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1. Introduction ‘{“g

Aim of these lectures:
L Evolutionary systems with multiple scales
0 <e=1/n< 1 small parameter
L Describe mathematical methods for limit passage ¢ — 0

Restriction:
e only generalized gradient systems
e only very simple applications

e proofs only for the simpler results
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1. Introduction ‘{”’g

General evolutionary equations
Multiscale limit corresponds to interchanging to limits, namely
lim. ,¢" and "uf(t) = ugj+ [, ...ds

microsc. system macrosc. system
e = G (ue) ¥ =Go(y)
initial state u? L'ps;[ﬂ> y°
time evolution 1 € 1
u(t) = S (t,ul) “E y(t) = Solt,y°)

Mathematical task: Prove lim M, o S.(t,-) = So(¢, lim M,(-))
e—0 e—0
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L

1. Introduction

Gradient flows = evolution driven by gradient systems (X, &, G)
u € X = state space (closed convex subset of a reflexive Banach space)

€: X — Ry :=RU{oo} energy functional

Three equivalent formulations:

L' Riemannian case G(u) : T, X — T% X metric tensor)

G(u)i = —DE(u) = force balance (viscous f. = restoring f.)

W
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1. Introduction

L

Gradient flows = evolution driven by gradient systems (X, &, G)
u € X = state space (closed convex subset of a reflexive Banach space)

€: X — Ry :=RU{oo} energy functional

Three equivalent formulations:

L' Riemannian case G(u) : T, X — T% X metric tensor)

G(u)i = —DE(u) = force balance (viscous f. = restoring f.)

L' Rate equation with Onsager operator K(u) : T; X — T, X

= —K(u)DE (u) where K(u) = K(u)* >0 (K=G™1)
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1. Introduction

Gradient flows = evolution driven by gradient systems (X, &, G)
u € X = state space (closed convex subset of a reflexive Banach space)

€: X — Ry :=RU{oo} energy functional

Three equivalent formulations:

L' Riemannian case G(u) : T, X — T% X metric tensor)

G(u)u = —DE(u) € T X | = force balance (viscous f. = restoring f.)

L' Rate equation with Onsager operator K(u) : T; X — T, X
= —-Ku)DE(u) e T, X | where K(u) =K(u)* >0 (K=G™!)

L' Energetic balance using dissipation potentials (see later)
R(u, ) = 5(G(u)i, @) and R*(u,€) = 5(&,G(u)~'€)

%5(u(t)) = —R(u,u) — R*(u,DE(u(t))) e R
Energy-Dissipation Balance (EDB)
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1. Introduction éfé‘g

Generalized gradient systems (X,&,R)
R(u, ) dissipation potential ~ 9;R(u, @) = dissipative force

R(u,-): T, X — [0,00] convex, Isc, R(u,0) = 0.
0 € 0uR(u,u)+DE(u) — £(t)

Classical gradient system R(u,v) = (G(u)v,v)
More general R(u,v) = [|A(u)v]|s + 5[V (w)vllF + 5IM(u)l
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1. Introduction ‘{“g

Generalized gradient systems (X,&,R)
R(u,u) dissipation potential ~» 0;3R(u,u) = dissipative force

R(u,-): T, X — [0,00] convex, Isc, R(u,0) = 0.
0 € 0uR(u,u)+DE(u) — £(t)

Classical gradient system R(u,v) = (G(u)v,v)
More general R(u,v) = [|A(u)v]|s + 5[V (w)vllF + 5IM(u)l

In multiscale modeling on is interested in

I'-convergence for families of gradient systems (X, &, R.)
e homogenization

e dimension reductions (plates, interfaces, ...)

e singular perturbations

e modulation equations
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1. Introduction

Our working definition for this course:

Aim: Find conditions of (&, R.) ~ (&, Ro)
to guarantee evolutionary I'-convergence.
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2. Motivating examples 4{@3

L' Inhomogenous diffusion equations

Ye(@)i(t, z) = div (Ae(z)Vu) — fe(z, u(t, 2)), t>0,zeQ)
(& suitable BC)

L2-type gradient system (X, &, G. ) with X = L2(Q)

(G U)( ) =re(@(@) = Re(v) = [ 37(x)v(x)? do
fQ vy - Ac( )VU—I—FE(JJ,u( ))dz Fe(x,u) = [ f_eps(z,w)dw
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2. Motivating examples éf@g

L' Inhomogenous diffusion equations
Ye(@)i(t, z) = div (Ae(z)Vu) — fe(z, u(t, 2)), t>0,zeQ)
(& suitable BC)
L2-type gradient system (X, &, G. ) with X = L2(Q)
(Gev)(z) = 1e(2)v(z) = Re(v) = [, 57 (2)v(z)* dz
E(u) = fQ %Vu <A (z2)Vu + Fs(x,u( ))dz Fe(x,u) = [ f_eps(z,w)dw

o Homogenization Ye(x) = g(z, Z) and A, ( 2)
Aim: Res (v fQ ’YE“ v2dz and Eefr (u fQ QVu Aet Vu + Fegr (u) dx
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2. Motivating examples éf@

L' Inhomogenous diffusion equations
Ye(@)i(t, z) = div (Ae(z)Vu) — fe(z, u(t, 2)), t>0,zeQ)
(& suitable BC)
L2-type gradient system (X, &, G. ) with X = L2(Q)
(Gev)(z) = 1e(2)v(z) = Re(v) = [, 57 (2)v(z)* dz
E(u) = fQ %Vu <A (z2)Vu + Fs(x,u( ))dz Fe(x,u) = [ f_eps(z,w)dw

o Homogenization Ye(®) = g, Z) and A ( 2)
Aim: Res (v fQ ’YE“ v2dz and Eefr (u fQ QVu Aet Vu + Fegr (u) dx

e Dimension reduction (modeling of active |nterfaces)

el-1,1[CR'  A(z)= {

a for |z| > ¢g/2,
Be for |z| < e/2

3 :
Eetr ( f L Su2dr + 2( (0*)—u(0+))2 + fol Sudx |

gives interface conditions
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2. Motivating examples Lt

' Amplitude equations

Swift-Hohenberg equation for weakly unstable systems
U= —é(l +e?A)*u + Ru — u?
Typical solutions behave highly oscillatory in space:
u(t,z) = Re (A(t,x)e_ik'm/‘E) with k| ~ 1

Expected amplitude/enveloppe equation
(cf. Eckhaus 1965, first proofs ~ 1990)

A=coAA+ RA - c1|APPA

W
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2. Motivating examples Lt

' Amplitude equations
Swift-Hohenberg equation for weakly unstable systems

1
i=—-—=(14¢*A)u+ Ru—u’
£

Typical solutions behave highly oscillatory in space:
u(t,r) = Re (A(t,x)e_ik'm/‘E) with |k| =~ 1

Expected amplitude/enveloppe equation
(cf. Eckhaus 1965, first proofs ~ 1990)

A=coAA+ RA - c1|APPA

L' Vortex equations (Sandier-Serfaty 2004)
E(¥) = Jo3IVYP + Z(1-[¢*) da
Re(¥) = srog07y Jo W1 do
> ODE for vortex positions
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2. Motivating examples Lt

L Chemical reaction systems with detailed balance

k 1/e k
Eg. 2B+C =24 A+2C =B A+B+C = 3C
Fast reaction versus slow reactions ki, k3 = O(1)

ca 2 -1 -1
. —k 2 2 1 2 3
¢g | = ki(cgec—ca) | =2 | +=(cacc—cB) | 1 |+ks(cacgcc—ce) | —1
¢cc —1 —2 2
Energy = relative entropy £(c) = ABz(¢i) ABz(z) = zlogz — 2z +1
i=A,B,C
1 -12

1 CAC%—CB

¢ = —K(c)DE(c) with K.(c) = K, 3(c) + < Tog(cacd/cn)

-11 -2
2 =24

Gradient system ([0, 00[, &, K): & indep. of £ but K_(c)
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2. Motivating examples

X reflexive Banach space and functionals 7. : X — Ry, = RU {o0}
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2. Motivating examples s

The (primal) dissipation potentials R(u, %) is always convex in 1.
The dual dissipation potential R* is always convex in &.
R*(u, &) :=sup{ ({,v) = R(u,v)[veE X}

. M M
In particular, we have 7, — F <& F! — F*.
Easy to remember via the well-known convergence result of linear functional
analysis:
vp, — v and &, — £ implies (£,,vn) — (€, v)
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2. Motivating examples

X =R?
2 -1
E-(u) = tud + = (ug—eur)? = Ju- Acu with A, = /e
1/e 1/e
R SU3 4 ety = 31 - Gt hG boo
(1) = 301 + 55ty = 5 - Getl with G, = 0 1/c

ODE G. . = —A.u. with u(0) = (})
Explicit solutions can be calculated. We find, for all ¢t > 0,

Be0,2]: ult)—(°,)ase—0
B=2: u(t) — (“) ase = 0
ﬁ>2: us(t) — (° 2)asa—)O
where w( 215( \/_+1 e —Hat (\/5—1)67M2t) with u12 = (3 \/5)/2

W
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2. Motivating examples

E(u) =

2, 1 2 _ 1
ui + 5oz (u2—cu1)” = su- A-u

SIS

Re(i) = 301 + 53503 = 3 - Getv with Ge = (

What are the limits of the functionals?

