Weierstraß-Institut

für Angewandte Analysis und Stochastik

im Forschungsverbund Berlin e.V.

Preprint ISSN 0946 – 8633

Pointwise asymptotic convergence of solutions for a phase separation model

Pavel Krejčí^1, Songmu Zheng^2

submitted: 20 Sep 2005

1 Weierstrass Institute for Applied Analysis and Stochastics, Mohrenstr. 39, D-10117 Berlin, Germany, and Mathematical Institute, Czech Academy of Sciences, Žitná 25, CZ-11567 Praha 1, Czech Republic, E-mail krejci@wias-berlin.de, krejci@math.cas.cz

2 Institute of Mathematics, Fudan University, Shanghai 200433, China,

E-mail songmuzheng@yahoo.com

No. 1055 Berlin 2005

W I A S

2000 Mathematics Subject Classification. 80A22; 35K50; 35B40.

Key words and phrases. Phase-field system; asymptotic phase separation; energy; entropy. Acknowledgements. Part of this work was done during the second author’s visit at WIAS Berlin in June 2004. The authors also wish to acknowledge the supports by GA ČR under Grant No. 201/04/0690 (PK), and by the NSF of China under grant No. 10371022 (SZ).

Edited by Weierstraß-Institut für Angewandte Analysis und Stochastik (WIAS) Mohrenstraße 39 10117 Berlin Germany

Fax: + 49 30 2044975 E-Mail: preprint@wias-berlin.de World Wide Web: http://www.wias-berlin.de/

Abstract

A new technique, combining the global energy and entropy balance equations with the local stability theory for dynamical systems, is used for proving that every solution to a non-smooth temperature-driven phase separation model with conserved energy converges pointwise in space to an equilibrium as time tends to infinity. Three main features are observed: the limit temperature is uniform in space, there exists a partition of the physical body into at most three constant limit phases, and the phase separation process has a hysteresis-like character.

Introduction

This paper deals with the asymptotic behavior of solutions for a phase separation model which involves the subdifferential of an indicator function. Before precisely stating our mathematical results and giving their proof, let us briefly recall some related results in the literature.

Given a nonlinear evolution equation, once we establish the global existence and uniqueness of a solution, a central issue is to study its asymptotic behavior for large times. As pointed out in [25], this study can be divided into two categories. The first category includes the investigations of a single orbit starting from a given initial datum. In particular, a relevant question is whether the solution converges to an equilibrium as time goes to infinity. The second category of problems is related to all orbits starting from any bounded set of initial data, with the intention to see, for instance, whether this family of orbits will eventually converge to an invariant compact set, which is usually called a global attractor. In the context of classical phase-field equations, which were first studied by Caginalp [7], we refer to [9], [1], [24] for results in the first category, and to [3], [4], and [5] for the second category. For other types of phase-field models, we mention, e. g., [20], [2], [10], [12], [21], [23] for the first category, and, e. g., [8], [19], [13] for the second category.

In this paper, we stay within the first category, and prove that for any given initial datum, the solution converges to an equilibrium as time tends to infinity. Our problem is new in several respects. First, it involves the subdifferential of an indicator function. It turns out that the usual Łojasiewicz-Simon approach suitable for analytic nonlinearities thus seems difficult to apply here, also because the limit asymptotic state may be discontinuous. Secondly, in our problem the temperature satisfies the Neumann boundary condition, hence the steady temperature is not uniquely determined as in the Dirichlet boundary condition case (cf. a similar situation in [20], [24], [23]). In other words, we have to prove convergence simultaneously for both the temperature and the order parameter.

In order to overcome the corresponding mathematical difficulties due to these new features, we propose a new technique, combining the first and the second principle of thermodynamics with a local phase dynamics argument, to describe the pointwise convergence of the order parameter trajectories towards the natural singular values, with an a priori unknown temperature equilibrium. As a model example, we consider the following phase-field system for the state variables θ (the absolute temperature) and χ (an order parameter characterizing the physical phase – see the comments after Fig.1 below).

∂_t(c_V θ + Λ(χ)) − κΔθ = 0 , (1.1)

μ∂_tχ + λ(χ) + ∂I_{[0,1]}(χ) ∋ L θ_c θ , (1.2)

Λ(χ) = Lχ + αχ(1 − χ) , λ(χ) = Λ^′(χ) = L + α − 2αχ (1.3)

for (x, t) ∈ Ω × (0, ∞) , where Ω ⊂ R^N with N ≥ 1 , representing the physical body, is an open bounded domain with Lipschitzian boundary, I_{[0,1]} is the indicator function of the interval [0, 1] (that is, I_{[0,1]}(χ) = 0 if χ ∈ [0, 1] , I_{[0,1]}(χ) = +∞ if χ /∈ [0, 1] ), and ∂I_{[0,1]} is its (maximal monotone) subdifferential. The specific heat c_V , heat conductivity κ , latent heat L , phase relaxation coefficient μ , mean phase transition temperature θ_c , and undercooling/overheating parameter α < L are assumed to be positive constants. We will see that the exact shape (1.3) of Λ enables us to simplify some formulas in Section 4. The argument however remains valid if Λ is any strictly concave increasing function in C^2([0, 1]) .

We couple the above system with the homogeneous Neumann boundary condition ∂θ ∂n = 0 on ∂Ω × (0, ∞) (1.4)

and initial conditions

θ(x, 0) = θ^0(x) , χ(x, 0) = χ^0(x) , (1.5)

with given functions

θ^0 ∈ W^{1,2}(Ω) ∩ L^∞(Ω) , inf ess {θ^0(x) ; x ∈ Ω} > 0 , χ^0 ∈ L^∞(Ω) , χ^0(x) ∈ [0, 1] a. e. } (1.6)

The free energy density F corresponding to (1.1)–(1.3) is of the form

F (θ, χ) = c_V θ(1 − log θ) + Λ(χ) + I_{[0,1]}(χ) − Lθ θ_c χ (1.7)

= c_V θ(1 − log θ) + Lχ ( 1 − θ θ_c ) + αχ(1 − χ) + I_{[0,1]}(χ) ,

hence it is of double obstacle type with respect to χ as in [22, Sect. VII.3] with two local minima at χ = 0 and χ = 1 in the temperature range 1 − α L < θ θ_c < 1 + α L . (1.8)

�0^F χ1^{θθc = 1 − αL}_{1 < θθc < 1 + αL}^{θ = θc1 − αL < θθc < 1}_{θθc = 1 + αL} Figure 1: The “phase component” of the free energy at different temperatures.

Beyond this interval, only one local minimum persists, namely χ = 1 for high temperatures, and χ = 0 for low temperatures. The values of χ outside [0, 1] are not accessible due to the term I_{[0,1]}(χ) in the free energy. Figure 1 shows the shape of F (θ, χ) for different values of θ , not accounting for the purely caloric component c_V θ(1 − log θ) , which only produces vertical shifts in the diagram.

