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1.1 Introduction lwlilals

What is rate independence?
Input-output system on the (process) time interval [0, T]:
Inputs:  Initial datum qg
Loading/forcing ¢ € C°([0,T]; Y)
Output: g € C°([0, T; Q)

Input-output operator g(-) = H(qo, ¢(-))

Rate independence = invariance under time rescalings:
For all a € Diff([0,T];[0,T]): H(qo, ¢ o ) = H(qo,£) o

Differential equation F(g(t), q(t),4(t)) = 0 rate-independent
< F(Av,q,¢) = F(v,q,?) for all (v,q,¢) and A >0
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1.1 Introduction [wliTals
F(g,q,¢(t)) = 0 rate-independent, if F(-,q,¢) 0-homogeneous.
[¥ is g-homog., if Y(Av) = AP(v)]

—> Rate independence implies non-smoothness

Simplest example: g € @ =R Sign(v)

0 € Sign(g) + q — ¢(t) —
Observations: e |q(t) —4(t)| <1 e |g(t)—¥4(t)|<1l = 4q(t)=0
o g(t)>0 = q(t)=4(t)—1 e g(t) <0 = q(t)=4(t)+1

v

q(t)

i/ 0
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1.2 Abstract setting (wlilals

More general structure:
State space Q > g state of the system

Today: smooth manifold or Banach space
(later also: topological space or distance space (Q, d))

E:[0,T] x Q — Ry o RU{oo} energy functional

R : TQ — [0, 0] dissipation potential
Force balance
(D) 0€0,R(q(t),q(t)) + DE(t, q(t)) C TyQ

S friction force potential force
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1.2 Abstract setting (wlilals

BLAUForce balance
(D1)  0€d/R(q(t),q(t)) + DE(t,q(t)) C TZQ

v v
S friction force potential force

Includes gradient flows:
R(q,v) = 3(G(q)v,v) ~ d,R=G(q)v

Force balance: G(q)g = —DE&(t, q)

Rate independent system (Q,&,R)
if additionally R(q, Av) = AR(q, v) (1-homogeneity)

Special doubly nonlinear differential inclusions
(Colli & Visintin 1990, Colli 1992)
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1.2 Abstract setting (wlilals

Classical model:
Linearized elastoplasticity (Moreau 1974/76)

qg=(u,z) el x Z=Q with

u:Q — R displacement (V u = 2(Vu+ VuT) strain)

dxd
sym

Ux Z=Hf (RY) x L*(2;Sy)

Z=¢€plast : 2 = Sg =R plastic strain

1(g > hi|2
E(t,u,z) = [ 5(V u—2):C:(V —2) + F|z|*dx — ({(t), u)
R(q,4) = [q Oyietd|Z| dx = Oyiela]| 2|1
Force balance (elastic equilibrium & plastic flow rule)

0c < 0 ) . (—div (C:(V u—2)) _g(t))

Oyield Sign(Z) C:(z— v u) + hz
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1.3 Equivalent formulations wlilTals

For absolutely continuous solutions (i.e. g € W11([0,T]; Q))
many formulations are equivalent.

However, to derive weak forms it is good to have other
formulations.

AR(q,v) = {neT,Q|VVET,Q: R(q,V) > R(q,v)+(n,v—-v) }

Thus, (D) is equivalent to the evolutionary variational inequality

(EVI) { Vaat € [O,AT] Vv e TqQA:
(DE(t,q),v—q) + R(q,v) —R(q,9) = 0
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1.3 Equivalent formulations lwlilals

Rate independence makes the structure of subdifferentials special.

Thus, (DI) 0€ 0,R(q(t), q(t)) + DE(t, q(t))

is equivalent to (S)ioc and (E)joc:

(S)ioc: 0 € OyR(q(t),0) + DE(t,q(t)) ( purely static !l )
(B)ioc: 0="R(q(t), 4(t)) + (DE(t, (1)), 4(1)))-

Here (S)ioc is equivalent to the static variational inequality
(DE(t, q(t)),V)) + R(q(t),v) >0 for all v e T,Q.
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1.3 Equivalent formulations wlilTals

Assuming the chain rule

§t€(t,q(t)) = (DE(t, (1)), (1)) + DeE(t, q(t))

(E)ioc is equivalent to the global energy balance (E).

(E) & )+/R (s),q(s))ds =& /8Esqs)

———

present energy d|55|pated energy |n|t|a| energy  work of external forces

0:&(t, q) power of external forces

Eg: &(t,q) = ®(q) — (U(t),q) ~ 0:E(t,q) = —((,q)
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1.4 A priori estimates lwlilals

General assumptions throughout these lectures:
(€1) { Sublevels of £(t,-) : Q — Ry
are (weakly sequentially) compact.
3Ce >0V (b, qs) :
(52) g(t*? q*) <00 = g(v q*) S Cl([O,T])
and [0:E(t, g«)| < Ce&(t, qy) for all t.

Gronwall and (£2) yield
E(t,q.) < eCelt=slg(s, q,)
|0:£(t, q)| < CeeEltelE(s, q)
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1.4 A priori estimates

lwl i Tal's

(E) &t q(1) + JyR(a(s), a(s))ds = £(0,(0)) + 5 0sE(s, q(s)) ds

(€2)  10:&(t q.)| < Ceé(t, q.)

Using the abbreviations
e(t) = &(t,q(t)) and 5(t) = [, R(q(s), a(s))ds >0
and (€2) in the energy balance (E ) leads to

e(t) + 5(t) < ¢(0) + [, Cee(s)ds

20

@ Gronwall implies e(t) < e“te(0).

@ Inserting again gives

3(t) < e(0) + f, Cee“E%e(0)ds — e(t) < eCEte(0).
~—~

>0
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1.4 A priori estimates [wliTals
We assume coercivities in Banach spaces

Q=YxZwithZcCZ

E(t,q) > cllqllo — C with ¢, C >0

R((y,2).(y,2)) 2 clz]|z

A priori bounds for solutions (and for suitable approximations)

ly(®)lly +ll2(t)|z < CeCete(0) + C

c for all t € [0,T]
Jo llz(s)lzds < CeCEte(0)

The L bound for the derivative z is too weak.
It is actually a BV bound

Vars(z,[0,T]) oef sup Zi\l [2(t;)—=z(tji-1)llz

all part.

For z € WEL([0,T]; Z) we have Var3(z,[0,T]) = fOT 1z(s)llz ds
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1.5 Improved time estimates lwlilals

Convexity improves the a priori estimates on the derivative!

Additional assumptions (rather strong, only this subsection)
(Convl) Q, X Banach spaces, Q C X
(Conv2) Ja > 0: E(t,(1-0)qo+0q1)

< (1-0)&(t, qo)+0E(t, 1) — ab(1—0) s —ao %
(Conv3) [8:£(t, q1) — 9:E(t, q0)| < Cigllar—qollx
(Conv4) R(q,v) =V(v) (no g-dependence, no coercivity)
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1.5 Improved time estimates [wliTals
Sketch of proof: (S);oc and (Conv2+4) yield
Vg e Q &t q(t) + la-a(t)k < () + W(G—a(t)).

