A spatial dynamics approach to three-dimensional gravity-capillary steady water waves

M. D. Groves Department of Mathematical Sciences, Loughborough University, Loughborough, LE11 3TU, UK

A. Mielke Mathematisches Institut A, Universität Stuttgart, Pfaffenwaldring 57, 70569 Stuttgart, Germany

1 Introduction

A new approach to the question of the existence of small-amplitude, uniformly translating, twodimensional capillary-gravity water waves was proposed by Kirchgässner (1988), who suggested writing the governing equations as an infinite-dimensional, quasilinear dynamical system in which the horizontal coordinate is the time-like variable. The centre-manifold reduction theorem of Mielke (1988) may then be used to show that this dynamical system is locally equivalent to a system of ordinary differential equations whose solution set can, in theory, be analysed. This method has become known as ‘spatial dynamics’ and is the basis for several existence theories for two-dimensional capillary-gravity water waves (see Iooss (1995) for a review). It was later noticed by Mielke (1991, ch. 9) and Baesens & MacKay (1992) that the two-dimensional steady water-wave problem can be written as a Hamiltonian system, and their observations were placed upon a secure functional-analytic foundation by Groves & Toland (1997). Mielke (1991) demonstrated that the reduced system of ordinary differential equations inherits the Hamiltonian structure, and this additional feature of the reduction process has since been exploited in recent existence theories for infinite families of multi-humped solitary waves (Buffoni, Groves & Toland 1996; Buffoni & Groves 1999).

This article is concerned with the application of spatial dynamics methods to a three-dimen-sional steady water-wave problem in which the waves are uniformly translating in one horizontal direction and periodic in the other. The issue was raised recently by Haragus-Courcelle & Illichev (1998), who studied a model equation for three-dimensional water waves of this type. The main difficulty in the full three-dimensional steady water-wave problem is the appropriate choice of variables for a correct formulation as a dynamical system. This matter is settled in the present article. Physically motivated arguments based upon a well-known formal variational formulation of the problem are used to select variables whose mathematical suitability is confirmed a posteriori. The dynamical system obtained in this fashion is Hamiltonian and amenable to the centre-manifold reduction procedure described above.

The first contribution to the study of variational formulations of the water-wave problem was made by Luke (1967), who published a formal variational principle that recovers the water-wave equations. A version of Luke’s variational principle for the three-dimensional steady water-wave problem under consideration here is given in Section 2.2. It depends upon the velocity potential ϕ(x, y, z) and the free-surface elevation η(x, z) and involves integrals over the unknown fluid domain D_η = {(x, y, z) : x ∈ R, y ∈ (0, η(x, z)), z ∈ (0, P )} (see equation (10)). A more workable variational principle is found by mapping D_η onto a strip using the transformation y = Y η(x, z), where Y ∈ (0, 1), and introducing a new variable Φ(x, Y, z) = ϕ(x, y, z). The new variational functional can be interpreted as the action functional associated with a Lagrangian for the ‘configuration variables’ η and Φ and their ‘velocities’ η_x and Φ_x. Proceeding formally, one can carry out a Legendre transform to derive a Hamiltonian functional H which depends upon the canonical variables η, ω, Φ and ξ, where ω and ξ are ‘momenta’ conjugate to respectively η and Φ. ‘Hamilton’s equations’ are written down by taking formal variational derivatives of this functional (equations (19)–(22)), and are accompanied by nonlinear boundary conditions (equations (17), (18)) which emerge from the necessary integration by parts.

The above procedure suggests strongly that a suitable formulation of the three-dimensional steady water-wave problem as a dynamical system is given by u_x = f(u), in which u = (η, ω, Φ, ξ) and f is defined by the right-hand sides of ‘Hamilton’s equations’, together with the nonlinear boundary conditions mentioned above. In Section 2.4 a Hilbert space X_s and a domain D(f) for f are identified with the properties that D(f) is an open subset of a dense subspace X_{s+1} of X_s, f maps D(f) smoothly into X_s and the nonlinear boundary conditions are well defined for u ∈ D(f). The spaces X_s and X_{s+1} are chosen as products of Hilbert spaces of fractional order, and results from interpolation theory are used to verify that f : D(f) → X_s is well defined and smooth. One particular issue that arises here is that η, ω and Φ, ξ are defined upon respectively S = {z ∈ (0, P )} and Σ = {(Y, z) ∈ (0, 1)×(0, P )}, and it is necessary to relate these functions to each other. A key feature of the function f is that the trace operator Φ(Y, z) → Φ(1, z), which maps H^s(Σ) onto H^{s−1/2}(S) for s > 0, does not appear: the operator Φ(Y, z) →

∫_1

0 Φ(Y, z) dY , which maps H^s(Σ) into H^s(S), occurs in its place. The better mapping properties of the latter operator, which is selected by the physics of the problem, play an essential role in ensuring that f is well defined as an operator from its domain into X_s. It is also confirmed in Section 2.4 that solutions of the dynamical system under consideration define solutions of the steady water-wave problem (see Lemma 1) and its Hamiltonian structure is made rigorous. The remaining obstacle to its use in analysis, namely the nonlinear boundary conditions, is overcome in Section 3.2, where a diffeomorphism is constructed which transforms the system into an equivalent system with linear boundary conditions. Precise statements of the reduction theorems are given in Section 3, which also contains the material to verify that they are applicable to the present formulation of the three-dimensional steady water-wave problem.

The basic hydrodynamic problem depends upon two dimensionless parameters α = gh/c^2 and β = σ/hc^2 where g, σ, h and c denote respectively the acceleration due to gravity, the coefficient of surface tension, the depth of the water in its undisturbed state and the velocity of the travelling wave; by assuming periodicity in the z-direction with period hP , a third dimensionless parameter P > 0 is introduced. The eigenvalues λ of the linearised problem satisfy the equation

(α − βσ^2)σ sin σ = |λ|^2 cos σ, σ^2 = |λ|^2 − 4π^2k^2/P^2 (1)

for some k ∈ Z. Figure 1 depicts the values of (β, α) at which the number of purely imaginary eigenvalues changes. Note that it incorporates the corresponding picture for two-dimensional water waves, which was first given by Kirchgässner (1988, Figure 1). ‘Two-dimensional’ eigenvalues (those associated with two-dimensional water waves) are shown as solid dots in Figure 1; they correspond to solutions of (1) with k = 0. ‘Three-dimensional’ eigenvalues (those which arise due to the z-dependent terms in the present problem) are shown as hollow dots and correspond to solutions of (1) with k ≠ 0. In contrast to the geometrically simple ‘two-dimensional’ eigenvalues, the ‘three-dimensional’ eigenvalues are geometrically double: the corresponding eigenvectors occur in pairs with z-dependence of the form cos(2πk/P ) and sin(2πk/P ).

The three-dimensional steady water-wave problem is invariant under the transformation z → −z, and one may take advantage of this reflective symmetry to restrict to wave motions which are even in z and hence admit a representation as a Fourier cosine series. Its eigenvalues become geometrically simple, and for values of (β, α) away from the curves C_0, C_1, . . . and {α = 1} all purely imaginary eigenvalues are also algebraically simple. This fact, together with the Hamiltonian structure of the hydrodynamic problem, forms the basis of an existence theory for periodic

Figure 1: The solid and hollow dots represent respectively ‘two-dimensional’ and ‘threedimensional’ eigenvalues. The curves C_0, C_1, C_2, . . . consist of points in (β, α)-parameter space at which four purely imaginary eigenvalues become complex without passing through zero. At points along {α = 1} two purely imaginary ‘two-dimensional’ eigenvalues become real by passing though zero. The dashed curve consists of points at which four ‘two-dimensional’ real eigenvalues become complex without passing through zero. An existence theory for generalised solitary waves in the shaded region is given in Section 4.

or quasiperiodic waves. The centre-manifold reduction procedure preserves both the Hamiltonian structure and the configuration of the purely imaginary eigenvalues. Introducing canonical coordinates for the reduced equations using Darboux’s theorem, one can complete the existence theory by a direct application of the Lyapunov centre theorem or an appropriate result from the KAM theory. The results which can be obtained in this way are stated precisely in Section 3.5.

The curves C_k, k = 1, 2, . . . in Figure 1 portray the loci of points in (β, α)-parameter space at which the number of purely imaginary ‘three-dimensional’ eigenvalues changes. More precisely, two purely imaginary eigenvalues ±is_k associated with the kth Fourier mode become complex without passing through zero at the curve C_k. Each curve C_k, k = 1, 2, . . . consists of two parts C^+_k and C^−_k which lie respectively above and below the line {α = 1}. The eigenvalue structure on C^+_k and C^−_k is different because of the different nature of the ‘two-dimensional’ eigenvalues above and below this line. Codimension-one bifurcations of even water waves for parameter values near the curve C^−_1 (at which the centre manifold is six dimensional) are considered in detail in this paper. Illichev & Kirchgässner (1998) recently derived an integrable normal form for six-dimensional reversible dynamical systems with an eigenvalue configuration of this type: as a bifurcation parameter μ is increased through zero, four of its six purely imaginary eigenvalues become complex without passing through zero. At each order their normal form admits a family of periodic solutions, each of which is connected to itself by a circle of homoclinic connections when μ > 0. A Hamiltonian version of this theory is given in Section 4.1 of the present paper, and Sections 4.2 and 4.3 deal with the issue of how its solutions survive the re-introduction of higher-order remainder terms in the vector field which are neglected in the normal-form approx-

Figure 2: A sketch of a three-dimensional generalised solitary wave which decays to a twodimensional periodic ripple at infinity.

imation. It is established that a family of periodic orbits persists, each of which is connected to itself by four reversible homoclinic connections. The method is quite general and complements the work of Illichev & Kirchgässner, who did not consider the persistence issue.

In the steady water-wave problem the periodic orbits in the above discussion are governed by ‘two-dimensional’ eigenvalues and therefore correspond to two-dimensional wave motions. On the other hand the homoclinic connections to these orbits are controlled by ‘three-dimensional’ complex eigenvalues. The corresponding solutions of the steady water-wave problem are generalised solitary waves which consist of a three-dimensional wave decaying to a two-dimensional periodic ripple far up- and downstream; a wave of this kind is sketched in Figure 2. The main result of the analysis in Section 4 may be stated mathematically as follows. Take (β_0, α_0) ∈ C^−_1 . There exists a positive number Î_0 such that the three-dimensional steady water-wave problem has a periodic orbit P^_{I,μ} at (β, α) = (β, α + μ) for each Î ∈ (0, Î_0) and each μ ∈ (0, μ^_I ), where μ_Î is a positive constant which depends upon Î. The orbit P_{Î,μ} is z-independent, has amplitude O( √ μÎ) and is connected to itself by four geometrically distinct, reversible homoclinic orbits which have nontrivial, periodic z-dependence.

The analysis in this paper was further motivated by previous work of Bridges (1994), who used perceptive physically-motivated arguments to suggest a Hamiltonian formulation for threedimensional steady water waves which does not appear to be directly amenable to functionalanalytic treatment. In his study he identifies the existence of the curves C_1, C_2, . . . in a different form (see his Figures 5.1 and 5.2) and argues that they should be associated with bifurcation phenomena. The only other rigorous treatments of three-dimensional gravity-capillary waves currently available are due to Reeder & Shinbrot (1981), who study periodic travelling waves whose fundamental domain is a ‘symmetric diamond’ and Craig & Nicholls (1999), who study periodic travelling waves with general fundamental domains.

Acknowledgements This research was carried out while MDG was supported by an Alexander von Humboldt Research Fellowship at the Institut für Angewandte Mathematik, Universität Hannover. We are grateful to Dr. M. Haragus-Courcelle for re-awakening our interest in threedimensional water waves and for many helpful conversations during the course of our work.

2 Formulation as an infinite-dimensional Hamiltonian system

2.1 The hydrodynamic problem

The physical problem in question concerns the three-dimensional flow of a perfect fluid of unit density subject to the forces of gravity and surface tension. Let (x, ỹ, z) denote the usual Cartesian coordinates. The fluid occupies the domain D_η = {(x, ỹ, z) : x, z ∈ R, ỹ ∈ (0, η(x, z, t))}, where η > 0 is a function of the spatial coordinates x, z and of time t. In terms of an Eulerian velocity potential ϕ, the mathematical problem is to solve Laplace’s equation

ϕ_{xx} + ϕ_{ỹỹ} + ϕ_{zz} = 0 in D_η, (2)

with boundary conditions

ϕ_ỹ = 0 on ỹ = 0 (3) η_t = ϕỹ − ηxϕx − ηzϕz on ỹ = η, (4) ϕ_t = 1 2 (ϕ^2_x + ϕ^2_ỹ + ϕ^2_z) − gη + σ η_x √ 1 + η^2_x + η^2_z x + σ η_z √ 1 + η^2_x + η^2_z z + B on ỹ = η, (5)

in which σ > 0 is the coefficient of surface tension and B is a constant called the Bernoulli constant (see, for example, Stoker (1957, §§1, 2.1)). Equation (3) is the kinematic condition that the water cannot permeate the rigid horizontal boundary at ỹ = 0, while (4), (5) are respectively the kinematic and dynamic conditions at the free surface. Notice that equations (2)–(5) have the trivial solution (η, ϕ) = (h, 0), where the constant h represents the depth of the water in its undisturbed state.

This paper treats waves that are uniformly translating in the x-direction and periodic in the z-direction. These waves are described by solutions of (2)–(5) of the special form η(x, z, t) = η^′(x − ct, z), ϕ(x, ỹ, z, t) = ϕ^′(x − ct, ỹ, z). Substituting this form of η, ϕ into (2)–(5) and introducing the dimensionless variables

(x^′, ỹ^′, z^′) = 1 h (x, ỹ, z), η^′(x^′, z^′) = 1 h η(x, z), ϕ^′(x^′, ỹ^′, z^′) = 1 ch ϕ(x, ỹ, z), one obtains the equations

ϕ_{xx} + ϕ_{ỹỹ} + ϕ_{zz} = 0 0 < ỹ < η(x, z), (6) ϕ_ỹ = 0 on ỹ = 0, (7) ϕ_ỹ = η_xϕ_x + η_zϕ_z − η_x on ỹ = η(x, z) (8) and −ϕ_x + 1 2 (ϕ^2_x + ϕ^2_ỹ + ϕ^2_z) + α(η − 1) − β η_x √ 1 + η^2_x + η^2_z x − β η_z √ 1 + η^2_x + η^2_z z = 0 on ỹ = η(x, z) (9) 6 in which the primes have been dropped and x is now a shorthand for the variable x − ct. Here α = gh/c^2, β = σ/hc and the Bernoulli constant has been set to gh to allow for solitary waves, that is solutions of (6)–(9) with η → 1, (ϕ_x, ϕ_ỹ, ϕ_z) → 0 as x → ±∞. The variables η, ϕ are assumed to be periodic in z; their period will henceforth be denoted by P .

The hydrodynamic problem (6)–(9) has certain symmetries. The equations are invariant under translations in the spatial coordinates x, z and in the velocity potential ϕ. There are also two discrete symmetries which play an important role in the following theory, namely z → −z (reflection) and (x, η, ϕ) → (−x, η, −ϕ) (reversibility).

2.2 Physical considerations

This section presents a formal, but physically motivated and direct argument which suggests the correct choice of Hamiltonian function for the three-dimensional steady water-wave problem. The starting point is the observation that equations (6)–(9) follow from the formal variational principle δ {∫ ∫ P 0 (∫ η 0 1 2 ((ϕ_x − 1)^2 + ϕ^2_ỹ + ϕ^2_z) dỹ + 1 2 α(η − 1)^2 − 1 2 (η − 1) + β( √ 1 + η^2_x + η^2_z − 1) ) dz dx } = 0, (10)

where the variation is taken in (η, ϕ). A more satisfactory version of this variational principle is obtained using the change of variable ϕ(x, ỹ, z) = Φ(x, y, z), (11) where ỹ = yη(x, z). One finds that δL = 0, L = ∫ L(η, Φ, η_x, Φ_x) dx, in which

L(η, Φ, η_x, Φ_x) = ∫ Σ 1 2η [(ηΦ_x − η − η_xyΦ_y)^2 + Φ^2_y + (ηΦ_z − η_zyΦ_y)^2] dy dz + ∫ S (1 2 α(η − 1)^2 − 1 2 (η − 1) + β[ √ 1 + η^2_x + η^2_z − 1] ) dz, S = (0, P ) and Σ = (0, 1) × (0, P ). The next step is to carry out a Legendre transform. Define new variables ω and ξ by the formulae ω = δL δη_x = − ∫_1 0 (ηΦ_x − η − η_xyΦ_y) yΦ_y η dy + βη_x √ 1 + η^2_x + η^2_z , ξ = δL δΦ_x = ηΦ_x − η − η_xyΦ_y, in which the variational derivatives are taken formally in respectively L^2(S) and L^2(Σ), and set H(η, ω, Φ, ξ) = ∫ Σ ξΦ_x dy dz + ∫ S ωη_x dz − L(η, Φ, η_x, Φ_x) = ∫ Σ ( 1 2η (ξ^2 − Φ^2_y) − 1 2η (ηΦ_z − η_zyΦ_y)^2 + ξ ) dy dz + ∫ S ( 1 2 (η − 1) − 1 2 α(η − 1)^2 + β − (β^2 − W^2)^{12} (1 + η_z)^{12} ) dz, where W = ω + 1 η ∫_1 0 ξyΦ_y dy. The above procedure suggests that the equations

η_x = δH δω , ω_x = − δH δη , Φ_x = δH δΨ , Ψ_x = − δH δΦ formally represent Hamilton’s equations for a formulation of the above steady water-wave problem as a Hamiltonian system. Writing down these equations, one finds that (η, ω, Φ, ξ) = (1, 0, 0, −1) is always a solution. Let us therefore introduce new variables η = 1 + ρ, ξ = Ψ − 1 to arrive at the Hamiltonian H(ρ, ω, Φ, Ψ) = ∫ Σ Ψ^2 − Φ^2_y 2(ρ + 1) − ρ + 1 2 ( Φ_z − yΦ_yρ_z ρ + 1

)_2 + ( 1 − 1 ρ + 1 ) Ψ dy dz + ∫ S ( 1 2(ρ + 1) + 1 2 ρ − 1 2 αρ^2 + β − (β^2 − W^2)^{12} (1 + ρ^2_z)^{12} ) dz, (12)

in which W = ω + 1 ρ + 1

∫_1 0 (Ψ − 1)yΦ_y dy. (13)

In section 2.4 below it is confirmed rigorously that equation (12) defines a Hamiltonian function on a suitable symplectic manifold and that trajectories of Hamilton’s equations result in solutions of the three-dimensional steady water-wave problem.

2.3 Nomenclature

Let us now briefly summarise the terminology used below in the formulation of the threedimensional steady water-wave problem as a Hamiltonian system. Let M be a manifold modelled on a single coordinate chart U in a Hilbert space X with coordinate map ϕ : M → U. The tangent and cotangent spaces to M at m (Abraham, Marsden & Ratiu 1988, Definitions 3.3.3 and 5.2.9) are denoted by T M|_m and T^∗M|_m and are identified with X and X^∗. The tangent and cotangent bundles of M are denoted by T M and T^∗M and treated as manifolds modelled on the single coordinate charts U × X and U × X^∗. A manifold domain N of M is a subset of M which is a manifold in its own right, modelled upon the single coordinate chart V in a Hilbert space Y which is densely and continuously embedded in X such that the coordinate map ψ : N → V is defined by ψ = ϕ|_N .

A k-form α is an assignment of a bounded alternating k-linear map α|_m : (T M|_m)^k → R to each point m of its domain D(α) ⊆ M. The differential df : D(df) ⊂ M → T^∗M of a function f ∈ C^1(N, R) is defined by D(df) = {m ∈ M : df|m ∈ T^∗N|m extends to df|m ∈ T^∗M|m}; the extension is unique because Y is densely embedded in X. A 2-form Ω is weakly nondegenerate at a point m ∈ M if the fact that Ω|_m(v_1, v_2) = 0 for all v_1 ∈ T M|_m implies that v_2 = 0, and is closed if its exterior derivative is zero. For the present purposes it suffices to note that the closure condition is always satisfied if Ω|_m is the same for each m (see Abraham, Marsden & Ratiu (1988, ch. 8).