The order parameter χ can thus be interpreted as a characterization of the phase: the body Ω is in high temperature phase at point x and time t if χ(x, t) = 1 , and in low temperature phase if χ(x, t) = 0 , while the intermediate values of χ correspond to a mixture of both. Intuitively, the mixtures can be expected to be unstable because of the concave character of the free energy in the open interval (0, 1) .

Similarly to the general scheme in [6], we associate with the free energy density F given by (1.7) the densities of internal energy U and entropy S in the form

U(θ, χ) = c_V θ + Λ(χ) + I_{[0,1]}(χ) , (1.9)

S(θ, χ) = c_V log θ + L θ_c χ . (1.10)

Using the identity ∂_tI_{[0,1]}(χ(t)) = ξ(t) ∂_tχ(t) = 0 a. e. , (1.11)

which holds for every absolutely continuous function χ and every measurable selection ξ(t) ∈ ∂I_{[0,1]}(χ(t)) , we may interpret Eq. (1.1) as the energy balance

∂_tU + div q = 0 (1.12)

with Fourier heat flux q = −κ∇θ . Eq. (1.2) describes the phase relaxation dynamics similarly as in [22, Sect. V.1]. Using (1.11), we easily check that every solution of (1.1)–(1.6) with the properties stated in Theorem 2.1 below ( θ > 0 , in particular) satisfies the entropy balance equation

∂_tS + div q θ = μ θ (∂_tχ)^2 + κ|∇θ|^2 θ^2

, (1.13) where the entropy production term on the right-hand side is non-negative in agreement with the Second principle of thermodynamics.

The main result of this paper is Theorem 2.2 below on the convergence of (θ, χ) towards an equilibrium (θ_∞, χ_∞) as t → ∞ . In particular, if θ_∞ is within the interval given by (1.8), the range of χ_∞ consists of three points at most: the two pure phases χ = 0 and χ = 1 , and possibly one intermediate phase.

We obtain the convergence result from the energy conservation principle in cases where phase transition can only take place in the mixture (Steps (i)–(iii) of the proof). Otherwise, in order to get a possible mass exchange between the pure phases under control, we take also the entropy balance into account (Steps (iv)–(viii)). In Section 2 we state the main result. Section 3 is devoted to a uniform estimate of the difference between the local temperature and the mean temperature using a semigroup argument, and the convergence of the solution towards an equilibrium is proved in Section 4.

2 Main result

The exact values of the physical constants in (1.1)–(1.3) are not relevant for the qualitative behaviour of the solution. We therefore assume that c_V = κ = L = μ = θ_c = 1 , 0 < α < 1 , (2.1) |Ω| = 1 , where | · | denotes the Lebesgue measure in R^N . (2.2) In other words, system (1.1)–(1.3) now reads ∂_t(θ + Λ(χ)) − Δθ = 0 , (2.3) ∂_tχ + λ(χ) + ∂I_{[0,1]}(χ) ∋ θ , (2.4) Λ(χ) = χ + αχ(1 − χ) , λ(χ) = 1 + α − 2αχ . (2.5) This is a special case of the system ∂_t(θ + F_1[w]) − Δθ = 0 , (2.6) μ(θ) ∂_tw + f_1[w] + θf_2[w] = 0 (2.7) with hysteresis operators f_1, f_2, F_1 , which was investigated in [16]. Indeed, (2.3)–(2.5) can be transformed into (2.6)–(2.7) by introducing an auxiliary function w(x, t) = ∫_t 0 (θ(x, τ ) − λ(χ(x, τ )) dτ . (2.8)

Then the inclusion ∂_tχ + ∂I_{[0,1]}(χ) ∋ ∂_tw , χ(0) = χ^0 (2.9)

�^χ w0^1_{Figure 2: A diagram of the stop χ = s[χ0, w] with χ0 = 0 .}

defines the so-called stop operator χ = s[χ^0, w] (see Figure 2), and we obtain (2.6)– (2.7) with F_1[w] = Λ(s[χ^0, w]) , f_1[w] = λ(s[χ^0, w]) , f_2[w] = −1 , μ(θ) = 1 , see [15] for details.

The main result in [16] was Theorem 2.1, which reads (with respect to the present notation) as follows.

Theorem 2.1. Let Ω ⊂ R^N be an open bounded domain with Lipschitzian boundary, and let θ^0, χ^0 satisfying (1.6) be given. Then system (2.3)–(2.5), (1.4)–(1.5) admits a unique global solution (θ, χ) ∈ [L^∞(Ω × (0, ∞))]^2 such that ∂_tχ ∈ L^∞(Ω × (0, ∞)) , ∂_tθ, Δθ ∈ L^2(Ω × (0, ∞)) , θ(x, t) > 0, χ(x, t) ∈ [0, 1] a. e. in Ω × (0, ∞) , and the function V (t) := ∫ Ω ( |∇θ|^2 + |∂_tχ|^2 ) (x, t) dx (2.10)

has the property ∫_∞ 0 V (t) dt < ∞ , Var_{[0,∞)} V^2 < ∞ , lim_{t→∞} sup ess_{s>t} V (s) = 0 . (2.11)

Note that V (t) may be discontinuous. This makes the proof of the convergence of V (t) towards zero technically complicated, and special dissipation properties of hysteresis operators have to be taken into account.

The total energy E(t) and entropy S(t) are given by the respective formulas E(t) = ∫ Ω (θ + Λ(χ)) (x, t) dx (2.12) S(t) = ∫ Ω (log θ + χ) (x, t) dx . (2.13)

Integrating (2.3) and (1.13) over Ω and using the boundary condition (1.4) we obtain

E(t) = E(0) =: E_0 (2.14)

Ṡ(t) ≥ 0 a. e. (2.15)

We further have log θ ≤ θ , χ ≤ Λ(χ) for all admissible arguments, hence S(t) is a bounded non-decreasing function, and there exists S_∞ ≤ E_0 such that

S(t) ↗ S_∞ as t → ∞ . (2.16)

The above balance principles for E(t) and S(t) will play a crucial role in Section 4 in the proof of the following main result of this paper.

Theorem 2.2. In addition to the hypotheses of Theorem 2.1, assume that Ω ⊂ R^N is of class C^2 if N ≥ 4 . Then there exist a constant θ_∞ > 0 and a function χ_∞ ∈ L^∞(Ω) such that the solution to (2.3)–(2.5), (1.4)–(1.5) has the properties

lim_{t→∞} sup_{x∈Ω} |θ(x, t) − θ_∞| = 0 , (2.17)

lim_{t→∞} χ(x, t) = χ_∞(x) a. e. , (2.18)

θ_∞ ∈ λ(χ_∞(x)) + ∂I_{[0,1]}(χ_∞(x)) a. e. (2.19) �0 θ_∞

χ_∞ 1

1 + α 1 1 − α

Figure 3: A diagram of the equilibrium set (2.19).

