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ON CONVERGENCE AND STABILITY OF THE EXPLICIT
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SCHRODINGER EQUATIONS*
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Abstract. The first boundary value problem for a nonlinear Schrédinger equation is investigated.
The conditional convergence and stability on the initial data of the explicit three-level difference
scheme of DuFort—Frankel type in C' and W21 norms are proved. Grid analogues of energy conservation
laws and grid multiplicative inequalities are used.
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1. Introduction. We consider the first boundary value problem for a nonlinear
Schrodinger-type equation. Such equations appear, for example, in many models of
nonlinear optics [1] and in models of energy transfer in molecular systems [2]. They
are also used in quantum mechanics, seismology, plasma physics, and other fields of
science.

There are a lot of studies on the numerical solution of initial and initial-boundary
problems for the nonlinear Schrédinger equations [3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13].
We are interested in finite difference methods that have some grid analogues of con-
servation laws. The importance of these discrete laws is discussed in [3]. For example,
the difference schemes of Crank—Nicolson type have such property. In [4, 5, 6] un-
conditional convergence and stability are proved for the schemes of this type. But,
unfortunately, these schemes are implicit.

On the contrary, many explicit schemes are unstable—for example, Euler schemes
[7]. Some Euler-type schemes are conditionally stable. A three-layered explicit dif-
ference scheme of DuFort—Frankel type is also conditionally stable. This scheme was
introduced for the Schrédinger equation in [7, 8, 9]. The consistency of this scheme
requires the condition 7/h — 0, where 7 and h are time and space grid steps.

In [8, 9] the linear Schrodinger equations were investigated and stability of the
schemes was proved. In [7] nonlinear equations were also discussed, and the grid
analogue of the conservative law in the space Lo was obtained. But there was no
proof of the convergence and stability of the difference scheme. Thus, our paper
sufficiently extends the results of [7, 8, 9].

As we know, the finite difference scheme of DuFort—Frankel type has not yet been
investigated widely and fully for the nonlinear Schrodinger equation. It seems also
that the schemes of this type could be implemented for parallel computations. This
fact also increases the importance and actuality of our paper.
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We would like to draw attention to the novelty of the method, which was used
during the investigation of the problem. This method was based on the new type of a
priori estimates and was developed in [4, 5, 6]. In these papers the method was used
for two-layered implicit difference schemes for the nonlinear Schrodinger equation.
The method has allowed one to avoid restriction on time and space grid steps.

In the present case the restriction on these grid steps appears due to approxima-
tion and stability properties of the scheme. Unless it is not possible to avoid these
restrictions, the method works well and helps to prove convergence and stability of
the schemes even in the case of three-layered schemes.

In the case of cubic nonlinearity we have obtained the analogues of conservation
laws in the spaces Ly and W4. In the more general case we have a new type of a
priori estimate. Under the condition 7/h? < v < 1/2|a|, where a is the constant from
the equation and v is some arbitrary constant, the convergence and stability of the
difference scheme in the norms of spaces C' and W3 were proved.

In section 2 we formulate the problem and prove the grid analogues of the em-
bedding theorem and the multiplicative inequality. In section 3 we prove the grid
analogues of the conservation laws for a solution of the cubic Schrédinger equation.
In section 4 we prove the convergence and stability of the difference scheme for the
cubic Schrédinger equation in the spaces Lo and C'. Finally, in section 5 we prove the
convergence and stability on initial data of the difference scheme in the spaces C' and
W4 for more general nonlinearity.

2. Statement of the problem: Auxiliary statements. We consider the first
initial-boundary value problem for the cubic Schrédinger equation

(2.1) T 0l P, (xt) € Q,
x
with initial and boundary conditions
(2.2) u(0,t) =wu(l,t) =0, te0;T], u(z,0) =wup(x), x€l0;1].

Here i = v/—1, @ = (0;1) x (0; T), a, A are real constants, a # 0; u(z,t) is a complex-
valued function.
We define the inner product between two functions v(z) and w(x) as

(v,w) = /01 v(z)w* (z)d.

Let L, and W denote the Sobolev spaces of complex-valued functions with the norms

e, = ([ w@pa)”s ot = (i, + | 227 )"

Here w*(x) is the complex conjugate of w(z). Also we define Rev and Imv as real
and imaginary parts of the complex expression v.

