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ABSTRACT. We investigate the asymptotic behavior of solutions to semi-classical
Schrédinger equations with nonlinearities of Hartree type. For a weakly nonlinear
scaling, we show the validity of an asymptotic superposition principle for slowly
modulated highly oscillatory pulses. The result is based on a high-frequency av-
eraging effect due to the nonlocal nature of the Hartree potential, which inhibits
the creation of new resonant waves. In the proof we make use of the framework
of Wiener algebras.

1. INTRODUCTION AND MAIN RESULT

In this work we are interested in the asymptotic behavior for 0 < ¢ < 1 of the

following nonlinear Schrédinger equation
: € 82 € €12 € € €

(1.1) iedu’ = _EAU + (K *u*[) v, u ’t:O = ug,
where (t,7) € R, x R? d € N. This model describes the time-evolution of a
complex-valued field v (¢, z), under the influence of a Hartree-type nonlinearity, as
it appears for example in the description of superfluids, cf. [2|. Above, K = K(x)
denotes a given real-valued interaction kernel, to be specified in detail below, and
“¥"denotes the convolution w.r.t. = € R% The scaling of (1.1) for small ¢ > 0
corresponds to the semi-classical regime, i.e. the regime of high-frequency solutions
u®(t, ), which can be approximated via geometric optics.

The asymptotic behavior of (1.1) as € — 04 has been studied by several authors,
mainly for the case K(z) = i|?1|: For example in [14, 16, 18|, Wigner measure tech-
niques are invoked, which however require mixed states and thus can not be applied
to our situation. In the one-dimensional case, this constraint can be overcome [19|,
but uniqueness of the limiting Wigner measure for ¢ > 0 is still open. Turning to
multi-scale WKB expansions, which are typically valid for short times only, a variety
of asymptotic results can be found in [1, 7, 10, 15|, provided that uf is given as a

single-phase WKB initial data, i.e
() = a* (),

with given (e-independent) phase ¢(x) € C and amplitude a°(z) € R, such that,
asymptotically, a® ~ ag + ca; + €%as + . . ..

In the present work we are interested in generalizing these studies to the case of
(a superposition of) several WKB waves. Due to the expected nonlinear interaction
between high-frequency waves (i.e. the appearance of resonances), this problem is
notoriously difficult, even on a formal level. We shall therefore simplify the situation
considerably by turning our attention to the case of (asymptotically) small initial
data corresponding to modulated plane-waves. More precisely, we consider uf(z) =
e/2ug(x), where o > 1 and ug(z) is given by a superposition of e-oscillatory plane-
waves, i.e.

J
(1.2) us(2) = 3 a(e)ehe, ks € RY
j=1
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with amplitudes a;(z) € C, j € {1,...,J} C N. Here, and in the following, we shall
assume for the sake of simplicity that the initial amplitudes a; do not depend on ¢,
since we shall only be interested in the leading order asymptotics. A generalization to
amplitudes admitting an asymptotic expansion in ¢ is then straightforward. Without
restriction of generality we shall also assume that

ki #koforall j#0el :={1,...,J} CN,

where J € NU {oo} and {1,..., 00} means simply N.

—a/2

By rescaling u® = ¢ u®, we can rewrite the considered model into

2
(1.3) iedyu® = —%Au6 + % (K * [uf]?) o, us‘tzo = ug,

where the initial data is now of order one but the equation displays an (asymptot-
ically) small nonlinearity. We shall from now on take on this point of view since it
looks more natural from the physical point of view. In addition, it is well known (see
e.g. |3, 4]) that the choice a =1 for (1.3) is critical as far as semi-classical behav-
ior is concerned (see Section 2 for more details). We shall therefore pay particular
attention to this case. We remark that the same asymptotic scaling has been used
in |5, 6] for Schrodinger equations with (gauge invariant) power-law nonlinearities
o |u|*?u, o € N. In particular, in [5] the problem of high-frequency wave interaction
is exhaustively studied in the case 0 = 1 for which a geometric description of all
possible nonlinear resonances is given.

