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Summary. Let (éV) be a sequence of random variables with values in
a topological space which satisfy the large deviation principle. For each
M and each N, let EM:V denote the empirical measure associated with
M independent copies of éV. As a main result, we show that (Z¥>V) also
satisfies the large deviation principle as M, N — co. We derive several
representations of the associated rate function. These results are then
applied to empirical measure processes ZM:N(¢) = M ™! Z£1 bev(r), 0 <
t < T, where (¢M(2),...,&0(t)) is a system of weakly interacting diffusions
with noise intensity 1/N. This is a continuation of our previous work on

the McKean-Vlasov limit and related hierarchical models ([4], [5]).
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2 . D.A. Dawson and J. Gartner

Introduction

In order to introduce the basic idea of multilevel large deviations, we begin with
a sequence (£V) of random variables on a probability space (2, F, P) taking
values in a topological space Y. We assume that the sequence (V) satisfies the
large deviation principle (as N — oo) with scale vy and rate function J:

(1) for each open subset G of YV,
o . -1 N > .
l}\Irr_l_,l?of7N logP (¢Y € G) > ;xeng(y),
(ii) for each closed subset F of Y,
limsup v5' log P (fN € F) < — inf J(y);
N—oo yeEF

(iii) the level sets {y € Y : J(y) < p}, p = 0, are compact.

For each N, let ¢, ¢N ... be independent copies of ¢ N and denote by benv the
Dirac measure at ¢V. Now consider the empirical measures

L M
M,N ,_
M Zi:l Sey

and regard them as random variables with values in M(Y'), the space of Radon
probability measures on Y furnished with the topology of weak convergence.
The objective of this paper is to show that the empirical measures Z*'V satisfy
the large deviation principle as M, N — oo and to identify the rate function.

This question was partially motivated by our study of hierarchical systems
of interacting diffusions (see [5], Section 5.2). However, in order to explain the
relevant multilevel large deviation problem, we will describe the simpler non-
interacting case. Let £(t) be a diffusion process on R? given by an It6 equation
of the form

{1]

dé(t) = b(£(2), ) dt + dw(t),
where w(t) denotes d-dimensional Brownian motion. For each N, let £]V(¢),...,
¢X(t) be independent copies of £(t) with not necessarily coinciding non-random

starting points €N (0),...,€N(0) such that N1 zjvzl 6¢n (o) converges to a mea-
: J

sure v in M! := M(IR?) as N — co. Consider the empirical measure process

N
EN(t) = % Z(SﬁV(t), 0 S t S T.
J=1

In Dawson and Gértner [4], Theorem 4.5, it was shown that, under mild condi-
tions on the vector field b, the sequence (EV(-)) of C([0, T; M?)-valued random
variables satisfies the large deviation principle with scale N and rate function S,
given by

S =5 [ ) = LimOleg
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if u(-) € C([0,T); M?) is absolutely continuous and x(0) = v and equal to +oo
otherwise. Here £} denotes the formal adjoint of the diffusion operator

1 d d . 5
52 z)z +;b‘("t)6zi

associated with £(¢). Further,

2 _ . 6, N1* /
16115 : sup P TL VIR 6eD, (0.1)
where D and D' denote the Schwartz space of infinitely differentiable functions
with compact s Japort and the corresponding space of distributions, respectively,
and |Vf|? = 3 _,(0f/0z")%.

Now consider a two-parameter family {Eg’N(t); i=1,....,.M,;5=1,...,N}
of independent copies of the diffusion process {(t). The two-level empirical
measure process is defined by \

M
EM’N(t) oo _A%I_Z&E?(t), 0<t<T,
i=1
where, for each 1,
1 N

The problem is to show that, if Z¥:V(0) converges to some measure in M1/ :
M(M(IR?)) as M, N — co, then the processes ZM:N(.) considered as random
variables in C([0, T] My satlsfy the large deviation principle as M, N — oo
and to find a suitable representation of the rate function. This large deviation
problem has a structure similar to that hypothesized above with the additional
complication that the processes Z(+),...,ZX(-) are not identically distributed.
The law of the process =MV (.) depends on the (non-random) initial measure
EM.N(0) which may be viewed as an additional parameter. For this reason,
our general results on multilevel large deviations will be formulated in terms of
parametrized families of probability laws.

Section 1 contains preliminary definitions and results on large deviation sys-
tems. In Section 2 we will prove the general multilevel large deviation result
and derive several representations of the associated rate function. Further, as
an application of these results, in Section § we will analyse a simple caricature
of the hierarchical system of diffusions. The Appendiz contains some auxiliary
proofs which we separated from the main exposition of the material.

In order to provide an introduction to the ideas used in the proofs of the
multilevel large deviation results in Section 2, we will now state the main result
and sketch the proof in the simple case in which there is no parametrization and
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in which the space Y consists of a finite number of points, ¥ = {y1,...,y,}.
As before, let (¢VV) be a sequence of Y-valued random variables. For each M
and each N, let ZMV denote the empirical measure of M independent copies

€N, .., el of €N
Theorem 0.1. Assume that (V) satisfies the large deviation principle (as

N — o) with scale vy and rate function J. Then (EM'N) also satisfies the
large deviation principle (as M, N — oo0) having scale Myn and rate function

ﬂﬂ=£}@%@% v e M(Y).

Proof. a) Lower large deviation bound. Fix v € M(Y) and an open neighbor-
hood U(v) of v arbitrarily. It suffices to show that

log P (EMN € U(v)) > -S(v).

1\1/},111\}?& Myn

We choose a partition of {1,..., M} into pairwise disjoint sets AM of size |AM|,
k=1,...,r, such that

|A]

lim =2 = u(y), k=1,...,r. (0.2)

M-
There exists € > 0 such that
U(v):={p € MY):d(yr) > v(yx) —e for all k} C U(w).
It is now easy to verify that for large M and all N,
N {eN =yiforalli € A} C {stN € ﬁ(y)} .
k=1

For these M and N,

CPEMYeUw) > (ﬂ{EN—ykforalleAk })

r

TP =u)]™ . (0.3)

k=1

Since (¢N) satisfies the large deviation principle, we have

l}\rln_}glof ;;r- log P (6N =yi) > —J(yx) fork=1,...,r. (0.4)
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Combining (0.3) with (0.2) and (0.4), we obtain

JipinL oy P 7 €U0

r

> liminf IAQJI L log P (rSN = yk)
- = M,N—co M YN

> — ZV(yk)J(yk) = —=S(v).
k=1

b) Upper large deviation bound. Fix h > 0 arbitrarily. Since M(Y') is
compact, it will be sufficient to show that for each v € M(Y) there exists a
neighborhood U(v) such that

lim sup log P (EMY € U(v)) < =S(v) +h (0.5)

M,N—co M7N

if S(v) < o0 and < —h if S(v) = co. Assume that J(yx) < oo for all k£ and, in
particular, S(v) < co. Take U(v) := {7 € M(Y): S(¥) > S(v)—h }. Note that
S(EMNY = p—1 ZzM=1 J(éN). Applying Chebyshev’s exponential inequality, we
obtain

M
PEMN eU®W) =P (Kli S IEN) > S(v) - h)

< exp {—0Myn(S(v) — h)}Eexp{Hq/NZJ(gN)}

< exp {~0Myn(S(v) — )} [Eexp {ynJ(e¥)} ]

for each > 0. Thus, in order to prove (0.5), it will be enough to verify that
the expectation on the right of the last inequality remains bounded as N — oo
for 0 < 8 < 1. But, since

lim sup ——1——logP (ﬁN =yr) < —J(w), for k=1,.
N—oo IN

we have

limsup Eexp {6ynJ(¢Y)} = limsup Zexp {68 T (yk)} P (€Y = yx)

N—oo N—oco k=1

<1 for0< <1

To handle the case when J(yx) = oo for some k, one has to replace J by a
function J which coincides with J on {y : J(y) < oo} and which is ‘arbitrarily
large, but finite’ on {y : J(y) = oo }. Correspondingly, one has to replace S by
S(u) = [ I(y) iwldy), p € M(Y).

c) The compactness of the level sets {v € M(Y) Sw) < p},p>0,is
obvious in this case. O
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We now turn to the simple caricature of the hierarchical system referred to
above. Consider the randomly perturbed dynamical system

deN(t) = b(eN(8), ) dt + N~V dw(t),  €N(0) ==, (0.6)

in R? with perturbation parameter N ~1/2. Then, under certain restrictions on
the vector field b, according to Freidlin and Wentzell [7], Chap. 4, Theorem 1.1,
the sequence (§V(+)) of C([0, T); R%)-valued random variables satisfies the large
deviation principle with scale N and rate function I, for each starting point
¢ € R%. The rate function has the representation

T
Lip)i=3 | 160) - He® 0

if o € C([0,T); R?) is absolutely continuous and (0) = z and I (¢) = co other-
wise. Given non-random starting points €N (0),...,E0(0), let €N (¢t),..., €0 (%)
be M independent processes of the form (0.6), and let

M
1
=1

denote the associated empirical process. Assume that 2N (0) — v in M(RRY)
as M, N — oo.

As an application of our multilevel large deviation results, we will prove
in Section 3.1 that the family (EMN(.)) of C([0,T}); M(IR?))-valued random
variables satisfies the large deviation principle (as M, N — oco) with scale M N
and rate function S, given by

T
S =5 [ i) = € uoll o (0.8)

if u(+) is absolutely continuous in C([0, T]; M(IR?)) and u(0) = v and S, (u(-)) =
oo otherwise. Here the norm || - ||, is defined by (0.1) and

d
; 0
0.— e t)=— <t<
L Zl:b(,t)azl, 0<t<T,

is the family of differential operators associated with the unperturbed dynamical

system
¢(t) = be(2), 1)

It may be noted that, for fixed N, the large deviation results of our previous
paper [4] show that the family (2N (.)) satisfies the large deviation principle
as M — oo with scale M and rate function NSY where SY is defined by (0.8)
except that L£? is replaced by the generator associated with (0.6). As a special
case of Theorem 2.9 to be proved below, it will follow that these large devia-
tion bounds are ‘uniform’ in N and that SV converges in some sense (but not
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pointwise!) to the rate function for (M (.)) as M, N — co. However, in order
to identify this rate function with (0.8) under a natural set of weak hypotheses
involves a number of nontrivial technical steps carried out in Section 3.1.

Finally, in Section 3.2 we will extend the above result to the corresponding
system with mean-field interaction

deN@) = b(eN@);EMN @) dt + N~V dwy(t), i=1,...,M,

where ZMV () is again defined by (0.7) and wy(?), . .., wa(t) are independent d-
dimensional Wiener processes. As in Dawson and Gartner [4] and Gértner (8], in
order to treat unbounded drift coefficients b, we consider the processes =V (")
as random variables with values in the space C([0,T]; M), where M is a
subset of M(IR?) furnished with an ‘inductive’ topology. More precisely, we
introduce a smooth function #%:R? — [0,00) with 1(z) — oo as |z] — oo
depending on the ‘growth of b at infinity’, set Mg := {v € M(R?): [y dv <
R}, R >0, define
My = U MR,

R>0

and equip this space with the strongest topology which induces the weak topol-
ogy on Mp for each R > 0. The space M is not metrizable but satisfies a
weak metrizability hypothesis formulated in Section 2. Refer to Appendix B in
Gértner [8] for a detailed discussion of the ‘inductive’ topology and the proper-
ties of My, and C([0,7T]; M ).

Let the drift coefficient b:IR? X Mo — IR? be continuous and satisfy as-
sumptions analogous to that in Dawson and Gértner [4], Section 5. Suppose
that the non-random initial measures =¥V (0) converge to a measure v in M.
Then we show that (EM>N(.)) again satisfies the large deviation principle with
scale M N and rate function S,, where S, is now defined by (0.8) with the
operator L) replaced by

d P
Lo(u(t)) = Zb’(- () 5

The proof of this result is based on a reduction to a system of independent
diffusions along the lines of Section 5 of Dawson and Gértner [4]. At the end of
this section we will briefly consider the corresponding McKean-Vlasov equations.

In the situation considered here, the process ¢N(t) lives in the metric space
RY. But in the case of the interacting hierarchical model mentioned above, the
role of ¢V(t) is played by an empirical measure process ZV(¢) which lives in
the non-metrizable space Mo,. Although the results will not be used in this
generality in Section 3 of this paper, the latter fact has motivated the develop-
ment of our main results for families of probability laws on a space Y which are
parametrized by a space X, where X and Y are not necessarily metrizable. It
should be noted that this introduces a number of technical complications which
would not arise in the metrizable case.
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Frequently used notation

By IN and IR? we will denote the set of natural numbers and the d-dimensional
Euclidean space, respectively. '

Given a Hausdorff topological space X, we will denote by Cy(X) and M(X)
the space of real-valued bounded continuous functions on X with the supremum
norm ||-|| and the space of Radon probability measures on the Borel o-field B(X)
of X furnished with the topology of weak convergence, respectively. By (v, f)
we will abbreviate the integral of f € C3(X) with respect to v € M(X). By 6,
we will denote the Dirac measure at r € X.

C([0,T}; X) will stand for the space of continuous functions [0,7] — X. If X
is a Polish space, then C([0,T]; X) will be endowed with the uniform topology
corresponding to a complete separable metric on X.

We will use the abbreviations M := M(IRY), Cy := Cy(R?), Cor =
C([0, T); RY), and Co 1 := C([0, T]; M(IRY)).

By D we will denote the Schwartz space of infinitely differentiable functions
R? — IR with compact support equipped with the usual inductive topology.
The corresponding space of real distributions will be denoted by 7.

Finally, A and 14 will stand for the closure and the indicator function of a
set A, respectively.

1. La‘rge‘deviation systems

Let X and Y denote Hausdorff topological spaces, and let (Xy) be a sequence
of subsets of X. A sequence (zy) of points in X will be called an X y-sequence
if zy € Xy for each N. We will assume throughout that each point in X is the
limit of an X n-sequence.

Let I = {PN;z € Xy, N € IN} be a family of Radon probability measures
on Y. (A probability measure v on the Borel o-field of a Hausdorff space is
called a Radon measure if v(4) = sup{v(K) : K C A, K compact } for each
Borel set A.) Let I be a function on X XY taking values in [0, o], and introduce
the notation

I(z; A) :=inf{I(z;y) : y € A}, reX,ACY.
Finally, let (vn') be a sequence of positive numbers tending to infinity as N — oo.

Definition 1.1. We will say that Il is a large deviation system with rate function
I and scale vy if the following conditions are satisfied:
(1) compactness of the level sets: for each z € X and each p > 0 the set

(z;p) i ={y €Y : I(z;y) < p}

is compact (and, in particular, non-empty);
(ii) lower large deviation bound:

lkrfn_)igof'yﬁl log Pg,(G) > —I(z; G)
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for each open set G in Y, each z € X, and each Xy-sequence (zy) tending
to z;
(iii) upper large deviation bound:

limsupvy' log Pﬁv(F) < —I(z; F)
N—oo

for each closed set F in Y, each z € X, and each Xy-sequence (zy) tending
to z.

Given A C X and p > 0, we define

®(4;p) == | o(z;p).

z€EA

Sometimes we will assume in addition that the level sets ®(K; p) are compact
for all compact subsets K of X and all p > 0.

Definition 1.2. Suppose that we are given in addition a surjective continuous
map 7: Y — X such that

PN(x=Hz}) =1 for each N € IN and all z € Xn.

Then we will say that the family II forms a special large deviation system (with
respect to 7) having rate function J:Y — [0,00] and scale vy if I is a large
deviation system with scale vy and rate function

I(x;y) o= { '](y) if W(y) =z, (11)

400 otherwise.

Note that the level sets ®(K; p) associated with the rate function (1.1) are
of the form -

O(K;p)={yeY:n(y) e K,J(y)<p}.

A typical example we have in mind is the situation when X is a Polish space,
Y = C([0,T}; X), Xy = X for all N, n(y(-)) = y(0), and {PN;z € X} is a
Markov family of probability laws on Y for each N.

Formally, the notion of a large deviation system is more general than that
of a special large deviation system, since in the first case the supports of the
measures PV are not assumed to be disjoint for different z. Nevertheless, each
large deviation system may be regarded as a special large deviation system. To
explain this, let I = {PN;z € Xy, N € IN} be a family of Radon probability
measures on Y. Given N € IN and z € Xy, let us denote by PN the unique
extension of the product measure §; ® P¥ to a Radon probability measure on
Y := X x Y. (Here 6, denotes the Dirac measure at z. For Radon extensions
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see Schwartz [13], Chap. 1, Theorem 17.) We further denote by # the canonical
projection of X x Y onto X. Clearly

PN(# Yz} =1 for each N € IN and all z € Xn.
Let II denote the family of measures Is,fv ,z € Xy, N €N

Theorem 1.3. II is a large deviation system if and only zfﬁ is a special large
deviation system (with respect to 7) having the same scale and the same rate
function.

Proof. a) Assume that Il is a large deviation system with scale Yy and rate
function I. We must show that II is a large deviation system with the same
scale and rate function I: X x ¥ — [0, co] defined by

oo (@)= { 10 oo

400 otherwise.

1° Let ®(z;p) and &(z;p) denote the level sets associated with I and I,
respectively. Since the sets ®(z;p) are compact and &(z;p) = {z} x &(z; p),
the level sets (I>(:z:, p), ¢ € X, p> 0, are also compact.

20 We next derive the lower large deviation bound for II. Given (z,y) €
X x Y and open neighborhoods U and V of z and y, respectively, it suffices to
check that

li%ninffy;,l log PN (U x V) > —I(z;y)

for each X y-sequence (zy) tending to z (cf. e.g. Freidlin and Wentzell (7],
Chap. 3, Theorem 3.3). But this is immediate from the definition of PN and
the lower large deviation bound for the measures PN

3° To derive the upper large deviation bound for I, we fix z € X, an Xy-
sequence (ry) with zy — z, and a closed subset F' of X x Y arbitrarily. We

must check that 5
lim sup yy" log P, (F) < —p (1.2)

for each p > 0 with F N &(z;p) = 0. Let therefore p > 0 be such that F N
<I>(:c, p) = B (provided that such p exists at all). Since ®(z;p) is compact and
&(x; p) = {z} x ®(z; p), we find open neighborhoods U and W of z and &(z; p),
respectively, such that U x W does not intersect F'. Thus, for sufficiently large IV,

PY(F) < PN (U x W)°) = PN (W*).