Let C'(Q) be the space of continuous functions with the norm

v 5y = max_|v(x,t)|.
Ivlleg) = ma [o(r.)

It is well known that the solution of the problem (2.1), (2.2) satisfies the following
conservation laws for all ¢ € [0, T]:

(2.3) [u)l|z, = N(t) = 1.(0);
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(2.4) |52l + 020l = 1w = L),

We introduce a uniform grid with steps 7 and h in the domain Q: Qj = @), x @,
and Qpn = wp X w,. We consider that 7 = T/M, t; = jr, h = 1/N, z; = lh,
Wr = {tj,j = Oa"'aM}v wr = {tj;j = 1)"'7M - 1}7 Wp = {{El,l = O,...,N},
wh:{xl;l: 1,...,N—1}.

We shall use the grid analogues of the Sobolev spaces Ly, and Wy,,. Cj, denotes
the analogue of the space C(Q). Let us define inner products at the grid @y,,

N-1 N
v) = Z vy h, (u,v] = Zulvl*h
I=1 =1

The norms in this grid are defined as follows:
lally,, = D lalPh, (]l = (uul, Jull? = (u,w), Al = lull® + Ju] .

We denOte b= pf = p(xlatj)v ﬁ = p{Jrl? p = P{ila p = (p+ﬁ)/27 b+ = p{_t,_la
p— =pl1, D =p-+ps, o = (0—D)/27, pz = (p—p-)/h pox. = (p—p-)/h,
Doy = (p— )/

We shall prove grid analogues of one embedding theorem and a multiplicative
inequality.

LEMMA 2.1. Let vg =09 = vy =0n = 0. Then

(2.5) max{|9lc, . [[vllc, } < 0.5(/loa ]l + 02.11)-

Proof. We denote by vy, and v_y,; the grid functions ¢; and v;. Then, for all
l=1,...,N —1, we have

-1

vig| = ‘ E :(U(—l)’“+1;l+k+1 - U(—l)’“;l-i-k)‘ < E : |U(—1)’“+1;l+k+1 T U(=Dksitk] -
k——1 k=—1

Similarly we may write

N—l-1 N—I—1
vig| = ‘ E : (V(—1ye+rsih1 — U(—l)’“;l-i-k)‘ < E : |U(—1)’“+1;l+k+1 ~ U(=1)ksitk] -
k=0 k=0

Summing these two inequalities, we obtain

N—-I-1

2lvyy| < Z } V(—1)k+1514 k41 — U(—1)k; l+k| Z ‘7) Ye—lik = U(—1)k—1-1;k—1] -
k=—1

Similarly we have

— )k_l;k:fl .
k=1
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From the estimate max {||9|/¢c,,||v|lc,} < max; (Ju/| + |0;]) and from the last two
inequalities it follows that

N N
2max{[|o]lc,, [vllc, } <Y 10k [h+ Y [Pkia, | Be
k=1 k=1

The estimate (2.5) follows from Cauchy’s inequality. The lemma is proved.
In an analogous manner we prove a grid multiplicative inequality.
LEMMA 2.2. Let vg = 099 = vy = 0y = 0. Then

(2.6) max {|8l[2,, [0]|&, } < 0.5(11oll + [vll) (1oax]1 + 62,/1])-

Proof. For alll=1,...,N — 1, we have
-1

ol = |l nyoul® = vy -raaill = | D (lnysoraprel® = lonyrasnl®)
k=—1

-1
< Z ||U(—1)k+1;z+k+1|2 - |U(—1)k;z+k\2’ .
k=—1
Similarly we may write

N—-I-1

|Ul;l|2 < Z |\U(—1)k+1;l+k+1|2 - |U(—1)k;z+k|2| .
k=0

Summing these two inequalities we obtain

N
20vra* < lvye-rwl* = o nyp-i-rgmal?] -
k=1

Similarly we have

N
2v_qy? < Z |[oys—ie1]® = o py—rg—1l?]-
k=1

From the last two inequalities it follows that

N N
2(jo—1al? + [oral?) <D [lo-akl® = forn—a [+ D [l = fooaeal?] -
k=1 k=1
Note that
> 2 o1 e lo il = oyl
Dyl =l | = Z‘ I ’
k=1 k=1

