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1 INTRODUCTION 1

Abstract

Main goal of this paper is to prove a Griffith formula and a J-integral to determine the
energy release rate for a quasistatic interface crack in a compound of materials of p-
Laplacian type. The first mentioned formula is given as a volume-integral, where only
quantities, which can be determined via FEM, occur in the integrands. The second
formula corresponds to a path integral derived from Griffith formula by application of
Gauss’ theorem, but due to the low regularity of the solution it is expressed by dual
pairings. In order to prove these formulae, the existence and uniqueness of minimizers as
well as their regularity are discussed.

Key words: energy release rate, Griffith formula, Griffith fracture criterion, interface-crack,
J-integral, p-Laplacian operator, p-structures, strain-hardening.

1 Introduction

In this paper, Griffith fracture criterion is applied on a quasistatic mode-III-interface crack in
a compound of geometrically linear but physically nonlinear elastic materials of p-Laplacian
type. This energetic fracture criterion was introduced by A. Griffith in 1921 and it reads
as follows: The crack is stationary under external loadings, if the total energy of the body in

the current configuration is minimal in comparison to the total energy referring to any other

possible configuration.

Due to a quasistatic crack growth one introduces the energy release rate, which states the
amount of energy that is released if the crack would extend in an infinitesimally small length:

ERR(Ωδ0) := lim
δ→0

E(Ωδ0 , u[δ0]) − E(Ωδ0+δ, u[δ0+δ])

δ
= −

dE(Ωδ0+δ, u[δ0+δ])

dδ

∣∣∣∣
δ=0

. (1)

Thereby E(·, ·) denotes the potential energy referring to the reference configuration Ωδ0 or to
a configuration Ωδ0+δ with a crack extended by the length δ. The functions u[δ0], u[δ0+δ] are
the corresponding minimizers and it will be shown in section 3 that they are unique.
Griffith fracture criterion can be expressed as follows: The crack is stationary under external

loadings, if

ERR(Ωδ0) <
dD(Ωδ0+δ)

dδ

∣∣∣∣
δ=0

, (2)

where D(·) is the dissipative energy of a configuration, taking into account all the irreversible
processes that occur during cracking. In a simple model D(·) is assumed to be proportional
to the crack length. In engineering applications inequality (2) involving the energy release
rate is used to realize Griffith fracture criterion. The problem is now to derive formulae to
compute the energy release rate efficiently, since definition equation (1) is not applicable for
numerical computations. Thus, the main focus of this paper lies in the proof of a so called
Griffith formula for the compound of p-Laplacian type, which is carried out in section 4.
Griffith formula allows to calculate the energy release rate as a volume integral in dependence
of the given volume force density and of quantities that can be determined via FEM, like the
minimizer of the transmission bondary value problem, stresses, elastic strain energy density.
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So, Griffith formula for the considered compound reads as follows:

ERR(Ωδ0 , u[δ0]) =
2∑

j=1

∫

Ωj

DWelj

(
∇u[δ0]j

)
∂y1u[δ0]j · ∇θ dy

−
2∑

j=1

∫

Ωj

Welj(∇u[δ0]j)∂y1θ dy +

2∑

j=1

∫

Ωj

u[δ0]j∂y1(fjθ) dy ,

(3)

where ∂y1 is the derivative in crack extension direction (1, 0)⊤, that has been chosen arbitrarily
but fixed in the following sections.
In section 4.2 some numerical examples are discussed, where Griffith formula is used in the
postprocessing of a FEM code in order to compute the energy release rate in dependence of
the crack length and of material parameters.
Finally, in section 5 the J-integral for compounds of p-Laplacian types is proved rigorously.
If the minimizer is regular enough, this is a path integral formula to determine the energy
release rate, that can be formally derived by applying Gauss’ theorem on Griffith formula.
Since our problem shows less regularity, the J-integral can only be expressed by dual pairings
in corresponding Sobolev spaces defined on the path.

2 Preliminaries

In this paper we consider a domain Ωδ consisting of two subdomains with a crack on the
interface. This setting is specified more precisely in the following:

Definition 2.1 (The considered domain)
Let Ωδ be an open, bounded and connected 2D domain consisting of two nonlinear, hyperelas-

tic materials located in the subdomains Ω1 and Ω2, such that Ω1∪Ω2 = Ωδ. Both subdomains
have Lipschitz boundaries with piecewise continuous outer unit normal vectors n1, n2. The
interface between Ω1 and Ω2 is assumed to contain a straight crack of the length δ, which
may straightly expand along the interface, see fig. 1.
We furthermore introduce Ω = intΩδ. Its boundary ∂Ω can be separated into a Dirichlet-
boundary ΓD and a Neumann-boundary ΓN , so that ∂Ωδ = ∂Ω ∪ Rδ, where Rδ denotes the
crack of length δ. Thus the crack lips are defined by Rδj = Rδ ∩ Ωj . Analogously, we set
ΓDj = ΓD ∩ ∂Ωj and ΓNj = ΓN ∩ ∂Ωj for j = 1, 2.
We claim that:

1. ΓD is a set of non-zero Lebesgue-measure: L1(ΓD) 6= 0.

2. ΓD ∩Rδ = ∅.

The elastic strain energy densities referring to the subdomains Ω1, Ω2 are supposed to be of
p-Laplacian type:

Definition 2.2 (Elastic strain energy density)
The elastic strain energy density Welj(·) : R

2 → R referring to the subdomain Ωj, j = 1, 2,
has the form

Welj(a) =
µj

pj
(κj + |a|2)

pj
2 , (4)
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where µj ∈ (0,∞), pj ∈ (1,∞) are material constants and κj ∈ [0, 1] are parameters that
are introduced in order to avoid numerical instabilities and which can be chosen sufficiently
small.

Due to hyperelasticity the stresses DWelj (·) : R
2 → R

2 on Ωj can be expressed by the
derivative of Welj(·) with respect to the argument:

DWelj (a) = µj(κj + |a|2)
pj−2

2 a (5)

In the case 1 < pj < 2 formula (5) can be interpreted as the approximation of the true
stress-strain curve for a strain-hardening material. Then µj [MPa] and pj describe material
parameters for a given metal or alloy depending on its thermomechanical history, e.g. degree
of mechanical working or heat treatment. (pj −1) is called strain-hardening exponent [18]. In
section 4, composites of the specimen shown in Table 1 (see [18] Table 6.3) are investigated

Table 1:

Alloy µj [MPa] pj

Copper Cu (annealed) 315 1.54

Brass, 70 Cu-30 Zn (annealed) 895 1.49

Stainless steel 14301 (annealed) 1275 1.45

numerically. The approximation of the true stress-strain curves for these three alloys have
the following appearance, fig. 2:

Ω1

Ω2

ΓT δ
Rδ1

n1

n2

ΓDΓN

n12

n21

Rδ2

Figure 1: Domain Ωδ and loadings
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Figure 2: True stress-strain curves
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The case pj = 2 corresponds to a linear elastic material under anti-plane strain loadings
whereas the exponent pj > 2 is more important in fluid mechanics as in solid mechanics,
but it is covered with the analytical studies as well. Thus the definition of materials of p-
Laplacian type stands not only for strain-hardening and linear elastic materials but for a much
larger class of energy functionals. As it will be shown in section 2.2, the elastic strain energy
densities of p-Laplacian type are p-structures. For the analysis of transmission boundary value
problems this fact favors the application of variational approaches more than the application
of the theory on monotone operators.

Due to equation (5) the transmission boundary value problem for the configuration Ωδ can
be stated as follows (where i, j ∈ {1, 2} in the sequel):
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Definition 2.3 (Transmission boundary value problem)
Find u : Ωδ → R, with u|Ωj = uj for given functions f : Ωδ → R with f |Ωj = fj, h : ΓN → R

with h|ΓN∩∂Ωj
= hj and g : ΓD → R with g|ΓD∩∂Ωj

= gj, such that (compare fig. 1):

−div DWelj (∇uj) = fj in Ωj , (6)

u1 − u2 = 0 on ΓT δ , (7)

DWel1 (∇u1) · n12 + DWel2 (∇u2) · n21 = 0 on ΓT δ , (8)

uj = gj on ΓDj = ΓD ∩ ∂Ωj , (9)

DWelj (∇uj) · nj = hj on ΓN j = ΓN ∩ ∂Ωj , (10)

DWelj (∇uj) · nj = 0 on Rδj . (11)

Thereby nj and nji denote the piecewise continuous outer unit normal vectors of Ωj.

Furthermore we introduce the following notation:
On the total Neumann boundary Γ eN with Γ eNj

= ΓNj ∪Rδj, j = 1, 2, the Neumann condition

is given by:

DWelj (∇uj) · nj = h̃j =

{
hj on ΓNj ,

0 on Rδj .
(12)

Remark 2.1
For κj = 0, and a = ∇uj , j = 1, 2, formula (6) leads to the pj-Laplacian equation on Ωj.

Remark 2.2
The configuration Ωδ together with the given transmission boundary value problem can be
interpreted as a 2D cut-out of a 3D body subjected to mode-III loadings, see fig. 1: ⊙ stands
for a loading pointing orthogonally out of Ω1 and ⊗ indicates a loading pointing orthogonally
into Ω2, which means that out-of-plane loadings are applied.

The energies referring to the configuration Ωδ are explained in the following.

Definition 2.4 (Energies)
The elastic strain energy referring to Ωδ is given by

Jel(Ωδ, u) =

2∑

j=1

Jelj(Ωj, uj) =

2∑

j=1

∫

Ωj

Welj(∇uj) dy . (13)

The work of the applied forces on Ωδ is defined by

W (Ωδ, u) =

2∑

j=1

(
〈fj, uj〉W 1,pj (Ωj)

+
〈
h̃j , uj

〉

W
1− 1

pj
,pj

(Γ eN j
)

)
, (14)

where 〈·, ·〉W 1,pj (Ωj)
, 〈·, ·〉

W
1− 1

pj
,pj

(Γ eN j
)

are dual pairings in the Sobolev spaces introduced in

the definitions 3.1, 3.2.
The potential energy of Ωδ has the form

E(Ωδ, u) = Jel(Ωδ, u) −W (Ωδ, u)

=
2∑

j=1

∫

Ωj

Welj(∇uj) dy −
2∑

j=1

(
〈fj, uj〉W 1,pj (Ωj)

+
〈
h̃j , uj

〉

W
1− 1

pj
,pj

(Γ eN j
)

)
.

(15)
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The dissipative energy is the amount of energy that refers to all irreversible processes that
occur during cracking, like the creation of a new crack surface or the braking of atomic bonds.
As a simplified model in the case of an interface crack it is considered in dependence of the
fracture toughness of the interface Gc and of the crack length:

D(Ωδ) = Gcδ . (16)

The total energy of the compound Ωδ is given by:

Π(Ωδ, u) = E(Ωδ, u) +D(Ωδ)

=

2∑

j=1

∫

Ωj

Welj(∇uj) dy −
2∑

j=1

(
〈fj, uj〉W 1,pj (Ωj)

+
〈
h̃j , uj

〉

W
1− 1

pj
,pj

(Γ eN j
)

)
+ Gcδ .

(17)

3 Minimization of the potential energy

In this section we want to prove the existence and uniqueness of a minimizer u in a set of
functions M for the potential energy functional E(Ωδ , ·) referring to a cracked domain Ωδ.

Remark 3.1
Since D(Ωδ) = Π(Ωδ, v) − E(Ωδ, v) is independent of v it holds:

min
v∈M

Π(Ωδ, v) = Π(Ωδ , u) = min
v∈M

E(Ωδ , v) +D(Ωδ) = E(Ωδ, u) +D(Ωδ) ,

which means that the minimizers of Π(Ωδ, ·) and E(Ωδ, ·) coincide.

The first step towards this aim is to specify the set of functions M in an appropriate function
space corresponding to the above minimization problem.

3.1 Function spaces

Since the domain Ωδ consists of a compound of two materials with different growth properties,
we have to introduce special function spaces that reflect this constitution in a proper way:

Definition 3.1 (Function spaces)
For ~p = (p1, p2) and pmin = min{p1, p2} we define

W 1,~p(Ωδ) =
{
u ∈W 1,pmin(Ωδ) : uj = u|Ωj ∈W 1,pj(Ωj), j = 1, 2

}
(18)

provided with the norm ‖u‖W 1,~p(Ωδ) = ‖u1‖W 1,p1(Ω1) + ‖u2‖W 1,p2(Ω2) , (19)

V
~p
(g)

(Ωδ) =
{
u ∈W 1,~p(Ωδ) : γΓD

u = g
}
, (20)

L~p(Ωδ) =
{
u ∈ Lpmin(Ωδ) : uj = u|Ωj ∈ Lpj(Ωj), j = 1, 2

}
(21)

provided with the norm ‖u‖L~p(Ωδ) = ‖u1‖Lp1 (Ω1) + ‖u2‖Lp2 (Ω2) . (22)

In this context γΓD
denotes the trace operator onto the Dirichlet boundary, which will be

explained more detailed below.
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These function spaces were introduced by W.B. Liu for the first time, see [15], and also [11]
for the properties stated in the next lemma.