In other words, condition (2.19) means that χ_∞(x) = 1 a. e. if θ_∞ > 1 + α , and χ_∞(x) = 0 a. e. if θ_∞ < 1 − α . For 1 − α ≤ θ_∞ ≤ 1 + α (see Figure 3), the domain Ω is decomposed into Ω = A_∞ ∪ B_∞ ∪ C_∞ , with χ_∞(x) = 0 for x ∈ A_∞ , χ_∞(x) = 1 for x ∈ C_∞ , and χ_∞(x) = (1 + α − θ_∞)/(2α) for x ∈ B_∞ . In fact, we will see in the proof, in particular in Lemma 4.1 below, that the intermediate value of χ between 0 and 1 is unstable with respect to small perturbations and is actually unlikely to persist for t → ∞ except for some particular cases, like for instance:

• θ^0(x) = θ̄ = const., θ̄ ∈ λ(χ^0(x)) + ∂I_{[0,1]}(χ^0(x)) a. e. Then the solution remains constant in time θ(x, t) = θ^0(x) , χ(x, t) = χ^0(x) independently of the distribution of χ^0(x) (time-independent solutions).

• θ^0(x) = θ̄ = const., χ^0(x) = χ̄ = const. If E_0 is such that

1 + α < E_0 < 2 − α , (2.20)

then the function Γ(χ) = E_0 − λ(χ) − Λ(χ) has only one null point χ_∞ in (0, 1) , Γ(0) > 0 , Γ(1) < 0 , hence the solution χ^∗(t) of the differential equation

χ̇^∗(t) = Γ(χ^∗(t)) , χ^∗(0) = χ̄ , (2.21)

stays in (0, 1) for all t > 0 , lim_{t→∞} χ^∗(t) = χ_∞ , and χ(x, t) = χ^∗(t) , θ(x, t) = E_0 − Λ(χ^∗(t)) is a solution to (2.3)–(2.5), (1.4)–(1.5) which entirely lies in the unstable region (space-independent solutions).

The two above examples seem to be quite isolated, and we make the following conjecture.

Conjecture. For a generic set of initial data (for example a set of second Baire’s category like in [14, Remark 5.3]), the Lebesgue measure of the set B_∞ is zero.

3 Space variation of the temperature

We define for t ≥ 0 the mean temperature

θ_Ω(t) = ∫ Ω θ(x, t) dx . (3.1) Note that we use Hypothesis (2.2) here and in the sequel. The function θ_Ω is positive, bounded, and from (2.10), (2.12), (2.14), and Hölder’s inequality it follows that

|θ̇_Ω(t)| = | | | | ∫ Ω λ(χ(x, t)) ∂_tχ(x, t) dx | | | | ≤ (1 + α) V^{1/2}(t) , (3.2)

hence, by Theorem 2.1, ∫_∞ 0 |θ̇_Ω(t)|^2dt < ∞ , lim_{t→∞} sup ess_{s>t} |θ̇_Ω(s)| = 0 . (3.3)

This is not enough to conclude that θ_Ω(t) converges to a limit as t → ∞ , and we need further estimates. We stay in the framework of the usual spaces L^p(Ω), L^p(Ω; R^N ) with 1 ≤ p ≤ ∞ , and denote by | · |_p the standard norm in both these spaces. We also introduce the closed subspaces L^p_0(Ω) of L^p(Ω) consisting of zero mean functions

L^p_0(Ω) = { v ∈ L^p(Ω) ; ∫ Ω v(x) dx = 0 } . (3.4)

We define in Ω × (0, ∞) auxiliary functions

v(x, t) = θ(x, t) − θ_Ω(t) , (3.5)

f(x, t) = −∂_t(Λ(χ(x, t)) + θ_Ω(t)) , (3.6)

v^0(x) = θ^0(x) − ∫ Ω θ^0(y) dy . (3.7)

Then v is the solution of the problem

∂_tv − Δv = f(x, t) in Ω × (0, ∞) , (3.8) ∂v ∂n = 0 on ∂Ω × (0, ∞) , (3.9) ∫ Ω v(x, t) dx = 0 for a. e. t > 0 , (3.10)

v(x, 0) = v^0(x) in Ω . (3.11)

For the reader’s convenience, we recall the following estimate for linear parabolic equations as a special case of the general theory explained in [17]. In all what follows, we denote by C_1, C_2, . . . positive constants independent of t .

Proposition 3.1. Let r > p ≥ 2 be given such that 1/r > 1/p − 1/N , and assume that Ω is of class C^2 if p > 2 . Let v be the solution to (3.8)–(3.11) with some f ∈ L^∞(0, ∞ ; L^p_0(Ω)) . Then there exists C > 0 independent of t such that |∇v(t)|_r ≤ C for t ≥ 1 . Proof . Consider the semigroup T_p(t) in L^p_0(Ω) for 1 < p < ∞ generated by the Laplace operator with the homogeneous Neumann boundary conditions. The operator Δ is sectorial for p = 2 by [17, Proposition 2.1.11] and for p > 2 by [17, Proposition 3.1.3], hence T_p(t) is analytic. The solution v is given by the Duhamel formula

v(t) = T_p(t) v_0 + ∫_t 0 T_p(t − s) f(s) ds . (3.12) By [17, Propositions 2.1.1, 2.2.15], there exist positive constants C_1 and ϱ such that for every ξ ∈ L^p_0(Ω) and t > 0 we have |ΔT_p(t) ξ|_p ≤ C_1 t e^{−ϱt}|ξ|_p , (3.13) |∇T_p(t) ξ|_p ≤ C_1 √ t e^{−ϱt}|ξ|_p . (3.14)

Set η = N(1/p − 1/r) ∈ (0, 1) . By the Gagliardo-Nirenberg inequality (see [18], [11]), there exists C_2 > 0 such that every function w ∈ W^{2,p}(Ω) ∩ L^p_0(Ω) satisfying homogeneous Neumann boundary conditions on ∂Ω fulfils the following inequality: |∇w|_r ≤ C_2 ( |∇w|^{1−η}_p |Δw|^η_p + |∇w|_p ) . (3.15)

From (3.13)–(3.15) we thus obtain for all ξ ∈ L^p_0(Ω) and t > 0 that

|∇T_p(t) ξ|_r ≤ C_3 (t^{−(1+η)/2} + t^{−1/2}) e^{−ϱt}|ξ|_p . (3.16)

Using (3.12)–(3.16) we conclude for t ≥ 1 (the argument works for t ↘ 0+ only if v_0 has the corresponding regularity!) that |∇v(t)|_r ≤ |∇T_p(t) v_0|_r + ∫_t 0 |∇T_p(t − s) f(s)|_r ds (3.17) ≤ C_4 ( |v_0|_p + ∫_t 0 ((t − s)^{−(1+η)/2} + (t − s)^{−1/2}) e^{−ϱ(t−s)} |f(s)|_p ds )

≤ C_5 ( 1 + ∫_t 0 (s^{−(1+η)/2} + s^{−1/2}) e^{−ϱs} ds ) ≤ C_6 ,

and the proof is complete. ■

Corollary 3.2. Under the hypotheses of Theorem 2.2, we have

lim_{t→∞} sup_{x∈Ω} |θ(x, t) − θ_Ω(t)| = 0 .

