Let us denote it with
ψPL =

(QPL
∞

− ah)
∣

∣QPL
∞

− ah
∣

∣

n−1

h2n+1
(4.4)Therefore, we obtain the following third order ODE for the steady states

(

hxx

(1 + ε2h2
x)3/2

)

x

= 1 +Dhx + ψPL (4.5)We solve this ODE by �rst writing it as a system of �rst order equations.For this we note �rst that, if we de�ne
γ(x) =

hx
√

1 + ε2h2
x

(4.6)then γx = κ. Hen
e, the system 
an be written as
hx =

γ
√

1 − ε2γ2
(4.7)

γx = κ (4.8)
κx = 1 +

Dγ
√

1 − ε2γ2
+ ψPL (4.9)as long as ε|γ| < 1. The boundary 
onditions are

h→ h∞, γ → 0, κ→ 0 as x→ ∞, (4.10a)i.e. towards the �at �lm, and
h→ ∞, γ → −1/ǫ, κ→ 0 as x→ 0, (4.10b)that is, towards the reservoir. The 
onditions in the thin �at �lm are h = h∞,

γ = 0 (sin
e hx = 0) and κ = 0 as x→ ∞.For the Ellis model we solve the same �rst order system (4.7)-(4.9), ex
eptthat now ψPL is repla
ed by ψE in (4.9). Now, ψE is the solution of
ψE

2

[

1 +
3

q + 2

(

h

E

)q−1
∣

∣ψE
∣

∣

q−1

]

h3 + 3h = QE
∞

(4.11)where
QE

∞
= 3h∞ − 1

2

[

1 +
3

q + 2

(

h∞
E

)q−1
]

h3
∞

(4.12)For the Carreau model ψPL is repla
ed by ψC , whi
h is the solution of
QC(x, t) = QC

∞
(4.13)9



where QC
∞

is given by
QC

∞
= h∞ −

√
ω∞

λ∗3(k + 1)

[

kω∞ − 1

(ω∞ + 1)
1−k
2

(

F1 +
kω∞

3
F2

)

+

(

F3 −
k2ω2

∞

5
F4

)

](4.14)The fun
tions Fi are as in (3.33), (3.34) but for the argument ω∞ instead of
ω0, where ω∞ is the solution of

ω∞ (1 + ω∞)k−1 = (λ∗h∞)2 . (4.15)4.2 Classi�
ation of Type I/Type II solutionsWe now dis
uss the possibility of steady state menis
us in more detail, i.e. ofsolutions of the system (4.7)-(4.9) whi
h satisfy the required boundary 
ondi-tions at zero and in�nity, see (3.16). For simpli
ity, we fo
us �rst only on thepower-law �uid, and later explain how the results 
arry over to the othe typesof �uids 
onsidered in this paper.For a given value of Q∞, the ODE system typi
ally has two equilibria,
B = (hB , 0, 0) and T = (hT , 0, 0), ea
h of whi
h 
an serve as the right far �eldstate for the menis
us solution. Spe
i�
ally, for 0 < Q∞ < a − 1, the twovalues hB < hT are the two solutions of the equation

ahI − ha
I = Q∞, I ∈ {B,T}.One easily �nds that these solutions satisfy 0 < hB < 1 < hT .The traje
tory of a menis
us solution must lie on the stable manifold ofeither B or T . Linearising (4.7)-(4.9) near I = B or I = T yields the system

(h, γ, κ)′ = JI(h, γ, κ),where JI is the Ja
obian for the right hand side of (4.7)-(4.9), i.e.
JI =





0 1 0
0 0 1
rPL 0 0



 , (4.16)where
rPL
I =

2n+ 1

hI

(

1 − h1−a
I

)

. (4.17)The eigenvalues of JI are the solutions of
λ3 = rPL

I . (4.18)If rPL
I < 0, then we have one negative real eigenvalue and a pair of 
omplex
onjugate eigenvalues with positive real part. In this 
ase, the 
orresponding�xed point has a one-dimensional stable manifold. Conversely, if rPL