Lemma 3.1
Let ~p = (p1, p2) with pj ∈ (1,∞) for j ∈ {1, 2}. Then the normed function spaces(
W 1,~p(Ωδ), ‖·‖W 1,~p(Ωδ)

)
,
(
L~p(Ωδ), ‖·‖L~p(Ωδ)

)
, from definition 3.1 are separable, reflexive

Banach spaces.

Recall that Ωδ = Ω\Rδ = int(Ω1 ∪ Ω2)\Rδ . Because of the crack Rδ, the domain Ωδ is no
Lipschitz domain and therefore traces of functions defined on Ωδ can’t be taken from the
domain onto the boundary ∂Ωδ at it’s whole. But since the subdomains Ω1, Ω2 are claimed
to be Lipschitz domains with piecewise continous outer unit normal vectors, the trace theorem
holds for any W 1,pj(Ωj)-function on any part Γj of the boundary ∂Ωj, j = 1, 2. Thus, for a
part of the boundary Γ ⊂ ∂Ωδ with Γ = ∪2

j=1Γj and L1 ((Γ1\Γ2) ∪ (Γ2\Γ1)) = 0 there exists a

linear, continuous trace operator γΓ : W 1,~p(Ωδ) →W
1− 1

pmin
,pmin(Γ), where pmin = min{p1, p2}.

It can obviously be defined by the trace operators γΓj , that exist on W 1,pj(Ωj) :

γΓ :=

{
γΓ1 on W 1,p1(Ω1)
γΓ2 on W 1,p2(Ω2)

.

Definition 3.2 (Trace spaces)
Let ~p = (p1, p2) and pmin = min{p1, p2}. For a part of the boundary Γ ⊂ ∂Ω we define

W
1− 1

~p
,~p
(Γ) = {u ∈ Lpmin(Γ) : ∃û ∈W 1,~p(Ωδ), γΓj û = u|Γj , γΓû = u}

provided with the norm ‖u‖
W

1− 1
~p

,~p
(Γ)

= inf û∈W1,~p(Ωδ)
γΓû=u

‖û‖W 1,~p(Ωδ) ,

With regard to traces of W 1,~p(Ωδ)-functions onto the total Neumann-boundary Γ eN
, where

Γ eNj
= Γ eN ∩ ∂Ωj, j = 1, 2, we refer to the well known spaces

W
1− 1

pj
,pj

(Γ eNj
) = {u ∈ Lpj(Γ eNj

) : ∃û ∈W 1,pj(Ωj), γΓ eN j
û = u}

provided with the norm ‖u‖
W

1− 1
pj

,pj
(Γ eN j

)
= inf

û∈W
1,pj (Ωj )

γΓ eN j
û=u

‖û‖
W 1,pj (Ωj)

and

W̃
1− 1

pj
,pj

(Γ eNj
) = {u∈W

1− 1
pj

,pj
(Γ eN j

) : ∃ũ∈W
1− 1

pj
,pj

(∂Ωj)with ũ|Γ eN j
= u, ũ|∂Ωj\Γ eN j

= 0}

provided with the norm ‖u‖
fW

1− 1
pj

,pj
(Γ eN j

)
= ‖ũ‖

W
1− 1

pj
,pj

(Γ eN j
)
= inf

û∈W
1,pj (Ωj)

γΓ eN j
û=u

‖û‖W 1,pj (Ωj)
.

Remark 3.2
For the function h̃j ∈

(
W

1− 1
pj

,pj
(Γ eNj

)

)′

= W̃
− 1

qj
,qj

(Γ eNj
) the Neumann condition (12) on

the total Neumann boundary has to be understood in the following sense:
〈
h̃j, vj

〉

W
1− 1

pj
,pj

(Γ eN j
)
=0 for any vj ∈W

1− 1
pj

,pj
(Γ eNj

) with vj = 0 on ΓNj and

〈
h̃j, wj

〉

W
1− 1

pj
,pj

(Γ eN j
)
=〈hj , wj〉

W
1− 1

pj
,pj

(Γ eN j
)
for any wj ∈W

1− 1
pj

,pj
(Γ eNj

) with wj = 0 on Rδj .

Transmission condition (8) has to be treated analogously.
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With the aid of traces the following property of the space V ~p
(0)(Ωδ) can be shown:

Lemma 3.2
The function space

(
V

~p
(0)(Ωδ), ‖·‖W 1,~p(Ωδ)

)
from definition 3.1 is a separable, reflexive Banach

space.

Proof:
At first it shown that

(
V

~p
(0)(Ωδ), ‖·‖W 1,~p(Ωδ)

)
is a Banach space.

Let {fn}n∈N be a Cauchy sequence in
(
V

~p
(0)(Ωδ), ‖·‖W 1,~p(Ωδ)

)
. Since V ~p

(0)(Ωδ) ⊂ W 1,~p(Ωδ)

there exists a limit f ∈W 1,~p(Ωδ). Now γΓD
f = 0 has to be shown.

It holds

0 ≤ ‖γΓD
f‖

W
1− 1

~p
,~p

(ΓD)
= ‖γΓD

f − γΓD
fn‖

W
1− 1

~p
,~p

(ΓD)
= ‖γΓD

(f − fn)‖
W

1− 1
~p

,~p
(ΓD)

= inf
v∈W1,~p(Ωδ)

γΓD
v=γΓD

(f−fn)

‖v‖W 1,~p(Ωδ) ≤ ‖f − fn‖W 1,~p(Ωδ) −→ 0 for n→ ∞ .

This yields γΓD
f = 0 and f ∈ V

~p
(0)(Ωδ). Therefore V

~p
(0)(Ωδ) is a closed subspace of the

separable, reflexive Banach space W 1,~p(Ωδ) with respect to the W 1,~p(Ωδ)-norm.

Separability und reflexivity of V ~p
(0)(Ωδ) follow from the properties of W 1,~p(Ωδ) [1] p.7, Th.1.21.

Now we are able to specify the set of functions M :

Definition 3.3 (The set of functions M)
For a minimization problem corresponding to the transmission boundary value problem (6)-
(11) the set of functions is given by:

M = V
~p
(g)(Ωδ) , (23)

where g is the right hand side of the Dirichlet condition (9).

The next lemma gives an important property of M :

Lemma 3.3 (weak sequentially closedness of M)
For any sequence {uk}k∈N ⊂M = V

~p
(g)(Ωδ) with uk ⇀ u in W 1,~p(Ωδ) as k → ∞ it holds

u ∈M .

Proof:
Since V ~p

(0)(Ωδ) is a Banach space, it is a closed and convex subset of W 1,~p(Ωδ). Thus it is weak

sequentially closed, see [20] theorem III.3.8.

At last, we point out that Poincaré-Friedrichs inequality is valid for the space V ~p
(0)(Ωδ). This

is due to the fact, that Poincaré-Friedrichs inequality [16, 17] holds on the subdomain, where
the Dirichlet boundary is located. Thus, for a function v satisfying ∇v = 0 L2 − a.e. it holds
v = 0 L2 − a.e.. This property is passed onto the other subdomain by transmission condition
(7). Therefore the following norm equivalence holds on V ~p

(0)(Ωδ):

Theorem 3.1 (Norm equivalence)
For every u ∈ V ~p

(0)(Ωδ) holds:

‖∇u‖L~p(Ωδ) ≤ ‖u‖W 1,~p(Ωδ) ≤ cN‖∇u‖L~p(Ωδ) .
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3.2 The p-structural properties of the elastic strain energy density

In this subsection we show that the elastic strain energy density of the considered problem is
a p-structure on each subdomain. This means that the elastic strain energy densities Welj(·)
satisfy the properties mentioned in the theorem below:

Theorem 3.2
The elastic strain energy densities fulfill the properties of p-structures, i.e. for j ∈ {1, 2} the
following items hold:

(H0) Welj(·) ∈ C
1(R2) ∩ C2(R2).

(H1) There exist constants c1j, c2j ∈ R
+ such that for every a ∈ R

2:

c1j|a|
pj ≤Welj(a) ≤ c2j(1 + |a|pj ) .

(H2) There exists a constant cj ∈ R
+ such that for every a ∈ R

2:

|DWelj (a)| ≤ cj(1 + |a|pj−1) .

(H3) There exists a constant kj ∈ R
+ such that for every a ∈ R

2\{0}:

|D(DWelj (a))| ≤ kj(1 + |a|pj−2) .

(H4) Welj(·) is convex with respect to a, i.e. there exist constants lj ∈ R
+ and k̃j ∈ {0, 1}

such that for all a, b ∈ R
2 the following inequality holds:

〈
Da

〈
DWelj (a), b

〉
, b
〉
≥ lj

(
k̃j + |a|

)pj−2
|b|2 , (24)

where k̃j = 0 if pj ≥ 2 and k̃j = 1 if 1 < pj < 2.

Proof:
Concerning (H0): The first and second Fréchet derivatives of Welj(·) can be easily calculated:

〈
DWelj (a), b

〉
= µj(κj + |a|2)

pj−2

2 a · b (25)

〈〈
DaDWelj (a), b

〉
, c
〉

=

µj(pj − 2) (κj + |a|2)
pj−4

2 (a · b) (a · c) + µj (κj + |a|2)
pj−2

2 (a · b)
(26)

Concerning (H1): Since κj ∈ [0, 1] it is obvious that

µj

pj
|a|pj ≤

µj

pj
(κj + |a|2)

pj
2 = Welj(a) ≤

µj

pj
(1 + |a|2)

pj
2

(105)

≤ 2
pj−2

2
µj

pj
(1 + |a|pj ) .

Concerning (H2): If pj ≥ 2 we get

|DWelj (a)| = |µj(κj + |a|2)
pj−2

2 a| ≤ µj(1 + |a|2)
pj−2

2 (1 + |a|) ≤ µj(1 + |a|)pj−1

(105)

≤ 2pj−2µj(1 + |a|pj−1) .
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In the case 1 < pj < 2 it holds

|DWelj (a)| =

∣∣∣∣∣∣
µja

(κj + |a|2)
2−pj

2

∣∣∣∣∣∣
≤

µj|a|

(0 + |a|2)
2−pj

2

= µj(1 + |a|p−1) .

Concerning (H3): Under consideration of (26) we immediately obtain

|D2Welj(a)||b||c| = µj|pj − 2|(κj + |a|2)
pj−4

2 |a|2|b||c| + µj(κj + |a|2)
pj−2

2 |b||c|

≤ µj(pj + 3)(1 + |a|2)
pj−2

2 |b||c|

(105)

≤ µj(pj + 3)2
pj−4

2 (1 + |a|pj−2)|b||c|

Concerning (H4): For pj ≥ 2 we have µj(pj − 2)(κj + |a|2)
pj−4

2 (a · b)2 ≥ 0 and since κj ≥ 0
it turns out that

Da(DWelj (a) · b) · b ≥ µj(κj + |b|2)
pj−2

2 |b|2 ≥ µj|a|
p−2|b|2 .

If 1 < p < 2 it is (pj − 2) < 0 and the following estimate holds

µj(pj − 2)
(a · b)2

(κj + |a|2)
4−pj

2

+ µj
|b|2

(κj + |a|2)
2−pj

2

. ≥ µj(pj − 2)
|a|2|b|2

|a|4−pj
+ µj

|b|2

(1 + |a|2)
2−pj

2

≥ µj(pj − 2)|a|pj−2|b|2 + µj(1 + |a|)pj−2|b|2

≥ µj(pj − 1)(1 + |a|)pj−2|b|2 .

Inequality (24) of property (H4) provides another convexity inequality involving the elastic
strain energy densities:

Lemma 3.4
From the convexity inequality (24) follows that there exist constants dj ∈ R

+, k̃j ∈ {0, 1}
such that for all a, b ∈ R

2 holds:

Welj(a) −Welj(b) ≥ DWelj (b) · (a − b) + dj(k̃j + |a| + |b|)pj−2|a − b|2 . (27)

and furthermore it holds for all a, b ∈ R
2:

〈
DWelj (a) − DWelj (b),a − b

〉
≥ d̃j(k̃j + |a| + |b|)pj−2|a − b|2 . (28)

Estimate (28) directly follows from estimate (27), which is proved in [11] p. 149.

Remark 3.3
From inequality (27) directly follows that Welj(·) is even strictly convex, i.e. for all a 6= b ∈ R

2

holds:
Welj(a) −Welj(b) > DWelj (b) · (a − b) , (29)

which states the uniqueness of a minimizer, provided it exists.
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3.2.1 Existence and uniqueness of the minimizer

In the following we want to state the existence and the uniqueness for a solution of the
following minimization problem for the configuration Ωδ:

Definition 3.4 (Minimization problem)
Find u ∈M = V

~p
(g)(Ωδ) for given functions f ∈W−1,~q(Ωδ), h̃j ∈ W̃

− 1
qj

,qj
(Γ eN j

), j = 1, 2, and

g ∈W
1− 1

~p
,~p(ΓD), such that

E(Ωδ, u) = min
v∈M

E(Ωδ, v) , (30)

where the potential energy functional is defined by

E(Ωδ, u) = Jel(Ωδ, u) −W (Ωδ, u)

=
2∑

j=1

∫

Ωj

Welj(∇uj) dy −
2∑

j=1

(
〈fj, uj〉W 1,pj (Ωj)

+
〈
h̃j , uj

〉

W
1− 1

pj
,pj

(Γ eN j
)

)
.