Proof. By Theorem 2.1, the function f given by (3.6) belongs to L^∞(Ω × (0, ∞)) ∩ L^2(Ω × (0, ∞)) . For N ≤ 3 we put p = 2 , q = 4 , r = 5 , for N ≥ 4 we fix arbitrary p ∈ (N/2, N) and r > q > N such that 1/r > 1/p − 1/N . For t ≥ 1 we have by Proposition 3.1 that |∇θ(t)|_r ≤ C_7 . Using the interpolation inequality |∇θ(t)|_q ≤ |∇θ(t)|^γ_r |∇θ(t)|^{1−γ}_2 with γ = q − 2 r − 2 , (3.18)

and Theorem 2.1, which guarantees that |∇θ(t)|_2 → 0 as t → ∞ , we obtain that lim_{t→∞} |∇θ(t)|_q = 0 . The assertion follows from the continuous embedding of W^{1,q}(Ω) into C(Ω̄) and the fact that the function θ(·, t) − θ_Ω(t) has zero mean value on Ω . ■

Remark 3.3. In the case p = 2 , we can prove the inequalities (3.13)–(3.14) directly by considering e. g. the Fourier expansions into the orthonormal system of eigenfunctions of the operator −Δ in L^2_0(Ω) with the Neumann boundary conditions.

4 Convergence

In this section, we prove that θ_Ω(t) converges to a limit θ_∞ as t → ∞ and show that this implies the pointwise convergence of χ(x, t) as well. We treat Eq. (2.4) for each x ∈ Ω as a one-dimensional dynamical system of the form

χ̇(t) + λ(χ(t)) + ∂I_{[0,1]}(χ(t)) ∋ θ(t) , χ(0) = χ^0 ∈ [0, 1] } (4.1)

with a given function θ ∈ L^∞(0, ∞) , and derive the following crucial estimate.

Lemma 4.1. Let θ, χ satisfy Eq. (4.1), and let there exist ε > 0 and t_0 ≥ 0 such that θ(t) ≥ λ(χ(t_0)) + ε for a. e. t ∈ ( t_0, t_0 + 1 ε ) . (4.2)

Then there exists t_1 ∈ [t_0, t_0 +^1_ε ] such that χ(t) < 1 for t ∈ [t_0, t_1) , χ(t) = 1 for t ∈ [t_1, t_0 +^1_ε ] . Similarly, if

θ(t) ≤ λ(χ(t_0)) − ε for a. e. t ∈ ( t_0, t_0 + 1 ε ) , (4.3)

then there exists t_1 ∈ [t_0, t_0 +^1_ε ] such that χ(t) > 0 for t ∈ [t_0, t_1) , χ(t) = 0 for t ∈ [t_1, t_0 +^1_ε ] .

Proof . It can easily be shown that Eq. (4.1) has a unique absolutely continuous solution χ (see e. g. [15]). Rewriting the identity (1.11) in the form χ̇(t)(χ̇(t) + λ(χ(t)) − θ(t)) = 0 a. e. (4.4) and using the fact that both λ(χ(t)) and θ(t) are bounded, we see that χ belongs to W^{1,∞}(0, ∞) .

Assume first that (4.2) holds, and that there exists t_1 ∈ [t_0, t_0+^1_ε ) such that χ(t_1) = 1 . The function λ is decreasing, hence for a. e. t ∈ (t_1, t_0 +^1_ε ) we have θ(t) − λ(1) ≥ θ(t) − λ(χ(t_0)) ≥ ε . In particular, θ(t) − λ(1) ∈ ∂I_{[0,1]}(1) , hence the constant function χ(t) ≡ 1 is the unique solution of (4.1) in [t_1, t_0 +^1_ε ] . If χ(t) < 1 in [t_0, t_0 +^1_ε ) , we define y(t) as the solution of the equation ẏ(t) = (λ(χ(t_0)) − λ(y(t)))^+ + θ(t) − λ(χ(t_0)) , y(t_0) = χ(t_0) , (4.5) where (·)^+ denotes the positive part. By hypothesis, we have ẏ(t) ≥ ε in (t_0, t_0 +^1_ε ) , hence y is increasing in (t_0, t_0 +^1_ε ) and y(t_0 +^1_ε ) ≥ 1 . Set t_2 = sup{t ∈ (t_0, t_0 + 1 ε ) ; y(t) < 1} . As λ is decreasing, we obtain ẏ(t) = −λ(y(t)) + θ(t) in (t_0, t_2) , hence y(t) = χ(t) in [t_0, t_2] . We have in particular y(t_2) = χ(t_2) = 1 and t_2 = t_0 +^1_ε . The case (4.3) is analogous. We replace (4.5) by

ẏ(t) = −(λ(χ(t_0)) − λ(y(t)))^− + θ(t) − λ(χ(t_0)) , y(t_0) = χ(t_0) . (4.6) and argue as above. ■

The rest of the paper is devoted to a local analysis of a fixed solution to (2.3)–(2.5), (1.4)–(1.5) with properties as in Theorem 2.1. We will assume that χ^0 is defined for all x ∈ Ω , so that χ(x, t) is also defined for all x ∈ Ω as the pointwise solution to (2.4).

Lemma 4.2. Let θ_Ω be as in (3.1), and for t ≥ 0 set A(t) = {x ∈ Ω ; χ(x, t) = 0} , B(t) = {x ∈ Ω ; 0 < χ(x, t) < 1} , C(t) = {x ∈ Ω ; χ(x, t) = 1} . (4.7)

If lim inf t→∞ θ_Ω(t) > 1 − α , (4.8) then there exists t̂ > 0 such that for t_1 > t_0 ≥ t̂ we have C(t_1) ⊃ C(t_0) . Moreover, putting C_∞ = ⋃ t≥t̂ C(t) , we have

lim sup t→∞ θ_Ω(t) − λ(χ(x, t)) ≤ 0 ∀x ∈ Ω \ C_∞ . (4.9)

Similarly, if lim sup t→∞ θ_Ω(t) < 1 + α , (4.10)

then there exists t̂ > 0 such that for t_1 > t_0 ≥ t̂ we have A(t_1) ⊃ A(t_0) . Moreover, putting A_∞ = ⋃ t≥t̂ A(t) , we have

lim inf t→∞ θ_Ω(t) − λ(χ(x, t)) ≥ 0 ∀x ∈ Ω \ A_∞ . (4.11)

Proof . We assume first that (4.8) holds, fix ε > 0 sufficiently small, and find t̂ > 0 such that for (almost all) t > t̂ we have

θ_Ω(t) ≥ 1 − α + 2ε ,

|θ̇_Ω(t)| < ε^2/2 , |θ(x, t) − θ_Ω(t)| < ε/2 for all x ∈ Ω . (4.12)

Let t_0 ≥ t̂ and x ∈ C(t_0) be arbitrary. We have for t ≥ t_0 that θ(x, t) − λ(χ(x, t_0)) = θ(x, t) − λ(1) ≥ 1 − α + 2ε − |θ(x, t) − θ_Ω(t)| − (1 − α) ≥ ε , hence, by Lemma 4.1, χ(x, t) = 1 for all t ∈ [t_0, t_0 +^1_ε ] . We can continue by induction and obtain C(t_1) ⊃ C(t_0) for all t_1 ≥ t_0 .