I > 0, the�xed point has a two-dimensional stable manifold.From the de�nition of a, we have a − 1 = (n + 1)/n > 0. Hen
e, we �ndthat rPL
I < 0 if and only if hI < 1, i.e. for the lower �x point, hI = hB .Traje
tories that 
onne
t to this �xed point as x → ∞ must therefore be10



identi
al with one of the two bran
hes of the one-dimensional stable manifold
W s(B). Conversely, for the top equilibrium, traje
tories must lie on the two-dimensional stable manifold W s(T ). Due to the pair of 
omplex eigenvalues,
h(x) will go through an in�nite sequen
e of de
aying os
illations as the traje
-tory approa
hes T . Following Mün
h and Evans [18℄, we distinguish menis
ussolutions by the equilibrium they 
onne
t to: Solutions with traje
tories thatlie on W s(B) are 
alled Type I menis
us solutions, while those whi
h 
onne
tto T are 
alled Type II solutions.To 
omplete this dis
ussion, we also need to 
hara
terize the traje
toriesthat satisfy the boundary 
ondition at x→ 0. Note that it is su�
ient to �ndsolutions for whi
h h blows up as x approa
hes any �nite value of x and κgoes to zero; sin
e the system of ordinary di�erential equations (4.7)-(4.9) isautonomous, the singularity 
an always be shifted to zero.If h and hx blow-up, the dominant term on the left hand side of (4.5)is [hxx/ǫ

3h3
x

]

x
, and −1 on the right. To 
apture the leading behavior of has x → 0, we 
an either 
hoose to balan
e the two are assume that the lefthand side vanishes to leading order. It turns out that the latter 
ase leadsto a bounded solution, and 
an be ruled out. Furthermore, by enfor
ing thebalan
e and integrating up, one obtains that the only possibility for blow-upis

h(x) ∼ −ǫ−3/2 lnx+ c, for x→ 0, (4.19)where c is an arbitrary 
onstant. This also �xes the behaviour of γ and κ: we
an 
on
lude that
γ(x) ∼ −1

ǫ
+

1

2
x2, and κ(x) ∼ x, as x→ 0. (4.20)The presen
e of a free 
onstant in (4.19) suggests that the boundary 
ondi-tion imposed on h at the reservoir i.e. at x→ 0 restri
t the possible solutionsto a two-dimensional manifold of traje
tories, whi
h we denote by W 0. Then,Type I menis
us solutions arise from a 
odimension-1 interse
tion of W 0 and

W s(B), whi
h generi
ally break under perturbations of the parameters, inparti
ular, if Q∞ hen
e hB are 
hanged with the other parameters held �xed.We therefore expe
t that Type I solutions will only exist for 
ertain dis
retefar �eld �lm thi
knesses hB and �ow rates Q∞. In fa
t, numeri
al eviden
esuggests that there is at most one value for Q∞ and one Type I menis
ussolution. On the other hand, interse
tions of W 0 and W s(T ) have 
odimen-sion 0 and therefore generi
ally persist under perturbations. Thus, for Type IIsolutions, we expe
t that the �lm thi
kness 
an be varied 
ontinuously.We 
an now explore the situation in phase spa
e systemati
ally by 
om-puting the two bran
hes of W s(B) and su�
iently densely spa
ed orbits on
W s(T ) and W 0, using a numeri
al integrator (LSODE [11℄). The initial val-ues for W s(B) and W s(T ) were obtained from the eigenspa
es of JI and theintegration 
arried out in the dire
tion of de
reasing x, and from (4.19), (4.20)for W 0, for whi
h the integration was 
arried out forward in x.In �g. 2, we show the interese
tions of the traje
tories with the Poin
arè-Plane P = {(h, γ, κ); h = 3.0}. The values we 
hose were n = 1, i.e., theNewtonian 
ase of the power law model, ǫ = 1 and Q∞ was the value forwhi
h a Type I solution arises. This 
an be seen from the fa
t that the box11
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tion of the invariant manifolds with the plane P =
{(h, γ, κ); h = 3.0}, obtained numeri
ally for the Newtonian 
ase of the power-lawmodel, i.e. with n set to one, and with ǫ = 0.1.
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Figure 3: (a) Pro�les of the Type I menis
us solution 
orresponding to the 
enterof the spiral in �gure 2, and of one of the Type II solutions, 
orresponding to theinterse
ion of W s(B) and W s(T ) with P labelled �1� in �gure 2. (b) Proje
tions ofthe traje
tories for these two solutions onto the ǫγ-κ-plane.12