However, for the considered case of Hartree type nonlinearities, the situation is
very different, due to the nonlocal nature of K x |[uf|?. Since we expect the solution
us(t,z) to be given asymptotically as a superposition of highly oscillatory waves,
we clearly can not regard the Hartree term to be slowly varying (as in the case of
a single wave). The notion of a resonance though, seems to be not clearly defined
in this case. A more sophisticated analysis of the oscillatory structure of K * |uf|?
is needed therefore. As we shall see, the nonlocal nature of the Hartree potential
yields a kind of averaging effect. In particular no new highly oscillatory phases are
created in leading order (via resonances), in sharp contrast to the situation for local
nonlinearities.

In order to be more precise, we need to introduce some notation: The Fourier
transform of f € L' N L?(R?) will be denoted as

. 1

(€)= Gy o, S

(F1)E)

Our analytical approach will be based on the use of the Wiener Algebra (see Section
3 for more details). Within this framework it turns out that the natural space for
the amplitudes a = (a;);er is given as follows.

Definition 1.1.

A(RY) := {a = (aj)jer : (@;)jer € ¢'(I; L'(RY))},
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{1,...,J} C N, equipped with the norm
J
||@||A(Rd) = Z ||aj||L1(Rd)-
j=1

We are now in the position to state the main theorem of this work.

Theorem 1.2. For d > 1, consider the Cauchy problem (1.3) with o > 1, subject to
initial data ug of the form (1.2), where the initial amplitudes a; € L*(R?) N A(R?)
are such that (9%a;)jer € ARY) for all |p| < 2. In addition assume

(1.4) AL = inf{|ke — k| : £,meT, £#m} >0,
and let the interaction kernel K satisfy (1+ |¢))K (&) € L™ (RY).

Then, for all T > 0 there exists C,eq > 0, such that for any € € (0,¢q), the exact
solution to (1.3) can be approximated by

‘ 1 if o € {1} U[2,00)
.. 8 . ) )
(1.5) [Ju uappHLoo([o,T}de) S Ce” with f= {a—l if a € (1,2).

Here the approzimate solution ug, is given by
J
(1.6) = 3" aj(x — thy)e SO0 wlitlkl/ 22)
’ app ,
7j=1

where S;(t,x) € R is defined in (2.10) if o = 1 and S;(t, z) = 0 if a > 1, respectively.

In (1.6), the total number of (highly oscillatory) phases J € N U oo, is the same
as for the initial data (1.2). Hence, no new phases are created by the nonlinearity.
Nonlinear effects in leading order only show up via self-modulation of the amplitudes
(provided o« = 1). The condition (1.4) can be seen as a small divisor assumption
required in the case of infinitely many phases (though, not of the same type as the
one used in [5]). Obviously, (1.4) is satisfied if J < +o0.

Under the general assumptions of this work, we can not infer global well posedness
of equation (1.3) in the Wiener space. The usual arguments for proving global
existence (see e.g. [17]) involve the conservation of the L? norm, which also holds
in our case. However, this is not sufficient to control the nonlinearity (K * |u|?)u in
the Wiener space. Nevertheless, the above theorem shows that for initial data uf in
the form (1.2), the solutions cannot blow up too fast: If 7 > 0 is the blow-up time,
then 7° — +o00 for ¢ — 0.

Remark 1.3. A particular example for K, satisfying the assumptions is given by the
one considered in |2, equation (15)| and more importantly by the so-called Yukawa
potential

ekl
K@g:i%Tﬂ z€R3 N >0,
x
for which the corresponding Fourier transform is found to be
~ 1
K(§) =+

A%+ [€]*
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Clearly, (14 |¢])K € L*°(R?) in this case. Note that in the limit A — 0 we obtain
the Fourier transform of the Coulomb potential K (z) = :t‘—;‘, which, however, is too

singular, to directly apply our theorem. It remains an interesting open problem to
establish the same result for the Coulomb case in d = 3.

The paper is organized as follows: In Section 2, we formally derive the approxi-
mate solution and draw some further conclusions from it. In Section 3 we set up the
Wiener framework for the exact and the approximate solution. Finally, we prove the
required estimates on the remainder of the approximation and consequently state
the proof of Theorem 1.2 in Section 4.

2. DERIVATION OF THE APPROXIMATE SOLUTION

We seek an approximation of solutions to (1.3) in the form

J
(2.1) ug,, (t, ) = Z Aj(t, x)ettiballe,
j=1

Assuming sufficient smoothness, we can plug this ansatz into (1.3), which yields

5 2
€ € o e |2 € n o
+—2Au e (K |u |)uapp:E "X +e*(Y +Yg)

app app

(22) ia@tua

app

n=0
with
J 1
Xo= =2 el (06; 4 5|V, 4,
j=1
I 1
X, = 7,]2:; e'%ile (&gAj + VA] : v¢] + §AjA¢j>7
and
1 J
_ - id;/e ‘
(2.3) Xy = 5 ;6 AA;.