(q(t) minimizes the right-hand side, which is uniformly convex)

Letting g = q(t+h) we find

%Ilq(t+h)—q(t)\|§< < &(t, q(t+h)) — e(t) + V(q(t+h)—q(t))
t+h

t+h
e(t+h) — e(t) +/ V(g(s))ds — / ’ 0sE(s, q(t+h))ds

/ 0sE(s,q(s)) — 0sE(s, g(t+h))ds
(Conv3)

=7 G [l -ate s
t
M. & Rossi '07: ||g(t)||x < Cig/a a.e.in [0,T]
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1.5 Improved time estimates

Rate-independent system (Q, &, R)
(DI) 0 a,R(q(t), 4(t)) + DE(t, (1))

General estimates for different solutions (W!)
@ & coercive in Q: &(t,q) > cllq|lo — C.
q€L>([0,7],Q)

® R coercive on Z:  R(y,z,y,z) > cllzllz
z € BV([0,T]; Z)

@ £(t,-) uniformly convex w.r.t. X D Q
q € C2°([0,7]; X)

lwl i Tal's
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1.5 Improved time estimates lwlilals

Typical simple examples like elastoplasticity:

e O Hilbert space

e A: Q — Q* bounded, A = A* > aJRies; (o > 0)

o &(t,q) = 3(Aq,q) — (((t), q)

e R(q,v) = V(v) with ¥ : Q — [0, 0] Isc and convex
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1.5 Improved time estimates wlilTals

Generalizations giving also

Existence, uniqueness, Lipschitz continuity in t and initial data:

& M.&Theil'04:

Q, V as above, £ nonquadratic:

£ € C2LP([0,T] x Q) with (£2) and
Dgé’(t, q) > aJRiesz (@ > 0)

i Brokate&KrejCi&Schnabel'04:
€ quadratic but R : @ x Q — [0, 00] general

& M.&Rossi'07:

& nonquadratic, R general

Joint convexity condition

(Dgé'(t, q)v,V) + DgR(q,V)[v] > aH’\?HzQ
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2.1 Incremental minimization [wlilTals

Approximative solutions occur via

solutions via incremental minimization problems:

Partition M={0=ty < t; <--- < ty = T}, qo initial datum

te—tk—1

(IMP) gy € Argnéinf:(tk, 9) + (te—te-1)R(qk—1, 7=—(9—qx-1))
qe

Rate independence makes (IMP) independent of t;—tx_1
gn : [0,T] — Q piecewise affine interpolant
Gn : [0,T] — Q left-continuous, piecewise constant interpolant

qn: [0,T] — Q right-continuous, piecewise constant interpolant

For t € [0,T)\{t1, t2, .. tn} : 0 € ,R(qy,Gn) + DE(n. dn)
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2.1 Incremental minimization [wlilTals

As above we obtain a priori estimates indepedent of [1:

For all M: [ R(qy(t),dn(t))dt < C
Coercivity of R gives Varz(zn,[0,T]) < C/c

Helly's selection principle (later more) provides

e a subsequence (zn, )ken and

e alimit z: [0,T] — Z such that

Var(z,[0,T]) < C/c and Vte[0,T]: Zn,(t) — z(t) in Z

But z may have jumps !!
Any reasonably theory needs
JiT R(z2(s), 2(s)) ds < lim inf JJT R(Gn, (s),Zn,(s)) ds

not defined

.. more on this in Lecture 2.
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2.2 Dissipation distance lwlilals
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2.2 Dissipation distance (wlilals

(Q,R) space with infinitesimal (Finsler) metric
R:TQ —[0,00], (q,v) — R(q,v) eg. R(q,v) =+ (G(q)v, V)

(Q, D) space with [esq]-distance
D Q X Q - [0? OO]; (qO’ CI1) = D(CIO’ CI1)

To avoid confusion between “metric’ and “metric”:
(Q,D) is called a [esq]-distance space

D is mostly called dissipation distance
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2.2 Dissipation distance (wlilals

Natural definition (geodesic dissipation length)

1 .
D(ao.ar) = inf{ [ R(a(s).a(s)) ¢ (0) = ao.
a(1) = a1, g € W0, 1 Q) §

Mathematically, D is an extended, semi-quasi-distance

@ D:QxQ—][0,00] extended

# D(qo,q1) > 0 and D(qo, qo) =0 semi
NOT D(qo,q1) =0 = qo=aq

@ possibly unsymmetric (D(qo, q1) # D(q1, q0)) quasi-

® D(qo, q2) < D(qo, q1)+D(q1, g2) triangle ineq. distance
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2.2 Dissipation distance (wlilals

In mechanics we often have Q =Y x Z 35 (y,z) =q
Y dissipation free (e.g. displacement, electric field)

Z dissipative internal variable (e.g., plastic tensor, magnetization)

~

D((yO) ZO)) (}/1, Z].)) - D(ZO) Z].)
For notational simplicity: D = D

Main abstract assumptions on D : Z x Z — [0, 00] throughout
these lectures:

D is an extended quasi-metric
(D1) o D(z9,z21)=0 <= zy =2z,
e D(z0,2) < D(20,21) + D(z1, 22);

(D2) D is (weakly seq.) lower semi-continuous.
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2.2 Dissipation distance lwlilals

Dissipation anng a process z : [0,T] — Z

Dissp(z, [0, t] = sup{z1 D(z(tj-1), z(t;)) | all partit. }
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2.3 Other solution concepts [wliTals
Rate-indpendent system (Q,&,D) or (Q,&,R)

Differential solution (DI) 0 € 9, R(q(t),g(t)) + DE(t, q(t))

No derivative g needed any more! [Dal Maso et al @ SISSA]
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2.3 Other solution concepts lwlilals

Very general notion:

& needs no linear structure ~~ topological spaces
& no derivatives occur: ¢, 9,R, DE

¥ very general existence theory

@ very robust under perturbations (I'-convergence)

M. & Theil '99, survey in Handboof of Diff. Eqns.ll, 2005.
(see Lecture 3+4)
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2.3 Other solution concepts lwlilals

Further assumption Q C H £ H* C Q* with H Hilbert space:
Add small viscosity Ruyisc(q, v) = 5[|v||%

0 € yR(e, G) + £q- + DE(t, qe)

Existence of viscous approximations (Colli & Visintin '90,'92)
g- € HY([0, T], H) x L>([0,T], Q)

q:[0,T] — Q is H-approximable solution of RIS (Q,&, R), if
dey —0Vte[0,T]: g, (t) — q(t) in Q.

i Physically desirable approach (as rate independ. never is perfect)
i What is a good choice of Ry;sc or H, resp.?
@ Missing: direct characterization of limits via (P)DEs
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2.4 A simple example wlilTals

To study the difference between the solutions concepts concerning
JUMPS, consider a nonconvex problem.

(For strictly convex problems formulations are usually equivalent.)
Example (M. & Rossi & Savaré July'08)
Q=R 3(q+4)? forg< -2,
&(t,q) = ®(q) — tq with d(q) = ¢ 4—3¢*> for |q] <2,

%(q - 4)2 for g > 2;

5(0, \I<(t*")
w Ja
\V4

R(g,v) = lv|
= D(qo;q1) = [q1—qol-
Initial state g(0) = —4.
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2.4 A simple example wlilTals

(DI) 0 € Sign(g) + ¢'(q) — t
Gg>0 =0=1+d(q)—t
= either q(t) =t —-5< —-2o0rq(t)=t+3>2
At

/
pa > /

S /
/ \\ \\ i /
/ R 9

q)l(q)—l AN ¢/(q)+1
oz ¥(g)+1

Energetic sIns jump as early as possible.
Approx. slns jumps as late as possible.
Local slns. have many choices (2D family).
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2.4 A simple example wlilTals

Diffential solution: (S)ioc & (E)
Local solution: (S)ioc & (UE)
Energetic solution: (S)glob & (E)

H-approximable solutions:  Cluster point

local solutions

differ. slns

H-appr. slns
energetic slns
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3.1 Incremental minimization [wlilTals

Main assumptions:
(Q, &, D) rate-independent system

Q (good) topological space (countable union of compact sets and
each compact subset is separable and metrizable.