N 1/2
V(—1)d;k —V(=1)i+1;k—1 |2
X ([v—1ys el +o1yitrp—1]) b < (Z‘ = }Z ) ‘ h) (o= [+ flv[])-

k=1

The estimate (2.6) follows from here. The lemma is proved.
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In the following we shall use some well-known inequalities.
The embedding theorems for the grid functions v, vg = vy = 0 [14] are

(27) ol < lollcn < 0.5l1vs]] < 050l -
A grid analogue of the Gronwall inequality [15] is

(2.8) Y; < (Yo + 2et; Ongllai(j{bl}) exp(4dt;).

Here Y > 0 and b > 0 are defined on the grid @,, Yy < Yo;>0,0<7d < 1/2 and
for all j =1,..., M the following inequality holds:

Jj—1 j—1
Y; <Yo+7dY (Yi+Yi)+7ey b
=0 =0

3. The difference scheme. Grid conservation laws. We relate the problem
(2.1), (2.2) with the following DuFort—Frankel-type difference scheme:

P—2p
n2

(31) Pt = ia - Z>‘|p|2pa (.’ﬂ,t) € Qha

(3.2) p(zo,t) =p(zn,t) =0, te€w,, p(z,0) =up(x), =€ wy.

The solution on the first layer ¢; can be found using some two-layered scheme.
In [7] one case of a grid analogue of (2.3) for the difference scheme (3.1), (3.2)
was investigated. In this section we will prove grid analogues of (2.3) and (2.4).
LEMMA 3.1 (grid analogue of (2.3)). The equality

2at1 _
(3.3) ()11 + ()1 + Tz Im(p(t;), p(tj+1)) = Lin(t;) = Lin(to)
is valid for the solution of difference scheme (3.1), (3.2) for all j=0,...,M —1 . Let
the condition on the ratio of time and space grid steps

2|a|T
2

(3.4) 0< <v<l,

where v is an arbitrary constant, be satisfied. Then the following estimate is valid:

(3.5) (54 0)11” + [pEDIP < e (oGO + lIp(o) ) -

Here and later pn = 2.

Proof. We take the inner product on both sides of (3.1) with 47p. The real part
of the obtained equality is

N-1
o dat . 8art . .
Re(p = p,p+p) = =5 m(p, p) + S5 T |p]|* + 4\ Im > IpilPlpil*h.
i=1
Thus,
dat

121 = 151 + 5 Im(p, ) = 0
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and
~112 2 2 S 2aT —_—
12117 + llpll” + WIm( p) = lIpll” + Ipl" — 55 Im(p, ).
Summing these equalities for time layers, and noticing that Im(p, p) = — Im(p, p) and
N-2 N
Z PP Pl = > prapih+ Y pioipih = (5. p)
=1 1=0 1=2

we obtain (3.3).
Now we can easily evaluate

| T (p(te), p(tes1))] < Ip(t)lI* + llp(trsa) 1%,

and, using (3.4), we can write

2art

Sz Im(P(tk), p(te+1))| < v(lIp(to)l* + ptee)]1?)-

The estimate (3.5) immediately follows from here. The lemma is proved.
LEMMA 3.2 (grid analogue of (2.4)). The equality

(3.6) o (540117 + 1Dz, (E40)]17 + 2||P(tj+1)p(tj)”2 = Ian(t;) = Ian(to)

is valid for the solution of the difference scheme (3.1), (3.2) for all j =0,...,M —1.
Proof. We take the inner product on both sides of (3.1) with p—p. The imaginary
part of the obtained equality is

1 . A e
5 Im 1 — Pl = ﬁRe( 2p,p—p)—§Re(lpl2(p+p),p—p)-

Thus,

A . y
) + = (Ippl* — llowl*) =

e

— Re(2p—p,p —
Note that

.. 2 . . . L
ﬁ Re(2p = p,p — ) = 35 (51” = IBII* — Re(p,p) + Re(p, p)) -

Since (p,p) = (p, p), it follows that

2 Re(2— .5~ ) = 5 (151 ~ Re(p9) + Ipl?) — (ol ~ Rep.p) + 151))

Using the condition (3.2), we notice that
N
2 (Il° — Re(,9) + llpl*) = > (Ipi-1]* — 2Re(piv}) + [51]*)
=1

N-1
+ Y (I = 2Re(piapy) + |01%) lel 1 pil*h + Z pre1 — pil*he
=0
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Therefore,

2 R _ . R R
o5 (1617 = Re(@,5) + [Ipll*) = [[Bax]I* + 121"
Now we write

. R A A
1Pax P + 1p2 )1 + < lppl* = llpan]® + lIpe ]1* + = l15pII%,

and by summing these equalities for time layers we obtain (3.6). The lemma is proved.