(31)

Existence and uniqueness of a minimizer can be analyzed following the ideas of [22] p.229ff.
The necessary and sufficient conditions for the existence of a unique minimizer are summarized
in the following theorem:

Theorem 3.3 (Existence and uniqueness of a minimizer, compare [22] p. 232)
The elastic strain energy Jel(Ωδ, ·) : M = V

~p
(g)(Ωδ) ⊂ W 1,~p(Ωδ) → R satisfies the following

assumpions:

(i) W 1,~p(Ωδ) is a real reflexive Banach space due to lemma 3.1.

(ii) Jel(Ωδ, ·) is weak sequentially lower semicontinuous, since Welj(·) is bounded from below
by 0 and strictly convex due to lemma 3.4.

(iii) M = V
~p
(g)(Ωδ) is weak sequentially closed due to lemma 3.3.

(iv) For each sequence {un}n∈N ⊂M with ‖un‖W 1,~p(ΩΩδ
) → ∞ as n→ ∞ we have

limn→∞


Jel(Ωδ, un) −

2∑

j=1

〈
bj, unj

〉
W 1,pj (Ωj)


 = +∞

due to the growth condition (H1) for Welj(·) in theorem 3.2.

Thereby
〈
bj , unj

〉
W 1,pj (Ωj)

=
〈
fj + γ⋆

ΓÑ j
h̃j , unj

〉
W 1,pj (Ωj)

, where

γ⋆
ΓÑ j

: (W
1− 1

pj
,pj

(Γ eNj
))′ → (W 1,pj(Ωj))

′

denotes the adjoint operator of the trace operator γΓÑ j
: W 1,pj(Ωj) →W

1− 1
pj

,pj
(Γ eNj

).

Then the minimization problem (30) possesses a unique solution u ∈ M for any given data

f ∈W−1,~q(Ωδ), h̃j ∈ W̃
− 1

qj
,qj

(Γ eNj
), j = 1, 2, and g ∈W

1− 1
~p
,~p(ΓD).



4 GRIFFITH FORMULA FOR P -LAPLACIAN COMPOUNDS 11

4 Griffith Formula for p-Laplacian compounds

Main goal of this section is to prove a Griffith formula for the compound of p-Laplacian type
in the reference domain Ωδ0, see subsection 4.1.. This notation is introduced in order to
indicate that this reference domain contains the straight crack of length δ0, and to make it
distinguishable from the current domains Ωδ0+δ with the crack enlarged by any sufficiently
small δ > 0.

Theorem 4.1 (Griffith formula for the compound)
Let Ωδ0 be a 2D domain, as in definition 2.1, containing the crack Rδ0 ⊂ {x ∈ Ωδ0 : x2 = 0}

with the crack propagation direction along the vector field (1, 0)⊤ and the crack tip Sδ0 . Let
θ ∈ C∞

0 (Ω) such that θ ≡ 1 in Bθ
1 and θ ≡ 0 in Ω\Bθ

2 . Thereby Bθ
k for k ∈ {1, 2} denotes a

connected Lipschitz domain around Sδ0 such that B
θ
1 ⊂ Bθ

2 ⊂ intΩδ0 = Ω. Then the Griffith

formula for the cracked compound with a volume force density f ∈ L
~q
∂y1

(Ωδ0), where

L
~q
∂y1

(Ωδ0) = {f ∈ L~q(Ωδ0), ∂y1f ∈ L~q(Ωδ0)},

surface force density h ∈ L~q(ΓN ) and the minimizer u[δ0] ∈ V
~p
(g)(Ωδ0) reads as follows:

ERR(Ωδ0 , u[δ0]) =

2∑

j=1

∫

Ωj

∂y1u[δ0]j DWelj

(
∇u[δ0]j

)
· ∇θ dy

−
2∑

j=1

∫

Ωj

Welj(∇u[δ0]j)∂y1θ dy +
2∑

j=1

∫

Ωj

u[δ0]j∂y1(fjθ) dy .

(32)

����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������

����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������

����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������

����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������

�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������

�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

Rδ0 Sδ0

Bθ
1

Bθ
2

Ω1

Ω2

Figure 3: Support of the functions θ ∈ C∞
0 (Ω)

This formula allows to calculate the energy release rate as a sum of volume integrals only
involving known quantities and such quantities that can be determined by FEM, like the
minimizer, stresses, elastic strain energy density.

In subsection 4.2. a numerical result for the behavior of the energy release rate obtained with
Griffith formula and FEM is presented.

4.1 Proof of Griffith Formula

The proof of theorem 4.1 is quite long and technical. Firstly, we point out the main ideas.
The particular steps are carried out in the succeeding subsections.

Sketch of the proof:
For δ ∈ [0, a], see definition 4.1 for the definition of a, a diffeomorphism Tδ : Ωδ0+δ → Ωδ0 is
introduced, which maps the current configuration Ωδ0+δ onto the reference configuration Ωδ0 .
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Thereby the potential energy of the current configuration E(Ωδ0+δ, u[δ0+δ]) can be mapped
onto the reference configuration so that the limit

lim
δ→0

E(Ωδ0 , u[δ0]) − E(Ωδ0+δ, u[δ0+δ])

δ
(33)

can be taken there. The proof is divided into several steps:

Section 4.1.1: The mapping Tδ

1. Definition of Tδ and its properties.

2. Properties of the transformed functions.

Section 4.1.2: Boundedness and convergence of the transformed minimizers as δ → 0

• Uniform boundedness of the minimizers u[δ0+δ] in W 1,~p(Ωδ0+δ) and of the transformed
minimizers u[δ0+δ] in W 1,~p(Ωδ0) respectively.

• Convergence of the minimizers in W 1,~p(Ωδ0) as δ → 0.

Section 4.1.3: Derivation of the Griffith formula by consideration of minimization problems

• Taking the limit in formula (33) on the reference configuration considering the unique-
ness of the minimizers.

This approach is based on the work of A.M. Khludnev and J. Sokolowski, who verified a
Griffith formula for the Laplacian [9] and for linear elasticity [10]. Analogously a Griffith
formula for Ramberg/Osgood materials was shown by D. Knees [11, 12].

4.1.1 The mapping Tδ

Definition of Tδ and its properties

Definition 4.1
Let θ ∈ C∞

0 (Ω) as in theorem 4.1 with θ ≡ 1 in Bθ
1 and θ ≡ 0 in Ω\Bθ

2 . Let δ ∈ [0, a], where

a is given by the requirement Pa := Sδ0 + a(1, 0)⊤ ∈ Bθ
1 . Then the mapping Tδ is defined by

Tδ : Ωδ0+δ → Ωδ0 , x 7→ y = Tδ(x) = x− δ

(
θ(x)

0

)
. (34)

The Jacobian of this mapping is given by

JTδ
(x) =

(
∂x1y1 ∂x2y1

∂x1y2 ∂x2y2

)
=

(
1 − δ∂x1θ(x) −δ∂x2θ(x)

0 1

)
(35)

and the Jacobian determinant reads as follows

detJTδ
(x) = 1 − δ∂x1θ(x) . (36)



4 GRIFFITH FORMULA FOR P -LAPLACIAN COMPOUNDS 13

����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������

����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������

����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������

����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������

�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������

�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

Rδ0 Sδ0 Pa

Bθ
1

Bθ
2

Ω1

Ω2

Figure 4: Definition of the mapping Tδ

In order to guarantee that Tδ maps properly, a has to be chosen sufficiently small so that
firstly no point of the dark patterned area is mapped out of the domain Ω. Secondly, the
Jacobian determinant detJTδ

(x) has to be greater than 0 so that Tδ is a diffeomorphism.

Lemma 4.1
Tδ is a diffeomorphism.

Proof:
It holds Tδ ∈ (C∞(Ωδ0+δ))

2 . If a is chosen sufficiently small, then detJδ
Tδ

> 0 for every
δ ∈ [0, a]. From this follows that Tδ is a diffeomorphism, see [21] p. 53.

Remark 4.1
Note that for every y ∈ Ωδ0+δ and δ ∈ [0, a] holds:

|T−1
δ (y) − y| = |x− Tδ(x)| = |x − x + δ(θ(x), 0)⊤| ≤ δ‖θ‖∞ . (37)

Therefore we know that T−1
δ (y) ∈ B(y, δ‖θ‖∞) = {z ∈ R

2, |z − y| ≤ δ‖θ‖∞} for every
y ∈ Ωθ := Ω ∩ supp θ and δ ∈ [0, a].

4.1.2 Properties of the transformed functions

Definition 4.2
Let x ∈ Ωδ0+δ and y ∈ Ωδ0 . For v[δ0+δ] : Ωδ0+δ → R we define

v[δ0+δ](y) = v[δ0+δ](T
−1
δ (y)) = v[δ0+δ](x) for y ∈ Ωδ0 . (38)

The derivative of such a transformed function can be calculated from the following relation:

∇xv
[δ0+δ](y) = ∇xv[δ0+δ](T

−1
δ (y)) =

(
∇yv

[δ0+δ](y)
)⊤

∇xy

=
(
∇yv

[δ0+δ](y)
)⊤
JTδ

= ∇yv
[δ0+δ](y) − δ∂y1v

[δ0+δ](y)∇xθ(T
−1
δ (y))

= ∇yv
[δ0+δ](y) − δ∂y1v

[δ0+δ](y)∇xθ
δ((y)) .

(39)

Now we state some properties of the transformed functions.
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Lemma 4.2
Let u[δ0+δ] ∈ V

~p
(g)

(Ωδ0+δ) be the minimizer of the potential energy E(Ωδ0+δ, ·) referring to the

current configuration. Then for every δ ∈ [0, a] holds:

u[δ0+δ] = u[δ0+δ] ◦ T
−1
δ ∈ V ~p

(g)(Ωδ0) .

Let u[δ0] ∈ V
~p
(g)(Ωδ0) be the minimizer of the potential energy E(Ωδ0 , ·) referring to the refer-

ence configuration. Then for every δ ∈ [0, a] holds:

u[δ0] ◦ Tδ ∈ V ~p
(g)(Ωδ0+δ) .

Proof:
We have u[δ0+δ] ∈ W 1,~p(Ωδ0+δ) and for every y ∈ Ωδ0 it holds T−1

δ (y) ∈ Ωδ0+δ. Since Tδ is a
diffeomorphism and u[δ0+δ](y) = u[δ0+δ](T

−1
δ (y)) it follows u[δ0+δ] ∈ W 1,~p(Ωδ0). Furthermore

we have supp θ ∩ ∂Ω = ∅ and especially supp θ ∩ ΓD = ∅. Therefore Tδ(y) = y = T−1
δ (y) for

every y ∈ ΓD. Because u[δ0+δ] ∈ V
~p
(g)(Ωδ0+δ) and u[δ0+δ](y) = u[δ0+δ](y) = g(y) for y ∈ ΓD we

have u[δ0+δ] ∈ V
~p
(g)(Ωδ0).

Analogously u[δ0] ◦ Tδ ∈ V
~p
(g)(Ωδ0+δ) can be shown.

Properties of the applied force densities and boundary displacements

Theorem 4.2 (Convergence of the volume force densities)
For fj ∈ Lqj(Ωj), qj ∈ (1,∞), j = 1, 2, it holds

∥∥∥f [δ0+δ]

j − fj

∥∥∥
Lqj (Ωδj

)
→ 0 as δ → 0 . (40)

To prove this theorem it is necessary to introduce the Lebesgue-Besicovitch differentiation
theorem, compare [4] p.43:

Theorem 4.3 (Lebesgue-Besicovitch differentiation theorem)
Let L2 be the Lebesgue measure on R

2 and f ∈ L1
loc(R

2,L2). Then

lim
r→0

−

∫

B(x,r)

f(y)dy = f(x) for L2-a.e. x ∈ R
2 . (41)

Here −
∫
E

f(y)dy := 1
µ(E)

∫
E

f(y)dy denotes the average of f over the set E with respect to the

measure L2, provided L2(E) <∞.

Additionally, the following corollary holds, see [4] p.44:

Corollary 4.1
If f ∈ L

p
loc(R

2,L2) for some 1 ≤ p <∞, then

lim
B↓{x}

−

∫

B

|f(y) − f(x)|pdy = 0 for L2-a.e. x , (42)

where the limit is taken over all closed balls B containing x as diamB → 0.