€ :]0,T] x Q@ — Ry, energy-storage potential
(1) Sublevels of £(t,-) compact.
dCe > 0V (t, gx) :
(£2) E (te: Gs)
E(te,qs) <00 = |0:&(t,qs)| < CeE(t, gx) for all t.

D : Z x Z — [0, 00] disspation distance
(D1) D is an extended quasi-metric:
D(z9,21) =0 < 29 = z1 and D(z0, z2) < D(20,21) + D(z1, 22);

(D2) D is (weakly seq.) lower semi-continuous.
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3.1 Incremental minimization [wlilTals

The energetic formulation is closely linked to

(IMP) Incremental Minimization Problem
Time discretization 0 = tg < t) < -+ - < ty_1 < ty =T
Given initial state gp € Q find iteratively

gk € Argmin E(tx, q) + D(qk_1, q)-
qeQ

Old algorithm: g € Argmin E(tx, q) + R(qk—1,9 qk—1)
No triangle inequality:

777

R(qo, a2—q0) < R(q0,q1—q0) + R(q272,G2—q1)

The following result essentially relies
on the triangle inequality for D.
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3.1 Incremental minimization [wlilTals

(IMP) Incremental Minimization Problem
Time discretization 0 = tg < t) < -+ - < ty_1 < ty =T
Given initial state gp € Q find iteratively

ax € Argmin&E(tx, q) + D(qk_1,q)-
qeQ

If (Q,&,D) satisfies (£1) — (D2), then

(a) (IMP) always has a solution (qi)k=1,.,n;
(b) each qy is stable, i.e., E(tk, qx) < E(tk,q) + D(qgx, q) for all g;

(c) there is a two-sided energy estimate
o 0sE(s, qi) ds < E(tk, qk)+D(qk1, G)—E (thr, Gk) < [,¥ OE(s, Grr) ds
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3.1 Incremental minimization wlilals

@ (IMP), which uses global minimization,
is closely linked to (S)giob & (E)

& (IMP) was first used by engineers for decades.
(S) & (E) was developed later as limit of (IMP).
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3.1 Incremental minimization [wlilTals

Upper incremental energy estimate gives

e+ 0k < €1 + ftik,l 0sE(s, qk—1)ds
<(e2) @1+ [t CpeCelte 1ds = eCeltiting,

Piecewise constant, right-continuous interpolant
qq: [O,T] — 9, ﬂﬂ(t) = qx_q1 for t € [tk—la t'k[

A priori bounds (as in the time-continuous case)
E(t,qp(t)) < eFE(0, qo)
Dissp(gp [0, t]) < eCEtE(0, qo)
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3.2 Existence result lwlilals

Abbreviation: stable sets S(t)

S(t) € {ge Q|&(t, q)<o0, VTE(t, ) < E(t,d)+D(q,d) }

A sequence ((tx, gk))ken is called a stable sequence, if
IC>0VkeN: E(ty,qk) < C and gk € S(tk).
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3.2 Existence result lwlilals

In fact, we have more (and that is what is used in the proof):
(M%) xen arbitrary sequence of partitions with fineness(M) — 0.

Then, there exists a subsequence (k;)jen such that with g/ = [o
for all t € [0, T] we have

* z(t) — 2(2),

o &(t, qi(t)) — £(t, q(1)),

e Dissp(qy, [0, t]) — Dissp(q, [0, t]),

e 0:£(-,qi(1)) — 0:£(-,q(-)) in L1([0,T]) (or pointw. a.e.)

No convergence y)(t) — y(t) can be guaranteed.
Instead, we choose a measurable selection y : [0,T] — Y for
y(t) € Argminy, £(t, -, z(t)) and
0:E(t, y(t),z(t)) = max{ 0:E(t,y,z(t)) | y € Argmin&(t, -, z(t)) }

Last condition allows to remove the usage of the axiom of choice.
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3.3 Sketch of proof (wlilals

The proof is an abstract variant of
Dal Maso & Francfort & Toader 2005, see M. & Francfort 2006.
It works in 6 steps:

Step 1: A priori estimates.

Step 2: Selection of subsequences.
Step 3: Stability of the limit function.
Step 4: Upper energy estimate.

Step 5: Lower energy estimate.

Step 6: Improved convergence.

Step 1: A priori estimates.
e Solve (IMP)Mx and construct interpolants qp, [0, T] — Q.

e Establish energetic a priori estimates as above.
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3.3 Sketch of proof (wlilals

Step 1: A priori estimates. Step 4: Upper energy estimate.
Step 2: Selection of subsequences. Step 5: Lower energy estimate.
Step 3: Stability of the limit function. Step 6: Improved convergence.

Step 2: Selection of subsequences.

Choose subsequence (k);cn such that g = n, satisfies:
K

z(t) — z(t) for all t; (Helly's selection principle in (Z,D))

Abstract Helly’s selection principle

e (D, 2) satisfies (D1), (D2);

e 3C >0Vk e N: Diss(z,[0,T]) < C;
e 3K C Z compact: z(t) € K.

Then,
zy,(t) — z(t) and Diss(z, [0, T]) < liminf; Diss(z,, [0,T]).
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3.3 Sketch of proof (wlilals

Step 1: A priori estimates. Step 4: Upper energy estimate.
Step 2: Selection of subsequences. Step 5: Lower energy estimate.
Step 3: Stability of the limit function. Step 6: Improved convergence.

Step 2: Selection of subsequences.

Choose subsequence (k);cn such that g = n, satisfies:

K
z(t) — z(t) for all t; (Helly's selection principle in (Z,D))
Diss(z, [0, t]) — d(t) for all t;

Find measurable selection y : [0,T] — ) as above (very technical).

Step 3: Stability of the limit function.
Use (CC2) = closedness of the stable sets.
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3.3 Sketch of proof (wlilals

Step 1: A priori estimates. Step 4: Upper energy estimate.
Step 2: Selection of subsequences. Step 5: Lower energy estimate.
Step 3: Stability of the limit function.  Step 6: Improved convergence.

Step 4: Upper energy estimate.
t)
We know ek + 0k < ex—1 + [,*  9sE(s, qi(s)) ds

and qi(s) € S(ti(s)) with (¢(s), qi(s)) — (s,¥s, z(s))
Using (CC1) (cond. contin. of power) gives
0sE(5, () — 05E (5,5, 2(5)) < p(s) = BE(s, ¥(5), 2(s)),

since by construction

E(s,y(s),z(s)) = max{ 0:£(t,y,z(t)) | y € ArgminE(t, -, z(t)) }.
With e(t) = &(t, q(t)) and §(t) = Diss(q, [0, t]) we obtain (UE):
e(t) +6(t) < e(0) + f; p(s)ds.
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3.3 Sketch of proof (wlilals

Step 1: A priori estimates. Step 4: Upper energy estimate.
Step 2: Selection of subsequences. Step 5: Lower energy estimate.
Step 3: Stability of the limit function.  Step 6: Improved convergence.

Step 5: Lower energy estimate.

General fact: Stability of g for all t implies (LE):

e(t) +8(t) > e(0) + [ p(s)ds.

Hence, g : [0,T] — Q is an energetic solution for (Q, &, D).

Step 6: Improved convergence.

Analyzing the inequalities in more detail we obtain
e(t) +6(t) <psq liminf; E(t, qi(t)) + liminf; Diss(q, [0, t])
< liminf; &(t, q,(t)) + liminf, Diss(qy, [0, t])
<istep 4] €(0) + fot lim py(s)ds < e(0) + fotp(s) ds.

and conclude the desired convergences. |
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3.4 Application for shape-memory alloys (wlilals

Model of SOUZA et al. with improvements by AURICCHIO et al.

