Humboldt-Universitat zu Berlin
Institut fiir Mathematik

Advanced Topics in Optimization
Semismooth Newton Method

Winter semester 2023/24

Exercise Sheet 8

1) Let X be a Hilbert space and let F': X — R be convex, proper and lower semi-continuous.
Consider again the function

. 1
Fy(w) = inf J(u.0) = F(0) + o lu = o]k

from sheet 6, together with its unique minimizer P, : X — X defined by

P, (u) = arg min J(u,v).

veX
Show the following properties:
(i) Fy(u) 1 F(u) asy 4 0.
(ii) Py(u) = uw as v — 0 for all v € dom(F) and Py(u) — ProjdoT(F)(u) as v — 0 for

ueX.
(ili) For v € dom(F') we have VP, (u) — p* € X as v — 0 where

p* € argmin |p|%
pEAF (u)

2) For n < 3 and © C R" open, bounded with C? boundary consider the following state
constrained optimal control problem. Here b € H?(2),b > 0,a > 0 and yg € L?(1).

. 1 o
) (ya)eHA Q)X L2() Ty, w) = 5y = vallizi0) + 5 Iuli2()
subject to — Ay =wuonQ,
y = 0 on 092,

y < b a.e. on (),

(i) Show that (P) has a unique solution in [H{(Q2) N H?(2)] x L*().
(ii) Show that if (7,u) € H}(2) x L?(2) solves (P) there is a i € M() := Cp(Q)’ and
p € L%(Q) such that

~Aj =1 in H}(Q)

(Opt) (D, —Av) 21y + (1, V) M) = —(F — Ya, V) 12(q)  for every v € H*(Q) N Hy(Q)
P au—p=20 in Q
U<b (o= mm <0 for all v € C(Q2),v < b

3) Consider for the same assumptions as in exercise 2) the regularized problem with v > 0:

1 « 1
P i Jy(y,u) == =y — vall; + —|ull? + — || max(0, i + —0))|?
() omin ) = gy = vl + el + g I max(0 49y = D)l
subject to — Ay =wuon

y = 0 on 0f.



Here i € L?(Q), 4 > 0 is a fixed, optional shift-parameter.
(i) Show that (P,) has a unique solution (7y,u,) € [Hg(2) N H?*(Q)] x L*(2), which
satisfies the first order system

~Ag, =, in Hj(€)
(Opt.,) —Apy = (Jy — ya) — max(0, i +v(y — b)) in Hy(Q)
atly —py =0 in Q

(ii) Define fi, = max(0, fi4+7(y,—b)) and show that given o > 0 the path (g, Uy, Py, fiy)y>~,
is bounded in the space Y x L?(2) x L%(Q) x Y. Here the space Y is defined as

Y := H}(Q) N H*(Q).
Moreover (Y, iy, Py, fiy) — (§, 0, P, i) in Y x L*() x L*(Q) x Y’ as v — oo where

(g,a,p, 1) solves (P).
(iii) Bonus: Show that for any 79 > 0 the mapping

[0, +00) = YV x L*(Q) x L*(Q) x Y v (§y, Uy, Dy, [iy)

is Lipschitz continuous.