whi
h marks the point where W s(B) interse
ts the Poin
aré-plane lies on topof W 0 ∩ P , indi
ating that there is the 
orresponding traje
tory satis�es allrequired boundary 
onditions at x→ 0 and at x→ ∞.Clearly visible is also the spiral stru
ture in W s(T )∩P . This spiral arisesfor very similar reasons as in the phase spa
e diagramms dis
ussed for travelingwave solutions of Marangoni-gravity driven �lms [5℄ and menis
ii [18℄. Brie�yexplained, it arises be
ause traje
tories on W s(T ) that pass 
lose to B are�warped� around W s(B) due to the presen
e of the two unstable 
omplex
onjugate eigenvalues of the linearised ODE system near B, thus forming aspiral stru
true with an in�nite windings and W s(B) lo
ated at its 
enter.Sin
e the latter lies on top ofW 0, we expe
t an in�nite number of interse
tionsofW s(T )∩P andW 0∩P , ea
h of whi
h give rise to a di�erent Type II solution.Only the �rst two of these interse
tions are distinguishable in �gure 2.Pro�les of the Type I solution and the Type II solution 
orresponding tothe interse
tion of W s(T ) ∩ P and W 0 ∩ P labelled on in �gure 2 are shownin the next �gure, �gure 3 (a). While the Type I solution de
ays monotonelyonto the �at �lm thi
kness h∞ = hB at x → ∞, the Type II solution hasa typi
ally 'dip' near 
lose to where it 
onne
ts to the reservoir, and thende
ays through an in�nite sequen
e of os
illations onto h∞ = hT . It is alsoinstru
tive to look at proje
tions of the traje
tories of these two solutions ontothe ǫγ-κ-plane, shown in �gure 3 (b). Both 
urves 
onne
t to the origin at
x → ∞, and to (−1, 0) at x → 0, as required by the boundary 
onditions in(4.10). While for the 
urve for the Type I solution, γ behaves monotonely(as fun
tion of the ar
length), the Type II 
urve has a spiral near the origin,arising from the os
illatory de
ay onto the �at �lm at x→ ∞.Most of these derivations 
arry over for the Ellis mode. Basi
ally, rPLhas to be repla
ed by the appropriate expression rE in (4.16) and subsequentequations, whi
h turns out to be

rE =
3

1 + 3q
q+2

(

h∞

E

)q−1

(

1 +
(

h∞

E

)q−1

h∞
− 2

h3
∞

) (4.21)Again, the sign of this expression determines the properties of the eigenvaluesof the linearised ODE system, and we �nd the same situation: A single realnegative eigenvalue for the lower �x point B and a 
omplex 
onjugate pairwith negative real part for T . Also, the situation for W 0 and in parti
ular itsdimension remains the same. Hen
e, the 
odimension of the interse
tions ofinvariant manifolds that give rise to Type I and Type II solutions are as theywere for the power-law model.However, the upper bound for hB , whi
h is also the lower bound for hT , isno longer one, but depends on E; denote it by h̄(E). It is given by the solutionof
h̄(E)2

2

[

1 +

(

h̄(E)

E

)q−1
]

= 1. (4.22)Note that this bound on hB and hT delimits the range from above and belowfor the �at �lm thi
kness of the Type I and Type II menis
us solutions. Inparti
ular, the �at �lm thi
kness h∞ = hB for Type I solutions must lie in the13



intervall from 0 to h̄(E). Noting that the Ellis model is only used for shearthinning liquids, q > 1, we �nd that for E → 0 this bound shrinks to zero.Conversely, for large E → ∞, we obtain h̄(E) →
√

