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ABSTRACT. We investigate a model of continuous-time simple random walk paths in Z¢ undergoing two
competing interactions: an attractive one towards the large values of a random potential, and a self-repellent
one in the spirit of the well-known weakly self-avoiding random walk. We take the potential to be i.i.d. Pareto-
distributed with parameter o > d, and we tune the strength of the interactions in such a way that they both
contribute on the same scale as t — co.

Our main results are (1) the identification of the logarithmic asymptotics of the partition function of the
model in terms of a random variational formula, and, (2) the identification of the path behaviour that gives
the overwhelming contribution to the partition function for o« > 2d: the random-walk path follows an optimal
trajectory that visits each of a finite number of random lattice sites for a positive random fraction of time.
We prove a law of large numbers for this behaviour, i.e., that all other path behaviours give strictly less
contribution to the partition function. The joint distribution of the variational problem and of the optimal
path can be expressed in terms of a limiting Poisson point process arising by a rescaling of the random
potential. The latter convergence is in distribution and is in the spirit of a standard extreme-value setting for

a rescaling of an i.i.d. potential in large boxes, like in ( ).
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1. INTRODUCTION AND MAIN RESULTS

In the last decades, there was a significant interest in the study of random motions that are attracted to certain
regions defined by a surrounding random medium. The most-studied type of models is called a random motion
in a random potential, which appears in the study of the parabolic Anderson model (PAM). The methods

have been refined and extended significantly in recent years, and a number of situations have been successfully
treated in detail. The present paper makes a contribution to this line of research by studying a model that
combines attraction with repulsion and shows, as a result, a much more pronounced behaviour.

We explain the background and the main message of this paper in Section 1.1, give some literature remarks
in Section 1.7, introduce the model in Section 1.2 and also a crucial rescaling in Section 1.3. The key variational
formula and the main results are presented in Section 1.4. In Section 1.5 we provide some heuristic explanations
for our results. The remainder of the paper is described in Section 1.6.

1.1 The main purpose
In this paper, we study one of the fundamental models of a random motion in a random medium: the
random walk in random potential. This is closely connected to the parabolic Anderson model (PAM), the

Cauchy problem for the Laplace operator with random potential. Indeed, in the Feynman—Kac formula for
the solution, the random walk is strongly attracted by the local regions in which the potential has particularly
high values, in competition with a not too far distance that has to be travelled to that region and to a not
too high probabilistic price that the walker pays for staying a long time in that region. The attractive regions
are called intermittent islands for the solution of the PAM. Their locations are random and homogeneously
distributed. In fact, properly rescaled, they converge to a Poisson point process, as comes out of a spatial
extreme-value analysis. The typical behaviour of the walk is that it is attracted to just one of these islands
(characterised by an optimal relation between size, height of the potential and distance to the starting site);
indeed, it rushes quickly to that region and stays there for the remaining time.

In the present paper, we add another feature to the model: a weak self-repulsion of the path, defined by
some negative exponential term in the spirit of the well-known weakly self-avoiding random walk. We tune
the strength of this self-repellence in such a way that it effectively competes with the attractive part. In
this model, the path would pay significantly if it would spend much time in just one of the islands. We are
interested in understanding the typical path behaviour. It is tempting to expect that the path will now visit
several of these islands after each other. The purpose of this paper is to find out whether or not this is true
and to formulate and prove details about the typical behaviour. We consider an i.i.d. Pareto random potential
with parameter a > d, for which localization effects are particularly pronounced.

Our main findings are that an interesting and characteristic random variational formula describes the
behaviour of the walk, defined on a limiting probability space that carries the limiting Poisson point process.
For o > 2d, the variational formula is almost surely positive and a subtle analysis of its optimizers shows
that the walk visits a certain finite choice of islands and spends in each of them a certain amount of time.
The order of the visits is dictated by the length of the shortest trajectory that covers all these islands. Our
proof shows that the totality of all other behaviours of the random path has vanishing probability. That is,
we prove a detailed localization result for the entire path. The main properties of the variational formula that
allow this are the compactness property and the uniqueness of the minimizer, almost surely. Interestingly,
the behaviour of this variational formula changes for a € (d, 2d), we comment on this in Remark 1.10.

1.2 The model

Let d € N and £ = (£(2)).eze be a random potential with distribution P that consists of i.i.d. random
variables. Let P be the law of a continuous-time simple random walk X = (X;)s>¢ on the lattice Z? with
generator the discrete Laplacian A starting from the origin. We take into account two types of microscopic
interactions. The random walk interacts with the random field £ and undergoes a self-repulsion of strength
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(5. This leads us to associate with every trajectory X the Hamiltonian

HE( /g ds—ﬁ/ / Iix.=x,} dsdu, (1.1)

where 8 € [0,00) is the intensity of the self-repulsion. The first term is the interaction with the random
potential £, the second is the self-intersection local time (SILT), the amount of time pairs at which the
random walk is at the same site. We introduce a polymer measure P{*”’ that is absolutely continuous with
respect to P (more precisely, to its restriction to paths on [0,¢]) with Radon-Nikodym derivative given by

PLEs) HEA (x)
T xy=¢ , (1.2)
dP 7

where the normalizing constant Z*” = E[th(g'ﬁ)] is the partition function of the model. We call this model
the weakly self-avoiding random walk in a random potential. We want to study its large-t behaviour.

When 3 = 0, the Feynman-Kac formula shows that Z;*” equals the total mass U(t) = ., ;4 u(t,x) of
the solution v to the parabolic Anderson model (PAM), the heat equation with random potential &:

Opu(t, r) = Au(t, z) + £(z)u(t, x), r ez,

with localised initial condition u(0,0) = 1 and u(0,z) = 0 for x € Z4\ {0}. On the other side, with £ = 0 and
B >0, P> is the law of a weakly self-avoiding walk in continuous time. Since the SILT is not an additive
functional, there is no obvious connection between this model and any partial differential equation.

It is clear that the Hamiltonian is a function of the walker’s local times ¢;, given by

li(2) =05(2) = / I{Xs =z} ds,, P (1.3)
0
Indeed,
HED(X) =Y &(2)l(2) = B Y b(2)? = (&, b) — Blltel3, (1.4)
z€Z4 z€Z4
where we wrote (-, -) for the standard inner product on Z? and || - || for the standard ¢2-norm on Z.

In earlier work on the PAM, it turned out that the model is the easier to analyse and the resulting picture
is more pronounced for heavy-tailed potentials. Here we will assume that the potential variables £(z) at all
sites z € Z¢ are independently Pareto-distributed with parameter o > d, i.e., have the distribution function

F(r)y=P¢(z)<r)=1-r"9, r>1. (1.5)

In particular, we have £(z) > 1 for all z € Z¢, almost surely. This is the most heavy-tailed distribution for
which the PAM is well defined; indeed, ( , Theorem 2.1) says that o > d is necessary and sufficient for
partition function for 5 = 0 to be finite. Hence, our model is well-defined for any § > 0.

1.3 Rescaling and point measures
It is the purpose of this paper to study the counterplay between the effects coming from the two terms in the
Hamiltonian and the underlying probability distribution of the walk. To make sure that these three effects
(i.e., attraction by the potential, self-repulsion and entropy — see the heuristics in Section 1.5) all run on the
same scale, we take § depending on ¢ as follows. Fix a parameter 6 € (0,00) and set
! d

0 , where = — 1.6

(logt)e 1= %4 (1.6)
Note that ¢ and the large-t behaviour of §; are increasing in «; for a < 2d, we have that 8; — 0 as t — oo.
To reduce the amount of parameters, in the following we write

(&) . _ (£,8¢) (&) .__ r7(&Be) (&) .__ &8
HE = HE | 7O =z PO = plesn), (1.7)

Bt =
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We denote by
t 1+q

"t <logt> (18)
an important characteristic spatial length scale. More precisely, r; will turn out to be the typical distance
of the relevant islands from the origin at which we will find (X;)sejo,) With high probability under P,
Furthermore, it will turn out that the largest potential values in boxes of radius ~ r; are of order rf le 1
is convenient to express statements like these in terms of point processes, i.e., random variables with values
in the set M, ((0,00) x R?) of Radon measures on (0,00) x R? with values in Ny U {oc}, also called point
measures since they are of the form )z, with z, € (0,00) x R?. The crucial point is that the rescaled
point process

H — 6 . . (19)
R DLER

converges as t — oo , weakly with respect to the vague topology in M,,((0,00) x R?), towards a Poisson point
process (PPP) II with intensity measure af !~ df @ dy:

IT ~ PPP((0,00) x RY, af'"*df ® dy). (1.10)

This is a basic result from spatial extreme-value analysis; see Lemma 2.4 for the precise statement. We will
often write the points in (0,00) x R? as (f,y). The process II may also be seen as a standard Poisson point
process in R? with Fréchet-distributed i.i.d. marks. We will write the probability with respect to II also by
P.

In order to formulate the path behaviour of the walk in terms of the local times /;(x) = £ (x) =
fg 1{X(s) = z}ds, we need to rescale them in time by ¢ and in space by r;. Those rescaled local times
are considered as a density with respect to II; of the measure W% defined by

%;X)(f, y) = gt(irt),
t

where we have extended the local times to a function ¢,: R — [0,¢] satisfying ¢, = 0 on R? \ Z¢. We will
often omit the superscripts and write simply W; for W, Note that W; depends on &, and assigns to each
pair of site and corresponding potential value the proportion of time that the walker has spend on that site
by time ¢. It does not encode the number nor the order of the visits of the random walk to the sites. W; lies
in the set W of all measures u on (0,00) x R? with total mass u((0,00) x R?) < 1. We equip W with the
vague topology as well. By ( , Corollary 13.31) and ( , Theorem 15.7.7), W is a compact Polish
space, which will be convenient for the formulation of our results and proofs. Our main object of study will
be W;. Certainly the rescaled local times are an object of high interest themselves, but their behaviour may
be deduced from that of II; and W;.

By using the identities

(f,y) € (0,00) x RY, (1.11)

rdey = r,logt (£=1-11) and  Bit* = Orylogt, (1.12)

from (1.4) it is easily seen that

HP(X) = Z §(2)l(z) — B Z (2)? = Z tf(zrt)L(jrt) — Bit? Z (Et(zrt)f

t
zem zem ek €% (1.13)
2 . th
=Tt logt [fw(f7 y) —H'UJ(f, y) ] dHt(f7 y)a with w = )
(0,00) xR dIIy

i.e., the Hamiltonian is an explicit functional of the rescaled local times and the point process Il;. This is the
starting point of our analysis.
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1.4 Main results: convergence towards a variational formula
In this section we formulate and comment on the main results of our paper. In Theorem 1.1 (a) we show
that, for any @ > d, the log of the partition function Z in (1.2) divided by 7;logt converges in law by
a non-trivial random variable Z. In part (b) of Theorem 1.1, we show that, for @ > 2d, the rescaled local
times measure W of a typical trajectory sampled from the mixture of P and P{* converges in distribution as
well. Afterwards, in Theorem 1.4, we identify = and the limiting local times process by means of a random
variational formula and its unique maximizer. Contrary to the parabolic Anderson model, which corresponds
to 8 = 0, this maximizer is — with probability larger than 0 — not a Dirac measure. However, which may be
quite unexpected, the support of this maximizer is still finite. More precisely, the number of points in the
support is a random variable which attains any value of N with positive probability.

Let us introduce some notation for the statements below. We write P x P for the mixture of the laws of
P and Pf% ie.,

P x P (A x B) = E[14(§) P{”[X € B]]. (1.14)
As mentioned above, W is a compact Polish space. Therefore, by ( , Corollary 13.30) (corollary of
Prohorov’s theorem) and ( , Theorem 15.7.7), the set of probability measures on W forms a compact

Polish space.

Theorem 1.1 (Convergence towards the variational formula). Fiz 6 € (0,00) and o € (d,00). There exist a
random variable = with values in [0,00) and a random variable p* with values in W, which we may and do
assume to live on the P-probability space, such that the following convergences in distribution hold:

(a) partition function:

log Z(® =X = (1.15)

rilogt

(b) law of the rescaled local times: if o € (2d, 00), then, under the mized measure P x Py as in (1.14),
W, = WS converges in distribution to p*;

W, =2 uF i W, (1.16)
more precisely, for all g € Co(W),
E[E” [g(Wi )] — Elg(u")]. (1.17)

The proof of Theorem 1.1 is given in Section 5 conditionally on crucial assertions for the lower bound part
of the convergence in (a) (which are proved in Section 6) and crucial assertions about the upper bound in (a)
and for (b) (which are proved in Section 7).

In Theorem 1.4 below, we describe = more precisely. Namely, = = Z(II) (for II as in (1.10)), where Z(P)
for a point measure P on (0,00) x R? is defined by

E(P) = sup Up(p), (1.18)
pnew

where W is the set of subprobability measures on (0,00) x R? and V¥ is introduced in the following definition.
Moreover, in the case o > 2d, Theorem 1.4 states that u* is the unique maximizer of (1.18) for P = II.

Definition 1.2. Let P € M,,((0,00) x R?). We define
(a) the energy functional ®p: W — [—o0, 00| by

Jomoype [Fwfry) = 0w(f,y)?] dP(f,y) if p < Pow = 35,
—00 otherwise,

p () = { (1.19)
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(b) the entropy functional Dp: W — [0, 00] by

3 Dy(Y) if P,
pp(u>—{bquCS“ppmd“v#Y<°° o) ifu< (1.20)

%) otherwise,

where Dy ()) = 0 and Do(Y) for a finite nonempty set Y C R? is the smallest possible | - |-length of a

path from the origin that reaches all points in Y’; i.e., the minimum over Zi\il |o; —o;—1] of bijections
0:{0,...,N} - Y U{0} with g = 0. We wrote

suppga 0 = {y € R?: 3f > 0,(f,y) € supp u}, (1.21)

for the support of the projection of 1 on R<.
(c) the functional ¥p: W — [—00, 00) by

tot = {370 P 8870 <o

<

Remark 1.3 (The appearance of the energy and entropy functionals). We will later (in Section 1.5 on the
heuristics) see that ¢ Dy plays the role of the large-deviation rate functional for the rescaled local times on
the scale r; log¢; hence we called it an entropy functional. Observe that, see for example (1.13),

H{(X) = (r¢logt) &, (W), (1.23)
and, therewith,
Zé&) ) [e(n logt) 1, (Wt)} ) (1.24)

This says that the random walker gains on the exponential scale r;logt the potential reward that is given for

w = i‘gf by f(o 00) xR fw(f,y) dP(f,y) and it pays the self-repellence price that is given by the expression

f(o,oo)x]Rd Ow(f,y)? dP(f,y). See Section 1.5 for a more precise heuristic explanation. &

Let us now formulate what we announced before:

Theorem 1.4 (Identification of the limits). Fiz § € (0,00) and « € (d, 00).

(a) Let 2 be the random variable as in Theorem 1.1. Then, P-almost surely,
E=E(I0).

(b) For o € (2d,00), there exists a random variable p* with values in W such that the convergence in
(1.16) holds and, P-almost surely,

) (1.25)
This maximizer is P-almost surely unique in the sense that, P-almost surely, Un(v) < ¥n(u*) for
any v € W\ {u*}. Furthermore,
o P-almost surely, u* is a probability measure with finite support and p* < II. In particular,
P(p*=0) =P(#suppp* =0) =0.
o Forallk e N, P(#supppu*=k) > 0.
Consequently,

P(Z(II) € (0,00)) = 1. (1.26)

Theorem 1.4 (b) will be a straightforward consequence of some results presented in Section 2, namely
Theorem 2.8 (a), Lemma 2.9 and Lemma 2.10. The proof of Theorem 1.4 (a) is part of our proof of Theorem 1.1
in Section 5.
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Remark 1.5 (Interpretation of Theorem 1.4 (b)). Since p* has finite support and is absolutely continuous
with respect to II, there exist (random) k* € N and (f7,y7),- ., (fix, i) € supp(Il) and wy, ..., wi. € (0,1]
satisfying Zle w; =1 such that

-
=Y Wi -
=1

Hence, if we interpret the convergence in (1.16) as almost sure convergence, the typical path under P{* spends
~ w}t time units in the site ~ |y ry| with value £(|yfre]) ~ fi*rfl/a for any ¢ € {1,...,k*}, but in all other
sites only o(t) time units (or does not even reach them).