(The upper index ¢ denotes the operation of taking the complement.) Hence,
applying the upper large deviation bound for the probabilities on the right, we
arrive at (1.2).

b) Suppose that II is a special large deviation system (with respect to 7r)
Since, for each N and each z € Xy, PN is the image of the measure PN

z z
with respect to the canonical projection X x Y — Y, an application of the
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‘contraction principle’ (see e.g. Varadhan [16], Theorem 2.4) yields that II is a
large deviation system having the same scale and the same rate function as II.
O

Fix a compact subset K of X and p > 0 arbitrarily, and consider the level
sets

®(K;p)={y€Y :I(z;y) < pforsomez € K}

and

®(K;p)={(z,y) eXxY:z€K,I(z;y) < p}

associated with the large deviation systems II and II, respectively. Since ®(K; p)
is the continuous image of ®(K;p) with respect to the projection #, the com-
pactness of ®(K;p) implies the compactness of ®(K;p). On the other hand,
®(K;p) C K x ®(K; p). Therefore, the compactness of ®(K; p) implies at least
the relative compactness of (K; p). In the next lemma we will see that ®(K; p)
is compact under the following additional assumption on X and (Xy).

Countability Hypothesis. For each compact subset K of X there exists a
set X(K), K C X(K) C X, such that each point of K has a countable base of
neighborhoods in X (K') and is the limit of an X y-sequence which belongs to
X(K) for all but finitely many terms.

Note that this hypothesis is fulfilled if X satisfies the first countability axiom.

Lemma 1.4. Let the Countability Hypothesis be fulfilled. Assume that II is
a large deviation system with rate function I and scale yy. Given a compact
subset K of X and p > 0, suppose that the level set ®(K;p) is compact. Then
®(K; p) s also compact. In particular, I 1s lower semi-continuous on K XY
for each compact subset K of X.

Proof. The level set ®(K; p) has the form
®(K;p) = (K xY)N{I <p}. (1.3)

It only remains to show that this set is closed. To this end we fix € > 0 and
(zo,%0) € K X Y arbitrarily. It will be enough to check that there exist open
neighborhoods U and V of z¢ and yo, respectively, such that

inf{I(z;y):2 € UNK,y € V} > I(zo,y0) — €. (1.4)

Set po := I(zo,yo) — €/2 and assume without loss of generality that py > 0.
Since ®(zo;po) is compact and does not contain y,, there exist disjoint open
neighborhoods V and W of yo and ®(xo; po), respectively. Applying the upper
large deviation bound for II to the complement of W, we find that

limsupyy' log ng (V) < —po

—00
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for each Xpy-sequence (zx) tending to zo. From this and the Countability
Hypothesis we conclude that there exists an open neighborhood U of zy such
that o

limsupyy' log sup  PN(V)< —po+¢/2. (1.5)

N—oo zeUNX(K)NXn .

Now choose z € U N K arbitrarily. Because of the Countability Hypothesis, we
find an X n-sequence (zy) which tends to z and belongs to U N X(K) for all
but finitely many terms. Applying the lower large deviation bound for P,fYV(V)
and combining it with (1.5), we obtain

—I(z;V) < —po+¢/2=—=I(zo;y0) + € forallz e UN K.
This finally yields (1.4). O '

In the rest of this section we collect some further properties of rate functions
which will be used in the subsequent sections.

A subset of a Hausdorff space Z is called universally measurable if it belongs
to the u-completion of the Borel o-field of Z for each Radon probability mea-
sure g on Z. A function f: Z — IR is called sequentially lower semi-continuous
if f(z) < liminf f(z,) for each sequence (z,) in Z with z, — z. If Z satis-
fies the first countability axiom, then a function f:Z — R U {400} is lower
semi-continuous iff it is sequentially lower semi-continuous.

Lemma 1.5. a) Assume that II is a special large deviation system with rate
function J:Y — [0,00], and suppose that the associated level sets ®(K;p) are
compact for all compact subsets K of X and all p > 0. Then J 13 sequentially
lower semi-continuous and universally measurable.

b) Let the Countability Hypothesis be satisfied. Assume that Il is a large
deviation system with rate function I: X xY — [0,00], and suppose that the
associated level sets ®(K; p) are compact for all compact subsets K of X and all
p > 0. Then I is sequentially lower semi-continuous and universally measurable.

Proof. a) For each compact set K C X, the sets ®(K;p), p > 0, are closed, i.e.
the restriction of J to 77!(K) is lower semi-continuous. Since each converging
sequence in Y is contained in 77!(K) for some compact subset K of X, this
implies the sequential lower semi-continuity of J.

Fix a Radon probability measure v on Y arbitrarily. Let (K, ) be an increas-
ing sequence of compact subsets of X such that the Radon measure vor™! is

concentrated on | J K,. Then v is concentrated on |J7~!(K,) and

U @(Krip) S{T <p}C | ®(Krsp)U (Y\ U W"(Kr))

for each p > 0. Since the sets ®(K,; p) are Borel measurable, this proves the
universal measurability of J.

b) This is a consequence of a). Indeed, we know from Theorem 1.3 that I
is the rate function of a special large deviation system. Moreover, Lemma 1.4
tells us that the associated level sets $(K; p) are compact. O
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Lemma 1.6. Assume that X satisfies the Countability Hypothesis and Y 1is
reqular. Let I1 = {PN;z € Xy, N € IN} be a large deviation system with rate
function I and scale yn, and suppose that the associated level sets ®(K;p) are
compact for all compact subsets K of X and all p > 0. Then the following
assertions are valid.

a) For each open subset G of Y the function I(-;G) is sequentially upper
semi-continuous and universally measurable.

b) For each closed subset F' of Y the function I(-;F) is sequentially lower
semi-continuous and universally measurable.

c¢) For each bounded continuous function g:Y — IR the function

hy(z) := sup 9(y) = I(z;9)], z€X,

18 bounded, sequentially continuous, and universally measurable.

Proof. Let f:X — IR be a sequentially lower semi-continuous function. By
the Countability Hypothesis, each compact subspace of X satisfies the first
countability axiom. Consequently, the set {f < p} N K is closed (and, hence,
Borel measurable) for each p € IR and each compact set K C X. This implies
the universal measurability of f (cf. the proof of Lemma 1.5 a)). This also shows
that each sequentially upper semi-continuous and each sequentially continuous
function on X is universally measurable.

a) Let (z,) be a sequence in X with z, — z, and let K be a compact subset
of X containing (z,). Given an open subset A of X and A > 0, we find an open
neighborhood U(z) of = such that

e - N(4).
I(z; A) h—l}\lfliffof7N logieu(zl)rrlwanXN 2 (4)

This is a consequence of the lower large deviation bound and the Countability
Hypothesis. Applying the upper large deviation bound to PN (A), we see that
the expression on the right does not exceed

— sup I(#A).

zeU(z)NnK
This shows that _ '
limsupI(zn; A) < I(z; A) (1.6)

for each open set A C X.
Now let G be an arbitrary open subset of X. Then (1.6) implies that

limsup I(z,;G) < I(z; A)

n—oo
for each open set A with A C G. Because of the regularity of Y, this yields

limsup I(z,;G) < I(z; G),

n—00
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ie. I(-;G) is sequentially lower semi-continuous.

b) Let (z,) be a sequence in X with z, — z, and let K be a compact subset
of X containing (z,). We must show that

I(z; F) < liminf I(z,; F) (1.7)

for each closed subset F' of Y. It suffices to prove (1.7) for F N ®(K; p) instead
of F' with p > liminf,, . I(z,; F). We can and will therefore assume that F is
compact.

Fix € > 0 arbitrarily. Since I is lower semi-continuous on K X Y (see
Lemma 1.4), we find for each point y in ¥ open neighborhoods U, and V,, of z
and y, respectively, such that

I(z;9) > I(z;y) — ¢ for all (£,9) € (UyNK) x V.

Now select a finite covering of F' by sets Vi :=V,, (k=1,...,r) with y1,...,y,
€ F and put U := [);_, Uy,. Then for all sufficiently large n, z, belongs to
U N K and therefore

. — : . > : . —e> . — .
I(z,; F) lxsnlggrl(mn,FﬂVk)_lglgxslrI(z,yk) e>I(x;F)—¢

This proves (1.7).

c) Again, let (z,) be a sequence in X with z, — z, and let K be a compact
subset of X containing (). Since I > 0 and I(z;Y) = 0 for each z € X, we
have

infg < hy, <supg.
In particular, hg is bounded. This also shows that
he(2) = sup [g(y) - I(Z5y)], E€K,
YES(K;p)
for p > supg —inf g.

Fix € > 0 arbitrarily and choose a finite covering of ®(K; p) by open neigh-

borhoods W(y1),...,W(yr) of y1,...,yr, respectively, such that

sup |g(y) —g(yx)| < /2 fork=1,...,r.
yEW (yk)

(Here we have used the regularity of ¥.) Then
- liminf hg(z,) = liminf max sup [g(y)— I(zn;y)]

n—oo n—oo ISkSryeW(yk)

s o e
> liminf max [o(ye) ~ I(zn; W(e))] = </2

It follows from assertion a) that the maximum on the right is sequentially lower
semi-continuous. We can therefore continue as follows:

> max [g(y) —I({c; W(yx))] — /2

1<k<r
> max sup [g(y)—I(z;y)] —¢
1SEST yeW(ye)

= hy(z).
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This proves the sequential lower semi-continuity of &,.
It remains to show that h, is sequentially upper semi-continuous. Using
assertion b), we obtain

limsup hy(r,) =limsup max  sup 9(y) = I(zn;y)]

T n—oo 1SEST yeW(ye)
< h’rln_iiP 1ma2< [!](yk) . (mn;W(yk))] +¢/2
eI [g(y") THminf I (me(yk))] +e/2
S o [g(y") I(‘T W(?/k))] +¢/2
< hy(z) +¢,

and we are done. O

We remark that the results of this section are applicable to families of Radon
probability measures indexed by an arbitrary directed set instead of IN.

2. Multilevel large deviations

The aim of this section is to study large deviations for empirical measures of
independent copies of random variables which themselves satisfy the large devi-
ation principle. Before formulating the precise results (Theorems 2.1, 2.2, 2.7,
and 2.9 below), we introduce the necessary notation.

Throughout this section, X and Y are completely regular Hausdorff spaces,
and (Xx) is a sequence of subsets of X such that each point in X is the limit
of an Xy-sequence. By M(X) and M(Y) we denote the spaces of Radon
probability measures on X and Y, respectively, furnished with the topology
of weak convergence. M(X) and M(Y") are also completely regular Hausdorff
spaces. Concerning this and further topological properties of the spaces M(X)
and M(Y"), the reader is referred to Topsge [15].

Let Cy(X) and Cy(Y) denote the spaces of bounded continuous functions
on X and Y, respectively, equipped with the sup-norm || - ||. Given p € M(X)
and f € C’b(X )> (1, f) will stand for the integral of f with respect to p. Corre-
spondingly we deﬁne (v,g) for v € M(Y) and g € C4(Y). By A and 14 we will
denote the closure and the indicator function of a set A, respectively.

Throughout this section we will assume that the following hypotheses are
satisfied.

Metrizability Hypothesis. For each compact subset K of X there exists a
metrizable set X(K), K C X(K) C X, such that each point of K is the limit
of an X y-sequence which belongs to X(K) for all but finitely many terms.

Tightness Hypothesis. Each converging sequence in M(X) is tight.
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Note that the Metrizability Hypothesis implies the Countability Hypothe-
sis of Section 1. The class of spaces X which fulfill the Tightness Hypothesis
contains all metrizable spaces, all spaces which satisfy the second countabil-
ity axiom, and all locally compact spaces (cf. Topsge [15], Theorem 9.3). In
particular, both hypotheses are satisfied in the case when X is a Polish space.

Given M, N € IN, we denote by MM ¥ (X) the subset of M(X) consisting
of M-point empirical measures on Xy, i.e.

M ,
MM,N(X) = {M—l Z(?zm I TN . ¥ EXN},
m=1

where §, is the Dirac measure at x. Each element of M(X) is the limit of
an MMN(X)-sequence as M,N — oco. The proof of this fact relies on the
Metrizability Hypothesis and will be given in Appendix A.1.

2.1. Main result

Let {PN;r € Xn,N € IN} be a family of Radon probability measures on Y.
By {Pf’N;p € MMN(X), M € IN,N € IN} we denote the family of Radon
probability laws on M(Y") associated with the empirical measures of indepen-
dent copies of Y-valued random variables with laws PN. More precisely, given

p=M1 E,AT{:l 6z,, (z1,...,2m € XnN), ’P},V[’N is the image of the Radon ex-
tension of the product measure Pg ® - Q® ng with respect to the continuous
map

M
YM e (yy...,ym) — M7! Z5ym € M(Y).

m=1
Let m:Y — X be a surjective continuous map, and denote by 7 the induced

map M(Y) — M(X) defined by #(v) := vor~!, v € M(Y), which is also

continuous.

Theorem 2.1. Assume that {PY;z € Xy, N € IN} is a special large deviation
system (with respect to mw) having rate function J and scale yn and that the
associated level sets ®(K;p) are compact for all compact subsets K of X and
all p > 0. Then {'Pf‘w’N;,u € MMN(X) M € NN € N} is a special large

deviation system (with respect to &) with rate function

S(v) := /}: J(y) v(dy), veM(Y), (2.1)
 and scale M~n as M,N — oo.

Given p € M(X) and v € M(Y), let M(pu,v) denote the set of Radon

probability measures on X X Y with left marginal x4 and right marginal v.
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Theorem 2.2. Assume that {PN;z € Xn, N € IN} is a large deviation system
having rate function I and scale yN and that the associated level sets ®(K;p)
are compact for all compact subsets K of X and all p > 0. Then {'P:I’N;;L €

MMN(X) M € IN,N € IN} is a large deviation system with rate function

S(iv)i= o [ I@n)QUnd), ke M), ve M), (22)

and scale Myn as M, N — co.

By Lemma 1.5, the functions J and I are universally measurable. Therefore,
the integrals in (2.1) and (2.2) are well-defined.

Before proving Theorem 2.1, we show how to derive Theorem 2.2 from The-
orem 2.1 and Theorem 1.3.

Proof of Theorem 2.2. As in Section 1, let j;iv denote the Radon extension of
§; ® PN. We know from Theorem 1.3 that {f’f,x € Xn,N € IN} is a special
large deviation system (with respect to the canonical projection X x ¥ — X)
having rate function I and scale yy5. Moreover, Lemma 1.4 tells us that the
level sets &’(K; p) are compact for all compact subsets K of X and all p > 0.
Let {PMN;y € MMN(X),M € N,N € N} denote the family of Radon
probability measures on M(X X Y') associated with the empirical measures for
{PN:z € Xy,N € N}. According to Theorem 2.1, this family forms a special
large deviation system (with respect to the canonical projection M(X x Y') —
M(X)) having rate function

5(Q) = /X I@nQUisdy), Qe MX xY),

and scale Mvyy. But P‘IIW'N is the image of 73}}4’1\’ with respect to the canonical
projection M(X xY) — M(Y) transforming Radon measures on X x Y into
its marginals on Y. Therefore the assertion of Theorem 2.2 follows now by an

application of the ‘contraction principle’ (see e.g. Varadhan [16], Theorem 2.4).
O

The rest of this section is devoted to the proof of Theorem 2.1. To this end
we assume that {PY;z € Xy, N € IN} is a special large deviation system (with
respect to 7) having rate function J and scale yn. Let I be defined by (1.1),
and denote the associated level sets by ®(K;p). We assume that ®(K;p) is
compact for each compact subset K of X and each p > 0.

The proof of Theorem 2.1 will be divided into several steps (Lemma 2.3 —
Lemma 2.6 below).

Let

U(p; p) = {VEM(Y):Vow"lz,u, /Jdugp}, peEM(X), p>0,
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be the level sets associated with S, and define

U(4;p) = | T(psp)
peEA

for A C M(X).

Lemma 2.3. The level sets U(p;0), p € M(X), are non-empty. In particular,
the map 7 13 surjective.

Proof. We first remark that the upper large deviation bound for {PN;z €
Xn,N € IN} yields I(z;Y) = 0 and, hence, ®(z;0) # 0 for all z € X.

Choose u € M(X) arbitrarily. There exists an increasing sequence (K, ) of
compact sets such that p is concentrated on Ur K,. We write p in the form

SO
H= Zpr,“r ’
r=1

where, for each r, p, is a probability measure concentrated on K, p, > 0, and
Zr br = L

Now fix r € IN arbitrarily. We claim that there exists a probability measure
vy € M(Y) with v.or™! = u, which is concentrated on the compact level set
®(K,;0). Indeed, one finds a sequence (z,,) in K, such that

18
Hrn = n ;5151':' — Hr
1=

weakly as n — oo (cf. the proof of Proposition A.1). For each n, choose a
point Y,, in the non-empty set ®(z,,;0) and define

n
1 E 6
Vrn = ; . Yri®
=1

Then 7(yri) = ri, Vrnom™ "' = Urp, and the measures v, are concentrated
on ®(K,;0). In particular, the sequence (v,,) is tight. Selecting a converging
subsequence, we find a probability measure v which is concentrated on ®(K,;0)
and satisfies v,om~! = p,. Hence the measure

oo
V= E Prr
r=1

belongs to M(Y') and satisfies vor ™! = u. Since v, is concentrated on ®(K,;0)
and J = 0 on ®(K,;0) for each r € IN, we have [Jdv = 0 and, hence, v €
T(p;0). O

1

We next prove the compactness of the level sets.
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Lemma 2.4. a) For each p € M(X) and each p > 0, the set U(y; p) 1s compact
and tight.

b) Suppose that K is a compact and tight subset of M(X). Then the sets
U(K;p), p = 0, are compact and tight. In particular, if X i3 a Polish space,
then ¥(K; p) is compact for each compact subset K of M(X) and each p > 0.

Proof. a) Let (K, ) be an increasing sequence of compact subsets of X such that
w(X \ K;) < 1/r for each r. Define

Y := D ®(K,;r)
r=1

and equip Y with the strongest topology which induces on ®(K,;r) the sub-
space topology of Y for each r. This topology on Y is stronger than the
subspace topology generated by Y. As free topological union of a countable
number of compact spaces, the space Y° is normal (Postnikov [11], p. 30). In
particular, it is a completely regular Hausdorff space. Let B(Y) and B(Y?)
denote the Borel o-fields of Y and Y?, respectively. One easily checks that
B(Y%) =B(Y)nY".