Ongoing research with
F. AuriccHio, U. STEFANELLI, A. PETROV, L. PAOLIL.

veu® H}Dir(Q;Rd) displacement (2 bounded, Lipschitz)
zez¥ HY(£2; S4) mesoscopic transformation strain (Sy = ngfnd)

Q = U x Z state space with weak topology of H?

E(t,u,2) = [o 2V u—2):C:(V —2) + H(z) + K| Vz|" dx — (((t), u)
H :S4 — [0,00] is the hardening function (coercive, Isc)

e.g. Hsoau(2) = c10/6% + |22 + 212* + X|z1<(2)

R(z,z) = pllzlln  ~  D(qo,q1) = pllz1—20]| .1
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3.4 Application for shape-memory alloys [wliTals
Q = HE (R )weak X HY (2 Se)weak D(qo0, 1) = pllz1—20l| L1
E(t,u,z) = [g %(% u—z):C:(% —z)+ H(z) + k|Vz|"dx — (¢(t), u)

Clearly, (£1), (£2), (D1), (D2) hold by standard arguments.

Let us check the compatibility conditions (CC1) & (CC2):
If ((tk,qk))« is a stable sequence and (tx, gx) — (t«, g«), then
(CC1)  0:&(ts, q) — O:E(t, qv); (CC2) q. € S(t).
(CC1) is trivial, since D:E(t, u,z) = — (¢, u)
For (CC2) note that gx € S(tx) gives
E(te, qk) < E(tk, q) + p | 2—z|ln
—_———  — —_————
Isc —&(t+,q) cont. in H&veak

Passing to the limit (tx, gx) — (t«, g«) gives the desired stability:
E(te, qv) < E(ts, qi) + pllze—2| L1 u
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3.5 Finite-strain elastoplasticity lwlilals

Mechanics introduces strong geometric nonlinearities

¢ : Q — R? deformation

F=VpeGLH(RY) L {FeRrRIXI | detF >0}

P:FplastESL(Rd)dZEf{FERdXd‘ dethl}

Multiplicative decomposition (Lee'69)

v‘P:F:FeIFpIast:FeIP ~ FeIZFP_1
_ -1
W(F,P,A) = Wy(FP ) + Whara(P) + Wgrad(P, A)¢ (@)
—Fel Q
E(typ,P) = [W(Vp,P,VP)dx—(((t),¥) /
R(P, P) = ﬁ(PP‘l) plastic invariance! . {P=F

R(P.P) = [o R(P,P)dx S

A. Mielke Cetraro, 23-28 June 2008 -58/124—



3.5 Finite-strain elastoplasticity lwlilals

Plastic dissipation distance D
D PO)Pl fQ ]_(X))dX
where D(x, -, ) : SL(Rd) [0, ] is defined via
1
D(x, Po.P) =inf { [ R(x. P(s). P(s)) ds | P(0) = Po.
0
P(1) = Py, P CY([0,1];SL(R)), |

Plastic invariance gives D(x, Py, P1) = D(x, I, P Po—l)
Note that D(x, I,exp(£)) < R(£) ~ €]
Hence, D has at most logarithmic growth

No coercivity in L9 spaces, but positivity still holds!
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3.5 Finite-strain elastoplasticity lwlilals

Admissible deformations ¢ : Q — R¢

p(t, x) = ¢pir(x) for (t,x) € [0,T] x Ipj,

y def { p € Whay(Q; RY) ‘ #lry, = ¥pir, (GI) holds }

det Vo(x) > 0 a.e. in Q,

Jo det Voo(x) dx < vol((2)).
Ciarlet&Necas'87: Y is weakly closed in W19 (Q; RY), if gy > d.

Global invertibility (Gl) {

Internal states:

Z € P e (WVnLe) (2 R9) | P(x) € SL(RY) a.e. in Q}
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3.5 Finite-strain elastoplasticity lwlilals

E(t, ¢, P) = [(W(VeP ™} P,VP)dx — (((t), ¢)
D Po,Pl fQ Po,Pl dX

B W Q x RIXD x RI¥D 5 RI*dXd _, R is a normal integrand
# W(x,-, P,A):R¥>*I - R is polyconvex

# W(x, Fy, P,-) : R¥*9xd L R__is convex

@ W(x, Fe, P,A) > c(|Fa|% + |P|% + |A|") — C

Proposition. Under the above assumptions with p;, # 0,

1 1 1 1
—+—=—<= and r>1
ap g qy d

we have that

@ D is weakly continuous on Z X Z and

& &(t,-) is coercive and weakly lower semi-continuous on Q.
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3.5 Finite-strain elastoplasticity lwlilals

Main Existence Result [Mainik & M.’08].
Under the assumptions (only the major ones)
e W is a normal integrand and is lower semicontinuous;
e W polyconvex in F, and convex in A= VP
o ¢pir € WLy (Q; RY)
o W(x, Fy,P,A) > c(|Fe||‘7F + |P|9P + |A|r) - C
1 1
e —+ —=—<—,andr>1,
gp qr Gy d
e dissipation distance D as above
for each stable initial state gy € Q there exists at least one ener-
getic solution g : [0,T] — Q of (Q, &, D) with g(0) = q,.
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4.1 I'-convergence and RIS lwlilals

Q is a topological space and “—" denotes convergence
(e-g- Q= Wl’p(Q)weak)
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4.1 -convergence and RIS wlilTals

Given: energetic solutions g : [0,T] — Q to (Q, &k, D)
goo(t, ) =T-limg_ o gk(t, ) and Dy, = I-limyg_ o Dy

Question: Under what additional conditions are cluster points of
the sequence (gk)ken solutions of the limit system (Q, £, Doo)?

RIS (06D = (960 Ds)
initial data q2 _— qgo
k — oo
time evolution l l
£>0 qe) K20, 4.
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4.1 -convergence and RIS wlilTals

Typical application of (static) [-convergence are

e homogenization, two-scale convergence

e singular limits (Cahn-Hilliard ~~ sharp interface)
e Young-measure relaxation, penalizations, ...

e finite-dimensional numerical approximation

Interchanging '-convergence and time evolution can be studied
when evolution is driven by functionals:

e in Hamiltonian systems (wave equation, quantum mechanics) or
e in gradient flows
(..., SANDIER&SERFATY, ORTNER, KURZKE, ...)
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4.2 A simple ODE example (wlilals

State space Q = R2
Stored-energy functional  &k(t,q) = 1¢? + %(qu—q1)2 — tqy
Dissipation distance Dk(g,9) = Rk(g—q) with
Ri(q) = |G| + k°|qo
Limit stored energy
1.2 :

r 5q1 —tq1 if g2 =0,
Ex(t,") = Exol(ty:) i g { 211
00 else.
Limit dissipation distance

r ~ lgi—aq1| if @2 = qo,
Dy & Do : (4,9) — {
00 else.

q: [0,T] — R? with g(0) = 0 energetic solution for (Q,Ex, Dwo)
°*q2=0 °0€Sign(q) +q1—t
e — g(t) = (max{0,t—1},0)"
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4.2 A simple ODE example [wlilTals
0 € IRk(4) + DE(t,q) CRZ, q(0) =0

0 € Sign(q1) +2q1 — kg2, 0 € k7Sign(g2) — ka1 + kg2

The explicit solution reads
(0,0)" for t € [0,1],
ak(t) = ((t=1)/2,0) " for t € [1, T(K)],
(t=1—kP=1 (t=T(k))/k) " for t > T(k),
where T(k) =1+ 2kP-1.