With these two auxilliary means theorem 4.2 can be proved:
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Proof:
We define Ωθ

j := Ωj ∩ supp θ. The norm in line (40) is rewritten with the aid of theorem 4.3
and estimated from above by Hölder’s inequality:

lim
δ→0

∥∥∥f [δ0+δ]

j − fj

∥∥∥
qj

Lqj (Ωδ0
)
= lim

δ→0

∫

Ωθ
j

|fj(T
−1
δ (y)) − fj(y)|qj dy

(41)
= lim

δ→0

∫

Ωθ
j

| lim
r→0

−

∫

B(T−1
δ (y),r)

fj(z)dz − fj(y)|qj dy

= lim
δ→0

∫

Ωθ

| lim
r→0

−

∫

B(T−1
δ (y),r)

fj(z) − fj(y)dz|qj dy

≤ lim
δ→0

∫

Ωθ
j

lim
r→0


 −

∫

B(T−1
δ (y),r)

|fj(z) − fj(y)|dz




qj

dy

≤ lim
δ→0

∫

Ωθ
j

lim
r→0

(
1

(2r)2

)qj




∫

B(T−1
δ (y),r)

|fj(z) − fj(y)|qj dz







∫

B(T−1
δ (y),r)

1pjdz




qj
pj

dy

= lim
δ→0

∫

Ωθ
j

lim
r→0

1

(2r)2

∫

B(T−1
δ (y),r)

|fj(z) − fj(y)|qjdzdy (43)

Since theorem 4.3 holds for r → 0 in any arbitrary order, the variable r in line (43) can
be chosen in the following way: Taking into account remark 4.1 we know that T−1

δ (y) ∈
B(y, δ‖θ‖∞). Therefore we chose r in dependence of δ such that B(T−1

δ (y), r) ⊂ B(y, δ), see
fig. 5:

r = |y + δ(T−1
δ (y) − y) − T−1

δ (y)| = |(y − T−1
δ (y)) − δ(y − T−1

δ (y))|

= (1 − δ)|y − T−1
δ (y)| = (1 − δ)|Tδ(x) − x| = (1 − δ)|x − δ(θ(x), 0)⊤ − x|

≤ (1 − δ)δ‖θ‖∞

r

T−1
δ (y)y

δ‖θ‖∞

Figure 5: choice of r in dependence of δ
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Choosing r = (1 − δ)δ‖θ‖∞ we have:

(43) = lim
δ→0

∫

Ωθ

lim
δ→0

1

(2(1 − δ)δ‖θ‖∞)2

∫

B(T−1
δ (y),(1−δ)δ‖θ‖∞)

|fj(z) − fj(y)|qj dzdy

≤ lim
δ→0

1

(1 − δ)2

∫

Ωθ

lim
δ→0

−

∫

B(y,δ‖θ‖∞)

|fj(z) − fj(y)|qjdz dy
(42)
= 0

Remark 4.2
The volume force density defined on Ωδ0 is always denoted with f . In our context the volume
force density related to Ωδ0+δ has the property f[δ0+δ] = f |Ωδ0+δ

.

Lemma 4.3 (Norms of the applied force densities)
The norms of the applied force densities , f, h, are independent of the crack length, i.e.:

∥∥f[δ0+δ]

∥∥
L~q(Ωδ0+δ)

= ‖f‖L~q(Ωδ0
) .

Proof:
Recall that the reference configuration Ωδ0 and a current configuration Ωδ0+δ only differ in
the crack length:

Ωδ0\Ωδ0+δ = (ΓTδ0\ΓTδ0+δ) ⊂ ∂Ωj for; j ∈ {1, 2} .

Therefore it is easy to see that

∥∥f[δ0+δ]

∥∥
L~q(Ωδ0+δ)

=

2∑

j=1

‖fj‖Lqj (Ωj)
= ‖f‖L~q(Ωδ0

)

Since supph ⊂ ∂Ω, the norm of the surface force density ‖h‖L~q(ΓN ) is independent of the
crack length. Furthermore h is not affected by the transformation Tδ for any δ ∈ [0, a].

Lemma 4.4 (Extension of the applied boundary displacements)
For a given g ∈W

1− 1
~p
,~p
(ΓD) and every δ ∈ [0, a] there exists an extension ĝ[δ0+δ] ∈ V

~p
(g)(Ωδ0+δ)

with the property: ∥∥ĝ[δ0+δ]

∥∥
W 1,~p(Ωδ0+δ)

=
∥∥ĝ[δ0]

∥∥
W 1,~p(Ωδ0

)
. (44)

Proof:
By definition of the trace spaces for every function g ∈W

1− 1
~p
,~p(ΓD) there exists an extension

ĝ⋆
[δ0+δ] ∈W 1,~p(Ωδ0+δ). Multiplication with a function η ∈ C∞(Ω) leads to

(ĝ⋆
[δ0+δ]η) ∈W 1,~p(Ωδ0+δ), where supp(ĝ⋆

[δ0+δ]η) = suppĝ⋆
[δ0+δ] ∩ suppη.

Let Ba = {x, |x− Sδ0 | ≤ a}. Choose η in such a way that Ba ∩ suppη = ∅, η ≡ 1 on ΓD, then
ĝ = (ĝ⋆

[δ0+δ]η) is an admissible extension for every δ ∈ [0, a]. See fig. 6. Therefore assumption

(44) holds.
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Figure 6: Choice of the function η

4.1.3 Boundedness and convergence of the transformed minimizers as δ → 0

We begin with the verification of the uniform boundedness of the minimizers u[δ0+δ] in
W 1,~p(Ωδ0+δ) and of the transformed minimizers u[δ0+δ] in W 1,~p(Ωδ0) respectively.

Lemma 4.5 (Uniform boundedness of the minimizers)
Let f ∈ L~q(Ωδ0+δ), h ∈ L~q(ΓN ) and g ∈ W

1− 1
~p
,~p
(ΓD). Then the solution u[δ0+δ] of the mini-

mization problem referring to the current configuration Ωδ0+δ is bounded for all δ ∈ [0, a] by
a constant c > 0: ∥∥u[δ0+δ]

∥∥
W 1,~p(Ωδ0+δ)

< c . (45)

For the minimizers transformed to the reference configuration respectively holds:

∥∥u[δ0+δ]
∥∥

W 1,~p(Ωδ0
)
< c (46)

Proof:
Let ĝ ∈W 1,~p(Ωδ0+δ) be an extension of the boundary displacement g as in lemma 4.4. Then

it holds u0
[δ0+δ] = (u[δ0+δ] − ĝ) ∈ V

~p
(0)(Ωδ0+δ). In the following we define for arbitrary δ ∈ [0, a]:

u0
j = u0

[δ0+δ]j
= u0

[δ0+δ]|Ωj and uj = u[δ0+δ]j = u[δ0+δ]|Ωj .

Because ‖uj‖W 1,pj (Ωj)
≤
∥∥∥u0

j

∥∥∥
W 1,pj (Ωj)

+‖ĝj‖W 1,pj (Ωj)
we now want to show the uniform boun-

dedness of
∥∥∥u0

j

∥∥∥
W 1,pj (Ωj)

. Since u = u[δ0+δ] is the minimizer of the potential energy E(Ωδ0+δ, ·)

it holds 〈
DE(Ωδ0+δ, u), u

0
〉
V ~p
(0)

(Ωδ0+δ)
= 0

and therefore

〈
DJel(Ωδ0+δ, u), u

0
〉
V ~p
(0)

(Ωδ0+δ)
=

2∑

j=1

∫

Ωj

fju
0
j dx +

∫

ΓN j

hju
0
j ds . (47)

See theorem B.1 for the Fréchet derivatives of Jel(Ωδ, ·) and E(Ωδ, ·).
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In the following we make the left hand side of equation (47) smaller using estimate (27) with
a = ∇ĝj, b = ∇uj and (H1):

〈
DJel(Ωδ0+δ, u), u

0
〉
V ~p
(0)

(Ωδ0+δ)

(27)

≥
2∑

j=1

∫

Ωj

Welj(∇uj) −Welj(∇ĝj) dx

+

∫

Ωj

dj(k̃j + |∇uj | + |∇ĝj |)
pj−2 |∇ĝj −∇uj |

2 dx

(H1)

≥
2∑

j=1

c1j‖∇uj‖
pj

Lpj (Ωj)
−

∫

Ωj

Welj(∇ĝj) dx

(H1)

≥
2∑

j=1

c1j‖∇uj‖
pj

Lpj (Ωj)
− c2jL

2(Ωj) − c2j‖∇ĝj‖
pj

Lpj (Ωj)
(48)

The right hand side of equation (47) can be enlarged using Hölder’s inequality (103)

2∑

j=1

∫

Ωj

fju
0
j dx +

∫

ΓN j

hju
0
j ds ≤

2∑

j=1

‖fj‖Lqj (Ωj)

∥∥u0
j

∥∥
Lpj (Ωj)

+ ‖hj‖Lqj (ΓN j)
‖u0

j‖Lpj (ΓN j)
, (49)

where
∥∥∥u0

j

∥∥∥
Lpj (Ωj)

≤
∥∥∥u0

j

∥∥∥
W 1,pj (Ωj)

and according to definition 3.2 holds

∥∥u0
j

∥∥
Lpj (ΓN j)

≤
∥∥u0

j

∥∥
W

1− 1
pj

,pj
(ΓN j)

= inf
v0
j
∈W

1,pj (Ωj )

v0
j |ΓN j

= u0
j |ΓN j

∥∥v0
j

∥∥
W 1,pj (Ωj)

≤
∥∥u0

j

∥∥
W 1,pj (Ωj)

.

Under consideration of the norm equivalence in theorem 3.1 this leads to

(49) ≤
2∑

j=1

‖fj‖Lqj (Ωj)

∥∥u0
j

∥∥
W 1,pj (Ωj)

+ ‖hj‖Lqj (ΓN j)

∥∥u0
j

∥∥
W 1,pj (Ωj)

(50)

≤
∥∥u0
∥∥

W 1,~p(Ωδ)

(
‖f‖L~q(Ωδ) + ‖h‖L~q(ΓN )

)
(51)

≤ cN (‖f‖L~q(ΩΩδ0+δ
) + ‖h‖L~q(ΓN ))

∥∥∇u0
∥∥

L~p(Ωδ0+δ)
. (52)

Notify, that the constant cN = maxj=1,2{cN j} is independent of δ, since the crack is situated
on ∂Ωj , j = 1, 2.
Putting together estimates (48) and (52) we get:

cN (‖f‖L~q(ΩΩδ0+δ
) + ‖h‖L~q(ΓN ))

∥∥∇u0
∥∥

L~p(Ωδ0+δ)
+

2∑

j=1

c2jL
2(Ωj) + c2j‖∇ĝj‖

pj

Lpj (Ωj)

≥
2∑

j=1

c1j‖∇uj‖
pj

Lpj (Ωj)
≥ c1m

2∑

j=1

∣∣∣
∥∥∇u0

j

∥∥
Lpj (Ωj)

− ‖∇ĝj‖Lpj (Ωj)

∣∣∣
pj

, (53)

where c1m = minj{c1j}. Because of the absolute value in line (53) we have to distinguish
between two cases:
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If
∥∥∥∇u0

j

∥∥∥
Lpj (Ωj)

− ‖∇ĝj‖Lpj (Ωj)
≤ 0 we immediately see

∥∥∇u0
j

∥∥
Lpj (Ωj)

≤ ‖∇ĝj‖Lpj (Ωj)
(54)

In the case
∥∥∥∇u0

j

∥∥∥
Lpj (Ωj)

> ‖∇ĝj‖Lpj (Ωj)
we get

∣∣∣
∥∥∇u0

j

∥∥
Lpj (Ωj)

− ‖∇ĝj‖Lpj (Ωj)

∣∣∣
pj

=
(∥∥∇u0

j

∥∥
Lpj (Ωj)

− ‖∇ĝj‖Lpj (Ωj)

)pj

≥
(∥∥∇u0

j

∥∥
Lpj (Ωj)

− (1 + ‖∇ĝj‖Lpj (Ωj)
)
)pj

≥
∥∥∇u0

j

∥∥pj

Lpj (Ωj)
− (1 + ‖∇ĝj‖Lpj (Ωj)

)pj

(105)

≥
∥∥∇u0

j

∥∥pj

Lpj (Ωj)
− 2pj−1 − 2pj−1‖∇ĝj‖

pj

Lpj (Ωj)
(55)

Thus it holds

2∑

j=1

∥∥∇u0
j

∥∥pj

Lpj (Ωj)

≤
1

2c1m




2∑

j=1

c2j‖∇ĝj‖
pj

Lpj (Ωj)
+ c2jL

2(Ωj) + cm

(
‖f‖L~q(Ωδ0+δ) + ‖h‖L~q(ΓN )

) ∥∥∇u0
∥∥

L~p(Ωδ0+δ)




+ 2pj−2 +
1

2
(1 + 2pj−1)‖∇ĝj‖

pj

Lpj (Ωj)

= A(ĝ,Ω1,Ω2) +B(f, h)
∥∥∇u0

∥∥
L~p(Ωδ0+δ)

(56)

Estimate (56) can be used to show
∥∥u0
∥∥

W 1,~p(Ωδ0+δ)
< c for every δ ∈ [0, a] by contradiction.

Thus we assume that
∥∥u0
∥∥

W 1,~p(Ωδ0+δ)
is unbounded. Then there exists a sequence {u0

δn
}n∈N

with δn ∈ [0, a], n ∈ N, having the property

∥∥u0
δn

∥∥
W 1,~p(Ωδ0+δn)

→ ∞ as n→ ∞

and due to the norm equivalence 3.1
∥∥∇u0

δn

∥∥
L~p(Ωδ+δn )

→ ∞ as n → ∞, respectively. This

implies that at least one of the norms
∥∥∥∇u0

δn j

∥∥∥
Lpj (Ωj)

, j = 1, 2, tends to ∞ as n→ ∞.