A Hamiltonian system is a triple (M, Ω, H), where M is a manifold, H ∈ C^1(N, R) is a function defined on a manifold domain N of M called the Hamiltonian and Ω is a symplectic 2-form (a 2-form on M that is closed and weakly nondegenerate at each point of M) whose domain contains N. A vector field v on M is an assignment of a tangent vector v|_m ∈ T M|_m to each point m of its domain D(v) ⊆ M. Each Hamiltonian system has an associated Hamiltonian vector field v_H, which is defined as follows. Let D(v_H ) ⊂ M denote the subset of D(dH) whose elements m have the property that there exists a tangent vector v_H |_m ∈ T M|_m such that dH|m(ṽ|m) = Ω|m(vH|m, ṽ|m) for all ṽ|_m ∈ T M|_m; the uniqueness of v_H|_m is ensured by the weak nondegeneracy of Ω.

A trajectory γ : (a, b) → D(v) ⊆ M of a vector field v on M is a continuously differentiable path whose tangent vector γ̇(x) coincides with v|_{γ(x)} at each point x ∈ (a, b). Hamilton’s equations for the Hamiltonian system (M, Ω, H) are the differential equations

γ̇(x) = v_H|_{γ(x)} (14)

which determine the trajectories γ : (a, b) → D(v_H ) ⊂ M of the Hamiltonian vector field. A Hamiltonian system is said to be reversible if there exists a linear involution S : X → X (called the reverser) which anticommutes with the Hamiltonian vector field, so that Sγ(−x) is a trajectory of Hamilton’s equations whenever γ(x) is. A trajectory γ is reversible if Sγ(−x) = γ(x). 2.4 The Hamiltonian formulation

The theory below uses the Hilbert spaces

H^t_{per}(S) = {u ∈ H^t_{loc}(R) : u(z + P ) = u(z), z ∈ R}, H^t_{per}(Σ) = {u ∈ H^t_{loc}((0, 1) × R) : u(y, z + P ) = u(y, z), y ∈ (0, 1), z ∈ R},

in which S = (0, P ), Σ = (0, 1) × (0, P ) and t is a nonnegative real number. Various results concerning the nature of these spaces, most of which are obtained by interpolation theory, are collected together in Appendix A. Take s ∈ (0, 1/2), define X_s = H^{s+1}_{per} (S) × H^s_{per}(S) × H^{s+1}_{per} (Σ) × H^s_{per}(Σ) and consider the symplectic manifold (M, Ω), where M = X_s and Ω is the position-independent 2-form on M given by

Ω|_m((ρ_1, ω_1, Φ_1, Ψ_1), (ρ_2, ω_2, Φ_2, Ψ_2)) = ∫ S (ω_2ρ_1 − ρ_2ω_1) dz + ∫ Σ (Ψ_2Φ_1 − Φ_2Ψ_1) dy dz (15) 9

(the canonical 2-form with respect to the L^2(S)×L^2(S)×L^2(Σ)×L^2(Σ)-inner product). Observe that the set N = {(ρ, ω, Φ, Ψ) ∈ X_{s+1} : |W (z)| < β, ρ(z) > −1 for each z ∈ [0, 1]}, in which W is defined by (13), is a manifold domain of M (the pointwise constraints are valid since ρ ∈ H^{s+1}_{per} (S) ⊂ C(S) and it follows from the results in Appendix A that the same is true of W ). These results also show that the function H given by (12) belongs to C^∞(N, R); a direct calculation shows that dH|n(v1|n) = ∫ S ω_1W ( 1 + ρ^2_z β^2 − W^2

) 1_2

dz + ∫ Σ ρ_{1z} ( Φ_z − yΦ_yρ_z ρ + 1 ) Φ_yy dy dz − ∫ Σ ρ_1 { Ψ^2 − Φ^2_y 2(ρ + 1)^2 + 1 2 ( Φ^2_z − y^2Φ^2_yρ^2_z (ρ + 1)^2 ) − 1 (ρ + 1)^2 Ψ } dy dz − ∫ S ρ_1 ( 1 2(ρ + 1)^2 − 1 2 + αρ ) dz − ∫ S ρ_{1z} ( 1 + ρ^2_z β^2 − W^2

) 1_2 dz − ∫ Σ ρ_1W (Ψ − 1)yΦ_y (ρ + 1)^2 ( 1 + ρ^2_z β^2 − W^2

) 1_2 dy dz

+ ∫ Σ Ψ_1 Ψ ρ + 1

+ 1 − 1 ρ + 1 + W yΦ_y ρ + 1 ( 1 + ρ^2_z β^2 − W^2 ) 1_2 dy dz

+ ∫ Σ Φ_{1y} ( Φ_z − yΦ_yρ_z ρ + 1 ) yρ_z + W y(Ψ − 1) ρ + 1 ( 1 + ρ^2_z β^2 − W^2

) 1_2 − Φ_y ρ + 1 dy dz − ∫ Σ Φ_{1z} ( Φ_z − yΦ_yρ_z ρ + 1 ) (ρ + 1) dy dz (16)

for n = (ρ, ω, Φ, Ψ) ∈ N and v_1|_n = (ρ_1, ω_1, Φ_1, Ψ_1) ∈ T N|_n ∼= X_{s+1}. The triple (M, Ω, H) is therefore a Hamiltonian system.

It follows from Lemma 19(ii) in Appendix A that dH|_n extends to an element of T^∗M|_n ∼= X^∗_s for each n ∈ N. Recall that the point n ∈ N belongs to D(v_H ) with v_H|_n = v|_n if and only if Ω|_n(v|_n, v_1|_n) = dH|_n(v_1|_n) for all tangent vectors v_1|_n ∈ T M|_n. Using this criterion, equations (15), (16) and integrating by parts, one finds that D(v_H ) is the set of functions (η, ω, Φ, Ψ) ∈ N that satisfy the natural boundary conditions

Φ_y = 0 on y = 0, (17) Φ_y ρ + 1 − ( Φ_z −

Φ_yρ_z ρ + 1 ) ρ_z − W (Ψ − 1) ρ + 1 ( 1 + ρ^2_z β^2 − W^2

) 1_2

= 0 on y = 1 (18)

and that Hamilton’s equations u̇ = v_H(u) are given explicitly by ρ̇ = W ( 1 + ρ^2_z β^2 − W^2

) 1_2

, (19)

ω̇ =

∫_1 0 { Ψ^2 − Φ^2_y 2(ρ + 1)^2 + 1 2 ( Φ^2_z − y^2Φ^2_yρ^2_z (ρ + 1)^2 ) + [( Φ_z − yΦ_yρ_z ρ + 1 ) yΦ_y ] z − Ψ (ρ + 1)^2 } dy

+ 1 2(ρ + 1)^2 − 1 2 + αρ + W (ρ + 1)^2 ( 1 + ρ^2_z β^2 − W^2

) 1_2 ∫_1 0 (Ψ − 1)yΦ_y dy − ρ_z ( β^2 − W^2 1 + ρ^2_z

) 1_2

z , (20)

Φ̇ = Ψ

(ρ + 1)

+ 1 − 1 ρ + 1 + W yΦ_y ρ + 1 ( 1 + ρ^2_z β^2 − W^2

) 1_2

, (21)

Ψ̇ = − Φ^{yy}

ρ + 1 − [ (ρ + 1) ( Φ_z − yΦ_yρ_z ρ + 1 )] z + [( Φ_z − yΦ_yρ_z ρ + 1 ) yρ_z ] y + W (y(Ψ − 1))_y ρ + 1 ( 1 + ρ^2_z β^2 − W^2

) 1_2

. (22)

The results in Appendix A show that the right-hand sides of equations (19)–(22) define a smooth function N → X_s (the terms in square brackets may be expanded using the product rule in the usual fashion) and that the boundary conditions (17), (18) are also well defined.

The Hamiltonian system (M, Ω, H) has the conserved quantities H(ρ, ω, Φ, Ψ), ∫ S ωρ_z dz + ∫ Σ ΨΦ_z dy dz, ∫ Σ Ψ dy dz, which are associated with continuous symmetries, namely the invariance of Hamilton’s equations under translations in x, z and Φ. Hamilton’s equations also inherit the discrete symmetries of the hydrodynamic problem (6)–(9). They are invariant under the reflection z → −z and are reversible; the reverser S : X_s → X_s is defined by S(ρ, ω, Φ, Ψ) = (ρ, −ω, −Φ, Ψ).

It remains to confirm the connection between trajectories of Hamilton’s equations with solutions of the three-dimensional steady water-wave problem.

Lemma 1 Suppose that γ = (ρ, ω, Φ, Ψ) : (a, b) → D(v_H ) ⊂ M is a trajectory of Hamilton’s equations for (M, Ω, H) which is continuous into N and continuously differentiable into M. Define functions η, ϕ by the formulae η(x, z) = 1 + ρ(x)(z), (x, z) ∈ (a, b) × S, ϕ(x, ỹ, z) = Φ(x)(y, z), (x, y, z) ∈ (a, b) × Σ, where ỹ = yη(x, z), and let (x_1, x_2) be an interval with a < x_1 < x_2 < b. The functions η̃ and ϕ̃ belong to respectively C 1((x_1, x_2) × S) and C 1(D1_η) ∩ C ∞(D2_η), where D^1_η = {(x, ỹ, z) : x ∈ (x_1, x_2), z ∈ [0, P ], ỹ ∈ [0, η(x, z)]}, D^2_η = {(x, ỹ, z) : x ∈ (x_1, x_2), z ∈ [0, P ], ỹ ∈ (0, η(x, z))}, and solve equations (6)–(8) pointwise and equation (9) in the weak sense.

Proof Define functions ρ̃, ω̃, Φ̃, Ψ̃ by ρ̃(x, z) = ρ(x)(z), ω̃(x, z) = ω(x)(z), (x, z) ∈ (a, b) × S, Φ̃(x, y, z) = Φ(x)(y, z), Ψ̃(x, y, z) = Ψ(x)(y, z), (x, y, z) ∈ (a, b) × Σ. It follows from the hypotheses on γ that these functions are continuous and that ρ̃, Φ̃ have continuous first derivatives on respectively (a, b) × S and (a, b) × Σ. Straightforward arguments show that the first derivatives of ω̃, Ψ̃ and all second derivatives of ρ̃, Φ̃ except ρ̃_{xx}, Φ̃_{xx} exist in the weak sense on (x_1, x_2) × S and (x_1, x_2) × Σ; these derivatives are related to those of ρ, Φ by statements of the following type: for almost all x ∈ (x_1, x_2) the identity

ρ̇_z(x) =

∂^2ρ̃ ∂x∂z holds for almost all z ∈ (0, P ). Equations (19), (21) show that the weak derivatives ρ̃_{xx} and Φ̃_{xx} also exist in the weak sense on (x_1, x_2) × S and (x_1, x_2) × Σ.

A straightforward but lengthy manipulation of equations (17), (18), (19)–(22) shows that η = 1 + ρ̃ and Φ̃ satisfy

Φ̃_{xx} + Φ̃_{zz} + Φ̃_{yy} η^2 + y^2Φ̃_{yy} η^2

(η^2_x + η^2_z ) − yΦ̃_y η (η_{xx} + η_{zz} ) +

2yΦ̃_y η^2

(η^2_x + η^2_z ) − 2yΦ̃_{xy}η_x η − 2yΦ̃_{yz} η_z η = 0 in L^2((x_1, x_2) × Σ) and α(η − 1) − β η_x √ 1 + η^2_x + η^2_z x − β η_z √ 1 + η^2_x + η^2_z z + 1 2 ( Φ̃_x −

Φ̃_yη_x η )_2| | | | | y=1 + Φ̃^2_y 2η^2 | | | | | | y=1 + 1 2 ( Φ̃_z −

Φ̃_yη_z η )_2| | | | | y=1 − ( Φ̃_x −

Φ̃_yη_x η )| | | y=1 = 0

in L^2((x_1, x_2) × S); the boundary conditions

Φ̃_y = 0 on y = 0, Φ̃_y η − ( Φ̃_z −

Φ̃_yη_z η ) η_z − ( Φ̃_x −

Φ̃_yη_x η ) η_x + η_x = 0 on y = 1

are satisfied pointwise. The function ϕ defined by ϕ(x, ỹ, z) = Φ̃(x, y, z) clearly belongs to C^1(D^η_1 ), and one finds from the above equations that η, ϕ solve (6), (9) in the weak sense and (7), (8) pointwise. Finally, note that ϕ belongs to C^∞(D^2_η) since it is a weak solution of Laplace’s equation in D^2_η. 2

3 Centre-manifold reduction 3.1 The reduction theorems

Theorems 2 and 3 below are the basic reduction results used in the sequel. Theorem 2 was obtained by Mielke (1988), while Theorem 3 is a parameterised version of a result given by Mielke (1991, Theorem 4.1) (see Buffoni, Groves & Toland (1996, Theorem 4.1)). Theorem 2 Consider the differential equation u̇ = Ku + n(u, λ), (23) in which u belongs to a Hilbert space X, λ ∈ R^n is a parameter and K : D(K) ⊂ X → X is a densely defined, closed linear operator. Regarding D(K) as a Hilbert space equipped with the graph norm, suppose that 0 is an equilibrium point of (23) when λ = 0 and that (H1) X admits a direct-sum decomposition X = X_1 ⊕ X_2, where X_1, X_2 are closed, K-invariant subspaces, so that (23) can be written as the linearly-decoupled system u̇_1 = K_1u_1 + n_1(u_1 + u_2, λ), (24) u̇_2 = K_2u_2 + n_2(u_1 + u_2, λ), (25) in which K_i = K|_{D(K)∩Xi} : D(K) ∩ X_i ⊂ X_i → X_i, i = 1, 2; (H2) X_1 is finite dimensional and the spectrum of K_1 lies on the imaginary axis; (H3) The imaginary axis lies in the resolvent set of K_2 and ‖(K_2 − iaI)^{−1}‖ ≤ C 1 + |a| , a ∈ R, for some constant C that is independent of a;

(H4) There exists a natural number k and neighbourhoods Λ ⊂ R^n of 0 and U ⊂ D(K) of 0 such that n is (k + 1) times continuously differentiable on U × Λ, its derivatives are bounded and uniformly continuous on U × Λ and n(0, 0) = 0, d_1n[0, 0] = 0.

Under these hypotheses there exist neighbourhoods Λ̃ ⊂ Λ of 0 and Ũ_1 ⊂ U ∩ X_1, Ũ_2 ⊂ U ∩ X_2 of 0 and a reduction function h : Ũ_1 × Λ̃ → Ũ_2 ⊂ X_2 with the following properties. The reduction function h is k times continuously differentiable on Ũ_1 × Λ̃, its derivatives are bounded and uniformly continuous on Ũ_1 × Λ̃ and h(0, 0) = 0, d_1h[0, 0] = 0. (26) The graph M^λ_C = {u_1 + h(u_1, λ) ∈ Ũ_1 × Ũ_2 : u_1 ∈ Ũ_1} is a centre manifold for (23), so that

(1) M^λ_C is a locally invariant manifold of (23): through every point in M^λ_C there passes a unique solution of (23) that remains on M^λ_C as long as it remains in Ũ_1 × Ũ_2;

(2) Every small bounded solution u(t), t ∈ R of (23) that satisfies (u_1(t), u_2(t)) ∈ Ũ_1 × Ũ_2 lies completely in M^λ_C ;

(3) Every solution ũ : (a, b) → Ũ_1 of the reduced equation u̇_1 = K_1u_1 + n_1(u_1 + h(u_1, λ), λ) (27) generates a solution u(t) = u_1(t) + h(u_1(t), λ) of the full equation (23).

Theorem 3 Suppose that equation (23) represents Hamilton’s equations for a Hamiltonian system (M, Ω^λ, H^λ). The centre manifold M^λ_C is a symplectic submanifold of M for each λ ∈ Λ̃. Moreover, the flow determined by the Hamiltonian system (M^λ_C , Ω̃^λ, H̃^λ), where the tilde denotes restriction to M^λ_C, coincides with the flow on M^λ_C determined by (M, Ω^λ, H^λ).

In keeping with the notation in Theorems 2 and 3, let us write α = α_0 + λ_1, β = β_0 + λ_2, where α_0, β_0 are fixed and λ_1, λ_2 lie in neighbourhoods Λ_1, Λ_2 of the origin in R, and consider trajectories of Hamilton’s equations for (M, Ω, H) which lie in a neighbourhood V of the origin in X_{s+1}. Choosing V and Λ_2 small enough so that ρ(z) > − 1 2 > −1, |λ_2| < 1 4 β_0, |W (z)| < β_0 2 < β_0 + λ_2

for all z ∈ [0, 1], one arrives at the equation u̇ = f^λ(u), (28) where f^λ : V → X_s is the smooth function defined by the right-hand sides of (19)–(22) with (α, β) replaced by (α_0 + λ_1, β_0 + λ_2), together with the boundary conditions Φ_y = 0 on y = 0, (29) Φ_y ρ + 1 − ( Φ_z −

Φ_yρ_z ρ + 1 ) ρ_z − W (Ψ − 1)

ρ + 1 ( 1 + ρ^2_z (β_0 + λ_2)^2 − W^2

) 1_2

= 0. on y = 1. (30)

Clearly (28) represents Hamilton’s equations for the Hamiltonian system (M, Ω, H^λ), where H^λ is the smooth functional defined upon the manifold domain V of M by H^λ(ρ, ω, Φ, Ψ) = ∫ S ( 1 2(ρ + 1) + 1 2 ρ − 1 2 (α_0 + λ_1)ρ^2 + β_0 + λ_2 − ((β_0 + λ_2)^2 − W^2)^{12} (1 + ρ^2_z)^{12} ) dz + ∫ Σ Ψ^2 − Φ^2_y 2(ρ + 1) − ρ + 1 2 ( Φ_z − yΦ_yρ_z ρ + 1

)_2 + ( 1 − 1 ρ + 1 ) Ψ dy dz; the domain D(v^λ_H ) of the Hamiltonian vector field v^λ_H is the subset of V specified by (29), (30) and v^λ_H(u) = f^λ(u) for each u ∈ D(v^λ_H ).

3.2 The nonlinear boundary condition

Theorem 2 cannot be applied directly to (28) because of the nonlinear boundary condition (30). It is therefore necessary to introduce a change of variable which leads to an equivalent problem in a linear space.

Define a function F : V × Λ_2 ⊂ X_{s+1} × R → H^{s+1}_{per} (Σ) by the formula

F (ρ, ω, Φ, Ψ, λ_2)(y) = [(1 + ρ)Φ_z − yΦ_yρ_z]yρ_z + ( 1 + ρ^2_z (β_0 + λ_2)^2 − W^2

) 1_2 W y(Ψ − 1), so that the boundary conditions (29), (30) are equivalent to Φ_y = F (ρ, ω, Φ, Ψ, λ_2) on y = 0, 1; (31) it follows from the results in Appendix A that F is smooth. The requisite change of variable G^{λ2} : V → X_{s+1} is given by G^{λ2} (ρ, ω, Φ, Ψ) = (ρ, ν, Γ, Ψ), where ν = ω − ∫_1 0 yΦ_y dy, Γ = Φ + χ_y, in which χ ∈ H^{s+3}_{per} (Σ) is the unique solution of the elliptic boundary-value problem −χ_{yy} − χ_{zz} = F (ρ, ω, Φ, Ψ, λ_2) in Σ, χ = 0 on y = 0, 1.

Lemma 4

(i) For each λ_2 ∈ Λ_2 the mapping G^{λ2} is a smooth diffeomorphism from the neighbourhood V of 0 in X_{s+1} onto a neighbourhood Ṽ of 0 in X_{s+1}. The mappings G^{λ2} , (G^{λ2} )^{−1} and their derivatives depend smoothly upon λ_2 ∈ Λ_2.

(ii) For each (v, λ_2) ∈ V × Λ_2 the operator dG^{λ2} [v] : X_{s+1} → X_{s+1} extends to an isomorphism ~dG^{λ2} [v] : X_s → X_s. The operators ~dG^{λ2} [v], ~dG^{λ2} [v]^{−1} ∈ L(X_s, X_s) depend smoothly upon (v, λ_2) ∈ V × Λ_2.