4. Convergence and stability of the difference scheme. Suppose that the
solution of the problem (2.1), (2.2) is smooth enough to satisfy the approximation of
the difference scheme. Let ®(t;) be a truncation error. It is easy to find that this
error is of order O(7% + h? + (7/h)?). Thus, the consistency of the scheme requires
the condition 7/h — 0 to be fulfilled.

Suppose that the solution of the problem (2.1), (2.2) is also smooth enough to
satisfy the following conditions:

(4.1) max {|2()l|e,} =0, A0,

and

(4.2) My = max [u(t)|ys < oo, Mp = max H@(t)‘ < o0
' L™ e w3 ’ 27 oot e, '

From here and from the embedding theorem W3 — C it follows that

(4.3) g [u(®)l;, < Jullogg) < 050

Let € = uw — p be an error of the solution. Then we have the following difference
scheme for this error:

ia )
(4.4) g = ﬁ(é —26) 4+ ¥ + &, (z,t) € Qp,
(4.5) e(xz,0) =0, z€wp, e(xo,t) =e(zn,t) =0, tE€w,.
Here

U = —iX (Jul*e — [p|*p) .
Suppose that the function € on the first layer satisfies the condition
(4.6) \|g(t1)\|§v21h — 0, 7, h — 0.

We shall prove one more auxiliary lemma.

LEMMA 4.1. Suppose that the conditions (3.4) and (4.6) are satisfied. Then there
exist constants 19 > 0 and hg > 0 such that for all positive T < 19 and h < hg the
following estimates for the solution of the problem (3.1), (3.2) are valid:

(47) e ([pan ()] + e (4)]]) < M,
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4.8 5,y = max , < 0.5M.
(1) Pl = max. [p(a.t)] <05,
Here M3 = Ms(a, A\, M1,v).

Proof. At first we consider the case A/a > 0. It is not difficult to derive the
equality

. . A p—p p- —p-
@9) e+ 15 P = Waal + ) + 2 (22 B2,
T T

Using the conditions (4.6), (4.9), (4.2), (2.7), we evaluate Ix(tp), when 7 and h are
positive and small enough:

A vT A
[P (01 + oo (DI + TP < 20T+ 10 My o 3o M < 0.5M:

here 7 < |a|M%/vMZ, M3 = 2M%(3+AM}/16a). The inequality (4.7) follows directly
from here. At last, we use (2.5) and obtain (4.8).

Let A/a < 0. In this case from the equality (3.6) for all j =0,...,M — 1 we can
obtain the following estimate:
(4.10)

e i)+ e ()] < e N+ e ()] + |20t )8

For the last term in the right-hand side of this inequality we can write the following
estimates:

I

2t 0)p(e) 7 < 2 (el (e e It 01 ot

< ‘%‘ max { [[p(tj+1) 1%, . Ip(E)IZ, } ()l + I1p(E)]12)

< [ 2| (e 3401 + 1 (155012) 2 (It )1 + p(e5) 1)
2
< 5 (ot 4 e (5 )?) + g (o)l + ()1

1 30N
3 (Ilpa~ (ti+- )11 + llpa, (ti+1)]1%) + 267;2

IA

Here we consequently use (2.6), (3.5), (4.3) and suppose that 7 and h are positive and
small enough. From this estimate and from the inequality (4.10), we find, similar to
the case \/a > 0,

oo (I + e )| < 087+ 25088 4 220007 <

here we can take 7 < |a|M?/v M2, M2 = M2(12 + \?u3 Mi/16a?).

In an analogous way, we obtain from here the estimates (4.7) and (4.8). The
lemma is proved.

Now we can prove the convergence of the difference scheme in C' norm.