On the other hand we get from estimate (56)

1 ≤
A(ĝ,Ω1,Ω2)

∑2
j=1

∥∥∥∇u0
δn j

∥∥∥
pj

Lpj (Ωj)

+

2B(f, h)maxj{
∥∥∥∇u0

δnj

∥∥∥
Lpj (Ωj)

}

maxj{
∥∥∥∇u0

δn j

∥∥∥
pj

Lpj (Ωj)
}

=
A(ĝ,Ω1,Ω2)

∑2
j=1

∥∥∥∇u0
δn j

∥∥∥
pj

Lpj (Ωj)

+
2B(f, h)

maxj{
∥∥∥∇u0

δn j

∥∥∥
pj−1

Lpj (Ωj)
}

−→ 0 as n→ ∞ ,
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which states the contradiction.
So it is proved that the norms

∥∥u[δ0+δ]

∥∥
W 1,~p(Ωδ0+δ)

are uniformly bounded for δ ∈ [0, a]. Since

Tδ is a diffeomorphism it holds T−1
δ (Ωδ0) = Ωδ0+δ and because of u[δ0+δ] = u[δ0+δ] ◦ T

−1
δ the

norms ‖u[δ0+δ]‖W 1,~p(Ωδ0
) and

∥∥u[δ0+δ]

∥∥
W 1,~p(Ωδ0+δ)

are equivalent. Therefore the transformed

minimizers are uniformly bounded, too.

Now, with the aid of lemma 4.5 the convergence in W 1,~p(Ωδ0) of the transformed minimizers
u[δ0+δ] for the current configurations Ωδ0+δ to the minimizer u[δ0] for the reference configuration
as δ → 0 can be shown.

Theorem 4.4 (Convergence of the transformed minimizers in W 1,~p(Ωδ0))
Let u[δ0+δ] ∈W 1,~p(Ωδ0) be the transformed solutions of the minimization problem for the cur-

rent configurations Ωδ0+δ and u[δ0] ∈W 1,~p(Ωδ0) the minimizer for the reference configuration.
Then it holds: ∥∥u[δ0+δ] − u[δ0]

∥∥
W 1,~p(Ωδ0

)
→ 0 as δ → 0 . (57)

Proof:
We proceed as follows: The Fréchet derivatives of the potential energies of both the reference
and the current configuration are set up and their difference is estimated on the reference
configuration using the difference of the minimizers (u[δ0+δ] − u[δ0]) ∈ V

~p
(0)(Ωδ0) as special test

functions.
For the current configurations the Fréchet derivatives of the potential energies applied to a
test function v ∈ V

~p
(0)(Ωδ0+δ) read as follows, see theorem B.1:

〈
DE(Ωδ0+δ, u[δ0+δ]), v

〉
V ~p
(0)

(Ωδ0+δ)
=

2∑

j=1

∫

Ωj

DWelj

(
∇u[δ0+δ]

)
· ∇vj dx−

∫

Ωj

fjvj dx−

∫

ΓN j

hjvj ds = 0 .

Transformation to the reference configuration and application to a test function v ∈ V
~p
(0)

(Ωδ0)
leads to:

〈
DE[δ0+δ](Ωδ0 , u

[δ0+δ]), v
〉
V ~p
(0)

(Ωδ0
)

=
2∑

j=1

∫

Ωj

DWelj

(
T

δ
uj

)
·

∇vj

detJδ
Tδ

dy −

∫

Ωj

f
[δ0+δ]

j

vj

detJδ
Tδ

dy −

∫

ΓN j

hj
vj

1
ds = 0 ,

(58)

where Tδ
u(y) is according to (39) given by

∇xu[δ0+δ](x) =
(
∇yu

[δ0+δ](y)
)⊤

∇xy =
(
∇yu

[δ0+δ](y)
)⊤
JTδ

= ∇yu
[δ0+δ](y) − δ∂y1u

[δ0+δ](y)∇xθ
δ(y) = T

δ
u(y) .

(59)

For the Fréchet derivative of the potential energy for the reference configuration applied to a
test function v ∈ V

~p
(0)(Ωδ0) we get:

〈
DE(Ωδ0 , u[δ0]), v

〉
V ~p
(0)

(Ωδ0
)
=

2∑

j=1

∫

Ωj

DWelj

(
∇u[δ0]

)
· ∇vj dy −

∫

Ωj

fjvj dy −

∫

ΓN j

hjvj ds = 0 .

(60)
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Setting up the difference ((58) − (60)) and using w0 = (u[δ0+δ] − u[δ0]) ∈ V
~p
(0)(Ωδ0) as special

test functions results in:

2∑

j=1

∫

Ωj

(
DWelj

(
T

δ
uj

)
·

∇w0
j

detJδ
Tδ

− DWelj

(
∇u[δ0]j

)
· ∇w0

j

)
dy (61)

=

2∑

j=1

∫

Ωj

(
f

[δ0+δ]

j

detJδ
Tδ

− fj

)
w0

j dy . (62)

At first expression (62) will be estimated from above. Thereto the following identity is used:

A

1 − δZ
−B = A−B +

δZA

1 − δZ
. (63)

Applying this identity to expression (62) leads to:

(62) =
2∑

j=1

∫

Ωj

(
f

[δ0+δ]

j − fj

)
w0

j dy

︸ ︷︷ ︸

+
2∑

j=1

∫

Ωj

δ∂x1θ
δ

detJδ
Tδ

w0
j f

[δ0+δ]

j dx

︸ ︷︷ ︸

.

F1j F2j

On the integrals in expression F1j Hölder’s inequality (103) is applied. Since θδ ∈ C∞
0 (Ω), we

have (∂x1θ
δ) ∈ C∞

0 (Ω) and (1 − ∂x1θ
δ) ∈ C∞(Ω). Furthermore detJδ

Tδ
> 0 for every δ ∈ [0, a]

and the supremum norm exists and is independent of δ:
∥∥∥∥∥
∂x1θ

δ

detJδ
Tδ

∥∥∥∥∥
∞

= sup
y∈Ωδ0

∣∣∣∣∣
∂x1θ

δ(y)

detJδ
Tδ

(y)

∣∣∣∣∣ = s <∞ . (64)

Taking this supremum and applying Hölder’s inequality (103) to expression F2j leads to:

(62) ≤ |F1j + F2j | ≤
2∑

j=1

∥∥w0
j

∥∥
W 1,pj (Ωj)

(∥∥∥f [δ0+δ]

j − fj

∥∥∥
Lqj (Ωj)

+ δs
∥∥∥f [δ0+δ]

j

∥∥∥
Lqj (Ωj)

)

≤
2∑

j=1

(∥∥∥u[δ0+δ]

j

∥∥∥
W 1,pj (Ωj)

+
∥∥∥u[δ0]j

∥∥∥
W 1,pj (Ωj)

)(∥∥∥f [δ0+δ]

j − fj

∥∥∥
Lqj (Ωj)

+ δs‖fj‖Lqj (Ωj)

)

≤ 2c
(∥∥f [δ0+δ] − f

∥∥
L~q(Ωδ0

)
+ δs‖f‖L~q(Ωδ0

)

)
, (65)

where the uniform boundedness of the minimizers, see lemma 4.5, has been considered.

In the following, expression (61) is estimated from below using identity (63) once more:

(61)=

2∑

j=1

∫

Ωj

(
DWelj

(
T

δ
uj

)
·

∇w0
j

detJδ
Tδ

− DWelj

(
∇u[δ0]j

)
· ∇w0

j

)
dy

=
2∑

j=1

∫

Ωj

(
DWelj

(
T

δ
uj

)
− DWelj

(
∇u[δ0]j

))
· ∇w0

j dy +

∫

Ωj

δ∂x1θ
δ

detJδ
Tδ

DWelj

(
T

δ
uj

)
· ∇w0

j dy

=

2∑

j=1

I1j + I2j , (66)
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where

I1j =

∫

Ωj

(
DWelj

(
T

δ
uj

)
− DWelj

(
∇u[δ0]j

)
· ∇w0

j

)
dy

and

I2j =

∫

Ωj

δ∂x1θ
δ

detJδ
Tδ

DWelj

(
T

δ
uj

)
· ∇w0

j dy .

At first, intergral I2j is made smaller taking into account Hölder’s inequality (103) and (H2):

I2j =

∫

Ωj

δ∂x1θ
δ

detJδ
Tδ

DWelj

(
T

δ
uj

)
· ∇w0

j dy ≥−δ

∫

Ωj

∣∣∣∣∣
∂x1θ

δ

detJδ
Tδ

DWelj

(
T

δ
uj

)
· ∇w0

j

∣∣∣∣∣ dy

≥−δs
∥∥∥DWelj

(
T

δ
uj

)∥∥∥
Lqj (Ωj)

∥∥∇w0
j

∥∥
Lpj (Ωj)

(H2)

≥ −δscj

∥∥∥1 + |Tδ
uj
|pj−1

∥∥∥
Lqj (Ωj)

∥∥∇w0
j

∥∥
Lpj (Ωj)

≥−δscj

∥∥∥1 + |Tδ
uj
|pj−1

∥∥∥
Lqj (Ωj)

(∥∥∥∇u[δ0+δ]

j

∥∥∥
Lpj (Ωj)

+
∥∥∥∇u[δ0]j

∥∥∥
Lpj (Ωj)

)
. (67)

Now the following estimate can be applied since qj =
pj

pj−1 > 1:

∥∥1 + |A|pj−1
∥∥qj

Lqj (Ωj)

(105)

≤

∫

Ωj

2qj−1 (1qj + |A|pj ) dy = 2qj−1
(
L2(Ωj) + ‖A‖

pj

Lpj (Ωj)

)
. (68)

Under consideration of∥∥∥Tδ
uj

∥∥∥
Lpj (Ωj)

=
∥∥∥∇u[δ0+δ]

j − δ∂y1u
[δ0+δ]

j ∇xθ
δ
∥∥∥

Lpj (Ωj)

≤ (1 + δ‖∇xθ
δ‖∞)

∥∥∥∇u[δ0+δ]

j

∥∥∥
Lpj (Ωj)

(69)

we get an estimate of the form

I2j ≥ (67) ≥ −δC1j (pj, s, c) = −δC1j (70)

since the norms of the minimizers are uniformly bounded by c according to lemma 4.5.

In the following, integral I1j , j = 1, 2, is estimated from below with the aid of estimate (28):

I1j =

∫

Ωj

(
DWelj

(
T

δ
uj

)
− DWelj

(
∇u[δ0]j

))
· ∇(u[δ0+δ] − u[δ0]j) dy

=

∫

Ωj

(
DWelj

(
T

δ
uj

)
− DWelj

(
∇u[δ0]j

))
· (∇u[δ0+δ] − δ∂y1u

[δ0+δ]∇xθ
δ −∇u[δ0]j) dy

+

∫

Ωj

(
DWelj

(
T

δ
uj

)
− DWelj

(
∇u[δ0]j

))
· (δ∂y1u

[δ0+δ])∇xθ
δ dy

(28)

≥

∫

Ωj

d̃j

(
k̃j + |Tδ

uj
| + |∇u[δ0]j |

)pj−2 ∣∣∣Tδ
uj

−∇u[δ0]j

∣∣∣
2
dy + I4j

= I3j + I4j , (71)
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where

I3j =

∫

Ωj

d̃j

(
k̃j + |Tδ

uj
| + |∇u[δ0]j|

)pj−2 ∣∣∣Tδ
uj

−∇u[δ0]j

∣∣∣
2
dy

and

I4j =

∫

Ωj

(
DWelj

(
T

δ
uj

)
− DWelj

(
∇u[δ0]j

))
· (δ∂y1u

[δ0+δ])∇xθ
δ dy . (72)

For the estimation of I3j we have to distinguish between two cases:

If 1 < pj < 2 we can use Hölder’s inequality (104) with p =
pj

2 , q =
pj
2

pj
2
−1

=
pj

pj−2 :

I3j

(104)

≥ d̃j

∥∥∥k̃j + |Tδ
uj
| + |∇u[δ0]j |

∥∥∥
pj−2

Lpj (Ωj)

∥∥∥Tδ
uj

−∇u[δ0]j

∥∥∥
2

Lpj (Ωj)

≥ d̃j

∥∥∥∇u[δ0]j

∥∥∥
pj−2

Lpj (Ωj)

∥∥∥Tδ
uj

−∇u[δ0]j

∥∥∥
2

Lpj (Ωj)
. (73)

In the case pj ≥ 2 we can use the triangle inequality, such that

I3j ≥ d̃j

∫

Ωj

|Tδ
uj

−∇u[δ0]j |
pj−2|Tδ

uj
−∇u[δ0]j |

2 dy = d̃j

∥∥∥Tδ
uj

−∇u[δ0]j

∥∥∥
pj

Lpj (Ωj)
. (74)

In both cases the norm
∥∥∥Tδ

uj
−∇u[δ0]j

∥∥∥
Lpj (Ωj)

can be estimated in the following way:

∥∥∥Tδ
uj

−∇u[δ0]j

∥∥∥
Lpj (Ωj)

≥
∥∥∥∇u[δ0+δ]

j −∇u[δ0]j

∥∥∥
Lpj (Ωj)

−
∥∥∥δ∂y1u

[δ0+δ]

j ∇xθ
δ
∥∥∥

Lpj (Ωj)

≥
∥∥∥∇u[δ0+δ]

j −∇u[δ0]j

∥∥∥
Lpj (Ωj)

− δ
∥∥∇u[δ0+δ]

∥∥
Lpj (Ωj)

‖∇xθ
δ‖∞ (75)

Integral I4j, j = 1, 2, is made smaller using Hölder’s inequality (103) and (H2):

I4j ≥ −δ

∫

Ωj

∣∣∣DWelj

(
T

δ
uj

)
− DWelj

(
∇u[δ0]j

)∣∣∣ |∂y1u
[δ0+δ]

j ∇xθ
δ|dy

(103)

≥ −δ
∥∥∥DWelj

(
T

δ
uj

)
− DWelj

(
∇u[δ0]j

)∥∥∥
Lqj (Ωj)

∥∥∥∂y1u
[δ0+δ]

j

∥∥∥
Lpj (Ωj)

‖∇xθ
δ‖∞

≥ −δ

(∥∥∥DWelj

(
T

δ
uj

)∥∥∥
Lqj (Ωj)

+
∥∥∥DWelj

(
∇u[δ0]j

)∥∥∥
Lqj (Ωj)

)∥∥∥∇u[δ0+δ]

j

∥∥∥
Lpj (Ωj)

‖∇xθ
δ‖∞

(H2)

≥ −δcj

(∥∥∥1 + |Tδ
uj
|pj−1

∥∥∥
Lqj (Ωj)

+
∥∥∥1 + |∇u[δ0]j|

pj−1
∥∥∥

Lqj (Ωj)

)∥∥∥∇u[δ0+δ]

j

∥∥∥
Lpj (Ωj)

‖∇xθ
δ‖∞.