1 0

A. Mielke, Multiscale and evolutionary I'-convergence, Pisa, 25-29.11.2013
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2. Motivating examples Lt

. 2 —1/e
Ee(u) = %u% + %2'(“2_5’“1)2 = %u “Acu with A. = (_1/5 1/52>

1 0
Re(w) = 3uT + 525U = 5% - Geto with G = ( 0 1/66>

What are the limits of the functionals?

£ pointwise £ PN {(%"‘l)u% for U9 = 0,
€ > Cpw :

2
s otherwise

Lu? for ug =0,

5€ﬂ>5:u»—>{2

oo otherwise

1

y 1

Re —R:ve ? .
oo otherwise

v? for vy = 0,

—2t

(R%, £, R) gives u(t) = (e;t) and (R%, Epws R) gives u(t) = (°, ).

[5<2] ® e R) = (R2,6,R)
B =2 I no evolutionary I" convergence

(R2,E.,R.) 24 (R2, £p, R)

W
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2. Motivating examples éf@g

We consider one-dimensional homogenization of
a parabolic equation on 2 € Q =10, ¢[ for t > 0:

c(f)u(t,x) = (a(%)uz(t, a:))x — b(f)u(t, ) ugy(t,0) =0 =uy(t,4)

where a,b, ¢ € L>°(R) are 1-periodic and are > ¢y > 0.

Family of gradient system (L2(2), &, R.) with
E(u) =3 f )2 4 b(L)u(x)? de, Re(v) = %fc(f)v(x)de
Q

W
A. Mielke, Multiscale and evolutionary I'-convergence, Pisa, 25-29.11.2013 15 (60) %



2. Motivating examples Lt

We consider one-dimensional homogenization of
a parabolic equation on 2 € Q =10, ¢[ for t > 0:

c(f)u(t,x) = (a(%)uz(t, a:))x — b(f)u(t, ) ugy(t,0) =0 =uy(t,4)

where a,b, ¢ € L>(R) are 1-periodic and are > ¢y > 0.

Family of gradient system (L2(2), &, R.) with
E(u) =3 f )2 4 b(L)u(x)? de, Re(v) = %fc(f)v(x)de
Q

Aim: Find & and Regr in the form

Eeit () = 5 [o) effua(7)? + begru® d, Refr (v) = 3 [, Cerv? da
aeff = 7
befr = 7
Ceff =7

W
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2. Motivating examples

by

Quadratic functionals-

U (v) = 2f Jo(x)de < Vi(z) = %(fzf x) 1¢(r)dx

Lemma (One-dimensional homogenization)

In L2(J21, 22[) we have
I 1 rz2

weak-I': U, = Wppm: v 3 fxl v - Gharmvdx
r

strong-I': U, — W, ip: v %fff v - Garithmv dx

with Gharm = (fo 1dy) < Garithm = fol G(y) dy

Let G.(z) = G(z/e) with 0 < ¢p < G(y) < Cy and G 1-periodic.

A. Mielke, Multiscale and evolutionary I'-convergence, Pisa, 25-29.11.2013 16 (60)
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2. Motivating examples Zf@

Quadratic functionals-
U (v) = Qf Jo(x)de < Vi(z) = %ff x) 1¢(r)dx
Q

Lemma (One-dimensional homogenization)
Let Ge(z) = G(z/e) with 0 < ¢o < G(y) < Cy and G 1-periodic.
In L2(J21, 22[) we have
weak-I': U, I Whorm @ U — %f;f v - Gharmvdx
strong-I': U, L Wi v %fff v - Garithmv dx
—1
with Cligrm = (fo 1dy) < Garithm = fol G(y) dy

Proof of weak-T': Assume ve — v in L2(]a, b]).
U, (ve) = % ;12 ve - Geveda =

% fjf (Geve—Ghav)- G (Geve—Ghav) + 2Geve -G Ghav — Ghav- G Gpavda
—_——— v

ZO =V —v 1
=G,

W
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2. Motivating examples Zf@

Quadratic functionals-
U (v) = Qf Jo(x)de < Vi(z) = %ff x) 1¢(r)dx
Q

Lemma (One-dimensional homogenization)
Let G.(z) = G(z/e) with 0 < ¢p < G(y) < Cy and G 1-periodic.
In L2(J21, 22[) we have

r
weak-I': U, = Upom: v— %f;f v - Gharmvdx

r
strong-I: ¥, — W, : v = fff v - Garithmv dx

1
with Cligrm = (fo 1dy) < Garithm = fO G(y) dy
Proof of weak- F Assume ve — v in L2(]a, b[).
\I/ (ve) = l - Gevedr =

B ff (Gsvs Ghav)-GE (Geve—Ghav) + 2Geve-GT 1 Ghav — Ghav- GZ1 Gravde
—_——— ~—~—

>0 =Ve—v *g-t
ha

Hence, liminf._.¢ \l/g(’ug)zé :12 0 +20Ghav — vGpv dz = FUpam(v)
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2. Motivating examples

Quadratic functionals-
U (v) = Qf Jo(x)de < Vi(z) = %ff x) 1¢(r)dx
Q

Lemma (One-dimensional homogenization)
Let G.(z) = G(z/e) with 0 < ¢p < G(y) < Cy and G 1-periodic.
In L2(J21, 22[) we have

r
weak-I': U, = Upom: v— %f;f v - Gharmvdx

T
strong-I': U, — W, ip: v %fff v - Garithmv dx
—1 1
with Cligrm = (fo 1dy) < Garithm = fO G(y) dy
Proof of weak- F Assume ve — v in L2(]a, b[).
W (ve) = l - Gevedr =
5 ff (Gsvs Ghav)-GE (Geve—Ghav) + 2Geve-GT 1 Ghav — Ghav- GZ1 Gravde
—_——— v
>0 =ve v G[, 1

Given T choose the recovery sequence T = Gz ' Gha® — ¥ and first term = 0.
Hence, Uc(3:) = [72 0 4 Gnat-G: 'Gpatdz — Upam (?)
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2. Motivating examples

Quadratic functionals-
U (v) = 2f Jo(x)de < Vi(z) = %ff x) 1¢(r)dx
Q

Lemma (One-dimensional homogenization)
Let G.(z) = G(z/e) with 0 < ¢p < G(y) < Cy and G 1-periodic.
In L2(J21, 22[) we have

weak-I: U, & T 0 3000 Ghamvde
strong-I': U, L W v L fff v - Garithmv dx

1
with Gharm = (fo 1dy) < Garithm = fo G(y) dy

Proof of strong-T" is much simpler:
If ve = v |n L2(Ja, b]), then

Ve (ve) = f;fv GEU — 20-Ge(v—0e) + (v—2e)-Ge(v—ve)dz — War(v)
—‘Garv —0 —0
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2. Motivating examples

Quadratic functionals-
U (v) = Qf Jo(x)de < Vi(z) = %ff x) 1¢(r)dx
Q

Lemma (One-dimensional homogenization)

Let Ge(z) = G(z/e) with 0 < ¢o < G(y) < Cy and G 1-periodic.
In L2(J21, 22[) we have

weak-I': U, I Whorm @ U — %f;f v - Gharmvdx

strong-I': U, L W v L fff v - Garithmv dx

with Cligrm = (fo 1dy) < Garithm = fol G(y) dy

Proof of strong-T" is much simpler:

If v — v in L2(]a, b[), then
Ue(ve) = 3 [P0 Gev — 20-Ge(v—ve) + (v—0:)-Ge(v—v:)dz — Tar(v)
! ~ —— Y=

—Garv —0 —0

. . . , T r
Result is compatible with Attouch’s theorem: | V. — Up 0, <= Vi — U

harm

For this, simply use arith(G—1) = harm(G)~!
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2. Motivating examples

One-dimensional homogenization for parabolic equation on x € Q =]0,¢]:
c()u(t,r) = (a(%)uz(t, a:))x —b(Z)u(t,z) ug(t,0) =0=uy(t¥)
where a,b, ¢ € L>(R) are 1-periodic and are > ¢y > 0.
Gradient system (L2( ) 55,\11 ) with
Ee(u) = 5 [ af 4+ b(2)u(z)? dz, . (v) = 3 [ c(Z)v(z)?de

o0, 5w, or U W in the dynamic space L?(Q)
L Analogously the energy satisfies in the energy space H'(2) € L?(Q2)

&L Eaius % Jo AharmtZ + baehu?dz (weakly in H*(€2))
&L ium 3 Jo QarithuZ + barignu?dz (strongly in H'(Q2))

W
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2. Motivating examples

One-dimensional homogenization for parabolic equation on x € Q =]0,¢]:
c(B)u(t,z) = (a(2)ua(t,z)), = b(Eult,z)  ua(t,0) =0 =us(t,¢)

where a,b, ¢ € L>(R) are 1-periodic and are > ¢y > 0.

