Humboldt-Universitat zu Berlin
Institut fiir Mathematik

Advanced Topics in Optimization
Semismooth Newton Method

Winter semester 2023/24

Exercise Sheet 5

1)

2)

3)

4)

Let X,Y be Banach spaces and let F' : X — Y be Newton differentiable near z* € X with
F(x*) = 0 with Newton derivative Dy F(x*). Also assume to be given M(z) € L(X,Y)
that satisfy | M (z) — DnF (@) zx,y) < 0 and [|[M(z) " zv,x) < C for all € Bs(z*) for
some 6,0 >0 and 0 < C' < 0%, Then xp, 1 = o — M(x1) ' F(x}) converges g-linearly to
x* for all zg sufficiently close to z*.

For bounded and open domain Q C R? for d € N consider the function
.1
F:L*(Q) - LY(Q) F(u)= argmm§Hv - uH%Q(Q) + lull 1)
veL2(Q)

(i) Show that F : L?(Q) — L'(Q) is well defined, i.e. it is single valued with range in
L'(9Q).

(ii) Show that F' is Newton-differentiable and compute the Newton derivative.
Hint: Display F' as a suitable superposition operator and use one of the earlier exer-
cises.

Let © C R™ be bounded and set X = L>®(2). Consider the following operator
h(z) if u(zx) >0
0 if u(z) <0
Show that G : u — L£(X) is not the Newton derivative of the function
F:X — X F(u)(r)=max(0,u(x))

Gmqu>Gmme{

(A globalized non-smooth method) Suppose that F' : X — Y between Banach spaces is
continuous and directionally differentiable on S = B(xg,r), i.e.
F td) — F
F'(z,d) = lim (z +td) (z)
t—0+ t

exists for every x € S. Assume also the existence of bounded operators G(-) € L(X, Z)
and constants 3,7 > 0 such that

1G(@) Hlezyy < B, IG@)(y—=)— Fz,y— )| <vlly — ||,

IF(y) — F(x) — F'(z,y — x)|| < dlly — =
for all z,y € S, where a« = (v +0) < 1, and S||F(z0)|| < 7(1 — «). Then the iterates
defined by zx11 = xx — G(xy) ' F(xy) for K = 0,1,... remain in S and converge to the

unique solution z* of F(xz) = 0 in S. Moreover, we have the error estimate
a

e — ™| < ek — 21
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