THEOREM 4.1. Let the conditions (3.4), (4.1), (4.2), (4.6) be satisfied. Then
the solution of the problem (3.1), (3.2) converges to the solution of the problem (2.1),
(2.2) in the space C(Qp). There exist constants 7o > 0 and hg > 0 such that for all
positive T < 19 and h < hqg the following estimate is valid:

(4.11) 2,y < cille(t)ll +c2 | max R
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Here ¢ = ¢ (a, N\, v, My, T), 1 =1,2.
Proof. We take the inner product on both sides of (4.4) with 47¢ and, similar to
Lemma 3.1, we obtain the equality

2, 20T s . .
||6||2+H6H2+ﬁI m(g, & ):Hg‘|2—|—||5||2+ﬁl m(é, &) + 47 Re(V, ) + 47 Re(®, €).

Using the estimates (4.3) and (4.8), we can evaluate the last two summations of the
right-hand side of this equality. The first one may be evaluated

47 Re(¥,€) = 4A7 Im ([ul®a—|p|*p, €) = 4A7 Im(((Jul>—|p|*), &) + (|p[*&.€))
<7 ((ul+lph(al+a)el, (€] + &) ] < 0.57|A|(My+Ms) M lel|([1€]1+ 1)
< dim((lell® + 1E®) + (llE* + lell®));

here dy = 0.25|\|(M1 + M3)M;. We evaluate the next one as follows:
ATRe(®,€) < 27|(®, (& +€))| < 27| @)1 + T (|I]I* + [|2]1).-

After this evaluation of summations we sum the obtained inequalities for time layers
from ¢; up to t; and obtain the estimate

le(tj4+2)II* + IIE(tj)IIQJr%I (), e(tj41))

< lle)I? + lle(to) 1 + 2,% Im(&(to), e(t1)) + 27 Y [|19(t)
k=1

+(d +1 TZ ((lleCterD)lI” + le)l?) + (le)lI? + lleta-1)11%))-
k=1

Similarly as in Lemma 3.1, it follows from (3.4) that

et )P + @I < p (el + lle(to)1?) +dar Y ()]
k=1

+dsm Y ((leltre)lIP + lle)l?) + (leo)l® + llete-1)]%)
k=1

here do =2/(1 —v), d3 = (d1 +1)/(1 —v).
We use the grid Gronwall inequality (2.8), where d = d3, e = da,

bi = @t )P, Yo =p(lle)|? + leto)?), Y5 = lleltir)lI” + lle(t)]>.
Thus, for all positive 7 < 1/2d3 the following estimate holds:
le(tan)lI2 + et 12 < pexp(ATds) (le(t)II? + le(to)]I?)
+ 2T exp(4Tdy) | _max  {[[@(t)II"}-

Since e(tg) = 0, we have

NE 2 2
et < dalle(t)]* + ds | _max_ {Jl£(6)])
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forall j =0,..., M. Here dy = pexp(4dsT), ds = 2doT exp(4dsT).

Let 7,h — 0. Then from (4.1) and (4.6) the convergence of the right-hand side of
this inequality to 0 follows. Thus, we have obtained the convergence of the difference
scheme (3.1), (3.2) in Ly norm.

From the multiplicative inequality (2.6) it follows that

1€, < max {lle(t;) 1} max {{luan )]+ llue (@)1}

1<5<M
+ jnax {Ule)I} énj?gw{llpz\(tj)}l + [lpz ()]}

For positive and small enough 7, h and 7 < 5|a| M2 /2v M2, it follows from the equality
(4.9) and the condition (4.2) that

27’1/M22
|a

Therefore, from (4.7) and from the last estimate we obtain

1/2
litasJl + e 1] < (407 + =772 < 80y,

€012, < (3M: + Ma) max { (¢}

Here the right-hand side converges to 0.
From here (4.11) follows with the constants

c1 = (3M1 =+ Mg)\/ Cl47 Coy = (3M1 + M3) V ds.

Note that M3 = Ms(a, A\, M1,v). Thus, ¢; = ¢; (a, \,v, M1,T), | = 1,2. The theorem
is proved.

We shall prove the stability of the difference scheme on initial data in C' norm.

Let uq(x,t), ua(x,t) and p1, po be the solutions of the problems (2.1), (2.2) and
(3.1), (3.2) with the initial data uio(x) and ugg(x), respectively.