Let M(Y?) denote the space of Radon probability measures on Y endowed
with the topology of weak convergence. The continuous imbedding ¢:Y? — Y
induces a continuous map i: M(Y?) — M(Y) which transforms each measure
1% € M(Y?) into its image measure v with respect to ¢ given by

v(A) =1°(4NY"?), AeB(Y).
Now define

TO(p; p) := {VO e MY : v 0 tor™ ! =, /JOL d® < p} .

(The measurability of the map Jou:Y? — [0, 00] follows from its lower semi-
continuity proven below.) Since each measure v € ¥(y; p) is concentrated on Y,
the set U(u;p) is the image of ¥(u; p) with respect to i. To prove the com-
pactness and tightness of ¥(yu; p), we have therefore only to show that ¥%(u;p)
is compact and tight in M(Y?). ’ |

Applying Chebyshev’s inequality, we obtain for each v° € ¥°(p; p) and each r
the estimate

v’ (YO\@(K,-;T)) < VO(JOL>T‘)+V0 (L—loﬂ’_l(X\Kr))
< %/Jotdvo+n(X\Kr)s Pt

r

Since the sets ®(K,;r) are compact in Y°, this proves the tightness and, hence,
the relative compactness of ¥°(y; p).

It remains to show that ¥%(yu;p) is closed. To this end it suffices to check
that the map Jo¢ is lower semi-continuous. Fix p > 0 arbitrarily. Then the set

{Joe < p}N&®(K,;r) = B(Kr;r Ap)
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is closed in ®(K,;r) for each r. But this means that {Jo¢ < p} is closed in the
topology of Y°.

b) Since K is tight, we find an increasing sequence (K,) of compact subsets
of X such that u(X \ K,) < 1/r for each p € K. We can therefore repeat the
proof of part a) with ¥(y;p) and U°(u; p) replaced by ¥(K; p) and ¥°(K; p),
respectively.

If X is Polish then, by Prokhorov’s compactness criterion, the compactness
of K implies the tightness of K, and we can proceed as before. O

Now we turn to the proof of the lower large deviation bound. To this end
we set

S v) = { S(v) if vor™! = p,

+00 otherwise.

Lemma 2.5. For each MMN(X)-sequence (uM'N) tending to p € M(X) and
each open subset G of M(Y') we have

.. 1
lim inf
M,N—oco M’yN

log Py (G) = —S(4; @).

Proof. 1° Fix v € M(Y) with S(v) < co arbitrarily and choose an MM N (X)-
sequence (uMN) which converges weakly to u := vor~! as M, N — co. We

write the measures ™% in the form

M

My _ 1L 1 M,N M,N

7 —-—M—E 62:?{,1\( with 277, ...,z € XnN.
=1

Given M,N € IN, we consider a YM-valued random vector §M’N, . ,§M’N
1 M

on a probability space (2, F,IP) the law of which coincides with the Radon

extension of the product measure Pg,,,v Q- ®Pﬁ4,‘v. Le., ffW’N, ceny ﬁ’N are
M

1

independent Y-valued random variables with laws Pﬁw, N,...,PIAJ(,, ~, Tespec-
1 M
tively. We introduce the empirical measures

1 M
MN .- — b, MmN
: E M-

M &

Let U(v) be an open neighborhood of v. Fix h > 0 and sequences (M,,) and
(N,) of natural numbers with M,,, N, — co as n — oo arbitrarily. We must -
show that

(1]

lim inf
n—oo nYN,

(cf. Freidlin and Wentzell [7], Chap. 3, Theorem 3.3).

logIP (MM ¢ U(v)) > -S(v) - h (2.3)
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M, ,N, Mp,Ny
n, T ’

In the following we will write p”, 27, € and =" instead of p ; ,

flM"’N" and ZM»:Nn  respectively.

20 It is not hard to see that there exist pairwise disjoint open sets Gy, ..., G,
CY, compact sets Cx C G (k=1,...,r), and € > 0 such that

U(v) := { 7€ M(Y): 5(Gr) > u(Ch) —cfork=1,...,r } CU) (24)

(see e.g. Billingsley [2], Appendix III, Theorem 3 for a similar statement). We
choose €' € (0,1) so that

e +2Ve <e. (2.5)

Because of the Tightness Hypothesis, we find a compact set K 2 Ji_, 7(Ck)
with
p(K)>1-¢'/3  foralln. (2.6)

Since {PN;z € Xy, N € IN} is a large deviation system with rate function I,
we find for each z € K an open neighborhood U(z) such that

. . ]- : N
Sl E > —I(z; h 2.7
liminf logi ( )mi; ) P (Gy) I(z; Gi) /2 (2.7)

for k = 1,...,r, where X(K) is taken from the Metrizability Hypothesis.
Thereby we can assume that U(z) is chosen so ‘small’ that

inf  I(z; > I(z;Cy) —h/2 2.8
o2 T(ECY) 2 (2 C) — b/ (23)

for £k = 1,...,r. This follows from Lemma 1.6 b) and the Metrizability Hy-
pothesis. Since I(z; Gy) < I(z;Cy) for all k, we can combine (2.7) and (2.8) to
arrive at

1
liminf — log inf PN(Gy) > — inf I(#,Cp)—h
N—oco vN zeU(z)nX(K)NXnN zeU(z)NK

for k = 1,...,7. We now choose a finite covering {Uj,...,Uy} of K by open
sets of the form U; = U(z;) with z; € K (j =1,...,¢). Then

1
liminf —1 inf PNG) > = inf I(z:Cy)—h 2.9
Nres TN ngEUjﬂ}(l'l(K)ﬂXN > (Gr) 2 s€U;nK (= Ce) (29)

fory=1,...,qand k=1,...,r.
3% We find pairwise disjoint Borel sets W; CU; (j =1,...,q) such that

q
p| K\ U W; | <€'/3 and w(OW;) =0 for each j, (2.10)

i=1

where OW; denotes the boundary of W;. Given n € IN, we introduce the
pairwise disjoint sets of indices

A} ={i:2] €eW;NK}, 1=1,...,q.
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For each j, we further select pairwise disjoint subsets A7;,..., A% of AT such

that

v(Ck N W“l(Wj))
wW;)

|ATe] = AZ],  k=1,...,rm

where |A| denotes the cardinality of the set A and [a] is the integer part of a € IR.
If ,u(W) = 0, then we set A7, = { for all k. Since !A"]/M = u™(W; N K),
u" = u weakly and p(0W;) = 0, we have

limsup [A}| /M, < p(W;)
for all 7, and, consequently,

lim sup ]AZkI /M, < v(Ce N7~ Y(W;)) (2.11)

for all 7 and %.

4% We now claim that

q
{E," € Gy foralli € U A}y and k = 1,...,7‘} - {En € ﬁ(v)} (2.12)

J=1

for all sufficiently large n. Remembering the definitions of U(r) and Z*:V and
taking into account that IA;‘I /M, = p*(W; N K), we see that it will be enough
to show that

hnn_l’lgfz; Y(Ci %V W) mw; A K) > (Ch) — (2.13)

for each k. To this end, we fix k arbitrarily and assume without loss of generality
that the sequences (u™(W; N K)) converge for each j. Otherwise the subsequent
considerations must be done for an appropriate subsequence of (M, N,). We
introduce the index set

I= {j  Tim (W5 N K) > (1= VeHu(W;) } .

Using (2.6) and (2.10), we obtain

i=1 i=1

g
> (U Wj> —-e'/3>1-¢€.
i=1

q q
S - e (Y winr)
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Therefore
1—¢ < lim Y p*(W;)+ lim Y pu"(W;NK)
n oojEF n OonF
< Y W)+ (1= VE) D (W)
jer jgr
< 1=Ve Y u(Wy),
jgr
1.e.
> (W) < Ve
jgr

Hence, using this, (2.6), (2.10), and (2.5), we obtain

Z v(Ce O (W) lim px™"(W; N K)

o= wW;)
> (1= Ve Y u(Crnr~ (W)
Jjer
> (1=Ve') | D v(Chn ™ (W) - Z#(Wj)jl
J Jgr
> (1= Ve [W(Ch) — ' = VEI| 2 u(Ch) — &' = 2V
> I/(Ck) — &,

and we arrive at (2.13).

5° We have now collected all ingredients to prove (2.3). Using (2.4) and
(2.12), we obtain for all sufficiently large n the inequality

q
P(E"eU(v)) >P (f," € G forallz € UA;",C andk=1,-~a7'>

i=1

roq roq A7 & ]
=IIII II PGy > HH[ inf P,fv"(Gk)] o

. . . zeU;NnX(K)NX
k=1 j=1 1€A;‘,b k=1j=1 J (K)NXny,

Applying the large deviation bound (2.9) and taking into account (2.11), we
find that

liminf

1
logIP(Z" € U(v
mint 11— log P (2" € U(1)

r

q
> — inf  I(z;Cr) + h| v(Cr N~ Y (W;
;;Lewjnx (25 Ci) + | v(Cr N = (W)
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93 / [T) + K] v(dy)

k=1 j =1 Cenm=1(Wj)

and we arrive at (2.3). Here we have also used that 7(Cy) € K and therefore

zeiv{/ljfni([(x; Cr) < J(y) for each y € Cx N7~ (W)

and all 7 and k. The above estimates work in the case when

:e{/{}f I(:z: Cr) < o0 (2.14)

for all j and k. But they also work in the general situation with the conventions
0° = 1 and c0-0 = 0. To see this, one has to take into account that A% #0
implies v(Cx N7~ (W;)) > 0 and this yields (2.14), since by assumption S(v) =
[Jdv<oco. O

It remains to derive the upper large deviation bound.

Lemma 2.6. For each MMN(X)-sequence (uM'N) tending to p € M(X) and
each closed subset F' of M(Y) we have

limsup

1073 F) < —S(u; F).
M,N_va g PYS(F) < =S(u; F)

Proof. 1° Fix u € M(X) and an MMV (X)-sequence (u™N) with u*N — p
arbitrarily. As in the proof of the lower large deviation bound, we write u™N
in the form

M
1
NZX—Z with:z:llw’N,...,x%’NEXN.
Again, let (§IM N ,E%’N) be a YM-valued random vector on a probability
space (Q, F,IP) the law of which coincides with the Radon extension of PY, y ®
z
- ® P - Let
M
1 M
S
=1

be the associated empirical measure. Fix p > 0 and h > 0 arbitrarily. Let
(M) and (N,) be sequences of natural numbers tending to infinity. Let further
U(¥(p; p)) be an open neighborhood of the (non-empty) compact set ¥(y;p)
(see Lemma 2.3 and Lemma 2.4). We must show that

lim sup
n—o00 n YN,

log P (EM~M ¢ U(¥(1;p))) S —p+h  (2.15)



Multilevel large deviations 25

(cf. Freidlin and Wentzell [7], Chap. 3, Theorem 3.3).
In the following we will often write n instead of M,, N,. So we will use the
notations u", €* and =" instead of pMn Nn ﬁzM"’N" and EMnr:Nn respectively.

To prove (2.15), we choose measures vi,...,Vm € ¥(u;p) and functions
gi; ECy(Y) (i =1,...,m; j=1,...,n;) so that
U((i5 ) 2 Ut(¥ (15 0)) 2 Urpa(¥(p;0)) 2 ¥(p5 p), (2.16)
where
Ua( (1 p)) := | J {17 € M(Y): [(#,9i5) — (virgij)l <aforj=1,...,n; }
=1
(2.17)

Because of the Tightness Hypothesis, we find an increasing sequence (K, ) of
compact subsets of X such that

pt(Ky)>1-1/r for all n and r. (2.18)

Then
Ki={peMX):a(K,)>1-=1/rforallr}

is a compact and tight set of measures containing x™ and p. From Lemma 2.4
we know that ¥(K; p) is also compact. Because of this, we conclude from (2.16)
that there exist functions fx € Cy(X) (k =1,...,p) such that

Ur/a(¥(50)) 2 (V) N K p) (2.19)
where

V(i) = { i € M(X) 2 (i fi) = (s fi)l STfor k=1,...p ). (220)

2% We next construct mutually independent random variables f," which at-
tain only finitely many values and are ‘sufficiently close’ to ¢! for: = 1,..., M.
To this end we fix a number

t>8p[max{|[g,~j“:1§i§m,1_<_j Sn,—}Vmax{”ka:lSkSp}].

Because of (2.18), we may choose 7y € IN so that (221
PH(X\Kr) < il—/\11_1i_n——1——/\min————-—- for all n,
2t w5 16(lgill k16| fkll
ie.
{i:2} ¢ K, }| < M, (—h—/\min———l—/\min———l—-—) for all n,
2t i 16|lgisll k16 fell

(2.22)
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where |A| denotes the cardinality of the set A. We select a finite covering of the
compact set ®(K,,;t) by open sets Gy, ..., G, such that

sup |9:;(y) — 9:;(9) < 1/8 forall7,j and 1 <[ <¢q (2.23)
¥, 5€G

and

sup |fi(m(y)) — fe(m(§))| <1/8  forall kand 1 <I<gq. (2.24)
¥,5€G

We choose pairwise disjoint measurable sets A;,..., A, such that A; C G; for
I=1,...,qand UL, A = Ul_, Gi. We further set A := Go := Y \ UL, 4.
Note that this set is closed. Given 0 < { < g and 1 <r < rg, we set
Apri=AN ﬂ'_l(K,. \ K,_1)
(with Ky := 0) and pick a point y; , G G N ®(K,;t) so that
J(yi,r) =min{ J(y):y € GiN &(K,;t) }. (2.25)

(If G, N ®(K,;t) = 0, then we choose y; . € ®(K,;t) arbitrarily.) For 0 <1 <g¢
we further set

Ao :=AIN ﬂ'_l(X \ Kr,)

and y1,0 := y1,r,. Note that {4;,;0 <1< ¢,0<r <rp} is a partition of ¥ into
pairwise disjoint measurable sets. We introduce the index set

I' == {(I,r):0<1<¢1<r<rg,GiN®Kr;t)#0}
U{(5,0):0<1<q,GiN®(Kr;t)#0}.

Givenn € IN and 1 <i¢ < M, we define
=y, €A, 0<I1<q0<r<n, (2.26)

and introduce the associated empirical measure
a1 Y
=2ti= — E Ozn.
M, “ i
1=1

The above constructed objects have the following properties:
(i) yi,r € Gy for all (I,r) €T, y; . € ®(K,,;t) for all [ and r;
(i) J(yi,r) <inf{J(y):y € Zl,,.} for0<!/<gand1l<r <rg

(iii) Z"o7r~! € K a.s. for each n.



Multilevel large deviations 27

The last property follows from the observation that é"ow‘l(Km) = 1 and
Eron Y K,) > E"on }(K,) = p™(K,) for 1 < r < ry almost surely.

3% We next show that =" satisfies an ‘upper large deviation bound’ with rate
function

§(v) = /Y Fw)uldy),  ve M),

where

j()_ J(y) fory € {y,r:0<1<¢q,0<r <o},
Y= 400 otherwise.

More precisely, for each closed subset C of M(Y),

lim sup
n—oo A4n7AM

logIP (::, € C’) < - ;Ielfc S(v) + h. (2.27)
The set M of all measures in M(Y') which are concentrated on {1y, : 0 < l <
7,0 <r < ro} is compact. Since all realizations of the random measures =
belong to M and S(v) = 4oo for v ¢ M, it suffices to prove (2.27) for compact
sets C C M. But for this it will be enough to derive the following local large
deviation bound: For each v € M there exists an open neighborhood U(v) of v
such that

—logIP (B eUw) <-S() +h. (2.28)

limsup

n—oo M

To prove (2.28), we fix v € M arbitrarily, choose g € Cy(Y) so that g = J
on {y,:0<1<¢,0<r<ro} and put

Ul):={v:(s,9) >Sv)—-h/2}.

We introduce the index sets A™ := {7 : z? € K, }. Since yi, € ®(K,,;t), we
have g(yi,r) <t for all [ and r. Together with (2.22) this yields

<§",g> ]VII Zg(€)+—
tEAT

Using this and Chebyshev’s exponential inequality, we obtain

P (én c U(u)) <P (E 9(EM) > Ma[S(v) — h])

1EAT
< exp {~Marw, [5@) = B} ] Eexp {0}, (229)

iIEAT

where IE denotes expectation with respect to IP. Here we have also used that
the random variables €, 1 < ¢ < M, are mutually independent. For each



28 D.A. Dawson and J. Gartner

1 € A™ we have

q To
Eexp {7v,9(E1)} = 30 D exp {yw, J(u, )} P (€ € Au,p)
=0 r=1
g9 To _
<Y O> exp{yn.I(wir)}  sup  PN(AL). (2.30)
=0 r=1 z€KrNX N,

(By convention, the supremum over the empty set is zero.) Applying the upper
large deviation bound for {PY;z € Xy, N € IN} and taking into account the
Metrizability Hypothesis and property (ii) of step 2°, we obtain

1 —
lim sup log sup PN(4;,) < -=J(yr) (2.31)
n—oo YN, r€K.NXnN,

for 0 <1< gand 1l <r <ry. Combining (2.29), (2.30), and (2.31), we finally
arrive at the desired bound (2.28).

4% We have now collected all ingredients to prove (2.15). Using (2.16), (2.17),
(2.20), and property (iii) of step 2° and taking into account that Z™or~!
1 weakly as n — oo, we obtain for all sufficiently large n the estimate

P(Z" ¢ U(¥(y;p)))
< P (E" ¢ Ur(T(15 ), E € Uy j2(¥(ps; p)))
+P (7 ¢ Uy p(¥(p; ), Znon ™ € V() NK)
+ 1P (é"ow‘l ¢ V(/T))

~ 1
=N __ =N . d
(& -=n0)] > 3)

+P (8" ¢ Uy o(¥(p; ), Eron™! € V() N K)

:/j,n——)

>y

=1 j=1

IA

- =n _=n 1 .
D ((CEERIE

To prove (2.15), it therefore suffices to show that

. 1 = S — Py
hrrlnj;p Mo log IP (:" ¢ U12(¥ (5 p)), E o™ € V(p) NC) < —p+h,

(2.32)
: 1 =n _mn l 1
=" ==, 95 -] < - .
hgl—»solipl\/fn nlogIP(K ,g,J> >2 < —p (2.33)
fore=1,...,mand j=1,...,n;, and

lim sup 7 ! logIP (

n—oo n’yNn

. 1
<E" - E",fk07r>1 > 5) <—p (234
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fork=1,...,p.
Taking into account the inclusion (2.19) and remembering the definition of

1\ (V(,u) N K; p), we find that S(v) > S(v) > p for each v with v ¢ Ui 2(%(p5 p))

and vor~! € V(u) N K. Therefore an application of the large deviation
bound (2.27) yields (2.32).