Proof The mapping G^{λ2} : V → X_{s+1} × R is smooth and depends smoothly upon λ_2 since it is a linear function of the smooth map F : V × Λ_2 → H^{s+1}_{per} (Σ). Clearly G^{λ2} (0) = 0 and

dG^{λ2} [ρ, ω, Φ, Ψ](ρ_1, ω_1, Φ_1, Ψ_1) = ( ρ_1, ω_1 −

∫_1 0 yΦ_{1y} dy, Φ_1 + ξ_y, Ψ_1 ) , in which ξ ∈ H^{s+3}_{per} (Σ) is the unique solution of the elliptic boundary-value problem −ξ_{yy} − ξ_{zz} = d_1F [ρ, ω, Φ, Ψ, λ_2](ρ_1, ω_1, Φ_1, Ψ_1) in Σ, ξ = 0 on y = 0, 1.

A direct calculation shows that

d_1F [ρ, ω, Φ, Ψ, λ_2](ρ_1, ω_1, Φ_1, Ψ_1) = yΦ_zρ_zρ_1 + (ρ + 1)yΦ_{1z}ρ_z + (ρ + 1)yΦ_zρ_{1z} − y^2Φ_{1y}ρ^2_z − 2y^2Φ_yρ_zρ_{1z}

+ W yΨ_1 ( 1 + ρ^2_z (β_0 + λ_2)^2 − W^2

) 1_2 + W y(Ψ − 1)ρ_zρ_{1z} ((β_0 + λ_2)^2 − W^2)^12 (1 + ρ^2_z)^12 + ( 1 + ρ^2_z (β_0 + λ_2)^2 − W^2

) 1_2

y(Ψ − 1) × [ ω_1 − ρ_1 (ρ + 1)^2

∫_1 0 (Ψ − 1)yΦ_y dy + 1 ρ + 1

∫_1 0 (Ψ_{1y}Φ_y + (Ψ − 1)yΦ_{1y}) dy ]

+ ( 1 + ρ^2_z ((β_0 + λ_2)^2 − W^2)^3

) 1_2

W y(Ψ − 1) × [ ω_1 − ρ_1 (ρ + 1)^2

∫_1 0 (Ψ − 1)yΦ_y dy + 1 ρ + 1

∫_1 0 (Ψ_{1y}Φ_y + (Ψ − 1)yΦ_{1y}) dy ] ,(32)

so that d_1F [0, λ_2](ρ_1, ω_1, Φ_1, Ψ_1) = − y β_0 + λ_2 ( ω_1 −

∫_1 0 yΦ_{1y} dy ) . The map dG^{λ2} [0] : X_{s+1} × R → X_{s+1} × R is a bijection; its inverse is given by

dG^{λ2} [0]^{−1}(ρ_1, ν_1, Γ_1, Ψ_1) = ( ρ_1, ν_1 +

∫_1 0 yΦ_{1y} dy, Φ_1, Ψ_1 ) , where Φ_1 = Γ_1 − ζ_y and ζ is the unique solution of the elliptic boundary-value problem −ζ_{yy} − ζ_{zz} = − yν_1 β_0 + λ_2 in Σ, ζ = 0 on y = 0, 1.

Replacing Ṽ with a smaller neighbourhood of 0 in X_{s+1} if necessary, one obtains the result stated in the first part of the lemma using the inverse function theorem and the fact that in the present context all estimates used in its proof hold uniformly in λ ∈ Λ_2.

Turning to the second assertion, suppose that (ρ_1, ω_1, Φ_1, Ψ_1) belongs to X_s and examine the right-hand side of (32). With the exception of the final term in each of the square brackets each term consists of several functions in H^{s+1}_{per} (Σ) multiplied by a single function in H^s_{per}(Σ). Using Lemma 19, one concludes that each such term represents a bounded linear mapping from X_s into H^s_{per}(Σ) which depends smoothly upon (ρ, ω, Φ, Ψ, λ_2) ∈ Ṽ × Λ_2. Similar arguments involving also the other results in Appendix A show that the same is true of the remaining two terms. It follows that d_1F [v, λ_2] : X_{s+1} → H^{s+1}_{per} (Σ) extends to a bounded linear operator ~d_1F [v, λ_2] : X_s → H^s_{per}(Σ) that depends smoothly upon (v, λ_2) ∈ V × Λ_2. The corresponding result holds for dG^{λ2} since G^{λ2} depends linearly upon F ; the extension ~dG^{λ2} is unique since X_{s+1} is a dense subspace of X_s.

Define F_1, F_2 : L(X_s, X_s) × V × Λ_2 → L(X_s, X_s) by the formulae

F_1(T, v, λ_2) = ~dG^{λ2} [v]T − I, F_2(T, v, λ_2) = T ~dG^{λ2}[v] − I, in which I denotes the identity operator X_s → X_s. The above calculations show that ~dG^{λ2} [0] : X_s → X_s is an isomorphism and clearly

F_j(~dG^{λ2} [0]^{−1}, 0, 0) = 0, d_1F_j[~dG^{λ2} [0]^{−1}, 0, 0] = I, j = 1, 2.

Replacing V and Λ_2 with a smaller neighbourhoods of 0 in X_{s+1} and R if necessary, one finds from the implicit function theorem that the equations F_1(T, v, λ_2) = 0, F_2(T, v, λ_2) = 0 have unique solutions T_1(v, λ_2), T_2(v, λ_2) for each (v, λ_2) ∈ V × Λ_2 which depend smoothly upon (v, λ_2). It follows that ~dG^{λ2} [v] is a bijection with ~dG^{λ2} [v]^{−1} = T_1 = T_2 for each (v, λ_2) ∈ V × Λ_2. 2

The diffeomorphism G^{λ2} transforms (28) into u̇ = g^λ(u), (33) where g^λ : Ṽ → X_s is the smooth vector field defined by

g^λ(u) = ~dG^{λ2} [(G^{λ2} )^{−1}(u)](f^λ((G^{λ2} )^{−1}(u))). Notice that Γ_y = Φ_y + χ_{yy} = Φ_y − χ_{zz} − F (ρ, ω, Φ, Ψ, λ_2), and since χ_{zz} = 0 on y = 0, 1 it follows from (31) that the boundary conditions (29), (30) are transformed into Γ_y = 0 on y = 0, 1. (34) Formula (33) represents Hamilton’s equations for the Hamiltonian system (M, Ω^{λ2}_2 , H^λ_2 ), where Ω^{λ2}_2 and H^λ_2 are defined on the manifold domain Ṽ of M by

Ω^{λ2}_2 |_m(v_1, v_2) = Ω(~dG^{λ2} [(G^{λ2} )^{−1}(m)]^{−1}(v_1), ~dG^{λ2} [(G^{λ2} )^{−1}(m)]^{−1}(v_2)) for λ_2 ∈ Λ_2, v_1, v_2 ∈ T M|_m and H^λ_2 (m) = H^λ((G^{λ2} )^{−1}(m)).

The domain D(v^λ_{H2} ) of the Hamiltonian vector field is the subset of Ṽ given by the linear boundary conditions (34) and v^λ_{H2} (u) = g^λ(u) for each u ∈ D(v^λ_{H2} ).

Equation (33) can be written as u̇ = K_su + n(u, λ), (35) where K_s = dg^0[0], D(K_s) = {(ρ, ω, Γ, Ψ) ∈ X_{s+1} : Γ_y|_{y=0} = Γ_y|_{y=1} = 0} and n(u, λ) = g^λ(u) − Ku. This equation is in a form suitable for the application of Theorems 2 and 3. Writing X = X_s, K = K_s, Λ = Λ_1 × Λ_2 and U = Ṽ , observe that K_s is densely defined and that (H4) is satisfied for any natural number r. The remaining hypotheses on K_s are verified in Section 3.3 below.

3.3 The linear operator

Let us introduce the operator L_s : D(L_s) ⊂ X_s → X_s given by

L_s ρ ω Φ Ψ = 1 β_0 ( ω − ∫_1

0 yΦ_y dy ) − ∫_1

0 Ψ dy − ρ + α_0ρ − β_0ρ_{zz} Ψ + ρ −Φ_{yy} − Φ_{zz} −^1_{β0} ( ω − ∫_1

0 yΦ_y dy ) ; (36)

its domain D(L_s) is the subspace of elements of X_{s+1} that satisfy the boundary conditions

Φ_y = 0 on y = 0, (37)

Φ_y + 1 β ( ω − ∫_1 0 yΦ_y dy ) = 0 on y = 1. (38)

(The operator L_s is the formal linearisation of f^0(ρ, ω, Φ, Ψ) at 0.) Observe that dG^0[0] is a homeomorphism of D(L_s) onto D(K_s) and that

K_s = ~dG^0[0]L_s(dG^0[0])^{−1} (39)

for s ∈ (0, 1/2), where K_s : D(K_s) ⊂ X_s → X_s is the linear operator in equation (35). Equation (39) shows that the topological properties of L_s and K_s are identical; in particular their spectra coincide and L_s is densely defined. Let us also define densely defined operators L_0 : D(L_0) ⊂ X_0 → X_0 and K_0 : D(K_0) ⊂ X_0 → X_0 using the formulae (36)–(39); this procedure is valid since dG^0[0]^{−1} is an isomorphism of D(K_0) = {(ρ, ν, Γ, Ψ) ∈ X_1 : Γ_y|_{y=0} = Γ_y|_{y=1} = 0} onto D(L_0) and ~dG^0[0] is an isomorphism of X_0 onto itself.

Lemma 5 There exist real constants C, ξ_0 > 0 such that each solution v ∈ D(L_0) of the resolvent equation (L_0 − iξI)v = f^⋆, (40) in which f^⋆ belongs to X_0 and ξ is a real number with |ξ| > ξ_0, satisfies the estimates ‖v‖_{X1} ≤ C‖f^⋆‖_{X0} , (41) ‖v‖_{X0} ≤ C |ξ| ‖f^⋆‖_{X0} . (42)

Proof Write (40) as 1 β_0

(w − χ) − iξp = ρ^⋆, (43) − ∫_1 0 Ψ dy + (α_0 − 1)ρ − β_0ρ_{zz} − iξω = ω^⋆, (44) Ψ + ρ − iξΦ = Φ^⋆, (45) −ΔΦ − 1 β_0

(ω − χ) − iξΨ = Ψ^⋆, (46) where Φ_y = 0 on y = 0, (47) Φ_y + 1 β_0

(ω − χ) = 0 on y = 1 (48) and χ = ∫_1 0 yΦ_y dy. It follows from equations (43), (44) that ‖ ‖ ‖ ‖ω^⋆ + ∫_1 0 Ψ dy − (α_0 − 1)ρ ‖ ‖ ‖ ‖ 2 0 + ‖β_0ρ^⋆ + χ‖^2_1 = β^2_0 ‖ρ_{zz} ‖^2_0 + ‖ω‖^2_1 + ξ^2(‖ω‖^2_0 + β^2_0 ‖ρ‖^2_1) + 2ξβ_0Im ∫ S (ρ_{zz}ω − ωρ − ω_zρ_z) dz, in which the identity |a + iξb|^2 = |a|^2 + |b|^2 + 2ξIm(ab), a, b ∈ R has been used. Using the integration by parts formula Im ∫ S (ρ_{zz} ω − ω_zρ_z) dz = 0 and the estimate | | |2Im ∫ S ωρ dz | | | | ≤ ‖ω‖^2_0 + ‖ρ‖^2_0, one finds that

β^2_0 ‖ρ_{zz} ‖^2_0 + ‖ω‖^2_1 + ξ^2(‖ω‖^2_0 + β^2_0 ‖ρ‖^2_1) ≤ ‖ω^⋆‖^2_0 + ‖Ψ‖^2_0 + |(α_0 − 1)|‖ρ‖^2_0 + β^2_0 ‖ρ^⋆‖^2_1 + ‖χ‖^2_1 + |ξ|‖ω‖^2_0 + β^2_0 |ξ|‖ρ‖^2_0 so that

‖ρ_{zz}‖^2_0 + ‖ω‖^2_1 + ξ^2(‖ρ‖^2_1 + ‖ω‖^2_0) ≤ c_1(‖ρ^⋆‖^2_1 + ‖ω^⋆‖^2_0 + ‖Ψ‖^2_0 + ‖χ‖^2_1) (49) for sufficiently large |ξ|. (Each coefficient c_j appearing in this analysis is a constant which is independent of ξ, v and f.) Because ρ solves the equation β_0ρ_{zz} = ω^⋆ + iξω + (1 − α_0)ρ +

∫_1 0 Ψ dy it is estimated by ‖ρ‖^2 ≤ c_2(‖ω^⋆‖^2_0 + |ξ|^2‖ω‖^2_0 + ‖ρ‖^2_0 + ‖Ψ‖^2_0), (50) and (49), (50) imply that

‖ρ‖^2 + ‖ω‖^2_1 + ξ^2(‖ρ‖^2_1 + ‖ω‖^2_0) ≤ c_3(‖ρ^⋆‖^2_1 + ‖ω^⋆‖^2_0 + ‖Ψ‖^2_0 + ‖χ‖^2_1) (51) for sufficiently large |ξ|.

Equations (45), (46) show that

‖Φ^⋆ − ρ‖^2_1 + ‖ ‖ ‖ ‖ ‖Ψ^⋆ + 1 β_0 (ω − χ) ‖ ‖ ‖ ‖ ‖ 2

0 = ‖ΔΦ‖^2_0 + ‖Ψ‖^2_1 + ξ^2(‖Ψ‖^2_0 + ‖Φ‖^2_1) + 2ξIm ∫ Σ (ΔΦΨ − ΨΦ − ∇Ψ∇Φ) dy dz. (52)

Using the integration by parts formula ∫ Σ (ΔΦΨ − ∇Ψ∇Φ) dy dz = Im 1 β_0 ∫ S Ψ|_{y=1}(χ − ω) dz

and the estimate | | | | | 2 β_0 Im ∫_1 0 Ψ|_{y=1}(χ − ω) dz | | | | | ≤ δ‖Ψ|_{y=1}‖^2_0 + 1 δβ^2_0 ‖χ − ω‖^2_0 ≤ δc_4‖Ψ‖_1‖Ψ‖_0 + 1 δβ^2_0

(‖χ‖^2_0 + ‖ω‖^2_0)

one finds from (52) that

‖ΔΦ‖^2_0 + ‖Ψ‖^2_1 + ξ^2(‖Ψ‖^2_0 + ‖Φ‖^2_1)

≤ ‖Φ^⋆‖^2_1 + ‖ρ‖^2_1 + ‖Ψ^⋆‖^2_0 + 1 β^2_0

‖ω‖^2_0 + 1 β^2_0

‖χ‖^2_0 + c_4δ|ξ|‖Ψ‖_1‖Ψ‖_0 + |ξ| δβ^2_0

‖χ‖^2_0 + |ξ| δβ^2_0

‖ω‖^2_0 + |ξ|‖Ψ‖^2_0 + |ξ|‖Φ‖_1.

This estimate may be rewritten as

‖ΔΦ‖^2_0 + 1 2 (|ξ|‖Ψ‖_0 − c_4δ‖Ψ‖_1)^2 + ( 1 − c^2_4δ^2 2 ) ‖Ψ‖^2_1 + 1 2 ξ^2‖Ψ‖^2_0 + ξ^2‖Φ‖^2_1

≤ ‖Φ^⋆‖^2_1 + ‖ρ‖^2_1 + ‖Ψ^⋆‖^2_0 + 1 β^2_0

‖ω‖^2_0 + 1 β^2_0 ‖χ‖^2_0 + |ξ| δβ^2_0

‖χ‖^2_0 + |ξ| δβ^2_0

‖ω‖^2_0 + |ξ|‖Ψ‖^2_0 + |ξ|‖Φ‖_1,

and with δ < √ 2/c_4 it follows that

‖ΔΦ‖^2_0 + ‖Ψ‖^2_1 + ξ^2(‖Ψ‖^2_0 + ‖Φ‖^2_1) ≤ c_5(‖Φ^⋆‖^2_1 + ‖Ψ^⋆‖^2_0 + ‖ρ‖^2_1 + |ξ|‖ω‖^2_0 + |ξ|‖χ‖^2_0) (53)

for sufficiently large |ξ|.

Observe that Φ satisfies the equation

−ΔΦ = Ψ^⋆ + iξΦ + 1 β_0

(ω − χ) in Σ

subject to the boundary conditions (47), (48); standard results in elliptic regularity theory assert that ‖Φ‖^2 ≤ c_6(‖Ψ^⋆‖^2_0 + ‖ω‖^2_{1/2} + ξ^2‖Φ‖^2_0 + ‖χ‖^2_{1/2}), (54) and combining (53), (54), one finds that

‖Φ‖^2 + ‖Ψ‖^2_1 + ξ^2(‖Ψ‖^2_0 + ‖Φ‖^2_1)

≤ c_7(‖Φ^⋆‖^2_1 + ‖Ψ^⋆‖^2_0 + ‖ρ‖^2_1 + |ξ|‖ω‖^2_0 + |ξ|‖χ‖^2_0 + ‖χ‖^2_{1/2} + ‖ω‖^2_{1/2}) (55) for sufficiently large |ξ|.

The formula χ(z) = Φ(1, z) +

∫_1 0 Φ(y, z) dy shows that ‖χ‖^2_t ≤ ‖Φ|_{y=1}‖^2_t + ‖Φ‖^2_t ≤ c_8(t)‖Φ‖^2_{t+1/2} for t ∈ [0, ∞); in particular one has that ‖χ‖^2_0 ≤ c_9‖Φ‖^2_{1/2} ≤ c_{10}‖Φ‖^2_1, (56) ‖χ‖^2_{1/2} ≤ c_{11}‖Φ‖^2_1 (57) ‖χ‖^2_1 ≤ c_{12}‖Φ‖^2_{3/2} ≤ c_{13}‖Φ‖^2. (58) Inequalities (55), (56). (57) show that ‖Φ‖^2 + ‖Ψ‖^2_1 + ξ^2(‖Ψ‖^2_0 + ‖Φ‖^2_1) ≤ c_{14}(‖Φ^⋆‖^2_1 + ‖Ψ^⋆‖^2_0 + ‖ρ‖^2_1 + |ξ|‖ω‖^2_0 + ‖ω‖_0‖ω‖_1), (59) where the estimate ‖ω‖^2_{1/2} ≤ ‖ω‖_0‖ω‖_1 has also been used, and it follows from (58), (59) that ‖χ‖^2_1 ≤ c_{15}(‖Φ^⋆‖^2_1 + ‖Ψ^⋆‖^2_0 + ‖ρ‖^2_1 + |ξ|‖ω‖^2_0 + ‖ω‖_0‖ω‖_1) (60) for sufficiently large |ξ|.

The next step is to combine (51) and (60) to conclude that ‖ρ‖^2 + ‖ω‖^2_1 + ξ^2(‖ρ‖^2_1 + ‖ω‖^2_0) ≤ c_{16}(‖ρ^⋆‖^2_1 + ‖ω^⋆‖^2_0 + ‖Φ^⋆‖^2_1 + ‖Ψ^⋆‖^2_0 + ‖Ψ‖^2_0) (61) for sufficiently large |ξ|. Using (59) and (61), one finds that

‖Φ‖^2 + ‖Ψ‖^2_1 + ξ^2(‖Φ‖^2_1 + ‖Ψ‖^2_0) ≤ c_{17}(‖ρ^⋆‖^2_1 + ‖ω^⋆‖^2_0 + ‖Φ^⋆‖^2_1 + ‖Ψ^⋆‖^2_0), (62) and estimates (61), (62) show that

‖ρ‖^2 + ‖ω‖^2_1 + ξ^2(‖ρ‖^2_1 + ‖ω‖^2_0) ≤ c_{18}(‖ρ^⋆‖^2_1 + ‖ω^⋆‖^2_0 + ‖Φ^⋆‖^2_1 + ‖Ψ^⋆‖^2_0) (63) for sufficiently large |ξ|.

The stated result is a direct consequence of (62) and (63). 2 Proposition 6 A non-zero complex number λ is an eigenvalue of L_s, s ∈ [0, 1/2) if and only if there exists an integer k ∈ Zsuch that (α_0 − β_0σ^2)σ sin σ = |λ|^2 cos σ with σ^2 = |λ|^2 − 4π^2k^2/P^2. (64) Zero is always an eigenvalue of L_s, s ∈ [0, 1/2). The spectrum of L_0 consists entirely of isolated eigenvalues of finite algebraic multiplicity and σ(L_0) ∩ iR is a finite set.