The limit gives g(t) = klim qk(t) =

(max{0,t—1},0)" for 8 €[0,1), CORRECT
= (max{0,(t—1)/2,t—2},0) " for =1, WRONG
(max{0, (t—1)/2},0)" for 5 > 1. WRONG
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4.2 A simple ODE example (wlilals

2 . .
Ex(t.q) = 301 + 3(kaa—a1)" — tay, Di(0,9) = || + k%[

Ek(t,") = Exol(t,:) i g

r 3qi—tq if g2 =0,
00 else.

I+ )g2 —tqr if 2 =0,

pointwise limit:  Epw(t, q) = (
00 else.

Energetic recovery sequence for ¢ = (g1,0) is gk = (g1, g1/k):
E(t,qk) = £(t, q).

The dissipation distance gives
Di(0,Gk) = la1|(1+k°~1) — Doo(0, g) only for 8 < 1.

Needed: “JOINT recovery sequences”
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4.3 -convergence result wlilTals

Main assumptions:
P Q=) x Z “good” topological space
B E=T-lim & and D =T-limy_ Dy

@ (D1,2): Dk, Dy Isc, extended quasi-distance on Z

@ (€1): Uniform compactness: all &(t,-) Isc and
VEVt: UR {qe Q|&t q) <E}is relatively compact

@ (£2): Uniform control of power of external forces:
FCe: Ek(ts,gx) <00 = |0:&k(t, qx)| < Cg Ei(t, q)

& (tx, gk )k stable sequence with (tx, gx) — (ts, g«) :
(CC1)  0¢&k(ts, gk) — OrEoo(t, Gx)
(CC2) g. € Soo(ts).

sets of stable states:
Si(t) = {q € Q| oo > &(t,q) < Ek(t,G) + Di(q.q) for all G}

A. Mielke Cetraro, 23-28 June 2008 —72/124~



4.3 -convergence result lwlilals

Theorem. (M. & ROUBICEK & STEFANELLI CalcVar'08)
Let the above assumptions hold.

(a) gk : [0, T] — Q be energetic solutions for (Q, &k, Dy ).
If additionally qx(0) — ¢° and &k(0, qx(0)) — £x(0, q°);

then every (pointwise) cluster point g : [0,T] — Q is energetic
solution for (Q,Ex, Deo)-

(b) Take sequence of partitions I, with fineness(M) — 0,

g& — qo € Sxo(0) with Ek(0, g&) — Ex(0, go) and

solve (IMP)Q" to obtain interpolants g, : [0,T] — Q.
Then, there exists a subseq. (ﬂk/)’ converging to an energetic
solution g : [0,T] — Q for (Q, Ex, Do) with g(0) = go and

Ek/(tvﬂkl(t))_)goo(tv q(t))7 DiSSDk’ (ﬂk,’ [O,t])HDiSSDw(q, [Ovt])
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4.3 -convergence result wlilTals

Proof consists of the 6 steps as in the usual existence result:

Step 1: A priori estimates. Step 4: Upper energy estimate.
Step 2: Selection of subsequences. Step 5: Lower energy estimate.
Step 3: Stability of the limit function. Step 6: Improved convergence.

Real problem: establish compatibility conditions (CC1)
(CC2) conditioned upper semicontinuity of the stable sets:

(tk, gk )« stable sequence, (tk, gk) — (s, Gx) = g € Soo(ts)

Proposition (Joint recovery sequence) [MRS'08]
If Vstable seq. (tk, gk )k with (tx, gx) — (b, gs) ¥
T joint recovery seq. (qx)x with gx —

”Ln sup (Ex(tk, Gr)+Dr(ak, G) — Ex(ti, i) <

then (CC2) holds.
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4.4. Two-scale homogenization for plasticity [wiilals

Classical linearized elastoplasticity with hardening:
state space Q = HL (2, R?) x L*(;Sy)
Q > (u,z) = (displacement, plastic strain)

stored-energy functional: quadratic, uniformly coercive
E(t,u,z) = %<A5(u,2),(u z)) — ({(t), u)

with (A.(u, 2), (v, 2)) = [o (v”) A(x, 2): (v”) dx,
and Ac CO(Q x Y, L|n(RdXd x RZ%d)), unif. pos. definite

sym sym

Y = R9/, is the periodicity cell associated with lattice A

rate-independent dissipation distance: translational invariant

D.(z0,21) = Re(z1—20) with R.(z) = [ R(x, %, z(x)) dx
where R € C°(Q2x Y xR™) and R(x,y,)\z) AR(x,y, 2).

A. Mielke Cetraro, 23-28 June 2008 —76/124—



4.4. Two-scale homogenization for plasticity [wiilals

0e (8;205}(2)) + A () — (g(ot)) <= energetic formulation (S)&(E)

Existence, uniqueness of slns. (u.,z.) € CHP([0,T], Q) standard.

Weak two-scale convergence:

gz 2 Zecl2(Qxy) &5
(i) (z-)- bounded in L?(),

Unv¢ec%QxY)

fza ,B)dx — [ Z(x,y)¢(x,y)dy dx.
QxY

@ For displacement (gradients) we find
U — Ug in Hll (), Vu N Vxtg + VyUp in L2(QxY)
Dir ~—~ \ ~ \ ,

fluct.grad. macrosc. microsc.
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4.4. Two-scale homogenization for plasticity [wiilals

Extended two-scale state space

Q=(up,h,2) e Q¥ HE (Q) x L2(Q: HL(Y))? x L2(Qx Y)

Two-scale I-limits of the two functionals &, and D.:
E(t,Q)= [ %(VX"O;Vyul):A(x,y):(VX”OJEVyU:‘) dy dx — (¢(t), uo)

QxyY

D(Zy,21) = Jq.y R(x,y, Z1(x,y)—Zo(x, y)) dy dx

Theorem. [M./Timofte SIMA’07]

If (u2,2%) 2 (uQ, U9, Z°) and £.(0, u®, 2°) — E(0, u, U2, Z°),
then for all t € [0, T] the solutions (u., z:) two-scale converge to
the unique energetic solution (ug, U1, Z) for (Q, E, D).
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4.4. Two-scale homogenization for plasticity [wiilals

Crucial: joint recovery sequence to show (CC2)

Vq. € Sc(t), ‘7€in©3667 /q\sia: N .
lim S(l)]p E(t,Ge)+D:(q-,Ge)—E:(t,q-) < E(t, @)+D(Q, Q)—E(t, Q)

Choose g. = F.(Q—Q) + g. and use quadratic structure and
translation invariance

well-chosen folding operator 7. : Q — Q; (F.2Z)(x) = Z(x, %)
55(35) - gs(qe) = <Aa(q€+as) ) (35—%) > - E(a)_E(Q)
~—— ~——
2Q+Q F(0-Q>Q-Q

Ds(qaaaa) = ,Da(oa}_a(a_Q)) - D(O, (A?—Q) = D(Qv a)
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4.5. Space-time discretization methods [wliTals

Time-incremental minimization for partition I1
(IMP)T g; € Argmingco (E(t, ) —E(tj-1,Gj-1)+D(gj-1, 7))
Additionally choose discrete subspaces

E(t, i :
Oh=IhXxZhCYIYXZ=0, 5h(t,q):{ (t,q) in Qp

00 else.

En(t,") L E(t,-) if and only if

(i) &(t,-) is lower semi-continuous and

(ii) for all g with E(t, q) < oo there exist g, € Qp, h > 0,
with g, — g and &(t, gn) — £(t, q) for h — 0.