2 > 1. This means that thetype of solution may also be in�uen
ed by the shear stress τ1/2 far upstream.5 Film thi
kness5.1 Asymptoti
 analysisThe �lm thi
kness h∞ that is attained in steady state 
an be found easilyby asymptoti
 expansions, mat
hing the inner solution, valid in the thin �lmregion to the outer solution of the menis
us region. This 
an be done in a verysimilar fashion for both, the power-law model and the Ellis model.Power-law model In the inner region the surfa
e tension and �ux terms,i.e. the term on the left of (4.5) and the last term on the right side of (4.5)must balan
e. This is a
hieved via the inner s
aling
x = εβ ξ, h = ε

3β

n+2 φ, h∞ = ε
3β

n+2 Θ (5.1)Note here, that unlike the Newtonian 
ase β is not know at this point and hasto be determined by mat
hing to the outer solution. Assuming the solutionshave the asymtoti
s expansions
φ(ξ; ε) = φ0(ξ) + εφ1(ξ) +O(ε2), Θ(ε) = Θ0 + εΘ1 +O(ε2) (5.2)we �nd for the leading order inner problem

φ2n+1
0 φ′′′0 = −an (φ0 − Θ0)

n (5.3)where ′ = ∂ξ. Clearly, in the limit as ξ → ∞ the solution will tend to theuniform thi
kness φ0 → Θ0. The behavior towards the mensi
us region 
anbe found to have form
φ0(ξ) = A(n)

(

an

Θn+2
0

) 2
3

Θ0 ξ
2, as ξ → −∞ (5.4)where the 
onstants have to be mat
hed by the solution of the outer problem,valid in the menis
us and A(n) is determined by the numeri
al solution of the(5.3). The outer s
aling is given by

x = ε−
1
2χ, and h = ε−

3
2 Φ (5.5)Hen
e, the outer problem is simply

d

dχ





Φχχ
(

1 + Φ2
χ

) 3
2



 = 1 . (5.6)whi
h behaves as
Φ(χ) =

√
2

2
χ2 as χ→ 0 (5.7)14



Written in inner 
oordinates yields
φ0(ξ) = εs

√
2

2
ξ2 , where s = 2β + 1 − 3

2
− 3β

n+ 2
(5.8)But in order to mat
h to (5.4) s must be zero. Therefore, mat
hing yields theyet unknown s
aling fa
tor

β =
n+ 2

4n+ 2
(5.9)Furthermore, mat
hing the 
oe�
ients yields

Θ0 =

(

2n+ 1

n

) 2n
2n+1 (√

2A(n)
)

3
2n+1 (5.10)Sin
e h∞ = ε

3
4n+2 Θ0, we �nally obtain for the �lm thi
kness

h∞ = ε
3

4n+2

(

2n + 1

n

) 2n
2n+1 (√

2A(n)
) 3

2n+1
. (5.11)Ellis model Here, the inner s
aling is a
hieved by setting

x = εαξ, h = ε
3αq

2q+1 φ, h∞ = ε
3αq

2q+1 Θ (5.12)whi
h is the s
aling that balan
es the se
ond term of the left hand side ofequation
1

2

[

1 +
3

q + 2

(

h

E

)q−1

|ψ|q−1

]

h3ψ = −3(h−h∞)+
h3
∞

2

[

1 +
3

q + 2

(

h∞
E

)q−1
](5.13)with the �rst term on the right hand side. As is the power-law 
ae, theexponent α is yet unknown and has to be determined by mat
hing to theouter solution. Additionally, we note that the balan
e of the �rst term onthe left hand side would lead to the s
aling for the Newtonian 
ase, and abalan
e where both terms balan
e the �rst term on the right hand side leadsto in
onsisten
ies.Assuming asymptoti
 expansions as in (5.2) we now �nd with the s
aling(5.12) to leading order the inner problem

E1−q

2(q + 2)
φq+2

0 φ′′′0

∣

∣φ′′′0

∣

∣

q−1
= −(φ0 − Θ0) (5.14)Sin
e φ0 − Θ0 > 0 and φ0 > 0 this equation 
an be written as