Proof Consider the resolvent equation

(L_s − λI)v = f^⋆, (65)

where v = (ρ, ω, Φ, Ψ) and f^⋆ = (ρ^⋆, ω^⋆, Φ^⋆, Ψ^⋆) belong to respectively X_s and D(L_s). Let us write ρ(z) = √ P ∑ k∈Z^{ρke2πikz/P , ω(z) =} √ P ∑ k∈Z^{ωke2πikz/P ,} Φ(y, z) = √ P ∑ k∈Z^{Φk(y)e2πikz/P , Ψ(y, z) =} √ P ∑ k∈Z^{Ψk(y)e2πikz/P} with similar expansions for the components (ρ^⋆, ω^⋆, Φ^⋆, Ψ^⋆) of f^⋆ and examine the ordinary differential equations 1 β_0 ( ω_k − ∫_1 0 yΦ_{ky} dy ) − λρ_k = ρ^⋆_k, (66) − ∫_1 0 Ψ_k dy − (α_0 − 1)ρ_k +

4β_0π^2k^2 P^2 ρ_k − λω_k = ω^⋆_k, (67) Ψ_k + ρ_k − λΦ_k = Φ^⋆_k, (68) −Φ_{kyy} − 1 β_0 ( ω_k − ∫_1 0 yΦ_{ky} dy ) + 4π^2k^2 P^2

Φ_k − λΨ_k = Ψ^⋆_k, (69)

where

Φ_{ky} = 0 on y = 0, (70)

Φ_{ky} + 1 β_0 ( ω_k − ∫_1 0 yΦ_{ky} dy ) = 0 on y = 1. (71)

Choosing (ρ^⋆_k, ω^⋆_k, Φ^⋆_k, Ψ^⋆_k) = (0, 0, 0, 0) and λ ≠ 0, one finds by elementary calculations that equations (66)–(71) have only the zero solution unless k satisfies (64); in this case they have a one-dimensional family span{w_k} of smooth solutions, and it follows that λ is an eigenvalue of L_s with 2-dimensional eigenspace span{w_ke^{2πikz/P} , w_ke^{−2πikz/P} } if k ≠ 0 and 1-dimensional eigenspace span{w_0} if k = 0. When λ = 0 the equations have a one-dimensional family span{w_0} of smooth solutions, so that ker L_s = span{w_0}.

Now take s = 0 and λ ≠ 0. Straightforward arguments show that equations (66)–(71) have a unique solution v_k = (ρ_k, ω_k, Φ_k, Ψ_k) ∈ R × R × H^2(0, 1) × H^1(0, 1) for each f^⋆_k = (ρ^⋆_k, ω^⋆_k, Φ^⋆_k, Ψ^⋆_k) if and only if k does not satisfy (64) (cf. Buffoni, Groves & Toland (1996, pp. 589–590), Buffoni & Groves (1999, Appendix A)). Note that (64) has no solutions of the form λ = iξ, ξ > ξ_0; such a solution would imply the existence of an eigenvector of L_0 with eigenvalue iξ (see above), and this is ruled out by Lemma 5. Choosing λ = iξ with ξ > ξ_0, observe that (L_0 − iξI)v_ke^{2πikz/P} = f^⋆_k e^{2πikz/P} , and Lemma 5 therefore shows that ‖v_ke^{2πikz/P} ‖_{X1} ≤ C‖f^⋆_k e^{2πikz/P} ‖_{X0} . Summing this inequality over all k ∈ Z, one finds that v ∈ X_1 and that (L_0 − iξI)^{−1} : X_0 → X_1 is continuous. It follows that (40) has a unique solution v ∈ D(L_0) for each f^⋆ ∈ X_0, and inequality (42) indicates that iξ belongs to the resolvent set of L_0. The resolvent operator (L_0 − iξI)^{−1} : X_0 → X_0 is compact since (L_0 − iξI)^{−1} : X_0 → X_1 is continuous and X_1 is compactly embedded in X_0; the spectrum of L_0 therefore consists of isolated eigenvalues of finite algebraic multiplicity (Kato 1976, Theorem III.6.29). 2

Recall that the spectra of K_s and L_s are identical. The results of Proposition 6 therefore also apply to K_s, and it follows from Lemma 5 that there is a constant C_1 such that ‖(K_0 − iξI)^{−1}‖_{X0→X0} ≤ C_1 |ξ| for each real number ξ with |ξ| > ξ_0. It remains to describe the spectrum of K_s for s ∈ (0, 1/2).

Theorem 7 For each s ∈ (0, 1/2) the spectrum of K_s consists of isolated eigenvalues of finite algebraic multiplicity; these eigenvalues are precisely the solutions of (64). Moreover, there exists a constant C_2 (which depends upon s) such that ‖(K_s − iξI)^{−1}‖_{Xs→Xs} ≤ C_2 |ξ| (72)

for each real number ξ with |ξ| > ξ_0.

Proof In this proof D(K_s) and D(L_s) are regarded as closed subsets of X_{s+1} and are equipped with the X_{s+1}-norm. First note that (K_0 − iξI)^{−1} : D(K_0) → D(K_0) is bounded since X_1 is continuously embedded in X_0. Using the symbols c_j to denote constants which are independent of ξ, one has that

‖(K_0 − iξI)^{−1}v‖_{X1} ≤ c_1‖(K_0 − iξ_1I)(K_0 − iξI)^{−1}v‖_{X0} = c_1‖(K_0 − iξI)^{−1}(K_0 − iξ_1I)v‖_{X0} ≤ c_2‖(K_0 − iξI)^{−1}‖_{X0→X0} ‖(K_0 − iξ_1I)v‖_{X0} ≤ c_3 |ξ| ‖v‖_{X1} for each v ∈ D(K_0); here ξ_1 is a fixed real number with ξ_1 > ξ_0. It follows by interpolation that (K_0 − iξI)^{−1} is a bounded operator from [D(K_0), X_0]_s into itself which satisfies the estimate ‖(K_0 − iξI)^{−1}v‖_{[D(K0),X0]s} ≤ c_4 |ξ| ‖v‖_{[D(K0),X0]s} for each v ∈ [D(K_0), X_0]_s.

Recall that D(K_0) is the closed subset of X_1 consisting of those functions (ρ, ω, Γ, Ψ) which satisfy Γ_y|_{y=0} = Γ_y|_{y=1} = 0. These boundary conditions are normal in the sense of Grisvard (1967), and the interpolation results in this reference assert that [D(K_0), X_0]_s = X_s for s ∈ (0, 1/2) (see also Lions & Magenes (1972, vol. I, ch. 1, §18.5 and vol. II, ch. 4, §14.5)). One may therefore identify (K_0 − iξI)^{−1} : X_s → X_s with (K_s − iξI)^{−1} : X_s → X_s to find that the latter operator satisfies (72) and that (K_s − iξI) : D(K_s) → X_s is a bijection. An examination of equation (36) shows that L_s : D(L_s) → X_s and hence (K_s−iξI) : D(K_s) → X_s is continuous. It follows that (K_s − iξI)^{−1} : X_s → D(K_s) is continuous and, since X_{s+1} is compactly embedded in X_s, that (K_s − iξI)^{−1} : X_s → X_s is compact. The spectrum of K_s therefore consists of isolated eigenvalues of finite algebraic multiplicity; it has already been established that these eigenvalues are precisely the solutions of (64). 2

Let us now verify the remaining hypotheses in Theorem 2 which ensure that it is applicable to equation (35). First note that K_s is closed because it has a non-empty resolvent set. Define the spectral projection P corresponding to the subset σ(K_s) ∩ iR of σ(K_s) by P x = 1 2πi ∫ C (K_s − λI)^{−1}x dλ, where C is a closed curve in the resolvent set of K_s which contains σ(K_s) ∩ iR and no other point of σ(K_s). Writing X_1 = P (X_s), X_2 = (I − P )(X_s), one finds that hypotheses (H1) and (H2) of Theorem 2 are satisfied (see Kato (1976, Theorem III.6.17)), and Theorem 7 shows that (H3) is also satisfied.

Theorem 8 For any natural number r equation (35) has a finite-dimensional centre manifold of class C^r in the sense of Theorem 2. The flow on this centre manifold is Hamiltonian and generates solutions of the steady water-wave problem (6)–(9).

3.4 Coordinates on the centre manifold

According to Theorem 3 equation (27) represents Hamilton’s equations for the Hamiltonian system (M^λ_C , Ω̃^λ, H̃^λ), where M^λ_C is equipped with the single coordinate chart Ũ_1 ⊂ X_1 and coordinate map χ : M^λ_C → Ũ_1 defined by

χ^{−1}(u_1) = u_1 + h(u_1, λ).

In the following calculations it is more convenient to change to the coordinate chart W̃_1 = (dG^0[0])^{−1}(Ũ_1), so that W̃_1 is the centre subspace of the linear operator L_s. The coordinate map ζ : M^λ_C → W̃_1 can be written as

ζ^{−1}(w_1) = w_1 + k(w_1, λ),

where k : W̃_1 × Λ̃ → V is given by

k(w_1, λ) = (G^{λ2} )^{−1}(dG^0[0](w_1) + h(dG^0[0](w_1, λ)) − w_1.

In this coordinate system M^λ_C is {w_1 +k(w_1, μ) : w_1 ∈ W̃_1}; it lies in D(v^λ_H ) and defines a centre manifold for the Hamiltonian system (M, Ω, H^λ). The reduced Hamiltonian function H̃^λ and reduced 2-form Ω̃^λ are respectively C^r- and C^{r−1}-functions of w_1 and λ given by the formulae

H̃^λ(w_1) = H^λ_2 (w_1 + k(w_1, λ)), Ω̃^λ|_{w1} (v^1, v^2) = Ω|_{w1+k(w1,λ)}(v^1 + d_1k[w_1, λ](v^1), v^2 + d_1k[w_1, λ](v^2))

= Ω(v^1, v^2) + O(|(λ, w_1)|)

as (w_1, λ) → 0.

The next step is to choose a symplectic basis for X_1 consisting of generalised eigenvectors of L_s. The operator always has a zero eigenvalue with eigenvector v_0 = (0, 0, 1, 0)^T . Direct calculations show that this eigenvector has a Jordan chain of length 2 if α_0 ≠ 1, of length 4 if α_0 = 1, β_0 ≠ 1/3 and of length 6 if α_0 = 1, β_0 = 1/3. Starting from this Jordan chain, one can find a basis {e_1, . . . , e_n, f_1, . . . , f_n} for E_0 consisting of generalised eigenvectors of L_s such that Ω(e_i, f_i) = 1 and the symplectic product of any other combination of basis vectors is zero. Here E_0 is the generalised eigenspace corresponding to the zero eigenvalue and n is 1, 2 or 3 as appropriate. Notice that it is always possible to choose either e_1 or f_1 to be a scalar multiple of v_0. The real coordinates q_i, p_i in the e_i and f_i directions are canonical coordinates for E_0 and the action of the reverser S on this generalised eigenspace is given by either (q, p) → (−q, p) or (q, p) → (q, −p). Any other ‘two-dimensional’ purely imaginary eigenvalues are also geometrically simple.

They occur in pairs ±iq and there is an eigenvector e such that L_se = iqe, L_sē = −iqē. A straightforward calculation shows that there is a Jordan chain (of length 2) if and only if α_0, β_0 and q are related by the equations

β_0 = −1 2 sinh^2 q + 1 2q tanh q

, α_0 = q^2 2 sinh^2 q + q 2 tanh q . This relationship defines a curve C_0 in (β, α) parameter space which is parameterised by q (see Figure 1). When (β_0, α_0) ∉ C_0 one can normalise e in such a way that Ω(e, ē) = ±i, so that {e, ē} is a symplectic basis for E_{iq} ⊕ E_{−iq}. Canonical coordinates for E_{iq} ⊕ E_{−iq} are given by the complex coordinates C, C̄ in the e, ē directions, and the action of the reverser S on E_{iq} ⊕ E_{−iq} is C → C̄. When (β_0, α_0) ∈ C_0 there is a generalised eigenvector f such that (L_s − iqI)f = e, (L_s + iqI)f̄ = ē. After normalising e and modifying f by the addition of a suitable multiple of e if necessary, one finds that {e, f, ē, f̄} is a basis for E_{iq} ⊕ E_{−iq} such that Ω(e, f̄) = 1, Ω(f, ē) = −1 and the symplectic product of any other combination of basis vectors is zero. The complex coordinates A, B in the e and f directions are canonical coordinates for E_{iq} ⊕ E_{−iq}, and the action of the reverser S on this space is (A, B) → (Ā, −B̄).

All ‘three-dimensional’ purely imaginary eigenvalues are geometrically double. They occur in pairs ±is_k with L_se^k_{cos} = is_ke^k_{cos}, L_se^k_{sin} = is_ke^k_{sin}, L_sē^k_{cos} = −is_kē^k_{cos}, L_sē^k_{sin} = −is_kē^k_{sin}, where e^k_{cos} = v_k(y) cos(2kπz/P ), e^k_{sin} = v_k(y) sin(2kπz/P ) for some smooth vector v_k(y) which does not depend upon z. A straightforward calculation shows that there are no Jordan chains unless β_0, α_0 and s_k are related by the equations

β_0 =

−s^2_k + 2p^2_k 2p^3_k tanh p_k − s^2_k 2p^2_k sinh^2 p_k

, α_0 =

3s^2_k − 2p^2_k 2p_k tanh p_k + s^2_k 2 sinh^2 p_k

. (73)

This relationship defines a curve C_k in (β, α) parameter space which is parameterised by s_k (see Figure 1). When (β_0, α_0) ∉ C_k one can normalise the eigenvectors in such a way that Ω(e^k_{cos}, ē^k_{cos}) = ±i, Ω(e^k_{sin}, ē^k_{sin}) = ±i, so that {e^k_{cos}, ē^k_{cos}, e^k_{sin}, ē^k_{sin}} is a symplectic basis for E_{isk} ⊕ E_{−isk} . Canonical coordinates for E_{isk} ⊕ E_{−isk} are given by the complex coordinates C^k_{cos}, C^k_{sin} in the e^k_{cos}, e^k_{sin} directions, and the action of the reverser S on E_{isk} ⊕ E_{−isk} is (C^k_{cos}, C^k_{sin}) → (C̄^k_{cos}, C̄^k_{sin}). When (β_0, α_0) ∈ C_k each eigenvector lies in a Jordan chain of length 2: there are generalised eigenvectors f^k_{cos} and f^k_{sin} such that (L_s − is_kI)f^k_{cos} = e^k_{cos}, (L_s − is_kI)f^k_{sin} = e^k_{sin}, (L_s + is_kI)f̄^k_{cos} = ē^k_{cos}, (L_s + is_kI)f̄^k_{sin} = ē^k_{sin} and these vectors take the form f^k_{cos} = w_k(y) cos(2kπz/P ), f^k_{sin} = w_k(y) sin(2kπz/P ) for some smooth vector w_k(y) which does not depend upon z. Normalising e^k_{cos}, e^k_{sin} and adding suitable multiples of e^k_{cos}, e^k_{sin} to respectively f^k_{cos}, f^k_{sin}, one obtains a basis {e^k_{cos}, ē^k_{cos}, f^k_{cos}, f̄^k_{cos}, e^k_{sin}, ē^k_{sin}, f^k_{sin}, f̄^k_{sin}} for E_{isk} ⊕ E_{−isk} with the property that Ω(e^k_{sin}, f̄^k_{sin}) = 1, Ω(f^k_{sin}, ē^k_{sin}) = −1, Ω(e^k_{cos}, f̄^k_{cos}) = 1, Ω(f^k_{cos}, ē^k_{cos}) = −1 and the symplectic product of any other combination of basis vectors is zero. The complex coordinates A^k_{cos}, A^k_{sin}, B^k_{cos}, B^k_{sin} in the e^k_{cos}, e^k_{sin}, f^k_{cos}, f^k_{sin} directions are canonical coordinates for E_{iq} ⊕ E_{−iq}, and the action of the reverser S on this space is (A^k_{cos}, A^k_{sin}, B^k_{cos}, B^k_{sin}) → (Ā^k_{cos}, Ā^k_{sin}, −B̄^k_{cos}, −B̄^k_{sin}).

Applying a standard result from linear Hamiltonian systems theory (see e. g. Mielke (1991, Theorem 3.4)) to (M, Ω, H), where H = d^2H^0[0](·, ·)/2, one finds that E_λ and E_μ are orthogonal with respect to Ω whenever λ + μ ≠ 0. It follows that Ω is the canonical symplectic 2-form Υ on X_1 in the coordinate system introduced above. The subspaces

T_1 = {A^k_{cos}, A^k_{sin}, B^k_{cos}, B^k_{sin}, C^k_{cos}, C^k_{sin} = 0 for all k} and T_2 = {A^k_{sin}, B^k_{sin}, C^k_{sin} = 0 for all k} of X_1 are important in the following theory. They consist of respectively two-dimensional vectors (which do not depend upon z) and even vectors (which are invariant under the reflection z → −z). For later use note also that the action Φ → Φ + c of the translation group on X_1 is given by either q_1 → q_1 + c or p_1 → p_1 + c.

The general theory developed by Mielke (1991) shows that the centre-manifold reduction procedure preserves reversibility and symmetries. One finds from this theory that the action of the reverser S upon the coordinates for W̃_1 as described above correctly defines the reversibility of (M^λ_C, Ω̃^λ, H̃^λ). Similarly, the invariance of the flow of (M, Ω, H^λ) under the restriction to solutions which are independent of z or even in z is inherited by the reduced system (M^λ_C , Ω̃^λ, H̃^λ), for which T_1 and T_2 are invariant subspaces. Finally, the translation invariance in Φ is reflected in the fact that the reduced system is invariant under translations in either q_1 or p_1.

The following result is a parameter-dependent, equivariant version of Darboux’s theorem (see Mielke (1991, §5.4) and Buffoni & Groves (1999, Theorem 3) for the modifications to incorporate the parameter-dependency).

Lemma 9 Consider the Hamiltonian system (M^λ_C , Ω̃^λ, H̃^λ), in which M^λ_C is equipped with the coordinate system described above. There is a near identity change of coordinates of class C^{k−1} which transforms Ω̃^λ into Υ. It preserves reversibility, the invariance of T_1, T_2 and the invariance under translations in q_1 or p_1 as appropriate.

Lemma 9 indicates a convenient choice of coordinates in which to discuss Hamilton’s equations for (M^λ_C, Υ, H̃^λ). In particular, notice that either p_1 or q_1 is always cyclic. The conjugate variable is therefore a conserved quantity (which will be set to zero in the following analysis), and the dimension of the system of equations can always be reduced by two.

3.5 Existence theories for periodic and quasiperiodic waves

This section presents some existence results for small-amplitude solutions of the steady waterwave problem which can be obtained by direct applications of standard results in Hamiltoniansystems theory to the reduced equations on the centre manifold. They concern fixed values

(β_0, α_0) of (β, α) which do not lie on any of the curves shown in Figure 1, so that the bifurcation parameters λ_1 and λ_2 are both set to zero. Let us proceed by introducing coordinates for the centre manifold using the procedure explained in Section 3.4 and restricting attention to the invariant subspace T_2 which corresponds to solutions of the water-wave problem which are even in z. The zero eigenvalue, which has a Jordan chain of length 2 in the present setting, can be removed using the procedure explained at the end of Section 3.4, and all other eigenvalues ±iω_1, . . . , ±iω_n of σ(L_s) ∩ iR are simple.

The following result is obtained from the Lyapunov centre theorem (e.g. see Ambrosetti & Prodi (1995, ch. 7, Theorem 3.4)).

Theorem 10 Assume that ω_i/ω_j ∉ Zfor all i ≠ j.

(i) Suppose that α_0 > 1 and (β_0, α_0) lies between C^+_j and C^+_{j+1} for some j ≥ 0. The reduced equations on the centre manifold have 2(j + 1) geometrically distinct periodic orbits on the energy surface {H̃^0 = ϵ} for each sufficiently small value of ϵ > 0. Two of these periodic orbits correspond to solutions of the steady water-wave problem which are independent of z.