Typical case: @ = H}(Q) x Whr(Q)
e Q) piecewise affine functions on triangulations 7, of .
e Qp dense in strong topol. e &(t,-) : Q — R (strongly) contin.
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4.5. Space-time discretization methods [wliTals

Space-time discretized problem

(IMP)A q}”n e Arggin (€], q) +D(qf 1, 9))
qep

Temporally piecewise interpolant gh’” :[0,T] — Qp C Q with

h,M AN
g""(t) = g for t € [t, tj1) and g""(T) = qny .
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4.5. Space-time discretization methods [wliTals

e Q=Y X Z reflexive Banach spaces
0 £(t,-):Q — Ry, D:ZXxZ — [0, 0] coercive, wisc
e 0:£(-,q) € C}([0,T]) and |0:E(t,q)| < c1(E(t, q)+co)

e joint-recovery condition holds for (£,D,(Qn)n>0)

For stable q° € Q choose (q2)n=0 with Qs 3 q2 — qo and
£(0,gn) — £(0,q), and define g™ : [0,T] — Q as above.

Then, there exists a subseq. (hy,M;)eny with h;, ®(M;) — 0 and an
energetic solution q:[0,T] — Q with q(0) = q° such that for all t
o E(t,g"M(t)) — E(t, q(t)),
e Dissp(g"™, [0, t]) — Dissp(g, [0, t]),
o zMM(t) — 2(t),
© OE(,GM()) — 0 q()).
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4.5. Space-time discretization methods [wliTals

@ No uniqueness assumption needed

@ No assumptions on the smoothness of solutions is made
(~ no convergence rates to be expected)

Result in short.
(1) The numerical approximations are relatively compact.

(2) All cluster points of numerical approximations
(as h,®(M) — 0) are true solutions.

~> No spurious or ghost solutions.

(1) = weakest form of stability of a numerical algorithm

(2) = weakest form of consistency of a numerical algorithm
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lwl i Tal's

Last two lectures (w.l.o.g.): @ ={0} x 22 Q

£(t,2) def minycy E(t,y, z)

(Q,&,R) Banach-space / manifold with Finsler [eq] metric
(D) 0€0,R(z,z)+ DE(t, z)

(Q,&,D) Space with [eq] distance

Problem: Find a form of (DI) that works in distance spaces!
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5.1 Legendre transform [wlilals

. Rate-independent systems
. Solutions concepts allowing for jumps
. Energetic solutions for RIS

. [-convergence and numerical approximation
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. Metric concepts for RIS
5.1 Legendre transform
5.2 Metric velocity and slope
5.3 Parametrized metric solutions

6. The vanishing-viscosity approach
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5.1 Legendre transform wlilals

For & : V — R, convex, define ®* = Lo via

"1 V¥ — Rooin = supycy (1, v)—(v)

To allow for viscous regularizations we allow more general
dissipation potentials:

¥ 2 [0, 00 — [0, 0]
(e g Yrateind. (V) = v, Y(v) = ;P or Y(v) = v + 51/2)
Ry(q,v) = ¥(R(q,v)), where as usual R(q,A\v) = A R(q, V)

(D) 0€8,Ry(q,9) + DE(t, q)
Define Ry (q.-) = LRy(q,")
Fundamental property of the Legendre transform
n€Ry(q,v) < veIRy(q,n)
= (n,v) =Ry(q,v) + Ri(a.m)
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5.1 Legendre transform wlilals

Three different formulations

0 € d,Ry(q,q)+DE(L, q) force balance (DI)
g € O/R;(q,—DE(t, q)) flow rule (rate eqn.)
(=D&(t,q),q) = Ry(q,q) + R;,(q,—DE(t, q)) energy balance

Using chain rule §:£(t,q(t)) — 0:£(t, q(t)) = (DE(t, q), q) gives

(Dl) <~

$t€(t,q(t)) — 0e(t, () = —Ry(q, ) — Ry (g, —DE(t, q))
—

E(t,q(t)) + Jy Ry(q.4) + Ri,(q,—DE(s, q)) ds
= £(0,9(0)) + [y 9sE(s, q(s)) ds
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5.1 Legendre transform wlilals

Three different formulations

0 € d,Ry(q,q)+DE(L, q) force balance (DI)
g € O/R;(q,—DE(t, q)) flow rule (rate eqn.)
(=D&(t,q),q) = Ry(q,q) + R;,(q,—DE(t, q)) energy balance
Using chain rule S£&(t, q(t)) — 9:£(t, q(t)) = (DE(t, q), g) gives

(Dl) <~

$E(t,q(t)) — 0:E(t, q(t)) = —Ry(g, ) — Ry(q, —DE(t, q))
——

Y(norm(g)) *(dual norm(...))
Derivatives g and DE only show up in norms (direction not needed)

[Ry(q,v) = ¥(R(q, v)) and R}, (q,n) = ¢*(R*(q,n))]
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5.2 Metric velocity and slope lwlilals

. Rate-independent systems
. Solutions concepts allowing for jumps
. Energetic solutions for RIS
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5.2 Metric velocity and slope lwlilals

For the following see AMBROSIO& GIGLI&SAVARE 05

(Q,D) complete distance space
q:[0,T] — Q is absolutely continuous (g € AC([0,T]; Q)), if
3 m € L}([0,T]) such that D(q(r), q(t)) < [ m(s)ds

D generated by R, then
|4l (t) = R(q(t), 4(t)) a.e. for g € WH([0,T], Q).

Moreover, Ry(4,4) = (|l ()
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5.2 Metric velocity and slope lwlilals

If £(t,.) is Gateaux differentiable and D generated from R,
then [0&(t, )|, (q) = R*(q, —DE(t, q)).

Throughout, assume chain-rule inequality for (Q, &, D)
§e€(t,q(t)) — 0:E(t, q(t)) = —|al, () |9£(t)|5 (q(t))

This follows in the setting (Q, &, R) from the classical chain rule
tE(t. (1)) — 0:E(t, q(t)) = (DE(t, ). @) > —R(q, §)R* (9, ~DE(t, ).
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5.2 Metric velocity and slope lwlilals

Now the third form of (DI) can be written as a ¢—gradient flow
or metric evolution in the sense of DE GIORGI:

(ME)  §&(t,9)-0:£(t,q) < —v(|al,)—v*(10€(t)]5(q)) ae.

(ME), chain rule ineq., ¥(v)+1¥*(§) > v give energy balance
$t€(6.9)+0(1al)+0"(10E(t, )Ip(a) = 9:E(t,q)

as well as the chain-rule identity (along solutions of (ME))
§i€(t.q) — 9:£(t, q) = —al, |0€(t, )| 5 (q)

Throughout, we used heavily g € AC([0,T]; Q).

How do we model solutions with jumps??
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5.3 Parametrized metric solutions MWEE

. Rate-independent systems
. Solutions concepts allowing for jumps
. Energetic solutions for RIS

. [-convergence and numerical approximation

g s~ W NN

. Metric concepts for RIS
5.1 Legendre transform
5.2 Metric velocity and slope
5.3 Parametrized metric solutions

6. The vanishing-viscosity approach

A. Mielke Cetraro, 23-28 June 2008 —93/124—



5.3 Parametrized metric solutions [wliTals

We derive a solutions via the vanishing-viscosity approach.
Hence, we obtain all approximable solutions.