Using property (i), (2.23), (2.22) and (2.21) of step 2°, we get for all ¢, ;:

fn —m 1
(& -=me)| < 3

< 2l 5 Z Z T, (7)

— 9i; (&)

™ k=1(,) ¢l
1
s gt ng;” [{%: ﬂv‘k%Kro}HE Y La,(€F)
k=1 (I,r)¢T
(r¢)§
1t
s 7t Z Z La,,, (€)-
" k=1 (1,r) gl
r#0

Using this estimate and applying Chebyshev’s exponential inequality, we obtain

P (|<é" - E",gij>t > 1/2)
M,

< PYY Y tLa, (&) > Map

k=1 (1,r)¢r
0

o,
< exp{-Mpyn.p} [[Eexpvn, D, tha, (). (235)
k=1 (1,7 gr
T#0

Moreover, for each &,

Eexp {7v. Y, tLa,,(6F)

(4,r)¢r
r#0
< l+exp{nt} D, P €A
(I,r)¢r
r#0
< l4exp{yn,t} >, sup PN(G)). (2.36)

a T)QF IEK,-F\XN"
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But for (I,r) ¢ T and r # 0 we have G; N ®(K,;t) = § and therefore
inf{J(y):ye GNnr~}(K,)} >t

Because of this and the Metrizability Hypothesis, an application of the upper
large deviation bound for {PN;z € Xy, N € IN} yields

1 —
lim sup log sup PN (G) < —t
n—oco YN, T€EK,.NXnN,

for (I,r) ¢ T and r # 0. Thus, the expression on the right of (2.36) tends
to 1 as n — co. Combining this with (2.35), we arrive at (2.33). The proof of
assertion (2.34) repeats that of (2.33) with g;; replaced by fyo.

This completes the proof of the upper large deviation bound (2.15). O

2.2. Other representations of the rate function

In this subsection we derive two more representations of the rate function (2.2).

Let us begin with the derivation of a dual expression for the marginal prob-
lem (2.2).

Theorem 2.7. Let the assumptions of Theorem 2.2 be satisfied. Then
S(u;v) = sup [(V, g) — <u, suplg(y) — I(- ;y)]>] (2.37)
gECHL(Y) yeEY

for all p € M(X) and v € M(Y).

Remark 2.8. From Lemma 1.6 ¢) we know that the last supremum on the right
of (2.37) is sequentially continuous. Therefore

S(u;v) = sup (u, £ + (v 9)],
Fog<I
fECb,s(X)rgECb(Y)

where Cj s(X) denotes the space of bounded sequentially continuous functions
on X. If X is Polish, then C} 4(X) = Cy(X). The representation (2.37) of the
rate function S may therefore be regarded as a version of the dual representation
for marginal problems, see Kellerer [9]. Unfortunately, the (rather general)
assumptions in Kellerer [9] do not exactly fit our needs. The proof given below
employs the large deviation background of the functional S.

Proof of Theorem 2.7. Given @ € M(p,v) and g € Cp(Y'), we have
/Q(dw,dy) I(z;y)
> [ Qas,ai) (sts) = sup lo(@) - e
= (v,9) - <#,§1€11‘3 [9(y) - I(-;y)]> :
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This shows that

Sz sw [ - (mswle)-10w])]  @39)
gECH(Y) yeY
for all p € M(X) and v € M(Y).

Fix g € M(X) arbitrarily and set S(u;v) := S(p;v) for v € M(Y) and
S(p;v) := 4oo for v € Cy(Y)* \ M(Y). Note that S(u; -) is convex and the
level sets ¥(y; p), p > 0, are compact in Cy(Y)* (cf. Lemma 2.4 a)). Therefore
the function S(u; -) is convex and lower semi-continuous on C(Y)*. But this
means that 5'(;4; - ) coincides with its bipolar, i.e.

S(sv)= sup [(v,9) — L(p;9)],  veE M),
gECH(Y)

where
L(p;9):= sup [{v,9) — S(u;v)], g € Cy(Y)
vEM(Y)
(see e.g. Ekeland and Temam [6], Chap. 1, Proposition 4.1).
To prove the inequality opposite to (2.38), it will therefore be enough to
show that

L(p; g) 2 <u, ;gg[g(y) —1I(+; y)]> , g€ C(Y). (2.39)

Note that this inequality remains valid if one replaces g by g + const.

To prove (2.39), we fix ¢ € Cy(Y) and assume without loss of generality
that ¢ < 0. We choose an MMV (X)-sequence (u™) with pMV — 4 as
M,N — oco. By Theorem 2.2, {P}";n € MMN(X),M € N,N € N} is a
large deviation system with rate function S and scale M~yy. We can therefore
apply the Laplace-Varadhan method to obtain

L(p;g) = | lim

M.N
M,N—co MyN fog /M(Y) Pt (dv) exp{Myn (v, g)} (2.40)

(see e.g. Varadhan [16], Theorem 2.2). It follows from the definition of the
measures ’P%}IYV that

1 M,N
lo / P vin (dv) exp{Mvyn(v,
My & M) uM.N( ) exp{M~n(v,g)}

= [ #¥N(da) —og [ PY@)empimew)). (241
X IN Y

Now fix ¢ > 0 arbitrarily. Let (M,) and (V) be sequences of natural
numbers tending to infinity. We will write x™ instead of p™» ™~ Because of
the Tightness Hypothesis, there exists a compact set K C X such that

p(K)>1—¢  foralln. (2.42)
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Applying the Laplace-Varadhan method to the large deviation system {P}¥;z €
Xn~,N € IN}, we get

. 1 '
Jim —log [ P(dy) explums(v)} = suplo(y) — L(ziv)
= YN Y yeY

for each X n-sequence (zy) tending to z € X. Therefore, taking into account
the Metrizability Hypothesis and Lemma 1.6 ¢), we find for each z € K an open
neighborhood U(z) of & such that

1
liminf —1 inf PN (d
e a8 seuanknXa, / : " (dy) exp{yn,9(v)}

> sup sup[g(y) — I(Fy)] —e. (2.43)
zeU(z)NK yeY

We select a finite covering {Gi,...,Gr} of K by such open neighborhoods.
Taking into account (2.42), we find pairwise disjoint measurable sets 4; C G;
with 1(04;) =0 (1 <:<r) and '

=1

" (X \ U (4N K)> < 2. (2.44)

From this and (2.42) we conclude that

u" (X\ O (A; N K)) < 4e (2.45)

=1

for all sufficiently large n. Combining (2.40) with (2.41) and taking into ac-
count (2.45), we obtain

r . 1
L(p;g) > ) liminf / u"(dz) — log / Pl (dy) exp{yn.9(y)}
i= % Jaink TNn Y

— el (2.46)
Since (2.43) holds for U(z) replaced by A;, we get

lim inf p"(de) !
n—o0 JA;NK YN,

1
S T iaf o™ A . N,
> hnni101‘13f;z (A,)—an longA;f'lIIfl(fﬂXNn /Pz (dy) exp{n,9(y)}

log / P~ (dy) exp{yw, a(v))

Z#(Ai)( sup sgp[g(y)—f(zsy)]%)

T€ANK

zﬂ(AmK)( sup sx;p[g(y)—z(x;yn—e)—<ugu+e>u<A.-\K>

z€A;NK

2 /AmKﬂ(dz) (SI;p[g(y)—I(:r;y)] —6> —(lgll + &) p(A: \ K)  (2.47)
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for 1 < 2 < r. Here we have used that, as a consequence of g < 0, the expression
under the first integral is nonpositive. We have also used the bound sup,[g(y) —
I(z;y)] > —|lg]| - Substituting (2.47) in (2.46) and taking into account (2.44),

we arrive at
L(ug) > /X (dz) suply(y) = I(ai)) =& (Tllgll + 1 +2)

Since ¢ may be chosen arbitrarily small, this proves (2.39), and we are done.
a

We are now going to derive a further useful representation of the rate func-
tion S (formulas (2.48) and (2.49) below) under the restriction that X and Y are
Polish spaces. Then, in particular, X satisfies the Metrizability and the Tight-
ness Hypotheses and M(X) and M(Y") are also Polish spaces. For each N € IN,
we will denote by M(X n) the space of Radon probability measures on X and
by MM(Xy) the subspace of M-point empirical measures. We will consider
M(Xy) as a subspace of M(X) and identify MM (Xy) with MMV (X), the
subspace of M(X) consisting of M-point empirical measures concentrated on
Xn. Let EY denote expectation with respect to PN,

Before formulating our result, we need to introduce the notion of e-con-
vergence (‘convergence in terms of the epigraph’, cf. Wets [18]). Let Z be a
Hausdorff space, and let f,, n € IN, and f be functions from Z into RU {+o0}.
We will say that the sequence (f,) is e-convergent to f,

f = e-lim fna

if for each z € Z the following conditions are satisfied:

(1) f(z) £ sup liminf 1nf fn(2);
VEV(Z) n—oo
(i1) f(z) > sup limsupi 1nf fn(2).

VEeVY(z) n—oo ze

Here V(z) denotes the system of neighborhoods of z. If Z satisfies the first
countability axiom, then (i) and (ii) are equivalent to the following conditions:

(i') for each sequence (z,) tending to z it holds

f(z) < liminf fo(zn);

(i1") there exists a sequence (22) tending to z such that

f(2) 2 limsup fn(zp).

n—oo

This notion of convergence is useful in studying sequences of lower semi-
continuous convex functions; in particular, a sequence of lower semi-continuous
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convex functions converges in this sense if and only if their convex conjugates
converge (cf. Wets [18]).

Theorem 2.9. Assume that X and Y are Polish spaces, and let the assumptions
of Theorem 2.2 be satisfied. Suppose further that the map z — PN from Xy
into M(Y') 18 continuous for each N € IN. Then the following assertions are
valid.

a) For each N € IN, {'PZ‘V{’N;/L € MM(XN), M € N} is a large deviation

system with scale M and rate function

SV(wiv)i= sup [(v, f) = (n,log ENef)], pe M(Xn), veM(Y).
FECH(Y)

b) {’P:L\’I’N;;L € MMN(X) M € N,N € IN} is a large deviation system with
scale Myn (as M,N — oo). The corresponding rate function S satisfies

S(u;+) = elim 45! S™(u;) (2.48)

for each p € M(X) and each sequence of measures ¥ € M(Xy) tending to p.

c) Let Z be a regular Hausdorff space and 7 a continuous map from M(Y)
into Z. Denote by Qﬁ'I’N the tmage of the measure 'P}“’I’N with respect to w (u €
MMN(X), M €N, N € N). Then, for each N € IN, {QM:N; e MM(Xy),
M € IN} i3 a large deviation system with scale M and rate function

SN(;2) := ,r(i;%iz SN (u;v), p e M(XyN), z€Z

{ny’N;p € MMN(X) M € IN,N € IN} is a large deviation system with scale
M~yn (as M,N — o0) and rate function

Sr(u;z) = "(il%t;zS(;L;zx), pEMX), z€Z.

Moreover,
Sa(p;+) = elim 5" S7 (™) (2.49)

for each p € M(X) and each sequence of measures u™N € M(Xn) tending to p.

Proof. a) Assertion a) is a Sanov type theorem. Its proof can be found in
Dawson and Gartner [4], Section 3.5.

b) That {PMN; e MMN(X), M € N,N € IN} is a large deviation system
is a restatement of Theorem 2.2. It only remains to prove (2.48). To this end,
we fix 4 € M(X) and a sequence of measures ¥ € M(Xy) with u¥ — pu.
Since X is Polish, the subspaces X are metrizable. We may therefore apply
Proposition A.1 to find for each N € IN measures u™ € MM(Xy), M € IN,
such that

pMN N in M(XN) as M — oo, (2.50)
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Since M(X) is metrizable, we conclude from this that for each N € N there
exists Mp(IN) € IN such that

pMN o in M(X) as M, N — co and M > My(N). (2.51)

Given v € M(Y), let V be an arbitrary neighborhood of v. From assertion a)
and (2.50) we conclude that

~ jnf SN(uN; ) < liminf M~ log P (V) (2.52)

for each N. On the other hand, because of Theorem 2.2 and (2.51), we have

— inf S(u;7) >  limsup M7y log 73%1\,':, (V). (2.53)
eV M,N—oo
M3>Mo(N)

Combining both estimates, we arrive at
inf S(u;7) < liminf inf y5' SN (uN;9).
7-1% N—ooco eV

Taking into account that S(y;-) is lower semi-continuous and M(Y") is regular,
we conclude from this that

S(u;v) < sup hmmf inf 7N15N(y v). (2.54)
Vey(v) N—oco veV

Using the large deviation bounds
~ inf SN (uN;v) > lim sup M~ log P\ (V)
v — 00

and
— inf S(p;7) < liminf M"lfyx,l log'Pbi}Az,v(V)
JEV M, N—oo L
M>Mo(N)

opposite to (2.52) and (2.53), respectively, we find in a similar manner that

S(u;v) > sup limsup i mf 7N15N(p D). (2.55)
VeV(v) N—oo ve

(2.54) and (2.55) together imply the e-convergence of SV(u?;-) to S(y;-).

c¢) The first half of assertion c) is a consequence of the contraction principle.
The proof of the e-convergence (2.49) follows the proof of (2.48) with P}Y,
SN and S replaced by Qﬁ’[’N, SN and S, respectively. O
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3. Randomly perturbed dynamical systems

3.1. Non-interacting diffusions

In this section we deal with diffusion processes in IR? with generator

e & < ij 2 : i 9
L= D a7( )5 +Zb(-,t)a$i (3.1)
i=1

ij=1

depending on a small parameter € > 0. More precisely, given T > 0, we consider
for each ¢ > 0 the solution {P; ;;(z,t) € R? x [0, T]} to the martingale problem
for {£5;t € [0,T]}. Here Py , is the law on Co 1 := C([0, T}; R?) of the diffusion
process governed by {£$;t € [0,T]} which starts at time ¢ at point z. For details
see e.g. Stroock and Varadhan [14]. We will often write P; instead of P; ;. We
impose the following assumption on the diffusion matrix a(z,t) = {a'(z,t)}

and the drift vector b(z,t) = {b'(z,1)}.

Assumption (D1). The diffusion matrix a: R? x [0,T] » R? ® IR? and the
drift vector b:IR? x [0,T] — IR? are continuous. For each (z,t) € IR? x [0, T},
the matrix a(z,t) is symmetric and strictly positive definite.

This condition guarantees uniqueness of the solution to our martingale problem
for each € > 0 (Stroock and Varadhan [14], Theorem 7.2.1 and Corollary 10.1.2),
but it does not exclude explosion. In the next assumption we require that our
processes do not explode. Non-explosion criteria can be found e.g. in Stroock

and Varadhan [14], Chap. 10.

Assumption (D2). The martingale problem for {£$;¢ € [0,T]} is well-posed
for each € > 0.

We next want to formulate the Freidlin-Wentzell result on large deviations
for the family of probability measures {P%;z € R?, ¢ > 0} (Theorem 3.1 below).
To this end we need some further notation.

Given (z,t) € R* x [0, T], we denote by |- | : and V¢, respectively, the
Riemannian norm and the Riemannian gradient in the tangent space at = for
the Riemannian structure on IRY associated with the diffusion matrix a(-,1).
In particular,

d
1212, =Y aij(z, )27, z=(d,...,2%) € RY,

i,j=1

and

d G, d
Wz,tfli;t = Z “”(x’t)—gg—) (];S)

hj=1



Multilevel large deviations 37

Here {a;;(z,t)} denotes the inverse of the matrix {a'(z,t)}. (Of course, if
a( -,t) is not sufficiently smooth, then there is not really a Riemannian structure
associated with a( -,t), but the above formulas still make sense.) Suppressing
the dependence on z, we will often write ||, and V instead of ||, , and V. 4,
respectively.

We define a functional I: Cy r — [0, 0] by setting

1T
He)i= 5 [ 19(0) = Ho(®) Ol (32)
if ¢ € Cy,r is absolutely continuous and I(¢) := 400 otherwise. Let

®(A4;p) :={p€Cor:9p(0)€ A I(p)<p}, ACTRY p>0,

denote the associated level sets.

Cor, I, and ®(A4;p) are defined with respect to the time interval [0,T].
Given an arbitrary time interval [s,t] C [0,T], the associated objects will be
denoted by C, ¢, I, ¢, and @, ,(A; p), respectively.

Assumption (D3). (i) For each compact set K C IR* and each p > 0, the set
®(K; p) is bounded in Cj 7.
(ii) For each t € [0,T) and each z € IR?, the equation

G(u) = b(p(u),u),  weltT], (3.3)
has at least one solution ¢ € Cy 1 with ¢(t) = z.

We are now ready to state the large deviation result of Freidlin and Wentzell
in a form which is convenient for our purposes.

Theorem 3.1. Let the Assumptions (D1)-(D3) be fulfilled. Then {P%;z € RY,
€ > 0} i3 a special large deviation system (with respect to the map ¢(-) — ¢(0))
with rate function I and scale €2 as € — 0. Moreover, the level sets ®(K;p)
are compact for all compact sets K C R? and all p > 0.

For bounded and uniformly continuous drift and diffusion coefficients with
uniformly non-degenerate diffusion matrix the proof can be found in Freidlin and
Wentzell [7], Chap. 5, Theorem 3.1, in the time homogeneous situation and in
Wentzell [17], Theorem 4.3.3, for time inhomogeneous coefficients. Azencott [1],
Chap. III, Theorem 2.13, allowed explosion and degeneracy of the diffusion ma-
trix but assumed local Lipschitz continuity of the drift and diffusion coefficients.

In Appendix A.2 it will be shown how Theorem 3.1 may be derived from the
results in Wentzell [17] by use of localization techniques.