Let now x ∈ Ω \ C_∞ be fixed, and consider the difference

β(x, t) := θ_Ω(t) − λ(χ(x, t)) for t ≥ t̂ . (4.13)

Assume for contradiction that there exists δ > 0 and a sequence t_n → ∞ such that β(x, t_n) ≥ 2δ for all n . We find n_0 sufficiently large such that |θ̇_Ω(t)| < δ^2/2 , |θ(x, t) − θ_Ω(t)| < δ/2 for (almost all) t > t_{n0} , and obtain from Lemma 4.1 that χ(x, t_{n0} +^1_δ ) = 1 in contradiction with the choice of x ∈ Ω \ C_∞ , and (4.9) follows. The case (4.10) is similar. ■

Remark 4.3. We see from the above Lemma that χ can switch from 1 to 0 only if the value of θ is below 1 − α , and from 0 to 1 only if θ is above 1 + α . The phase separation process thus exhibits a hysteresis-like behavior.

We conclude the proof with a case distinction in eight consecutive steps. Steps (i)–(iii) deal with the situation where no mass exchange between the pure phases χ = 0 and χ = 1 takes place after a finite time, and the convergence towards the equilibrium then follows from the energy balance (2.14) alone. Mass exchange can only occur when the temperature oscillates around the critical values 1±α , and in the corresponding Steps (iv)–(viii) we also use the entropy balance (2.16) to prove the stabilization result.

Step (i) Assume that there exists a sequence t_n → ∞ such that θ̂ = lim_{n→∞} θ_Ω(t_n) > 1 + α .

In view of (3.3) and Corollary 3.2, we may assume, passing possibly to a subsequence, that |θ_Ω(t_n) − θ̂| <^1_n ,

|θ̇_Ω(t)| <^1_{2n2} for a. e. t > t_n , |θ(x, t) − θ_Ω(t)| <^1_{2n} in Ω × (t_n, ∞) .

(4.14)

We fix n_0 such that θ_Ω(t_n) ≥ 1 + α +^2_n for n ≥ n_0 . For x ∈ Ω and t ∈ [t_n, t_n + n] we then have

θ(x, t) − λ(χ(x, t_n)) ≥ θ(x, t) − θ_Ω(t) + θ_Ω(t) − θ_Ω(t_n) + θ_Ω(t_n) − λ(0) ≥ − 1 2n − (t − t_n) 1 2n^2 + 2 n ≥ 1 n , hence, by Lemma 4.1, we have χ(x, t_n + n) = 1 for all x ∈ Ω and n ≥ n_0 . Using (2.14) we obtain that

E_0 = E(t_n + n) = θ_Ω(t_n + n) + 1 ∀n ≥ n_0 , (4.15)

where |θ_Ω(t_n + n) − θ̂| < 3/(2n) by (4.14). Letting n → ∞ thus yields that

E_0 = θ̂ + 1 . (4.16)

On the other hand, for all t ≥ 0 we have E_0 = E(t) ≤ θ_Ω(t) + 1 , hence θ_Ω(t) ≥ θ̂ for all t ≥ 0 . In particular, we have χ(x, t) = 1 and θ_Ω(t) = θ̂ =: θ_∞ for all x ∈ Ω and t ≥ t_{n0} + n_0 . In this case, we see that stabilization of χ and of the mean temperature occurs in finite time, and θ(x, t) converges to θ_∞ exponentially as solution of the linear homogeneous heat equation.

Step (ii) Assume that there exists a sequence t_n → ∞ such that θ̂ = lim_{n→∞} θ_Ω(t_n) < 1 − α .

We argue in the same way as in Step (i). Note only that we obtain χ(x, t) = 0 for all x ∈ Ω and all t sufficiently large, hence E_0 = θ_∞ as a counterpart of (4.16). Since the initial energy is positive, we necessarily have θ_∞ > 0 .

Step (iii) Assume that 1 − α < lim inf_{t→∞} θ_Ω(t) ≤ lim sup_{t→∞} θ_Ω(t) < 1 + α .

Let θ̃ ∈ (1 − α, 1 + α) be any element of the ω -limit set of θ_Ω(t) , and let t_n ↗ ∞ be such that θ_Ω(t_n) → θ̃ . With the notation of Lemma 4.2 we have for all n that

E_0 = θ_Ω(t_n) + ∫ B(t_n) Λ(χ(x, t_n)) dx + |C(t_n)| . (4.17) Set B_∞ = Ω \ (A_∞ ∪ C_∞) = ⋃ t̂>0 ⋂ t≥t̂ B(t) .

For x ∈ B_∞ we have by Lemma 4.2 that

lim_{n→∞} 1 + α − 2α χ(x, t_n) − θ_Ω(t_n) = 0 , (4.18)

hence lim_{n→∞} χ(x, t_n) = 1 2α (1 + α − θ̃) . (4.19)

Using the formula Λ ( 1 2α (1 + α − θ̃) ) = 1 4α ((1 + α)^2 − θ̃^2) , (4.20)

we obtain, after passing to the limit in (4.17), that

E_0 = θ̃ + |B_∞| 4α ((1 + α)^2 − θ̃^2) + |C_∞| . (4.21)

The values of E_0, |B_∞|, |C_∞| are independent of the choice of the sequence t_n ↗ ∞ . Hence, (4.21) is an equation for θ̃ which admits at most two solutions. Since the ω - limit set of θ_Ω(t) is connected, we necessarily have lim_{t→∞} θ_Ω(t) = θ_∞ , where θ_∞ is a solution of (4.21). We then have lim_{t→∞} χ(x, t) = 0 for x ∈ A_∞ , lim_{t→∞} χ(x, t) = 1 for x ∈ C_∞ , lim_{t→∞} χ(x, t) =^1_{2α} (1 + α − θ_∞) for x ∈ B_∞ .

Step (iv) Assume that there exists a sequence t_n ↗ ∞ such that lim_{n→∞} θ_Ω(t_n) = 1 + α .