(76)

Taking into account estimates (68), (69) and the uniform boundedness of the minimizers by
c we get the following estimate:

I4j ≥ (76) ≥ −δC2

(
pj ,L

2(Ωj), θ
δ, c
)

= −δC2j . (77)
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Putting together (65), (70), (73), (76) in the case 1 < pj < 2 results in:

∥∥∥∇u[δ0+δ]

j −∇u[δ0]j

∥∥∥
Lpj (Ωj)

≤

∥∥∥∇u[δ0]j

∥∥∥
2−pj

Lpj (Ωj)

d̃j

(∥∥u[δ0]

∥∥
W 1,~p(Ωδ0

)

(∥∥f [δ0+δ] − f
∥∥

L~q(Ωδ0
)
+ δs‖f‖L~q(Ωδ0

)

)
+ δ(C1j + C2j)

) 1
2

+ δ
∥∥∇u[δ0+δ]

∥∥
Lpj (Ωj)

‖∇xθ
δ‖∞ .

(78)

Evaluation of (65), (70), (74), (76) in the case pj > 2 leads to:

∥∥∥∇u[δ0+δ]

j −∇u[δ0]j

∥∥∥
Lpj (Ωj)

≤
1

d̃j

(∥∥u[δ0]

∥∥
W 1,~p(Ωδ0

)

(∥∥f [δ0+δ] − f
∥∥

L~q(Ωδ0
)
+ δs‖f‖L~q(Ωδ0

)

)
+ δ(C1j +C2j)

) 1
pj

+ δ
∥∥∇u[δ0+δ]

∥∥
Lpj (Ωj)

‖∇xθ
δ‖∞ .

(79)

Estimates (78), (79) show that

∥∥u[δ0+δ] − u[δ0]

∥∥
W 1,~p(Ωδ0

)
→ 0 as δ → 0 ,

considering ‖f [δ0+δ] − f‖L~q(Ωδ0
) → 0 as δ → 0 due to theorem 4.2 and the uniform boundedness

of the minimizers.

4.1.4 Derivation of Griffith formula by means of minimization problems

Now, lim
δ→0

E(Ωδ0
,u[δ0])−E(Ωδ0+δ,u[δ0+δ])

δ will be calculated. This is not done directly but with the

following considerations: Since the minimizers u[δ0] ∈ W 1,~p(Ωδ0) and u[δ0+δ] ∈ W 1,~p(Ωδ0+δ)
referring to the configurations Ωδ0 and Ωδ0+δ are unique, we know that the transformed
minimizers u[δ0] ∈ W 1,~p(Ωδ0+δ) and u[δ0+δ] ∈ W 1,~p(Ωδ0) are no solutions of the minimization
problems on Ωδ0+δ and Ωδ0 respectively, such that:

E(Ωδ0 , u[δ0]) ≤ E
(
Ωδ0 , u

[δ0+δ]
)

and E(Ωδ0+δ, u[δ0+δ]) ≤ E
(
Ωδ0+δ, u

[δ0]
)
.

Therefore the following chain of inequalities holds:

1

δ
(E(Ωδ0 , u[δ0]) − E(Ωδ0+δ, u

[δ0]) (80)

≤
1

δ
(E(Ωδ0 , u[δ0]) − E(Ωδ0+δ, u[δ0+δ]) (81)

≤
1

δ
(E(Ωδ0 , u

[δ0+δ]) − E(Ωδ0+δ, u[δ0+δ]) , (82)

where

ERR(Ωδ0 , u[δ0]) = lim
δ→0

(81) = lim
δ→0

1

δ
(E(Ωδ0 , u[δ0]) − E(Ωδ0+δ, u[δ0+δ])
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is the expression we are looking for. Instead, the limes inferior of expression (80) and the
limes superior of expression (82) are calculated and both their boundedness and coincidence
has to be shown:

lim
δ→0

E(Ωδ0 , u[δ0]) − E(Ωδ0+δ, u
[δ0])

δ︸ ︷︷ ︸
= lim

δ→0

E(Ωδ0 , u
[δ0+δ]) − E(Ωδ0+δ, u[δ0+δ])

δ︸ ︷︷ ︸
.

> −∞ <∞

(83)

We start with the calculation of the limes superior.
Thereto the potential energy E(Ωδ0+δ, u[δ0+δ]) of the current configuration is transformed onto
the reference configuration Ωδ0 :

E[δ0+δ]

(
Ωδ0 , u

[δ0+δ]
)

=
2∑

j=1

∫

Ωj

Welj(T
δ
uj

)
1

detJδ
Tδ

dy −

∫

Ωj

f
[δ0+δ]

j

u
[δ0+δ]

j

detJδ
Tδ

dy −

∫

ΓN j

hj

u
[δ0+δ]

j

1
ds

= E(Ωδ0+δ, u[δ0+δ]) .

Expression (82) is now given by:

1

δ

(
E(Ωδ0 , u

[δ0+δ]) − E(Ωδ0+δ, u[δ0+δ])
)

=
1

δ

(
E(Ωδ0 , u

[δ0+δ]) − E[δ0+δ](Ωδ0 , u
[δ0+δ])

)

=
1

δ

2∑

j=1

∫

Ωj

(
Welj(∇u

[δ0+δ]

j ) −
Welj(T

δ
uj

)

detJδ
Tδ

)
dy −

∫

Ωj

(
fju

[δ0+δ]

j − f
[δ0+δ]

j

u
[δ0+δ]

j

detJδ
Tδ

)
dy

−

∫

ΓN j

hj

(
u

[δ0+δ]

j −
u

[δ0+δ]

j

1

)
ds =

1

δ

2∑

j=1

I1j − I2j − 0 ,

where

I1j =

∫

Ωj

(
Welj(∇u

[δ0+δ]

j ) −
Welj(T

δ
uj

)

detJδ
Tδ

)
dy

and

I2j =

∫

Ωj

(
fju

[δ0+δ]

j − f
[δ0+δ]

j

u
[δ0+δ]

j

detJδ
Tδ

)
dy .

For the calculation of 1
δ I1j , j = 1, 2, identity (63) is used first:

I1j =

∫

Ωj

(
Welj(∇u

[δ0+δ]

j ) −Welj(T
δ
uj

)
)

dy −

∫

Ωj

δ∂x1θ
δ

detJδ
Tδ

Welj(T
δ
uj

) dy

= I3j − I4j . (84)

Thereby I3j denotes the difference of two elastic strain energy functionals defined on Ωj.
Since Jelj(Ωj , ·) is Fréchet differentiable with respect to the argument, see theorem B.1 in the
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appendix, the mean value theorem for Fréchet differentiable functionals, see theorem B.2 in
the appendix, gives us for a suitable t0 ∈ [0, 1]:

I3j

δ
=

〈
DJelj(∇u

[δ0+δ]

j − δt0∂y1u
[δ0+δ]

j ∇xθ
δ), δ∂y1u

[δ0+δ]

j ∇xθ
δ
〉

δ

=

∫

Ωj

DWelj

(
∇u[δ0+δ]

j − δt0∂y1∇xθ
δ
)
(∂y1u

[δ0+δ]

j ∇xθ
δ) dy

Taking into account (H0), (H2) and theorem 4.4 we know that

DWelj

(
∇u[δ0+δ]

j − δt0∂y1∇xθ
δ
)
(∂y1u

[δ0+δ]

j ∇xθ
δ) → DWelj

(
∇u[δ0]j

)
(∂y1u[δ0]j∇yθ) in L1(Ωj) ,

as δ → 0, and therefore

I3j

δ
→

∫

Ωj

DWelj

(
∇u[δ0]j

)
(∂y1u[δ0]j∇yθ) dy as δ → 0 . (85)

Analogously, the application of (H0), (H1) and theorem 4.4 shows that

I4j

δ
=

∫

Ωj

∂x1θ
δ

detJδ
Tδ

Welj(∇u
[δ0+δ]

j − δ∂y1u
[δ0+δ]

j ∇xθ
δ) dy →

∫

Ωj

∂y1θ

1
Welj(∇u[δ0]j) dy (86)

as δ → 0.

Now it remains the calculation of 1
δ I2j . Application of identity (63) leads to:

I2j =

∫

Ωj

(
fju

[δ0+δ]

j − f
[δ0+δ]

j

u
[δ0+δ]

j

detJδ
Tδ

)
dy

=

∫

Ωj

(
fju

[δ0+δ]

j − f
[δ0+δ]

j u
[δ0+δ]

j

)
dy −

∫

Ωj

δ∂x1θ
δ

detJδ
Tδ

f
[δ0+δ]

j u
[δ0+δ]

j dy

= I5j − I6j . (87)

Thereby it can be proved that

I5j

δ
→ −

∫

Ωj

∂y1fju[δ0]jθ dy , (88)

using the fact that C∞(Ωj,R
2) is dense in L

qj

∂y1
(Ωj), see [13] for the proof that

∥∥∥∥∥
f

[δ0+δ]

j − fj

δ
− θ∂y1f[δ0]j

∥∥∥∥∥
Lqj (Ωj)

→ 0 as δ → 0 .

Using theorem 4.2 and theorem 4.4 once more, we get that

I6j

δ
=

∫

Ωj

δ∂x1θ
δ

detJδ
Tδ

f
[δ0+δ]

j u
[δ0+δ]

j dy →

∫

Ωj

∂y1θ

1
fju[δ0]j dy as δ → 0. (89)
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In total this leads to:

lim
δ→0

E(Ωδ0 , u
[δ0+δ]) − E(Ωδ0+δ, u[δ0+δ])

δ
= lim

δ→0

1

δ

2∑

j=1

I1j − I2j

= lim
δ→0

1

δ

2∑

j=1

I3j − I4j − I5j + I6j

=
2∑

j=1



∫

Ωj

DWelj

(
∇u[δ0]j

)
(∂y1u[δ0]j∇yθ) dy −

∫

Ωj

∂y1θWelj(∇u[δ0]j) dy +

∫

Ωj

∂y1(fjθ)u[δ0]j dy


 .

(90)

For the proof of the Griffith formula it remains the computation of

lim
δ→0

E(Ωδ0 , u[δ0]) − E(Ωδ0+δ, u
[δ0])

δ
.

Transformation of E(Ωδ0+δ, u
[δ0]) onto the reference configuration yields:

E(Ωδ0 , u[δ0]) −E(Ωδ0+δ, u
[δ0]) = E(Ωδ0 , u[δ0]) − E[δ0](Ωδ0 , u[δ0])

=

2∑

j=1

∫

Ωj

(
Welj(∇u[δ0]j) −

Welj(∇u[δ0]j − δ∂y1u[δ0]j∇xθ
δ)

detJδ
Tδ

)
dy

−

∫

Ωj

(
fju[δ0]j −

f
[δ0+δ]

j u[δ0]j

detJδ
Tδ

)
dy −

∫

ΓN j

hju[δ0]j −
hju[δ0]j

1
ds

=
2∑

j=1

I1j − I2j − 0 .

It is easy to understand that these integrals have the same limits as δ → 0 as those for the
computation of the limes superior and therefore

lim
δ→0

E(Ωδ0 , u[δ0]) − E(Ωδ0+δ, u
[δ0])

δ
= lim

δ→0

E(Ωδ0 , u
[δ0+δ]) −E(Ωδ0+δ, u[δ0+δ])

δ
= (90)

= ERR(Ωδ0 , u[δ0]) .

4.2 Numerical examples

In this section some numerical results for the behavior of the energy release rate obtained
with the Griffith formula (32) are presented. The behavior of the energy release rate is stud-
ied in dependence of the material parameters and the crack length both for strainhardening
compounds and for p-Laplacian compounds with arbitrary p ∈ (1,∞). The range of appli-
cation of the constitutive law with arbitrary p with respect to the displacement gradients is
investigated numerically.
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4.2.1 Energy release rate versus crack length for strain-hardening compounds

In the following, the energy release rate for different strain-hardening compounds is investi-
gated in dependence of the crack length. In this context, calculations are done on the domain
Ω = (−5, 5) × (−5, 5) with a variable crack tip Sv = (s1, 0). Thereby the coordinate s1 has
its values in the set {−5,−4.5,−3,−2,−1.5,−1, 0, 1, 2, 3, 4, 4.5, 4.7}.