Gradient system (L2( ) 55,\11 ) with
Ee(u) = 5 [ af 4+ b(2)u(z)? dz, . (v) = 3 [ c(Z)v(z)?de

o0, 5w, or U W in the dynamic space L?(Q)
L Analogously the energy satisfies in the energy space H'(2) € L?(Q2)

&L Eaius % Jo AharmtZ + baehu?dz (weakly in H*(€2))
&L ium 3 Jo QarithuZ + barignu?dz (strongly in H'(Q2))

We will use later: £ ™ &, (Mosco in L2(Q))

> expected limit eqn CeffUt = QharmUgzz — baritht  with ceff € {Charm-, Carith}

W
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3. Energy-dissipation formulations

Legendre-Fenchel theory for a reflexive Banach space
U : X — R, proper, convex, lower semicontinuous
Legendre transform ¥* = LU : X* — R, with

U (§) :=sup{ (§,v) = ¥(v) v e X}

Basic properties:

o L(LY) =T or T** =

e Young-Fenchel estimate: Vv € X V&€ € X* : U(v) + ¥*(§) > (&, v)
e U(v) = 3(Gv,v) = ¥*(E) = 3(¢, G‘1€>

V() = Sl = O =&

. for 1 <p<oo, p*=p/(p—1)

W
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3. Energy-dissipation formulations 4{4‘3

Legendre-Fenchel theory for a reflexive Banach space
U : X — R, proper, convex, lower semicontinuous
(&) = sup{ (&,v) — U(v) |v € X }

U** =¥ and ¥(v) + T*(&) > (£, v)

Subdifferential of convex ¥
OV(w)={ne X*|VweX: U(w)>¥w)+ (nw-o)} CX*
If ¥ € C'(X;R) and convex, then 0¥ (v) = {D¥(v)}.

W
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3. Energy-dissipation formulations

Legendre-Fenchel theory for a reflexive Banach space
¥ : X — R, proper, convex, lower semicontinuous

U (§) :=sup{ (§,v) —¥(v)[ve X}

U** =¥ and ¥(v) + T*(&) > (£, v)

Subdifferential of convex ¥
OV(w)={neX*|VweX: ¥(w)> V) + (nw—v)} C X*
If U € C}(X;R) and convex, then 9V (v) =

{D¥(v)}.
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3. Energy-dissipation formulations 4{4‘3

(i) £€0V(v) < (i)ved¥"(§) < (iii)) ¥(v)+ ¥ (&) < ()

Generalized gradient system (X,&,R)
Energy funct. £ :[0,T]xX — Ry, dissipation pot. R(u,-) : X — [0, 0]

(i) 0€ daR(u(t),u(t)) + DE(t,u(t)) € X* fora.a.te|0,T)

force balance in X* Biot's equation 1954

W
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3. Energy-dissipation formulations

(i) £€0V(v) < (i)ved¥"(§) < (iii)) ¥(v)+ ¥ (&) < ()

Generalized gradient system (X,&,R)
Energy funct. £ :[0,T]xX — Ry, dissipation pot. R(u,-) : X — [0, 0]

(i) 0€ daR(u(t),u(t)) + DE(t,u(t)) € X* fora.a.te|0,T)
Biot's equation 1954

force balance in X*

Dual dissipation potential R*(u, &) = L(R(u,-))(€)

(i) a(t) € OeR*(u(t), —DE(t,u(t))) € X fora.a.te[0,7]
Onsager's equation 1931

rate equation in X

20 (60) %
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3. Energy-dissipation formulations

(i) £€0V(v) < (i)ved¥"(§) < (iii)) ¥(v)+ ¥ (&) < ()

Generalized gradient system (X,&,R)
Energy funct. £ :[0,T]xX — Ry, dissipation pot. R(u,-) : X — [0, 0]

(i) 0€ daR(u(t),u(t)) + DE(t,u(t)) € X* fora.a.te|0,T)
Biot's equation 1954

force balance in X*

Dual dissipation potential R*(u, &) = L(R(u,-))(€)

(i) a(t) € OeR*(u(t), —DE(t,u(t))) € X fora.a.te[0,7]
Onsager's equation 1931

rate equation in X

(i) R(u(t), a(t))+R"(u(t), -DE(L, u(t))) < (~DE(t, u(t)), u(t))

power balance in R (equivalent to equality by Young-Fenchel)
De Giorgi's (U, ¥*) formulation 1980
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3. Energy-dissipation formulations @é

(i) 0€ 0uR(u,u) +DE(t,u) (i) 4 € deR*(u, —DE(t,u))

E(T,u(T)) + 0fR(u(t), w(t)) + R*(u(t), —DE(t, u(t)))dt

< £(0,u(0)) + Ofasé'(s, u(s))ds

Final energy + dissipated energy = initial energy + external work

W
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3. Energy-dissipation formulations 4{@

(i) 0€ 0uR(u,u) +DE(t,u) (i) 4 € deR*(u, —DE(t,u))

YF
Proof: [\ —(DE(t,w),a)dt < [if R(u,u) + R*(u, ~DE)dt

€29 £(0,u(0)) + [ €t — E(T,u(T)) "2 [T —(DE(t,u), i) dt

= all estimates are equalities = Young-Fenchel estimate is equality a.e. QED

W
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3. Energy-dissipation formulations 4{"”}

(i) 0€ 0uR(u,u) +DE(t,u) (i) 4 € deR*(u, —DE(t,u))

T

ET, u(T)) + [ R(u(t), a(t)) + R (u(t), ~DE(t u(t))) de

< £(0,u(0)) + Ofasé'(s, u(s))ds

Fundamental and more general tool Chain-Rule Estimate (CR)
£ : X — R, satisfies CRE, if

uwe W2 ([0,T]; X), € e LP([0,T]; X*) d |
&(t) € OE(ult)) } = L Ew®) = {€),a(t)

(e.g. always true for Isc and convex £(+))

W
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3. Energy-dissipation formulations 4{4‘3

0 € 0y Re(u, 1) + DE(u) Fenchel (EDE) = Energy-Dissipation Estimate

(EDE) &.(uf(t)) + [ Re(uf, i) + RE(uf, —DE (uf)) dt < E.(us(0))

Evolutionary T convergence based on (EDE)
e Sandier-Serfaty’04 (general approach)
e here: special case of M-Rossi-Savare'12 (CVPDE) R(u,v) = ¥(v)

W
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3. Energy-dissipation formulations 4{4‘3

0 € 0y Re(u, 1) + DE(u) Fenchel (EDE) = Energy-Dissipation Estimate

(EDE) &.( +f0 §) 4+ R:(uf, —DE-(uf))dt < E-(uf(0))

Evolutionary T convergence based on (EDE)
e Sandier-Serfaty’04 (general approach)
e here: special case of M-Rossi-Savare'12 (CVPDE) R(u,v) = ¥(v)

X reflexive, 3¢,C, A\ > 0, p > 1 such that £.(-) + Ac|| - ||% is convex,
Ve(v) Z cllvl|%=C, PL(E) = cll€ll.—C, E(u) = cllullz—C with Z € X

EBeev. M inX) = (X,&,0.) 2% (X8, V)

Compatibility: & % & and ¥. 2 ¥, in SAME topology X

W
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3. Energy-dissipation formulations fgﬂg

ELeev.bw) — (X,6,0.)2% (X, 8,0

Application to our two simple problems (coercivity of ¥ defines X)
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3. Energy-dissipation formulations

ELeev.bw) — (X,6,0.)2% (X, 8,0

Application to our two simple problems (coercivity of ¥ defines X)

ODE model on X = R?

We always have &, M, & and Re MR

R(v) = §(07 +v3/e) and R*(€) = 4(63 + <°€)
Theorem is applicable for 5 = 0.