Passing to a subsequence, if necessary, we may assume that (cf. (4.14))

|θ_Ω(t_n) − (1 + α)| <^1_n , |θ̇_Ω(t)| <^1_{2n2} for a. e. t > t_n , |θ(x, t) − θ_Ω(t)| <^1_{2n} in Ω × (t_n, ∞) ,

(4.22)

and define the sets

A_n = { x ∈ Ω ; χ(x, t_n) <^2_{αn} } , B_n = { x ∈ Ω ;^2_{αn} ≤ χ(x, t_n) < 1 −^{1√}_n } , C_n = { x ∈ Ω ; χ(x, t_n) ≥ 1 −^{1√}_n } . (4.23)

For x ∈ B_n ∪ C_n and t ∈ [t_n, t_n + n] we have θ(x, t) − λ(χ(x, t_n)) ≥ 1 + α − 2 n − λ(χ(x, t_n)) = 2αχ(x, t_n) − 2 n ≥ 2 n , and from Lemma 4.1 we obtain

χ(x, t_n + n) = 1 ∀x ∈ B_n ∪ C_n . (4.24)

We now compare the internal energies at times t = t_n and t = t_n + n . We have

E_0 = E(t_n) = θ_Ω(t_n) + ∫ A_n ∪B_n∪C_n Λ(χ(x, t_n)) dx (4.25)

≤ θ_Ω(t_n) + |A_n| Λ ( 2 αn ) + |B_n| Λ ( 1 − 1 √ n ) + |C_n| , and from (4.24) it follows that

E_0 = E(t_n + n) = θ_Ω(t_n + n) + ∫ A_n ∪B_n∪C_n Λ(χ(x, t_n + n)) dx (4.26)

≥ θ_Ω(t_n + n) + |B_n| + |C_n| ,

hence |B_n| ( 1 − Λ ( 1 − 1 √ n )) ≤ |A_n| Λ ( 2 αn ) + θ_Ω(t_n) − θ_Ω(t_n + n) ≤ Λ ( 2 αn ) + 1 2n . (4.27) Using the inequalities

Λ(χ) ≤ (1 + α) χ , 1 − Λ(χ) ≥ (1 − α) (1 − χ) , (4.28)

we obtain from (4.27) that 1 − α √ n |B_n| ≤ 1 n ( 2(1 + α) α + 1 2 ) , (4.29)

hence lim_{n→∞} |B_n| = 0 . Letting n → ∞ in (4.25), we see that the limit c^∗ := lim_{n→∞} |C_n| exists and satisfies the identity

E_0 = 1 + α + c^∗ . (4.30)

Using the fact that θ(x, t_n) converge uniformly to 1 + α as n → ∞ , we also obtain

S_∞ = lim_{n→∞} S(t_n) = lim_{n→∞} ∫ Ω log θ(x, t_n) dx + ∫ A_n∪B_n∪C_n χ(x, t_n) dx (4.31)

= log(1 + α) + c^∗ .

Step (v) Assume that there exists a sequence t^′_n ↗ ∞ such that lim_{n→∞} θ_Ω(t^′_n) = 1 − α .

As in Step (iv), we assume that

|θ_Ω(t^′_n) − (1 − α)| <^1_n ,

|θ̇_Ω(t)| <^1_{2n2} for a. e. t > t^′_n , |θ(x, t) − θ_Ω(t)| <^1_{2n} in Ω × (t^′_n, ∞) ,

(4.32) and define the sets

A^′_n = { x ∈ Ω ; χ(x, t^′_n) <^{1√}_n } , B^′_n = { x ∈ Ω ;^{1√}_n ≤ χ(x, t^′_n) < 1 −^2_{αn} } , C^′_n = { x ∈ Ω ; χ(x, t^′_n) ≥ 1 −^2_{αn} } . (4.33)

For x ∈ A^′_n ∪ B^′_n and t ∈ [t^′_n, t^′_n + n] we have θ(x, t) − λ(χ(x, t^′_n)) ≤ 1 − α + 2 n − λ(χ(x, t^′_n)) = 2α(χ(x, t^′_n) − 1) + 2 n ≤ − 2 n , and Lemma 4.1 yields

χ(x, t^′_n + n) = 0 ∀x ∈ A^′_n ∪ B^′_n . (4.34)

We continue as in Step (iv) and obtain

E_0 = E(t^′_n) = θ_Ω(t^′_n) + ∫ A^′_n ∪B^′_n∪C^′_n Λ(χ(x, t^′_n)) dx (4.35)

≥ θ_Ω(t^′_n) + |B^′_n| Λ ( 1 √ n ) + |C^′_n| Λ ( 1 − 2 αn ) , and from (4.34) it follows that

E_0 = E(t^′_n + n) ≤ θ_Ω(t^′_n + n) + ∫ A^′_n∪B^′_n∪C^′_n Λ(χ(x, t^′_n + n)) dx (4.36)

≤ θ_Ω(t^′_n + n) + |C^′_n| ,

hence, by virtue of (4.35)–(4.36) and the inequality Λ(χ) ≥ χ , we obtain that 1 √ n |B^′_n| ≤ 2 αn |C^′_n| + θ_Ω(t^′_n + n) − θ_Ω(t^′_n) ≤ 2 αn + 1 2n , (4.37)

hence lim_{n→∞} |B^′_n| = 0 . Letting n → ∞ in (4.35), we see that the limit c_∗ := lim_{n→∞} |C^′_n| exists and satisfies the identities

E_0 = 1 − α + c_∗ , (4.38)

S_∞ = lim_{n→∞} S(t^′_n) = lim_{n→∞} ∫ Ω log θ(x, t^′_n) dx + ∫ A^′_n∪B^′_n∪C^′_n χ(x, t^′_n) dx (4.39)

= log(1 − α) + c_∗ .

Note that the situation in Steps (iv) and (v) is different from Step (iii) in the sense that there is a priori no inclusion between the sets C_{n1} and C_{n2} or between C^′_{n1} and C^′_{n2} for n_1 < n_2 ; only their Lebesgue measures converge.

Step (vi) Assume that lim sup_{t→∞} θ_Ω(t) = 1 + α , lim inf_{t→∞} θ_Ω(t) = 1 − α .

The hypotheses of both Step (iv) and Step (v) are fulfilled, hence there exist c_∗ > c^∗ ≥ 0 such that E_0 = 1 − α + c_∗ = 1 + α + c^∗ , (4.40) S_∞ = log(1 − α) + c_∗ = log(1 + α) + c^∗ . (4.41) We have used the fact that, due to (2.16), the limit value S_∞ of the entropy is independent of how t converges to infinity. From (4.40)–(4.41) we obtain the equation log(1 + α) − log(1 − α) = 2α which only holds if α = 0 , so that this case never occurs.

Step (vii) Assume that lim sup_{t→∞} θ_Ω(t) = 1 + α , lim inf_{t→∞} θ_Ω(t) = θ > 1 − α .

With the notation of Lemma 4.2 put D_∞ = Ω \ C_∞ . (4.42) Let t_n be as in (4.22). We have lim_{n→∞} χ(x, t_n) = 1 for x ∈ C_∞ by definition, and lim_{n→∞} χ(x, t_n) = 0 for x ∈ D_∞ by (4.9). From (4.30)–(4.31) it follows that E_0 = 1 + α + |C_∞| , S_∞ = log(1 + α) + |C_∞| . (4.43) We now consider any θ̂ ∈ [θ, 1 + α] , and find a sequence t^{′′}_n ↗ ∞ such that |θ_Ω(t^{′′}_n) − θ̂| <^1_n ,

|θ̇_Ω(t)| <^1_{2n2} for a. e. t > t^{′′}_n , |θ(x, t) − θ_Ω(t)| <^1_{2n} in Ω × (t^{′′}_n, ∞) , |C_∞ \ C(t^{′′}_n)| <^1_n (4.44)

for all n ∈ N . As in previous steps, we define the sets A^{′′}_n = { x ∈ D_∞ ; χ(x, t^{′′}_n) <^{1√}_n } , B^{′′}_n = { x ∈ D_∞ ;^{1√}_n ≤ χ(x, t^{′′}_n) <^1_{2α} ( 1 + α − θ̂ −^3_n )} , C^{′′}_n = { x ∈ D_∞ ; χ(x, t^{′′}_n) ≥^1_{2α} ( 1 + α − θ̂ −^3_n )} . (4.45)