These terms are the same as in the linear case K = 0. Due to the presence of the
Hartree type nonlinearity, we also obtain

J J
(2.4) Y =— Z eidi/e (K * Z |Ag|2)Ajv
j=1 =1

J J
(2.5) Ye=-3 ewa-/f(K # > (AAL, ei<¢z—¢m>/a)),4j.
=1 o

Obviously, Yi carries high-frequency oscillations, which are not captured by our
ansatz (2.1). Thus we need to develop a more careful analysis in the following,
which shows that Yy is of higher order.
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Ignoring this problem for the moment, we consequently aim to eliminate equal
powers of €. Hence, in leading order, we set Xy = 0, which is equivalent to the
Hamilton-Jacobi equation

1
(2.6) 0ud; + IV 1P =0, @5l g =h;- .

Solutions to (2.6) determine the characteristic high-frequency oscillations present in

ug,,- In our case, they are easily found to be

t
(27) ¢](t,$> :]fjl'— §|]€]‘2
These phases obviously solve (2.6) for all (t,z) € R x R?, i.e. no caustics appear in

our study.

In the next step we set X; = 0if @« > 1 and X; +Y =0 if & = 1 (note that we
do not include Yy here). Comparing the prefactors of the terms multiplied by eiile,
yields the following system of transport equations for the amplitudes:

0 if a >1,

2.8 QA +k;-VA; =
( ) ! ]_l— J J {—Z‘/CH(A)AJ ifOz:l,

where we have used the fact that A¢; = 0, in view of (2.7). For o = 1, the effective
(nonlinear) potential V,g(A) is given by

Vir(A) = K (i |Ag|2).

We see that for o > 1 no nonlinear effects are present in transport equations for the
leading order amplitudes. The case a = 1 is therefore seen to be critical as far as
semi-classical asymptotics is concerned.

Lemma 2.1. The transport equation (2.8) with initial data (a;)jer € L* N A(RY)
admits global-in-time solutions A € C([0,00); L?> N A(R?)), which can be written in
the form

(2.9) Ai(t,x) = a;(v — tk:j)eisj(t’x),
where S; =0 for a > 1 and S; € C([0,00) x RY) for a =1 is given by

(2.10) S;(t,-) =— /t <K * XJ: |ac( - +(7 — t)k; — Thy) }2) dr
0 =1

In particular we have mass conservation for each individual mode

(2.11) 1A ) e2@ey = llasll2wey, VEER.

In contrast to ¢; the phases S; are only slowly varying, i.e. they oscillate with
frequencies larger than 1/e. They describe the nonlinear self-modulation of the
amplitudes but do not show up in quadratic quantities, like the mass density |A;|?
etc.
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Proof. By multiplying (2.8) with A; and taking the real part, we see
(O + k- V)[4, =0,

which yields |A;(t, z)|* = |a;(x — tk;)|* and thus (2.9) and (2.11). Finally, inserting
(2.9) into (2.8) and integrating along characteristics, we obtain the expression (2.10)
for Sj. (]

Having obtained the characteristic phases ¢; and the leading order amplitudes
A; we shall now turn our attention towards the remainder, i.e.

R(u€ ) _ {€2X2 + €YR if a = 1,

2.12
( ) app €2X2 —|—€Q(Y—|—YR) ifa>1.

For a = 1 the term Yy appearing within R(ug,,) is formally of order O(e). Thus,
at first glance, Yz seems to be too large to be considered a part of the remainder.
It will be our main task to show that Y is indeed sufficiently small as ¢ — 0,. To
this end, we shall rely on the framework of Wiener algebras.

3. THE WIENER ALGEBRA FRAMEWORK

We now present the analytical framework of Wiener algebras which already proved
its use in similar circumstances, cf. [5, 8, 12]. We start with the following definition.

Definition 3.1 (Wiener Algebra). We define
WY = {f e SREC), |Iflw = IFlm@s < o}

The following properties of W (R?) have been proved in [8, 12].