The above is an informal interpretation. More formally, we obtain the following consequence from Theo-
rem 1.1 (b). Given h € C.((0,00) xR9), observe that the function g : W — R defined by g(u) = f(o,oo)de hdu

is continuous and bounded on W, i.e., g € C,(W). Because

62Xy _ b(rey) _ &(z) z\l(2)
s = [ g = 3 n(5R )

/o’ p, )t
z€7Z4 Tt ¢

.
o(u*) = / hdut =S wih(fe,ul),
IR D DULLICR

and since Wy = p* in W, see (1.17), we obtain

E[Z E;“[it(z)]h(fé/zié)] -, E[iw;h(m;)}

z€Z4

<

Remark 1.6. [Generalization of Theorem 1.1 (b)] Actually, we are able to prove a slightly more general but
more abstract convergence than in Theorem 1.1 (b). Indeed, let us write £;* for the law of W, under P{®, so
that for a Borel set A C W we have

LEO(A) =PE{X: WSED € AY) = EP [1{WY € A}] = / L{WE € A} AP (X). (1.27)
Then for p* as in Theorem 1.1, we can show the following convergence in distribution (see Remark 5.6),

Eig 2 0.~ with respect to the weak topology in the space of probability measures on W. (1.28)

More precisely, for all continuous bounded functionals f defined on the set of probability measures on W,

E[f(£i)] =5 E[f (0] (1.29)
The convergence in Theorem 1.1 (b) follows from this by taking f(v) = [gdv in (1.29) for g € C,(W) so
that f(L”) = BV [g(W )] and f(d,-) = g(u*), implying (1.17). o

Remark 1.7 (Large-deviations explanation). Standard ideas from the theory of large deviations applied
to the formula in (1.24) already suggest that the statements in Theorems 1.1 and 1.4 are true. Indeed, if
(Wi)te(0,00) would satisfy a large-deviations principle (LDP) on the scale 7;logt with rate function ¢Dr,
and if the limit II; = II could be combined with this LDP, and if the energy functional ®; would have
appropriate continuity and boundedness properties, then Varadhan’s lemma would imply the validity of our
main statement. Roughly, this is also our strategy for proving the theorems, but a lot of technicalities need
to be overcome along the way. &

Remark 1.8 (The order of visits). The entropy functional ¢Dy; says nothing about the order in which the
trajectory visits all the points of II, but this is implicitly expressed in the definition of Dyy: it is the order
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that gives the minimal total trajectory length. This is reminiscent of the famous traveling-salesman problem,
but we refrain from going into questions about the shortest trajectory here. <&

Remark 1.9 (A particular case: d = 1). In dimension 1, both the expressions of the energy functional @y
n (1.19) and of the entropy functional Dry in (1.20) turn out to be much easier. To be more specific, we
consider x,z € [0,00)% and p € W such that u < II and minsuppg ¢ = —2 and maxsuppg ¢ = 2. Then,
Dn(p) = (x + 2) — min{z, 2} since it is the shortest distance that one has to travel so that starting from the
origin both sites —x and z are visited. Moreover, by screening effect in dimension 1, that is since every site in
[—x, 2] is visited by a trajectory that reaches both —x and z, any (f,y) belonging to supp II with y € [z, 2]
may be in the support of such p € W without increasing the entropy. Note that, P-a.s. II((0,00) x {0}) =0
and therefore, it is sufficient to consider (zx,z) that are not simultaneously null. We introduce the order

statistics (f[(i)w Z])z‘eN of the field inside [—z, z] such that for a sequence (yfjw Z])z‘eN

supp I N (0, 00) x [— xz]—{(f[_wz $z]):i€N}.

In Section 3.2 a function ¢y, for k € N, see (3.6), is introduced that allows us to describe the supremum over
the energy functional over the measures that are supported (0, 00) X [—z, 2] as follows

1 L=
sup ‘I)H(,U) = Pk, (f[(_)x’z]7 ey f[(_x?z])
HEW: supp puC(0,00) X [—x,z2]

where k, is a function of the order statistics ( f[@r 2])i€N, more precisely,

J
ke =inf {j e N: jfIT0 <3 A0,
i=1

Thus, formula (1.18) for P = II can be strongly simplified since the variational formula computed in p only
depends on the leftmost and rightmost points in supp p. To be more precise, we obtain

E(I) := sup f_ ..,f(f*) —q(z + 2) — ¢gmin{x, z}. (1.30)
x,ye[o,oo)z\{(oyo)} ( [~=,2] [ x,z]) { }

<

Remark 1.10 (Suggested scenario for a € (d,2d)). In the course of our proofs for Theorems 1.1 and 1.4
we in particular show that the characteristic variational formula Z(II) is finite almost surely for o > d and
positive for o > 2d. The latter assertion seems crucial for the behaviour of the path in the random potential.
It is not easy to give a short argument for that; apparently the PPP possesses sufficiently many sufficiently
high potential values with not too large distances between them, such that trajectories exist for which it is
worth paying the travels in order to profit from spending time in those large potentials.

This is different for « € (d,2d). Indeed, in a forthcoming paper we will show that both {Z(II) = 0} and
{E(IT) > 0} have positive probability here. This can be roughly explained as follows: With positive probability
the PPP, like for a > 2d, possesses sufficiently many high potentials with not too large distances. Also, the
complement has positive probability, leading to no such preferable locations as it is not worth travelling
that far to profit from the large potential. We conjecture that the intermediate order statistics need to be
considered to reflect the true behaviour of the random path. A closer description of this scenario will be given
in a future work. &

1.5 Heuristic explanation
Let us give here an explanation of the main result, the limiting assertion in Theorem 1.1, jointly with the
identification of the limit in Theorem 1.4. In Section 6 we will turn the following heuristics into a proof of
the lower bound (however, the proof of the upper bound in Section 7 is very different).

We need to understand the large-t behaviour of the partition function Z;* defined in (1.7), i.e., the ex-

pectation of ¥ with Bi defined in (1.6) and the Hamiltonian as in (1.13). The first step is to understand
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the scales on which the probability from the simple random walk and the contribution from the potential &
run, where we first ignore the self-intersection term and concentrate on the potential-interaction term. Hence,
this part of the heuristics is the same as for the behaviour of the PAM with Pareto-distributed potential in
( ); let us give an overview now. Note that there is a competition for the random walk between a
reward (called ‘energy’) from staying much time in sites with extremely large values of the potential and the
probabilistic cost (called ‘entropy’) to reach such preferable sites quickly: travelling far, the walker finds a
larger potential value, but this is more costly. We need to find an optimal balance.

As in ( ), we obtain a lower bound by inserting the indicator on the event A;*® that the walker
wanders on some fixed shortest path to a site z during the time interval [0, st) and stays at z during [st, t].
Since the random walk has generator A, the probability of this event is

P(A?*) = Poiggs(|2]) (2d) ~1Fle = (179244 f shortest paths 0 «— z}.

Taking |z| > ¢, using Stirling’s estimation for the term |z|! that appears in the Poi-term, we see that the
dominating terms in the exponent are |z|log |z| and |z|log(st), so that, dropping all lower-order terms,

t
P(A;®) ~ exp {|z| [log + logs} } .

2]
Now let us examine the contribution from the potential £. In order to obtain a preferably large lower bound,
we pick z as a maximizing point of the potential £ within a box of radius . According to the Pareto-tails, we
are able to pick z such that &(z) ~ r%/®, and this site will be close to the boundary of that ball, i.e., |z| ~ r.

Hence, from the stay at z during [st, t], the potential contributes ~ et=5)r"" The potential values that the
random walk experiences on the fast rush during [0, st] are negligible. Hence, we have the lower bound

t « «@
Z® > exp {7“ [log — + log s} } ot/ g str/ ,
r

and we have still the freedom to optimize over small s and large r. The optimal choice of s € [0,1] for the
second and the last term is s =~ %rl’d/ @ which implies the lower bound

t d
Z¥ > exp {rlog - + tr¥/® —log (trd/o‘_l)} = exp {trd/a — arlog T}. (1.31)

The maximal r satisfies tr%/*~1 = 1 4 logr, and this is asymptotically satisfied by r = r, = (t/logt)'*? as in

(1.8) with ¢ = ﬁ as in (1.6). Then both the energy term tr%/* and the entropy term —grlogr ~ —qrylogt
are on the scale r; log t. Interestingly, the latter comes exclusively from the probability of the crucial event A;"*,
after optimizing on s ~ 1/logt, whose choice depends on the potential value. This explains the appearance
of the prefactor ¢ in (1.22) and the notion of an ‘entropy functional’ in Definition 1.2.

So far, this was the first part of the explanation, which applied also to ( ), since we considered
only the potential interaction. Now let us become specific to our model, where an additional self-intersection
term in the Hamiltonian appears and makes the path paying an extra energy price when staying a long time
in a single site. If this time is of order ¢, then the price is of order 3;t> = Or;logt (see (1.12)) i.e., it is
on the same scale. Therefore, the strategy has to be improved by not only visiting one site, but several
after each other and staying in each of them some time < ¢. Standard assertions from spatial extreme-value
theory guarantee that there are not only one, but many sites with potential values = rf / ®, and they are
homogeneously distributed over a centered ball with radius ~ r;, so there are many good candidates for sites
to be visited. One needs to make a choice of the number of the visited sites and the order in which they are
visited during the time interval [0,¢]. The travel between them costs an additional price of the same order as
the first travel from the origin to one of them since the distances of all these travels are on the same scale.
The functional ®p () in (1.19) describes the energetic gain (staying ~ w(f,y)t time units in a site ~ yr with
potential value frf /% for all the (f,y) in P and paying w(f,y)? for the self-intersections), and the functional
gDp in (1.20) describes the exponential probabilistic cost payed by the simpe random walk. Hence, the rate
functional ¥p = ®p — ¢Dp in (1.22) gives the entire exponential cost of this path strategy on the scale r;
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for P = Il;, as we explained in Remark 1.3. Then the exponential behaviour of the partition function Z;*
is given by the maximum of p — ¥r(u), like in Varadhan’s lemma. An additional technical difficulty is the
combination of the large-deviation arguments with the point process convergence II; — II; see Remark 1.3.

1.6 Organization of the paper

The remainder of the paper is organized as follows. In Section 2, we explain our strategy for proving The-
orem 1.1 and formulate two types of intermediate results: the first comprises a deterministic version of
Theorem 1.4 for point measures that possess certain properties, while the second states that II; and IT possess
these properties. This version of Theorem 1.4 is proved in Section 3 along with fundamental compactness
and continuity properties of the energy functional ®p and the entropy functional Dp, as well as the exis-
tence and main properties of the maximizer. The proof that II; and II have the good properties is given in
Section 4. Hence, Sections 2—4 derive all the properties of the variational formula for Z(IT) as formulated in
Theorem 1.4. In Section 5 we start the proof of the large-t analysis of the model, Theorem 1.1, by formulating
two main ingredients for the proof for the lower respectively upper bound (Propositions 5.2 resp. 5.4). The
two propositions are proved in Sections 6 and 7, respectively.

1.7 Literature remarks

Let us give some survey on the literature on random motions in random potential and localisation properties.
First examples appeared in work by Sznitman on Brownian motion among Poissonian obstacles in the early
1990s, see his monograph ( ). Among many other things, he proved almost-sure attraction to one island,
but did not identify this island. An analogous localization result (i.e., for the solution of the PAM rather than
for the random motion) in the space-discrete setting with an i.i.d. doubly-exponentially distributed potential
was ( ). Around 2010, it turned out that the strongest attraction to the intermittent islands is present
for potentials with heavy tails, since they have a particularly pronounced profile: indeed, the islands are just
singletons here. This has been observed for the first time for the most heavy-tailed potential distribution,
the Pareto distribution, in ( ) and has been investigated in great detail in ( ) and also for the
exponential distribution in ( ); see the survey ( ). For double-exponentially distributed potential,
localization (and much more) was proved in ( ). Most of these localization results are formulated and
proved for the solution of the PAM rather than for the random walk in the Feynmna—Kac formula. See ( ,
Sect. 6) and ( , Sect. 6.3) for two comprehensive survey texts on such localization results up to 2016.

These two survey texts triggered interest in localization of discrete-time random walks among Bernoulli
traps, the (time and space) discrete version of Brownian motion among Poisson obstacles. Deep localization
properties were derived in ( , , ) in this setting in dimension d > 2. Similar results
for a correlated random potential in d = 1 (with i.i.d. gaps between the obstacles) have been derived recently
in (PS).

Earlier work ( , , ) analysed the strongly related model of a spatial random branching
walk in a Pareto-distributed random field of branching rates. For this model, this series of papers derives
a description that resembles our model and results quite strongly. It turns out there that the main bulk of
the particles is highly concentrated in a number of sites that are defined in terms of a Poisson point process
(essentially the same as our IT); more precisely, the branching process subsequently visits points of this point
process that are step for step extremal with respect to a compromise between high potential values and short
distances. This precise mechanism is different from the one that is detected in the parabolic Anderson model
(PAM) in ( ); the main difference to that model being that the branching process is consistent and
has no finite time horizon, like the PAM. With respect to our model, an additional difference is the repellent
effect from the second part of our Hamiltonian.

The second feature in our model is the Hamiltonian of the famous weakly self-repellent random walk, the
negative exponential of the self-intersection local time. It is here only a side-remark that the behaviour of the
weakly self-repellent walk is poorly understood in dimensions d € {2,3,4}, and it was a substantial challenge
to investigate it in the other dimensions. See ( , ) for surveying texts. Generally, it is expected that
the typical behaviour is a more or less uniformly spread-out behaviour in space on a scale t7¢ that is much
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larger than the scale t!/2 of the free walk (at least in d < 4), but much less than the scale ¢ of a ballistic walk
(at least in d > 2). However, all these effects will not be seen in our model, because of the presence of the
random potential. We will necessarily be working on a much rougher scale than those scales that are believed
to be responsible for this spread-out behaviour, and the resulting behaviour will be much more spread-out,
but for reasons that have to do with the potential and not with the self-repulsion.

1.8 Notation

We write N ={1,2,...} and Ny = {0,1,2,..., }. For the rest of the paper, we fix d € N, 6, € (0,00). We
set Qr := [-R, R]¢ for R € (0,00). We write = for convergence in distribution. We abbreviate ‘Poisson
point process’ by ‘PPP’. For y = (y1,...,94) € R? we write |y| = Zle lyi| for the £* norm.

2. PREPARATION

In the present section, we prepare for the proof of Theorems 1.1 and 1.4 by analysing the variational formula
Z in (1.18). On the way, we need to extract several continuity and compactness properties of the energy and
entropy functionals ®p and Dp as functions of P € M, ((0,00) x R?). For this, we keep P deterministic
in this section, but restrict to a subclass of such P’s for which we can prove all needed assertions and for
which we can prove that the processes II; and II satisfy them. We define in particular a class of good point
measures, see Definition 2.7, with the characteristic that if P is good then ¥, has at most one maximizer.
In Theorem 2.8 we formulate all the necessary properties for deterministic good point measures, among other
things the uniqueness of the maximizer and its continuous dependence on P. Furthermore, in Lemma 2.9 we
state that II; and II are almost surely good. The proofs are deferred to later sections.

It will be convenient for us to compactify some sets of (0, 00) x R? as described next. For h, s > 0 we define
the cone-shaped set (see also Figure 1) with height h and slope s by

Hj o= {(f,y) € (0,00) x R?: f>s|y|+h}. (2.1)

h T §

FIGURE 1. Illustration of Hj.

We can embed (0,00) x R% continuously and openly into a locally compact Polish space & with certain
properties, mentioned in the lemma below. For a locally compact metric space E, we write M(E) for the
set of point measures on E, i.e., Ny U {oo}-valued Radon measures, or equivalently, due to the fact that the
support of each such measure is countable and locally finite, the set of Radon measures that can be written
as ), cy Oz, for asequence (z,)nen in . We equip M (E) with the vague topology, i.e., P, — P in M (E)
if and only if [ dP, — [¢ dP for each continuous compactly supported ¢: E — R. When E = € we
will simply write M, = M,(€). We denote by M} the set of point measures in M,, that are supported in
(0,00) x R? and equip it with the topology from M.

Lemma 2.1. There exists a locally compact Polish space €, with (0,00) x R C &, such that

(i) for every h,s > 0, the open set H; is relatively compact in €, and for every compact subset K in €
there exist h,s > 0 such that K N (0,00) x R C H;,

(ii) the map ¢ : (0,00) x RY — & given by o((f,y)) = (f,v), (f,y) € (0,00) x R? is open and continuous.
In other words, (0,00) x R? is continuously and openly embedded in €.
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Moreover,

(a) My can be viewed as a subspace of M ((0,00) x R%), in the sense that for P € My, P o defines a

point measure on (0,00) X R4,
(b) Let P € My((0,00) x RY). Define P on & by P(A) = P(.=1(A)) for Borel sets A C €. Then P is an
element of My if and only if P(H}) < oo for all s,h > 0.

Proof. The proof is given in Appendix A, below Lemma A.1. O

Remark 2.2. Observe that by the Portmanteau theorem ( , Theorem 13.16), P,, — P in M (€) implies
that P, (A) — P(A) for all measurable relatively compact A C €. And hence by Lemma 2.1 (b), in particular
for all measurable A that are a subset of H} for some h,s > 0.

Lemma 2.3. Lett > 0. II and II; are almost surely in M (with P as in Lemma 2.1 (b)).

Proof. Let h,s > 0. We show that E(II(H})) < oo and E(II;(H})) < oo, so that, e.g., P(II(H}) < o0) =1,
and therefore P((; e (0.00)no{I(H}) < 0o}) = 1. Because Hj C Hj for t < s and j < h, this implies

P (N he0,00){I1(H}) < 00}) =1 and thus, by Lemma 2.1 (b) that I € M,.