THEOREM 4.2. Let the conditions of Theorem 4.1 be satisfied. Then there exist
constants 79 > 0 and hg > 0 such that for all positive T < 19 and h < hq the following
estimate holds:

(4.12) 1 —p2\|20@h) < ealluro — uaol|-

Here c3 = c3 (a, Ao, T, maXtG[T;O]{Hul(t)HW;, ||uz(t)||W23 }) .
Proof. We denote z = p; — pa. Then

1a . . . .
2 = 73(2 = 22) —iA (Ip1p1 = [p2*P2),  (x.t) € Qn,
2(x,0) = uro(x) — uge(x), x € oy, z(xg,t) = z(xN,t) =0, tE€ ;.

We take the inner product on both sides of this equation with 472. Similarly as in
Theorem 4.1, we can obtain the inequality

D)1 + 2D < i (2@ + ll2(t0) %)

+dir Y ()P + 21 + (=)l + ll2(t-1)1%)) ;

k=1
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here di = (A\/(1 = v))Ip1llc@an (p1lleg,) + Ip2lle(g,))- Since the condition (4.8)
holds, the constant d; is bounded when 7 and h are positive and small enough.
From the grid Gronwall inequality (2.8) it follows that
max [|2(t;)[|* < da(|[2(t0) 1 + [|2(t0) [1*)-
€Dy
Here dy = dQ(av AT, ||p1||C(Q,L)7 HpQHC(Q;L)v V)'
When 7 > 0 is small enough, the condition ||z(¢1)|| < 2]|z(to)|| is satisfied. Sim-
ilarly as in Lemma 4.1, we can prove the dependence of the norms [|p1[¢(g,) and

[p2llc(g,) on the constants maxe|zq) [[u1(?)[lwy and max.erq) [[u2(t)|lw. From
here and from the last two estimates the stability in Lo follows:

N < .
s [2(61)1 < dl= ()]
here dg = ds(a, A, T, v, maxe o) {[|u () lwy, [[uz2 (t) lwy })-
Similarly as in Theorem 4.1, from the multiplicative inequality (2.6) the estimate
(4.12) follows. The theorem is proved.

5. A general case of the problem. We consider the nonlinear Schrédinger
equation
ou 0%u

ta— + f(u,u*)u.

(5.1) E - 8:52

Here f(u,u*) is a polynomial with arguments v and v* and f(u,u*) = f(—u, —u*).
We can find a continuous nondecreasing function ¢(y) that satisfies the conditions

(5.2) [fluu) < p(lul), [Df(u,ut)ul < (lul), il =12

here j is a two-dimensional vector, |j| = ji + j2, DI = 9Nl /oulr Ou*rz.
We relate (5.1) with the following difference scheme:

pP—2p

(5.3) pr = ia e

+ f(p,p")p, (z,t) € Qn-

It can be proved that the following estimates for the nonlinear grid function
f(v,v*)0 are satisfied:

(5-4) |(f(v,07)0,9)] < 0.50([[vlle, ) (1912 + [19]1%),

(55) |(f(’U,'U*)’l') - f(w, w*)w7i) - w)’ < ((P”(maX{H'DCh? HUHCM Hﬁ”Ch’ ||w||Ch})
X

0 =) + flo = wlf* + o — @]*) .
From (5.5) we can obtain
(5.6) 1((f(v,v")0)z, 0a]| < p(max{|[vllc,, [vllc,, I0llc, }) (I9a]17 + llvs][* + [192]) -

Also we have
(5.7)

(0, 0)ot0) = F (w0 i) 22 (0] < (macx {1, ot s (a1

x ep( max {otrllen lwltulo,}) (max (b)),
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where c is some constant and z = v — w.

One can prove the estimates (5.4)—(5.7) in a manner analogous to the similar
estimates in [6].

We shall prove the convergence and stability of this new scheme in a different
manner than the proof in sections 3 and 4. We shall obtain a new type of a priori
estimates [4, 5, 6], instead of equalities of the type (3.3) or (3.6).