For x ∈ A^{′′}_n ∪ B^{′′}_n we have θ̂ + 3/n < λ(χ(x, t^{′′}_n)) , hence θ(x, t) − λ(χ(x, t^{′′}_n)) ≤ −1/n for t ∈ [t^{′′}_n, t^{′′}_n + n] . From Lemma 4.1 we conclude that χ(x, t^{′′}_n + n) = 0 ∀x ∈ A^{′′}_n ∪ B^{′′}_n . (4.46) For x ∈ C^{′′}_n and τ ∈ [t^{′′}_n, t^{′′}_n + n] set δ_n(x, τ ) = θ̂ − λ(χ(x, τ )) , (4.47) and assume that δ_n(x, τ ) > 4/n for some (x, τ ) ∈ C^{′′}_n × [t^{′′}_n, t^{′′}_n + n] . Then θ(x, t) − λ(χ(x, τ )) > 1/n for t ∈ [τ, τ + n] , and Lemma 4.1 yields that χ(x, τ + n) = 1 in contradiction with the hypothesis C^{′′}_n ⊂ D_∞ . We thus have δ_n(x, τ ) < 4/n , that is, χ(x, τ ) ≤ 1 2α ( 1 + α − θ̂ + 4 n ) ∀(x, τ ) ∈ C^{′′}_n × [t^{′′}_n, t^{′′}_n + n] . (4.48) We now compare again the energies and entropies at times t^{′′}_n and t^{′′}_n + n . By (4.46)– (4.48) we have

E_0 = E(t^{′′}_n) = θ_Ω(t^{′′}_n) + ∫ A^{′′}_n ∪B^{′′}_n∪C^{′′}_n ∪C_∞ Λ(χ(x, t^{′′}_n)) dx (4.49)

≥ θ_Ω(t^{′′}_n) + |B^{′′}_n| Λ ( 1 √ n ) + |C^{′′}_n| Λ ( 1 2α ( 1 + α − θ̂ − 3 n )) + |C(t^{′′}_n)| , E_0 = E(t^{′′}_n + n) ≤ θ_Ω(t^{′′}_n + n) + ∫ A^{′′}_n∪B^{′′}_n∪C^{′′}_n ∪C_∞ Λ(χ(x, t^{′′}_n + n)) dx (4.50)

≤ θ_Ω(t^{′′}_n + n) + |C^{′′}_n | Λ ( 1 2α ( 1 + α − θ̂ + 4 n )) + |C_∞| . As in Step (v), we conclude that lim_{n→∞} |B^{′′}_n| = 0 , lim_{n→∞} |C^{′′}_n | =: c_∗ , and

E_0 = θ̂ + c_∗ Λ ( 1 2α ( 1 + α − θ̂ )) + |C_∞| = θ̂ + c_∗ 4α ( (1 + α)^2 − θ̂^2 ) + |C_∞| . (4.51)

We further have S(t^{′′}_n) = ∫ Ω log θ(x, t^{′′}_n) dx + ∫ A^{′′}_n ∪B^{′′}_n∪C^{′′}_n ∪C_∞ χ(x, t^{′′}_n) dx , (4.52) which for n → ∞ yields

S_∞ = log θ̂ + c_∗ 2α ( 1 + α − θ̂ ) + |C_∞| . (4.53)

We now combine (4.43) with (4.51) and (4.53), and obtain

1 + α − θ̂ =^{c∗}_{4α} ( (1 + α)^2 − θ̂^2 ) log(1 + α) − log θ̂ =^{c∗}_{2α} ( 1 + α − θ̂ ) . (4.54)

We either have c_∗ = 0 and θ̂ = 1 + α , or c_∗ > 0 and

log(1 + α) − log θ̂ = 2 1 + α − θ̂ 1 + α + θ̂

. (4.55)

The unique solution of Eq. (4.55) is again θ̂ = 1 + α , hence lim_{t→∞} θ_Ω(t) = 1 + α .

Step (viii) Assume that lim inf_{t→∞} θ_Ω(t) = 1 − α , lim sup_{t→∞} θ_Ω(t) = θ̄ < 1 + α .

Referring to Lemma 4.2, put G_∞ = Ω \ A_∞ . (4.56) For t^′_n as in (4.32), we have lim_{n→∞} χ(x, t^′_n) = 0 for x ∈ A_∞ by definition of A_∞ , and lim_{n→∞} χ(x, t^′_n) = 1 for x ∈ G_∞ by (4.11). Formulas (4.38)–(4.39) then yield

E_0 = 1 − α + |G_∞| , S_∞ = log(1 − α) + |G_∞| . (4.57)

We continue as in Step (vii) choosing any θ̂ ∈ [1 − α, θ̄] and a suitable sequence t^{′′′}_n ↗ ∞ with properties analogous to (4.44), and define the sets A^{′′′}_n = { x ∈ G_∞ ; χ(x, t^{′′′}_n ) <^1_{2α} ( 1 + α − θ̂ +^3_n )} , B^{′′′}_n = { x ∈ G_∞ ;^1_{2α} ( 1 + α − θ̂ +^3_n ) ≤ χ(x, t^{′′′}_n ) < 1 −^{1√}_n } , C^{′′′}_n = { x ∈ G_∞ ; χ(x, t^{′′′}_n ) ≥ 1 −^{1√}_n } . (4.58)

By Lemma 4.1, we have again χ(x, t^{′′′}_n + n) = 1 for all x ∈ B^{′′′}_n ∪ C^{′′′}_n , and χ(x, τ ) ≥ 1 2α ( 1 + α − θ̂ − 4 n ) ∀(x, τ ) ∈ A^{′′′}_n × [t^{′′′}_n , t^{′′′}_n + n] . (4.59) The energy balance now reads

E_0 = E(t^{′′′}_n ) = θ_Ω(t^{′′′}_n ) + ∫ A^{′′′}_n ∪B^{′′′}_n ∪C^{′′′}_n ∪A_∞ Λ(χ(x, t^{′′′}_n )) dx (4.60) ≤ θ_Ω(t^{′′′}_n ) + |A^{′′′}_n | Λ ( 1 2α ( 1 + α − θ̂ + 3 n )) + |B^{′′′}_n | Λ ( 1 − 1 √ n )