Lemma 3.2.

i. W(RY) is a Banach space, continuously embedded into L>(R?).
ii. W(RY) is an algebra, in the sense that the mapping (f, g) — fg is continuous
from W(R%)? to W(RY), and moreover

Vi,g e WRY), Ifgllw <IIfllwllgllw.

iii. Let Us(t) = ¢=38 denote the free Schridinger group. Then, for all t € R,
Us(t) is unitary on W (R?).

Assertion iii. follows from the fact that ﬁs(t) — ¢itlE?/2 acting as a multiplication
operator in Fourier space. From now on, we shall consider the Cauchy problem (1.3)
to be posed in W (IR?). To this end we need the following well-posedness result (which
is an adaptation of the one given in [5] to the case of Hartree nonlinearities).

Lemma 3.3. Consider the initial value problem

2
(1.3) iedyu® + %AM = (K * [uf)*)uf, us‘tzo = ug,

with o > 1. If K € L®(R%) and us € W(RY) with ||ugllw < Do, then there
exists a Ty > 0, which depends on Dy but not on e, and a unique solution u® €

C([0, To[; W(R?)) of (1.3).



Proof. Duhamel’s formulation of (1.3) reads
t
u(t) = U (t)ug — iea_lf Us(t — 7) (K = [u*[*)u%)) () dr.
0

Denote, for fixed ug, the right hand side of this formula by ®¢(u)(¢). From Lemma 3.2
iii. we have

(3.1) 10 () ()l < Do+ /

In order to control the nonlinear term, we need to estimate expressions of the form
(K * (uv))w in W(R?). To this end, we first use Lemma 3.2 ii, to obtain

t
I

(K s [w*)u)) ()l dr.

(K (wo))wl[w < K (uo)[lw||wl]w
By Holder’s inequality we also get
(3.2) 1K s (uo)llw = [ (wo)l[ o < [[K ]| zee fJuv]fw,
and applying again Lemma 3.2 ii, we arrive at
(3.3) I( * (wo))ywllw < K| p=[[ullwllvllw|wllw  for u,v,w € W(R?).

Thus, from (3.1) we obtain
t
197 (u) (1) lly < Do + || K / [l (7) [y d-
0

Moreover, u¢ — ®¢(uf) is locally Lipschitz in U := C([0, T], W (R%)): If ||uf||y < D,
|v¥|lo < D, then there exists C' = C(D) such that

19°(u)(8) = @°(v%) (D)l < C(D)/O [u(7) = v*(7)llw dr, ¥t € [0,T].

A fixed point argument in {u € U : sup,pq lu(t)|w < D}, with D > Dy, for
T = Ty sufficiently small, then yields Lemma 3.3. 0

Having set up an existence result for the exact solution u® in W(R?), we now
turn to the approximate solution ug,, given by (1.6). To this end, we shall need
the following lemma, which shows that the Wiener space is perfectly adapted to our
problem.

Lemma 3.4. Let k; € RY, ¢; € R, and b € (*(T, W (R?)), and set

J

f(ll',y) - ij(l’)ei(kj'y"'cj).

J=1

Then, for all € > 0 the function f(-, /) : x — f(z,x/e) lies in W(R?) with
1£Coo/e)lw < Ilblla = 3 1Bsllw

jer
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Proof. We write

J J
1FCo-/e)llw = | Z —ki/e)|, < ZHbAj (- =ki/)lle = ZHb Iz

The last term is, by definition, ||b]| 4. O

Remark 3.5. This lemma in general does not hold for functions of the form
flz,y) = ijl b;(2)ei W) with ¢;(y) # k;-y+c;. A generalization of our study to
non-plane wave WKB phases therefore seems to be a delicate issue (at least within
the Wiener framework) and by no means straightforward.

Since the phases ¢; considered in this work are of plane-wave form (2.7), applying
Lemma 3.4 with ¢; = —£|k;|* to (1.6), we immediately obtain

(3-4) [tz (t; ) llw < [JA(E, )] 4-

Similarly, we can estimate the expression (2.3) for X, by

(3:5) [ X2(t, ) lw < —||AA Ma=3 ZHAA )lw-

In addition, we obtain the following estimate for Y, defined in (2.4):

1Y ()l < [+ 3 " Lt | IAGE )

where we have used Lemma 3.4 and Lemma 3.2 ii. This can be estimated further
similarly to (3.2) by using Lemma 3.4 (with k; =0, ¢; = 0), as well as Assertion ii.
of Lemma 3.2 and the fact that (> C ¢!, to obtain

(3.6) 1Y (t )l < IRz A )1

In order to close the argument, we consequently require appropriate bounds in A(R¢)
on the amplitudes A;(t, -), together with their spatial derivatives.