Let p be the solution of the difference scheme (5.3), (3.2). Let the condition (3.4)
be satisfied. We can obtain the equality similarly to (3.3):

9 N—-1

. aTt o . 2at - e
11 + 11> + S5 Tm (B, ) = lpl* + 15| + 55 Tm(B p) + 47 Re Y _ f(pr, p7)|n[*h-
=1

Two estimates follow from here.
First, we evaluate the nonlinear part and the summations of 2}‘3—; Im(p,p) type.
We obtain

R § 27 . §

(5.8) 1% + lIpl* < wdlpl® + 1151%) + 7= e el ) (A1 + [1211%)-

Second, we sum the previous equalities for layers tx, £k = 1,...,7 — 1, use the
estimate (5.4) and obtain the inequality
(5.9)

Ip()I1” + llp-Dl* < ullp@E)1? + llp(to)lI)
2T S
+ 7 elPle@.,n) D (el + lIp@)l®) + ()l + lIptte-1)])) -

k=

—

Here [|pllc(q,,,) = maxo<k<i{llp(ts)llo, }-
We denote the fictitious nodes of the grid (—h,7j) and (1 + h,7j), where j =

0,...,M. Let v_; and vyy1 be the values of grid function on these nodes. We
define the solution of the difference scheme on these nodes as follows: p_; = —p;
and pyy1 = —pn—1. This corresponds to the boundary conditions (2.2) and to the

equality g;ﬁ (0,t) = ai’; (1,¢) = 0. Here u is the solution of the extended differential
problem (5.1), (2.2) on the frontier of the domain. The extension is valid due to the
zero boundary conditions and since the nonlinear function is odd.

We have defined earlier p = p]. Thus, from (5.3) it follows that

Pz — 2Pz

h2 +(f(pap*)p)i7 jzla"'7M_1a lzlaaN

Dtz = 1a

We take the inner product on both sides of this equality with 47p; and obtain

. 2ar .
1p]1” + llps]* + <5 Tm(pz, pa]
9 .2 2aT - ey
= lIpa]l” + [1Ba]I” + 5 Tm(Bz, pa] + 47 Re (£ (0, 2")P)z, ] -
Again, two estimates follow from here.
First, from (2.7) and from the estimate of the nonlinear part we obtain

(£, 2")P)z Ball < /W) f (0,27l 5] 151l < (1/B)(Ilpllc, ) lps] -
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Hence,

(5.10)  [[3a]f? + Ipsll? < ullps]? + sl ?) + )hw(llpHch)(Hﬁaz]l2 +1pa]l?).-

(1-v

Second, from (5.6) it follows that
(5.11)

ot + Ipa(t5- DI < pllpa (I + e ()P) + o (Ipllcca, )

Jj—1

%D (Ups ()] + 92 (tlI) + (lpa (Ell? + lpa (te-1)11%)) -

k=1

We sum the inequalities (5.8) and (5.10), use the condition (3.4), and obtain the
estimate

hv
~112 < 2 ~112 ~112 <112
190y, < iUl + 190, )+ rrse ol ) (151, + )
When 0 < h < |a|(1 —v)/2vp(||pllc, ), we have
(5.12) 50, < (4 Dymax{ipls . 1513 }-
We sum the inequalities (5.9) and (5.11) and obtain
(5.13)
4t
() s, + (i1 s, < (o) By, + I0(t0) )+~ (Ipllcca )
j—1
S ((ptn) By, + Il )+ (bt + -0l )
k=1

Assume that the truncation error satisfies the condition

(5.14) mas {[[@(t)wy, } =0, A0

This is a natural condition, since from (3.4) it follows that

12 (25)]] < c(ZN:‘ s hQZ (r/h)” fh)l/2 < c(W?h® + h + vh) = O(h).
1=1

An error of the solution of the problem (5.1), (2.2) satisfies the equalities (4.4),
(4.5), where

U= (f(u,u*)i— f(p,p*)p) .

From (5.5) and (5.7), similarly as in [6] and in the proof of the estimate (5.13),
we can obtain the inequality for the error of the solution:
(5.15)
or 12
e, + ety < )i, + il ) + 7 3 10l

.
+ 17 (1 dep (max ulloq IPlleun }) s L s ()]l Ips (0]}
j—1

x 3 (Ulettrn) By + ez ) + (et + et )
k=1
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We shall now prove the convergence of the difference scheme (5.3), (3.2).