(ii) Suppose that α_0 < 1 and (β_0, α_0) lies between C^−_j and C^−_{j+1} for some j ≥ 1. The reduced equations on the centre manifold have 2j +1 geometrically distinct periodic orbits on the surface energy surface {H̃^0 = ϵ} for each sufficiently small value of ϵ > 0. One of these periodic orbits corresponds to a solution of the steady water-wave problem which is independent of z.

(iii) Suppose that α_0 < 1 and (β_0, α_0) lies to the right of C^−_1 . The reduced equations on the centre manifold have a periodic orbit on the energy surface {H̃^0 = ϵ} for each sufficiently small value of ϵ > 0. This orbit corresponds to a two-dimensional solution of the steady water-wave problem.

Now suppose that ω_1, . . . , ω_n satisfy no resonance relation of order three or four, that is any triple or quartet of frequencies is linearly independent over the field Q. According to classical dynamical-systems theory the reduced Hamiltonian system given by the centre-manifold reduction procedure can be put into fourth-order Birkhoff normal form by a near identity symplectic transformation (e.g. see Arnold (1989, Appendix 7A)). The transformed Hamiltonian function takes the form

H̃^0(w_1) = 1 2 ω_1I_1 + · · · + 1 2 ω_nI_n + 1 8 (I_1, . . . , I_n)Q(I_1, . . . , I_n)^T + O(‖w_1‖^5)

as w_1 → 0, in which I_1, . . . , I_n are action variables associated with the eigenvalues ±iω_1, . . . ±iω_n and Q is an n × n matrix. Theorem 11 below follows from a result in KAM theory given by Pöschel (1980, Theorem 2.1).

Theorem 11 Suppose that ω_1, . . . , ω_n satisfy no resonance relation of order three or four and that det Q ≠ 0.

(i) The reduced equations on the centre manifold have 2(j + 1)-dimensional invariant Kronecker system whenever α_0 > 1 and (β_0, α_0) lies between C^+_j and C^+_{j+1} for some j ≥ 0.

(ii) The reduced equations on the centre manifold have a (2j + 1)-dimensional invariant Kronecker system in each neighbourhood of the origin whenever α_0 > 1 and (β_0, α_0) lies between C^−_j and C^−_{j+1} for some j ≥ 1.

(An n-dimensional Kronecker system (T^n, ω) consists of an n-torus T^n and a frequency vector ω which describes linear quasiperiodic motion upon it. A 2n-dimensional system of ordinary differential equations is said to have an invariant Kronecker system (T^n, ω) if there exists an embedding ϕ ∈ C^1(T^n, R^{2n}) such that ϕ(ωt + x_0) solves the system for each x_0 ∈ T^n.)

4 Bifurcation of generalised solitary waves

4.1 Normal-form analysis

This section is concerned with a codimension-one, small-amplitude bifurcation phenomenon which occurs at the curve C^−_1 . At each point (β_0, α_0) of C^−_1 the purely imaginary part of σ(L_s) consists of the ‘two-dimensional’ eigenvalues 0, ±iq and the ‘three-dimensional’ eigenvalues ±is_1 (see Figure 1). Let us introduce a bifurcation parameter μ by writing

(β, α) = (β_0, α_0 + μ)

(so that λ_1 = μ, λ_2 = 0 in the notation of Section 3) and carry out the centre-manifold reduction procedure using the coordinates described in Section 3.4.

The zero eigenvalue is geometrically simple and has a Jordan chain of length 2. Its generalised eigenvectors

e_1 = √ α_0 P (1 − α_0) 1 α_0 0 0 1 −^1_{α0}

, f_1 = √ α_0 P (1 − α_0) 0 0 1 0 ,

which satisfy L_sf_1 = 0, L_se_1 = f_1, have been chosen so that Ω(e_1, f_1) = 1. The other ‘twodimensional’ eigenvalues ±iq are geometrically and algebraically simple. The vector

e = 1 √ γ_1 i sinh q − ( β_0q + 1 q ) sinh q + cosh q

cosh qy −i sinh q + iq cosh qy ,

where γ_1 = P 2q (−4α sinh^2 q + q(2q + sinh 2q)), 28 is an eigenvector corresponding to the eigenvalue iq which is normalised so that Ω(ē, e) = i.

The ‘three-dimensional’ eigenvalues ±is_1 are geometrically double, and in addition each eigenvector has a Jordan chain of length 2. Observe that

v^1_{cos} = ip_1 s_1 sinh s_1 − ( β_0p_1 + 1 p_1 ) sinh p_1 + cosh p_1 cosh p_1y − ip_1 s_1 sinh p_1 + is_1 cosh p_1y cos ( 2πz P ) ,

w^1_{cos} =

( 1 p_1 − p_1 s^2_1 ) sinh p_1 + cosh p_1 is_1 p_1 ( β_0 − 1 − 1 p^2_1 ) sinh p_1 + is_1 ( β_0 + 1 p^2_1 ) cosh p_1 − is_1 p_1 y sinh p_1y ( p_1 s^2_1 − 1 p_1 ) sinh p_1 − cosh p_1 + s^2_1 p_1 y sinh p_1y + cosh p_1y cos ( 2πz P ) ,

in which p^2_1 = s^2_1 + 4π^2/P^2, satisfy (L_s − is_1I)v^1_{cos} = 0, (L_s + is_1I)w^1_{cos} = v^1_{cos}, and defining v^1_{sin}, w^1_{sin} by the above formulae with cos(2πz/P ) replaced by sin(2πz/P ), one finds that (L_s − is_1I)v^1_{sin} = 0, (L_s + is_1I)w^1_{sin} = v^1_{sin}. Direct calculations show that Ω(v^1_{cos}, w̄^1_{cos}) = −Ω(w^1_{cos}, v̄^1_{cos}) = γ_2, Ω(w^1_{cos}, w̄^1_{cos}) = iγ_3, Ω(v^1_{sin}, w̄^1_{sin}) = −Ω(w^1_{sin}, v̄^1_{sin}) = γ_2, Ω(w^1_{sin}, w̄^1_{sin}) = iγ_3, where

γ_2 = P 8p^3_1 ( − 4p^2_1s^2_1 coth p_1 + (4p^2_1 − 3s^2_1)(2p_1 + sinh 2p_1) ) > 0, (74)

γ_3 = 1 12p^5_1P^3s_1 ( 192p_1π^4 + p^3_1P^4s^2_1(−3 + 8s^2_1)

− 3p_1P^2s^2_1((16π^2 + P^2s^2_1) cosh 2p_1 + 2p_1(12π^2 coth p_1 − p_1P^2s^2_1 cosech^2p_1))

+ 6π^2(16π^2 + 3P^2s^2_1) sinh 2p_1 ) , and the symplectic product of any other combination of these vectors is zero. The generalised eigenvectors given by

e^1_{cos} = 1 √ γ_2 v^1_{cos}, f^1_{cos} = 1 √ γ_2 ( w^1_{cos} − iγ_3 2γ_2 v^1_{cos} ) ,

e^1_{sin} = 1 √ γ_2 v^1_{sin}, f^1_{sin} = 1 √ γ_2 ( w^1_{sin} − iγ_3 2γ_2 v^1_{sin} )

are therefore normalised such that Ω(e^1_{cos}, f̄^1_{cos}) = 1, Ω(f^1_{cos}, ē^1_{cos}) = −1, Ω(e^1_{sin}, f̄^1_{sin}) = 1, Ω(f^1_{sin}, ē^1_{sin}) = −1 and the symplectic product of any other combination is zero.

The centre-manifold reduction procedure yields a 12-dimensional centre manifold M^μ_C for μ ∈ Λ̃. Following the theory developed in Section 3.4, let us model M^μ_C upon the single coordinate chart W̃_1 and write

w_1 = q_1e_1 + p_1f_1 + Ce + C̄ē

+ A^1_{cos}e^1_{cos} + B^1_{cos}f^1_{cos} + Ā^1_{cos}ē^1_{cos} + B̄^1_{cos}f̄^1_{cos} + A^1_{sin}e^1_{sin} + B^1_{sin}f^1_{sin} + Ā^1_{sin}ē^1_{sin} + B̄^1_{sin}f̄^1_{sin},

in which q_1, p_1 and A^1_{cos}, A^1_{sin}, B^1_{cos}, B^1_{sin} are respectively real and complex. Suitable canonical coordinates for the reduced Hamiltonian system (M^μ_C , Ω̃^μ, H̃^μ) are then found by a near-identity symplectic transformation (Lemma 9). Because p_1 is cyclic, the conjugate variable variable q_1 is a conserved quantity and it is convenient to reduce the order of Hamilton’s equations by setting q_1 = 0. Furthermore, recall that

T_1 = {A^1_{cos} = A^1_{sin} = B^1_{cos} = B^1_{sin} = 0}, T_2 = {A^1_{sin} = B^1_{sin} = 0}

are invariant subspaces for Hamilton’s equations; they correspond to solutions of the waterwave problem which are respectively independent of z and even in z. Let us now restrict to the subspace T_2 to obtain a 6-dimensional Hamiltonian system (T , Υ, H̃^μ), where

T = {Ae^1 + Bf^1 + Āē^1 + B̄f̄^1 + Ce + C̄ē : A, B, C ∈ C } ∩ W̃_1,

in which A^1_{cos}, B^1_{cos} have been replaced by A, B for notational simplicity, and

Υ((A^1, B^1, Ā^1, B̄^1, C^1, C̄^1), (A^2, B^2, Ā^2, B̄^2, C^2, C̄^2)) = A^1B̄^2 − A^2B̄^1 + Ā^1B^2 − Ā^2B^1 + i(C^2C̄^1 − C^1C̄^2).

Note that solutions of Hamilton’s equations for (T , Υ, H̃^μ) correspond to water waves which are even in z, and solutions which lie in the invariant subspace {A = B = 0} correspond to two-dimensional (z-independent) water waves. Recall also that (T , Υ, H̃^μ) is a reversible Hamiltonian system; the reverser S maps (A, B, C) to (Ā, −B̄, C̄).

Lemma 12 There is a near-identity, analytic, symplectic change of coordinates with the property that H̃^μ = is_1(AB̄ − ĀB) + |B|^2 + q|C|^2 + H_{NF}(|A|^2, i(AB̄ − ĀB), |C|^2, μ) + O(|(A, B, C)|^{N +2})

as (A, B, C) → 0 in the new coordinates. The function H_{NF} is a polynomial of order N + 1 in its first three arguments with coefficients which depend analytically upon μ; it satisfies H_{NF}(|A|^2, i(AB̄ − ĀB), |C|^2, μ) = O(|(A, B, C)|^2|(μ, A, B, C)|). The change of coordinates preserves reversibility and the invariance of the subspace {A = B = 0}. Proof Expand the Hamiltonian function in a power series in (A, B, C, Ā, B̄, C̄) with μ-dependent coefficients, so that

H̃^μ = is_1(AB̄ − ĀB) + |B|^2 + q|C|^2 +^{N +1}∑ i=2 H̃^μ_i (A, B, C, Ā, B̄, C̄) + O(|(A, B, C)|^{N +2}) 30 as (A, B, C) → 0, in which the terms H^μ_i are homogeneous of degree i in (A, B, C, Ā, B̄, C̄) and H̃^0_2 is identically zero. The Taylor polynomials of a reduction function defining a centre manifold for an analytic system of equations always depend analytically upon any parameters; it follows that H̃^μ_i depends analytically upon μ. The next step is to apply the normal-form theory developed by Elphick et al. (1987) and extended to Hamiltonian systems by Meyer & Hall (1992, ch. VII). There is a near identity, analytic, symplectic changes of variable which modifies H̃^μ_i , i = 2, . . . , N + 1 in such a way that in the new coordinates H̃^μ_i (e^{L�x}(A, B, C, Ā, B̄, C̄)) = H̃^μ_i (A, B, C, Ā, B̄, C̄) (75) for all μ ∈ Λ̃ and x ∈ R; here the operator L is defined by

L A B C Ā B̄ C̄ = is_1A + B is_1B iqC −is_1Ā + B̄ −is_1B̄ −iqC̄ and L^∗ is its adjoint. Equation (75) states that H̃^μ_i is an invariant of the linear system

d dx

A B C Ā B̄ C̄ = L^∗ A B C Ā B̄ C̄ .

Making the assumption that q/s_1 ∉ Q, one finds that H̃^μ_i is a real polynomial function of |A|^2, i(AB̄ − ĀB), |C|^2 (cf. Illichev & Kirchgässner (1998), who study the corresponding normal form for general reversible vector fields). 2

Let us henceforth work with the coordinates A, B, C obtained in Lemma 12. Hamilton’s equations for the Hamiltonian system (T , Υ, H̃^μ) are given by

Ȧ = is_1A + B + iA∂_2H_{NF}(|A|^2, i(AB̄ − ĀB), |C|^2, μ) + O(|(A, B, C)|^{N +1}), Ḃ = is_1B + iB∂_2H_{NF}(|A|^2, i(AB̄ − ĀB), |C|^2, μ) − A∂_1H_{NF}(|A|^2, i(AB̄ − ĀB), |C|^2, μ) + O(|(A, B, C)|^{N +1}), Ċ = iqC + iC∂_3H_{NF}(|A|^2, i(AB̄ − ĀB), |C|^2, μ) + O(|(A, B, C)|^{N +1}) together with their complex conjugates, as (A, B, C, μ) → 0. This system of equations can be written schematically as Ẋ = F (X, μ) + R(X, μ), (76) in which X = (A, B, C, Ā, B̄, C̄) and R represents the terms of O(|(A, B, C)|^{N +1}). By choosing k sufficiently large, one may take N arbitrarily large and assume that R has derivatives of arbitrarily high order in X and μ.

Consider the Hamiltonian system (T , Υ, H̃^μ_0 ) obtained by omitting the remainder terms in H̃^μ, so that Hamilton’s equations are given in the above coordinates by

Ẋ = F (X, μ). (77)

This Hamiltonian system is completely integrable: the quantities H̃^μ_0 , i(AB̄ − ĀB) and |C|^2 are first integrals. It is reversible in the same sense as (76) and also has the two-dimensional symmetry R_{ϕ,θ}F (X, μ) = F (R_{ϕ,θ}X, μ), where R_{ϕ,θ} : (A, B, C) → (Ae^{iϕ}, Be^{iϕ}, Ce^{iθ}). Solutions to equation (77) are easily found by introducing symplectic polar coordinates (I, α) given by C = √ Ie^{iα}, so that Hamilton’s equations become

Ȧ = is_1A + B + iA∂_2H_{NF}(|A|^2, i(AB̄ − ĀB), I, μ), (78) Ḃ = is_1B + iB∂_2H_{NF}(|A|^2, i(AB̄ − ĀB), I, μ) − A∂_1H_{NF}(|A|^2, i(AB̄ − ĀB), I, μ) (79)

together with their complex conjugates and

İ = 0, α̇ = q + ∂_3H_{NF}(|A|^2, i(AB̄ − ĀB), I, μ). The subspace {A = B = 0} is clearly invariant under the flow generated by the above equations. It contains a family of periodic solutions which trace out the level sets of I with frequency Ω = q + ∂_3H_{NF}(0, 0, I, μ). Note that the action-frequency map is nondegenerate whenever ∂^2_3 H_{NF}(0, 0, 0, μ) is nonzero. This construction yields a foliation of the 6-dimensional phase space into a family of 4-dimensional reduced phase spaces parameterised by I: for each fixed value of this integral equations (78), (79) describe a completely integrable 4-dimensional system of the type studied by Iooss & Pérouème (1993), and the angle α is recovered by quadrature.

In certain cases this decomposition predicts the presence of homoclinic connections to each periodic orbit in {A = B = 0}. Write

H̃_{NF} = μc_1|A|^2 + μc_2i(AB̄ − ĀB) + μc_3I + c_4|A|^4 − c_5(AB̄ − ĀB)^2

+ c_6I^2 + c_7i|A|^2(AB̄ − ĀB) + c_8|A|^2I + c_9iI(AB̄ − ĀB) + · · · (80)

and suppose that c_4 > 0, c_1 < 0. (These coefficients are computed for the water-wave problem in Appendix B, where it is confirmed that they have the required signs.) Elementary methods show that equations (78), (79) have a circle {R_{Ω0x+ϕ}H_0(x)}_{ϕ∈S}1 of homoclinic orbits for each positive value of μ and each value of I in (0, ∞) if c_8 < 0 or in (0, −c_1/c_8) if c_8 > 0. (Note, however, that only small values μ and I are relevant in the context of the centre-manifold reduction, so that the sign of c_8 causes no real restriction on I.) Here Ω_0 = s_1 + ∂_2H_{NF}(0, 0, I, μ) and H_0 = (H_A, H_B, H_A, H_B)^T is a solution of the equations

Ȧ = B + iA[∂_2H_{NF}(|A|^2, i(AB̄ − ĀB), I, μ) − ∂_2H_{NF}(0, 0, I, μ)], (81) Ḃ = iB[∂_2H_{NF}(|A|^2, i(AB̄ − ĀB), I, μ) − ∂_2H_{NF}(0, 0, I, μ)] − A∂_1H_{NF}(|A|^2, i(AB̄ − ĀB), I, μ) (82) and their complex conjugates which is homoclinic to the origin and satisfies H_A(x) = H_A(−x), H_B(x) = −H_B(−x). Its components are given by

H_A(x) = μ^{1/2}(−c_1 − c_8Î)^{1/2} c^{1/2}_4 sech((−c_1 − c_8Î)^{1/2}μ^{1/2}x) + O(μ),

H_B(x) = − μ(−c_1 − c_8Î) c^{1/2}_4 sech((−c_1 − c_8Î)^{1/2}μ^{1/2}x) tanh((−c_1 − c_8Î)^{1/2}μ^{1/2}x) + O(μ^{3/2}),

where I = √ μÎ, and one has that |H_0(x)| ≤ M √ μe^{−|ν|x}, x ∈ R (83) for every ν < λ = √ −∂_1H_{NF}(0, 0, μÎ, μ) and M denotes a constant which depends only upon Î.

The above homoclinic orbits correspond to solutions of (77) which are homoclinic to the periodic orbit of amplitude I in {A = B = 0}. There is a two-parameter family {R_{Ω0x+ϕ,Ωx+θ} H(x)} of such solutions, where H = (H_A, H_B, H_C, H_A, H_B, H_C )^T , H_C = √ Ie^{iψ(x)} and ψ is the odd solution of the equation

ψ̇ = ∂_3H_{NF}(|H_A(x)|^2, 0, I, μ) − ∂_3H_{NF}(0, 0, I, μ). (84)

Precisely four of these homoclinic orbits are reversible, namely those for which (ϕ, θ) ∈ {0, π}^2. Observe that H(x) → R_{0,±δ}(0, 0, √ I, 0, 0, √ I)^T (85)

as x → ±∞, in which the phase shift δ is defined by

2δ = ∫_∞ −∞ (∂_3H_{NF}(|H_A(x)|^2, 0, I, μ) − ∂_3H_{NF}(0, 0, I, μ)) dx.

Furthermore, the function H is differentiable with respect to Î and its derivative satisfies the estimate | | | dH dÎ (x) | | | | ≤ M √ μ, x ∈ R. (86) It remains to obtain an analogous statement for equation (76), for which {A = B = 0} is also an invariant subspace. Solutions which are homoclinic to a periodic solution in {A = B = 0} correspond to generalised solitary-wave solutions of the steady water-wave problem; they consist of a three-dimensional disturbance which decays to a two-dimensional periodic wave at infinity. The rest of this paper is dedicated to a proof of the existence of a family of periodic solutions of (76) in {A = B = 0}, each of which is connected to itself by four reversible homoclinic solutions. These solutions are close (in a sense to be made precise) to the corresponding solutions of equation (77) found above.

4.2 Persistence of periodic orbits in fA = B = 0g

The change of variable X = √ μX̂ transforms (76) into

^̇X = F̂ (X̂, μ) + ϵR̂(X̂, μ) (87) and (77) into the same equation with ϵ = 0; here F̂ (X̂, μ) = 1√ μ F (X, μ), R̂(X̂, μ) = 1 √ μ^N R(X, μ), ϵ = √ μ^{N −1}. In the following analysis ϵ is used to activate or deactivate the remainder terms which were neglected in the normal-form analysis in Section 4.1. It is treated as a parameter which is independent of μ, so that μ ∈ [0, μ_0] and ϵ ∈ [0, ϵ_0] for some positive constants μ_0 and ϵ_0; the compatibility of the results thus obtained with the relationship ϵ = √ μ^{N −1} is checked at the end of each section.