φq+2
0 φ′′′0 = −(φ0 − Θ0)

1
qφ

(q−1)(q+2)
q

(

2(q + 2)

E1−q

)
1
q

. (5.15)Its solution attains the form
φ0 = C(q)

(

2(q + 2)

E1−q Θ2q+1
0

) 2
3q

Θ0 ξ
2 as ξ → −∞ (5.16)15



The outer problem is the same as before, i.e. given by (5.5)�(5.7). Mat
hingwith (5.16) yields
α =

1

2

2q + 1

q + 2
(5.17)Solving for h∞, we �nd

h∞ = ε
3
2

q

q+2

(

C(q)
√

2
)

3q

q+2 (2(q + 2))
2

q+2

E
2(1−q)

q+2

(5.18)where again, C(q) is found by solving (5.15). Note that in both 
ases, higherorder 
orre
tions 
an now in prin
iple be 
arried out, as demonstrated in [22℄for the Newtonian 
ase, but one needs to ensure that no 
ontributions negle
tedin the approximation leading to the governing equation (3.15) togeher with(4.4) and (2.4) will be
ome important.5.2 Comparison with numeri
al results
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Figure 4: Comparison of the Type I menis
us �lm thi
knesses for the power-lawmodel obtained from the numeri
al solution of the steady state equation (symbols)and the asymptoti
 formula (lines). Shown are the results for three di�erent valuesof the power law exponent, n = 0.5 (−− and ×), n = 1 (� and +) and n = 2 (· · ·and ◦). We rewrite asymptoti
 expressions for the Type I menis
us solution's �lmthi
kness obtained (5.11) for the Power-Law and in (5.18) for the Ellis-modelto group the 
oe�
ients that only depend on n or q, respe
tively. We obtain,respe
tively,
hPL
∞

= Ã(n)ε
3

4n+2 (5.19a)with
Ã(n) =

(

2n+ 1

n

)
2n

2n+1 (√
2A(n)

) 3
2n+1

, (5.19b)16
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Figure 5: Comparison of the Type I menis
us �lm thi
knesses for the power-lawmodel obtained from the numeri
al solution of the steady state equation (symbols)and the asymptoti
 formula (lines). In (a), left, results are shown for �xed q = 2and three di�erent values of E, E = 0.05 (−− and ×), E = 0.5 (� and +) and
E = 5 (· · · and ◦). In (b), right, results are shown for �xed E = 0.5 and threedi�erent values of q, q = 5 (−− and ×), q = 2 (� and +) and q = 1.1 (· · · and ◦).and

hE
∞

= C̃(q)E
−

2(1−q)
q+2 ε

3
2

q

q+2 , (5.20a)with
C̃(q) =

(

C(q)
√

2
)

3q

q+2
(2(q + 2))

2
q+2 . (5.20b)We determined A(n) and C(q) by solving the appropriate inner problem nu-meri
ally. For large negative values of −x, the se
ond derivative of the solutionwith respe
t to x 
onverges to a 
onstant value, whi
h is twi
e A(n) or C(q),for the Power-Law or the Ellis model, respe
tively. From these, we obtain thevalues for Ã(n) and C̃(q) 
olle
ted in the following table:

n 0.5 1 2 q 1.1 2 5
Ã(n) 1.488 0.9458 0.6826 C̃(q) 1.565 2.105 3.305We now 
ompare the �lm thi
knesses 
omputed from the aysmptoti
 for-mulae (5.19a) and (5.20a) with the values of h∞ = hB for whi
h a Type Imenis
us solution was obtained numeri
ally for the the steady state equations.For the power-law model, the results are shown in �gure 4. For all threevalues of n, the asymptoti
 and the numeri
al solution agree quite well up tovalues of ǫ near and above 0.1. Smaller values of n seem to lead to betteragreement, whi
h might have been expe
ted sin
e for larger n, smaller pow-ers of ǫ appear in the asymptoti
 expansions for h∞, suggesting that higher
orre
tions have a stronger impa
t. 17