Remark 3.2. a) Let Assumption (D1) be satisfied. Then Assumption (D3)
is equivalent to the condition that the sets ®, (K;p) are bounded in C;, and

non-empty for 0 < s <t < T, each compact set K C le, and all p > 0.
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Indeed, part (ii) of Assumption (D3) is obviously equivalent to the condition
that the sets ®,(K;p) are non-empty. Now let (D1) and (D3) be satisfied.
To check that ®, (K p) is bounded, we define a map ¢: Cs s — Co, 1 by setting
o) (u) = p(s) for u € [0,s], t(p)(u) := ¢(u) for u € [s,t], and by choosing
t(p)(u), u € [t,T], to be a path of the dynamical system (3.3) with ¢(¢)(¢) =
©(t) which exists according to part (ii) of Assumption (D3). It follows that
L(®,4(K; p)) C ®(K;p) for some p > p. Since (K p) is bounded by part (i)
of Assumption (D3), this yields the boundedness of @, (K p).

b) If the drift coefficient b is time-independent, then Assumption (D1) and
part (i) of Assumption (D3) together imply part (ii) of Assumption (D3). Oth-
erwise one would find ¢t € [0,T), ¢ € R% and an unbounded continuously
differentiable function ¢: [t,T) — R? satisfying ¢(t) = z and ¢(u) = b(p(u))
for u € [t,T). Set pp(u) := z for v € [0,¢ + 1/n] and ¢,(u) := ¢(u — 1/n) for
u € [t+1/n,T]. Then (¢,) is an unbounded sequence in Cy 7 which belongs to
®(z; p) for some p > 0. But this contradicts part (i) of Assumption (D3).

c) In general, the Assumptions (D1) and (D2) do not imply Assumption (D3).
To see this, let F' be a bounded smooth real function with F'(z) > 0 for all z.
Then the Assumptions (D1) and (D2) are satisfied for d = 1, a(z,t) = a(z) =
(F'(z))~? and b(z,t) = 0. But each solution of the equation

1/2
b

o) = (L ale2))

explodes before time T for p > (F(+00) — F(—0))?/T. Consequently, for each
such p, the level sets ®(K; p) are not bounded in Cy 7.

t>0,

d) Let Assumption (D1) be fulfilled. Suppose that there exist a continuously
differentiable function U:IR¢ — IR with

l llim U(z) =400 (3.4)
and A > 0 such that
LU + %IVtUlf < AU for all ¢t € [0, 7). (3.5)
Then Assumption (D3) is satisfied. Before turning to the proof, let us remark
that condition (3.5) is certainly fulfilled in the case when b(-,t) = -V U,
t€[0,T].

Using (3.5), we find that

%(6_MU(99(t))> Y

e

(&(8), VUl (1)), — AU (o(2)|
< M(plt) - Melt), 0, VU (e(0), — 2 1V DO

o (t) — b(p(t), t)|?

—

< e—/\t

|
DN |
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for all absolutely continuous paths ¢ € Cy 1 and Lebesgue-almost all ¢ € [0, T].
Here (-, ), denotes the Riemannian inner product with respect to the diffusion
matrix a( -,t). Thus, integration yields

e MU(p(t) S U(@(0)) +I(p),  t€0,T].

Together with (3.4), this implies the boundedness of the level sets, i.e. part (i)
of Assumption (D3). Now let ¢ be a path of the dynamical system (3.3) in a
right-open time interval [¢,t') C [0,7]. Then, analogous to the above, we obtain

e MU (p(u)) < e MU(p(t)) for u € [t, ).

Hence, ¢ is bounded on [¢,t'). In other words, the paths of our dynamical
system do not explode. Together with Assumption (D1), this implies part (ii)
of Assumption (D3).

We are now going to study large deviations for empirical processes of N
independent copies of our diffusion processes in the limit as N — oo and ¢ — 0.
Before formulating our result (Theorem 3.3 below), we introduce some fur-
ther notation. By M := M(IRd) we denote the space of probability measures
on IR? endowed with Prokhorov’s metric. Given N € IN, let MY be the subset
of M consisting of N-point empirical measures, i.e. of measures p of the form

N
,U,=N_IZ6,;£ with z1,...,zy € R% . (3.6)
=1

Also let Co, 7 := C([0,T]; M) be the space of continuous functions from [0, T
into M furnished with the topology of uniform convergence. Both M and Cy 1
are Polish spaces.

Given N € IN, ¢ > 0, and a measure u € MY of the form (3.6), we denote
by ’P,’LV ¢ the law on Cy, T of the empirical process associated with N independent
diffusions having law P; ,..., P, respectively. More precisely, 'Piv ¢ is the
image of the product measure P; ® ---® P;_ with respect to the continuous
map

N

, (GO,T)N S (yl('), T ’yN(')) — <t — N1 25‘,}‘.“)) € Co,T. (3.7)

=1

We denote by D the Schwartz space of test functions R? — IR having com-
pact support and possessing continuous derivatives of all orders. We endow D
with the usual inductive topology. Let D' be the corresponding space of real
distributions. For each compact set X C IR?, D will denote the subspace of D
consisting of all test functions the support of which is contained in K. Given
Y € D' and f € D, let (I, f) denote the application of the test function f to the
distribution 9. A distribution-valued function 9(-): [0,7] — D' will be called
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absolutely continuous if for each compact set K C IR? there exist a neighbor-
hood Uk of 0 in Dg and an absolutely continuous function Hg:[0,7] — R
such that

[(9(s), £) = (9(2), )| < |Hk(s) — Hk ()]
for all s,¢ € [0,T] and f € Ug. If 9(:) is absolutely continuous, then the
derivative in the distribution sense ¥(t) exists for Lebesgue-almost all ¢ € [0, T,
see Dawson and Gaértner [4], Lemma 4.2.

Given 4 € M and t € [0,T], we introduce a normed linear space T, ; :=
{9 €D :||9||s¢t < oo} with norm || - ||4,¢ defined by

2
IZ, = sup Oy ey (3.8)
F€Due (1, |V, fl7)

Here D¢ := {f € D : (1,|V,f]?) # 0}. Heuristically speaking this means

that, for each ¢ € [0,7'], we consider M as an infinite dimensional ‘Riemannian

manifold’ with ‘tangent spaces’ T}, ; and ‘Riemannian norm’ || - ||, ,¢, £ € M.
We define a functional S°:Cy 7 — [0, 00] by setting

1 T
S =5 [ ) = (ED MO (39)

if p(+) is absolutely continuous and S°(p(+)) := +oco otherwise. Here

: d
0. i,
L= i§=1:b ()57

denotes the operator (3.1) for € = 0 corresponding to the unperturbed motion
& = b(z,t), and (£?)* is the formal adjoint of £? acting on D'. Let

\IJO('A, P) = {ﬂ’(') € CO,T : [I.(O) € A) SO(.U()) < P } ) A - M) P > Oa
be the level sets associated with S°.

Theorem 3.3. Let the Assumptions (D1)-(D8) be satisfied. Then {'Pflv’s;,u €
MN N € IN,e > 0} is a special large deviation system (with respect to the map
p(-) = p(0)) with rate function S° and scale Ne=2 as N — oo and ¢ — 0. The
level sets UO(K; p) are compact for all compact subsets K of M and all p > 0.

The rest of the present section is devoted to the proof of Theorem 3.3. We
will assume throughout that the Assumptions (D1)-(D3) are satisfied. We will
first show that {P‘,ﬂv’s;u € MN N € IN,e > 0} is a special large deviation
system and then identify the rate function.

Given t € [0,T], we will denote by m; the canonical projection Cor — R?
defined by m(¢) = ¢(t), ¢ € Co,r. Let #; be the induced map M(Co 1) —
M(RY), ie. #(Q) := Qon; !, Q € M(Cop r). Since each measure Q € M(Co,r)
may be regarded as the probability law of a stochastic process with continuous
paths, the measures #,(Q), t € [0, 7], may be interpreted as the one-dimensional
distributions of this process. Recall that I denotes the rate function for {P;z €
R% e > 0} given by (3.2).
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Lemma 3.4. The family {PI]‘V"’;;L € MN N € IN,e > 0} forms a special large
deviation system (with respect to the map u(-) — p(0)) having scale Ne=2
rate function

and

S =it { (Q.1) 1 @ € M(Cor), 7(Q) = u(t) for allt € 0,71}, (3.10)
p(:) € Co,r. The associated level sets

(K5 p) == {u(-) € Cor: u(0) € K,5(u(")) <p}

are compact for all compact sets K C M and all p > 0.

Proof. Given N € IN, ¢ > 0, and a measure p € MY of the form
/J:N_IE(SI‘., $1,...,$NEIR,d,

let ﬁ}lv ¢ denote the image of the product measure P; ®---® P;, with respect
to the map

N
(Cor)™ 3 (w1 ()55 un()) = N7 3y € M(Coyr).

Since {Pg;z € R% e > 0} is a special large deviation system (with respect
to mp) with scale e72 and rate function I and because of the compactness of
the associated level sets (Theorem 3.1), we may apply Theorem 2.1 to see that

the measures PN form a special large deviation system (with respect to #)
having scale Ne~? and rate function

5@= [ Ie)Que), Qe MG
0,T
Moreover, according to Lemma 2.4 b), the level sets
B(K;p) = { Q@ € M(Cor) : 10(Q) €K,5(Q) < p }

are compact for all compact sets £ C M and all p > 0. But ’Pf‘v’e is the image
of ﬁflv ¢ with respect to the continuous map

M(Co,r) 3 Q —s (t = #4(Q)) € Co.r (3.11)

(Concerning continuity, see the proof of Lemma 4.6 in Dawson and Gartner [4].)
Therefore the assertions of our lemma now follow by an application of the ‘con-
traction principle’. O
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In the rest of this section we show that the functionals S° and S defined
by (3.9) and (3.10), respectively, coincide. We will first show that § > S°
(Lemma 3.6). After that we will prove the opposite inequality for bounded
smooth drift and diffusion coefficients (Lemma 3.7). The final (and most diffi-
cult) part of this section is devoted to the derivation of the inequality S < S°
for arbitrary unbounded coefficients satisfying the Assumptions (D1)-(D3).

Given a function g: R¢ x[0,T] — IR and ¢ € [0, T], we will denote by g(t) the
function g(¢)(z) = g¢(z,t), z € R%. We will denote by C3'' = Cp'(R? x [0, T))
the set of continuous real-valued functions on IR? x [0, T] having compact support
and possessing continuous spatial derivatives of first and second order and a
continuous time derivative of first order. We begin with the following lemma
which was proved in Dawson and Géartner [4], Lemma 4.8, for £§, ¢ > 0, instead
of £9. It is also valid for £?, since the presence of second order derivatives in £$
played no role in the proof.

Lemma 3.5. For each u(-) € Co, T,

S°(u() = sgglJ(#(-);g), ' (3.12)
gely

where
J(u(-)9) = (u(T),9(T)) — (1(0), 9(0))
T
= [ (o (5 28) o0+ 319eao)l) . (2.19)

Lemma 3.6. S > S°.

Proof. Given g € C’:’l and ¢ > 0, we introduce the bounded continuous func-
tional

Fi(z(1)) = ¢(z(T)) - g(=(0))
T
- [ (5 + ) steter o+ Jiwiateton o] a
z(-) € Cy, 7. For € > 0 this functional has the form

1 £ 1 &
F;=Mrp— o) L M*>r, (3.14)

where

M) = o0 0) ~ o(e0) ~ [ (2= +£3) ool ) s

t € [0,7], is a bounded continuous PZ-martingale with quadratic characteristic

<M*>¢ (2(-)) :=a2/0 IV, g(z(s), s)|Pds,  t€[0,T],
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for each z € IRY. Therefore,

1 1
exp{;]\/ff — @ <<A/I€>>t}

is an exponential P;-martingale. Because of (3.14), this implies that
€2 log E¢ exp {5—2F;} =0 (3.15)

for all g € C’,%’l, z € R%, and € > 0. Here E¢ denotes expectation with respect
to P;. Note that F; converges to F, g uniformly as € — 0. Applying the Laplace-
Varadhan method (Varadhan [16], Theorem 2.2) for the large deviation system
{Ps;z € R% e > 0}, we may therefore pass on the left-hand side of (3.15) to
the limit as ¢ — 0 to obtain

sup [F;)(w) —I(p)] =0, z € R%

p(0)=z

Hence, I > Fg and, in particular,

(@,1) 2 (Q, Fy)
for each measure Q € M(Cy 7). But

(@, F)) = J(#.(Q); 9),

where J is defined by (3.13). Combining these facts with (3.10) and (3.12), we
finally obtain for each pu(-) € Co,1:

Su() = inf (Q.1)2 s, T(u(-); 9) = S°(u(-))-

O

Lemma 3.7. Assume that the diffusion and drift coefficients (a,b) are bounded
and uniformly continuous and that the diffusion matriz a 1s uniformly non-

degenerate and possesses bounded continuous spatial derivatives of first order.
Then S < S°.

To prove this lemma, we introduce functionals S¢:Co 7 — [0,00], ¢ > 0, by
setting

T
S =5 [ 1) = (£ W o (3.16)

if p(-) is absolutely continuous and S¢(u(+)) := 400 otherwise. Note that for
¢ = 0 this coincides with our previous definition of S°.

Let k:IR* — R be a symmetric C* function such that k(z) > 0 for |z| < 1,
k(z) =0 for |z| > 1, [k(z)dz =1, and

VE@E
/M<1 Hz) dz =: Kk < 00, (3.17)
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where V denotes the ‘usual’ gradient with respect to the Euclidean norm | : |.
We introduce the smoothing kernels

ks(z) :=6"%%(67'z), zeR%Y §>0.

Given a measure ¢ € M and a function f € Cj, we will denote by us and fs
the convolution of y and f with the kernel ks, respectively.

Together with Theorem 2.9 ¢), the following statement provides the key for
the proof of Lemma 3.7.

Lemma 3.8. Assume that the diffusion and drift coefficients (a,b) are bounded
and uniformly continuous and that the diffusion matriz a i3 uniformly non-
degenerate and possesses bounded continuous spatial derivatives of first order.

Then
lim sup hmsup S(us(+)) < S°(u(+)

§—0 e—0

for each p(-) € Co,r.

Proof. We fix u(-) € Co,r arbitrarily and assume without loss of generality
that p(-) is absolutely continuous.

1° Because of our assumptions on the diffusion matrix a, we find constants C/,
and 0 < 7 < ¥ < oo such that

d i 5 . 2
2 (Z 5;a”(m,t>) <c (3.18)

j=1

and J J J
IR P CRPIEL PP (3.19)
=1 i,j=1 i=1

for all (z,t) € R? x [0,T] and Ay, ..., As € IR. Note that the diffusion matrix a
may be written in the form oo*, i.e.

d
a’(z,t) = Zai(w,t)oi(x,t). (3.20)
k=1

Consider the operators

d (92
He= Y al(-, D3ps  tEOTL

)J_l

We first want to show that

T
/0 ”H:/'L‘S(t)”is(t),t dt < oo for each § > 0. (3.21)
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Note that, in general, this fails to be true for us(-) replaced by u(-). By defini-
tion (3. 8), we have

PO, =, _so0 [(p(2), ks * Hef )| (3.22)

EDys (o)t <#(t), ks * |th|?>.

Writing the convolution ks * H;f as an integral, integrating by parts, and us-
ing (3.20), we find that

ks« Hof = I + 1, (3.23)
where
5’95(3«' - y)
I(l)(:c,t) 1= —-/ ai(y,t)
’ je—y| <5 2;: ;E; ¢ k Cv y)
d
: 0
>< (Zoi<y,t>¢k6(z =) ——%@>
j=1
and

[(z,t) = /@h(z—y)Z(Zaz a”(y t)) 21y

Applying the Cauchy-Schwarz inequality and again using (3.20), we obtain

, e Oks(z —y) \ °
(1)(:10 t)‘2 < / d Z Zai( t) Oy
lI& , B |z—y|<é i k=1 | i=1 i V ks(z —y)

d d 2
X / dy (za;;(y,wkm —y) %ﬁi’l)
, Oks(z —y) Oks(x - )

ij 9y’ Oy’
= d a"’
/|z—'y|<6 Y Z w:1) Vks(z —y) Vks(z —y)

1,7=1

/ dy ks(z — y) Z oy, 20 20,

1 8y]

1,7=1

Together with (3.19) and (3.17), this implies that

V12 <6727 ks * |V FI. (3.24)
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Similarly, using (3.17)-(3.19), one gets
TP < Chy ks + |V (3.25)
Combining (3.23) with (3.24) and (3.25), we conclude that
[(u(8), ks x H I < (u(e), ks  Hef)
< Cs ((t), hs # 1V 117,

where the constant Cs does not depend on f or ¢t. Hence, the supremum on the
right of (3.22) does not exceed Cs for all ¢t € [0,T], and we arrive at (3.21).

2° Note that the absolute continuity of () implies the absolute continuity
of ps(+) for each § > 0. Since (a + b)? < a?/§ +02/(1 —8) for 0 < § < 1 and

o _ €&
,Cf - ‘Ct = ‘2—7"(;,
we get
lli26(£) = (£5)* 15 ()| 2y o).
1. . 2 et
< 2 lis(t) = (£) ;ta(t)Husm,t i1-9) |H? ﬂ‘5(t)”?;5(t),t

for arbitrary 6 € (0,1) and all ¢t € [0, T]. Thus,

5*(us()) < 55" () + 37— / 1R sl .