Ω

Ω1

Ω2

ΓT

Rv

Sv

ΓD

ΓN

Figure 7: Domain with varying crack length

The following boundary transmission problems are posed on Ω: Find u : Ω → R with
u|Ωj = uj , j = 1, 2, such that:

−div

(
(10−7 + |∇uj |

2)
pj−2

2 ∇uj

)
= 0 in Ωj,

(10−7 + ∇uj)
pj−2

2 ∇uj · nj = 0 auf (ΓN ∩ ∂Ωj) ∪Rvj,

u(x) =





−0.02x1 + x2 + 5.1 x2 = −5, x1 ∈ (−5, 5)
0 x1 = 5

0.02x1 + x2 − 5.1 x2 = 5, x1 ∈ (−5, 5)
on ΓD ,

with transmission conditions (7), (8) on ΓT .

(91)

The material parameters for the metal Cu (ann.) an the alloys brass (ann.) and stainless
steel 14301 (ann.) are taken from table 1.

For all compounds fig. 8 shows the same characteristic curve progession with increasing crack
length: When the crack tip is situated in (−5, 0), which corresponds to a domain without any
crack, then the energy release rate has the value 0. In this case the body is in an equilibrium
state and there is no danger of crack initiation. For short cracks the energy release rate
increases steeply because the crack tip is exposed to large stresses. This is due to the large
displacements for small y1, that act in opposite directions on opposite parts of the Dirichlet-
boundary. The potential energy stored in the body is large, too, for a small crack length.
The energy release rate reaches its maximum value for the crack tip situated in (−1.5, 0).
The subsequent decrease can be explained by the increasing independence of the crack lips
for larger cracks. This has a lower potential energy as a result, since also the prescribed
displacements on the Dirichlet boundary decrease with larger y1.
The magnitude of the energy release rate depends on the toughness of the materials put
together: The tougher the components in the compound, the larger the energy release rate.
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Figure 8: Energy release rate versus crack length for different strain-hardening compounds

4.2.2 The influence of larger boundary displacements and higher values of p

For the following computations the domain Ω and the transmission boundary value problems
are chosen as in the previous section. Just the absolute value of the slope in the Dirichlet
condition (91) is increased from 0.02 to 2, such that this condition reads now:

u(x) =





−2x1 + x2 + 15 x2 = −5, x1 ∈ (−5, 5)
0 x1 = 5

2x1 + x2 − 15 x2 = 5, x1 ∈ (−5, 5)
on ΓD . (92)

This does not affect the shape of the curves for increasing crack length by itself (see fig. 9).
But the larger displacements on the boundary lead to larger displacement gradients in the
domain and therefore larger stresses and larger potential energies appear. This has the effect
that the magnitude of the energy release rate and even the relation between the curves for
different p is changed significantly in comparison to fig. 8: Larger values of p now lead to
larger values of the energy release rate. This opposite behaviour would imply that the consti-
tution of the materials changes for large displacements, which shows that a constitutive law
of p-Laplacian type combined with linearized strains is not applicable for praxis anymore in
case of large displacements.
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Figure 9: Energy release rate versus crack length for different p1, p2, µ1, µ2
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5 The J-Integral for p-Laplacian compounds

Theorem 5.1 (J-Integral for the compound)
Let Ωδ0 be a 2D domain, as in definition 2.1, containing the crack Rδ0 ⊂ {x ∈ Ωδ0 : x2 = 0}

with the crack propagation direction along the vector field (1, 0)⊤ and the cracktip Sδ0. Let

f ∈ L
~q
∂y1

(Ωδ0), with ∂y1f |Ω = 0 a.e.. Then for any Lipschitz domain Bθ
1 ⋐ Ω with Sδ0 ∈ Bθ

1

and Bθ
1 j := Bθ

1 ∩ Ωj , the J-integral for the cracked compound with a surface force density

h ∈ L~q(ΓN ) and the minimizer u[δ0] ∈ V
~p
(g)(Ωδ0) is calculated in the following way:

ERR(Ωδ0, u[δ0])

=−
2∑

j=1

〈
∂y1u[δ0]jDWelj

(
∇u[δ0]j

)
·nj +(Welj(∇u[δ0]j)−u[δ0]jfj)nj1, θ

1
j

〉

W
1

mj
,

mj
mj−1 (∂(Bθ

2 j
\Bθ

1 j
))

,

(93)

where 1 < mj <
2

1+δpj
with 0 < δ < 1

pj
and

θ1
j (x) =

{
1 if x ∈ ∂Bθ

1 ∩ Ωj

0 else
.

Furthermore, nj denotes the outer unit normal vector of ∂Bθ
1∩Ωj and nj1 is the y1-component.
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Figure 10: Support of the functions θ ∈ C∞
0 (Ω)

Proof:
Starting from the Griffith formula for the cracked compound

ERR(Ωδ0 , u[δ0]) =

2∑

j=1

∫

Ωj

DWelj

(
∇u[δ0]j

)
∂y1u[δ0]j · ∇θ dy

−
2∑

j=1

∫

Ωj

Welj(∇u[δ0]j)∂y1θ dy +

2∑

j=1

∫

Ωj

u[δ0]j∂y1(fjθ) dy ,

(94)

where θ ∈ T := {η ∈ C∞
0 (Ω), η ≡ 1 inBη

1 and η ≡ 0 in Ω\Bη
2}, see theorem 4.1, we introduce

the functions

Fj = ∂y1u[δ0]jDWelj

(
∇u[δ0]j

)
−Welj(∇u[δ0]j)

(
1
0

)
+ u[δ0]jfj

(
1
0

)
, (95)
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j = 1, 2, such that the energy release rate is given by:

ERR(Ωδ0 , u[δ0]) =
2∑

j=1

∫

Ωj

Fj · ∇θ dy =
2∑

j=1

∫

Bθ
2 j

\Bθ
1 j

Fj · ∇θ dy for θ ∈ T . (96)

At this point we make use of a regularity result for the minimizer u[δ0], compare [11] p. 147:

Lemma 5.1
In minimization problem (30) with f ∈ L~q(Ωδ0) and h ∈ L~q(ΓN ) the minimizer even satisfies

u[δ0]j ∈




W

1+ 1
pj

−δ,pj
(Ωε

j) if pj ≥ 2

W
3
2
−δ,

4pj
2+pj (Ωε

j) if 1 < pj < 2
for δ > 0 , j = 1, 2 (97)

on the domain Ωε
j := Ωj\{y, |Sδ0 − y| ≤ ε} with arbitrarily small ε > 0.

Thus we obtain for i = 1, 2

∂yiu[δ0]j ∈




W

1
pj

−δ,pj
(Ωε

j) if pj ≥ 2

W
1
2
−δ,

4pj
2+pj (Ωε

j) if 1 < pj < 2
for δ > 0 , j = 1, 2 .

Since δ > 0 arbitrarily we can regard these spaces as Sobolev spaces W s,p(Ω) of fractional
order 0 < s < 1 and we apply the following imbedding property [1] p. 218, which also holds
for bounded domains (see [6] theorem 1.4.4.1): Let Ω ⊂ R

2, s > 0 and 1 < p ≤ q <∞. Let

χ = s−
2

p
+

2

q
.

If 0 < χ 6∈ N, then

W s,p(Ω) ⊆W χ,q(Ω) .

Thus, for mj > 1 it has to be satisfied that χ = 1
pj

− δ− 2
pj

+ 2
pjmj

> 0 in the case pj ≥ 2 and

χ = 1
2 − δ −

2(2+pj)
4pj

+ 2
pjmj

> 0 in the case 1 < pj < 2. Both conditions lead to

1 < mj <
2

1 + δpj
for 0 < δ <

1

pj
,

which implies

W
1

pj
−δ,pj

(Ωε
j) ⊆W

2
pjmj

− 1
pj

−δ,pjmj
(Ωε

j) ⊂ Lpjmj (Ωε
j) for 0 < δ <

1

pj
and pj ≥ 2 as well as

W
1
2
−δ,

4pj
2+pj (Ωε

j) ⊆W
1
2
−δ−

2+pj
2pj

+ 2
pjmj

,pjmj
(Ωε

j) ⊂ Lpjmj (Ωε
j) for 0 < δ <

1

pj
and 1 < pj < 2 .

We show now that Fj ∈ Lmj (Ωε
j), mj > 1, for ∂yiu[δ0]j ∈ Lpjmj (Ωε

j), i = 1, 2.

For Welj(·) we get under consideration of (H1):

|Welj(∇u[δ0]j)|
mj ≤ c2j (1 + |∇u[δ0]j |

pj)mj
(105)

≤ c2j2
mj−1(1 + |∇u[δ0]j |

pjmj ) , (98)

where 1 < mj ≤
2

1+δpj
for 0 < δ ≤ 1

pj
. This shows that Welj(·) ∈ L

mj (Ωε
j).
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Now we have to check whether
(
∂y1u[δ0]jDWelj

(
∇u[δ0]j

))
∈ Lmj (Ωε

j) :

∫

Ωj

|∂y1u[δ0]jDWelj

(
∇u[δ0]j

)
|mj dy

≤



∫

Ωj

|∂y1u[δ0]j|
pjmj dy




1
pj



∫

Ωj

∣∣∣DWelj

(
∇u[δ0]j

)∣∣∣
pjmj
pj−1

dy




pj−1

pj

.

Thereby

∣∣∣DWelj

(
∇u[δ0]j

)∣∣∣
pjmj
pj−1

(H2)

≤
(
cj(1 + |∇u[δ0]j |

pj−1)
) pjmj

pj−1

(105)

≤ c

pjmj
pj−1

j 2
pj (mj−1)−1

pj−1 (1 + |∇u[δ0]j |
pjmj) (99)

If we choose fj ∈ Lqjmj (Ωε
j) ⊂ Lqj(Ωε

j), then

Fj ∈ Lmj (Ωε
j) for 1 < mj ≤

2

1 + δpj
and 0 < δ ≤

1

pj
. (100)

Now, we show that
divFj = 0 L2 − a.e. in Ωε

j , (101)

which implies

Fj ∈ F(Ωε
j) := {v ∈ (Lmj (Ωε

j))
2, div v = 0 L2 − a.e. in Ωε

j} .

Use θ1, θ2 ∈ T with Bθi
1 = B(Sδ0, ε) = {y, |y − Sδ0| < ε, ε > 0} to calculate the energy

release rate due to (96) and take the difference:

0 =
2∑

j=1

∫

Ωj

Fj · (∇θ1 −∇θ2)dy ,

which implies that

2∑

j=1

∫

Ωj

Fj · ∇θ̃ dy = 0 for every θ̃ ∈ C∞
0 (Ωε) and every ε > 0 .

For j = 1, 2, this leads especially to

∫

Ωε
j

Fj · ∇θ̃dy =
〈
Fj ,∇θ̃

〉
C∞

0 (Ωε
j )

=
〈
divFj , θ̃

〉
C∞

0 (Ωε
j )

= 0 for every θ̃ ∈ C∞
0 (Ωε

j) ⊂ C∞
0 (Ωε) ,

which proves relation (101)

divFj = 0 L2 − a.e. in Ωε
j for every ε > 0 .
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The next step is to prove that M(Ωε
j) := {φ ∈ (C∞(Ωε

j))
2, divφ = 0 L2 − a.e.} is dense in

F(Ωε
j):

Let Fj ∈ F(Ωε
j). Since (C∞

0 (Ωε
j))

2 ⊂ (C∞(Ωε
j))

2, we choose a function η ∈ C∞
0 (Ωε

j) having
the properties

1. η(x) = 0 if |x| ≥ 1 ,

2.
∫

R2 η(x)dx = 1 ,

3. ηn(x) := n2η(nx) for n ∈ N.

Thus we construct a mollifying sequence {ψn}n∈N via a convolution:

ψn(x) := (ηn ⋆ Fj)(x) =

∫

R2

ηn(x − y)Fj(y)dy for Fj ≡ 0 in R
2\Ωε

j .

See [1] p. 30 for {ψn}n∈N ⊂ C∞(Ωε
j) and ‖ψn − Fj‖Lmj (Ωε

j ) → 0 as n→ ∞.

It has to be proved, that

divxψn(x) =
2∑

i=1

∫

R2

∂xiηn(x − y)Fj i(y)dy = 0 L2 − a.e. .

It is

0 = (ηn ⋆ divFj)(x) =

∫

R2

ηn(x− y)
2∑

i=1

∂yiFj i(y)dy = −
2∑

i=1

∫

R2

∂yiηn(x − y)Fj(y)dy

=
2∑

i=1

∫

R2

∂xiηn(x− y)Fj i(y)dy = divxψn(x) .