For the Ellis model, we �rst �x q = 2 and vary E over two orders ofmagnitude. The agreement is good, upto ǫ = 0.1 for the E = 0.5 and E = 5
ase and to a somewhat lesser extent for E = 50. For the leading order result(5.20a), in
reasing E in
reases the 
oe�
ient and if this is the 
ase also forthe 
oe�
ients in the next 
orre
tions, this 
ould explain why the agreementdeteriorates for larger E.Next, we keeps B = 0.5 �xed and vary q. Agreement is good up to ǫ = 0.1for q = 2 and q = 5, however, for q = 1.1, there is a notable though de
reasingdis
repan
e even down to values of 10−6 for ǫ. The reason for this 
an be easilyseen from the asymptoti
s: The dominant terms of the steady state problem(5.13) for the Ellis model in inner s
ales and the negle
ted term on the lefthand side be
ome of same order as q → 1 from above.Con
lusionsIn this study we derived lubri
ation models for the drag-out problem at vari-able in
lination angle for some of the most popular vis
osity models from theunderlying free boundary problem governed by the equations of momentumand mass 
onservation. A system of ordinary di�erental equations for thesteady states, that is obtained from the lubri
ation equations is investigatedusing phase plane analysis. This yields 
riteria for the possibility of Type I,
orresponding to the monotone menis
us pro�le and Type II, 
orrespondingto the spatially os
illating menis
us pro�le, as a fun
tion of the rheologi
al pa-rameters. It would be interesting to 
ompare our �ndings with experimentalresults and further explore the relevant parameters that 
ontrol the shape ofthe free boundary, in parti
ular in view of the impli
ations for many relatedproblems, su
h as the well-known Bretherton problem [7℄ or the roller-
oatingproblem. We note that it is 
lear from our work that it is straight forward togeneralize our analysis also to the three-dimensional 
ase.Appendix 1Lubri
ation equation for the Ellis modelAs before we balan
e in the x-momentum equation px with the dominantvis
ous stress term τxz
z . Then

P =
η0 U

2εHBalan
ing τxz
z in the x-momentum equation with the gravity termv yields

H =

(

η0U

2ρg cosα

)
1
2We introdu
e here the dimensionsless vis
osity by

η̄ =
η0

2
ηwhere 18



η0

η̄
= 1 +

∣

∣

∣

∣

∣

τ̄

τ 1
2

∣

∣

∣

∣

∣

q−1Hen
e,
2

η
= 1 +

(

η0U

2Hτ 1
2

)q−1

|τxz|q−1The leading order dimensionsless equations are (3.6a)-(3.7b) where τ zx =
−ηuz. These 
an be integrated to yield the expression for the 
omponentof the stress tensor

τxz = −ψ(x, t)(h − z),whi
h 
an now be used to derive an expression the for the velo
ity, sin
e
η uz = ψ(h − z). Hen
e,
uz = ψ

h− z

η
=

1

2
ψ(h−z)

(

1 +
|τxz|q−1

Eq−1

)

=
1

2
ψ(h−z)

(

1 +
|ψ|q−1|h− z|q−1

Eq−1

)We assume h > z and get
uz =

1

2

(

ψ(h− z) +
ψ|ψ|q−1(h− z)q

Eq−1

)Integrating this w.r.t. z and using the no-slip 
ondition,we �nd
u =

1

2

[

ψ(hz − z2) +
ψ|ψ|q−1

Eq−1

( −1

q + 1
(h− z)q+1 +

1

q + 1
hq+1)

)]

+ 1Hen
e,we get for the �ux
Q =

∫ h

0
u dz

=
1

2

[

ψ(hz − z2)
∣

∣

∣

h

0
+
ψ|ψ|q−1

Eq−1

(

1

(q + 1)(q + 2)
(h− z)q+2 +

1

q + 1
hq+1z)

)]h

0

+ z
∣

∣

∣

h

0

=
1

2

[

ψ(
h3

2
− h3

6
) +

ψ|ψ|q−1

Eq−1

(

1

(q + 1)
hq+2 +

1

(q + 1)(q + 2)
hq+2)