Together with (3.21), this implies that

lim sup $%(us(+)) < S°(us(-)) for each § > 0.
e—0

This reduces the proof of our lemma to the verification of the inequality

lim sup SO(us(+)) < S°(u(-))- (3.26)

3% To prove (3.26), we fix 6 € (0, 1) arbitrarily. We first show that

(s, 1V F12) 2 0 ((0), 1 (ks * DIF) (3.27)
for allt € [0,T] and f € D provided that § is sufficiently small. Because of (3.19)
and the uniform continuity of the diffusion matrix, :

d

d
D a iy, h)d; 2 0 > ati(z, )i,

1,7=1 1,j=1
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for all z,y € R? with |z —y| < 6 and all Ay,..., ¢ € IR provided that § is
sufficiently small. Taking into account (3.20), we obtain for such ¢:

ks + |V, f13 () =/dyka(m—y) Z a'(y,t) af(:i") 9fy)

1 ]- 8y]
0 f(y) 9f(y)
>0 /dy ks(z —y) ;1 a”(e,t) =5 5 oyt oyl

= GZ /dy ks(z —y) (Zak(m t) 8f(y)>
> 92 (Z oi(z,t) /dy ks(z —y) af(y))
=6 Z (Z oi(z,t) 5 ,(ka * f)(w)>

k1
= 0|V (ks * f)lt(x)

This implies (3.27).
On the other hand, we have

[(as(t) = (£2)" s(t), £)°
= () — (£2)"u(2), ks * £) + (u(t), £2 (ks * £) — ks + L2 )]
< 2 G(0) = (€0 (o), s+ )+ 1 (), [€2Cks = £) = s+ £21]°)
Applying the Cauchy-Schwarz inequality and using (3.19), we see that
|L0(ks * ) — ks * £°f|2 () |

/dy ks(z —y)z [b¥(z,1) — b'(y,t)] Bf(y)

i=1

< Jarkte “y>Zlb’ (2,8) = (w1 /dyk (c _y)z (4w )

< B(8)y ks thflz(iv),

where

B(6) := S sup Zlb’(x t)——b'(y,t)l

te[o T]
Therefore,

[Gase) = (€ s P < 5 ((e) = (€0 0), ks )
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B(8)
(1 -10)

Using the definition (3.8) of the norm || - ||, (3.28), and (3.27), we find that

+ (o), IV 12) . (3:28)

. 0\ % 2 . 0\ * 2 B(é
i) = (22 (O, < g 100D = CC00 O+ 5y
le. i 1 T
S (us()) < S () + 57 =55 BO) (3.29)

for all sufficiently small § > 0. Since the drift vector b is uniformly continuous,
B(6) tends to zero as § — 0. Therefore, letting in (3.29) first § — 0 and then
6 T 1, we finally arrive at assertion (3.26). O

Proof of Lemma 8.7. According to Theorem 3.1, {P;z € R, e > 0} is a
special large deviation system with rate function I and scale e72. Moreover,
the associated level sets ®(K; p) are compact. Note also that the map z — P;
from IR? into M(Cp ) is continuous for each & > 0 (Stroock and Varadhan [14],

Corollary 10.1.4). From Lemma 3.4 and its proof we know that ’Pﬁv’e is the
image of the measure ’,/D\’I‘V ¢ with respect to the continuous map (3.11) and that
{Pi\r’e;u € MY N € IN,e > 0} is a special large deviation system with rate
function S and scale Ne~2, In Dawson and Gartner [4], Theorem 4.5, it was
shown that the family {P)¢; n € MY, N € IN} forms a special large deviation
system having rate function ¢ ~25¢ and scale N for each € > 0, where S° is given
by (3.16). We may therefore apply assertion c¢) of Theorem 2.9 (with respect to
the measures PZ and the map (3.11)) to obtain
S =e-lim S°.

e—0

In particular, we have
S(us(+)) < liminf 5%(us(-))

for each p(-) € Co,r and each § > 0. Since the functional S is lower semi-
continuous and ps(-) — p(:) in Co,r as 6 — 0, we conclude from this that

S(u(-) < li%n i(I)lf lim iélf S(ps(+))-
Combining this with Lemma 3.8, we arrive at S < $°. O

So far, we have shown that the inequality S < S° and therefore also the
assertion of Theorem 3.3 are valid for bounded uniformly continuous drift and
diffusion coeflicients with a uniformly non-degenerate diffusion matrix possess-
ing bounded continuous spatial derivatives of first order. In the rest of this
subsection we show how to prove the inequality S < S° for merely continuous
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unbounded drift and diffusion coefficients. The crucial condition which we im-
posed on the coefficients to control their growth at infinity is the compactness
of the level sets, cf. Assumption (D3). Our approach is to derive an appropriate
inequality for bounded coefficients which implies S < S° and to make explicit
use of the compactness of the level sets to extend the mentioned inequality to
the case of unbounded coefficients.

Note that the Assumptions (D1)-(D3) for the time interval [0, 7] imply the
analogous assumptions for each subinterval [s,¢] C [0,T]. Given 0 < s <t < T,
we may therefore apply Theorem 3.1 to conclude that the family {Pj,s;z €
R% e > 0} of probabilities on C, ¢ forms a special large deviation system with
rate function I, ; and compact level sets @, ((K; p). By the ‘contraction princi-
ple’; the family {Pxe, O, LzeR%e > 0} of probability laws on R¢ also forms
a large deviation system having rate function

IPYa;y) :=inf { I, 4() 1 ¢ € Cspy (s) =z, p(t) =y }, z,y € R%
' (3.30)

Moreover, the level sets
®>Y(K;p) = {y € R*: I**(z;y) < p for some z € K}

are compact for all compact sets K C IR? and all p>0. Givenvy,...,v, EM =
M(IR?), we will denote by M(u1,...,v,) the set of probability laws on (IR®)"
with marginals vq, ..., v,.

Lemma 3.9. The rate function S of the special large deviation system {73’1‘\”5;
p€ MN N eN,e>0} has the form

S(u()) = sup Do SHvt(u(tia ) u(te), () € Cory
0=to <ty <"'<trST k=1

where

S pu;v):=  inf / I%Y(z; dr,d
(15 v) et Jmers (z;y) Q(dz, dy)

for 0 <s<t<T and p,v € M.

Proof. As a first step we show that

S(u(-) = bep S0 <T5t"""t”(#(0)3#(t1),---,ﬂ(tr)), (3.31)

where

Stl,'-‘vtr(yo; Vlyeooy VT')

= oemin I (ype; dyo,...,dy,;) (3.32
QEM(uo,...,u,)/(,Rd),kZ:; (?/k 1 yk)Q( Yo y) ( )
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with the convention ty := 0.

Let M[%7] be the space of functions [0, T] — M equipped with the product
topology. Given N € IN, ¢ > 0, and u € MY, we denote by 735’5 the image of
the measure ’P‘{V ¢ with respect to the continuous imbedding Co 7 — M[®T], Let
P,f”e;tl""’t’, 0<ty <---<t, <T, denote the finite dimensiQna,l distributions
of P¢. In other words, Ph-eititbe ig the image of P¢ with respect to the
map

CO,T 3 #() — (fu(tl)’ AR )u'(tr)) € M.

{73})”5;# € MV, N € IN,e > 0} is a special large deviation system with rate

function S equal to S on Cy 7 and equal to +oco on MIOT] \ Co,7. By the
‘contraction principle’, for each partition 0 < ¢; < --- < t, < T of [0,7],
the measures P}ttt also form a large deviation system as N — oo and

¢ — 0. Let us denote the associated rate function by S*»ir, Note that ’?5‘1‘\7,;
is the projective limit of the measures Pf’“tl"“’t’, 0<ti < - <t, T
Projective limits of large deviation systems have been considered in Dawson
and Gartner [4], Theorem 3.3. That result yields the formula (3.31).

We next verify (3.32). To this end, let Plfv’s?‘l"“’t* denote the law of the
empirical measure associated with N ‘independent copies’ of the measures
PSituent e R, where PSittratr 0 <ty < --- < t, < T, are the finite dimen-
sional distributions of the diffusion P;. The measure Pﬁv &t is the image of
ﬁ’f”s?t"""“ with respect to the continuous map M((IR*)") — (M(IR?))" which
transforms each probability measure on (IRd)’” into its r marginals on R?. Ap-
plying Theorem 3.1 and the ‘contraction principle’, we find that the family
{Psititrip € R e > 0} forms a large deviation system with scale e 72 and
rate function

Iil,...,t,- (yO;yl, .. -7y1') = inf { I((’Q) P € CO,T, S@(t()) = Yo,y--- 7%0(t7‘) =Yr }
— ZItk—htk(yk_l;yk), Yoy, --+3Yr € R%.
k=1

Now, in order to identify the rate function St -tr of {Plfv";“""’t'; € MV,
N € N,e > 0}, we may apply Theorem 2.2 to compute the rate function of
{P;{V’S;“""’t';;t € MN N € IN,e > 0} and then apply the ‘contraction princi-
ple’. In this way we arrive at (3.32).

To complete the proof, it remains to check that

T
inf Tttt (g5 dyo,...,d
QEM(vo ) J(R)r ’; (yk 1 yk)Q( Yo, ; yr)

r

Z inf / Tte=vte (g5 yr) Q(dyk—1, dyk)
(R4)>2

=1 QEM(VE-1,vi)

for0=ty<ti <---<t, <T and vy,...,v, € M.
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Given Q € M(vy,...,v.), let Qq,...,Q, denote the ‘two-point’ marginals
of @ corresponding to the variables (vo,¥1),-..,(yr—1,Yr), respectively. Then

/Rd) ZItk 1,tk(yk 1,yk)Q(dy0, dy,.)

— Z/ R Jte- 1,tk yk 1>yk)Qk(dyk l,dyk) (333)

which yields the inequality ‘>’. To prove the opposite inequality, fix Qr €
M(vg=1,vk), k = 1,...,r, arbitrarily. Each of these measures QJx may be

written in the form

Qr(dyr—1,dyx) = qr(Yr—1, dyr )vk—1(dyr—1),

where gk (yk—1, - ) is the regular conditional probability distribution of Q& (dyx-1,
dyr) given yk 1. Let @ denote the law of the (time inhomogeneous) Markov
chain on IR? with initial distribution v, and transition kernels gx:

Q(dyo, ..., dyr) := vo(dyo)q1(yo, dy1) - - - ¢r(Yr—1, dyr).

One easily checks that the ‘two-point’ marginals of @) coincide with @Q4,...,Q-
and, in particular, ) belongs to M(vy,...,v,). Thus, equation (3.33) is also
valid in this case, and we obtain the inequality ‘<’. O

For the remainder of this subsection, we fix s, ¢ with 0 < s < ¢t < T
arbitrarily. Lemma 3.9 tells us that, in order to prove the inequality S < S°, it
will be sufficient to show that

inf It T d:z:, dy) < 52 . 3.34
QeM(u(s),u(t)) ‘/(le)z ( y) Q( y) - ,t(ﬂ( )) ( )

for all paths u(-) € C, ¢, where S7, is defined by (3.9) except that the time
interval [0, 7] is replaced by [s,].
We now switch to ‘time-reversed’ objects. More precisely, we set

I (zyy) i= IHEmmettmu (g ), s<u<wv<t =z,y€eRY (3.35)

and
‘C 'Cs-{-t —u) u € [s7t]'

Moreover, we define a functional S? ,:C, ; — [0, c0] by setting

S0 = 5 [ 1) = 2 )}y e

if u(-) € C,¢ is absolutely continuous and S9,(u(+)) := +oo otherwise. Note
that I*%(z;y) = I*%(y;z) and that the diffusion operators L% correspond to
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the time-reversed dynamics ¢(u) = —b(¢(u),s + ¢t — u). Replacing x(-) by the
time-reversed path fi(u) := p(s+t—u), u € [s,t], we see that (3.34) is equivalent
to

inf I (z;y) Q(dz, dy) < Sy ,(u(- 3.36
QeM&f%s),,,(t))/(W (z;y) Q(dz, dy) < S, (u(")) (3.36)

for all u(-) € Cs .

Let (xm ) be a sequence of continuous functions on R? with compact support
such that 0 < x, T 1 pointwise. Sometimes we will consider x,, as function on
R? x IR? by setting xm(z,y) := Xm(y). We claim that

: T8,t : T8,t
Qeﬁ{u,u) (Q,xmI**) — Qeﬁl{p,u) (Q,I°") as m — 00 (3.37)

for arbitrary pu,v € M. Since M(y,v) is compact in M(IR* x R?) and the func-
tions x,,I*' are nonnegative and continuous, the infimum on the left of (3.37)
is attained for some @, € M(y,v). We may assume without loss of generality
that (Qm) converges to a measure @ € M(u,v) weakly as m — co. But then

linl)inf (Qm,xmf"t> > liminf (Qm, an—s’t> > (Q, an”)
for each n. Hence, letting n — oo, we obtain
liﬂ&f <Qmames’t> 2 <Q’fs’t> )

and this proves (3.37).
According to a duality theorem for marginal problems,

inf X I8 = su Y+ {v,g
QeMpw) <Q Xm > f@ggxpmf"‘ [(N )+ )]
.fygecb

(Kellerer [9], Theorem 2.6 and Proposition 1.33; cf. also Theorem 2.7 and Re-
mark 2.8 above). The expression on the right does not exceed

sup [(%9) - <ﬂ, sup [9(y) = xm ()Y -;y)]>} :

g€y

We next show that this supremum may be restricted to nonnegative functions
g € D, g # 0. Denote the expression under the supremum by H(g). Since
H(g) = H(g + const), it suffices to take the supremum over strictly positive
g € Cy. Now fix ¢ € Cy with ¢ > const > 0 arbitrarily and choose a se-
quence (g,) of nonnegative continuous functions with compact support so that
gn T g pointwise. Then

H(g) < lim inf H(gy).

This shows that we may restrict ourselves to nonnegative functions ¢ € Cjp,
g # 0, with compact support. But each such function can be approached
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uniformly by nonnegative functions from D, and we arrive at the desired result.
Hence, we have shown that

inf  (Q,xmI™) < sup {(U,g)—<#,51;P[g(y)_Xm(l/)P’t(‘;y)]>}

QeEM(p,v) g>0,9%0
geD

for each m € IN and all p,v € M.

Putting all things together, we see that the proof of inequality (3.36) may
be reduced to the verification of

(u(t), f) - <#(3)a sup [f(y) = xm ()T (5 y)]> < 59(1()) (3.38)

for pu(-) € Cs ¢, m € IN, and all nonnegative f € D, f # 0. Given a non-empty
open set G C IR?, we introduce semi-norms ||- ||, (4, u) € M x[s, 1], by setting

yud
2 9, f)|?
I916) = sup A e,
rem. (1. F2)
supp fCG

and define a functional 5’3”? :Cs.¢ — [0, 00] by

- 1 [y, 20 vr G 2

S50 =5 [ (10 = Lm0y pems) (3.39)
if u(-) is absolutely continuous and SQ;tG(/,L(-)) := 400 otherwise. Note that, for
G=R? |- |5, and 5’3”? coincide with || - ||, and 57, respectively.

It will turn out later that inequality (3.38) is satisfied even if the functional

5?7, is replaced by the smaller functional 52;}’ () where U (K) denotes an arbi-
trarily small neighborhood of the set K := K, ;(f) which is defined as follows:

Koi(f):={ z€R*: min TI“(z;9)<|f| . (3.40)

ugls,

yEsupp f

Here supp f and ||f|| denote the support and the sup-norm of f, respectively.
By convention, I*!(z;y) := 0 for z = y and I**(z;y) := oo otherwise. In
this form, the desired inequality can be proved first for bounded smooth drift
and diffusion coefficients and then be extended to unbounded coefficients by
approaching them by bounded ones. The point is that the set K is compact
and ‘behaves well’ under such approximations (see Lemma 3.11 below). The
introduction of this set is the reason that we switched to ‘time-reversed’ objects.
Otherwise we would have to consider the set (3.40) with I replaced by I which,
in general, is not compact.
Let us introduce the functions

h(z,u):= Sl;p [f(y) — Iz, y)] (3.41)
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and
R (2, u) = sup [F(W) = xmW)I" (z59)] (3.42)
(z,u) € R* x [s,t]. By convention, 0-co = 0 on the right of (3.42). Note that
h(t) = R(™(t) = f for large m. Thus, for such m, the expression on the left
of (3.38) may be written in the form (y(t), A(™(t)) — (u(s), A™(s)).
Summarizing the above considerations, we have found that the proof of the
inequality S < S° may be reduced to the following lemma.

Lemma 3.10. For u(-) € Cs ¢, all non-vanishing nonnegative functions f € D,
and all sufficiently large m, we have

((2), B (0)) = (i), m(9)) < 827 F (),

where U(K) denotes an arbitrary open neighborhood of the set K = K, (f)
given by (3.40) and h(™ is defined by (8.42).

The proof of this lemma will be broken down into several steps. To this end,
let us fix u(-) € Cs¢, m € IN, and a non-vanishing nonnegative function f € D
arbitrarily. We will assume without loss of generality that x,, = 1 on supp f
and, in particular, A{™)(t) = 1. We first collect some properties of the set K
and the functions A and h(™) defined by (3.40), (3.41), and (3.42), respectively.
Let Bg denote the open ball in IR? with center 0 and radius R.

Lemma 3.11. a) The set K is compact.

b) Assume that the diffusion and drift coefficients (a, b) are bounded and uni-
formly continuous and that the diffusion matriz a is uniformly non-degenerate.
Then the function h 1s nonnegative and continuous, and

supp h C K X [s,1].

c) Assume that the diffusion and drift coefficients (a,b) are bounded and uni-
formly continuous and that the diffusion matriz a is uniformly non-degenerate.
Let {(an,bn)} be a sequence of diffusion and drift coefficients having the same
properties. Label each object associated with (ay,b,) with the subscript n. Sup-
pose that a, — a and b, — b uniformly on R* x [s,t]. Then

hn — h uniformly on R? x [s, 1]
and
K. C U(K)

for each neighborhood U(K) of K and all sufficiently large n.

d) Let (a,b) denote arbitrary diffusion and drift coefficients satisfying the
Assumptions (D1)-(DS3). Then there ezists R > 0 such that the following holds
true. If (@, b) 1s a pair of bounded and uniformly continuous diffusion and drift
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coefficients with uniformly non-degenerate diffusion matriz @ such that (&,5)
coincides with (a,b) on Bg X [s,t], then

K =K and (™ > h.

Here K and b are defined in_the same way as K and h, respectively, but with
respect to the coefficients (a,b) instead of (a,b).

Proof. a) Under the Assumptions (D1) and (D3), the function I*'(z;y) is
continuous in the variables (u, z,y) € [s,t) X R¢xR%. Moreover, ifu, 1t, z, —
z, Yyn — ¥, and z # y, then I*!(z,;y,) — co. Recall that I**(z;y) = 0 for
z =y and I*(z;y) = co otherwise. From these properties and the compactness
of supp f one easily concludes that the minimum in (3.40) is attained and the
set K is closed. Suppose that K is not compact. Then we find points z, with
|zn| = 00, yn € supp f, and u, € [s,t) such that

I3,8+t—un(yn; xn) = I—u"’t(xn;yn) ..<_. Hf“

Remembering the definition (3.30) of I*** =% (y,:z,), we find functions ¢, €
Cs,t with ©n(s) = yn, ©n(s +1 — un) = 2y, and I, () = 99T %0 (y,; 2,).
Hence, I, i(¢,) remains bounded as n — oo. Thus, since the level sets cor-
responding to the rate function I, are compact (cf. Remark 3.2 a)), the se-.
quence (pn) is bounded in C,,. But this contradicts our assumption that
|zn| — oo.

b) Since the drift coefficient b is bounded and continuous, there exists a
solution of ¢(v) = b(e(v),v), v € [s,s +t — u], with ¢(s +t — u) = z for
each (z,u) € R* x [s,t]. Hence, for each (z,u) € R? x [s, ], we find some y
with I"!(z;y) = I**t*"%(y;2) = 0. This implies the nonnegativity of h. If
h(z,u) > 0, then there exists y € supp f such that

fly) = I (z;9) > 0,

i.e. ¢ belongs to K. This shows that the support of & is contained in K x [s, t].
Taking into account the above mentioned properties of I*:!(z;y), one also easily
checks that A is continuous.

c) We first remark that, under our assumptions on (a,, b,) and (a, b),
L (@i yn) = I (z5y) (3.43)
for up, — u, , — z, and y, — y except in the case when u =t and z = y. Set

M,(z):= min I“(z;y), z € R%
u€[s,t]
y€Esupp f

Using the definition of I**(z;y) = I$*t*~%(y; ) as a minimum over path inte-
grals and taking into account the assumptions on (an, b,) and (a,b), one easily
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checks that M,(z) — oo as || — oo uniformly in n. This means that the sets
K, = {z € R*: M,(z) < ||f|} are bounded uniformly in n. Therefore, in
order to show that K, C U(K) for each neighborhood U(K) of K and all suf-
ficiently large n, it will be enough to check that z, € K, and z, — = together
imply ¢ € K. For each n, we find u,, € [s,t] and y,, € supp f such that

Lt (@nsyn) < (-

We assume without loss of generality that u, — u and y, — y. Because

of (3.43), this yields )
(e y) < lIfIl

Thus, since u € [s,t] and y € supp f, the point z indeed belongs to K.