Solutions of (87) of the form X̂ = (0, 0, Ĉ, 0, 0, Ĉ)^T satisfy the equation

^̇C = iĈ[q + ∂_3H_{NF}(0, 0, μ|Ĉ|2, μ)] + ϵR̂_0(Ĉ, μ) (88)

and its complex conjugate, where R̂_0(Ĉ, μ) = O( √ μ|Ĉ|^{N +1}) as (Ĉ, μ) → 0. Formula (88) represents Hamilton’s equations for a two-dimensional canonical Hamiltonian system with Hamiltonian given by

H̃^{μ,ϵ}_0 (Ĉ, Ĉ) = q|Ĉ|^2 + 1 μ H_{NF}(0, 0, μ|Ĉ|^2, μ) + O(ϵ √ μ|Ĉ|^{N +2}) as (Ĉ, μ) → 0. Elementary arguments show that equation (88) has a family of small-amplitude periodic solutions which can be parameterised by μ ∈ [0, μ_0], ϵ ∈ [0, ϵ_0] and small values Ĵ ∈ [0, Ĵ_0] of the Hamiltonian. Let us denote an orbit in this family by u(Ĵ, μ, ϵ) and write its frequency as ω(Ĵ, μ, ϵ); by choosing k large enough one may assume that for each x ∈ R the functions u(Ĵ, μ, ϵ)(x), u̇(Ĵ, μ, ϵ)(x) and ω(Ĵ, μ, ϵ) are at least twice continuously differentiable in Ĵ, μ and ϵ. Note that the invariance of the subspace {A = B = 0} is not essential here; the same conclusion is reached in the general case by means of the Lyapunov centre theorem. (In fact even the Hamiltonian structure of the system is not crucial: there is a Lyapunov centre theorem for reversible systems (Devaney 1976, Theorem 8.1).)

Explicit formulae for u(Ĵ, μ, 0) and ω(Ĵ, μ, 0) were found in Section 4.1, where they were parameterised by small values Î ∈ [0, Î_0] of the action variable and μ ∈ [0, μ_0] to give the periodic solutions

Ĉ(x) = √ Îe^{iΩx}, Ω(Î, μ) = q + ∂_3H_{NF}(0, 0, μÎ, μ)

of equations (88). For the purposes of the existence theory in Section 4.3 below it is convenient to reparameterise the periodic orbits u(Ĵ, μ, ϵ) for ϵ > 0 in a similar fashion.

Proposition 13 For each Î ∈ [0, Î_0], μ ∈ (0, μ_0] and ϵ ∈ [0, μ^{5/2}] there exists a real number Ĵ_{Î,μ,ϵ} ∈ [0, Ĵ_0] such that ω(Ĵ_{Î,μ,ϵ}, μ, ϵ) = Ω(Î, μ) and ‖ ‖ ‖ ‖u(Ĵ_{Î,μ,ϵ}, μ, ϵ) − √ Îe^{i(·)Ω} ‖ ‖ ‖ ‖ C^1_B(R) ≤ cϵ μ , where c is a constant which is independent of Î, μ and ϵ.

Proof Consider the equation ω(J, μ, ϵ) = Ω(Î, μ) (89) for Ĵ. The solution for ϵ = 0 is clearly Ĵ^_{I,μ,0} = H̃^{μ,0}_0 ( √ Î, √ Î). Suppose that the coefficient c_6 in the expansion of H^μ_{NF} (see equation (80)) is nonzero, so that

|∂_1ω(Ĵ_{Î,μ,0}, μ, 0)^{−1}| = |∂_1Ω(Î, μ)^{−1}| = |(μ∂^2_3 H_{NF}(0, μÎ, μ))^{−1}| ≤ c μ . (The coefficient c_6 is computed in Appendix B and shown there to be nonzero.) Observe that Ĵ is a solution of (89) if and only if it solves the equation B(Ĵ, ϵ) = Ĵ, where B(Ĵ, ϵ) = Ĵ − ∂_1ω(Ĵ_{Î,μ,0}, μ, 0)^{−1}(ω(Ĵ, μ, ϵ) − ω(Ĵ_{Î,μ,0}, μ, 0)). Standard arguments in nonlinear analysis show that B(·, ϵ) is a contraction on B_δ(Ĵ^_{I,μ,0}) provided that |B(Ĵ^_{I,μ,0}, ϵ)−Ĵ^_{I,μ,0}| ≤ δ/2, |∂_1B(Ĵ, ϵ)| ≤ 1/2 for each Ĵ ∈ B_δ(Ĵ^_{I,μ,0}). The estimates |B(Ĵ_{Î,μ,0}, ϵ) − Ĵ_{Î,μ,0}| ≤ |∂_1ω(Ĵ_{Î,μ,0}, μ, 0)^{−1}||ω(Ĵ_{Î,μ,0}, μ, ϵ) − ω(Ĵ_{Î,μ,0}, μ, 0)| ≤ cϵ μ and |∂_1B(Ĵ, ϵ)| ≤ |∂_1ω(Ĵ_{Î,μ,0}, μ_0)^{−1}||∂_1ω(Ĵ_{Î,μ,0}, μ, 0) − ∂_1ω(Ĵ, μ, ϵ)| ≤ |∂_1ω(Ĵ_{Î,μ,0}, μ_0)^{−1}||∂_1ω(Ĵ_{Î,μ,0}, μ, 0) − ∂_1ω(Ĵ, μ, 0)| + |∂_1ω(Ĵ_{Î,μ,0}, μ_0)^{−1}||∂_1ω(Ĵ, μ, 0) − ∂_1ω(Ĵ, μ, ϵ)| ≤ cδ μ + cϵ μ for Ĵ ∈ B_δ(Ĵ^_{I,μ,0}) follow from the fact that ω is a twice-continuously differentiable function of its arguments. Replacing μ_0 with a smaller constant if necessary, one concludes that B(·, ϵ) is a contraction on B_δ(Ĵ^_{I,μ,0}) for δ = cϵ/μ whenever ϵ ≤ μ^{2+τ} for some τ > 0; in keeping with the relationship ϵ = √ μ^{N −1}, let us choose τ = 1/2 and N ≥ 6. For these values of δ and ϵ equation (89) has a unique solution Ĵ^_{I,μ,ϵ} ∈ B_δ(Ĵ^_{I,μ,0}), so that |Ĵ_{Î,μ,ϵ} − Ĵ_{Î,μ,0}| ≤ cϵ μ . It follows from the C^2-dependence of u(Ĵ, μ, ϵ)(x) and u̇(Ĵ, μ, ϵ)(x) on the parameters that |u(Ĵ_{Î,μ,ϵ}, μ, ϵ)(x) − u(Ĵ_{Î,μ,0}, μ, 0)(x)|, |u̇(Ĵ_{Î,μ,ϵ}, μ, ϵ)(x) − u̇(Ĵ_{Î,μ,0}, μ, 0)(x)| ≤ cϵ μ , and these estimates hold uniformly in every compact subset of R. Because u(Ĵ^_{I,μ,ϵ}, μ, ϵ) and u(Ĵ_{Î,μ,0}, μ, 0) are periodic and have the same period, the estimates hold uniformly in R. 2

It remains to introduce suitable notation for the periodic orbits to (87) found by the above procedure. Define X̂_{Î,ϵ}(x) = (0, 0, u(Ĵ, μ, ϵ), 0, 0, u(Ĵ, μ, ϵ)), so that X̂^_{I,ϵ} is a periodic solution of (87) with frequency Ω. Clearly X̂^_{I,0} is given by the explicit formula X̂_{Î,0}(x) = R_{0,Ωx}Ŷ_Î , Ŷ_Î = (0, 0, √ Î, 0, 0, √ Î)^T and one has that ‖X̂_{Î,ϵ} − R_{0,Ωx}Ŷ_Î ‖_C1_{B(}R_) ≤ cϵ μ . (90)

This notation is used in Section 4.3 below, where the estimate (90) plays a pivotal role.

4.3 Persistence of homoclinic connections to periodic orbits

This section is dedicated to the proof of the following persistence result. Theorem 14 Take Î ∈ (0, Î_0]. There exists a real number μ^_I such that equation (87) has four geometrically distinct reversible homoclinic connections to the periodic orbit X̂^_{I,ϵ} for each μ ∈ (0, μ_Î ] and each ϵ ∈ [0, μ^{9/2}].

The method employed to establish this result is motivated by the strategy devised by Iooss & Pérouème (1993, §IV) in a persistence proof for a simpler normal form. The first step is to fix Î ∈ (0, Î_0], take μ ∈ (0, μ_0], ϵ ∈ [0, μ5/2] and look for a solution to (87) of the form Ŝ(x; ϕ, θ, Î, μ, ϵ) = R_{Ω0x+ϕ,Ωx+θ}(Ĥ(x) − R_{0,δ}Ŷ_Î + Ẑ(x)) + X̂_{Î,ϵ}(x + (δ + θ)/Ω), (91) for x ∈ [0, ∞), in which H(x) = √ μĤ(x), Ω_0 = q + ∂_2H_{NF}(0, 0, μÎ, μ) and Ẑ is a function which tends exponentially to 0 as x → ∞, so that Ŝ(·; ϕ, θ, Î, μ, ϵ) is a solution to (87) which approaches the periodic orbit X̂^_{I,ϵ} as x → ∞. (Notice that Ẑ = 0 is the appropriate choice for ϵ = 0.) Since X̂_{Î,ϵ}(x + (δ + θ)/Ω) solves equation (87) and R_{Ω0x+ϕ,Ωx+θ}Ĥ(x), R_{0,Ωx+θ}Ŷ_Î solve equation (87) with ϵ = 0, it follows that dẐ dx + L_{Ω0,Ω}Ẑ − d_1F̂ [Ĥ, μ](Ẑ) = N_1(Ẑ, x, ϕ, θ, μ) + ϵN_2(Ẑ, x, ϕ, θ, μ), (92) where L_{α,β} : (A, B, C) → (iαA, iαB, iβC), N_1(Ẑ, x, ϕ, θ, μ) = F̂ (Ĥ − R_{0,δ}Ŷ_Î + Ẑ + R_{−(Ω0x+ϕ),−(Ωx+θ)}X̂_{Î,ϵ}(x + (δ + θ)/Ω), μ) − F̂ (Ĥ, μ) + F̂ (R_{0,δ}Ŷ_Î , μ) − d_1F̂ [Ĥ, μ](Ẑ) − F̂ (R_{−(Ω0x+ϕ),−(Ωx+θ)}X̂_{Î,ϵ}(x + (δ + θ)/Ω), μ) and N_2(Ẑ, x, ϕ, θ, μ) = R_{−(Ω0x+ϕ),−(Ωx+θ)}R̂(R_{Ω0x+ϕ,Ωx+θ}(Ĥ − R_{0,δ}Ŷ_Î + Ẑ) + X̂_{Î,ϵ}(x + (δ + θ)/Ω), μ) − R_{−(Ω0x+ϕ),−(Ωx+θ)}R̂(X̂_{Î,ϵ}(x + (δ + θ)/Ω), μ).

Choose ν such that ν/λ is a fixed real number between 1/2 and 1, and let us use the symbol M to denote a constant which depends only upon Î. The following result is a straightforward consequence of formulae (83)–(85) in Section 4.1. Proposition 15 The function Ĥ satisfies the estimate |Ĥ(x) − R_{0,δ}Ŷ_Î | ≤ Me^{−νx}, x ∈ [0, ∞). (93) Using the estimate (93) and the fact that |X̂_{Î,ϵ}(x + (δ + θ)/Ω) − R_{Ω0x+ϕ,Ωx+θ+δ}Ŷ_Î | ≤ Mϵ μ , x ∈ [0, ∞), (94) one finds that N_1(Ẑ, x, ϕ, θ, μ) ≤ M √ μ ( ϵ μ (e^{−νx} + |Ẑ|) + |Ẑ|^2 ) , (95) N_2(Ẑ, x, ϕ, θ, μ) ≤ M √ μ(e^{−νx} + |Ẑ|) (96) and |N_1(Ẑ_1, x, ϕ, θ, μ) − N_1(Ẑ_2, x, ϕ, θ, μ)| ≤ M √ μ ( ϵ μ + |Ẑ_1| + |Ẑ_2| ) |Ẑ_1 − Ẑ_2|, |N_2(Ẑ_1, x, ϕ, θ, μ) − N_2(Ẑ_2, x, ϕ, θ, μ)| ≤ M √ μ|Ẑ_1 − Ẑ_2|

for each x ∈ [0, ∞).

To construct appropriate solutions of equation (92) it is necessary to obtain some information about the associated linear equation dẐ dx = L(x)(Ẑ), where L(x) = d_1F̂ [Ĥ(x), μ] − L_{Ω0,Ω}. This equation may be written as dẐ dx = L_∞Ẑ + (L(x) − L_∞)Ẑ, (97)

in which L_∞ = lim_{x→∞} L(x) = d_1F̂ [R_{0,δ}Ŷ^_I ] − L_{Ω0,Ω}. The spectrum of L_∞ can be calculated directly. It consists of two geometrically double eigenvalues ±λ = ± √ −∂_1H_{NF}(0, 0, μÎ, μ) and a zero eigenvalue with a Jordan chain of length 2. Using real coordinates (q̂_1, q̂_2, q̂_3, p̂_1, p̂_2, p̂_3)^T defined by

Â = 1√ 2 (q̂_1 + iq̂_2), B̂ = 1 √ 2 (p̂_1 + ip̂_2), C = 1 √ 2 (p̂_3 + iq̂_3),

note that s^∞_1 = (1, 0, 0, 0, λ, 0), s^∞_2 = (0, 1, 0, λ, 0, 0) and u^∞_1 = (1, 0, 0, 0, −λ, 0), u^∞_2 = (0, 1, 0, −λ, 0, 0) are linearly independent eigenvectors corresponding to respectively the negative and positive eigenvalue. Differentiating the identity

F (R_{0,δ}Ŷ_Î , μ) = L_{0,Ω}R_{0,δ}Ŷ_{Î⋆} with respect to δ and Î, one obtains the relations

L_∞R_{0,δ}L_{0,1}Ŷ_Î = 0, L_∞R_{0,δ} dŶ_Î dÎ = R_{0,δ}L_{0,Ω}0Ŷ_Î ,

where the prime denotes differentiation with respect to Î, which show that c^∞_1 = R_{0,δ}L_{0,1}Ŷ^_I is an eigenvector of L_∞ corresponding to the zero eigenvalue and c^∞_2 = R_{0,δ}dŶ^_I /dÎ is an associated generalised eigenvector.

Since L(x) tends exponentially to L_∞ as x → ∞ uniformly in μ, one may apply the theory given by Coddington & Levinson (1955, ch. 3, problems 29 and 35) to find that equation (97) has solutions s_1(x), s_2(x), u_1(x), u_2(x) such that s_j(x)e^{λx} → s^∞_j as x → ∞, |s_j(x)| ≤ Me^{−λx} for x ∈ [0, ∞), j = 1, 2, (98) u_j(x)e^{−λx} → u^∞_j as x → ∞, |u_j(x)| ≤ Me^{λx} for x ∈ [0, ∞), j = 1, 2. (99) Differentiating the identity R_{ϕ,ϕ} dĤ dx (x) + L_{Ω0,Ω}R_{ϕ,ϕ}Ĥ(x) = F̂ (R_{ϕ,ϕ}Ĥ(x), μ) (100)

with respect to ϕ and Î and putting ϕ = 0, one finds that c_1(x) and c_2(x) + xM_Ω0_{,Ω}0 c_1(x) are solutions of (97), where c_1(x) = L_{1,1}Ĥ(x), c_2(x) = dĤ(x)/dÎ, M_{α,β}(A, B, C) → (αA, αB, βC). Observe that c_1(x) → c^∞_1 , c_2(x) → c^∞_2 as x → ∞ and the estimate (86) in Section 4.1 shows that |c_1(x)|, |c_2(x)| ≤ M (101) for each x ∈ [0, ∞). The matrix (s_1(x)|s_2(x)|u_1(x)|u_2(x)|c_1(x)|c_2(x) + xM_Ω0_{,Ω}0 c_1(x)) is a fundamental matrix for (97) on [0, ∞) and since this equation is reversible in the same sense as (76) its Wronskian is independent of x. It follows that

det(s_1(x)|s_2(x)|u_1(x)|c_1(x)|c_2(x) + xM_Ω0_{,Ω}0 c_1(x)) = det(s_1(x)|s_2(x)|u_1(x)|u_2(x)|c_1(x)|c_2(x)) = det(s_1(x)e^{λx}|s_2(x)e^{λx}|u_1(x)e^{−λx}|u_2(x)e^{−λx}|c_1(x)|c_2(x)) = det(s^∞_1 |s^∞_2 |u^∞_1 |u^∞_2 |c^∞_1 |c^∞_2 ) = Mλ^2 = Mμ. Let {s^∗_1(x), s^∗_2(x), u^∗_1(x), u^∗_2(x), c^∗_1(x), c^∗_2(x)} denote the dual basis to {s_1(x), s_2(x), u_1(x), u_2(x), c_1(x), c_2(x)}, so that {s^∗_1(x), s^∗_2(x), u^∗_1(x), u^∗_2(x), c^∗_2(x), c^∗_1(x) − xM_Ω0_{,Ω}0 c^∗_2(x)} is a fundamental solution set for the adjoint equation to (97). The dual basis to

B = {s_1(x)e^{λx}, s_2(x)e^{λx}, u_1(x)e^{−λx}, u_2(x)e^{−λx}, c_1(x), c_2(x)}

is clearly given by

B^∗ = {s^∗_1(x)e^{−λx}, s^∗_2(x)e^{−λx}, u^∗_1(x)e^{λx}, u^∗_2(x)e^{λx}, c^∗_1(x), c^∗_2(x)}, and the elements of B^∗ can be computed from those of B using Cramer’s rule; each entry in each vector is given by a fraction whose denominator is the above determinant and whose numerator can be estimated using (98), (99), (101). It follows that |u^∗_1(x)|, |u^∗_2(x)| ≤ M μ e^{−λx}, |s^∗_1(x)|, |s^∗_2(x)| ≤ M μ e^{λx}, |c^∗_1(x)|, |c^∗_2(x)| ≤ M μ (102) for each x ∈ [0, ∞).

A straightforward calculation shows that any solution of the functional equation Ẑ = ∫ x 0 ⟨N_1(Ẑ, s, ϕ, θ, μ) + ϵN_2(Ẑ, s, ϕ, θ, μ), s^∗_1(s)⟩ ds s_1(x) + ∫ x 0 ⟨N_1(Ẑ, s, ϕ, θ, μ) + ϵN_2(Ẑ, s, ϕ, θ, μ), s^∗_2(s)⟩ ds s_2(x) - ∫_∞ x ⟨N_1(Ẑ, s, ϕ, θ, μ) + ϵN_2(Ẑ, s, ϕ, θ, μ), u^∗_1(s)⟩ ds u_1(x) - ∫_∞ x ⟨N_1(Ẑ, s, ϕ, θ, μ) + ϵN_2(Ẑ, s, ϕ, θ, μ), u^∗_2(s)⟩ ds u_2(x) - ∫_∞ x ⟨N_1(Ẑ, s, ϕ, θ, μ) + ϵN_2(Ẑ, s, ϕ, θ, μ), c^∗_1(s) − (s − x)M_Ω0_{,Ω}0 c^∗_2(s)⟩ ds c_1(x) - ∫_∞ x ⟨N_1(Ẑ, s, ϕ, θ, μ) + ϵN_2(Ẑ, s, ϕ, θ, μ), c^∗_2(s)⟩ ds c_2(x) (103) solves equation (92); here ⟨· , ·⟩ denotes the usual inner product on R^6. Let us write the above equation as Ẑ = F(Ẑ, ϵ) and consider this fixed-point problem in the Banach space E_ν = {Ẑ ∈ C([0, ∞) × S^1 × S^1) : sup{|Ẑ(x, ϕ, θ)|e^{νx} : x ∈ [0, ∞), θ, ϕ ∈ S^1} < ∞} equipped with the norm ‖Z‖_ν = sup{|Ẑ(x, ϕ, θ)|e^{νx} : x ∈ [0, ∞), θ, ϕ ∈ S^1}. Proposition 16 The function F satisfies the estimates ‖F(Ẑ, ϵ)‖_ν ≤ M μ [ ‖Ẑ‖^2_ν + ϵ μ (1 + ‖Ẑ‖_ν ) ] , ‖F(Ẑ_1, ϵ) − F(Ẑ_2, ϵ)‖_ν ≤ M μ [ ϵ μ + ‖Ẑ_1‖_ν + ‖Ẑ_2‖_ν ] ‖Ẑ_1 − Ẑ_2‖_ν

for each Ẑ, Ẑ_1, Ẑ_2 ∈ E_ν .