We have
() = > 5(M_i)(7'li) =) 11{5(52 > 5| = +h}.
€74 T»f/o‘ T sezd Ty Tt

We calculate

P(EEL sl 2[n) = (o) 2+ ) =]

Therefore, because a > d,

E(Ht(’Hi)) < Z (s

z€7Z4

z _

—’ + h) ¢ < .
Tt

Note that II(#;) is a Poisson distributed random variable with parameter

& « 1
]]_ s y 7d d == / d ’
Loy mv g arar= [ apr
which is finite for o > d, so that E(II(#;)) < oo. O

From here on, we will make abuse of notation and write II also for II and II; for II;.
In the following lemma we state the convergence of II; towards II, as mentioned between (1.9) and (1.10):

Lemma 2.4 (I, = II). Let a € (d,00). Let t1,t2,--- € (0,00) and t,, = co. We may view II;, and II as
elements of My for all n. Then 1y, — Il in M{ asn — oo.

Proof. That we may view II; and II as elements of M} follows by Lemma 2.3.

The convergence follows by ( , Lemma 7.4) (the fact that we have (0,00) x R? instead of R x R¢
does not change the validity of the lemma, as the proof builds on ( , Proposition 3.21) can be carried
out in our situation in the same way). For this we have to check the two conditions, namely (7.17) and (7.18)
of that lemma (we take the N, in that lemma to be equal to zero, furthermore let us mention that in (7.17)

there should be “(2ﬁtil)d” instead of “ (25 )d”). The first condition, (7.17), follows by

lim TdP(g(O) > s) = lim rd(r¥/os)~ = 572,

r—00 Td/@ r—00
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The second condition, (7.18), follows by the fact that for all s,h > 0

3 P(fﬁ% > s@ +h) < ¥ P(g(O) > s|:c|r%*1>

TE€ZY:|z|>rn z€Z:|z|>rn
< P Z |x|—ara—d < S—a/ u—ara—dud—l du
z€Z%:|x|>rn el
_ S—(y,r,u—d ud—a o _ S—(Yru—d(%)dia —g @ 2a—d d—a N—© 0
d— ol a—d a—d '
So that indeed,
0
lim lim sup Z P(M > sm + h) =0.
n—00  roo rd/a r
z€Z%:|x|>rn
For P € Mp and R > 0, define
Mg(P) :=sup{f: (f,y) € Pandy € Qr}.
Lemma 2.5. Let P, Py, Pa,... be in My such that P, — P in M. Then
Mg (P
sup Mg(P,) < oo forall R >0 and lim sup Mi(Pn) = 0.
neN R—oopen R

In particular, impg_, M’}SP) =0.

13

Proof. Fix ¢ € (0,1). First observe that for any Q € M, and any h > 0, Q(H}) < oo since H5 is relatively
compact (in €), and thus V(Q) :=sup{f: (f,y) € supp QN H;} < oo. Fix h € (0,¢) such that P(9H7) = 0.
By (Res87, Proposition 3.13), there exists an ng € N such that V(P,,) < V(P) + 1 for all n > ng, implying
M = sup,en V(Py) < co. For R > 0, note that (0,00) x Qg = AU B where A C (0,e(R + 1)] x R? and

B C Hj, (see Figure 2), so that

(0,e(R+1)] x R?

FIGURE 2. Hlustration (0,00) x Qr C HE U (0,e(R +1)] x R™

sup Mg(P,) < max{e(R+1),M} < oo,
neN

implying the first statement in (2.3). For the second statement, divide the above inequality by R, take the

limsup as R — oo and then the limit as € — 0.

O
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Recall that W denotes the set of subprobability measures on (0,00) x R? with total mass < 1. For R > 0
and P € M,,((0,00) x R?) define the sets
F(P) :={peW: p <P and supp(p) is finite}, (2.4)
§1(P) :={u € F(P) : p is a probability measure}. (2.5)

In the following lemma we show that if a point measure P has sufficiently many points, then one may restrict
to take the supremum over elements in §1(P) in the variational formula for Z(P) (1.18). Then, we introduce
the notion of a good point measure, under which we will prove a conditional version of Theorem 1.4 (b).

Lemma 2.6. Let P € MJ. Suppose that

¥6 >0 3m € N 3 distinct (fi,91), - (fm:Ym) €SUPP, > fi =20, Do(y1,-..,ym) <. (2.6)
i=1
Then
E(P) = sup Up(u)= sup Up(u). (2.7)
HEW reF1(P)

Definition 2.7 (Good point measure). We say that a point measure P € M is good if Up possesses at most
one maximizer in §(P) in the sense that there exists at most one v € §(P) such that sup,czp) Yr (1) = ¥p(v),
and if it satisfies at least one of the two following conditions:
(1) There exists a f > 2 such that for all R, C' > 0 there exists a eg ¢ > 0 such that for ¢ < ep ¢ and for
all y € Qg there exists a (f,7) € (Ce, 00) x B(y,?) Nsupp P.
(i) P((0,00) x Qr) < oo for every R > 0.
Now we can formulate a deterministic version of Theorem 1.4 (b) (and more) for good processes.

Theorem 2.8 (Analysis of Up for good P). If P,P1,P2,--- € M} are good in the sense of Definition 2.7,
then the following statements hold.

(a) Mazimizer: There exists a unique p* € W such that

Up(p") = sup. Up (1) (2.8)

This mazimizer p* has finite support, is a probability measure and satisfies p* < P, i.e., p* € F1(P).
(b) Multisupport mazimizer: Let k € N, ¢ := 4(;% and L > 20 + (¢ + 1)e. With B. = {y € R%: |y| < ¢}
the closed ¢* ball in RY, define the regions of (0,00) x R? (see also Figure 3)

2 2
G= {L,L—k 9} x B., FE'=(¢,L)x B., E*= (L+ e,oo) X Be,
k k (2.9)
E® ={(f,y) € (0,00) x R: |y > &, f >V (|y| — 36}.
If P satisfies
P(G)=k and P(E')=P(E?*) =P =0, (2.10)
then #supp u* = k.
(¢) Stability: For any open neighbourhood O C W of u*,
supUp < sup¥p = Up(p*). (2.11)
oe w

(d) Continuity of mazimizer: If P, — P in My, then the mazimizers py, of Vp, converge towards pu* as
n — oo in the vague topology.
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IL‘\

L+20

E3 E, E3

ly| — 30

— >

B.
FIGURE 3. Illustration of the regions G, E', E? and E® as in (2.9).

The proofs of Lemma 2.6 and of Theorem 2.8 are postponed to Section 3. (a) and (b) are used only to
prove Theorem 1.4, while (¢) and (d) are necessary preparations for the proof of Theorem 1.1.

In order to be able to apply Theorem 2.8 to the point processes II; defined in (1.9) and its limiting PPP
IT defined in (1.10), we use the following lemmas, which proofs are given in Section 4.

Lemma 2.9 (Goodness of IT and II;). Fiz o € (2d,00). Then, for any t € (0,00), with probability one, 11
and IT; are good.

Lemma 2.10. Let a € (d,0). Let k € N and G, E', E?, E3 be as in (2.9). Then
P(II(G) = k,I(E' UE? UE?) = 0) > 0.

Proof. Since the regions in (2.9) are disjoint and each of them has finite and positive intensity measure, the
random variables I1(G), II(E'), II(E?), II(E®) are independent and have non-trivial Poisson distributions, so
that P(II(G) = k,II(E') = TI(E?) = II(E?) = 0) has positive probability. O

It is clear that Theorem 1.4 (b) directly follows from Theorem 2.8, combined with Lemma 2.9 and
Lemma 2.10.

For the proof of the lower bound in Section 6, we use the following lemma so that we can apply Lemma 2.6
to II.

Lemma 2.11. Let a € (d, 00). With probability one, 11 satisfies (2.6).

3. ANALYSIS OF THE VARIATIONAL FORMULA

Here we give the proof of Theorem 2.8; that is, we analyse the maximum of ¥p and its maximizer for an
arbitrary point measure P that is good in the sense of Definition 2.7.

Let us first give a short outline of the proof. In Section 3.1, we introduce the crucial tool for handling
variational problems, namely the Gamma-convergence, and derive I'-continuity properties of P +— ®p and
P +— Dp and consider the compactness of the objects appearing in the variational formula sup,,cy, Yp ()
(the right-hand side of (2.8)): if P is good, then one can restrict the variational formula to measures in W
that have a compact support with respect to R?. Then we give the proof of Lemma 2.6. In Section 3.2 we
analyse the maximization of ®p(u) over g when the number of points of P is fixed; this involves only the
maximization over the potential values. In Section 3.3 we show that any maximizer of Up is necessarily of
finite support. In Section 3.4 finally we prove Theorem 2.8 (a), putting together the results derived in the
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preceding sections, namely the I'-continuity of P — —Wp, and the fact that we need to optimize ¥p only over
compact subsets of W. Recall that by our definition of “good”, the uniqueness of the maximizer is guaranteed
for good P.

3.1 Some topological properties of the variational formula
In this section, we prove that the functional P — —W¥p introduced in Definition 1.2 is Gamma-continuous in
the vague topology, which is the crucial property under which we can find later arguments for the existence of
maximizers and continuity properties of the maximizers as a function of P. The main tool of the arguments
is a characterization of the vague convergence of point measures in terms of one-by-one convergence of its
points.

Let us introduce the crucial sense of convergence for variational formulas.

Definition 3.1 (Gamma convergence). Let X be a metric space. Let f, f1, fa,...: X — [—00,00]. We say

. T, .
that the sequence (f,)nen Gamma converges to f, written f, e, f,if

(i) for all x € X and all sequences (z,)nen in X with x,, — x,
F(2) < liminf £, (),
n— 00
(ii) for all z € X there exists a sequence (z,)nen in X such that z, — z and

f(‘r) > hmsup fn(xn)

n—oo

Remark 3.2. Observe that f Linoeo, f if and only if f is lower semi-continuous. O

We use the following statements about I'-convergence, which are sometimes referred to as the Fundamental
theorem(s) of Gamma convergence:

Theorem 3.3. Let X be a metric space. Let f, f1, fa,...: X = [—00,00]. Suppose f, Linmeo, f-
(a) ( , Proposition 1.18) For each compact K C X

. < Taminf i _
xlg}f(f(m) < lim inf 12If( fn(x)

n—oo x

(b) ( , Theorem 1.21) Suppose there exists a compact set K C X such that infyex fno(z) =
infpex fn(z) for all n € N. Suppose that x1,z9,--- € X are such that f,(x,) = infyex fn(x)
for all n € N. Then there exists a subsequence of (x,)nen that converges to any € X for which

infrex f(z) = f(y).

The main result of Section 3.1 is the following proposition. Part (a) will allow us to restrict the search for
a maximizer u* of ¥p to those u whose R%-support is within some box in R?. Recall that W is the set of
subprobability measures on (0, c0) x R? with total mass < 1, and Qr = [~ R, R]¢. Furthermore, we introduce

Wpg ={u € W: supppu C (0,0) x Qr}, R > 0. (3.1)
Proposition 3.4. Let P, Py, P2, Ps,... be in MJ such that Py, — P in M. Then

(a) Compactness

lim sup sup¥Up, () = —c0.
R—00 ,,cW\Wp neN

(b) Gamma convergence of =¥

I''n—oo

—Up, —Up.

The proof of this proposition is at the end of this section. We prepare for the proof by citing a well-known
result from point-process theory about a characterization of vague convergence by point-wise convergence.
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For P € M, and L > 0, recalling that Qr, = [-L, L]¢, we denote by P the point measure Liz-1,00)x0. P

ap&) .
ar_ = ]l[Lfl,oo)xQLv l1.e.,

PE(A) = P(A AL, 00) x QL) (3.2)

which means

for any Borel measurable A C €. For u € W we also write u'® = 11 )xq, -
Observe that as [L™1',00) x Q C H; for some h,s > 0 (e.g. s = % and h = %), and H; is relatively
compact in €, P([L™! 00) x Qr) € Ny for all P € M,,.

Lemma 3.5. Let P, Py, Pa,--- € My, and L > 0 be such that P,, — P in My and P(O([L™*,00) x Qr)) = 0.

(a) Put k =P([L7',00) x Q1) € No. Then there exist (fi,vi), (f',y?) € [L71,00) x Qr, forn € N and
i €{1,...,k} such that, for all large enough n € N (with empty sums interpreted as zero),

k k
Py(LL) :Zé(fl”,y:l)v P :Zé(f“yL)a (fznuy?) 7H—00> (fzayl)v S {laak}
=1 i=1

(b) Suppose p, p1, pia, ... are in W such that p, — p in W and p, < Py, for allm € N. Then p < P
and, with k, (fi,y:), (f*,y?) as above, there exist (w},...,w}), (w1,...,wy) € [0,1]* such that, for
all large enough n,
k k
'UJ(nL) :Zw%(ﬁ"vy?)’ M(L) :Zwié(fhyi), ’LU;L n—)_oo)wi, 1€ {1,,]{1}

i=1 i=1
Proof. For the first statement, note that [L™1, 00) x @y, is a relatively compact subset of € and apply (Res37,
Proposition 3.13). (See also Theorem C.1.)  The second statement is a straightforward consequence of the
first. That p < P follows by the fact that from the convergences one obtains p*) < P™ for all L > 0: Let
fr be a density function which equals zero outside [L,00) x Q. Then u = limy oo p* = limy, o fLP* =
limy o frP. Hence f = limyp o f1, = supycy fr is the density for x4 with respect to P. O

Here is the main step in the proof of Proposition 3.4.

Lemma 3.6. Let P, P1,Pa, - € My be such that Pp, — P in My, and let p, pi1, pi2,--- € W be such that
n — pin W. Then

(a) Dp(u) <liminf, o Dp, (in).
(b) If un < Py, and there exists a R > 0 such that p, € Wg for all n € N, then

Pp () > limsup @p, ().
n—oo

Proof. (a) If p <« P, then by Lemma 3.5 there exists an N € N such that p, & P, for all n > N, and the
conclusion trivially holds. Therefore, we may assume p < P and p, < P, for all n € N. Moreover, we may
assume that u # 0. Let L > 0 be such that P has zero measure on the boundary of [L™!,00) x Qr and
Dp(p™) > 0, which implies p™ # 0. Let k, f7*,y®, w?, fi,y:,w; be as in Lemma 3.5, and note that k > 1.
Let i1,...,im € {1,...,k}, m € N, be the distinct indices such that w;;, > 0, j € {1,...,m}, and wy = 0
otherwise. We may assume that, for all ¢ < k and all n large enough, w; > 0 implies w]’ > 0. Then

D'Pn (lu’n) > DP” (:u’fn,L)) > DO(yan s ayznm) 7H_00> Do(yi17 s 7yim) = D'P(M(L))'

Therefore, for any L > 0, liminf,,_,. Dp, (tn) > Dp(p™). Since Dp(p) = supysoDp(u'™), the claim
follows.

(b) Let R > 0, py, € Wg, ptry K Py, for all n € N and u,, — p in W. Note that this implies u € Wg as well
and, by Lemma 3.5 (b), u < P. Let ¢ > 0. Let us first show that for large L > 0

Dp (pn) < Pp, (1) +e forallmeN and [®p (1) — Pp ()] < e. (3.3)

n
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Indeed, take L > R such that L=! <&, u((0,L71) x Q1) < &/0 and P(I([L~!,00) x Q1)) = 0. Then

dpn, _
B, () — O, (1) = [ 7o | () <27 <
(0,L=1)xQr n
and the same inequality is valid with P,,, u, replaced by P, u, for which also
duy _
Bp() ~ Bp(u) = [ 1= 03400 ) 2 ~0u(0.L7) x Q1) > =
(0,L=1)xQr

where we used that g—g < 1. This concludes (3.3). Now it is enough to show that ®p_(pl”) — @p(u™), but
this follows by Lemma 3.5: with k,f;, f*, vi, yI', w;, w}' as therein and n large enough,

Pp, (1)) = Zk: (w?f;” - H(w’g)Q) - Zk: (wi fi— ewf) = Op(u™).

i=1 i=1
O
As a by-product of the proof, we obtained:
Lemma 3.7. Let P € M} and i € Wg for some R € (0,00). Then
Op(u™) F225 dp(p),  Dp(p™) =25 Dp(p),  Up(u™) === Up(p).
Proof. This follows by definition of Dp and by (3.3). O

Proof of Proposition 3.4. (a) It suffices to show that given any A > 0, there exists an Ry > 0 such that,
Up (u) <—A for all R > Ry, p € W\ Wg and n € N.

Recall the definition of Mg from (2) and recall that ¢ = ﬁ > 0. By Lemma 2.5, there exists an Ry > 0
such that

max{A,sup Mr(P,)} < 1q(R-1) for all R > Ry. (3.4)
neN

Let R > Ry, 1 € W\ Wg and n € N. We decompose (0,00) x R? into
S = (0,00) x Qr, S%) = (0,00) x [QR_HC \QR+k—1} for k € N.