We next prove that h, converges to h uniformly. By the assertions a) and b),
h is continuous, supp h C K X [s,t], and supp hn C K, X [s,t]. Recall that the
sets K, are bounded uniformly in n. Hence, it will be enough to check that

hn(-77n; un) - h(IE, u)
for £, — = and u, — u. If u # ¢, then we may use (3.43) to obtain

ha(Zn,un) 2 f(y) = L (znsy) = f(y) = T4 (z5y)
for each y € RY, i.e.
liminf by, (z,,up) 2> h(z,u).

n—

This inequality is also true for u = ¢. Indeed, in this case I*»*(z,;z,) — 0,
and therefore

ho(nyun) > flzn) — IE (20 2,) — f(z) = h(z,t).
Let us now prove the opposite inequality

limsup hp(zy,un) < h(z,u).

n—oco

Since h is nonnegative, we assume without loss of generality that hn(z,,u,) > 0
for all n. Then we find y,, € supp f such that

ha(Tn,tun) = f(yn) — f:"’t(xniyn)-

Since f has compact support, we may also assume that y, — y for some y €
supp f. Then, using (3.43) once more, we obtain

lim sup hy (25, un) < f(y) = I (z;y) < h(z,u).

n—oco

d) According to Lemma A.3, we may choose R so large that for any pair
(@, b) of diffusion and drift coefficients with the mentioned properties

a0t t—u(supp f; | f) = & ore—u(supp £ 1If]) S B H 7Y, (3.49)
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s < u < t. Using the representations of I**t'=%(y:z) and I**T¢%(y;z) as
minima over path integrals, we conclude from (3.44) that K = K.

Let us now show that 2(™) > 7. Since x,, has compact support, the function
h(™ is nonnegative. Because of this and

™ (g, 1) > f(z) = h(z,t), = €RY
it suffices to check that
R (z,u) > h(z,u)

for all (z,u) € R? x [s,t) with A(z,u) > 0. For such (z,u), we find y € supp f
with

ha,w) = f(y) = P+ (y;2) > 0, (3.45)
and there is a path ¢ € Cy 41—y With ¢(s) =y, (s +t —u) =z, and

fs,s+t—“(y;$) = ~s,8+t--u(‘r9) < || fll-

Hence, ¢ belongs to @S,S.H_u(supp £ IIFID. By (3.44), this implies that the
path ¢ is entirely contained in the ball Bg. Therefore, since (&,b) = (a, b) on

~

Br X [s,s+t —u], I; s4+t—u(p) coincides with I o4¢—u(p), and we arrive at
j—'s,s+t—u(y; m) 2 Is,s+t—u(y; :I:)
Substituting this in (3.45), we finally obtain

h(z,u) < f(y) = xm@I**F 7y 2) < B ().

Next we show that the assertion of Lemma 3.10 is valid for bounded smooth
drift and diffusion coeflicients. More precisely, we have the following lemma.

Lemma 3.12. Assume that the diffusion and drift coefficients (a, b) are bounded
and uniformly continuous and possess bounded continuous derivatives of first

order. Assume further that the diffusion matriz a s uniformly non-degenerate.
Then

(1), () = ((5), h(5)) < 507 (w()) (3.46)
for each open neighborhood U(K) of the set K.

Before proving this lemma, let us remark that the function h defined by
the variational expression (3.41) turns out to be a viscosity solution of the
Hamilton-Jacobi equation

0 ~ 1
(5 +22) B0+ Vi b =0, welot, (347
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with ‘initial datum’ A(t) = f, cf. Crandall and Lions [3] and Lions [10]. Thus,
if A were smooth, then we would obtain

(u(t), h(8)) = (u(s), h(s))
= {(u(®), h(t)) = (u(s), h(s))

- /: <M(U) ( 0 + CO) h(u) + %Ivs+t—uh(u)l§+t-‘u>

= ltdu [(p(u) — (L5)* p(w), h(“)) - % <p,(u), Ivs+t-uh(u)lz+t—u>}

L[ 0= (£0)" (), A
2 J <,u,(u), |Vs+t—uh(“)|§+t—u>

Since supp b C K X [s,t] (Lemma 3.11 b)), the last expression would then

not exceed S’ U(K)(,u(')), and this would imply (3.46). Unfortunately, these

arguments fail to be rigorous because of the non-differentiability of A. Note

also that the uniqueness conditions of Crandall and Lions [3] are not fulfilled

for (3.47). In the following steps the above approach will be made precise by

adapting the ‘vanishing viscosity method’ to our situation, cf. e.g. Lions [10].
Given u € [s,t] and € > 0, we define the operators

~17 _ (
u‘ 2 Z ( axzax] Zb( u)a i) uE[S,t],

1,j=1

where @ (-, u) := a”(-,s +t — u) and b'(-,u) := b'(-,s +¢ —u). Note that
for € = 0 this coincides with our previous definition of £2. We further consider
functionals S'ct :Cs,t — [0,00], € > 0, which are defined in the same way as

ng but with £ replaced by L2, see (3.39). To prove Lemma 3.12, we need
the following statement which is a slight modification of Lemma 3.8.

Lemma 3.13. Assume that the diffusion and drift coefficients (a, b) are bounded
and uniformly continuous and that the diffusion matriz a 18 uniformly non-
degenerate and possesses bounded continuous spatial derivatives of first order.

Let G and H be non-empty open subsets of R? such that G is compact and
G C H. Then

limsup lim sup 777 (s () < 57" (("))-

§—0 e—0

Proof of Lemma 8.12. 1° Let U(K) and V(K) denote open neighborhoods
of K such that V(K) is compact and V(K) C U(K). Let g: R? X [s,] — IR be
a C'* function with supp ¢ C V(K) X [s,t]. Then, similar to the computations
immediately after the statement of Lemma 3.12, we find that

(15 (1), (1)) — (rs(s), 9(s))
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-;12- / s (s, (o £2) 90+ 2V a0 i)

o L) = (£0) s, g ()
s pg(u),lvs+t_ug(u)|s+t—u>

for all § > 0 and € > 0, where as before ps(u) = ks * u(u). Hence, remembering
the definition of Ss V()

(s (t), g(8)) — {us(s), 9(s)) < S (s ()

1 [t 0 . 1
+ 5 / <#6(U) <_ +L > g9(u) + Elvs+t—ug(u)l§+t~u> - (3.48)
In fact, this inequality is valid for all ¢ € C'Z’I(IRd X [s,t]) with supp g C
V(K) x [s,t].

2% Because of our assumptions on (a, b), the martingale problem for {L5u €
[s,£]} admits a unique solution {P; ,;(z,u) € R x [s,t]} on C, ; for each & > 0.
Let E’i’u denote expectation with respect to I"f’u. For each € > 0, the function

he(z,u) :=e?log ES ,exp {e 2 f(2(t)},  (z,u) € R*x[s,t],  (3.49)

is the unique bounded solution of the Cauchy problem

a re € 1 &
(b‘; + ‘Cu) h®(u) + §IVs+t—u}1‘ (u)'§+t—u =0, u € [s,],

, we obtain

(3.50)
he(t) = f

Let m:Cy s — R? denote the projection defined by m:(p) := (1), ¢ € C, ..
The measures P_f . satisfy the Freidlin-Wentzell large deviation principle (The-
orem 3.1). Hence, by the ‘contraction principle’, for each u € [s,t) the family
{I_’f,uow; .z € R%e > 0} of probabilities on IR? forms a large deviation
system with rate function I** and scale e72. Therefore, applying the Laplace-
Varadhan method and remembering the definition (3.41) of the function h, we
derive from (3.49) that

h® — h boundedly and pointwise on IR? x [s, #] (3.51)

as € — 0.
3% We now apply inequality (3.48) for
9(z,t) = 6¢(2)h*(z, 1),

where 0 < § < 1 and ( is a C* function such that 0 < ¢ < 1,( =1ina
neighborhood of K, and supp ( C V(K). As a result, we obtain

(s (t), Cho()) — (us(s), Che(s)) < 671557 O (s (1))

' f:du <Mu), (ﬂ + ﬁ) (Che(w)) + glvs+t_u(ch€(u))li+t_u> -
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For each u € [s,t], h*(u) — h(u) boundedly and pointwise as ¢ — 0 by (3.51),
and h(u) is continuous and supp h(u) C K by Lemma 3.11 b). Since ¢ = 1
on K, this implies that (h°(u) — h(u) boundedly and pointwise as ¢ — 0.
Moreover, ps(u) — pu(u) weakly as § — 0. Therefore

tim Tim [ (s (2), Ch*(8)) — (15(s), Ch(5)) | = ((8), h(®)) = (u(s), A(s)),

and this limit coincides with the expression on the left of (3.46). On the other
hand, according to Lemma 3.13,

hmsuphmsupS ’ (K)(p () <8 U(K)(u(-)).

§—0 e—0

Thus, in order to finish the proof of Lemma 3.12, it only remains to check that

fimsup / i () (5 2 ) (H) 219 s (G P ) <0

e—0
(3.52)
for all § € (0,1) and 6§ > 0. We therefore fix § € (0,1) and § > 0 arbitrarily.
We have

l s+t—u (Che(u)) |3+t—
1 €
< 5 ¢ !Vs+t—uh(u)l§+t—u + 1-9 lvs+t—uC|§+t—~u (h (“))2 .

Taking also into account that A® satisfies equation (3.50), we see that the veri-
fication of (3.52) reduces to the proof of

tim [ du Guatu), £2.(Ghe(w) ~ C2A()) =0 (3.59)
and 3
b [ du (s 1V B (BP) =0 (350
To prove (3.53), we remark that
(1), £ (ChE () — CLLE () = {u(u), R(w)

where

Ri(z,u) = / dy ks(z — y) (£50) (v) h* (v, u)
—€ /dy Z

131

[w Va0 5 C(y) b (y,u).

This is a result of integration by parts under the assumption that the diffu-
sion matrix a is continuously differentiable with respect to all spatial variables.
Because of this, (3.53) now turns out to be straightforward from the fact that
h® — h boundedly and pointwise as ¢ — 0 and the observation that the supports

of h(u) and the derivatives of { are disjoint. The same argument yields (3.54).
a
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We now want to remove the differentiability assumptions imposed on the
drift and diffusion coefficients by means of approximation.

Lemma 3.14. Let (a,b) be a pair of bounded and uniformly continuous dif-
fusion and drift coefficients with uniformly non-degenerate diffusion matriz a.
Denote by {(an,bn)} a sequence of diffusion and drift coefficients with the same
properties. For each n, let the functional SOC be defined in the same way as
S0G .= 5’2:? but with respect to (a,,b,) instead of (a,b). Assume that a, — a
and b, — b uniformly. Then

lim sup 52"3(#(-)) < SO’G(ﬂ(’))

n—00
for each non-empty open set G C R,

Proof. This is a modification of step 3° in the proof of Lemma 3.8. Roughly
speaking, instead of comparing ks * L) f with L9(ks * f) and ks * thf|f with
|V (ks * )7, one has to compare Ly" f with L0 f and (v _ )2 with

s+t—u’ ls+t—u
|V3+t_uf|§+t_u, respectively. Here V(™) |. I("), and £%" are defined in the
same way as V, | - |, and £°, respectively, but with (a, b) replaced by (an, b, ).
Moreover, one only considers functions f € D with the additional property that
supp f C G. The details are left to the reader. O

Lemma 3.15. The assertion of Lemma 8.12 13 valid without the differentiability
assumption on the coefficients a and b.

Proof. Let (a,b) be a pair of bounded and uniformly continuous diffusion and
drift coeflicients with uniformly non-degenerate diffusion matrix a. Select a
sequence {(an,b,)} of diffusion and drift coefficients such that a, — a and
b, — b uniformly and, for each n, the diffusion matrix a, is uniformly non-
degenerate and the coefficients (a,,,b,) are bounded and uniformly continuous
and possess bounded continuous derivatives of first order. Label each object
associated with (an, b,) with the subscript n.

Let U(K) denote an arbitrary open neighborhood of K. We may apply
Lemma 3.12 for (a,,b,) instead of (a,b) to obtain

((8), ha(8)) = (u(5), hn()) < Sy 70O (u(-))

for large n. Here we have also used that, as a consequence of Lemma 3.11 c),
U(K) is a neighborhood of K,, for large n. Letting n — oo and applying
Lemma 3.11 ¢) and Lemma 3.14, we arrive at

(1), R()) = (p(s), h(s)) < SOV (u(-)),
and we are done. O

We are now in a position to switch from bounded to unbounded coefficients
and therefore to finish the proof of Lemma 3.10.
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Proof of Lemma 8.10. Let (a,b) be arbitrary diffusion and drift coeflicients
satisfying the Assumptions (D1)-(D3). Let U(K) be a bounded open neigh-
borhood of K. We choose R and bounded coefficients (@, b) as in assertion d)
of Lemma 3.11. We thereby assume without loss of generality that U(K) is
contained in the ball Bp. Let h and K be also as in Lemma 3.11 d). Since

(a,b) = (&,b) on U(K) x [s,t] and K = K, the functional 5’2,}(]”() will not
change if we replace the coefficients (a,b) by (&,b) (and K by K). Hence, we
may apply Lemma 3.15 with respect to the coefficients (&, b) to obtain

(1), (1)) = ((s), B(s)) < S*PE (). (3.55)

Recall that A(t) = A(™(t) = f and that A(s) < h(™(s) by Lemma 3.11 d).
Substituting this in (3.55), we arrive at the assertion of Lemma 3.10. O

The proof of Theorem 3.3 is now complete.

3.2. McKean-Vlasov interaction

In this subsection it will be shown that our large deviation result for empirical
processes of independent diffusions (Theorem 3.3) carries over to diffusions with
mean field interaction. We will deal with large systems of coupled diffusions
which interact via the empirical measure continuously entering the drift vector.

Let U:IR? — IR be a nonnegative twice continuously differentiable function
such that U(z) — oo as |z] — co. Given R > 0, let Mg denote the subspace
of M consisting of all g for which (i, U) < R, and let Cr denote the space
C([0,T); MR) furnished with the uniform topology. We introduce a space M
of admissible probability measures and a corresponding space Co, of measure-
valued paths by setting

My = U Mg and Coo 1= U Cr.

R>0 R>0

We equip both spaces with the strongest topology which induces on M r and Cg,
respectively, the given topology for each R > 0. Concerning the topological
properties of these non-metrizable spaces, the reader is referred to Appendix B
in Gartner [8].

We consider diffusion operators

52 d ‘e (92 d ; 5
£ — (. l_ LY N
E(}l’).— ) E a ( )aza] zélb( )/‘1')6 i

i,7=1

p€ Mo, e2>0. By ||, :
the Riemannian gradient in the tangent space at ¢ € R? associated with the

diffusion matrix {q” (z)}. We impose the following conditions on the diffusion
matrix a(z) = {a’(z)} and the drift vector b(z; u) = {b*(z; n)}.

and V, we will denote the Riemannian norm and
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Assumption (M1). The maps a: R¢ - R?® R? and b: R? x M, — IR? are
continuous. For each z € IRd, the matrix a(z) is symmetric and strictly positive
definite.

Assumption.(M2). There exists a constant A > 0 such that
N
(m LU + 51VUL) <A ()

for all probability measures u on R with compact topological support and all
e €(0,1).

Assumption (M3). For each /i(:) € Coo, there exists a constant A > 0 such

that )
LE(a(t)U + §IVUI2 <AU

for all t € [0,7] and all € € (0,1).

Assumption (M4). For each fi(-) € Cw, the function

T
Coo 3 ) [ (WO 30(8) = 6 O e € (0,0

is sequentially continuous at point u(-) = a(:).

For each N € IN and each ¢ € (0,1), we consider an N-particle system
of interacting diffusions which is given by the solution {PN;x € (R%)N} of
the martingale problem for the diffusion operator £V acting on functions f
on (RY)Y according to

N,e ad e 1 Y ‘ d\N
L£Ve f(x) :=Z£k(N25,,.>f(x), x = (z1,...,zn) € (RHY.
k=1 i=1

Here PM¢, x € (R%)Y, are probability laws on C([0,T]; (R?)") and £5(y) is
the operator £°(u) acting on the variable zx. It was pointed out in Dawson
and Gartner [4], Section 5.1, that, as a consequence of the Assumptions (M1)
and (M2), the martingale problem for £V is well-posed for each N € IN and
each € € (0,1). ‘

Given N € IN, € € (0,1), and an N-particle empirical measure

N
1
#zﬁz{sm, z1,...,zny € RY, (3.56)

we denote by P‘ILV ¢ the law of the empirical process associated with our N-
particle system starting at . It is defined as the image of the measure Pg;sm n)
with respect to the continuous map

1 N
C([O,T]; (]Rd)N) ) (:1:1(-), cee JIN()) — <t — N Zﬁzi(t)> € Coo-
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Let further MY stand for the subset of M, consisting of measures of the
form (3.56).

To formulate our large deviation result, we introduce functionals S¢:Co, —
[0,00], 0 <& < 1, by setting

1 (T 2
S ) = [ 1O = L WO uO) o (357)

if p(-) € Coo is absolutely continuous and S¢(u(-)) := +oo otherwise. Here the
norms |||, are defined as in (3.8) but now with respect to our time-homogeneous
diffusion matrix a. We also define the level sets

TE(A;p) i={ (") €ECoo: (0) € A, S%(u()) £p}, AC M, p20.
We are now ready to state our result.