Proof Using the estimates (95), (96) and (98), (99), (101), one finds that | | | | ∫ x 0 ⟨N_1(Ẑ, s, ϕ, θ, μ) + ϵN_2(Ẑ, s, ϕ, θ, μ), s^∗_1(s)⟩ ds s_1(x) | | | | e^{νx} ≤ ∫ x 0 M μ √ μ [ ϵ μ (1 + ‖Ẑ‖_ν )e^{−νs} + ‖Ẑ‖^2_νe^{−2νs} ] e^{λs} ds e^{−(λ−ν)x} = M μ √ μ [ ϵ μ (1 + ‖Ẑ‖_ν ) ( 1 − e^{−(λ−ν)x} λ − ν ) + ‖Ẑ‖^2_ν ( e^{−νx} − e^{−(λ−ν)x} λ − 2ν )]

≤ M √ μ μλ [ ϵ(1 + ‖Ẑ‖_ν) μ(1 − ν/λ) ) + ‖Ẑ‖^2_ν 1 − 2ν/λ ]

≤ M μ [ ‖Ẑ‖^2_ν + ϵ μ (1 + ‖Z‖_ν) ]

and | | | | ∫_∞ x ⟨N_1(Ẑ, s, ϕ, θ, μ) + ϵN_2(Ẑ, s, ϕ, θ, μ), (s − x)M_Ω0_{,Ω}0 c^∗_2(s)⟩ ds c_1(s) | | | | e^{νx} ≤ ∫_∞ x M μ √ μ [ ϵ μ (1 + ‖Ẑ‖_ν)e^{−νs} + ‖Ẑ‖^2_ν e^{−2νs} ] (s − t)μ ds e^{νx} = M μ μ^{3/2} [ 1 ν^2 ( 1 + ϵ μ ) ‖Ẑ‖_ν + 1 2ν ‖Ẑ‖^2_ν e^{−νx} ]

≤ M μ [( 1 + ϵ μ ) ‖Ẑ‖_ν + ‖Ẑ‖^2_ν ] , in which the estimates Ω^′_0, Ω^′ ≤ Mμ and √ μ/λ ≤ M (which follows because the coefficient c_1 in the expansion of H^μ_{NF} is nonzero) and the identity ∫_∞ x (s − x)e^{−ν(s−x)} ds = 1 ν^2 have also been used. The remaining integrals on the right-hand side of (103) are estimated in a similar fashion, and this procedure yields the stated estimate for ‖F(Ẑ)‖_ν. The second estimate is obtained by the same method. 2

According to standard arguments in nonlinear analysis, F(·, ϵ) is a contraction on B_δ(0) ⊂ E_ν provided that ‖F(0, ϵ)‖_ν ≤ δ/2 and that F(·, ϵ) is Lipschitz continuous on B_δ(0) with Lipschitz constant at most 1/2. Replacing μ_0 with a smaller constant (which depends upon Î) if necessary, one finds from Proposition 16 that F(·, ϵ) is a contraction on B_{δ1} (0) ⊂ E_ν , δ_1 = Mϵ/μ^2 whenever ϵ ≤ μ^{7/2}. This result shows that equation (92) has a unique solution Ẑ(x; ϕ, θ, Î, μ, ϵ) for each ϕ, θ ∈ S^1 which satisfies the estimate |Ẑ(x; ϕ, θ, Î, μ, ϵ)| ≤ Mϵ μ^2 , x ∈ [0, ∞). The next step is to show that Z_ϕ, Z_θ exist and also satisfy estimates of this type.

Let us formally differentiate the functional equation (103) with respect to θ and replace Ẑ_θ by Ŷ . The resulting equation, which may be written schematically as Ŷ = G(Ŷ , Ẑ, ϵ), is given by (103) with N_1(Ẑ, x, ϕ, θ, μ) and N_2(Ẑ, x, ϕ, θ, μ) replaced by respectively N_3(Ẑ, Ŷ , s, ϕ, θ, μ) = d_1F̂ [Ĥ − R_{0,δ}Ŷ_Î + Ẑ + R_{−(Ω0x+ϕ),−(Ωx+θ)}X̂_{Î,ϵ}(x + (δ + θ)/Ω), μ] ( Ŷ +L_{−1,0}R_{−(Ω0x+ϕ),−(Ωx+θ)}X̂_{Î,ϵ}(x+(δ+θ)/Ω)+ 1 Ω R_{Ω0x+ϕ,Ωx+θ} dX̂_{Î,ϵ} dx (x+(δ + θ)/Ω) )

− d_1F̂ [R_{−(Ω0x+ϕ),−(Ωx+θ)}X̂_{Î,ϵ}(x + (δ + θ)/Ω), μ] ( L_{−1,0}R_{−(Ω0x+ϕ),−(Ωx+θ)}X̂_{Î,ϵ}(x + (δ + θ)/Ω) + 1 Ω R_{Ω0x+ϕ,Ωx+θ} dX̂_{Î,ϵ} dx (x + (δ + θ)/Ω) )

− d_1F̂ [H, μ](Ŷ ) and N_4(Ẑ, Ŷ , s, ϕ, θ, μ) = L_{0,−1}R_{−(Ω0x+ϕ),−(qx+θ)}R̂(μ, R_{Ω0x+ϕ,qx+θ}(Ĥ − R_{0,δ}Ŷ_Î + Ẑ) + X̂_{Î,ϵ}(x + (δ + θ)/Ω), μ) + R_{−(Ω0x+ϕ),−(qx+θ)}d_1R̂[R_{Ω0x+ϕ,Ωx+θ} (Ĥ − R_{0,δ}Ŷ_Î + Ẑ) + X̂_{Î,ϵ}(x + (δ + θ)/Ω), μ] ( L_{0,1}R_{Ω0x+ϕ,Ωx+θ}(Ĥ − R_{0,δ}Ŷ_Î + Ẑ) + R_{Ω0x+ϕ,Ωx+θ}Ŷ + 1 Ω dX̂_{Î,ϵ} dx (x + (δ + θ)/Ω) )

− L_{0,−1}R_{−(Ω0x+ϕ),−(Ωx+θ)}R̂(X̂_{Î,ϵ}(x + (δ + θ)/Ω), μ) − R_{−(Ω0x+ϕ),−(Ωx+θ)}d_1R̂[X̂_{Î,ϵ}(x + (δ + θ)/Ω), μ] ( 1 Ω dX̂_{Î,ϵ} dx (x + (δ + θ)/Ω) ) . Using the estimates (93), (94) and the fact that | | | | | | 1 Ω dX̂_{Î,ϵ} dx (x + (δ + θ)/Ω) − L_{0,1}R_{Ω0x+ϕ,Ωx+θ+δ}Ŷ_{Î,ϵ} | | | | | | ≤ Mϵ μ , x ∈ [0, ∞), one finds that N_3(Ẑ, Ŷ , x, ϕ, θ, μ) ≤ M μ √ μ ( ϵ μ |Ẑ| + ϵ μ |Ŷ | + ϵ μ e^{−νx} + |Ẑ||Ŷ | ) , N_4(Ẑ, Ŷ , x, ϕ, θ, μ) ≤ M μ √ μ(e^{−νx} + |Ẑ| + |Ŷ | + |Ẑ||Ŷ |) and |N_3(Ẑ, Ŷ_1, x, ϕ, θ, μ) − N_3(Ẑ, Ŷ_2, x, ϕ, θ, μ)| ≤ M μ √ μ ( ϵ μ |Ŷ_1 − Ŷ_2| + |Ẑ| ) |Ŷ_1 − Ŷ_2|,

|N_3(Ẑ_1, Ŷ , x, ϕ, θ, μ) − N_3(Ẑ_2, Ŷ , x, ϕ, θ, μ)| ≤ M μ √ μ ( ϵ μ |Ẑ_1 − Ẑ_2| + |Ŷ | ) |Ẑ_1 − Ẑ_2|, |N_4(Ẑ, Ŷ_1, x, ϕ, θ, μ) − N_4(Ẑ, Ŷ_2, x, ϕ, θ, μ)| ≤ M μ √ μ(1 + |Ẑ| + |Ŷ_1| + |Ŷ_2|)|Ŷ_1 − Ŷ_2|, |N_4(Ẑ_1, Ŷ , x, ϕ, θ, μ) − N_4(Ẑ_2, Ŷ , x, ϕ, θ, μ)| ≤ M μ √ μ(1 + |Ŷ | + |Ẑ_1| + |Ẑ_2|)|Ẑ_1 − Ẑ_2|

for each x ∈ [0, ∞). The following result is proved in the same way as Proposition 16.

Proposition 17 The function G satisfies the estimates ‖G(Ẑ, Ŷ , ϵ)‖_ν ≤ M μ [ ‖Ẑ‖_ν ‖Ŷ ‖_ν + ϵ μ (1 + ‖Ẑ‖_ν + ‖Ŷ ‖_ν) ] , ‖G(Ẑ, Ŷ_1, ϵ) − G(Ẑ, Ŷ_2, ϵ)‖_ν ≤ M μ [ ϵ μ + ‖Ẑ‖_ν ] ‖Ŷ_1 − Ŷ_2‖_ν, ‖G(Ẑ_1, Ŷ , ϵ) − G(Ẑ_2, Ŷ , ϵ)‖_ν ≤ M μ [ ϵ μ + ‖Ẑ_1‖_ν + ‖Ẑ_2‖_ν + ‖Ŷ ‖_ν ] ‖Ẑ_1 − Ẑ_2‖_ν

for each Ẑ, Ŷ , Ẑ_1, Ẑ_2, Ŷ_1, Ẑ_2 ∈ E_ν .

The argument used above to show that F(·, ϵ) is a contraction on B_{δ1} (0) is also applicable here; it shows that for each Ẑ ∈ B_{δ1} (0) the function G(Ẑ, ·, ϵ) : B_{δ2} (0) → B_{δ2} (0), δ_2 = Mϵ/μ^2 is a contraction whose Lipschitz constant is independent of Ẑ whenever ϵ ≤ μ^{7/2}. Let us denote its fixed point by Ŷ (·; ·, ·, Î, μ, ϵ). Note that G(·, Ŷ , ϵ) : B_{δ1} (0) → B_{δ2} (0) is continuous for each Ŷ ∈ B_{δ2} (0), so that the map H(·, ·, ϵ) : B_{δ1} (0) × B_{δ2} (0) → B_{δ1} (0) × B_{δ2} (0) defined by H(Ẑ, Ŷ , ϵ) = (F(Ẑ, ϵ), G(Ẑ, Ŷ , ϵ)) has the fixed-point property. Take Ẑ ∈ B_{δ1} (0) and suppose that Ẑ_θ exists and belongs to B_{δ2} (0) (Ẑ = 0 is a trivial example); by construction F(Ẑ, ϵ)_ϕ exists and equals G(Ẑ, Ẑ_ϕ, ϵ). Because H(·, ·, ϵ) has the fixed-point property the sequence {(Ẑ_n, Ŷ_n)} ⊂ B_{δ1(0)} × B_{δ2(0)} given by (Ẑ_0, Ŷ_0) = (0, 0), (Ẑ_{n+1}, Ŷ_{n+1}) = (F(Ẑ_n, ϵ), G(Ẑ_n, Ŷ_n, ϵ)), n = 0, 1, 2, . . . converges to the unique fixed point (Z(·; ·, ·, Î, μ, ϵ), Y(·; ·, ·, Î, μ, ϵ)) of H in B_{δ1} (0) × B_{δ2(0)} and the uniformity of the convergence in (t, ϕ, θ) ∈ [0, ∞) × S^1 × S^1 implies that Ŷ (·; ·, ·, Î, μ, ϵ) = Ẑ_θ(·; ·, ·, Î, μ, ϵ). In particular, one has that |Ẑ_θ(x; ϕ, θ, Î, μ, ϵ) ≤ Mϵ μ^2 , x ∈ [0, ∞). The same method shows that Ẑ_ϕ(x; ϕ, θ, Î, μ, ϵ) exists and satisfies |Ẑ_ϕ(x; ϕ, θ, Î, μ, ϵ)| ≤ Mϵ μ^2 , x ∈ [0, ∞). Clearly any solution of (92) which lies in E_ν satisfies |Ẑ_x| ≤ |L_{Ω0,Ω}||Ẑ| + |d_1F̂ [Ĥ, μ]||Ẑ| + |N_1(Ẑ, x, ϕ, θ, μ)| + ϵ|N_2(Ẑ, x, ϕ, θ, μ)| ≤ M|Ẑ| + M μ √ μ ( ϵ μ (1 + |Ẑ|) + |Ẑ|^2 ) , so that |Ẑ_x(x; ϕ, θ, Î, μ, ϵ)| ≤ Mϵ μ^2 , x ∈ [0, ∞). One concludes that equation (91) defines a solution of (92) which satisfies the estimates |Ŝ(x; ϕ, θ, Î, μ, ϵ) − Ŝ(x; ϕ, θ, Î, μ, 0)| ≤ Mϵ μ^2

, (104) |Ŝ_ϕ(x; ϕ, θ, Î, μ, ϵ) − Ŝ_ϕ(x; ϕ, θ, Î, μ, 0)| ≤ Mϵ μ^2

, (105) |Ŝ_θ(x; ϕ, θ, Î, μ, ϵ) − Ŝ_θ(x; ϕ, θ, Î, μ, 0)| ≤ Mϵ μ^2

, (106) |Ŝ_x(x; ϕ, θ, Î, μ, ϵ) − Ŝ_x(x; ϕ, θ, Î, μ, 0)| ≤ Mϵ μ^2

. (107)

Define a function F : R × S^1 × S^1 × [0, μ^{7/2}] → Im(I − S) by the formula F (γ, ϵ) = (I − S)Ŝ(x; ϕ, θ, Î, μ, ϵ), where γ = (x, ϕ, θ), so that a solution γ = (x, ϕ, θ) of the equation F (γ, ϵ) = 0 corresponds to a point Ŝ(x; ϕ, θ, Î, μ, ϵ) ∈ Fix S on a solution to (92) which approaches the periodic orbit X̂^_{I,ϵ} as x → ∞. Bearing in mind that γ = (0, 0, 0) is a solution of the equation F (γ, 0) = 0 (see the remarks above equation (92)), note that γ is a solution of F (γ, ϵ) = 0 if and only if it solves the equation B(γ, ϵ) = γ, where B : R×S^1×S^1×[0, ϵ] is given by B(γ, ϵ) = γ−d_1F [0, 0]^{−1}F (γ, ϵ). The operator d_1F [0, 0] : R × R × R → Im(I − S) may be computed explicitly. Differentiating the expression Ŝ(x; ϕ, θ, Î, μ, 0) = R_{Ω0x+ϕ,qx+θ}Ĥ(x), (108) one finds that

Ŝ_x(0; 0, 0, Î, μ, 0) = L_{Ω0,Ω}Ĥ(0) + d Ĥ dx (0), Ŝ_ϕ(0; 0, 0, Î, μ, 0) = L_{Ω0,0}Ĥ(0), Ŝ_θ(0; 0, 0, Î, μ, 0) = L_{0,Ω}Ĥ(0).

It follows directly from the definition of S that dim Im(I − S) = dim ker(I − S) = 3, and since SL_{Ω0,0}Ĥ(0) = −L_{Ω0,0}Ĥ(0), SL_{0,Ω}Ĥ(0) = −L_{0,Ω}Ĥ(0), SdĤ/dx = −dĤ/dx, the set

B_1 = { dĤ dx (0), L_{Ω0,0}Ĥ(0), L_{0,Ω}Ĥ(0) }

is a basis for Im(I − S). The matrix of d_1F [0, 0] with respect to this basis is

2 0 0 2 2 0 2 0 2 .

Formula (100) and the remarks below (82) show that

B_2 = { 1 μ dĤ dx (0), L_{Ω0,0}Ĥ(0), L_{0,Ω}Ĥ(0) }

is a basis for Im(I − S) with the property that the norms of its elements are bounded above and below by a constant which is independent of μ. The same is therefore true of the dual basis to B_2, so that the dual basis {v_1, v_2, v_3} to B_1 satisfies ‖v_1‖ ≤ M/μ, ‖v_1‖, ‖v_2‖ ≤ M. Since

d_1F [0, 0]^{−1}(v) =

1/2 0 0 −1/2 1/2 0 −1/2 0 1/2 ⟨v, v_1⟩ ⟨v, v_2⟩ ⟨v, v_3⟩ it follows that ‖d_1F [0, 0]^{−1}‖ ≤ M/μ.

Notice that ‖B(0, ϵ)‖ ≤ ‖d_1F [0, 0]^{−1}‖‖F (0, ϵ)‖ ≤ ‖d_1F [0, 0]^{−1}‖‖I − S‖‖Ŝ(0; 0, 0, Î, μ, ϵ)‖ ≤ M ϵ μ^3 , where the last line follows from (104) and the fact that Ŝ(0; 0, 0, Î, μ, 0) = 0. Moreover

‖d_1B(γ, ϵ)‖ ≤ ‖d_1F [0, 0]^{−1}‖‖d_1F [γ, 0] − d_1F [0, 0]‖ + ‖d_1F [0, 0]^{−1}‖‖d_1F [γ, ϵ] − d_1F [γ, 0]‖ ≤ M μ ( |γ| + ϵ μ^2 )

because ‖d_1F [γ, 0] − d_1F [0, 0]‖ ≤ M|γ|, ‖d_1F [γ, ϵ] − d_1F [γ, 0]‖ ≤ Mϵ μ^2 ; here the first estimate follows from the explicit formula (108) for Ŝ(·; ·, ·, Î, μ, 0) and the second is a consequence of (105)–(107). Replacing μ_0 with a smaller constant (which depends upon Î) if necessary, one concludes that B_2(·, ϵ) has a unique fixed point (x_1, ϕ_1, θ_1) ∈ B_δ(0), δ = Mϵ/μ^3 whenever ϵ ≤ μ^{9/2}. The solution S(·; ϕ_1, θ_1, Î, μ, ϵ) to equation (87) is therefore a reversible homoclinic connection to the periodic orbit X̂^_{I,ϵ}.

Recall that F (γ, 0) = 0 has three additional solutions γ = (0, π, 0), γ = (0, 0, π) and γ = (0, π, π). Repeating the above analysis, one therefore obtains three further reversible homoclinic solutions S(·; ϕ_i, θ_i, Î, μ, ϵ), i = 1, 2, 3 to equation (87) whenever ϵ ≤ μ^{9/2}. These remarks complete the proof of Theorem 14, and returning to the relationship ϵ = √ μ^{N −1}, note that it is necessary to take N ≥ 10.

Appendix A Results in interpolation theory

In this Appendix various properties of the Hilbert spaces H^t_{per}(S) = {u ∈ H^t_{loc}(R) : u(z + P ) = u(z), z ∈ R} and H^t_{per}(Σ) = {u ∈ H^t_{loc}((0, 1) × R) : u(y, z + P ) = u(y, z), y ∈ (0, 1), z ∈ R} are collected together. The first result concerns the relationship between elements in these spaces. Lemma 18 Let t be a non-negative real number.

(i) The mapping u → ∫_1 0 u(·, y) dy defines a bounded linear operator H^t_{per}(Σ) → H^t_{per}(S).

(ii) The natural extension of u ∈ H^t_{per}(S) to Σ defines a bounded linear operator H^t_{per}(S) → H^t_{per}(Σ).