W
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3. Energy-dissipation formulations 4{@

ELeev.bw) — (X,6,0.)2% (X, 8,0

Application to our two simple problems (coercivity of ¥ defines X)
Homogenization: c|[v]|Z, < ¥.(v) < Clv[}. = X =L1%*0,¢).
5( :%foeaeu2+b w?2dz & Mg in X =12(0,0) ®

=3 fO 1‘/6 dx \I/weak é \I/strong S
Theorem is appllcable in the case ¢. = ¢, = ¢* =const.

cuy = (acty)y — beu evel, cur = (axyg ) — b*u

W
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3. Energy-dissipation formulations

Sketch of proof of theorem: w,. are solutions of (i) = (EDB).:
T

Ec(ue(T)) + [ Wo(ite)+T*(€) dt = E-(uc(0)) where —£-(t) € DE- (u<(t))
0

L' Uniform coercivity of &, W.. and U} yield uniform a priori bounds

l|tellLo (0, 11;2) + [[wellwre o, r1:x) + [1€elleo,m:x+) < C

L We find convergent subsequences
ue(t) = u(t) in X, ue = uwin WHP([0,T]; X), & — & in LP([0,T]; X*)

W
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3. Energy-dissipation formulations

Sketch of proof of theorem: w,. are solutions of (i) = (EDB).:
T

Ec(ue(T)) + [ Wo(ite)+T*(€) dt = E-(uc(0)) where —£-(t) € DE- (u<(t))
0

L' Uniform coercivity of &, W.. and U} yield uniform a priori bounds
l|wellLee (0,17:2) + lluellwreo,ry;x) + [[€ellLe o, 71,x+) < C
L We find convergent subsequences
ue(t) = u(t) in X, ue = uwin WHP([0,T]; X), & — & in LP([0,T]; X*)

L' Lower semicontinuity of the dissipation (use U, % ¥ — wr M gr)

loffe’s Isc result: ~[5 W(a)+¥*(€)dt < lim inf o W)+ (EL) dt
E=>

W
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3. Energy-dissipation formulations

Sketch of proof of theorem: w,. are solutions of (i) = (EDB).:
T

Ec(ue(T)) + [ Wo(ite)+T*(€) dt = E-(uc(0)) where —£-(t) € DE- (u<(t))
0

L' Uniform coercivity of &, W.. and U} yield uniform a priori bounds
l|wellLee (0,17:2) + lluellwreo,ry;x) + [[€ellLe o, 71,x+) < C
L We find convergent subsequences
ue(t) = u(t) in X, ue = uwin WHP([0,T]; X), & — & in LP([0,T]; X*)

L' Lower semicontinuity of the dissipation (use U, % ¥ — wr M gr)

loffe’s Isc result: fOT\I/(u)~|—\I/*(§)dt<hmmf o W)+ (EL) dt

L Strong-weak closedness of DE if & Mege Ac-convex (cf. Attouch’s4)
ue > uin X and & = ¢ in X* = £ e DE(u)
L Passing to e — 0 in (EDE). we obtain
)+ fO 0)+U*(E)dt | < lim. 0 E-(u(0)) = E(u(0)) QED

W
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3. Energy-dissipation formulations 4{4‘3

Main tools is Strong-Weak Closedness of the graph of (9&:).¢jo,1

(SWC)  we »win X and & —= € in X* = £ € DE(n)

This is a consequence of Mosco convergence and convexity!

W
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3. Energy-dissipation formulations fi@y

Main tools is Strong-Weak Closedness of the graph of (0&.)-¢jo.1]
(SWC)  we »win X and & —= € in X* = £ € DE(n)

This is a consequence of Mosco convergence and convexity!

If all €. are Isc and convex, then &, M, & implies (SWC).

Proof: Assume u. — u, & — &, and E:(u:) — ex
Then convexity gives (Conv)e  E-(w) > Ec(ue) + (€e, w—ue)
For given u the M-convergence gives a rec. seq. u. with u. — u, & (u:) — Eo(u)
Hence, setting w = 4. in (Conv). gives () > Ee(ue) + { & ,Ue—ue)
—— == T
—Eo(7) e —¢ —i-u
Taking the limit ¢ — 0 we obtain the relation £ () > e. + (£, u—u)

Choose u = u we see that Ey(u) > e, but M-liminf gives e, > Ey(u). Thus,
e« = Eo(u) and we conclude & € &y(u) as desired. O
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3. Energy-dissipation formulations 4{@

(EDE) €& —|—f0 e(te) + UEH(—=DE: (ue))dt < E:(ue(0))

The Sandier-Serfaty [2004] approach is more general.
They do assume
neither Strong-Weak Closedness of (O&;).c(o,1]

nor the Mosco convergence of U, My

Instead they assume

(i) ve =~ v = liminf._, ¥ (ve) > Ty(v) (w-T-liminf)
(i) ue » v = liminf., ¥X(DE (ue)) > ¥E(DE(u))  (dual w-I'-liminf)

Clearly, (SWC) & T, My @ imply (i) and (ii) but not vice-versa.

W
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3. Energy-dissipation formulations

(EDE) &.(uf(t)) + [ Re(uf, i) + RE(uf, —DE (uf))dt < E.(us(0))

EDE is quite flexible  general R.(u,-) e A.-conv. of & not needed
e convergence of individual terms not needed

It suffices to find (X, &y, Rg) and M such that
LE D& & Chain rule holds for (X, &, Ro)

W
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3. Energy-dissipation formulations

(EDE) &.(uf(t)) + [ Re(uf, i) + RE(uf, —DE (uf))dt < E.(us(0))

EDE is quite flexible  general R.(u,-) e A.-conv. of & not needed
e convergence of individual terms not needed

It suffices to find (X, &y, Rg) and M such that
AN 50 & Chain rule holds for (X, &, Ro)
L fo dt <liminf,. fOT Re(us,0f) + RE(uf, —DE. (uf)) dt
(a) ./\/l( ) > —(D&y(u),v) and
(b) M(u,v) = (D& (u),v) =
Ro(u, v)+R§(u, =D& (u)) = —(DE(u),v)
Remark:
M(u,v) > Ro(u,v)+Rg(u, —DEs(u)) is suffic. for (a,b) but not necessary!

Even, passage from quadratic R.(v) = rc||v||%
to 1-homogeneous Ro(v) = 7o ||v| % is possible!

W
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3. Energy-dissipation formulations 4{4‘3

To illustrate the method in homogenization for ODE with a(y+1) = a(y)
Ue(t,x) = —a(z/e)u(t,x), t>0, z€]0,4] Tartar 1990
Is there an effective equation of the form 4 = —aegru 77

Tartar: NO! Memory term needed: 4(t,2) = —a%u(t,z) + fof Ko(z,t—s)u(s,z)ds

Today: YES, there is a local evolutionary I' limit

W
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3. Energy-dissipation formulations 4{4‘3

To illustrate the method in homogenization for ODE with a(y+1) = a(y)
Ue(t,x) = —a(z/e)u(t,x), t>0, z€]0,4] Tartar 1990
Is there an effective equation of the form 4 = —aegru 77

Tartar: NO! Memory term needed: 4(t,2) = —a%u(t,z) + fo (z,t—s)u(s,z)ds

Today: YES, there is a local evolutionary I' limit
For the L2-gradient structure (L2(0,£),&-, L[| - ||3) with
Ee(u) = OZ a(z/a)u2 dz it does not work (wrong topology)!
Take a nontrivial gradient structure (M (0,¢),&., Ry)

L state space = nonnegative Radon measures in M (0, ¢) = C§(0, ¢)*
L linear energy functional & ( fo (x/e)du(z)

L Hellinger dissipation potentlal Ri(u, &) = 5 fo x)?du(z) (indep. of ¢)
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3. Energy-dissipation formulations 4{@

To illustrate the method in homogenization for ODE with a(y+1) = a(y)
Ue(t,x) = —a(z/e)u(t,x), t>0, z€]0,4] Tartar 1990
Is there an effective equation of the form 4 = —aegru 77

Tartar: NO! Memory term needed: 4(t,2) = —a%u(t,z) + fo' Ko(z,t—s)u(s,z)ds

Today: YES, there is a local evqutionary T limit

For the L*-gradient structure (L*(0,¢),&-, | - [|3) with
E(u) = OZ a(g/s) u?dz it does not work (wrong topology)!
Take a nontrivial gradient structure (M (0,¢),&., Ry)

L state space = nonnegative Radon measures in M (0, ¢) = C§(0, ¢)*
L linear energy functional & ( fo (x/e)du(z)

L Hellinger dissipation potentlal Ri(u, &) = 5 fo x)?du(z) (indep. of ¢)

Theorem (Pisa 27.11.2013): Let Ey(u) = aefr f(f du with aeff = mina,
then (A) & RN & and (B) (M (0,¢),E:, Ru) evel, (M (0,£),E, Ru)
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3. Energy-dissipation formulations 4{4‘3

Sketch of proof:

ad (A): Using aerr = mina < a(z/e) we have & (u) > E(u)

Since & is weak* continuous, u. — u implies lim inf&. (u.) > Eo(u)
For the recovery sequence assume w.l.o.g. a(0) = mina.

Given U consider U, = Zi/jo Vk,e0ck () with v . = f;:“ du.

By construction 7. — @ and E-(T.) = £o(T.) = Eo(n)

W
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3. Energy-dissipation formulations 4{@

Sketch of proof:

ad (A): Using aerr = mina < a(z/e) we have & (u) > E(u)

Since & is weak* continuous, u. — u implies lim inf&. (u.) > & (u)
For the recovery sequence assume w.l.o.g. a(0) = mina.

Given U consider U, = Zi/jo Vk,e0ck () with v . = f€k+€ du.