€ 2
Use ve(v) = o + 507 20 = ve(6) = 2((E-1)4)" 20,
rate.ind ~~
small visc.
(ME) takes the form of an upper energy estimate
si€(t, )+ (1al, )+ (106(¢, )l (a) < 0:E(t. q)

(Chain rule supplies the lower energy estimate)

Condition (£2) implies via Gronwall
E(t,q(t)) < e“Ete(0), where e(0) = £(q(0)), and
Jo" welalo) +02 (10t o (a)) dt < e%ete(0)
Standard: for € > 0 existence of g. € AC([0,T], Q) with
1glpllie < C and gl )l < C/v/E
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5.3 Parametrized metric solutions [wliTals

How to control the limit g. for e — 0.

In general, jumps will develop!

Idea from EFENDIEV & M. JCA’06,
worked out in M. & Ro0sSI & SAVARE ’08:

Consider the graphs

G.={(t,q:(t) | t€[0.T]} c Or E'[0,T] x Q

and study graph convergence.
Then the jump path will be controlled.

Reparametrize t = t.(s) and g = q.(s) = g-(t-(s)), s € [0, S]:
Ge = {(t(s),a.(s)) [s € [0, 5]} € Q7

To obtain pointwise convergence we choose a good
parametrization.
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5.3 Parametrized metric solutions [wliTals

Fix parametrization via t. + |qL|, = m. given in L1([0, S])!
Using the chain rule |q.|,(s) = t'(s)|g:|,(t(s)) we have
Jo meds= [t + lal], ds =" 7€ (1+]d],) ds
= [V 1+]4|, dt = T + Diss(qe, [0, T]) — M
The 1-gradient flow equation
(ME)  £&(t,q) — 0:E(t, ) < —=(1gl,) — ¥2(10E(t, )| (q))

will be multiplied by t’ and written in terms of (t,q):

LE(t,q) — 0E(t, )t < 'y (Fld'|,) — Y'Yz (|0E(L, )], (a))
t'(s) + |’ (s) = m(s)
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5.3 Parametrized metric solutions [wliTals

:_sg(t’Q) - at‘g’(ta Q)t/ < _t/¢6(t%|q/|’D) - t/¢:(|85(t’ -)|D(Q))

We introduce the function

Ma(o,€) = { (i) + avi() fora >0,

00 otherwise.

Explicitly, M(a,v,§) = v+ =1° + £ ((¢— 1)+) for a > 0.
Legendre relation implies M («, v, &) > V€.

Thus, the rescaled version of (ME) is equivalent to
Vr<s: E(t(s),a(s)) + [ M(t,]d| 5, |OE(L, )|, ) dT
E(r),a(r)) + [7 0&(t, q)t’ dr

Today: only formal limit ¢ — 0  (justification tomorrow)
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5.3 Parametrized metric solutions [wliTals

Me(o,v,€) = v+ =12 + 2((6-1)+)? for @ > 0 and M-(0,v,£) = oo
(*)e E(t(s),a(s))+ [TM:(t, |d'| 5, [0 (L, )| p)dT < E(t(r), a(r))+ [ OE (L, q)t'dT

v+v(—1); fora=0,

M. = Mo : (o, v,€) =
v+ X,(§) for a>0.

Formal limit ¢ — 0:
e (t.,q.) € AC([0,T]; Q) satisfy (*)-
e (t-(s),9.(s)) — (t(s),q(s)) (with equibounded velocities)

Then, (t,q) solves (*)o:
:—sg(t, CI) - at‘g’(tv q)t/ < —Mo (t/, |q/|D? |65(t, ')|D(q)) a.e.
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5.3 Parametrized metric solutions MWRE

Using the chain-rule inequality we must have equalities
—|a'[5|0E(t, )| (a) = GE(t, a) — &E(t, a)t’
= — Mo(¥, la'|, 10€(t, )|, (a))

With = &f { (e, v, &) | Mo(cv,v, &) = v€ } this implies

(t'(s), 'l (s), [0E(t, )| (a(s))) € = ae. in [s0, 1]
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5.3 Parametrized metric solutions WWEE

Mo(et, v, &) = v + x[0,1)(&) for @ > 0 and Mp(0,v,§) = v+ v(£—-1)

def

== {(a,v,8) | Mo(a,v,6) = v}

=stick | j =slide | j =jump  =stick _ {(OL, 0?5) ’ a0, < 1}
=slide _ {(a,V,]-) | o,V > O}
‘ Zhme = {(0,1,€) [¥ >0, £> 1}

Three distinct regimes
sticking

sliding

jumping
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5.3 Parametrized metric solutions [wliTals

Alternative definition
(t,q) € AC([s0, s1]; Q) is a parametrized metric solution,
if and only if a.e. in [sp, 51]:

e t'(s)>0and t'(s)+1|q'|(s) >0;

t'(s)>0 = |0&(t,.)|,(a(s)) <1,
a'lp(s) >0 = [0E(t, )] (als)) = L;
€t a) — g E(ta)t' = —|d|[9E(t, )], (a).

Last condition: if g moves, then like a rescaled “gradient flow".

B B B

Energy balance
E(t(s), a(s))+ [ la'l, (7)+e(7) dr = E(t(r), a(r))+ [T 0L (t, @)t dT

with & = [qf],, (J0€(t. o (@) ~ 1)

g = additional dissipation power during a jump.
It arises as limit of rescaled viscosity contributions.

A. Mielke Cetraro, 23-28 June 2008 -101/124—



6.1 Convergence to parametrized metric flows [wliTals
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6.1 Convergence to parametrized metric flows [wliTals

Vanishing-viscosity approach for ¢ — 0.
E * 2
Ye(v) = v+ 5% > 0and ¥2(€) = 2 ((6-1)+)

(ME):  §&(t,02)=0:E(t,6:) < —¥e(|delp )~V (10(t) 5 (qe))

Theorem [MRS’08]. Let (Q,&,D) be as above with
E,0:£:Q — R are continuous and [0&(.,.)|,:Q — R is Isc.

For solutions g. of (ME)., define parametrizations

(te,q.) € AC([0, S], Q1) with t. + |q%|, = mc — m € L1,
Then, there exists a subsequence (g/); and a parametrized metric
flow (t,q) such that

(t=(s), q.(s)) — (t(s),a(s)) for all s € [0, 5].
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6.1 Convergence to parametrized metric flows [wlilTals

Sketch of proof: Parametrized version of (ME).:

E(t(s),a.(s) + [ Me(tL, latl,, 0€ (e, )l (a.)) dr
< E(t(r), a.(r) + J7 O (t, q )tldr
Extraction of a convergenct subsequence (not relabeled) by Helly's
selection principle

t. —t, q. — qin C°([0, 5], Q).

def
/ / der 7
t. —t, VE—‘qE|‘D4V*

§(s) = liminfe_o [0€(t=(s), )| (a:(5))

We find t' + v, = m, |d|, < v, and |0E(t, )| (a.) < &
Using continuity of £ and 0;€ the limit ¢ — 0 gives
E(t(s), a(s)) + liminf [* Mc(tL, |at|,, [0€(t:, )] (az)) dr

< E(t(r),a(r)) + [7 0E(t,q)t' dT
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6.1 Convergence to parametrized metric flows [wliTals

It remains to show [ Mo(t', ||, [0E(t, )|, (q)) dT
def . .
< e & tim inf 7 ML(EL 6], O£ 2. )| (0.)) dr

We have the following properties:
(6’ a, U, g) = Mg(Oé, v, {) is Isc.
Mc(-,-, &) : [0, 00] — Ry is convex.

M. (e, -,-) is monotone in each entry.

Joffe s
He 2 fr MO(t/7V*7€*)dT
J7 Mo(t',1d'|,,, [0E(t, )| 5 (a)) dT

Thus, the limit is a parametrized metric flow. n
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6.2 BV solutions lwlilals
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6.2 BV solutions lwlilals

We want to return to solutions g : [0,T] — Q.