(iii) The trace mapping u → u|_S is a bounded operator H^{t+1/2}_{per} (Σ) → H^t_{per}(S). Proof The first two assertions are clearly true for t ∈ N_0 and hence, by interpolation, for each t ∈ [0, ∞). The proof of the third assertion is given by Lions & Magenes (1972, vol. I, ch. 1, Theorem 9.4). 2 Lemma 19 indicates when it is possible to multiply functions in H^s_{per} and H^t_{per} together.

Lemma 19

(i) The spaces H^s_{per}(S) and H^t_{per}(Σ) are Banach algebras for s > 1/2, t > 1. (ii) Take u_1 ∈ H^{s+1}_{per} (Σ), u_2 ∈ H^s_{per}(Σ) for some s ∈ (0, 1/2). The function u_1u_2 belongs to H^s_{per}(Σ) and satisfies the estimate ‖u_1u_2‖_s ≤ c‖u_1‖_{1+s}‖u_2‖_s, in which c is a positive constant. The same result holds when Σ is replaced by S.

Proof The proof of the first part of this lemma is given by Lions & Magenes (1972, vol. I, ch. 1, Theorem 9.8). Turning to the second part, fix u_1 ∈ H^{s+1}_{per} (Σ) and set T u_2 = u_1u_2. For each u_2 ∈ L^2_{per}(Σ) one has that ‖T u_2‖_0 = ‖u_1u_2‖_0 ≤ sup_{(x,z)∈S} |u_1(x, z)|‖u_2‖_0 ≤ c_1‖u_1‖_{1+s}‖u_2‖_0, (109)

in which the continuity of the embedding H^{s+1}_{per} (Σ) ⊂ C(Σ) has been used. It follows that T is a bounded linear operator L^2_{per}(Σ) → L^2_{per}(Σ).

Now take u_2 ∈ H^1_{per}(Σ) and note that ‖∇T u_2‖^2_0 ≤ 1 2 ‖u_1∇u_2‖^2_0 + 1 2 ‖u_2∇u_1‖^2_0. (110) The above procedure shows that ‖u_1∇u_2‖^2_0 ≤ c_2‖u_1‖^2_{1+s}‖u_2‖^2_0, (111) and using Hölder’s inequality and the continuity of the embeddings H^1_{per}(Σ) ⊂ L^{2p}_{per}(Σ) for 2p ∈ [1, ∞) and H^s_{per}(Σ) ⊂ L^{2q}_{per}(Σ) for 2q ∈ [1, 2/(1 − s)], one finds that ‖u_2∇u_1‖^2_0 ≤ ‖u_2‖^2_{0,2p}‖∇u_1‖^2_{0,2q} ≤ c_2‖u_2‖^2_1‖∇u_1‖^2_s. (112) Equations (109)–(112) show that ‖T u_2‖_1 ≤ c_3‖u_1‖_{1+s}‖u_2‖_1, (113) so that T is a bounded linear operator H^1_{per}(Σ) → H^1_{per}(Σ).

The desired result for Σ now follows from (109), (113) by interpolation and an identical procedure gives the same conclusion for S. 2

Appendix B Results of the normal-form computations

Let us write the Hamiltonian vector field for (M^μ_C , Ω̃, H̃^μ) as Z → LZ + P (Z, μ), where P (Z, μ) = 3∑ r+i+j+k+ℓ+m+n=2 P_{r,ijkℓmn}μ^rA^iB^jC^kĀ^ℓB̄^mC̄^n + O(|(A, B, C)||(μ, A, B, C)|^3) as (Z, μ) → 0. In similar notation, the reduction function k : W̃_1 × Λ̃ → W̃_2 defining the centre manifold for (M, Ω, H^λ) takes the form k(Z, μ) = 3∑ r+i+j+k+ℓ+m+n=2 k_{r,ijkℓmn}μ^rA^iB^jC^kĀ^ℓB̄^mC̄^n + O(|(A, B, C)||(μ, A, B, C)|^3) as (Z, μ) → 0, where each k_{r,ijkℓmn} is an element of V . Recall that Hamilton’s equations for (M, Ω, H^μ) take the form u̇ = f^μ(u) with boundary conditions Φ^u_y = F (u) on y = 0, 1.

Substituting u = Z + k(Z, μ) and Ż = LZ + P (Z, μ) into these equations, one finds that f^0_1 k_{0,2}(Z) − dk_{0,2}[Z](f^0_1 (Z)) = −f^0_2 (Z, Z) + P_{0,2}(Z) (114) with boundary conditions Φ^{k0,2}_y + 1 β ( ω^{k0,2} − ∫_1 0 yΦ^{k0,2}_y dy ) = F_2(Z, Z) on y = 1, (115) Φ^{k0,2}y = 0 on y = 0, (116) in which k_{p,q}(Z) = ∑ i+j+k+ℓ+m+n=q μ^pA^iB^jC^kĀ^ℓB̄^mC̄^n, P_{p,q}(Z) = ∑ i+j+k+ℓ+m+n=q μ^pA^iB^jC^kĀ^ℓB̄^mC̄^n,

f^0_n =^1_{n!} d^nf^0[0] and F_n =^1_{n!} d^nF [0], n = 1, 2, 3. Since P_{0,2} = 0, equations (114)–(116) consist of 21 boundary-value problems which uniquely determine k_{0,2}; note in particular that f^0_1 k_{0,100100} = −2f^0_2 (e^1, ē^1) with

Φ^{k0,100100} y + 1 β_0 ( ω^{k0,100100} −

∫_1 0 yΦ^{k0,100100} y dy ) = 2F_2(e^1, ē^1) on y = 1, Φ^{k0,100100} y = 0 on y = 0 and (f^0_1 − 2isI)k_{0,200000} = −f^0_2 (e^1, e^1) with

Φ^{k0,200000} y + 1 β_0 ( ω^{k0,200000} −

∫_1 0 yΦ^{k0,200000} y dy ) = F_2(e^1, e^1) on y = 1, Φ^{k0,200000} y = 0 on y = 0.

Observe that the inhomogeneous terms in these equations have nonzero components in only the zeroth and second Fourier modes. Examining the contributions to the equations from these modes, one arrives at four systems of linear ordinary differential equations whose unique solutions can be found by straightforward calculations. This procedure yields expressions for k_{0,100100}, k_{0,200000}, and k_{0,001001}, k_{0,002000} may be computed in the same manner (here it is necessary only to examine the zeroth Fourier mode).

Next note that k_{0,3} satisfies the equation f^0_1 k_{0,3}(Z) − dk_{0,3}[Z](f^0_1 Z) = dk_{0,2}[Z]((P_{0,2}(Z)) − 2f^0_2 (Z, k_{0,2}(Z)) − f^0_3 (Z, Z, Z) + P_{0,3}(Z) (117) with boundary conditions

Φ^{k0,3}_y + 1 β_0 ( ω^{k0,3} − ∫_1 0 yΦ^{k0,3}_y dy ) = 2F_2(Z, k_{0,2}(Z)) + F_3(Z, Z, Z) on y = 1, Φ^{k0,2}y = 0 on y = 0.

The component of equation (117) which contains the term P_{0,200100} = c_7ie^1 − 2c_4f_2 is (f^0_1 − is_1I)k_{0,200100} = −2f^0_2 (e^1, k_{0,100100}) − 2f^0_2 (ē^1, k_{0,200000}) − 3f^0_3 (e^1, e^1, ē^1) + c_7ie^1 − 2c_4f_2, so that 2c_4 = Ω((f^0_1 − isI)k_{0,200100}, ē^1)

+ 2Ω(f^0_2 (e^1, k_{0,100100}), ē^1) + 2Ω(f^0_2 (ē^1, k_{0,200000}), ē^1) + 3Ω(f^0_3 (e^1, e^1, ē^1), ē^1). (118)

Equation (16) shows that Ω(f^μ(u), v) + [G_1(u)Φ^v]^{y=1}_{y=0} = dH^μ[u](v) for each u, v ∈ W̃_1, whereupon Ω(f^0_1 (u), v) + [G_1(u)Φ^v]^{y=1}_{y=0} = 2H^0_2 (u, v), Ω(f^0_2 (u_1, u_2), v) + [G_2(u_1, u_2)Φ^v]^{y=1}_{y=0} = 3H^0_3 (u_1, u_2, v), Ω(f^0_3 (u_1, u_2, u_3), v) + [G_3(u_1, u_2, u_3)Φ^v]^{y=1}_{y=0} = 4H^0_4 (u_1, u_2, u_3, v), in which H^0_n =^1_{n!} d^nH^0[0], G_n =^1_{n!} d^nG, n = 1, 2, 3, 4. These results indicate that Ω(f^0_1 k_{0,200100}, ē^1) + [ G_1(k_{0,200100})Φ^{ē1} ]y_{=1} y=0 = 2H^0_2 (k_{0,200100}, ē^1) = Ω(f^0_1 ē^1, k_{0,200100}) + [ G_1(ē^1)Φ^{k0,200100} ]y_{=1} y=0 = −is_1Ω(ē^1, k_{0,200100}), in which the second line follows because of the symmetry of H^0_2 and the third because G_1(ē^1) = 0 on y = 0, 1. It follows that Ω((f^0_1 − is_1I)k_{0,200100}, ē^1) = − [ G_1(k_{0,200100})Φ^{ē1} ]y_{=1} y=0 and similar arguments show that

Ω(f^0_2 (e^1, k_{0,100100}), ē^1) + [ G_2(e^1, k_{0,100100})Φ^{ē1} ]y_{=1} y=0 = 3H^0_3 (e^1, k_{0,100100}), ē^1), Ω(f^0_2 (ē^1, k_{0,200000}, ē^1) + [ G_2(ē^1, k_{0,200000})Φ^{ē1} ]y_{=1} y=0 = 3H^0_3 (ē^1, k_{0,200000}), ē^1), Ω(f^0_3 (e^1, e^1, ē^1), ē^1) + [ G_3(e^1, e^1, ē^1)Φ^{ē1} ]y_{=1} y=0 = 4H^0_4 (e^1, e^1, ē^1, ē^1).

Inserting the above expressions into (118), one finds that 2c_4 = − [ G_1(k_{0,200100})Φ^{ē1} ]y_{=1} y=0 − 2 [ G_2(e^1, k_{0,100100})Φ^{ē1} ]y_{=1} y=0 − 2 [ G_2(ē^1, k_{0,200000})Φ^{ē1} ]y_{=1} y=0 − 3 [ G_3(e^1, e^1, ē^1)Φ^{ē1} ]y_{=1} y=0 + 6H^0_3 (e^1, k_{0,100100}, ē^1) + 6H^0_3 (ē^1, ē^1, k_{0,200000}) + 12H^0_4 (e^1, e^1, ē^1, ē^1). (119) The fact that G(Z + k(Z, μ)) = 0 on y = 0, 1, implies that G_1(k_{0,3}) + 2G_2(u, k_{0,2}) + G_3(u, u, u) = 0 and hence that

G_1(k_{0,200100}) + 2G_2(e^1, k_{100100}) + 2G_2(ē^1, k_{0,200000}) + 3G_3(e^1, e^1, ē^1) = 0.

Equation (119) therefore reduces to c_4 = 3H_3(e^1, k_{0,100100}, ē^1) + 3H_3(ē^1, ē^1, k_{0,200000}) + 6H_4(e^1, e^1, ē^1, ē^1) and the formula c_6 = 3H_3(e, k_{0,001001}, ē) + 3H_3(ē, ē, k_{0,002000}) + 6H_4(e, e, ē, ē) is obtained by similar arguments.

The results of the above calculations are γ^2_2 c_4 = 1 128P^5s^4_1 p_1 sinh(p_1) ( − 2P^2s^2_1(64π^2 + P^2s^2_1(−8π^2 + P^2(3 + 6s^2_1))) cosh(p_1) − 2P^4s^4_1(8π^2 + P^2(−3 + 6s^2_1)) cosh(3p_1) − P^6p_1s^4_1(−36 + s^2_1(16 + 27β_0)) sinh(p_1) − p_1(1728π^6β_0 + 528P^2π^4s^2_1β_0 + 4P^4π^2s^4_1(16 + 33β_0)) sinh(p_1) + p_1(576π^6β_0 + 176P^2π^4s^2_1β_0 + 44P^2π^2s^4_1β_0 + 3P^6s^4_1(4 + 3s^2_1β_0)) sinh(3p_1) )

+ (4π^2 − P^2(s^2_1 cosh(2p_1) + p_1(−4p_1 sinh^2(p_1) + (α_0 + 4s^2_1β_0) sinh(2p_1)))) × ( − 2p_1P^2s_1 cosh(2s_1) sinh(2p_1)

+ (−2(2π^2 + P^2s^2_1) + (8π^2 + P^2s^2_1) cosh(2p_1)) sinh(2s_1) ) ×(16P^3(−2s_1 cosh(2s_1) + (α_0 + 4s^2_1β_0) sinh(2s_1)))^{−1} + p^5_1P (5 cosh(p_1) + cosh(3p_1)) sinh(p_1)

×(−P^2s^2_1(−2 + cosh(2p_1)) + p_1(16π^2β_0 + P^2(α_0 + 4s^2_1β_0)) sinh(2p_1)) ×(32s^2_1(−2P^2s^2_1 cosh(2p_1) + p_1(16π^2β_0 + P^2(α_0 + 4s^2_1β_0)) sinh(2p_1))^{−1} − P p_1 24 sinh^2(p_1)(6p_1 − 2p^3_1 + 3 cosh(p_1) sinh(p_1) + 3p_1(cosh(2p_1) + p_1 sinh(2p_1))) + p^4_1P 8α_0 + 3(P^2s^2_1 − 4π^2 cosh(2p_1))^2

48P (P^2α_0 + 16π^2β_0) + p^2_1P 48 (−6 + 2p^2_1 − 3 cosh(2p_1)) sinh^2(p_1) − 3p_1 48P (8π^2 + P^2(1 + 2s^2_1)) cosh(p_1) sinh^3(p_1) and c_6 = q^4 16P α_0 ( 128q^3 + 6qα^2_0 + q(64q^2 + 51α^2_0) cosh(2q) − 54qα^2_0 cosh(4q) − 3qα^2_0 cosh(6q) + 3α_0(38q^2 + 15α^2_0) sinh(2q) + 12α_0(5q^2 − 3α^2_0) sinh(4q) + (2q^2 + 9α^2_0)α_0 sinh(6q) ) ×(2(q^2 + α_0) − 2α_0 cosh(2q) + q sinh(2q))^{−2}(2q(2 + cosh(2q)) − 3α_0 sinh(2q))^{−1}, in which α_0, β_0 and γ_2 are given by (73) with k = 1 and (74). It is apparent from the formula that c_4 depends only upon s_1 and P ; the same is also true of c_6 since λ = ±iq are the purely imaginary solutions of (α_0 − β_0σ^2)σ sin σ = |λ|^2 cos σ, in which σ^2 = |λ|^2 − 4π^2/P^2.

It remains to compute the coefficient c_1. The ‘three-dimensional’ eigenvalues λ of the operator obtained by replacing α_0 by α_0 + μ, μ ∈ Λ̃ in the definition of L satisfy the equation (α_0 + μ − β_0σ^2)σ sin σ = |λ|^2 cos σ. (120) On the other hand it follows from the reduced equations (76) that these eigenvalues satisfy

λ = i(s_1 + ∂_2H_{NF}(0, 0, 0, μ)) ± √ −∂_1H_{NF}(0, 0, 0, μ)

= i(s_1 + c_2μ) ± √ −c_1 √ μ + O(μ^{32} ) (121) as μ → 0. The value of c_1 may therefore be determined by substituting the expression (121) for λ into (120). One finds that c_1 = −8p^5_1 sinh^3 p_1[s^2_1((3s^2_1 − 4p^2_1(1 + 2s^2_1)) cosh p_1 + (4p^2_1 − 3s^2_1)(cosh 3p_1 + 4p_1 sinh p_1))]^{−1}. It can be verified that c_1 < 0, c_4 > 0 and c_6 ≠ 0.

References

ABRAHAM, R., MARSDEN, J. E. & RATIU, J. 1988 Manifolds, Tensor Analysis and Applications, 2nd edn. New York: Springer-Verlag.

AMBROSETTI, A. & PRODI, G. 1995 A Primer of Nonlinear Analysis, paperback edn. Cambridge: C.U.P. (Cambridge studies in advanced mathematics 34)

ARNOLD, V. I. 1989 Mathematical Methods of Classical Mechanics, 2nd edn. New York:

Springer Verlag.

BAESENS, C. & MACKAY, R. S. 1992 Uniformly travelling water waves from a dynamical systems viewpoint: some insights into bifurcations from Stokes’ family. J. Fluid Mech. 241, 333–347.

BRIDGES, T. J. 1994 Hamiltonian spatial structure for three-dimensional water waves in a moving frame of reference. J. Nonlinear Sci. 4, 221–251.

BUFFONI, B. & GROVES, M. D. 1999 A multiplicity result for solitary gravity-capillary waves in deep water via critical-point theory. Preprint. (In press for Arch. Rat. Mech. Anal.)

BUFFONI, B., GROVES, M. D. & TOLAND, J. F. 1996 A plethora of solitary gravity-capillary water waves with nearly critical Bond and Froude numbers. Phil. Trans. Roy. Soc. Lond. A 354, 575–607.

CODDINGTON, E. A. & LEVINSON, N. 1955 Theory of Ordinary Differential Equations. New York: McGraw-Hill.

CRAIG, W. & NICHOLLS, D. P. 1999 Traveling two and three dimensional capillary gravity water waves. Preprint.

DEVANEY, R. L. 1976 Reversible diffeomorphisms and flows. Trans. Amer. Math. Soc. 218, 89–113.

ELPHICK, C., TIRAPEGUI, E., BRACHET, M. E., COULLET, P. & IOOSS, G. 1987 A simple global characterization for normal forms of singular vector fields. Physica D 29, 95–127.

GRISVARD, P. 1967 Charactérisation de quelques espaces d’interpolation. Arch. Rat. Mech.

Anal. 25, 40–63.

GROVES, M. D. & TOLAND, J. F. 1997 On variational formulations for steady water waves.

Arch. Rat. Mech. Anal. 137, 203–226.

HARAGUS-COURCELLE, M. & ILLICHEV, A. 1998 Three-dimensional solitary waves in the presence of additional surface effects. Eur. J. Mech. B. Fluids 17, 739–768.

ILLICHEV, A. & KIRCHGÄSSNER, K. 1998 A new codimension one bifurcation in reversible systems and applications — normal form analysis. Preprint.

IOOSS, G. 1995 Capillary-gravity water-waves problem as a dynamical system. In Structure and Dynamics of Nonlinear Waves in Fluids (eds. Mielke, A. & Kirchgässner, K.), pages 42–57. Singapore: World Scientific.

IOOSS, G. & PÉROUÈME, M. C. 1993 Perturbed homoclinic solutions in reversible 1:1 resonance vector fields. J. Diff. Eqns. 102, 62–88.

KATO, T. 1976 Perturbation Theory for Linear Operators, 2nd edn. New York: Springer-Verlag.

KIRCHGÄSSNER, K. 1988 Nonlinear resonant surface waves and homoclinic bifurcation. Adv.

Appl. Math. 26, 135–181.

LIONS, J. L. & MAGENES, E. 1972 Non-Homogeneous Boundary Value Problems and Applications. Berlin: Springer-Verlag.

LUKE, J. C. 1967 A variational principle for a fluid with a free surface. J. Fluid Mech. 27, 395–397.

MEYER, K. A. & HALL, G. R. 1992 Introduction to Hamiltonian dynamics and the N-body problem. New York: Springer-Verlag.

MIELKE, A. 1988 Reduction of quasilinear elliptic equations in cylindrical domains with applications. Math. Meth. Appl. Sci. 10, 51–66.

MIELKE, A. 1991 Hamiltonian and Lagrangian Flows on Center Manifolds. Berlin: Springer- Verlag.

PÖSCHEL, J. 1980 Über invariante Tori in differenzierbaren Hamiltonschen Systemen. Bonner Mathematische Schriften 120.

REEDER, J. & SHINBROT, M. 1981 Three dimensional nonlinear wave interaction in water of constant depth. Nonlinear Analysis TMA 5, 303–323.

STOKER, J. J. 1957 Water Waves: The Mathematical Theory with Applications. New York:

Interscience.