By construction 2. — 4 and & (@) = Eo () = & (u)
ad (B): Consider the (EDE) for solutions uE:

2
Ue

f(f acus(T)dx + fo 0 et % aZdx dt < fo acue(0)dx

We estimate from below via a? > a%, use u. — u and

the convexity of  (u,v) — ﬁ to obtain

f(f aerfu(T)dz + fo fo 2u—|—2aeff de dt < hm fo azu:(0)dx = f(f aesfu(0)dx
Thus, u is a solution of (EDE) for (M+(0,€),50,RH). O
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3. Energy-dissipation formulations

Aim: Derive dry friction as evol. I'-limit of viscous friction
|
(R7 867 \IIE) & (Rv 807 \IIO)
where ¥, (v) = £-v? (quadratic)
and  ¥g(v) = p|v| (one-homogeneous)
Here £.(t,-) is a wiggly energy landscape
James '96, Puglisi& Truskinovsky '02,'05 Prandtl Gedankenmodell 1928

30 (60) %
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3. Energy-dissipation formulations ﬁ‘g

Aim: Derive dry friction as evol. I'-limit of viscous friction

(R, E., W) 22 (R, &, Ug)

where U_(v) = 5-0” (quadratic)

and  ¥y(v) = p|v| (one-homogeneous)

Here £.(t,-) is a wiggly energy landscape

James '96, Puglisi& Truskinovsky '02,'05 Prandtl Gedankenmodell 1928
E-(t,u)

Driven gradient system (R, &, U,)
E(t,u) = 2u® — L(t)u + epcos(u/e)

‘e

macroscopic part wiggly part

e = —Dy& (t,u) = — (u—L(t)) + psin(u/e)

A DE(t,u)

W
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3. Energy-dissipation formulations 4{4‘3

Aim: Derive dry friction as evol. I'-limit of viscous friction

(R, E.,0.) =% (R, &, ¥y)

where U_(v) = 5-0” (quadratic)

and  ¥y(v) = p|v| (one-homogeneous)

Here £.(t,-) is a wiggly energy landscape

James '96, Puglisi& Truskinovsky '02,'05 Prandtl Gedankenmodell 1928
E-(t,u)

Driven gradient system (R, &, U,)
E(t,u) = 2u® — L(t)u + epcos(u/e)

macroscopic part wiggly part

e = —Dy& (t,u) = — (u—L(t)) + psin(u/e)

E(tyu) 25 Eotyu) = Ju? —L(Hu+0 and V. — Uy =0
However, u = lim u® does not solve 0 = —D, & (¢, u(t)) !

W
A. Mielke, Multiscale and evolutionary I'-convergence, Pisa, 25-29.11.2013 30 (60) %



3. Energy-dissipation formulations

Simulation:  E-(t,u) = 2u® — £(t)u — e cos(u/e),
L(t) =2sint +0.3t, ¢(0) = -1.0,

A. Mielke, Multiscale and evolutionary I'-convergence, Pisa, 25-29.11.2013
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3. Energy-dissipation formulations ﬁ‘g

Simulation:  E:(t,u) = su® — £(t)u — e cos(u/e),
L(t) =2sint +0.3¢, ¢(0)=-1.0, &*=10"?

e =0.05

e =0.125 e =0.05

For € — 0 (vanishing wiggles and vanishing viscosity):
Convergence to a rate-independent hysteresis operator

W
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3. Energy-dissipation formulations @é

E(t,u) = $u” — L(t)u+epcos(u/e), V.(v) = %vQ, Ur(¢) = 52:£2

Use (EDE) Ee(T,uc(T)) + Je(ue) = E-(uc(0)) with

T
fxp 1)+ U (—DE(t,u))dt > [|u||DE: (¢, u) - (t,u)?dt
0

W
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3. Energy-dissipation formulations 4{@

E:(t,u) = %u2 —L(t)u+epcos(u/e), Y. (v)= %vz, i) = 25%52

Use (EDE) E(T,ue(T)) + Je(ue) = Ex(ue(0)) with

T
fxp 1)+ U (—DE(t,u))dt > [|u||DE: (¢, u) - (t,u)?dt
0

Proposition: u® ~ 1% = hmmfj]e >f0 (u®, 40, t) dt with

M(uvvat) = |’U|K( ( )_u) +X[-p,p]( ( )_ ) and K(&) Qﬂ- o |€+pCOSy|dy

K(&) = [¢] for [§] = p and K (&) Z [¢] for [§| <p —
M(u,v,t) > |v| |€(t)—u| > —vDEu(t, u) = .. = Uy (v) = plv]

W
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4. Evolutionary variational inequality (EVE) ‘{"’g

The Evolutionary Variational Estimate (EVE) is derivative free,
so we can use I'-convergence for £. and R. more directly.

Simplest case with Hilbert space X,

energy E(u) = 4 (Lu,u) > 0 and viscous dissipation ¥(v) = $(Vv,v)

Theorem (Benilan'72 Hilbert space; [AGS05] general metric spaces)
We have (i) < (ii) < (iii)=(EDB) < (EDE) < (EVI)
VO<s<t<TVwe X :

with (EVI
" ){wu(t)—w)—wu(s)—w)s(t—s>(6<w>—e<u<t>)

W
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4. Evolutionary variational inequality (EVE) ‘{"’g

The Evolutionary Variational Estimate (EVE) is derivative free,
so we can use I'-convergence for £. and R. more directly.

Simplest case with Hilbert space X,

energy E(u) = 4 (Lu,u) > 0 and viscous dissipation ¥(v) = $(Vv,v)

Theorem (Benilan'72 Hilbert space; [AGS05] general metric spaces)
We have (i) < (ii) < (iii)=(EDB) < (EDE) < (EVI)

with (EVI) {V0§s<t§TVweX:
U (u(t)—w) — U(u(s)—w) < (t—s)(E(w)—E(u(t))

‘g
LY (u—w) = (Vi,u — w) O _ —(Lu, u—w)
:%<]Lw,w> ;(]Lu uy — ;(L(u w),u—w) < E(w) —E(u) —0

Integration over time gives
U(u(t)—w) — ¥(u(s)—w) = f: E(w)—E(u(r))dr < (t—s) (E(w)—c‘:(u(t)).

W
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4. Evolutionary variational inequality (EVE) ‘Q”g

The Evolutionary Variational Estimate (EVE) is derivative free,
so we can use I'-convergence for £. and R. more directly.

Simplest case with Hilbert space X,

energy E(u) = 4 (Lu,u) > 0 and viscous dissipation ¥(v) = $(Vv,v)

Theorem (Benilan'72 Hilbert space; [AGS05] general metric spaces)
We have (i) < (ii) < (iii)=(EDB) < (EDE) < (EVI)

VO<s<t<TVwe X :
W(u(t)—w) — W (u(s)—w) < (t-5)(E(w)~E(u(?)

“«<" Rearrangement of quadratic expressions gives
(BVI) & 5(V(u(t)—u(s)), u(t)+u(s)—2w) < F*(L(u(t)+w), w—u(t))
Now set s =t — h, divide by h and let h — 04, then we find
(Va(t), u(t)—w) < 3(L(u(t)+w), w—u(t))
Setting w = u(t)—dv, dividing by § and letting § — 04 gives
(Va(t),v) < —(Lu(t),v) forallv = (i). O

with (EVI) {

W
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4. Evolutionary variational inequality (EVE) ‘{“g

V. (u(t)—w) — Ve (u(s)—w) < (t—s) (E(w)—E:(u(t))

Homogenization

celt = (aety)y — beu

with a. = a(z/e);be(z) = - -

(EVD:  with W (v) = 1 [, cc(@)v(z)?dz and & (u) = L [, acu? + beu? da

W
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4. Evolutionary variational inequality (EVE) ‘{”’g

V. (u(t)—w) — Ve (u(s)—w) < (t—s) (E(w)—E:(u(t))

Homogenization | c.4 = (acuy)r — beu | with ac = a(x/e);be(z) = - -

(EVD:  with W (v) = 1 [, cc(@)v(z)?dz and & (u) = L [, acu? + beu? da

We know u. — u € HY([0,T],L2(2)) and u.(t) — u(t) in H().
Hence, fixing s < t and @ we choose w. — @ with & (w:) — & (W)
Using HY(Q) € L%(Q) and & (u(t)) < lim iglf Ec(ue(t)) gives
e—
U (ue(t)—we) — Ve (ue(s)—w:) < (t—s) (55(@5)—55(715 (t)))
— — —— ———

— u(t)—w — u(s)—w —E&o(w) liminf suff.
L2 L2

W
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4. Evolutionary variational inequality (EVE) ‘{”’g

V. (u(t)—w) — Ve (u(s)—w) < (t—s) (E(w)—E:(u(t))

Homogenization | c.4 = (acuy)r — beu | with ac = a(x/e);be(z) = - -

(EVD:  with W (v) = 1 [, cc(@)v(z)?dz and & (u) = L [, acu? + beu? da

We know u. — u € HY([0,T],L2(2)) and u.(t) — u(t) in H().
Hence, fixing s < t and @ we choose w. — @ with & (w:) — & (W)
Using HY(Q) € L%(Q) and & (u(t)) < lim iglf Ec(ue(t)) gives
e—
U (ue(t)—we) — Ve (ue(s)—w:) < (t—s) (55(@5)—55(715 (t)))
— — —— ———