THEOREM 5.1. Let the conditions (3.4), (4.2), (4.3), (4.6), (5.14) be satisfied.
Then the solution of the difference scheme (5.3), (3.2) converges to the solution of
the problem (5.1), (2.2) in spaces W, and C(Qp). There exist constants 7o > 0 and
ho > 0 such that for all positive 7 < 19 and h < hg the following estimates hold:

(5.16) gle%}i{”’f(tj)ngh} < calle(ta)llwy, + s t?le%fi{”(b(tjwwzlh};
G17) el < 05eallelt)llng, +0.5es max {18025 vy, }:
J T

here ¢; = ¢; (a, o, v, M1,T), |l = 4,5.

Proof. We can prove this theorem in a manner analogous to the similar theorems
for two-layer difference schemes in [4, 5, 6].

We shall prove boundedness of the function p(t;), t; € w,: Hp(tj)”wzlh < 2M;.
We use the method of mathematical induction.

When j = 0, it follows from (3.2) that

Ip(to)lws, < 2llulto)llwy, < 20

Let j = 1. Since the condition (4.6) holds, we have |le(t1)|wy, < M for 7 and h
small enough. Then we obtain [|p(t1)[|w; < 2M.

Let the estimates [|p(ty)|wy, < 2M1 be valid for all k =0,...,j — 1. From (2.7)
we find Hp||c(Qtj_1h) < M. Then for all h < hg, ho = |a|(1 — v)/(2vp(My)), we can
use (5.12) and obtain

o)y < 4l + 1.
From the condition (2.7) it follows that

1Plo@, ) < VA 1My and  max {p(t)llwy, } < 2/3+ 1My,

0<k<j

Since (4.2) is valid, we can use the grid Gronwall inequality (2.8) for the estimate
(5.15), when 7 and h are positive and small enough, 7 < 1/2d;. Here

di = (14 4ep(v/4p + 1My) max{1,2\/4pu + 1M }) /(1 — v).

Thus,

(5.18) et By, < dallefen)y, +s s {0(e)l3,
where dy = pexp(4diT), d3 = 4T exp(4diT) /(1 — v).

The right-hand side of this estimate converges to 0 when 7,2 — 0. Thus, there
exist constants 79 > 0 and hg > 0 such that for all positive 7 < 79 and h < hg the
estimate [|e(t;)[lwy, < M holds. Therefore, |p(t;)wy, < 2Mi. The induction step
is proved.

Thus, the statement

maxx () lwy, } < 2
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is valid and the estimate (5.18) holds for all ¢; € w,. It follows that the estimate
(5.16) is valid. Using (2.7), we also obtain (5.17), where ¢, = v/d3 and ¢5 = \/d3. The
theorem is proved.

Similarly as in [4, 5, 6], we prove the stability of the difference scheme on initial
data. Let uj(x,t), ua(z,t) and p1, p2 be the solutions of the problems (5.1), (2.2) and
(5.3), (3.2) with the initial data uig(2) and ugg(x), respectively.

THEOREM 5.2. Let the conditions of Theorem 5.1 be satisfied. Then there exist
constants 79 > 0 and hg > 0 such that for all positive 7 < 19 and h < hg the following
estimates hold:

(5.19) max {[1p1(t5) = pa(t;)lwy, } < olluro = uaollwy,

(5.20) Ip1 = p2lle@,) < 0-5eslluro — uzollwy, -

Here cg = cg ((l, o, v, T, maXe[o;1) {Hul(t) ||W217 ”u?(t)HW,} }) .
Proof. Using the estimates (5.5) and (5.7), similarly as in Theorems 4.2 and 5.1,
we can obtain the inequality

V(s + N2l < lllz) s+ (o) )
j—1

rdy 3 (s, + 1200 ) + U@l + 1teDlls) -
k=1

Here z = p; — p2 and
dy = dcp(max{ 1o,y IP2llcran ) max {1, 11 &5) s,  Ipa(t)llwy, 1
The boundedness of norms
Ipllcg,) <My and t?e%{{||p(tj)|\wgh} < 2M,

was proved in Theorem 5.1. Thus, when 7 and h are positive and small enough, we
can use the grid Gronwall inequality for the estimate obtained before. (5.19) and
(5.20) follow from here. The theorem is proved.
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