Lemma 3.6. Let a > 1 and K € L®(RY). For all a = (a;)jer € A(RY), there
exists a unique solution A € C([0,00); A(R?)) to the system (2.8). Moreover, if
(ay)jer € A(R?), for [p| < 2, then (92A;)jer € C([0,00); A(RT)).

Proof. For o > 1 the statements of the lemma are immediately clear, since in this
case A;(t,x) = aj(x — tk;), cf. (2.8). For a =1 we rewrite (2.8) in its integral form

(3.7) Ai(t, ) = aj(x — thy) / N(A);(1,z+ (1 — t)k;)dr,

where the nonlinearity NV(A); is given by

N(4); = —i(K * (Zj: |Az\2))AJ



Invoking the same arguments as for the derivation of (3.6), we obtain
J A~
IV (A 4= DIV llw < 1K o=l AI:
j=1

This shows that N (A) defines a continuous mapping from A® to A and a local-
in-time existence result immediately follows from the standard Cauchy-Lipschitz
theorem for ordinary differential equations. That the solutions A; indeed exist for
all £ > 0 then follows from the explicit representation (2.9). From the latter we
additionally obtain the propagation of regularity, by explicit calculation of 0?A. [

Lemma 3.6 consequently establishes the estimates in W (R?) for Ugppy X2 and Y

in a rigorous way. Note however, that the above given estimates do not yield an
estimate for the remainder R(uj,,), given by (2.12), since it also includes Yp, which
we completely ignored so far. We will make up for it in the following section.

4. ESTIMATES ON THE REMAINDER AND PROOF OF THE MAIN THEOREM

It remains to estimate in W (R?) the term Y3 given in (2.5). To this end we shall
prove the following key technical result.

Proposition 4.1. Let Yi be defined by (2.5) with plane-wave phases ¢; given by
(2.7) and assume |A|} == inf{|k; — k.| : ¢,m €T, £ # m} > 0. Moreover, let K
be such that K € L*®(R?) and VK € L*®(R?). Then we have the following bound:

(4.1) IYa(t, llw < e Crll At )L (TAE lla + VAR, )]a),
where Cx > 0 is independent of €.
Proof. Recalling the definition of Yy given in (2.5) and taking into account the

particular plane-wave form (2.7) of the phases ¢;, we obtain from Lemma 3.4 and
Assertion ii. of Lemma 3.2 that

J
(42) Wallw < 1Al D2 K « (AcdAne@omre)]||
<A 2 1 i
L#m
Using,
. L ,
cvk/etz _iEW . Vyezy-k/a—f—z (Z c C),
we can perform a partial integration w.r.t y, and rewrite
K # (AA !0 ome) = , K(z — ) A(y) A (y) e e =omW/e gy
R
' K = P 1 i(6e(y)—¢m () /=
= i€ Vo (K (z — y)Ad(y) An (y) ) @@ =omWI/E gy,
R4 |kf — km|2

To show that the boundary terms vanish, assume first that A; € S(R?), the set of
Schwartz functions (for which the boundary terms clearly vanish). Since S(R?)
is dense in L'(RY), Fourier transformation implies that S(R?) is also dense in
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W (RY). Consequently, the fact that the expressions on both sides are norm-bounded
sesquilinear forms establishes the above formula.

Using ky # kn € R we know that Agy = 5y € RY is well defined and
consequently

K o (ApAy e @=0m/E) = —ie(Ng VK) + (AgA,, P om)/e)
FieK % (Mg V(AGA,,))el0e=0m/e),
Using the estimate (3.2) and Lemma 3.4 (with J = 1) we get
1 5 (AeAne @)%Y iy < &l Apun VE [loe [ Aell [ Al
el K el AeneV (Ae A -

Invoking again Lemma 3.4 (with k; =0, ¢; = 0) and Lemma 3.2 ii, we conclude

J
H S K % (A eiOeome)

£,m=1
L#£m

‘ W

J
<e ) (dlAz,mlHVK||L°<>I|AszHAmHW + 2||K||L°°|A€,m|HVAZHAHAmHW)

L,m=1
{#m

< el sl AlLa (A TE < AL + 201 R 12 [V AlL4)

.....