— u(t)—w — u(s)—w —E&o(w) liminf suff.
L2 L2

We find (EVI)g Wo(u(t)—@) — To(u(s)—@) < (t—s)(Eo(@) — Eo(ult))
with Wo(v) = 1 [, caritnv? dz and Eo(u) = L [, aharmu2 + baricnu? da

Effective equation c.ith% = GharmUzz — DarithU

W
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4. Evolutionary variational inequality (EVE) ‘ﬁ‘g

Ambrosio-Gigli-Savaré'05, Daneri-Savaré'08'10
Gradient system (X, &, R) with quadratic R(u,v) = 3(G(u)v,v)

L Geodesic distance dg : X x X — [0, o0] defined via
dr (o, u1)? = inf{ fy 2R (@, uw)ds [ uo ~ ua }

L' :[sg,s1] = X is called a geodesic curve in (X,dg)
if dr(u(r),u(t)) = [t—r|dr (u(so),u(s1)) for all v, t € [so, s1]

35 (60) %
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4. Evolutionary variational inequality (EVE) Gy

Ambrosio-Gigli-Savaré'05, Daneri-Savaré'08'10
Gradient system (X, &, R) with quadratic R(u,v) = 3(G(u)v,v)
L Geodesic distance dg : X x X — [0, o0] defined via
dr (ug,ur)® = inf{ [ 2R (@, w)ds | ug ~> uy }

L' :[sg,s1] = X is called a geodesic curve in (X,dg)
if dr(u(r),u(t)) = [t—r|dr (u(so),u(s1)) for all v, t € [so, s1]

L &:X — Ry is called geodesically A-convex on (X, dg) if

Pt _ \dr(@(s0).u(s))? >
s E(u(s)) — A 5 is convex on [sg, s1] for all geod.

Trivial but useful and important case:
G(u) = Go =const. = dg(uo,u1) = [lur—uollG, with w||%, = (Gow,w)
Then, € geod. A-convex on (X ,dg,) <= D?E> NGy
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4. Evolutionary variational inequality (EVE) Zf@

Truely derivative-free reformulation of gradient system
() 0€Ga+DEW) (i) a=—-Ve(u) = —-K@DEwW) (i) ...
(EDE) E(u(T)) + [ R(u, )+ R*(u, —DE(w))dt < E(u(0))

Theorem [AGS’05] (Benilan'72: case d = dg,)
If (X,&,G) is geodesically A\-convex, then
(i) < (i) < (i) & (EDE) & (EVI), & (EVI'),

where
(EVI)y 29 dg(u(t), w)? + 3da(ult), w)? + E(u(t)) < E(w)

fort >0, weX
(u(t) w)2

(EVI')y Sldo(u(t+T), ) — ]
e —(E(w (u(t+7))) fort,7 >0, we X

<

W
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4. Evolutionary variational inequality (EVE) Zf@

Truely derivative-free reformulation of gradient system
() 0€Ga+DEW) (i) a=—-Ve(u) = —-K@DEwW) (i) ...
(EDE) E(u(T)) + [ R(u, )+ R*(u, —DE(w))dt < E(u(0))

Theorem [AGS’05] (Benilan'72: case d = dg,)
If (X,&,G) is geodesically A\-convex, then
(i) < (i) < (i) & (EDE) & (EVI), & (EVI'),

where
(EVI)y 29 dg(u(t), w)? + 3da(ult), w)? + E(u(t)) < E(w)

fort >0, weX
(u(t) w)2

(EVI')y Sldo(u(t+T), ) — ]
e —(E(w (u(t+7))) fort,7 >0, we X

<

Exercise:
(a) Prove (EDE) < (EVI)y (b) Prove (EVI)x < (EVI'y
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4. Evolutionary variational inequality (EVE) Zf@

Truely derivative-free reformulation of gradient system
() 0€Ga+DEW) (i) a=—-Ve(u) = —-K@DEwW) (i) ...
(EDE) E(u(T)) + [ R(u, )+ R*(u, —DE(w))dt < E(u(0))

Theorem [AGS’05] (Benilan'72: case d = dg,)
If (X,&,G) is geodesically A\-convex, then
(i) & (i) & (i) & (EDE) & (EVI), & (EVI),
where
(EVI)y 29 dg(u(t), w)? + 3da(ult), w)? + E(u(t)) < E(w)
fort >0, we X
(U(t) w)2

(EVI')y Sldo(u(t+T), ) —1d
e —(E(w (u(t+7))) fort,7 >0, we X

<

@ no derivatives of £ and R. appear ~ ideal for I'-convergence

@ no time derivative % is involved
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4. Evolutionary variational inequality (EVE) é"g

(EVI)x S5de(u(t+7), w)? = Sde(u(t), w)? < <572 (& (w) — Ex(u(t+7)))

W
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4. Evolutionary variational inequality (EVE) f;"g

(EVI)x S5de(u(t+7), w)? = Sde(u(t), w)? < <572 (& (w) — Ex(u(t+7)))

The relatively strong assumption d. ¥ d in X means
e~ u&we—=win X = d.(ue,w:) — d(u,w)

This can be weakened to
Gromov-Hausdorff convergence (X, d. ) (X d).

W
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4. Evolutionary variational inequality (EVE) é‘y

A1

(EVI)s Slde(u(t+7),w)? — 2de(u(t), w)? < L5=L(E(w) — E-(u(t+7)))

Sketch of proof:  wu. solves (EVI'), for (X, &:,d.)
o c-uniform bounds from (EVI')x = wu., (t) — u(t) for all ¢ € [0, T
o Pass to the limit in (EVI')x using
recovery sequence w. — w with & (w:) — E(w)
= de(ue(t+7),we) = d(u(t+7),w) and de(ue(t), we) — d(u(t), w)
= E(u(t+7)) < liminfe0 & (ue(¢47)) by I-liminf estimate

e Hence, u: [0, 7] — X satisfies (EVI')5 for (X, &,d) QED

W
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4. Evolutionary variational inequality (EVE) é‘y

Nonlinear parabolic PDE
c(:c/s)ut = (a(:c/s)uw) — f(z/e,u) for t >0, z € Q@ =10, 4] & Neum. BC

= [, S ui+F(z/e,u)dz on X = H'(0,0)
where F(y+1,u) = F(y,u) > pou®—C for C,po > 0
and f(y,u) = 8, F(y,u), 82F(y,u) > o

Ee H—\ Eotu— fg o G2+ F* (u)da (ax = (J, 01 a‘%z))_l, F*(u) = folF(y,u)dy)

W
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4. Evolutionary variational inequality (EVE) 4{4‘3

Nonlinear parabolic PDE
c(m/s)ut = (a(m/s)uw) — f(z/e,u) for t >0, z € Q@ =10, 4] & Neum. BC

= [, S ui+F(z/e,u)dz on X = H'(0,0)

where F(y+1,u) = F(y,u) > pou®—C for C,po > 0
and f(y,u) = 8, F(y,u), 82F(y,u) > o

Ee H—\So u fg o G2+ F* (u)da (ax = ([ 1(;%5))—17 F*(u) :folF(y,u)dy)
= [, $v°da: U, CO"t\I/ v [ S0?de in X = HY(0,0) weakly

Hence, (H'(Q), &, W.) =% (H'(Q),€,9) = | ¢ ur = Gutizs — f7(u)

W
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4. Evolutionary variational inequality (EVE) ‘{“g

AT AT 1

(EVI)a S-de(u(t+7),w)? — Ldo(u(t), w)® < =L (E(w) — E-(u(t+7)))

Second application of (EVI) to homogenization:

Linear PDE c.u; = (acuy), fort >0 and 2 € Q =10,/| & Neum. BC
E(u) = [ Su?de and K= —é(aa(é)x)m (Exerc. 5)
up =1 = —K.DE-(u) = —K.(ccu) = é (acuz) correct equations!