Given (t,q) € AC([0, S]; Q1) with t(0) =0 and t(S) =T,
define g(t) = q(5(t)) with s(t) = min{s |t(s) >t }.

Obviously, we then have
{(t(s),qa(s)) | s € [0,5] } = Graph(q) UJ,{kth jump curve}

Questions:
e |s it possible to characterize these solutions directly?

e Can we show directly the convergence qg.(t) — q(t)?
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6.2 BV solutions lwlilals

We first establish a chain-rule inequality for g € BV([0,T]; Q).
It should be consistent with the case g € AC([0,T]; Q), namely

AC: §E(t,q(t)) — 0:&(t, q(t)) > — |4l () [0E(t) |5 (q(t))

’Rslope(t:qvéﬂ

The slope distance $ associated with Rgjope is defined via

def

S(t07 qo, t17 CII)

inf { Jo 1a'(5)|o08(t(s), )| (a(s)) ds | (t,q) € Alto, g0, tr, 1)}

with the set of admissible pathes A(to, qo, t1, g1) def

{(t,q) € AC([0,1]; Q1) | (t(),a())) = (tj’ Clj),j =01, t'>0}

Slope variation along a BV curve

=(q,[r. t]) = Vars(q,[r. t) & sup S S(t;-1, a(tj-1) 8, 9(}))

all part.
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6.2 BV solutions lwlilals

Chain-rule inequality for BV solutions:
Consider (Q, &, D) with £,0&, and |0€|,, being continuous, then
for all g € BV([0,T]; Q) and all [r,t] C [0,T] we have

E(t,q(1) = £(r,q(n) = [7 9:E(s,q(s)) ds > ~X(q,[r, 1])

For BV functions g we have left and right limits
def ..
q(t*) = lim,_o q(t£T).
Set Jg of jump times is countable:

Jq d—ef {te€[0,T]|#{q(t7),q(t),q(t")} > 1} (countable)

Set of sticking times S, def {t]36 > 0: ql[¢—s,t44) is const. }
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6.2 BV solutions

lwl i Tal's

Definition of BV solutions

if the following holds:

(a) 30t €
(b) V6 € [0, 1]: |O€(

g € BV([0,T]; Q) is called BV solution for (Q

0E(t, )lp(a(t)) = 1;
q(t7), t,q(t7)):

(1) &(t, q()) — E(r,q(r)) —

(2) Ve e [0,TN\g: [08(¢,.)|5(a(t)) < 1;
(3) Vt € [0,T]\Sg: (

(4)Vte g I(t,q") € A(t,

[0,1]: q(t) = q°
t,-)lp(a(0)) = 1,
(c) £(t, q(tT))—E(t, q(t7))

787D)-

f 0sE(s,q(s))ds < —X(q,[r, t]);

().

— [1a'1(8)|9E(t, )] » (a(6))db

BV solutions are closely related to parametrized solutions:
To obtain (t,q) from g, one fills in the jumps from (4)

A. Mielke
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6.2 BV solutions lwlilals

Theorem

If g. € AC([0,T]; Q) are solutions of the 1).-gradient flow (ME).
and q:(0) — ¢°.

Then, there exists a subsequence (g/); and a BV solution
q:[0,T] — Q for (Q,E&,D), such that q.,(t) — q(t).

Consequence: All approximable solutions are BV solutions.

The opposite is not true.

Proof:
e Construct parametrized solutions (t., q.) of (*). first.

e Apply previous theorem to obtain a param. metric flow (t, q).
* q:(t) = q.(5:(t)) — a(s(t)) = q(t) =
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6.3 Stability of the solution set lwlilals
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6.3 Stability of the solution set wlilTals

Sequence of RIS (Q, &k, D) with & — Ex
Stability =
upper semi-continuity of solution set with respect to data

(cf. T-convergence result for energetic solutions)

Proposition Let (Q, D) by a complete distance space; &, € and

their slopes are continuous, (£1,2) hold uniformly, & — &
pointwise, and ¢ — ¢2,. Then

Limsup ParMetrSol(Q,f,’k,D, q2) C ParMetrSoI(Q,é'oo,D, qgo)
k—o00

and

Limsup BVSoI(Q,gk,D, qg) C BVSol(Q,f,’OO,D, qgo) :

k—o00
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6.3 Stability of the solution set wlilTals

As shown above we have
ApprSoI(Q,E,D, qo) C BVSoI(Q,E,D, qo)

But we do not have stability for approximable solutions.
Limsup ApprSol(Q, &, D, q7) ¢ ApprSol(Q, £, D, 43,

k—o00

By definition ApprSoI(Q,S,D, qo) = Limsup Sol((ME)_, ¢°).

e—0

Thus, Limsup,_, . Limsup__,q # Limsup,_,q Limsup,_, ...
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6.3 Stability of the solution set wlilTals

Example from above:

9=F 3(q+
Ex(t,q) = ®(q) — lk(t)g with ®(q) = 4 %
R(q? V) = |V|

= D(qo,q1) = |g1—qo].
Initial state q(0) = —4.

Ok (t) = min{t,6—t} + %

¢ = 3 = critical loading for the jump and ¢4(3) = max/, = 3+%
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6.3 Stability of the solution set lwlilals

Al
®'(q)—-1

.
N
.
N
N
N
N q

A L —

-

N
.

ke N BVSol, =ApprSol,
k=00 ApprSols ¢ BVSoly, = ApprSols, U Limsup ApprSol,

k—o00
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6.4 Direct incremenal approximation lwlilals
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6.4 Direct incremenal approximation lwlilals

BV solutions and parametric metric solutions:
e behave mostly rate independent

e have some viscous remainders,
namely jumps via rescaled gradient flows

Task: Find direct approximation scheme to these solutions.

A. Mielke Cetraro, 23-28 June 2008 -118/124—



6.4 Direct incremenal approximation lwlilals

Parametrized metric setting:
Find approximations for (t,q) € AC([0, S]; Q7).

Without loss of generality assume exact arclength parametrization
t'(s) + |q'|,(s) =1 for a.a. s € [0, 5]

Scheme from EFENDIEV&M.’06:

For an arclength stepsize o > 0 we want to find
approximations (t;,q;) ~ (t(jo),q(jo)).

(IP) { q; € Argmin{ £(t;_1,¢)+D(a;_1.9) | D(9;_1,9) <0 }
ti=ti1+0—D(q;_1,q).

Only local minimization (with nonsmooth constraint)
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(IP) { q; € Argmin{ £(tj_1,9)+D(q;_1,9) [ D(a;,9) < o }
tj=0—D(q;_1,9q;).

If (Q,D) admits geodesic curves, then define the
geodesic interpolant (t,,q,) € AC([0, S]; Q).

Under the assumption from above subsequences converge to a
parametrized metric solution still having arclength parametrization.
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For calculation BV solutions directly consider

a partition I of [0,T] and a viscosity € > O0:

eD(qj_1, q)2>

(IMP)y g € Argmin (E(tj,q) + D(qj-1,q) + — 2
qeQ i

(Almost proved) Theorem: (Cetraro’08)

Assume that (Q, &, D) satisfies the assumption from above.
Take sequence of partions (INg)keny and of viscosities (ex)ken
with

fineness(IM)
—
Then, the DE GIORGI interpolants (qx)ken associated with
(IMP), have a pointwise convergent subsequence, whose limit
q is a BV solution for (Q, &, D).

ex — 0 and — 0.
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