Observe that ¢ := u((0,00) x RY) is in (0,1]. Write ¢ = > ken, Gk with (i = p(SR’) for k € Np. Note that
Cr > 0 implies Dp, () > R+ k — 1, so that xDp, (1) > ((R+k — 1) for k € Ny. Since ¥p, (u) = —o0 if
p & Pn, we may and do assume p < Pp,. Hence we have the lower bound (Dp, (1) = > ycn, CkDp, (1) >
> ken, Ck(R+k —1). Furthermore, we have the upper bound

Op, (1) < ) o faulfy) < > GMp ik (Pn).

keNy R keNg
Together with (3.4) and Dp, (1) > R > Ry, this gives

Up, () = ®p, (1) — ¢Dp, (1) < > G [3a(R+k—1)—q(R+k—1)] —q(1- QR
keNg
<Y Gl-A) - (1-OA=—A.
keNg
(b) Let us first show (i) of Definition 3.1. Pick p, p1, p2,--- € W such that u, — p. We have to
show that —Up(p) < liminf, oo —Up, (1), i€, ¥p(p) > limsup,, . ¥p, (14n). By (a) we may assume
that there exists an R > 0 such that p,p, € Wg for all n € N, because if such R does not exist, then
limsup,, ,. Up, (un) = —oo. Passing to subsequences if necessary, we may also assume that u, < P, for
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all n € N and, by Lemma 3.5 (b), p < P. In this case, the desired statement is a direct consequence of
Lemma 3.6.

To verify (ii) of Definition 3.1, let u € W. Assume first that Up(u) = —oo. Since P, is countable for each
n, there exists a (f,y) € (0,00) X R¥\ U,y Pn- Setting gy, = (1= L)+ L16.;,), it is clear that p, — p and
Up, (pn) = —oo for every n.

Assume now that ¥p(u) > —oo, which implies p < P. As we will soon see, it suffices to show the
following: for every L > 0, there exists a sequence p, with u, = pl” such that Dp_ (i) — Dp(p™’) and
Op, (ptn) = Pp(p™). To prove the latter, fix L > 0 and take k, (fi,v:), (f*,y}) as in Lemma 3.5. Define

w; = p(fi,y;) for i € {1,...,k} and p,, := Zle wid(fr yny. Then
Dp, () = Do({y] : w; > 0}) — Do({y;: w; > 0}) = Dp(u™),

pn, — p and Pp, (p,) — Pp(pu™) as well, as shown in the last line of the proof of Lemma 3.6.

Now, for each m € N, we can find a sequence (Vn)nen in W with v = vp, , such that Dp, (Vimn) —
Dp(p'™) and @p, (Vimn) — Pp(p™) as n — oo. Let (Ny)men be a strictly increasing sequence in N such
that

1
‘Dpn Vmn) — Dp(u“”))‘ \Y ‘(bpn(llm’n) — (I)p(,u(m))’ < — for all n > Np,.
m

Define m,, := max{m € N: N,,, <n} and p, := vy, »n. Note that m,, — oo, ,, = p and n > N, , so that
by Lemma 3.7,

n— oo

“Pm (k) — ‘I’P(u)‘ < ‘\I’m (k) — \I’P(N(m"))’ + ‘%(u‘””) — Up(u) 0.

With the convergence of Lemma 3.7 and the compactness in Proposition 3.4 (a), we prove Lemma 2.6:

Proof of Lemma 2.6. By Proposition 3.4 (a) it follows that there exists an R > 0 such that Z(P) equals
sup,ewy, ¥p(v). Then, by Lemma 3.7, it follows that Z(P) equals sup,czp) ¥p(v). Let v € F(P) and
6 > 0. We show sup,cz,(p) Yp(n) > ¥p(v) —20. Let (fi,y1),-.., (fm,ym) be distinct elements of P such
that Z;’;l fi > 20 and Dy(y1,...,ym) < 9. Let k € Ng and (frt1, Ym+1)s- -5 (frntks Ym+x) be the distinct
elements that form the support of v (so possibly & = 0). By Proposition 3.8 there exist w; for i € {1,...,m—+k}
with E:’:{k w; = 0 such that for p = ET”‘;’“ w;0(f, ;) One has

Op (1) = Cram(frs- s fntr) = @m(fro-- s fm) =2 @p(v), Dp(p) < Do(yi,- - Ymsk) < 20+ Dp(v),

and thus ¥p(u) > Up(v) — 24. O

3.2 Maximization of ®p with fixed number of points
In this section we derive, for a given point measure with finite support, P = Zle O(f,,y:)» explicit information
about the maximization of ®p(u) over u. We need slightly adapted notation. Since we optimize here only
®p(u) over i, we can also drop the points y1, ..., yx; see Definition 1.2. We obtain explicit information about
the maximising vector w = (wy, ..., wx) = (u(fi,y:)) ;.

Fix 6 € (0,00) as always. Furthermore, we fix k € N, assume that P = Zle 0(f;,y;) and therefore may
restrict our maximization problem to p of the form u = Zle w;d(f, y;)- Then a comparison to Definition 1.2
shows that

sup (I)'P(N“):on(flaafk), (35)
HEW
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where ¢ : (0,00)F — [0,00) is defined as

k k
@k(flwn,fk): sup (szfl—ez:wf) (36)
i=1 i=1

Wi,...,wk >0

Sk wi<1

We are going to analyze the function ¢y in this section.
Since @ (f1,..., fr) does not depend on the order of the f;, we may assume them to be ordered in a
decreasing way. The following is the main result of this section; it identifies the optimal w, ..., wy and thus

the optimal p, provides some of its properties and shows its uniqueness.

Proposition 3.8 (Analysis of ¢i). Firk €N and f1 > fo > -+ > fr > 0.
Case 1: f1+ -+ fr > 20. Let ky = Ki(f1,..., fx), where

J
Ko(fi,eo f) o= inf{j e{l,....k—1}: jfin ngi—%}/\k, (3.7)
i=1

where we interpret inf ) = co. Then the unique mazimizer in (3.6) is given by

el T - 20)] i<k
w; ) (3.8)
0 otherwise.
Moreover, w; >0 fori € {1,... ke}, w1+ +wg, =1 and
1 ki 1 Ky 2
_ _ 2 _ — _
rlfrses fi) = o (oo fi) = 49(122]2 k*(;fl 20)"). (3.9)
In particular,
ko—1 ko
> fj<<ﬁk(f1 fk)<zfi- (3.10)
P 40 Y - pt 40

Case 2: f1 4 -+ + fr < 20. Then the unique mazimizer is given by w; = f;/20, 1 < i < k. Moreover,
wy + -+ we <1 and

en(frr- ) =D 05 (3.11)
=1

The proof of Proposition 3.8 builds on the following lemma, and is given below the proof of Lemma 3.9.

Lemma 3.9. Let k € Nand fi > fo > -+ fr > 0.

(a) The map
k
(w1, ..., wg) — z:[wlfz — Ow? (3.12)
i=1
is mazimized over [0,00)* precisely for w; = %,
(b) Suppose Zle % < 1. Then (3.12) is mazimized over (wy,...,wy) € [0,00)* under the constraint
Zle w; < 1 precisely by w; = %,
(c) Let v € R. Then (3.12) (as a function on R¥) is maximized over (wi,...,ws) in R¥ under the
constraint Zle w; = by
wj:%+%(w—zgi>, jell,... k). (3.13)

=1
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(d) Let~y € [0,00) and suppose that kfk+29’y—2f:1 fi > 0. Then (3.12) is mazimized over (w1, ..., wg) €
0,00)* under the constraint ]?: w; =7 by (3.13), and we have
=1
k

¢ 1< [ fi2
;wifi—ewfzwgff_k<7—zw> ) (3.14)

1=

(e) Suppose S, Lo>1 and kfy +20 — S fi > 0. Then (3.12) is mazimized over [0,1]% under the
constraint Zle w; <1 by (3.13) with v = 1.
(f) Suppose kfy, + 20 — Zle fi <0 or equivalently
k—1
(k=1)fu+20-> fi<0. (3.15)
i=1

Then, if (3.12) is mazimized by (w1, ..., wy) € [0,1]* with Zle w; < 1, then wy, = 0.

Proof. (a) follows by the fact that w; + w;f; — w? is concave for all 4, so that the maximum is attained
where its derivative equals zero (or at the boundary, i.e., for w; = 0, but this gives an outcome that is clearly
less than for w; = 2’%)

(b) follows immediately from (a).

(c) is proved by using the Lagrange multiplier method: Define L : R¥+! — R by

L(wy, ..., wg, A) :=Zwifi—02wf —)\(Zwi—’y>, Wi, ..., WE, A € [0,00).
i=1 i=1 i=1
(w1, ..., wg, A) is the extremal point for L if VL(wy,...,wg, A) = 0, which is the case if
k
fi—A—20w; =0 for all 4, and Zwl =.
i=1

Combining gives A = % Zle fi — 20~ and (3.13). This extremal point for L is the maximizer for L over R*
as L is concave and because lim,| o 2 fi — 0% = —oo for all 4.

(d) follows from (c) as the condition implies that kf; + 26y — Zle fi > 0 (remember f; > fi) for all j
and thus w; > 0 for w; as in (3.13), i.e.,

As furthermore,

we have obtain (3.14) by the following equality:

i 2 i b fz 2 1 fz 2
ko fi
=120
(f) Suppose wy, ..., w; € [0,1] for k > 2 are such that Zle w; <1 (we may assume k > 2 as 6 > 0 so that
(3.15) cannot be satisfied for k = 1). Let us define wy,...,wg by wx, =0 and for ¢ € {1,...,k — 1}

(e) follows from (d) as one observes that (3.14) is maximal when ~ is closest to )

— 1~
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Then by writing v = Zle Wy, = Zle wy, we see that

k k k-1
> wif; — 0w; — <Z w; fi — 9101'2) =Wy fr — O} + > _(W; — wy)(fi — O(; + w;))
i=1 i=1 i=1

U
= Wi fr — Owp — %(Zﬁ - 297)
i=1

~ k-1
— wk _ _ . _ _ o _ ~
] ((k 1) fx ;f +20 — (1 —7)20 — (k 1)0wk>
W ~ ~2
< R (1 —7)20 + (k — 1)0wy,) < —0w;.
This proves that the maximizer has to satisfy wy = 0. (]

Proof of Proposition 3.8. Case 2 follows directly from Lemma 3.9 (b).

In Case 1, observe first that jf; 11 < Zgzl fi—20 for all j > ky, and that f1 +---+ fr, > 26. By definition
of K, one has (k. —1)fx, > Z?;}l f; —260 and thus f, > %(25;1 fj—20) and so wy > wy > -+ > wy, > 0.
By Lemma 3.9 (f) it follows that w; = 0 for ¢ > k, and so by (e) one completes the proof. O

3.3 Maximizers have finite support

In this section we prove that, if P is a good point process in M;, then every maximizer p* of ¥p has a finite
support. It is this result that needs one of the two conditions (i) or (ii) of Definition 2.7. Indeed, we will use
(i) to construct, from a maximization candidate with infinitely many points, a better one with only finitely
many points, and we will use (ii) for a simple argument that the maximizer has only finitely many points.

Proposition 3.10 (Maximizers have finite support). Let P be a point measure in M that is good in the
sense of Definition 2.7. Then

(a) Up has at least one mazimizer,
(b) there exists a R > 0 such that every mazimizer of Up lies in Wg,
(c) every maximizer has finite support,

and, if P satisfies (1) of Definition 2.7, then

(d) every mazimizer v is a probability measure, i.e., v = Zle w;d(f, ) for some k € N, w € [0, 1%
Zle w; =1, f; € (0,00), y; € RY fori € {1,...,k}. Moreover, Zle fi>26.

Proof. (a) By Proposition 3.4, see also Remark 3.2, Up is upper semicontinuous. W is sequentially compact
by ( , Corollary 13.31). Therefore Up has at least one maximizer.

(b) By Proposition 3.4 (a), we may pick R > 0 so large that sup,cypy\w, ¥p(1) < 0 < sup,epy, Y ().
This implies that every maximizer lies in Wg.

(c) Let v € Wg be a maximizer of Up. Clearly, v < P (otherwise Up(v) = —oco < ¥p(0)). Under (ii) of
Definition 2.7, v has finite support. Therefore we assume instead that (i) of Definition 2.7 holds. Moreover,
without loss of generality we may assume that the supports of P and v are infinite. We are going to show
that there exists a u € Wgr41 such that supp p is a finite set and ¥p(u) > Up(v), which implies the claim.

Let (fi,v:) € (0,00) x R for i € N be distinct and such that {(f;,y;): i € N} = suppv. We may assume
that f1 > fo > f3 > ... and fr — 0 as k — oo (due to the fact that [e,00) X Qg is relatively compact in
€, because it is a subset of H;j for some s,h > 0, and so there are only finitely many ¢ such that f; > ¢ for
all € > 0). We separate the proof in two cases, depending on ), fi: Case 1: >, fi € (20, 00], Case 2:
Sien fi € [0,26).

Case 1 ), fi € (20,00]. The idea is that Proposition 3.8 tells us that Dp is maximized using a finite
number of points such that adding points the ® part will not enlarge, but the D part will increase.
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Let 6 > 0 be such that ), fi > 20 4+ 26. Let K be such that ZlK:ll fi > 20+ 6. Let Ky > K; be such
that fr < Kil for all £k > K5. Then for k > K5 we have

Pp(v) < oi(fi,---, fu) +6, (3.16)
k k K 5
D fimkfinr = (fimfis) 2 ) (fim ) 220456 =20, (3.17)

i=1 i=1 i=1

By (3.16) it follows that (as the above can be done for any § > 0), for ¢ as in (3.6),

Op(v) <supr(fi,-- - fr)-
keN

By (3.16) it follows that for all 6 > 0 there exists a Ko > 0 such that ®p(v) < @i(f1,..., fr) + I for all
k> Ky and thus ®p(v) < suppey@r(fi,..., fu) +0 foralld > 0. By (3.17) it follows that there exists a

¢ € N such that K, (f1,..., fr) = ¢ for all k > K5, where K, is as in (3.7). Therefore, by Proposition 3.8, we
have @i(f1,..., fx) = ©m(f1,--., fm) for all m > K5 and thus, with w; as in (3.8), for w given by

wi leG{l,,g} and (fvy):(fzvyl),
0  otherwise,

we have for p = wP that ®p (1) = @e(f1,. .., fo) = supgen @& (f1,. .., fr) and thus

Dp(u) > Op(v), Dp(p) < Dp(v) and therefore Up(p) > Up(v).

Case 2 ), fi €[0,20]. Let us first introduce some objects. For k € N, let

=T

Then ar, — 0 as k — oo. Let Ry :=inf{s > 0: suppv C (0,00) X Qs } the smallest r such that v € W,. Then
Ry < R since v € Wg. Then there exists a function ¢: N — N such that y,,) converges to z = (z1,...,24) €
OQRr, as n — co. Assume, without loss of generality, that z; = Ry. Let 8 > 2 and € = €p, 41,30 as in the

condition (i) of Definition 2.7 on P. Pick k € N such that faj — Sqag > 0 and 3a£ <1anday <eAl Then
define

a = ay, and 2:(R1+2aﬁ7z2,...,zd).
Observe that Z € Qr,+1. By the assumption (i) on P from Definition 2.7 there exists a
(f,7) € (36a,0) x B(%,a”) Nsupp P

We observe that (f,@) ¢ suppv since J ¢ Qg,, but ¥ € Qg, 1305 C Qry1. Since limy, o0 Yy(n) = 2, there
exists a (f,§) € supp v such that § € B(z,a”) and therefore (f,7) € (36a,00) x B(j),4a”).
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(30a,0) x B(z,a")

Y1 Y2 Ys >z
FIGURE 4. Visualisation of z, z and (f,§) (for d = 1).
We recall Proposition 3.8, Case 2, which tells us that the unique maximizer of ¢y as in (3.6), is given by

(& ...,29) Define p = wP (i.e., gg:w), where

26°
L if (f,y) = (fi i) for some i € {1,... Kk},

0  otherwise.

Because

k S )
> g ta= Ziih o,

it is clear that p € Wgy1 and that p has only finite support. We are going to show that Up(u) > Up(v).
Observe that

2
—~ f? 1 = 1 2 9
2o — . = — = .
iz% 10 = 16 > 19 (200)" = ba

i=k+1

2 2
Therefore, by using that Zl 1 4’9 =3 %9 D %, we see that

k k
@ (U)ZzwifiJFaf*e(ngﬁLaQ):Zf +af - 6a® >Z (3.19)
i=1 i=1
By Proposition 3.8 it follows that
> 2
p(v) <Y f:—l. (3.20)

Moreover, we recall the definition of Dp in (1.20) and see that

Dp(v) > Do({y1,-- -, yx, 9}) > Do({v1, - - - yk, 9, 7}) — 8a”, (3.21)
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where the last inequality holds true since any path starting from 0 and visiting all points in {y1,...,yx, 9}
can be extended to visit § as well by traveling back and forth along the straight line linking ¢ and y (which
are at most 4a” apart from each other). Since suppga t = {y1,---,Yx, 9},

Do({y1,-- -+ yk, 9:9}) = Do({y1, - -, Yk, y}) = Dp ().
Thus, we deduce from (3.21) that
Dp(u) < Dp(v) + 8a”, (3.22)
and therefore, using (3.19), (3.20) and (3.22) in combination with the fact that f > 36a we obtain

oo 2 . .
Up(p) —Up(v) > — Z il% +af —0a® — 8qa® > af — 20a* — 8qa” > 0a® — 8qa” > 0. (3.23)
i=k+1

(d) Suppose that p = Zle w;d(f, y)- If p is a maximizer and E?Zl fi > 20, then Zle w; = 1 because of
Proposition 3.8 (as, like in Case 1, ®p(u) = @i(f1,..-, fr)), so that p is a probability measure.