W
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4. Evolutionary variational inequality (EVE) ‘ﬁ‘g

AT

(EVI)a S-de(u(t+7),w)? — 2do(u(t),w)? < eh—/\_l(é‘g(w) — & (u(t+T1)))

Second application of (EVI) to homogenization:

Linear PDE c.u; = (acuy), fort >0 and 2 € Q =10,/| & Neum. BC
E(u) = [ Su?de and K= —é(aa(é)x)m (Exerc. 5)

Correct Banach space is X = L%(Q), because & are e-unif. coercive

& RN Eum fﬂ %UQ dz in LQ(Q) weakly (recall ¢, S ¢* = good value)

U*(¢) = %fQ ac(&/ce)2dz and U (v) = %fﬂ a_lg(for csvdy)de

W
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4. Evolutionary variational inequality (EVE) ‘ﬁ‘g

AT

(EVI)a S-de(u(t+7),w)? — 2do(u(t),w)? < eh—/\_l(é‘g(w) — & (u(t+T1)))

Second application of (EVI) to homogenization:

Linear PDE c.u; = (acuy), fort >0 and 2 € Q =10,/| & Neum. BC
E(u) = [ Su?de and K= —é(aa(é)x)m (Exerc. 5)
Correct Banach space is X = L%(Q), because & are e-unif. coercive

& RN Eum fﬂ %UQ dz in LQ(Q) weakly (recall ¢, S ¢* = good value)

U*(¢) = %fQ ac(&/ce)2dz and U (v) = %fﬂ a_lg(for csvdy)de

Recall d.(ug,u1) = 2V (u1—ug))*/?
cont

Fortunately, we do NOT have W =2 ¥ in L?(€2) weakly! fast

Theorem is not applicable!
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4. Evolutionary variational inequality (EVE) ‘{“g

(EVI)x S50de(u(t+7),w)? — Ade(u(t), w)’ < 52 (Ex(w) - Ex(u(t47)))

Second application of (EVI) to homogenization:
Linear PDE c.u; = (acuy), fort >0 and 2 € Q =10,/| & Neum. BC
E(u) = [ Su?de and K= —é(aa(é)x)m (Exerc. 5)

Reformulate in new variable w = c.u:

W = (a:(2),), = ~KDE.(w) with & (w) = [, £ dz in X = L*(Q)

Now &. &t w — Jo (52) wdz = [, %dx in L2(Q) weakly!

and \I/ =3 fQ ag(fo wdy) dz

— T, °°"th1 b o (2)7 (fady) de in L2(Q) weakly!
o
=1/a. cH!

W
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4. Evolutionary variational inequality (EVE) ‘ﬁ‘g

(EVI)x S50de(u(t+7),w)? — Ade(u(t), w)’ < 52 (Ex(w) - Ex(u(t47)))

Second application of (EVI) to homogenization:
Linear PDE c.u; = (acuy), fort >0 and 2 € Q =10,/| & Neum. BC
E(u) = [ Su?de and K= —é(aa(é)x)m (Exerc. 5)

Reformulate in new variable w = c.u:

W = (a:(2),), = ~KDE.(w) with & (w) = [, £ dz in X = L*(Q)

Now &. &t w — Jo (52) wdz = [, %dx in L2(Q) weakly!

and W (i) = 3 [, o- 2 (Jo wdy) dz
= (I}e Y Jo (L)” (J wdy)2dx in L2(Q) weakly!
—— N———
Theorem applies: (L2(Q), ., ¥.) 22 (L2(Q), €, 1) W= (ax(w/c*))s
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Overview

1. Introduction
2. Motivating examples
3. Energy-dissipation formulations

4. Evolutionary variational inequality (EVE)

5. Rate-independent systems (RIS)
5.1. Energetic solutions of RIS
5.2. Evolutionary T'-convergence for energetic solutions
5.3. Elastoplastic plate model via dimension reduction

5.4. Space-time discretization methods
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5. Rate-independent systems (RIS)

(X,&,R) is a Rate-Independent System (RIS)

if the dissipation is 1-homogeneous: R(u,yi) = v ' R(u, )

~ the friction forces ;R (u, M) = \"OR (u, ) are
independent of the size but not the direction of the rate @

Applications include elastoplasticity, brittle damage, fracture, hysteresis in
magnetization and SMA, dry friction, ....
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5. Rate-independent systems (RIS) 4{4‘3

(X,&,R) is a Rate-Independent System (RIS)

if the dissipation is 1-homogeneous: R(u,yi) = v ' R(u, )

~ the friction forces 9, R (u, M) = \OR(u, ) are
independent of the size but not the direction of the rate @

Applications include elastoplasticity, brittle damage, fracture, hysteresis in
magnetization and SMA, dry friction, ....

For solutions u € Wh1([0, T]; X)) we still have the three equivalent
formulations

(i) 0 € Oy R(u, 1) + DE(t,u) € X* force balance
(i) @€ 0eR*(u, —DE(t,u)) € X flow law
(iii) R(u, u)+0¢R*(u, —DE(t, u)) = —(DE(t, u),u) power balance

W
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5. Rate-independent systems (RIS) 4{@

Special form of the subdifferential for 1-homogeneous W:

Lemma. ¥ : X — [0, c0] convex, Isc, 1-homogeneous, then
e K*:=0Y(0 0 if&e K,
£€0¥(v) = ¢ (©) U (§) = i
(&, v)y = ¥(v) oo else.
LG ov P ov*
X X X* | X*

W
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5. Rate-independent systems (RIS) 4{@

Special form of the subdifferential for 1-homogeneous W:

Lemma. ¥ : X — [0, 00] convex, Isc, 1-homogeneous, then

£ e K*:=0Y(0) 0 ifée K™,
oY (v U*(€) =
eov) = { (€v) = U(v) ©) {oo else.

()10 € 04 R(u, @) + DE(t,u) | (or (i), (iii)) can be reformulated:

(S)ioe: 0 € 0yR(u,0)+DE(t,u)  local stability (purely static!)
(E)oe: 0=R(u,u) + (DE(t,u), ) power balance (only scalar!)

W
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5. Rate-independent systems (RIS) ﬁ’*g

Special form of the subdifferential for 1-homogeneous W:

Lemma. ¥ : X — [0, 00] convex, Isc, 1-homogeneous, then

£ e K*:=0Y(0) 0 if&e K,
ov(v) — * ()
&€ 0¥ (v) { (€.0) (v) U*(g) = {

oo else.

()10 € 04 R(u, @) + DE(t,u) | (or (i), (iii)) can be reformulated:

(S)ioe: 0 € 0yR(u,0)+DE(t,u)  local stability (purely static!)
(E)oe: 0=R(u,u) + (DE(t,u), ) power balance (only scalar!)
Intregating (E)ioc gives equivalent (note R* =0 < (S),,.):

(E) &(T,u(T —|—f0 (u,w)dt = £(0,u(0)) —|—f0 OE(t,u(t))dt

flnal energy dissipated energy |n|t|a| energy work of external forces

W
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5. Rate-independent systems (RIS) f;@

(S)ioc 0 € DuR(u, 0)+DE(t, ) (E) E(T,u(T)) + [ Rdt = £(0,u(0)) + [i d:Edt

Since the dissipation fOT R(u(t),u(t))dt controls the BV-norm only, solutions « will
not be absolutely continuous ~ jumps u(t™) # u(t)!
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5. Rate-independent systems (RIS) s

(S)ioc 0 € DuR(u, 0)+DE(t, ) (E) E(T,u(T)) + [ Rdt = £(0,u(0)) + [i d:Edt

Since the dissipation foT R(u(t),u(t))dt controls the BV-norm only, solutions « will
not be absolutely continuous ~ jumps u(t™) # u(t)!

Same definition as quasistatic evolution of SISSA (Dal Maso et al.)
L D: X x X — [0,00] distance induced by R
& Dissp(u, [0,¢]) = sup { Z;\;l D(u(tj—1),u(t;))| all partitions }
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5. Rate-independent systems (RIS)

(S)ioc 0 € DuR(u, 0)+DE(t, ) (E) E(T,u(T)) + [ Rdt = £(0,u(0)) + [i d:Edt

Since the dissipation foT R(u(t),u(t))dt controls the BV-norm only, solutions « will
not be absolutely continuous ~ jumps u(t™) # u(t)!

D again solution concept has no derivative
@ only functionals £ and D are used (no derivatives DE or 9, R (u,v))
~~» natural I'-convergence theory
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5. Rate-independent systems (RIS) f;ﬂg

Typical case:

X Banach space
R(u,v) =¥(v) = D(ug,u1) = Y(ui—uop)

W
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Overview

1. Introduction

2. Motivating examples

3. Energy-dissipation formulations

4. Evolutionary variational inequality (EVE)

5. Rate-independent systems (RIS)
5.1. Energetic solutions of RIS
5.2. Evolutionary I'-convergence for energetic solutions
5.3. Elastoplastic plate model via dimension reduction

5.4. Space-time discretization methods

W
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5. Rate-independent systems (RIS)

(S):  E-(t,u(t)) < Ea(t,w) + De(u(t), w) for all w € X
(E)-  &(t,u(t)) + Dissp(u, [0,4]) = £-(0,u(0)) + [y 0sE(s,u(s))ds.

First a simple result.

W
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5. Rate-independent systems (RIS) s

(S):  E-(t,u(t)) < Ea(t,w) + De(u(t), w) for all w € X
(E)-  &(t,u(t)) + Dissp(u, [0,4]) = £-(0,u(0)) + [y 0sE(s,u(s))ds.

First a simple result.

Sketch of proof:
L (S) Closedness of the sets of stable states:
To show: <u5 — u and u® satisfies (S)E) = u satisfies (S)o

rec

(5)-
Eo(u) L lim i(I)lf E:(t,u®) < lim i(I)lf E(w®)+D: (u®, w®) = Eo(w)+Do(u, w)
e— e—

W
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5. Rate-independent systems (RIS) 4{@

(S):  E-(t,u(t)) < Ea(t,w) + De(u(t), w) for all w € X
(E)-  &(t,u(t)) + Dissp(u, [0,4]) = £-(0,u(0)) + [y 0sE(s,u(s))ds.

First a simple result.