+|C^{′′′}_n | + |A_∞ \ A(t^{′′′}_n )| , E_0 = E(t^{′′′}_n + n) = θ_Ω(t^{′′′}_n + n) + ∫ A^{′′′}_n ∪B^{′′′}_n ∪C^{′′′}_n ∪A_∞ Λ(χ(x, t^{′′′}_n + n)) dx (4.61) ≥ θ_Ω(t^{′′′}_n + n) + |A^{′′′}_n | Λ ( 1 2α ( 1 + α − θ̂ − 4 n )) + |B^{′′′}_n | + |C^{′′′}_n | , hence |B^{′′′}_n | → 0 as n → ∞ . Selecting a subsequence, if necessary, we obtain |A^{′′′}_n | → a^{∗∗} , |C^{′′′}_n | → c^{∗∗} , a^{∗∗} + c^{∗∗} = |G_∞| , and E_0 = lim_{n→∞} θ_Ω(t^{′′′}_n ) + ∫ A^{′′′}_n ∪B^{′′′}_n ∪C^{′′′}_n ∪A_∞ Λ(χ(x, t^{′′′}_n )) dx (4.62)

= θ̂ + a^{∗∗} 4α ( (1 + α)^2 − θ̂^2 ) + c^{∗∗} ,

S_∞ = lim_{n→∞} ∫ Ω log θ(x, t^{′′′}_n ) dx + ∫ A^{′′′}_n ∪B^{′′′}_n ∪C^{′′′}_n ∪A_∞ χ(x, t^{′′′}_n ) dx (4.63)

= log θ̂ + a^{∗∗} 2α ( 1 + α − θ̂ ) + c^{∗∗} .

Combining (4.62)–(4.63) with (4.57), we have 1 − α + a^{∗∗} − θ̂ =^{a∗∗}_{4α} ( (1 + α)^2 − θ̂^2 ) log(1 − α) + a^{∗∗} − log θ̂ =^{a∗∗}_{2α} ( 1 + α − θ̂ ) , (4.64)

that is, 1 − α − θ̂ =^{a∗∗}_{4α} ( (1 − α)^2 − θ̂^2 ) log(1 − α) − log θ̂ =^{a∗∗}_{2α} ( 1 − α − θ̂ ) , (4.65)

and we argue as in Step (vii) to conclude that θ̄ = 1 − α .

This enables us to finish the proof of Theorem 2.2. From Steps (i)–(viii) it follows that there exists θ_∞ > 0 with the desired properties. The pointwise convergence of χ(x, t) as t → ∞ has already been proved in the cases where θ_∞ ≠ 1 ± α . For θ_∞ = 1 + α we go back to Step (vii) with θ̂ = 1 + α , and from (4.42), (4.46), and (4.48) we obtain that χ(x, t) → 1 for x ∈ C_∞ and χ(x, t) → 0 for x ∈ D_∞ . The case θ_∞ = 1 − α is similar.

Acknowledgement. The authors wish to acknowledge helpful and stimulating discussions with Pierluigi Colli, Philippe Laurençot, Hana Petzeltová, Elisabetta Rocca, and Jürgen Sprekels on this and related subjects.

References

[1] S. Aizicovici, E. Feireisl, F. Issard-Roch: Long time convergence of solutions to a phasefield system. Math. Methods Appl. Sci., 24 (2001), 277–287.

[2] S. Aizicovici, H. Petzeltová: Convergence of solutions of phase-field systems with a nonconstant latent heat. Dynam. Systems Appl., 14 (2005), 163–173.

[3] P. W. Bates, S. Zheng: Inertial manifolds and inertial sets for phase-field equations.

J. Dynamics Differential Equations, 4 (1992), 375–397.

[4] D. Brochet, X. Chen, D. Hilhorst: Finite dimensional exponential attractor for the phase-field model. Appl. Anal. 49 (1993), 197–212.

[5] D. Brochet, D. Hilhorst: Universal attractor and inertial sets for the phase-field model.

Appl. Math. Lett. 4 (1991), 59–62.

[6] M. Brokate, J. Sprekels: Hysteresis and Phase Transitions. Appl. Math. Sci., Vol. 121, Springer-Verlag, New York, 1996.

[7] G. Caginalp: An analysis of a phase field model of a free boundary. Arch. Rational Mech. Anal. 96 (1985), 205–245.

[8] P. Colli and K. Shirakawa: Attractors for the one-dimensional Fremond model of shape memory alloys. To appear in Asymptotic Analysis.

[9] C. M. Elliott and S. Zheng: Global existence and stability of solutions to the phase field equations. In: “Free boundary value problems (Oberwolfach, 1989)” Internat. Ser. Numer. Math. 95, Birkhäuser, Basel, 1990, 46–58.

[10] E. Feireisl, F. Issard-Roch, H. Petzeltová: A non-smooth version of the Lojasiewicz- Simon theorem with applications to non-local phase-field systems. J. Differential Eq. 199 (2004), 1–21.

[11] A. Friedman: Partial Differential Equations. Holt, Rinehart and Winston, New York, 1969.

[12] M. Grasselli, H. Petzeltová, G. Schimperna: Long time behavior of solutions to the Caginalp system with singular potential. Preprint.

[13] A. Ito, N. Yamazaki and N. Kenmochi: Attractors of nonlinear evolution systems generated by time-dependent subdifferentials in Hilbert spaces. Dynamical Systems and Differential Equations, Vol. I, Southwest Missouri State Univ., Springfield, 1998, 327– 350.

[14] P. Krejčí: Hysteresis in singularly perturbed problems, In: Singular Perturbations and Hysteresis, M. Mortell, R. O’Malley, A. Pokrovskii, V. Sobolev, eds., SIAM, Philadelphia, 2005, 73–100.

[15] P. Krejčí, J. Sprekels: A hysteresis approach to phase-field models. Nonlin. Anal. 39 (2000), 569–586.

[16] P. Krejčí, J. Sprekels, S. Zheng: Asymptotic behaviour of a phase-field system with hysteresis. J. Differential Eq. 175 (2001), 88–107.

[17] A. Lunardi: Analytic Semigroups and Optimal Regularity in Parabolic Equations.

Birkhäuser, Basel, 1995.

[18] L. Nirenberg: On elliptic partial differential equations. Ann. Scuola Norm. Sup. Pisa, 13 (1959), 115–162.

[19] E. Rocca, G. Schimperna: Universal attractor for a Penrose-Fife system with special heat flux law. Mediterranean J. Math. 1 (2004), 109–121.

[20] W. Shen and S. Zheng: On the coupled Cahn-Hilliard equations. Comm. Partial Differential Equations 18 (1993), 701–727.

[21] K. Shirakawa: Large-time behavior for a phase field system associated with total variation energy. Adv. Math. Sci. Appl., 15 (2005), 1–27.

[22] A. Visintin: Models of Phase Transitions. Birkhäuser, Boston, 1996.

[23] H. Wu, M. Grasselli, S. Zheng: Convergence to equilibrium for a parabolic-hyperbolic phase-field system with Neumann boundary conditions. Submitted.

[24] Z. Zhang: Asymptotic behavior of solutions to the phase-field equations with Neumann boundary conditions. Comm. Pure Appl. Anal. 4 (2005), 683–693.

[25] S. Zheng: Nonlinear Evolution Equations. Pitman Monographs and Surveys in Pure and Applied Mathematics, Vol. 133, CRC Press, Boca Raton, Florida, 2004.