If Zle fi <260 and p maximizes ®p (observe ®p, not ¥p), then by Proposition 3.8, Zle w; < 1, ie., p
is not a probability measure. Moreover, like in Case 2 above, one can show that p is not a maximizer of Up:
Indeed, one chooses an a € (0,e A1) witha <1 -— Zle w;, #a® —8qa® > 0 and 3a® < 1 and follows the same
lines as in Case 2 to find a (f,§) such that ¥p(u + adiz ) > Yp(p). O

3.4 Proof of Theorem 2.8
In this section, we prove Theorem 2.8 subject to Proposition 3.4 (b) (Gamma-convergence of —¥) and Propo-
sition 3.10 (finiteness of support of maximizers).

Prove of Theorem 2.8. (a) follows directly by Proposition 3.10. (c) follows by the fact that ¥p is upper-
semicontinuous and W is sequentially compact (see the beginning of the proof of Proposition 3.10), so that,
in particular, O¢ is sequentially compact for any open set O C W. Therefore there exists a maximizer of
Up on O, which by the uniqueness cannot be equal to the maximizer over W, therefore proving the desired
inequality. (d) follows from Theorem 3.3 (b) and Proposition 3.4 (b).

Let us now prove (b). The idea is that the points in G are all worth visiting because of their large energy
values, but at the same time they are not distinct enough so as to give preference to only a couple of them.
Having no points in E', E? and E? contributes to make points outside of G not worth visiting, because either
their energy values are too low or their distance too large.

Fix P € M} with P(G) = k and P(EY) =0, i=1,2,3. Denote by (f1,%1),---,(fx,yx) the k points of P
in G, with f; > fo > --- > fi. Take w; as in (3.8) of Proposition 3.8 and let v* := Ele w;d(§, y,)- Note that,
since f; > L > 260 for 1 < i < k, the relevant formulas from Proposition 3.8 will (mostly) be (3.8) and (3.9).
We divide the proof into the following steps:

(Step 1) w; >0 forallie{1,...,k}.
(Step 2) If v € W and suppv C G then Up(v) < Up(v*);
(Step 3) If v € W and suppv ¢ G then Up(v) < Up(v*).

Steps 2-3 together with (a) will then show that p* = v*, and this together with Step 1 implies (b).
Step 1 By Proposition 3.8 it suffices to check that k = K, (f1,..., fr), where K, is as in (3.7). This follows

as for any j € {1,...,k — 1} we have

j .
Zfi—29§j(L+2£)—29:jL_w

i=1

. 20
<ifit1— % < Jfit1- (3.24)
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Step 2 We can assume that v < P. We will first show the statement for v € W which are nonzero. Observe
that by (3.5), for any v € W with () # suppv C G,

Up(v) = p(v) — Dp(v) < ¢1((f)jes) — aDo((y))jer),

where J C {1,...,k} is such that supprv = {(f;,y,;) : 7 € J}. Therefore it suffices to show that for all
JcA{l,...,k}, J #0, one has

@101((f1)jeq — aDo((y;)jes) < Op(v*) = @r(f1,-- -5 fr) — aDo(y1, - - -, Yk)-

Of course for k = 1 the above is clear. Suppose that k > 2. Let J C {1,...,k} with m := |J| <k —1 and
¢e{l,...,k}\ J. By an inductive argument on m, it suffices to show that

om((fi)ies) — qDo((yi)ies) < em+1((fi)icsugey) — aDo((¥i)icsuiey)- (3.25)

First of all, a straightforward computation using (3.9) gives setting S = > . ; f; —20 and using that ,]7 -1l =

m—+1
1
m(m+1)”
pi+1((fidiesorn) — ‘((fi)ieJ) (3.26)
_ i 2 B i o 1 B
_49<, Z U m+1 ( Z fi 29) > Q(Zf ,l<sz 20) ) (3.27)
zeJu{f} ieJule}
1 1
:@_1‘ (fH;fI%) )+ —( fi —26) )} (3.28)
_ 1, 1 » L
40 _fé m+1(f‘ +2f S+ S > ; )] (3.29)
_ 1 m o, 2f£5 2
40 m+ 1 o+ 1 m(m+ 1) )} 40m (m + 1) {m,fﬁ S} (3.30)
L 1 202 _ 0
Y R > - 7 4~ I > —_— = .
 40m(m +1) (ZGZJ fi~ 20)] 40m(m + 1) ( k ) 2 k4 4qe, (3.31)
where in the last line we used that
> fi—20<mf - M (3.32)
i€J

which follows similarly as the estimate in (3.24). From this and the observations
Do((yi)icsugey) — Do((yi)ies) < de,  4qe —4e >0,
we deduce (3.25). This basically follows from the observation that
1 = yal + ly2 — ysl < lyr — ys| + 2ly2 — ysl < [y2 — ys| + 2[ya| + 2|ys],
ly1 — v2| + ly2 — ysl < ly1 — y2| + |y2| + |ys.
In order to finish this step, it suffices to observe that (because L > 26 + (¢ + 1)e),
Up(v*) =2 p1(f1) —qDo(y1) = fr =0 —qlpn| 2 L -0 —qe > e > 0. (3.33)

Step 3 By (a) it suffices to show this step for v with supp v C P finite support. Let (f,y) € supp v\ G be such
that f is maximal among such points. Assume first that f > . In this case, our assumptions on P imply
that |[y| > f+30. If f > L+ %, then ®p(v) < f, Dp(v) > |y| > f+ 30 > f, and thus

Up(v) =Pp(v) —¢Dp(v) < f—qf <0< Up(").
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If instead € < f < L+ 26/k, then ®p(v) < L+ 2% and |y| > f+30 > e+ 0+ 22, so (remember (3.33))
20 26 .
Up(w) <L+ —dyl <L—(¢-1)5 —¢0 —ge <L —0—qe <Vp(7).

k

Assume now that f < e. If suppr NG = @ then ¥p(v) < e < ¥p(r*) (because of (3.33) again). Lastly,
suppose suppv NG = {(fi,¥:)ics} # O where J C {1,...,k} with |J] = m > 1. Let N € N be the
number of points in suppv \ G. Denote by (fx+1,Yk+1)s---» (fe+nN,Yr+n) the points in suppr \ G with
f=fes1 > frao > -+ > fren. Observe that

mf <me<mL—20<>  f;— 20,

jeJ
so that for I ={k+1,...,k+ N}, Ko((fi)icqur) = Ki((fi)ies). The latter equals |J| due to (3.32) and thus
Op(v) < opun((fi)iesur) < om((fi)ies) < @p(v*) and so Up(v) < Up(v*). U

4. GOODNESS OF II AND OF II;

In order that we can apply Theorem 2.8 to the rescaled process II; (for all ¢ > 0) defined in (1.9) and to the
PPP II defined in (1.10), we show in this section that they are good in the sense of Definition 2.7 for any
a € (2d,00). Moreover, we prove Lemma 2.11 for « € (d, 00). That is, we prove Lemma 2.9, see Lemma 4.2
and Lemma 4.4. That both II and II; can be viewed as elements of M, has been shown in Lemma 2.3.

Lemma 4.1. Let s,7 >0 and x € R%. Let V; € (0,00) be the volume of the unit ball in R%. Then
P(H([s,oo) x B(z,r)) = O) = Vas

Proof. The random variable II([s,00) x B(xz,r)) is Poisson distributed with parameter

/ oy~ Y dy @ dz = / e 4y Vyr® = Vys™or, (4.1)
[s,00)x B(z,r) [s,00) Y

Lemma 4.2. Lett € (0,00).

(a) Let a € (0,00). With probability one, I1; satisfies (ii) of Definition 2.7.
(b) Let o € (2d,00). With probability one, 11 satisfies (i) of Definition 2.7.

Proof. (a) By construction II; satisfies (ii) since II;((0,00) x Qg) is simply the cardinality of {z € Z%: |z| <
Rry}, which is Rrg
(b) Let B € (2, 9). First observe that Qr can be covered by balls B(z, %) with z € %Zd and z € Qr+1, i.e.,

Qrc | Bk
2€(+Z4)NQRr+1
Then, observe that therefore, with probability one II satisfies (i) of Definition 2.7 if (replace ¢ by k*%)
P( U NU U un(ek?,0)xB1)=0}) =0
R,C€(0,00)NQ NENE>N ze(%Zd)ﬁQRH
By the Borel-Cantelli Lemma, the above holds if we can show that for any R, C € (0, 00),

SP( U fswpln(Ck F,00) x Bz, 1) = 0}) < o0

keN 2€(£Z)NQR+1
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Let R,C > 0. We may assume R > 2. By estimating the probability of the union by the sum of the
probabilities, and observing that #(+Z%) NQr41 < (2k(R+ 1)+ 1)? < (5kR)?, (indeed, use that R+ 1 < 2R

and 4kR + 1 <5kR) by Lemma 4.1 (with s = Ck:_%f, r =1, so that s~ = C—okFd),

ZP( U {SUPPH N ([Ck_flf,oo) X B(z, %)) = @}) < Z(E)kR)de_VdCiak%id.

keN 2€(£ZY)NQR+1 keN

Because 8 < 4, we have % > d and therefore the above sum is finite. O

Lemma 4.3. Let P € M}. Suppose v € §(P), v # 0 and ¥n(v) = sup,czm) Yr(n). Let k € N,
(f1,v1)s - (fx,yr) € P be such that suppv = {(f1,41),--» (frxsux)}. Then ®p(v) = Gi(f1,. .., fr), where

1/ 1/ 2
@k(f17~-~7fk)Z@(fo—%(Zfi—%) ) (4.2)

Proof. Observe that (for ¢y as in (3.6))
q)'P(V):SDk(flw‘wfk)u DP(V):DO(y17"‘7yk)~

By the definition of the support, we have v = Zle w;(§, y,) for some wy,...,wy € (0,1]. By Lemma 3.9

and (f) we may assume that kmin{fi,..., fr} + 260 — Zle fi > 0 (otherwise w; = 0 for some 7). Therefore,
by (e) of that lemma, it follows that ®p(v) = @r(f1,- .., fr) (see also (3.8) and (3.9)). O

Lemma 4.4. Let a € (0,00) and t € (0,00). Recall the definition of F(P) in (2.4).

(a) With probability one, W possesses at most one mazimizer in §(II).
(b) With probability one, U, possesses at most one mazimizer in §(Il;). Moreover, for L > 0 and
Y = 111 00)xq, i (see also (3.2)), the function \IjngL) possesses at most one mazimizer in F(IL;).

Proof. (a) We show that the event that there exist p1,us € F(II) with py # pe and Up(ur) = Un(ug) =
sup,,ez(mr) Yr(p), has probability zero. For this it suffices to show that P(Ny) = 0 for any L > 0, where, with
S = [Lfl,oo) X Qr,

N = {3M17l~t2 € F(ID): pa # p2, suppp; C Sp, Yn(p) = Ynlpe) = sup )\I’n(u)}-
pneF(I1
Let L > 0. We give an explicit almost sure description of IT on Sp. Let us write © for the intensity measure
of I, i.e., O(d(f,y)) = af (9 df @ dy. Let N be a Poisson distributed variable with parameter m;,, where
my, = O(SL). Let (F};,Y;) en be iid. random variables that are independent from N and whose law is given
by %LHSLO. Then,

N
15, 1II is equal in distribution to Z 8(r;y;)-
j=1
Without loss of generality, we may assume 1g, Il = Z;\f:l d(r;v;)- Then, by Lemma 4.3 N7 is included in the

event (we make abuse of notation and for m = 0 we understand @, (F},, ..., Fj, ) and Do(Yj,,...,Y; ) to be
equal to 0)
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therefore in the event

There exist k, m € Ny, distinct 41,...,%, 9. and distinct ji,..., 5, in {1,...,N}

such that i, ¢ {j1,... ,jm} and . (4.3)
$k+1(FZ’1a" iy, Fi, ) (Fjw""ij)"_DO(mn" Yi, Yi, ) DO(YJ'U"'ijm)
The above event is included in the one where we replace {1, ..., N} by N. Therefore, it suffices to let &, m € Ny,
take distinct iq,...,%, 7, and distinct jq,..., , Jm in N such tlmt i & {J1,- .-, , jm t and show that
P('@,H(F ..... Fi Fi) = Gm(Fjys o Fy )+ Do(Yiy, .., Vi Vi) — DO(YJU...,YM)> —0.

Then, it follows that (4.3) has probability zero by Lemma 4.5.

(b) Follows similar as the above argument: Besides replacing IT by II;, replace © by the product measure
of af’(Ho‘)]l[T;d/avoo)(f) df and Zzert—lzd 5., and N by #(Qr NZ%). Then again, one can show that the
event (4.3) has zero probability by applying Lemma 4.5. From this, the “moreover” part immediately follows
too. (]

Lemma 4.5. Suppose that Fy, Fa,... are i.i.d. random variables with values in (0,00) whose law has a
density with respect to the Lebesque measure. Let Y1,Ys, ... be i.i.d. random variables with values in R%. Let
k,m € Ng. Suppose that i1, ...,1g, i« are distinct element of N and ji, ..., jm are distinct elements in N such
that i & {j1,---,Jm}- Then

P(&kH(Fh,.. Fi Fo) = Gm(Fyys o Fy )+ Do(Yi, .. y;k,y)—DO(ifjl,...,xfjm)):o. (4.4)

Proof. We explain the following argument in more detail below. If we condition the above event in (4.4) on
all variables except F;, , that is, on F; JF; L F; JF; Y Y, Y and Y;,, then by the

17t ey~ Jiye e Jm? (3 A ey 2 J1r " Jm

formula for @y (4.2), there exist C1,Cy,C5 € R, C; # O or Cy £20 buch that the event in the probability of
(4.4) becomes

ClFi + CQF“ + C53 =0.

The probability of such event is equal to zero as Fj, has a density with respect to the Lebesgue measure.
Indeed, observe that @1 (f;,) = #(49(]",;* —40%) = f;, —0 = Aof? + Bofi, — Co, for Ag =0, By =1 and
Co = —0, and for k € N|

k+1

1 /< 1 e 2
Co=Culthoonf) = 5 (0 - g (24 -) ).
i=1 =1

1 462 9 k
Ar=150=1=7)  Be=Bulfi-- i) = W(;ﬁ_%)

that
Pra1(f1s-- s for fir) = Awf? + Brfi, + Ch.
So that for C, = Ck — (B (Firs -5 Fin) + DoWirs s Yir s ¥in) — Do(yjys - - - ,yjm))), we have

P<¢k+1(Fz’17~- szaF ) (Fj17"'7Fj7n)

F=7Y=79y|=P(A,F? + ByF,_ + C, = 0), 4.5
+D0(Y¢1,~- YZ,C,Y)—Do(El,m,Y}m)’ f y) (k i kL', k ) ( )

where
F: (Fi17'"7Fik7Fj17"'7ij)? ?: (f’h?'"7fik?fj1?"'7fj7n)?
Y = (}/;17-"ankam*a}Gl?"'?}/}vn)7 ?Z (yi17"'7yikayi*ayj17"'ayjm)'



30 WOLFGANG KONIG, NICOLAS PETRELIS, RENATO SOARES DOS SANTOS, WILLEM VAN ZUIJLEN

As the law of F;, has a density with respect to the Lebesgue measure, the right-hand side (and thus the
left-hand side) of (4.5) equals zero. O

For the proof of Lemma 2.11, we use the following lemma.

Lemma 4.6. Let A € (0,00). Let ¢ be a PPP on (0,1)% with intensity \. If k < (\/4)'/¢, then

P(H distinet Zy, ..., Z € C: Do(Zu, ..., Z) < d) >1— exp (—(2)5) .

Proof. Let w be a PPP on R? with intensity A. In an almost sure and inductive sense we define sequences

(R;)ien in (0,00) and (Y;);en in [0,00)? by setting Ry = 0 and Y = 0 and (on the probability one set such
that the following infima are finite)

Rip1 :=inf {r > 0: w(Y; + (0,7]) >0} ,

and by letting Y;41 € [0,00)? be the unique point in suppw N (¥; 4 (0, R;41]?) (see also Figure 5).

Ry
—
L[]
¢ sy,
¢ Y
]
* ° YZ °

Ry

=
IR

FIGURE 5. Illustration of choosing R1, Rs, R3, Ry and Y7,Y5, Y3, Y,.

Observe that

k
P(H distinct Z1, ..., 2, € C: Do(Zy,..., Z) < d) > P({Yl,...,Yk} COD)LY Y Vi < d)
=1
Note that V; € Qg,+...+R,, |Yi — Yic1| < dR; and (Ry + -+ + Ri)? < kY (R¢ + - + RY). Thus

k k k
P({Yl,...,Yk}sZ(O,l)d or Z|§@—Y;1|>d> <P<ZRZ->1> <P<ZAR§> A )

d—1
i=1 i=1 i=1 k

t

b
0) = exp(—A%) = exp(—t) forallt > 0. Using E[e%()‘Rf_Q)] =21 <1, M2k > Sk 2K > (%)5
and the Markov inequality, we obtain

=1 i=1

k k
P (32wt <) < (o212 Jur) <o e < e
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Proof of Lemma 2.11. Let 6 > 0. For n, k € N let
— |1 . (0\d o
Qp = [ano) XQ%) An = (3) n-,

Enk = { there exist distinct (f1,v1),..., (fx,yx) € suppIIN Q, such that Do(y1,...,yx) < (5}.