The last step is to apply Green’s formula [5] p. 219 to expression (96):

Theorem 5.2
For Fj ∈ Lmj (Ωε

j) and θ ∈ C∞
0 (Ω) the following Green’s formula holds:

∫

Bθ
2j

\Bθ
1 j

Fj · ∇θdy +

∫

Bθ
2 j

\Bθ
1 j

θ divFjdy = 〈Fj · ñj, θ〉
W

1
mj

,
mj

mj−1 (∂(Bθ
2 j

\Bθ
1 j

))

, (102)

where Fj |∂(Bθ
2 j

\Bθ
1 j

) ∈W
− 1

mj
,mj

(∂(Bθ
2 j\B

θ
1 j)) on the boundary and ñj denotes the outer unit

normal vector of the domain Bθ
2j\B

θ
1 j.

In order to simplify the righthand side of expression (102), we introduce the functions

θ1
j (x) =

{
1 if x ∈ ∂Bθ

1 ∩ Ωj

0 else
, θ2(x) =

{
1 if x ∈ Rδ0 ∩B

θ
2\B

θ
1

0 else
,

θ3(x) =

{
1 if x ∈ ΓT δ0 ∩B

θ
2\B

θ
1

0 else
.
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Thus θ|Ωj = θ1
j + θ2

j + θ3
j . Therefore

2∑

j=1

〈Fj · ñj, θ〉
W

1
mj

,
mj

mj−1 (∂(Bθ
2 j

\Bθ
1 j

))

=

2∑

j=1

〈
Fj · ñj, θ

1
j

〉
W

1
mj

,
mj

mj−1 (∂(Bθ
2 j

\Bθ
1 j

))

+

2∑

j=1

〈
Fj · ñj, θ

2
〉
W

1
mj

,
mj

mj−1 (∂(Bθ
2 j

\Bθ
1 j

))

+
〈
F1 · n12 − F2 · n21, θ

3
〉
W

1
mj

,
mj

mj−1 (∂(Bθ
2 j

\Bθ
1j

))

It is ñj = (0, (−1)j)⊤ on Rδ0j and thus

〈
Fj · ñj, θ

2
〉
W

1
mj

,
mj

mj−1 (∂(Bθ
2 j

\Bθ
1 j

))

=
〈
∂y1u[δ0]jDWelj

(
∇u[δ0]j

)
· ñj, θ

2
〉

W
1

mj
,

mj
mj−1 (∂(Bθ

2 j
\Bθ

1j
))

,

which leads by simple calculation to

〈
Fj · ñj, θ

2
〉
W

1
mj

,
mj

mj−1 (∂(Bθ
2 j

\Bθ
1 j

))

=
〈
DWelj

(
∇u[δ0]j

)
· ñj, θ

2
〉

W
1

mj
,

mj
mj−1 (∂(Bθ

2 j
\Bθ

1 j
))

,

= 0

due to the homogeneous Neumann condition on the crack lips.
Since u[δ0]1 = u[δ0]2 a.e. on the interface, we get

〈
F1 · n12 − F2 · n21, θ

3
〉
W

1
mj

,
mj

mj−1 (∂(Bθ
2 j

\Bθ
1 j

))

= 0 .

Thus

2∑

j=1

〈Fj · ñj, θ〉
W

1
mj

,
mj

mj−1 (∂(Bθ
2 j

\Bθ
1 j

))

=

2∑

j=1

〈
Fj · ñj, θ

1
j

〉
W

1
mj

,
mj

mj−1 (∂(Bθ
2 j

\Bθ
1 j

))

= −
2∑

j=1

〈
Fj · nj, θ

1
j

〉
W

1
mj

,
mj

mj−1 (∂(Bθ
2 j

\Bθ
1 j

))

,

where

θ1
j (x) =

{
1 if x ∈ ∂Bθ

1 ∩ Ωj

0 else
.

Appendix

A Inequalities

A.1 Hölder’s inequality

Theorem A.1 (Hölder’s inequality, [1] S.23, ff)
Let Ω be a subdomain of R

n, n ∈ N.
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1. Let 1 < p < ∞ and q = p
p−1 . If u ∈ Lp(Ω) and v ∈ Lq(Ω), then (uv) ∈ L1(Ω) and it

holds: ∫

Ω

|uv| dx ≤ ‖u‖Lp(Ω)‖v‖Lq(Ω) . (103)

2. Let 0 < p < 1 and q = p
p−1 < 0. For u ∈ Lp(Ω) and v ∈ Lq(Ω) we have (uv) ∈ L1(Ω)

and it holds: ∫

Ω

|uv| dx ≥ ‖u‖Lp(Ω)‖v‖Lq(Ω) . (104)

A.2 Some inequalities in R
n
, n = 1, 2

Lemma A.1 ([14], p. 25)
For n ∈ N, ai ∈ R with ai ≥ 0 and 1 ≤ i ≤ n it holds

(
n∑

i=1

ai

)α

≤ nα−1

(
n∑

i=1

aα
i

)
if α ≥ 1 and (105)

(
n∑

i=1

ai

)α

≥ nα−1

(
n∑

i=1

aα
i

)
if 0 ≤ α ≤ 1 . (106)

Lemma A.2 ([19] formula (2.20))
For a,b ∈ R

2 with |b| ≥ |a| and t ∈ [0, 1
4 ] it holds:

|b + t(a − b)| ≥
1

4
(|a| + |b|) . (107)

Lemma A.3 ([8] p.39)
Let x and y be positive and unequal, then it holds:

rxr−1(x− y) >xr − yr >ryr−1(x− y) for r < 0 or r > 1 , and (108)

rxr−1(x− y) <xr − yr <ryr−1(x− y) for 0 < r < 1. (109)

A.3 An estimate from above

Theorem A.2
Let a,b ∈ R

2.

For p > 2 it holds

Wel(a + b) −Wel(a) − DWel (a) · b ≤ c (1 + |a| + |b|)p−2 |b|2 (110)

and for 1 < p ≤ 2 we have

Wel(a + b) −Wel(a) − DWel (a) · b ≤ c|a|p−2|b|2 . (111)

Proof:
It is

Wel(a+b)−Wel(a)−DWel (a) ·b =
µ

p

(
(κ+ |a + b|2)

p
2 − (κ+ |a|2)

p
2 − p(κ+ |a|2)

p−2
2 a · b

)

(112)
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Now theorem A.3 is applied with x = (κ+ |a + b|2), y = (κ+ |a|2) and r = p
2 .

For p > 2 it holds according to (108)

(112) ≤
µ

p

(p
2
(κ+ |a + b|2)

p−2
2
(
|a + b|2 − |a|2

)
− p(κ+ |a|2)

p−2
2 a · b

)

=
µ

p

(p
2
(κ+ |a|2 + 2(a · b) + |b|2)

p−2
2 (2(a · b) + |b|2) − p(κ+ |a|2)

p−2
2 a · b

)
(113)

(113) =
µ

p

(p
2
(κ+ |a|2 + 2(a · b) + |b|2)

p−2
2 |b|2

+ p
(
(κ+ |a|2 + 2(a · b) + |b|2)

p−2
2 − (κ+ |a|2)

p−2
2

)
a · b

︸ ︷︷ ︸

)

A

=
µ

p

(p
2
(κ+ |a|2 + 2(a · b) + |b|2)

p−2
2 |b|2 +A

)

≤
µ

2
(1 + |a| + |b|)p−2|b|2 +

µ

p
A

If 0 < p−2
2 < 1, application of (109) leads to

A ≤ p (a · b)

(
p− 2

2
(κ+ |a|2)

p−4
2
(
2(a · b) + |b|2

))

≤
p(p− 2)

2
(κ+ |a|2)

p−4
2
(
2|a|2|b|2 + (a · b)|b|2

)

≤
p(p− 2)

2
(κ+ |a|2)

p−4
2
(
2(κ+ |a|2)|b|2 + (1 + |a| + |b|)2|b|2

)

≤
p(p− 2)

2

(
2(κ+ |a|2)

p−2
2 |b|2 + (1 + |a| + |b|)p−2|b|2

)
≤

3p(p − 2)

2
(1 + |a| + |b|)p−2|b|2 .

In the case p−2
2 > 1 we have p− 4 > 0 and (108) yields

A ≤ p (a · b)
p− 2

2
(κ+ |a|2 + 2(a · b) + |b|2)

p−4
2 (2(a · b) + |b|2)

≤
p(p− 2)

2
(1 + |a| + |b|)p−4(a · b)(2(a · b) + |b|2)

≤
p(p− 2)

2
(1 + |a| + b|)p−4

(
2(1 + |a| + |b|)2|b|2 + (a · b)|b|2

)

≤
p(p− 2)

2
(1 + |a| + b|)p−4

(
2(1 + |a| + |b|)2|b|2 + (1 + |a| + |b|)2|b|2

)

=
3p(p− 2)

2
(1 + |a| + |b|)p−2|b|2 .

Therefore
Wel(a + b) −Wel(a) − DWel (a) · b ≤ c (1 + |a| + |b|)p−2 |b|2

with c = µ
2 (3p − 5).
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In the case 1 < p ≤ 2 application of (109) leads to

(112) ≤
µ

p

(p
2
(κ+ |a|2)

p−2
2
(
|a + b|2 − |a|2

)
− p(κ+ |a|2)

p−2
2 a · b

)

≤
µ

p

(p
2
(κ+ |a|2)

p−2
2
(
2(a · b) + |b|2

)
− p(κ+ |a|2)

p−2
2 a · b

)

=
µ

2
(κ+ |a|2)

p−2
2 |b|2 ≤

µ

2
|a|p−2|b|2 .

Here c = µ
2 .

B Fréchet differentiability

Definition B.1 (Fréchet differentiability)
Let X,Y be normed vector spaces and L(X,Y ) = {A : X → Y, A is linear and continuous}.
Let F : Z ⊂ X → Y be an operator defined on a subset Z ⊂ X. Then F is Fréchet
differentiable iff there exists a functional DF ∈ L(X,Y ), such that:

F (a+ h) = F (a) + 〈DF (a), h〉 + o(h) for every h ∈ X with (a+ h) ∈ Z. (114)

thereby
o(h) = ‖h‖Xε(h) with lim

h→0
ε(h) = 0 in Y . (115)

B.1 Fréchet differentiability of the elastic strain energy

Theorem B.1
For the elastic strain energy Jel(Ωδ, ·) of the compound Ωδ the Fréchet derivative DJel(Ωδ, ·)
is given by

DJel(Ωδ, ·) : V ~p
(g)(Ωδ) →

(
V

~p
(0)(Ωδ)

)′

〈DJel(Ωδ, a), v〉 =

2∑

j=1

〈
DJelj(Ωj , aj), hj

〉
=

2∑

j=1

∫

Ωj

DWelj (∇aj) · ∇hj dx

for every a ∈ V ~p
(g)(Ωδ) and h ∈ V

~p
(0)(Ωδ).

Proof:
Let a ∈ V

~p
(g)(Ωδ) and h ∈ V

~p
(0)(Ωδ). According to definition B.1 we have to show that

Jelj(Ωj, aj + hj) − Jelj(Ωj , aj) −
〈
DJelj(Ωj , aj), hj

〉
= o(hj) , (116)

then summation over j = 1, 2 leads to the assertion. It is

∣∣Jelj(Ωj, aj + hj) − Jelj(Ωj , aj) −
〈
DJelj(Ωj , aj), hj

〉∣∣

≤

∫

Ωj

∣∣Welj(∇(aj + hj)) −Welj(∇aj) − DWelj (∇aj) · ∇hj

∣∣dx . (117)
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pj ≥ 2:

Application of theorem A.2 leads to:

(117) ≤ c

∫

Ωj

|(1 + |∇aj| + |∇hj|)|
pj−2 |∇hj |

2 dx (118)

Now Hölder’s inequality (104) with p =
pj

2 und q =
pj/2

(pj/2)−1 =
pj

pj−2 is applied and we get:

(118) ≤ c‖1 + |∇aj| + |∇hj |‖
pj−2

Lpj (Ωj)
‖∇hj‖

2
Lpj (Ωj)

≤ apj‖∇hj‖
2
Lpj (Ωj)

.

1 < pj < 2 :

If 1 < pj < 2, it holds according to theorem A.2

(117) ≤ c

∫

Ωj

|∇aj|
pj−2|∇hj |

2 dx . (119)

As before, Hölder’s inequality (104) is applied:

(119) ≤ c‖∇aj‖
pj−2

Lpj (Ωj)
‖∇hj‖

2
Lpj (Ωj)

≤ apj‖∇hj‖
2
Lpj (Ωj)

.

Since
apj ‖∇hj‖

2

L
pj (Ωj )

‖∇hj‖
L

pj (Ωj )

→ 0 as ‖∇hj‖Lpj (Ωj)
→ 0 for every pj ∈ (1,∞) we have under conside-

ration of (115):

Jelj(Ωj , aj + hj) − Jelj(Ωj, aj) −
〈
DJelj(Ωj , aj), hj

〉
= o(hj) as hj → 0.

B.2 Mean value theorem for Fréchet differentiable functionals

Theorem B.2 (Mean value theorem, [11] p. 169)
Let X be a Banach space and I : X → R a functional which is Fréchet differentiable with
derivative DI ∈ X ′. For every u and h ∈ X there exists a constant t0 = t0(u, h) ∈ [0, 1] such
that

I(u+ h) − I(u) = 〈DI(u+ t0h), h〉(X′,X)
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