Theorem 3.16. Let the Assumptions (M1)-(M4) be satisfied. Then {P}=;pu €
MN N € N,e € (0,1)} is a special large deviation system (with respect to the
map u(-) — u(0)) with rate function S° and scale Ne=2 as N — oo and € — 0.
The level sets UO(K; p) are compact in Coo for all compact subsets K of M,
and all p > 0.

In Dawson and Gartner [4], Section 5, it was shown that, for fixed € € (0,1),
the family {Pflv € € MN N € IN} forms a special large deviation system with
rate function e725° and scale N. This assertion was proved by ‘freezing’ the
interaction fi(-) in the drift vector which made it possible to reduce the ‘local’
large deviation bounds to that for non-interacting diffusions governed by the
‘frozen’ operators

L;:=L(a(t), te[o,T] (3.58)

This idea also works well in studying large deviations for N — oo and € — 0
simultaneously. Since the changes consist in obvious modifications only, we will
not present the details here. Instead, for the orientation of the reader, we will
state the corresponding lemmas without proof.

The first step consists in proving the following lemma.

Lemma 3.17. For all positive numbers r and p there exists a compact set K
in Coo such that

limsup N !e?log  sup ’Piv’e (Coo \ K) £ —p.
N—co HEM .NMN

e—0

The proof of this lemma relies on the fact that sets of the form

K=Crn[)Kn
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are compact in Co, for any R > 0 and all sets K,, of the form

Ko = {1(-) € Cou s (u(-), fa) € K},

where {fn;n € IN} is a countable dense subset of D in the sup-norm and K,
" n € IN, denote compact subsets of C([0,T];IR). Lemma 3.17 can therefore be
derived from the next two lemmas which make essential use of Assumption (M2).

Lemma 3.18. Given positive numbers r and R, we have

sup Pftv’e (Coo \Cr) < exp {—-Ne_zRT}
HEM .NMN :

for all N € IN and ¢ € (0,1), where Ry := Rexp{—AT} —r and A is taken from
Assumption (M2).

Lemma 3.19. Given R > 0, p > 0, and a function f € D, we find a compact
subset K of C([0,T);IR) such that

'PZ‘V’E (CrR\Kf) <exp {—N&‘_Zp}
for all N € IN, € € (0,1), and u € MY, where
Ky o= () € Coo: (), f) € K .

Lemma 3.17 allows us to reduce the proof of Theorem 3.16 to the considera-
tion of ‘local’ large deviation bounds. To obtain these bounds we fix fi(-) € Cs
arbitrarily and consider the operators £ defined by (3.58). The Assumptions
(M1) and (M3) guarantee that the martingale problem for {£¢;t € [0,7]} ad-
mits a unique solution {P{ ;= € R %[0, 7]} on C([0,T]; R?) for each € € (0,1).
Given N € N and € € (0,1), let P}*, u € M~ denote the laws on C([0, T]; M)
of the empirical processes of N independent diffusions governed by the opera-
tors £$. As a consequence of Assumption (M3), condition (3.5) in Remark 3.2 d)
is fulfilled in the situation considered here. Hence, we may apply Theorem 3.3 to
conclude that {P,fv’e; p€ MN N eNN,e e (0,1)}is aspecial large deviation sys-
tem as N — oo and € — 0 with scale Ne~? and rate function S° given by (3.57)
for € = 0 except that £} is replaced by £9. Note that S°(z(+)) = S°(a(-)). Fix
N eN, e €(0,1), and x = (z1,...,zN) € (]Rd)N arbitrarily. Then, by the
Cameron-Martin-Girsanov Theorem, the measure Pjﬁv ' is absolutely continuous

with respect to PN:¢ := Pfl,o ® PfN,o, and
| dP}e Ne 1 N,
B Y7,

where M V¢ is a continuous local PY-*-martingale with quadratic characteristic

(Y, () = N [ (v (- 11) = B3 8P
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Here vy := N1 Zfil 0z, denotes the empirical measure of the configuration
X = (21,...,zn) € (RY)N. Because of Assumption (M4), this allows to obtain
the following ‘local’ large deviation bounds from the corresponding bounds for
the ‘frozen’ probabilities 75;1" <,

Lemma 3.20. Given uy € MY and p € Mo, suppose that uy — p in M.
Then the following assertions are valid for each f(-) € Coo with G(0) = p.

a) For each open neighborhood V of i(-) in Ceo,
.. - N,e _
lim inf N e?log Ppf (V) 2 —S°(ia())-

e—0

b) For each v > 0 there ezists an open neighborhood V of () in Coo such
that

limsup N~ 'e?log P[5(V) < =S°((-)) + v (3.59)
N—oo
e—0

provided that S°(fi(+)) < oco. If S°(fi(+)) = oo, then this assertion holds with the
expression on the right of (8.59) replaced by —~.

We remark that in the proof of assertion a), in order to switch from the
topology on C([0,T]; M) to the topology on Ce = C([0,T]; M), we have also
applied Lemma 3.18 with ’Pftv ¢ replaced by 75,1)’ ¢ and Assumption (M2) replaced
by Assumption (M3).

Finally, the relative compactness of the level sets ¥°(K; p) follows by a com-
bination of Lemma 3.17 and Lemma 3.20 a). That these sets are closed can be
deduced from the representation of S°(u(+)) in the form (3.12)—(3.13) with £?
replaced by £°(u(t)).

We close this section with a few remarks on the McKean-Vlasov equations
related to our empirical processes. For each €, 0 < ¢ < 1, the weak solutions
#(+) € Coo of the McKean-Vlasov equation

ut) = L5(u(t) " p(t),  t€[0,T],

coincide with the zeros of the corresponding rate function S°. The Assumptions
(M1) and (M2) imply that there is at least one solution for each initial datum
#(0) € My and each € € [0,1), see Gértner [8]. But our assumptions do not
ensure uniqueness. We refer to Scheutzow [12] for a discussion of uniqueness
and non-uniqueness in the degenerate case ¢ = 0. Adequate uniqueness con-
ditions for € # 0 can be found e.g. in [8], Section 2.3. These conditions also
ensure uniqueness for ¢ = 0 under the additional assumption that the degenerate
Fokker-Planck equation

i) = LO(R@)) u(),  te[0,T),

admits a unique weak solution x(-) € C([0, T]; M) for each initial datum x(0) €
M and each [i(-) € Cs. This is certainly true if the vector field b(z;p) is
continuously differentiable in z.
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Let 1°(+) and p°(+) denote weak solutions of the McKean-Vlasov equation for
the operators £5(+) and L£°(-), respectively. Assuming uniqueness for 0 <& <1
and using results from [8], one also readily checks that u°(-) — p°(+) in Cs as
¢ — 0 provided that p*(0) — £°(0) in M.

A. Appendix

A1, MMN(X)-sequences

Let X be a completely regular Hausdorff space, and let (X ) be a sequence of
subsets of X such that each point in X is the limit of an X y-sequence. Denote
by M(X) the space of Radon probability measures on X equipped with the
topology of weak convergence. Given M,N € NN, denote by MM:N(X) the
subset of M-point empirical measures on Xx. In the following we assume that
X and (X ) satisfy the Metrizability Hypothesis of Section 2.

Proposition A.1. Each measure in M(X) is the weak limit of an MMV (X)-
sequence as M, N — oo.

Proof. Fix p € M(X) arbitrarily. We must find measures ™~ € MM:N(X)
with u™N — 4 in M(X). Since y is a Radon measure, there exists a sequence
of compact subsets K; C K, C ... of X such that x is concentrated on {J, K.
We can therefore write y in the form

r=1

where, for each r, u, is a measure which is concentrated on K,.
Now fix r € IN arbitrarily. Let (&,,) be a sequence of independent K,-valued
random variables with joint law p.(-)/pr(X). According to the strong law of

large numbers,
Mp.(X)]

(
1
Y mzzjl flén) — /;(rfd,ur a.s. (A.2)

as M — oo for each f € C(K, ), where [z] denotes the integer part of z € IR and
C(K,) is the space of continuous functions on K,. Since K, is metrizable, the
space C(K) is separable. Because of this, (A.2) implies the weak convergence
Mup. (X

1 (M pr (X)]

w2 b

" Hr a.s.

m=1
In particular, there exists a sequence (&) in K, with

| Mur ()
—M- Z 6Zrm - ll'r (A'3)

m=1
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weakly as M — oo.

Let X(K,) be the metrizable set introduced in the Metrizability Hypothesis,
and let p, be a metric on X(K,) which generates the subspace topology of X.
Using the Metrizability Hypothesis and the compactness of K,, we see that
X~nNX(K)is non-empty for all sufficiently large N and p,(z, XnNX(K,)) — 0
as N — oo uniformly in z € K,. For each m and each N, we can therefore
select a point z¥,, € Xy such that 2, € X(K,) for all sufficiently large N and

all m and

pr(zl  2rm) — 0 uniformly in m

as N — oo. Together with (A.3) this implies that

1 (Mp-(X)]
u = LN s (A4)
m=1

weakly as M, N — oco. Note that uN(X) < u(X) and pMN(X) — p.(X)
as M, N — oo for each r. Therefore >  pMN(X)<1and ), uMN(X) -1
as M, N — oco.

Now we define

= ka,n
#M’N = Z}L,M’N + —Ad-_6xéva (As)
r=1

where z is an arbitrary point in Xy and ks x is a nonnegative integer making

M into a probability measure. By construction, u™Y € MMN(X) for all
M,N € N and kp,n/M — 0 as M, N — oo. Passing in (A.5) to the limit as
M, N — oo and using thereby (A.4) and (A.1), we find that

pMN in M(X) as M, N — oo,

and we are done. O

A.2. Freidlin-Wentzell estimates

The objective of this appendix is to prove Theorem 3.1. From Wentzell [17],
Theorem 4.3.3, we know that the assertion of Theorem 3.1 is valid under the
following hypothesis.

Assumption (W). The diffusion matrix a: R? x [0,7] - R? ® IR? and the
drift vector b: IR?¢ x [0,T] — R? are bounded and uniformly continuous. The
matrix a is symmetric, positive definite, and uniformly non-degenerate.

Our idea consists in reducing the general case (Assumptions (D1)-(D3) of Sec-
tion 3.1) to that of Wentzell by changing the drift and diffusion coefficients
outside of a ball with center 0 in such a way that the new coefficients satisfy As-
sumption (W). If the ball is sufficiently large, then this change will not influence
the considered large deviation quantities.
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In the sequel, Br will denote the open ball in IR¢ with center 0 and radius R,
and ng’v] will stand for the set of functions on the interval [u,v] with values
in Bg.

We first prove the compactness of the level sets.

Lemma A.2. Let the Assumptions (D1) and (D8) be satisfied. Then the sets
®, (K;p) are compact for 0 < s<t< T, all compact sets K C R?, and all
p20.

- Proof. 1° The Assumptions (D1) and (D3) imply the corresponding assumptions
for the time interval [s, f] instead of [0, T], cf. Remark 3.2 a). Therefore it will
be sufficient to consider s = 0 and ¢t = T only.

2° We show that the function I: Cyr — [0,00] is lower semi-continuous.
Suppose that ¢, — ¢ in Cypr. We choose R so large that the paths ¢y,
n € IN, and ¢ belong to the ball Br. We replace the coefficients a and b by
new coefficients @ and b, respectively, so that @ = @ and b = b on By X [0, T]
and @ and b satisfy Assumptlon (W). Then the associated rate function I is
lower semi-continuous. But I(p,) = I(¢n), n € IN, and I(¢) = I(¢). Hence
I(¢) < liminf I(¢,).

3% Now fix a compact set K C IR? and p > 0 arbitrarily. By Assump-
tion (D3), the set ®(K;p) is bounded and non-empty. Thus, ®(K;p) C BEg’T]
for some R > 0. Replacing a and b by @ and b, respectively, as in step 2% and
denoting the associated level set by ®(K; p), we find that ®(K;p) C (K;p).

Since <I>(K, p) is compact, ®(K; p) is relatively compact. From step 2° we know
that ®(K; p) is closed. Hence ®(K; p) is compact. O

We next show that ®, ;(K; p) coincides with és’t(K; p) for sufficiently large
R.

Lemma A.3. Let the Assumptions (D1) and (D3) be satisfied. Let a compact
subset K of R% and p > 0 be given. Then there ezists R > 0 such that the
following holds true. For any diffusion and drift coefficients (&,b) satisfying
Assumption (W) and coinciding with (a,b) on Br X [0,T], we have

&, (K;p)=0,,(K;p) B, 0<s<t<T,

where ®,.(K;p) and ®, (K;p) denote the level sets associated with (a,b) and
(a,b), respectively.

Proof. We fix a compact set K C IR? and p > 0 arbitrarily.
19 We show that

®,.(K;p) C B[I‘;’t] for 0<s<t<T (A.6)

provided that R is sufficiently large. Suppose the contrary. Then we find a
sequence of functions ¢,: [sp,ts] — R with 0 < s, < t,, < T, pn(sn) € K,
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I, t.(¢pn) < p and |pns(t,)] — oo. In accordance with part (i) of Assump-
tion (D3), we may continue ¢, to a function ¥, € Cy r by setting 1,(u) =
©n(sn) for u € [0,8,], ¥n = ¢n on [sn,tn], and choosing ¥, on [t,,T] as a
solution of ¥n(u) = b(1n(u),u), u € [tn,T]. Then, on the one hand, I(v),)
remains bounded for n — oo, i.e. the sequence (¢,,) belongs to ®(K; p) for some
p > p. But, on the other hand the sequence (3,,) is unbounded in Cy, 7, and
this contradlcts part (i) of Assumption (D3).

2° We choose R so large that (A.6) is fulfilled. Let (&,) be diffusion and
drift coefficients which satisfy Assumption (W) and coincide with (a, b) on Bg x
[0,T]. Fix 0 < s < t < T arbitrarily. Recall that I, ; and I, denote the rate
functions associated with (a,b) and (&,b), respectively. It remains to check
that és,t(K;p) coincides with &, (K;p). Since I, ; and fs,t coincide on Bg’t],
it will be sufficient to verify that not only @, .(K;p) but also @s,t(K;p) is
contained in ng’t]. Suppose that @, ,(K;p) € B%’tl. Then we find a function
¢ € &, (K;p) and u € (s, 1] such that |p(v)| < R for v € [s,u) and |p(u)| = R
ie. I, u(p) = I,u(p) < pand p ¢ BE;"]. Therefore ¢ € @, ,(K; p)\B[;’u] which
contradicts (A.6). O

Proof of Theorem 8.1. The compactness of the level sets was shown in
Lemma A.2. Fix z € R?, p > 0, and ¢ € Cy 7 with ¢(0) = z arbitrarily. Let
z° € R* be such that z° — z ase — 0. Denote by U(y) and U(®(z; p)) bounded
open neighborhoods of ¢ and ®(z;p), respectively (cf. Assumption (D3)). It
suffices to check that

hm 1(1)1fs log P (U(p)) = —I(p) (A7)
and
hrsnjélps log P; (C’o 7\ U(®(z; p))) (A.8)

(cf. Freidlin and Wentzell [7], Chap. 3, Theorem 3.3).
We choose R > 0 so that U(y) and U(®(z;p)) are contained in B[O ™ and

the assertions of Lemma A.3 are valid for K = {z} and certain coefﬁc1ents a
and b. This means that I(¢), ®(z; p), and the probabilities on the left of (A.7)
and (A.8) will not change if we replace a and b by @ and b, respectively. But,
according to Wentzell [17], Theorem 4.3.3, the bounds (A. 7) and (A.8) hold for
the diffusion processes with diffusion matrix @ and drift vector b instead of a
and b, respectively. This proves (A.7) and (A.8), and we are done. O



Multilevel large deviations 71

References

1. Azencott, R.: Grandes deviations et applications. In: Ecole d’Eté de Probabilités de
Saint-Flour VIII-1978. Lect. Notes Math. 774, pp. 2-176. Berlin, Heidelberg, New York:
Springer 1980 )

2. Billingsley, P.: Convergence of probability measures. New York: Wiley 1968

3. Crandall, M. G., Lions, P.: Viscosity solutions of Hamilton-Jacobi equations. Trans.
Am. Math. Soc. 277, 1-42 (1983)

4. Dawson, D. A., Gartner, J.: Large deviations from the McKean-Vlasov limit for weakly
interacting diffusions. Stochastics 20, 247-308 (1987)

5. Dawson, D. A., Gartner, J.: Long time behaviour of interacting diffusions. In: Norris,
J. R. (ed.) Stochastic calculus in application. Proc. Cambridge Symp., 1987, pp. 29-54.
Longman 1988

6. Ekeland, I., Temam, R.: Convex analysis and variational problems. Amsterdam, Oxford:
North Holland 1976

7. Freidlin, M. 1., Wentzell, A. D.: Random perturbations of dynamical systems. New
York: Springer 1984

8. Gartner, J.: On the McKean-Vlasov limit for interacting diffusions. Math. Nachr. 137,
197-248 (1988) :

9. Kellerer, H. G.: Duality theorems for marginal problems. Z. Wahrscheinlichkeitstheor.
Verw. Geb. 67, 399-432 (1984)

10. Lions, P.: Generalized solutions of Hamilton-Jacobi equations. Boston, London, Mel-
bourne: Pitman 1982

11. Postnikov, M. M.: Introduction to Morse theory (in Russian). Moscow: Nauka 1971

12. Scheutzow, M.: Uniqueness and non-uniqueness of solutions of Vlasov-McKean equa-
tions. J. Austral. Math. Soc. (Series A) 43, 246-256 (1987)

13. Schwartz, L.: Radon measures on arbitrary topological spaces and cylindrical measures.
Oxford Univ. Press 1973

14. Stroock, D. W., Varadhan, S. R. S.: Multidimensional diffusion processes. New York:
Springer 1979

15. Topsge, F.: Topology and measure. Lect. Notes Math., vol. 133. Berlin, Heidelberg,
New York: Springer 1970

16. Varadhan, S. R. S.: Large deviations and applications. CBMS-NSF Regional Conference -
Series in Applied Mathematics, vol. 46. Philadelphia: SIAM 1984

17. Wentzell, A. D.: Limit theorems on large deviations for Markov stochastic processes.
Dordrecht: Kluwer Acad. Publ. 1990

18. Wets, R. J. B.: Convergence of convex functions, variational inequalities and convex

optimization problems. In: Cottle, R. W., Giannessi, F., Lions, J. L. (eds.) Variational
inequalities and complementarity problems, pp. 375-403. Chichester: Wiley 1980