Then II(Q,,) is Poisson distributed with parameter \,. For n € N let k,, := D\é} Then on the event &, ,
we have

[e3
aq
nd= ",

Ul >

k

- k

E fi>—>
c n
=1

which is larger than 26 for sufficiently large n.
Hence, for such large n we have P(II satisfies (2.6)) > P (&, 1, ) and so it suffices to show

P(Eng,) —25 1. (4.6)

Note that the projection of 1o, II onto (0,6/d)? is a PPP on (0,5/d)¢ with intensity M, (5/d)~¢ (because
11(Q,) is Poisson distributed with parameter \,). Therefore, for a PPP ¢ on (0,1)¢ with intensity \,, we
have

P(Eur) = IP(EI distinct Zi, ..., Zn, € C: Do(Z1,..., Zny) < d).

Therefore, by applying Lemma 4.6, we conclude (4.6). O

5. PROOF OF THEOREM 1.1 AND THEOREM 1.4

In the present section we will prove Theorem 1.1 (and implicitly also Theorem 1.4 (b)) subject to Proposition
5.2 and Proposition 5.4 below, whose proofs are postponed to Sections 6 and 7, respectively. In some sense,
Proposition 5.2 gives us the lower bound of Theorem 1.1 (b) whereas Proposition 5.4 gives us the corresponding
upper bound, as well as Theorem 1.1 (b).

Our strategy is the following. We first need to ‘compactify’ the partition function, i.e., to show that the
random walk in the partition function can be restricted to some large box with a diameter on the scale r;.
This is done in Proposition 5.4 (c) in the sense of a convergence in distribution. Furthermore, we derive upper
(in Proposition 5.4 (a)) and lower (in Proposition 5.2) bounds for the compactified partition function that
lead to the right limit, the variational formula Z. Finally we need to upper bound the compactified partition
function with W; outside a neighbourhood of the maximizer against something that has a strictly smaller
exponential rate. Here the stability of the variational formula from Theorem 2.8(c) will be crucial.

The upper and lower bounds for the compactified partition function are proved even in the almost-sure
sense with respect to &, using the Skorohod embedding. That is, we do not work with a fixed trajectory
t— Zf’ﬁ for a given realization of £, but with a sequence of realizations that are constructed jointly on one
probability space. For this, we fix a sequence of times (t,)nen. Since this construction is used several times
in the paper, we state it in the following remark.

Remark 5.1 (Skorohod embedding). Let (¢, )nen be a strictly increasing sequence in (0, co) such that ¢, — co.
By Skorohod’s representation theorem (see, e.g., ( , Theorem 1.6.7)) and Lemma 2.4 we can define on the
same probability space a sequence (IT,,),en of point processes and a Poisson point process IT on (0, 00) x R?
of intensity af =1~ df ® dy such that II,, is the same in distribution as IT;, (see (1.9)) for every n € N, and
trivially IT is the same in distribution as II, and

IT, — II  almost surely in M.
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Without loss of generality we may assume that

nfza _): (5.1)

sezd d/(y T,

for some random variables &,(z) which are the same in distribution as £(z), for any n € N and z € Z%. Fix
a metric 0 on W that is compatible with the vague topology and write B(v,d) = {up € W : (v, u) < §} for
v € W and § > 0. We introduce the following notation:

Th =Tt,, Y, = Tnlogtny,

t f (5.2)
Z, =275 Hu(X) = Hy e (X), Pa =B, W =W
and for R, >0 and n € N

i E[eH"(X) 11{ max |X,| < anH and  ZPt =z, - ZF- (5.3)

s€(0,ty
ZR—8 = E[eHn(X) 1{o(W,,, 1) > 6} 1{ max | X,| < an}} (5.4)

s€[0,t,]

Recall (1.18). For a good point measure P (see Definition 2.7) on (0,00) x R? and v* € F(P) the unique
maximizer of ¥p (the existence is shown in Theorem 2.8) so that Z(P) = ¥p(v*), we define

2(P) = sup Up(v). (5.5)
vEW:d(v,v*)>5

For the probability measure on the space where the IT and II,,’s live, we make abuse of notation and write P
and assume this does not lead to confusion. &

We can now formulate the lower bound for the partition function.

Proposition 5.2 (Lower bound). Fiz « € (d,00). Then, with P-probability 1,

1
lim inf — log Z,, > Z(TI). (5.6)
n—oo 7y,

The proof of Proposition 5.2 is given in Section 6. Now we formulate the appropriate upper bounds for
both assertions of Theorem 1.1. What will be crucial for the proof is the following observation:

Lemma 5.3. Let a € (2d,00). There exists a random variable p* with values in F(II), such that P-almost
surely p* is the unique element of W such that

() = (). (5.7)
Moreover, almost surely

=0(IT) < Z(I0). (5.8)
Proof. Because o > 2d, II is almost surely good by Lemma 2.9. Therefore by Theorem 2.8 (a) such p* exists

(that it is random in the sense that it is a measurable function on the probability space, is not completely
trivial; see Appendix B) and is unique almost surely and by Theorem 2.8 (c), (5.8) holds. O

Proposition 5.4 (Upper bounds). Fiz a € (d, c0).
(a) Upper bound for compactified Z,,:

1
P[ lim sup lim sup — log Z2~ < E(H)} =1. (5.9)

R—oo n—oo Vn

(b) Upper bound for compactified Z,, away from mazimizer: Assume that o > 2d. Then

1
P[ lim sup lim sup — log ZE— < 55(11)} =1, >0 (5.10)

R—oo n—oo Yn
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(¢) Compactification:

1
lim liminf P[ log ZB+ < —A] =1, A>0. (5.11)

R—oc0 n—o0 n

The proof of Proposition 5.4 is given in Section 7. We extract the following lemma from Proposition 5.2
and Proposition 5.4 (c¢) which will be used for the proofs of Theorem 1.1 (a) and (b).

Lemma 5.5. For all e, > 0 there exist an R > 0 and an N € N such that for alln > N

ZRHr
T <el>1—n.

P P

Proof. First, we bound Z 5’_ from below by restricting the expectation to the trajectory that remains at the
origin up to time ¢, and obtain (because by for example (1.13), for Y, = 0 for all s € [0,¢,], H,(Y) > —6~,,)
Indeed, regarding (1.3), 4"’ =t,, and thus

Hy(Y) = Y 600 E) =B, D 070() 2 =Bt = 07,

z€Z4 z€Z4

where the latter equality can be found in (1.12).

ZB= > P, (0) =t,)e M =e 207 p e N, R > 0. (5.12)
Because v,, = 7, logt, = t:t9(logt,)~? (see (1.8)), we have fy—" — 0 as n — oco. Let ,7 > 0. Then, by also

n

using (5.11) with A = 36 there exists an R > 0 and an N € N such that for all n > N,
P {fo* < e_39""} >1-—0, ZB= > o207, e 0 < ¢

so that

R,+
n

VA

n

R,+
“Zn —0v, _
7= <e >1—n.

n

P >P

<e€

Now we prove Theorem 1.1 and and Theorem 1.4 (a) subject to the above propositions and lemma.

Proof of Theorem 1.1 (a) and Theorem 1.4 (a). Let D be the continuity set of the distribution function for
E(II), i.e., the subset of R containing every continuity point of z — P(E(II) < z). We will prove

1 %
—log Z,, =X =(11), (5.13)
by showing the following two inequalities:
1
lim sup P { log Z,, < h] < P(E(II) <h), h € R, (5.14)
n—00 Yn

(1]

1
limian{loan<h] > P

n—0o0

(I) <h), heD. (5.15)

n

The proof of (5.15) is more involved. Therefore we focus on (5.15), because (5.14) follows in a similar fashion
from Proposition 5.2. Indeed, by Proposition 5.2 it follows that for all 7 > 0 there exists an N € N such that
for By ={Vn > N : ,% log Z,, > Z(1I)},

PBy]>1—n.
For n > 0 and N as such, we have

1 1
sup P|—1log Z,, < /1} <supP {— log Z,, < h,By|+P[BY] < P[E(I) < h]+ 1.
n>N Tn n>N Tn
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nesoo P % log Z, < }L7BN} < P[E(H) < h} + n for any n > 0. Observe that for any
R > 0, because Z,, = Z?*~ + Z7F (see (5.3)),

Therefore lim sup

1 1 1 zh+ 1 1z
—loan:—longf’_—ﬁ——log(l—i— ”7)§—logZ,]f’_+— n_ 5.16

Pick an n > 0. Let A, p := {ZF+ < Z®~}. By Lemma 5.5 there exist an R > 0 and an N € N such that
P(A,r)>1—nforaln>N.
Fix h € D and pick € > 0. As ,% < ¢ for large n, we have for sufficiently large n that

1 1
P[logzngh] >P {loangh}ﬂAmR]

n n

>P -{ilogZTIf’_ <h-— E} N An,R:|

- (5.17)
> P 1ogz§7-<h—s]—P< “ 8)

LYn

[1
>P logzg’ghs] —n.

L /n

At this stage, we use Proposition 5.4 (a), i.e., we use (5.9), to infer that (possibly by choosing R larger)

1
P(— log Z%— < =(10) + 5) =1, for large n. (5.18)

n

Indeed, if we have P(limsup,, ., Y, < A) = 1, then P(N,,cy Unen Nusn{¥n < A+ L}) =1, so that for

all e > 0 one has P(UyenMNypsniYn < A+¢}) = 1, ie, by monotonicity, limy_ ;oo P({Y,, < A+¢€}) >

my oo PN, oy {Yn € A+e}) =PUyenNsniYn < A+e}) =1 Combining (5.17) and (5.18) gives

n—oo

1
lim inf P { log Z,, < h] >P(E(II) < h—2¢) —mn, for any n,e > 0. (5.19)

n

By letting 1 and € converge to zero and by using the continuity at h of x — P (E(II) < z), this completes the
proof of (5.15).

From (5.13) we deduce that - ﬁ)g -log Z; = E(II) as we obtained the convergence along diverging
sequences of (t,)nen in (0,00). We are left to show that Z(II) is almost surely in [0,00) (which implies also
Theorem 1.4 (a)). That Z(IT) > 0 follows directly by the fact that it is larger than Uyy evaluated in the zero
measure. That it is finite follows by the fact that H*"" < H*” and thus Z;* = Z{*"" < Z{*”. As the limit
of ﬁ)gt log Z{*” is almost surely finite (by e.g. (1.6) in (KL.MS09)), so is the limit of ”%Ogt log Z{®, which
is =(II). 0

Proof of Theorem 1.1 (b). Let 6 > 0. First we show that P,[0(W,,u*) > d] converges to zero in P-
probability, i.e., for all k > 0,

t—o0

P[]Pn[a(wn,,f) > 0] > | 22 0. (5.20)
Observe that for any R > 0

R,—,8 R, R,—.6 R,
z, "+2," _Z, L 2 *
Zy, - Z, Z§’7

Pp.p(W, 1) > 6] <
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n—oo
1.

;=8
Let k > 0. By Lemma 5.5 it is sufficient to show that there exists an R > 0 such that P[Zgzn < K]
Let £ > 0. By (5.8) there exists an m € N such that ¢~ 3% < x, and
1
PBns]>1—¢c, where Bys = {55(11) —E(ID) < ff}.
m
By Proposition 5.4 (b) and Proposition 5.2 there exists an R > 0 and an N € N such that for all n > N

1 1 1 1
P|—log ZR" gEJ(H)Jr—} >1-¢, P[—longf > =(I0) — —] >1-¢,

n 3m n 3m
so that
A 1 A
— < n < - < n < .
13 <P[Z— <o (- o) <P[Z— <y

From this we conclude (5.20). From the convergence in probability we deduce the existence of a strictly
increasing ¢ : N — N such that P,y [0(W ,(n), p*) > 6] — 0 P-almost surely. This implies P-almost surely

that W,y = p* in W, more precisely, B, () [9(W ,(n))] = g(p*) for any g € C,,(W). Therefore,

Therefore, as for each sequence (t,)nen With ¢, — oo there exists a strictly increasing ¢ : N — N such that
Ele” [9(Wi,,)]] = Elg(u)], g€ (W),
it follows that for any sequence (t,)nen with ¢, — 00

Elei)lgW:,)]] = EBlg(w")l, g€ (W),
and therefore (1.17). O

Remark 5.6. The proof of the more general convergence in distribution £& =% §,. as in (1.28) of

Remark 1.6 can be deduced from the first part of the proof of Theorem 1.1 (b) as follows.

First we observe that by Portmanteau’s theorem, for probability measures p1, p2,... on W and p € W,
one has p, — 0, weakly if and only if for all closed sets C' C W one has limsup,,_,  pn(C) < 6,(C), which
in turns holds if and only if lim,, o0 P (C°(12)) — 0 for all § > 0, where C°(u) = {v € W :d(v, ) > 4}

Let 6 > 0. Let C° = {v € W:0(v,pu*) > 6}, ie., C° = B(u*,6)¢. We write £, = L. From the fact that

L,(C°) =Pu[o(Wy, 1*) > 6],

n—oo

we deduce from (5.20) that L£,,(C®) converges to zero in P-probability, i.e., for all & > 0, P[£,,(C°) > k] =
0. From this we infer the existence of a strictly increasing ¢ : N — N such that £, (C%) — 0 almost surely.

Therefore, by the above observation, it follows that £, — ,« almost surely, and thus Eéi)(m = §y-. As
for each sequence (t,)nen With ¢, — oo there exists a strictly increasing ¢ : N — N such that Lffi)(”) = -,

it follows that £i* = §,,+ for any sequence (t)nen with ¢, — oo, implying (1.28).

6. LOWER BOUND: PROOF OF PROPOSITION 5.2

Our strategy follows the heuristics described in Section 1.5.

Recall the setting introduced at the beginning of Section 5, in particular Remark 5.1 on the Skorohod
embedding and the notations in (5.2). Let p € §1(II), i.e., p € W, u < II and p be a probability measure (in
case a € (2d,00) one may take p = p* as in Lemma 5.3). By Lemma 2.6 it is sufficient to show that, with
P-probability 1,

1
liminf —log Z,, > ¥p(p). (6.1)
n— oo ’Yn
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Our approach to do this is to choose a specific path event .4, and use the trivial estimate
Z, > E[ef (014 ]. (6.2)
We describe the event A, in Section 6.1, but first give an idea here after introducing the following objects.

Since p is in §(II), there exist (“P-"random) k € N and (f1,41),---, (fx,yx) € supp(II) and wy,...,wy €
(0,1] with Zle w; = 1 such that

k
= Z Wi 5(fi7yi)'
i=1

We may assume that the order of the (f1,y1),...,(fx,yx) is such that the minimal distance between the
Y1, -- ., Yk points is given by Ele |y; — yi—1|, where here and in the following we take yo = 0. Hence,
k

k
E(ID) = ¥n(p) = Z (fiwi - 9(wi)2) - QZ Yi = yi-1].

i=1
Because II, — II in M almost surely, there exists an N € N such that for every n > N there exist
distinet (f7*,97), ..., (f7,yp) € suppIL, such that almost surely

Observe that by (5.1),
n_ &nlyl .
o= Tg/;X ic{l,.. k},n>N. (6.4)
n

We will define the event \A,,, such that on this event the path visits the sites r,y7,...,rxy} in this order,
staying ~ w;t, time units in v,y for any i € {1,...,k}. We define A,, and estimate its probability from
below in Section 6.1. Then, we bound H,(X) from below on A, in Section 6.2. Finally, in Section 6.3 we
combine these bounds and apply them in the framework of the Skorokhod embedding defined above to finish
the proof.

6.1 The path event
Let us introduce some useful notation involving paths that will be used to define the set A,,.

Definition 6.1. For x € Z% and t € [0, 00) we define the entry time at z after time ¢, 7,.(¢), and the exit time
from z after time ¢, o, (t), by

Tx(t) = inf{s > t: X; =z}, ox(t) = inf{s > t: X5 # x}.