J J d
IVAIL =D IVAd =D (100, Acllw-
/=1

{=1 n=1
This, together with (4.2) yields the estimate (4.1). O

Remark 4.2. Proposition 4.1 shows that ||Yg|lw = O(e) and thus can indeed be
considered a part of the remainder. Note that in the proof it is essential to invoke
a stationary-phase type argument first, before starting to take estimates. In fact
we would not succeed to show that ||[Yz|lw = O(e), if we would estimate Yy in its
original form.

By combining the results of Lemma 3.6 and Proposition 4.1, we obtain the fol-
lowing result.

Corollary 4.3. Under the assumptions of Lemma 3.6 and Proposition 4.1, there
exists, for every T > 0, a constant Cr(T) > 0, independent of € > 0, such that the
remainder R(ug,,) given by (2.12) satisfies

(4.3) |R(us,,)lw <°Cr Y te[0,T], Ve >0,

where

fy:

2 ifae{l}U][2,00),
a ifa € (1,2).
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Proof. Lemma 3.6 guarantees the existence of the norms ||A(t, )|, [|VA(t, )|l 4,
|AA(t,-)||la < oo for all t € [0,00), which are independent of € > 0 and continuous
in ¢. Hence, taking their maximum over ¢ € [0, 7], we obtain (4.3) from (3.5), (3.6),
(4.1) and the definition (2.12) of R(ug,). O

With the estimate of Corollary 4.3 on R(ug,,) at hand, we can finally state
the proof of our main theorem, which follows the basic ideas established in [13] for
justifying the nonlinear Schrodinger equation as a modulation equation for dispersive
waves.

Proof of Theorem 1.2. We consider a fixed T" > 0 and introduce the following scaled
error 7° between the original solution u® to (1.3) subject to the initial data (1.2) and
the approximation (1.6):

€

app’

with a parameter 8 > 0 to be specified below. Hence, 7¢(0) = 0. From (3.4) and
Lemma 3.6 we know that there exists a constant C'y > 0, independent of e, such
that [Jug,,(t,-)|lw < Ca, for all t € [0,T]. Since r5(0) = 0, it follows |lug|lw < Ca.
Consequently, for any D > Cy, Lemma 3.3 yields the existence of a unique solution

uf € C([0, Tp], W(R?)) for some Ty > 0 with ||uf(t)||w < D for t € [0, Tp).
Moreover, from (1.3) and (2.2) it follows that < satisfies

Pre = uf—u

2

€

et + 5AT€ = (M (ugpp + efre) — M(uzpp)) - 5_ﬁR(u2pp>
with M(u) = (K * |u|*)u for t < 7 := min{Ty, T}, and by Duhamel’s formula and
Lemma 3.2 iii. we obtain
¢

(@) [lw < €a_ﬁ_1/0 M (g, (T) +€775(7)) = M(ug, (7)) |lw dr
(4.4)

t
20 IR (7)) v
for all t < 7. Writing

M(u+7r) = M(u) = (K = (ur + ar + |r[*)) (u+7) + (K * [u]*)r,
the estimate (3.3) gives

(45)  IM(u+r) = M)llw < 1K= @llulfy + 3lullwlirllw + el 7l

Hence, replacing u = ug,, and r = e9r¢, and recalling 3 > 0, we obtain for any

C >0 and gy € (0,1], such that 3¢5 C4C + e2’C? = C%, that
(4.6) M (ugy, +°r%) = M(ui ) lw < PCullrfllw Ve<e, t<r
where Cyq := 4||K || ,~C3, as long as ||r¢|lw < C.
Inserting the bounds (4.6) and (4.3) into (4.4), and recalling that g < 1, a > 1,
7 < T, we consequently obtain for 5 € (0,y—1]

t
lrs(®)|lw < CrT + C'M/ lrs(T)|lwdr Ve<ey t<T
0
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By Gronwall’s lemma this yields

||’I“E(t)||w < C’RTeCMt Ve < €0, t < T.

Hence, setting above C' := CrTe““” and D := C'+C4 this estimate guarantees that
the solution u® exists on the whole time interval [0, 7], cf. the proof of Lemma 3.3.
Moreover, recalling Lemma 3.2 i, we finally obtain the error estimate (1.5) which
finishes the proof. U
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