)]

+ hTherefore we get
Q =

∫ h

0
u dz =

1

2

[

ψ
h3

3
+
ψ|ψ|q−1

Eq−1

hq+2

q + 2

]

+ hwhi
h we plug into the kinemati
 
ondition to obtain the lubri
ation equationUsing the time s
aling t→ 3t we get �nally the following lubri
ation equa-tion for the Ellis model
∂th = −∂x

[

1

2

(

ψh3 +
3

q + 2

1

Eq−1
ψ|ψ|q−1hq+2

)

+ 3h

]where we res
aled time as t→ 3t. 19



Appendix 2Lubri
ation equation for the Carreau modelAgain we non-dimensionalize as before and assume additionally that the newparameter λ is s
aled as
λ̄ = λT = λ∗εTi.e. λ = O(1/ε) and λ∗ = O(1). Hen
e,

η = η0

[

1 +

(

λγ̇

ε

)c] k−1
c

= η0 [1 + (λ∗γ̇)c]
k−1

cand the shear stress 
omponents are
τ̄xx = −η0 U

H
ε2 ux[1 + (λγ̇)c]

k−1
c ,

τ̄xz = −η0 U

H
(uz + ε2wx)[1 + (λγ̇)c]

k−1
c ,

τ̄ zz = −η0 U

H
ε22 wz[1 + (λγ̇)c]

k−1
c ,Integrating the system (3.6a)-(3.7b) on
e w.r.t. z we �nd

uz (1 + |λ∗uz|c)
k−1

c = ψ(x, t)(h − z)If we de�ne
ω := |λ∗uz|c , and g(x, z, t) := (λ∗|ψ|(h − z))cwe obtain the equation

ω(1 + ω)k−1 = gand
uz =

ψ(h− z)

(1 + ω(g))
k−1

c

.Upon integrating this on
e, it is 
onveniant to 
hange integration variables to
ω, via

dz = − g
1−c

c

cλ∗|ψ| dg and dg =
1 + kω

(1 + ω)2−kwhi
h leads to
u(x, z, t) = −F (ω(g(z)) − F (ω(g(0))

cλ∗2ψ
+ 1where

F (ω) =

∫

ω
2−c

c (1 + kω)

(1 + ω)
1−k

c
+1

dωTo derive an expression for the �ux involves the integral
∫ h

0
[F (ω(g(z))) − F (ω(g(0)))] dz = − 1

cλ∗|ψ|

∫ 0

ω0

(F (ω) − F (ω0))
ω

1−c
c (1 + kω)

(1 + ω)
1−k

c
+1

dω20



If we note that
∫ 0

ω0

1 + kω

(1 + ω)
3−k
2

ω1/2dw = −2ω
1/2
0 F1 −

2

3
kω3/2F2

−
∫ 0

ω0

1 − k2ω2

(1 + ω)2−n)ω1/2
dw = 2ω

1/2
0 F3 −

2

5
k2ω5/2F4where

F1 = F

(

1

2
,
3 − k

2
;
3

2
;−ω0

)

, F2 = F

(

3 − k

2
,
3

2
;
5

2
;−ω0

)

,

F3 = F

(

1

2
, 2 − k;

3

2
;−ω0

)

, F4 = F

(

5

2
, 2 − k;

7

2
;−ω0

)

.Hen
e, we obtain for the �ux
QC(x, t) =

∫ h

0
udz

=

√
ω0

λ∗3(k + 1)

1

ψ|ψ|

[

kω0 − 1

(ω0 + 1)
1−k

2

(

F1 +
kω0

3
F2

)

+

(

F3 −
k2ω2

0

5
F4

)

]

+ hand the 
orresponding lubri
ation equation
∂th = −∂xQ

Cwith boundary 
ondition at x→ ±∞

lim
x→−∞

h = h∞, lim
x→−∞

hx = 0,

lim
x→∞

κ = 0, lim
x→∞

h = ∞.
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