Let t € (0, 00),
0,5 €(0,1), keN, yo:=0, Y1,. ..,y € 2, y= (Y1, Yk),
k (6.5)
wy, ..., wg € [0,1] with Zwizl—s, w = (wi,...,wg).
i=1

We define Af;(y, w) to be the event where the random walk X walks from 0 to y; and then to y, etcetera.
It takes at most ‘% time to reach yp, then it spends at least (1 — d)tw; and at most tw; time at y; before it
jumps, then it spends at most ‘% time to reach yo, waits at least (1 — §)twy and at most twe time at yo before
it jumps, etc. More precisely, first we define inductively the entry 7, and exit times o, of the y;, after the
time that y;_; and thus all of 0,y1,...,y;—1 are visited

Ty =0, T, =7, (0), Ty =1, (T ), ie{l,... k},
0'; :oyi(T;)7 i1€{0,1,...,k},
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o 0 _ 1 1 E k
so that (by definition T,=0<71, <0, <7 <0y and)
y st
Atk(y, w) = ﬂ {T; — a;’l]lizg < s o, — T, €[l-4, 1]twi}.
i=1
Observe that for ¢ = 1 we have T y = Té 1 11,55 < 5L so that the waiting time at 0 plus the “walking
time” to y; is less or equal to S—t Furthermore observe that yr. is reached before t, i.e., a' < t, because
oy =(oy =T+ (T =y ) et (o, =T+ (T, — o) + (o = T)
k
<twp+ Lt w4 ts+ > wi) =t
wg + — F+twg_1+—+---+tw + — =t(s w; ) =t.
S g+ k=1t 1t 2 Wi

Lemma 6.2. For anyt € (0,00), §,s € (0,1), k € N and y and w as in (6.5)

k
odtw (1— odtws 1 1\ |vi—yi-1l
(Afz Y, w ) H |:P012d91 lyi — yi—1])e 2% ((1=0)[] o280 Kﬁ) } (6.6)

=1

Proof. By independence we have

(At (y,w ) — ﬁr(o <7l i, < %)P(a; — el 1}twi}>.
=1

By the strong Markov property and the fact that each jump occurs according to an Exp(2d) random variable
(as we assumed our continuous time random walk to have generator A), we have

i (d)

ol =7 = 0y, (75) = T4 = 0y, (m (75 1) = 7 (757 2 0 0) = 70(0),

Ty — oy iso =7y, (7)) — oy, (T iz = Ty g, (0) — 00(0) Lix2,
and thus

P(O’; - T; e[l1-4, 1]twi}) = IP’(UO(O) —10(0) € [1 =4, 1]twi}) = o 2dtwi(1=0) _ o= 2dtw;
<

D22 (r 02 )
S

(0,00) and z € Z%, where N(2)

. . t
IP)(O S T; - O'ly_l]]_izg S %) = ]P(O S Tyi*yi—l(o) - 0'0(0)]].1'22

To estimate the latter probability, we use the following estimate for p
denotes the number of direct paths (i.e., of length |z|) from 0 to 2:

P(TZ(O) < p) > ]P’(X makes |z| jumps within p time, from 0 to z)
— Poizap(|21)(2d) 1N (2) > Poiag, (|2]) (2d)

6.2 Energetic lower bound
Now we derive a lower bound of H;* on .Af”z (y,w).

Lemma 6.3 (Lower bound for H;®). Lett € (0,00), §,s € (0,1), k € N and y and w as in (6.5). Then, on
the event A?Z (y,w),

k
)wi —0> w}— (k+5)0(6 +s). (6.7)

=1 "t i=1

—_
B

H(&)

rilogt



38 WOLFGANG KONIG, NICOLAS PETRELIS, RENATO SOARES DOS SANTOS, WILLEM VAN ZUIJLEN

Proof. We have (see also (1.13))

1 HO(X) = Z (55/22 b(z) 9(€t§Z))2). (6.8)

r¢logt S t

Using that £ > 0 and the basic estimate Y, ;4 a2 < ZzeA t(2o¢a a.)?, which can be used to show that
the total normalized self-intersection local time (SILT') is not larger than the sum of the normalized SILTs in

the y1, ..., yr plus the square of the remaining total local time, we obtain that
k k
1 §(yi) Ce(y:) G (yi) \2 G(yi)\?
HEX) =3 ( —0 )-o(1- ) 6.9
rogt 10 22 (L T 0 25 (6.9)

Observe that the local time at each y; is at least the time the random walk waits before jumping away, i.e.,
C(y;) > ay - T > (1 —0)tw;. (6.10)
On Af’z (y,w), in between the times o~ and 7}, the walker is allowed to visit sites y; for j # i. Moreover,

after ot time, each of the y; may be revisited. We let m; € [0, 1] be such that m;t is the amount of time the
path visits y; after oxt, for all ¢ € {1,...,k}. In particular,

(1—6)w; < gt(tyi) <wi+s+m;,  ie{l,... k}, (6.11)

and consequently,

k 2 k 2
(1 - Z gt(tyz)) < ( Zwl> (s +6w)? < (s +6)2 (6.12)

i=1 i=1

Since oy, is both bounded from below by (1 — §)tw = t(1 —0)(1 —s) > t — (s + d)t, we infer Zl 1Mt <
t — oy, < (s+0)t and therefore deduce from the upper bound in (6.11) that

kg ()2 k k k
t(Yi 2
< w; + 8)° + 2 m;(w; +8) + m
; - < Z( ) Z (wi + s) ;
<Zw + 25w + ks? +3Zml (6.13)
i=1
k

<Zw + 25 + ks® + 3(s + 0) Z + (k+5)(s+0).

Substituting these bounds (6.12) and (??) in (6.9) leads to (6.7). O

6.3 Conclusion
We now prove Proposition 5.2, by proving that (6.1) holds IT-almost surely.

Proof of Proposition 5.2. Recall the definition of the approximating sequence of vectors in (6.3). We will
assume that n > N (where N is as mentioned before (6.3)). We set (assuming N is large enough)

1 On sn n n Sn Sn
6”:5":@’ Ay = A (("'nylv---arnyk),(wlfz,u-,wk*?)).
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By (6.2) we find a lower estimate for Z,, by estimating H,(X) on A, from below and by estimating P(.A4,,)
from below. Recalling (5.2) and using Lemma 6.3 we see that on A,,, by using (6.4),

1 : -
— H,(X)>(1-46,) Z grl(][/;) wy — QZ(’LLZI) — (k+5)0(5,, + sn)
n i=1 n 1=1
k k
i=1 =1

"—>°0 Zfzwz_ W; )

Due to the above limit, for (6.1) we are left to show

1
liminf — log P(A,) > —¢Do(y1, - - -, yk)- (6.15)

n—oo ’yn

With yg := 0, put

D?:rn|y;ﬂ7yzn—l|7 ZG{I,,]’C}
From Lemma 6.2 we obtain
k 107
H {PomthH : )e*th"wi (1=0n)[] — g~ 2dtndnwi] (—) ' ] (6.16)
ey 2d
Since for n large enough wj’ = w; — % = w; — ﬁ is bounded away from 0 for all i € {1,...,k}, since

lim,, 00 £ 0, = 00 and since lim, o, e®(1 —e~%) = oo, we have that for n large enough - by using that j7 > j!
for j € N and that Zle(wf + %) <1,

I:POiMsTntn (a?)e—2dtww;1 (271d> Di]

[stn 107 2dspty

k } ek (\72dl,nu,',“ <i>07:|
o7l 2d

2ds,t, 707 ( L1y Forg g 100
k —2dt, (W) () —2dtn, ntn
([ o7 } ¢ D(3g) ) ze H[kb”] '

K3 i=1 7

Ew

P(A,) >

~.
=

E|

|
E

Il
—

v
.mw

=1

Clearly, as ~,, = r,logt, = t}t(logt,)? (see (1.8)) we have ~, 'log(e~2dn) — 0. Therefore, because
S — |y =yt 22 |y — yia for all i € {1,...,k} and n € N and because v, = 7,logt, and

Tn
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log t:gn = logry, —logt, —logs, = (1+q)logt, — (1+¢q)loglogt, —logt, +loglogt, = qlogt, —qloglogt,,

1 1 b Tsnta]™
lim inf — log P > liminf — 1 non
imin ogP(A,) > limin Og(l:[l[kb?} >

3 o " 1 n ko'/rl n
> liminf — < — Z [DL- log — +0; ]Ogtn}>

n=r00 FYTI, Sn

k
or oy k
> —limsup E ir—”(log—l—i—log rn)
-1 "nTn t

n—oo Tn nSn

k
, 1
> =D lyi = yioa| limsup . — <1og yi — yi1| +logk — qloglog t, + qlogtn>
p n—oo logty
k
>—q ) yi —yi1l = —aDo(y1, - yn),
i=1

7. UPPER BOUNDS: PROOF OF PROPOSITION 5.4

Part (c) of Proposition 5.4 is a kind of ‘compactification’, which we will prove in Section 7.1. Part (a) is
proved in Section 7.2 (using the Skorohod embedding of Remark 5.1), and Part (b) in Section 7.3.

7.1 Compactification

In this section, we prove Proposition 5.4 (¢). For this we actually do not need to consider a subsequence
and the objects considered as in Remark 5.1. That is, we prove the following in this section, from which one
directly derives Proposition 5.4 (c):

Proposition 7.1. Let o € (d,00) and 6 € (0,00). For any A >0,

lim lim inf P[ ! 1og1E[eH§“<X>]1{ max | X,| > thH < —A} — 1 (7.1)
R5o00 t—00 r¢logt s€[0,t]

Let us first state three auxiliary lemmas. In the first one we estimate the P-probability that the random
walk X takes too many jumps before time ¢ (Lemma 7.2) and in the second one we estimate the P-probability
of the maximum of a modified version of the field £ outside a big box centered at the origin (Lemma 7.3). The
third one (Lemma 7.4) is a classical representation of the joint distribution of leading values in the ¢-field.
The latter is used because it suffices to prove the estimate (7.1) but with H;® replaced by the maximum over
the £ values in a box of radius My, where

M, = max | X;|, t €[0,00). (7.2)
s€[0,t]

Lemma 7.2. For every R > 1 and all sufficiently large t,
P[M; > Rri] < exp ( — %th log t). (7.3)

Proof. The number of jumps taken by X on the time interval [0,¢] is in distribution equal to a Poisson
random variable Z with parameter 2d¢. Therefore, P[M; > Rr;] < P[Z > Rr4]. By using Stirling’s inequality

n! > ()", the crude bound P[Z > n] < (2dt)"/n! < (2dte/n)™ for n € N implies (recall that r, = (@)‘H’l)

P[Z > Rry] < (Z;let)mt < exp ( - gth log t). (7.4)

Tt

for any large ¢ (we took an additional factor 2 to cover up that Rr; might not be in N). U
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Lemma 7.3. Let A,c >0 and € € (0,1). Then there exists an R > 0 such that for all r > 1
P ( max (Sf) - CM) < A> >1-e. (7.5)
rd/a T

TEZNQRr

Proof. Recall that Qr = [~ R, R]?. We write
Qr=QrNZ".
Pick a C' > 0 such that for all » > 1
#(Qnt1yr \ Qur) < Cni=1trd, n € N.

Note that 1 —z > e~ 2% for z € [0, 10%2] It will be clear that 1 — 2 — e~2* > 0 for z = 0. Furthermore,

d

d—ll —xr—e
which is > 0 if e72% > %, ie., if =2z > —log2, ie., x < 10%2 Pick R € N large enough such that CR > A
and m < 1052. Then

P (52 -c)coa) =TI p( e (552 -c) <)

n=R
d

o0 50 C"’Ld71r o0 1
ZHRP(M—C"S—A) :l_IR(l_(an)ard

> exp ( —2C i nd_l_a(ﬁ)a).
n=R

The exponential term on the right-hand side does not depend on r and convergestolas R -+ occasd—1—a <
—1 and as " is bounded from above. O

2z _ 267290 o 17

)Cnd—lrd

We will use the following classical representation of the distribution of the maximum over the £-values.

Lemma 7.4. Let a € (0,00), n € N and Zy,...,Z, be i.i.d. random variables that are Pareto distributed
with parameter . Then the order statistics Z1., > -+ > Zp.p of Z1,...,Zy 18 given by

() @ () () () ), 1

where T'; = FEy + -+ E; and (E;)ien 18 a sequence of i.i.d. exponentially distributed random variables with
parameter one.

Proof. Tt is a standard exercise, see for example (DV.J03, Exercise 2.1.2), to show that the order statistics of

.. . . . . . C . . E: Ei+-+E, .
n ii.d. uniformly distributed random variables in distribution equals ——= i BrdgE T By using

that the Pareto distribution function P(Z < r) =r+ 1 —7~% is the composition of the uniform distribution
function with ®(s) := (1 — s)~= one finds the order statistics of Pareto distributions and in particular (7.6).
Indeed, the function ® is increasing. Therefore if Uy, ..., U, are i.i.d. uniformly distributed random variables

d
and Uy, > -+ > U,., their order statistics, then ®(U;) @ ; and thus the order statistics of the Pareto

variables Zy,..., Z,, say Zi., > -+ > Zp.n, satisfies (Z1.0, -+, Znn) = (2(Ur), -+, ®(Unin)), where

Zin @ a0, @ (1 B+t E )*% : (Ez+1 + o Epa )*% @ (E'l +~--+En+1)§
El+"'+En,+l El+"’+En+l El+"'E71,
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Proof of Proposition 7.1. We write £*(B) = max,cp (x) here. We have (recall (1.1))
H® < 16" (Qu,)- (7.7)
It is then sufficient to prove (7.1) with t£*(Qyy,) instead of H,®. Thus, we set
Cip=E[eC @010, > Rri}|  and  Dypi= B[ (020 1{0M, > Rri}].

Because £*(Qar,) = £ (Qur, \ Qrr,) V € (Qryr, ), the proof of (7.1) is complete once we show that for every
A>0

Rh_rgo htrglolgf P |:Tt o1 logCy.r < —A} =1, (7.8)
and that
C < Al -1 ‘
R11_1)11oo hgglorgf P L"t o 1 log Dy g < A] 1 (7.9)

Indeed, by writing
By = E[e€ () 1{M, > Rr,}],
we have Fy gp < Cy g+ Dy g and so
{Cr <exp(—Ar logt)} N{D, g < exp(—Ar;logt)} C {Eyr < 2exp(—Ar,logt)}.

Because Qy, \ Qgr, and Qg,, are disjoint, £*(Qar, \ Qrr,) and £*(Qgy,) are independent, and thus so are
Ct,r and Dy p. Therefore

PlE, r < 2exp(—Ar,logt)] > P[Cy g < exp(—Ar,logt)|P[D; r < exp(—Ar,logt)]
It remains to observe that

lim liminf P[E; p < 2exp(—Arlogt)] =1

R—oco t—oo

A >0,

if
lim liminf P[F; p < exp(—DBrilogt)] =1, B >0.

R—o00 t—o00

Let us begin with proving (7.8). Pick A > 0. Recall that trf/o‘ =rilogt. As Cy p = €& Qe P[M, > Rry],
from Lemma 7.2 we obtain a T" > 0 such that for every R>1and t > T
1 é* (DRH) g)

logCy r < R(Rl—d/a (Rry)il> ~2)°

7.10
r¢logt ( )

Pick Ry such that % > A and thus, for t > T

P[A( e ) 4 < 2] <

logCy r < A]
r¢logt

and so for R > Ry,

P[R(Rl_ld/u iéf)lzr/i - %) < 7@} >

'-U

[# (s e ~3) <]
[ (g < 41

|
w

so that for every t > T and R > Ry one has

1 5*(QRH) q 1-d/a
<Al >p|2aERr) 2 . :
P[rtlogtIOgCt’R_ A] _P[(th)d/a _4R (7.11)
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We apply Lemma 7.4 to £*(Qg,,) to obtain

5 (QR"'t) 9 pl—d/a| _ F#(DRH) a—d :|
P[(th)d/a 743 }_P (Forn)i g( )*R*~T

By the weak law of large numbers (Rr;) ¢ Fu@n,) = 24 as t — oo, so that

Pe@n,) _ (4 q\-
: : Tt < 1 & pa—d — > d 1 Y pd—a .
llglorolfp[ (Rr)d = (4) R 1“1} P[Fl >2 (4) R }
Then, by letting R — oo we conclude (7.8).

It remains to prove (7.9). Since Dy g is decreasing in R, it is sufficient to show that for every € € (0,1),
there exists a R € N such that

lim inf P[ log Dy p < —A] >1-—-=. (7.12)
t—o00 rilogt
We set
xy = argmax{{(z): x € Qum, \ Qry, }- (7.13)
. €@) qlal
z x
Bur={, s, (o —477) <-4} 714

We pick ¢ > 0 and we use Lemma 7.3 with ¢ =  to obtain the existence of an R > 1 such that for every
r>1,
P(Bgr,) >1—c¢. (7.15)

As z} ¢ Qpgy,, on Br,, we derive the following estimates

Dig < ]E[eti(an{Mt > th}}

<]E{exp< d/ag(d/oz) _ Q( + log t) Tt |) exp (%|x§|logt> 1{M, > th}]
Ty

Tt

g(x) q |l’| 9\ p*| ],
< logt ( _,7) E[ Sz llogt 1) > R }
< exp <’I"t Bl A, e 4 e (M, > Br,}

< e—Am logt E [G%Mt’ logt ]l{Mt > th}} . (716)

Furthermore, by Lemma 7.2, for large ¢t we have P[Mt > jrt] < exp(—42jrilogt) for all j € N and so,

M t t M Jre < My < 1)ry
E[efM st {0, > R} | < ZE{e‘l gt 1 {jr, < M, < }]
J=R

< Z 4(5+1) rflogt [Mt >j7‘t}

q
< eirtlogt (_g log
€ EREXP 4]rt og
=

_exp (4(1 — R)r,logt)

N—

1 —exp (_Z” logt) ’

As R > 1, the latter converges to 0 as ¢ — co. Therefore, by combining this with (7.16), we assert that for ¢
large enough, we have

1
BR re C { IOth r< —A} (717)
' r¢logt '
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Indeed, let
exp (4(1 — R)rylogt)
1 —exp (fqr,g log f) '

St =
Suppose that s; < 1 for t > T" for some 7" > T'. Then for t > 1",
Br,r, C {D,_R < exp(—Ar; log t)s,} C {D,,_R < exp(—Ar; log t)s,}.

It remains to combine (7.15) with (7.17) to derive (7.12). O

7.2 Proof of Proposition 5.4 (a)

We adopt the setting introduced in Remark 5.1; see also (5.2) for abbreviations. Before we start the proof
and state a lemma that we will use for it, let us make the following observations. First observe that by (1.23)
H,(X)=~,%m0, (W,). Let us write W¢, for the restriction of W, to [¢,00) x R%. Because for w = %vr‘[/:

one has [ g fw(f,y) — Ow(f,y)* dIa(f,y) < &, we have
H,(X) < ey, +@n,(W5).

Let IT;, also be the restriction of I, to [e,00) x R%. As on the event {maxeo,] |Xs| < Ry} the support of
W?, is a subset of E,, := supppa IL, N Qr, we have

Zh- = E[eHn(x)l{ max | X,| < anH <y esmE[em@nn(Wi)]l{supde We = AH
s€[0,t,,] AcE,
(7.18)
< Z e“Tn exp ( sup v, P (u))}P’[A = SUPPRd Wfl} )
ACE, su #GWR—A
PPrd 4=

In the proof we will provide a probabilistic argument that allows us to restrict the A in the summand to those
which do not contain elements around zero, i.e., of A that are subsets of suppga II;, N Qg \ Qs. Then we will
use that {A = suppr« W} } C {4 C suppra W} and the following lemma (for which we do not need the
Skorohod setting, i.e., we do not need to restrict to a sequence of times). To motivate the condition of the
lemma, observe that A C E,, implies that A C suppga I1S, C suppga IT,, C 7, 1Z9.

Lemma 7.5. Let R > 0 > 0. There exists a function v : (0,00) = R such that lim;_, o, y(t) = 0, and such
that for all t € (1,00) and all A C Qg \ Qs with 1A C Z4,

IP){A C SUppRa Wt} < exp ( —qDo(A)rylogt(1 + ’y(t))) (7.19)

Proof. Let t € (0,00) and A be as mentioned. Without loss of generality we may assume that A is nonempty
(because Do(@) = 0). Write A = r,A. Observe that suppga II; = rt_lZd, so that by definition of Wi, see
(1.11),

{A C SUppgd Wt} = {Et(z) >0 for all z € Av}

The paths that realise the above event, i.e., that have a strict positive local time at all pomts of A, they make
at least n = Dy (A) jumps. By using Stlrhng s inequality n! > (%)™ and that Tty S 1!, we obtain

. > (2d)™
P[,(z) > 0 forall z € A] < § ngdt(m) =3 e Zdt%
" (7.20)

m n
2dt Z e —2dt 2dt n' S <2dt€)
m + n n
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Now we use that n = Do(A) = ryDy(A), that n > dry (because A is nonempty and a subset of Qg \ Qs) and
use that r, = t'+9(logt)~(119) so that logt — logr; = —qlogt + (1 + ¢)loglogt to obtain

2dte\ " 2dte )P0 2de
I < = —_— —
( - ) < ( o ) exp (DO(A)rt(log 3 + logt — log rt)

= exp (DO(A)rt(log Q%Ze —qlogt+ (1+4¢q) loglogt)),

so that by setting v(t) = —(logt)~!(log 25@ + (14 ¢)loglogt) we obtain the desired inequality. O
Proof of Proposition 5.4 (a). Fix e > 0 and 1 > 0 and choose k > 0 so small that
P (TI([e,50) X Q) = 0) >1— g (7.21)
The P-almost-sure convergence I, — II in M} (see Lemma 2.4) entails that, see for example Remark 2.2,
IL,([e,00) X Qx) =% TI([e,00) X Q). (7.22)

Therefore there exists an N € N such that P(By) > 1 —n, where
By =By ={II,([e,00) x Q) =0 for all n > N}.

Henceforth, we will work on the event By. Let R > 0. Observe that on By, for any n € N, one has
suppra W C &, for

En = n,e,R,x — (SuPde HZ) N (QR \ in)

Therefore, by adapting the last inequality in (7.18) to restricting to subsets A of &,, we have on By, for all
n>N

zZh- < Z e Tn exp ( sup v, Pm, (u))]P’{A C SUPPRa Wn} (7.23)
ACE HEWR
" supppa p=A

Therefore, by Lemma 7.5 and because Dy(A) = D, (u) for any p € W with suppga g = A, we have

ZB < Y eexp ( sup [’rn@nz (1) =¥ (1 +7(tn))qDrr, (u)} )
ACE HEWR
n supppa p=A4 (724)

< e 2% exp ((sup [y, g (1) =7, 1+ (0))a Do (1))
ne

Since II, — II in M it follows by Remark 2.2 that for any e > 0, IT}, — TI® in My, where II° is the
restriction of II to [e,00) X Qg \ Qx. Therefore,

#gn = #571,5,}%,& = Hi((o, OO) X QR \ Q/«c) = Hn([€7 OO) X QR \ QH) — H([E, OO) X QR \ Qn)a
and thus

1
lim — (log 2#) = 0,

n— oo "Yn

and, since lim,,_, y(t,) = 0, we have by Theorem 3.3 (a) and Proposition 3.4 (b),

limsup sup [%fbn; (1) = ¥n(1 +7(tn))qDrx, (u)} < sup [Pry= (1) — ¢ D= (p)] < E(IT7).
n—oo puew HEW
Therefore, on By, for any R > 0,
1
limsup — log Z%~ < e + E(IT°).

n—oo Yn
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So summarizing the above, for every € and 7 in (0,00) there exist a K > 0 and an N € N such that
P[By"] > 1 — n and thus

P[limsup = log ZB~ < e+ 2(I1F)| > P[BY] > 1—1.
n—oo Yn

AsTI° — II in M almost surely, we have lim sup, |, Z(IT°) < Z(IT) almost surely by Theorem 3.3 (b) (strictly
speaking we should replace the occurrences of “c” by “c;” for a sequence (ej)ren that converges to 0 and
replace “limsup, " by “limsup,_,..”). Therefore, for all n > 0 and ¢ > 0 there exists an ¢ > 0 such that

Ple + Z(IF°) < Z(ID) + (] > 1 -,

and thus
1 1
P|limsup — log Z%~ < Z(IT) + C} >P {limsup —log ZB~ <e+ E(He)} >1-—n.
n—oo Vn n—oo Yn
As the above holds for any n > 0 and ¢ > 0, (by first taking 7 to zero and then () we obtain (5.9). O

7.3 Proof of Proposition 5.4 (b)
In this section we prove Proposition 5.4 (b) by mentioning where to adapt the proof in of Proposition 5.4 (a)
as in the previous section.

Proof of Proposition 5.4 (b). Let us write
Co={veWw:ou*) > 6}, &° :U{supdey:VEC‘s(,u*)}.

Thus &° is the subset of R? where the v that are at least at distance § of u*, are allowed to be supported.
Then, similarly to (7.18) and (7.23), the following estimates hold, with £ = &, N &%, on By, for n > N

zR=0 = E[eHn<X> H{o(Wo, u*) > 6} Il{ x| | X < anH

< Z e T exp ( sup v, Pme (ﬂ))P[A C SUpppa Wn}

ACES ;LGWRHC‘S
" SUpppd p=A

Then, similar to (7.24), by using that £ C &,, we obtain (on By, for n > N)

ZE <> e (s [y, @ng (1) = ¥, (14 (t))aDr; (1))

w
Aces Supf;id A
< e 2# 8 exp (sup |, @z (1) =7, (1 + 7 (t))aDrr; ()]
nec

The rest of the proof follows in the same fashion as in the proof of Proposition 5.4 (a) in the previous section,
by taking Z° (see (5.5)) instead of =. O

APPENDIX A. THE SPACE €&

Lemma A.1. Let € be the union of (0,00) x R with (0,00], € = ((0,00) x RY) U (0,00]. Defined: € x & —
[0,00) by

o(s,8) =|s— 4| s,8" € (0,00],
0(57(f7y))=% 1vf|y|—s € (0,00], (f,y) € (0,00) x R?,
A(fw), (Fy) = fAlf, (1 - e howston s I=lo=l) 4 ‘ . vfy| - 1vf|y| (f.9), (f.y) € (0,00) x R™.
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(a) 0 is a metric on €.
(b) The function ¢ : (0,00) x R* — &, o((f,9)) = (f,y), (f,y) € (0,00) x RY, is continuous and open.
(¢) € equipped with the topology generated by 0 is a locally compact Polish space, such that (i) and (ii) of
Lemma 2.1 hold. Moreover, for s,h > 0, the closure of Hj, is given by
5 ={(f,y) € (0,00) x R*: f > s|y| + h} U [s, 0], (A1)
and is a compact set.
(d) For every compact set K in € there exist h,s > 0 such that K N (0,00) x R C H§ for some h,s > 0.

Proof. (a) The idea behind this is very similar to the space described in ( , Section 13) (which considers
a larger space than R x R? instead of (0,00) x R%). Somechow the homeomorphism (0,00) x R — R x R,
(f,y) — (log f,y) is put inbetween to relate these spaces, but the “second part” of the metric is quite similar
to keep the limit as being the “ratio”. In order to see that 0 is a metric, we have to show that the triangle
inequality is satisfied. If a, b, ¢ € €, then d(a, b) < 9(a,c)+0(c, b) follows easily if at least one element of a, b, ¢
is in (0, 00]. Therefore, we show that d satisfies the triangle inequality on (0, 00) x R%. It is rather easy to see
that it suffices to prove that d is a metric on R x R¢ (by plugging in A = log f and z = y), where

(A, 2), (N, 7)) = e M) (1 - e*lkf*/lle’l) (A 2),(N,2) € R x RY.

As we will see, this can be boiled down to the fact that (1 —e~)(1—e~?) > 0 for a,b > 0. Let (), 2), (X, 2),
(A", 2") € R x R%. We may assume A < X and N = A+ a,\" =A+b,a >0, b€ R. Then with p = |z — 2|,
qg=|z—=2"|,r=12 —2"|, so that p < ¢+ r and el =P > gm0

e B0, 2), (V,2) +3((N, ), (V. 2) = (A 2). (N, )
_ ef(b/\O) (1 _ efbfq) + ef(a/\b) (1 . ef\b7a|fr> 7 (1 . efafp)
(1 — e_b_q) +e (1 — e"b_al_r) — (1 — e_“_q_r)

_ _efbfq Fe o ef|b7a\7a7r 4emama-r

— e—a(l _ ea—b—q _ e—\b—a|—r + e—q—r)

{2 e (l—el—e"4+e ") =e%(l—-e(1—-eT")>0 b>a,

v

= e 91 —eltal=9)(1 —e~lb=al=m) > ¢ b<a.

(b) It is rather straightforward to check that a sequence (f,,, yn)nen in (0, 00) x R? converges to an element
(f,y) of (0,00) x R% with respect to 0 if and only if it converges with respect to the Euclidean metric on
(0,00) x R4, Therefore ¢ is continuous and open.

(c) That (A.1) holds follows by the definition of 9. Observe that for a sequence (a,)nen in H; there either
exists a subsequence that is contained in [s, o0] or a subsequence in (0,00) x R of the form (f,,Yn)nen for
which either

(1) fn is contained in a set of the form [h, M] for some M > h (and thus the y,, are contained in a ball
of radius s(M + h)), or,

(2) fn — oo (and thus liminf, l{;—zl > s).

In both cases one can find a subsequence of (fy,yn)nen that converges in H;. Hence Hj is compact.

Every (f,y) € (0,00) x R? has a compact neighbourhood in (0,00) x R? and therefore in &, because ¢ is
continuous. On the other hand, every ¢ € (0, 00] has a compact neighbourhood, for example H; for s < ¢ and
h = 7 (indeed, observe that {a € € :d(a,t) <t — s} C Hj). Therefore € is locally compact.

Observe that a sequence (f,,, ¥ )nen Whose elements belong to (0, 00) x R? is a Cauchy sequence in & either

if it is a Cauchy sequence in [h, h~1] x R? for some h € (0,1) or if f,, — oo and ‘5—"‘ — s for some s € (0, 0],
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this s is then the limit in €. From this we infer that & is complete. It is separable as Qs x Q% U Qs is
dense, where Qs = (0,00) N Q. Therefore € is a Polish space.
(d) This follows by the fact that every compact set in € is a subset of H; for some h,s > 0. Indeed, first
it will be clear that every compact set is a subset of {(f,y) € (0,00) x R%: f > h} U (0, 00| for some h > 0.
Secondly, (0, s] is not compact for all s > 0 and moreover, if (fn,¥n)nen is a sequence in (0,00) x R? with
fn

fn>yn — o0 and ]~ 0, then it does not possess a subsequence that converges in €. U

Proof of Lemma 2.1. The existence of € for which (i) and (ii) hold, follows by Lemma A.1.

(a) Because ¢ is an open map, ¢(B) is a Borel set in & for every Borel set B in (0,00) x R?. Hence P o
defines a measure on €, clearly with values in NoU{oo}. It is a Radon measure because ¢ is continuous and so
t(K) is compact in & for every compact set K in (0, 00) x R%. Therefore it is a Point measure on (0, c0) x R<.
because for such K, one has P(«(K)) < oo because P is Radon on €. Observe that not every element of
M ((0,00) x R?) is of the form P o for some P in M. Take Y- o\ 0|y, |+1,4.) fOT a sequence (yn)nen in R
with |y,| — oo for example (it attains the value oo on the set H? for any s € (0,1)).

(b) Because the embedding is continuous, it follows that P is a measure on €. Hence it is an element of
M, if and only if it is a Radon measure. Therefore by (i) it follows that P is an element of M, if and only if
P(H;) < oo for all s,h > 0. Suppose the latter is the case. Then suppP C (0,00) x R%, as if otherwise, then
there exists a sequence (fy, Yn)nen in this support that converges in € to 2s for a s € (0,00]. This can only
be the case if that sequence is contained in H; for some h > 0, in which case P(H}) = oo. O

APPENDIX B. MEASURABILITY OF THE MAXIMIZER u*

In this section we show the measurability of the p* as in Lemma 5.3.

First observe that II, II,, and II” for all n,L € N are all good point measures P-almost surely by
Lemma 4.4 and Lemma 4.2. Let (2, F) be the underlying (complete) measurable space of P. Let Q1 € F be
such that on Qy, II, IT,, and II\” for all n, L € N are all good point measures and such that IT,, — IT on
Q1. Then, for all w € @y and all n, L € N, there exist p*[w], p;;[w] and ), 1 [w] such that

Unip) (0" [w]) = EATW]), W, ) (e w]) = E@aW]),  $pa, (@ w]) = E(IL, [w]).

L—oo L—o0

Let us set p*[w] = pylw] = pyy = 0 for all n, L € N. As, on O, I} = II,, and II, —— TI, by

Theorem 2.8 (d) we have w;, Lo, pk and pf =% 4* on Q. Therefore it suffices to show that o1, 18
measurable for all n, L € N in order to conclude that p* is measurable (likewise, p’ for all n € N).

As IT is almost surely good, there exists an ; C Q with P(2;) = 1 such that for each w € 4, by
Theorem 2.8 (a) there exists a unique p*[w] € F(II(w)) such that

Yrip) (0 [w]) = EAT[W)).
We will show that there exists an Q* C  with P(2*) = 1 such that w — p*[w] is measurable.

This follows because ITX has a finite support: For w € Qy, there exist m[w] € Ng and distinct (f;[w], y1[w]),
ey (fm|w], ym[w]) in supp IT%[w] such that

Ve ) (e W]) = EA W) = om(filw], -, fmlw]) = ¢Do(pa[w], - - ymlw]).-

These m, fi,..., fm and y1,...,ym, are measurable as this is a finite optimization problem. Then p}. , =
Yo widy, 4., where the w; are measurable functions of the fi,..., f,, due to Proposition 3.8.
(Measurability of a finite optimization problem). Let Uy, ..., U,, be random variables such that P[U; = U;] =0

for all 7, j with ¢ # j. Suppose €y is such that U;(w) # U;(w) for all 4,7 with ¢ # j and all w € ;. On
there exists a function ¢ such that

i(w) = arg max U, (w), w e Q.
j=1
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This function is measurable as for all k € {1,...,m}

and because U, and the maximum function max

[Ast16]

[Bil99]

[BKdS18]

[Bra02]

[DFSX20a]

[DFSX20b)]

[DFSX21]

[DVJ03]

[GKMO7]
[GMO0]
[Kalg3]
[K1e08]

[KLMS09]
[Kon16]

[LM12]

[Mér11]

[MOS11]

{weM 1 i(w) =k} ={weQ:Uklw) — Hﬁif( Uj(w) = 0},
p

m

j=1 U; are measurable.
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