Sketch of proof:
L (S) Closedness of the sets of stable states:
L (E)o “<" follows by simple liminf-estimates from (E).

“>"is a consequence of (S)o (cf. chain rule for global slope)

W
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5. Rate-independent systems (RIS)

Generally, independent Mosco convergence is not enough:
M

86 — 50 e e evol 0 0

Rﬁﬂ)’Ro} # (Q587R)—>(Q787R)

Example in Q = R? [MRS'08]:
Ee(t, q) = %q%+%(ql—q—2)2 —tq1, RE(v) = |v1|+]|v2|/e? fore >0 .

€

W
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5. Rate-independent systems (RIS)

Generally, independent Mosco convergence is not enough:
M
£ — 50 evol
# Q,SE,RE — Q,g(]’RO
o R} ( )= ( )
Example in Q = R? [MRS'08]:
Ee(t, q) = %q%+%(ql—q—2)2 —tq1, RE(v) =|vi|+|ve|/e? fore >0 .

€

Then €5 ) £0 and R= 2 RO (also Mosco convergence) with

50(t q) _ %Q% —tq for q2 = 07 and RO('U) _ |U1| for v2 = 07
’ 00 for g2 # 0; oo for ve # 0.

For the unique solutions with ¢°(0) = 0 we find
qO(t) _ (maX{%*l,O}) £ ;1_1% qs(t) — (max{o,ot/Qfl})_

W
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5. Rate-independent systems (RIS)

Aim: Derive a plate model for elastoplastic materials
Start from linearized 3D elastoplasticity as RIS on a
thin plate-like domain Q. = w x ]—¢, ¢]

ulP : Q. — R? displacement

PP Q. — R3X3 plastic strain

dev

(ufP,pfP)  ECME, (ye pe) 20 (0, p0)

Find evolution law for the limit (u°,p°) : [0, 7]

Motivation: Guenther/Krejci/Sprekels: ZAMM'08.
Small strain oscillations of an elastoplastic Kirchhoff plate.

— Q.

A. Mielke, Multiscale and evolutionary I'-convergence, Pisa, 25-29.11.2013
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5. Rate-independent systems (RIS)

L Scaling of the domain: y = S.z with S = diag(1,1,1/¢)
Qe=wx]—eg,e[ 20 = y€ wx]-1,1[=Q

thin plate fixed domain

' Plate-like scaling of displacement and plastic strains:

ulP(z) = eScuf(S.r) and p2P () = ep*(S.x)

~ in-plane displacements u3P, u3P are one order smaller (O(g!)) than

out-of-plane component u3P (O(1)).
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5. Rate-independent systems (RIS) éfé‘g

L Scaling of the domain: y = S.z with S = diag(1,1,1/¢)
De=wx]—e,e[ 22 = ye wx|-1,1[=:Q
thin plate fixed domain
' Plate-like scaling of displacement and plastic strains:
ulP(z) = eScuf(S.r) and p2P () = ep*(S.x)

~ in-plane displacements u3P, u3P are one order smaller (O(g!)) than

out-of-plane component u3P (O(1)).

L Linearized strain tensor satisfies e(u2P)(z) = eS-E(u®)(S:z)S:
En En 1Es

e(ugD) =e'| B Ex %E23 with E(u)(y) = %(Vyu+vyu)-r)
1E13 1By 5 E3

L Scaled state ¢° = (u%,p°) € Q := H}_(;R?) x L2(Q; R3%Y)

dev

~» fixed state space Q

W
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5. Rate-independent systems (RIS) 4{4‘3

L Scaled functionals (note dz = edy)
e Energy functional
E(tq°) = HEP (1, a2P) = [, We(E(u)(y), p(y))dy — (£(t), u)
where W.(E,p) = W(S:ES:,p)

e Dissipation potential

. Tgaa(e) | .
RE(p7) = ZREP(pIP) = [, 24— [p(y)|dy.

3D o1 %
Hence, we must choose oy, (e)=¢ Ojield-
(This corresponds to the fact that the yield stress needs to be of

the same order as the typical strains in e(u®"), e.g. e11 = O(e).)
Then R = R is in fact independent of ¢.

L' The scaled RIS is given via (Q,£°,R).

W
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5. Rate-independent systems (RIS) 4{4‘3

The scaled energy density W.(E,p) = W(S:ES., p) satisfies

H'Y 3x3 3x3
Lemma (['-convergence of densities). In R0 x R37” we have

minycps W(E—i—e;(g“b, p) for Ees = 0,

r
We — Wyt (E,p) —
Gt ( p) { 00 for Ees # 0.

W
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5. Rate-independent systems (

RIS)

The scaled energy density W.(E,p) =

W (S:ES.,p) satisfies

Lemma (I-convergence of densities). In ngx,g x R3%? we have
W, I, W : (E,p) — { minycps W(E+e3 ® b, p) for Ees = 0,
00 for Ees # 0.
We have £°(t, q) = B°(q)—(€(t), q) with B (u,p) = [, W. )dy
Now set £9(t, q) &' BO(q)—(£(1), q) with B®(u,p) = [, W, ,p)dy.

We have B ™ B in Q = H_(;R?) x L2(;RY).

dev

W
AN
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5. Rate-independent systems (RIS) 4{@

The scaled energy density W.(E,p) = W(S:ES., p) satisfies

Lemma (I'-convergence of densities). In ngxrg x R3%? we have

sy
i E for Ees =0
W, I, W : (E,p) — { mingcps W ( +e3®b,p) or Ees ,

o0 fOI‘ E63 # 0
We have £°(t, q) = B°(q)—(€(t), q) with B (u,p) = [, W. )dy
Now set £9(t, q) &' BO(q)—(£(1), q) with B®(u,p) = [, W, ,p)dy.

We have B ™ B in Q = H_(;R?) x L2(;RY).

dev

e Lower bound is a simple Joffe argument using W. 5 Wl

e The existence of recovery sequences follows the purely elastic case,
cf. Bourquin/Ciarlet/Geymonat/Raoult'92
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5. Rate-independent systems (RIS) éfé‘g

Theorem: (Elastoplastic plate model [Liero-M’11])
Under the above assumptions we have (Q, &%, R) evel, (Q,E°,R).

This is a plate model because B°(u,p) < oo < u € UkL.
Kirchhoff-Love displ. Ukl & {u € Hi (% R3) |E(u)es =0 ae. in Q}

W
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5. Rate-independent systems (RIS) 4{4‘3

Theorem: (Elastoplastic plate model [Liero-M’11])
Under the above assumptions we have (Q, &%, R) evel, (Q,E°,R).

This is a plate model because B°(u,p) < oo < u € UkL.
Kirchhoff-Love displ. Ukl & {u € Hi (% R3) |E(u)es =0 ae. in Q}

E(u)€3 =0 <& Osui+0ius = Ozus+0us = O3usz =0
UL = {u= (Vi—y301 V3, Va—y302V3,V3) | V = (V1, V2, V3) € V },

def .
where V= H! (w;R?) x HZ (w)

V = (V;) is defined only on the two-dimensional midsurface w

However, p € Z = L?(Q; R3?) remains on a 3D domain!

W
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5. Rate-independent systems (RIS)

Explicit form of plate model for W (e, p) = 3 (tr e)>+ule[*+% |p|?.

Ell(V) E12(V) P11 P12 2x2
Set E(V) := , P:= € Riym,
€ ( ) <E12 (V) E22 (V) P12 P22 Y

S(E) = g4 trE L + 2uE € R,

[Plo = [1, P(ys)dys, [Ph = [, ysP(ys)dys, [E[b] = (bEb 2) € Riym

(1) 0= —div (Z0(2E(V))=[Plo)) — Gruemb(t:-) inw
(2) 0 = divdiv (EO(§D2V3+[ ]1)) gbend( ) div CTvbend( ) inw
(3) 0€9R(p) +dev ([Zo(P—E(V)+z3D?V5) | 0]) + hp in Q

(1) Membrane equation, in-place displacements (Vi,V2), 2nd order elliptic, 2D
(2) Bending equation, out-of-plane displacement V3, 4th order elliptic, 2D
(3) Plastic flow rule, Oth order differential inclusion for plastic tensor p, 3D

W
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5. Rate-independent systems (RIS)

Time discretization was the start of the energetic formulation
([M.&Theil'99, Ortiz&Repetto'99, Miehe et al.'02]):

0=ty <ty < -<tny_1 <Ty =T partition of time interval

L' independent of timestep t;—tx_1 (rate independence)
L discrete counterparts of (S) & (E):

(S)diser  E(twsar) < E(t, @) +D(gk, q) forall g€ Q
(E)discr tt:_l 9sE(s,qr) ds < E(tw, qu) =€ (te—1, qo—1)+D(qr—1, q)

tr
— Jitp—

) 0sE(8, qr—1)ds

W
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5. Rate-independent systems (RIS)

Additionally choose discrete subspaces
ththZhC]:XZZQWith

Energetic density (recovery sequence):
For all ¢ with £(t,q) < oo there exist g5, € Qp, h > 0, with
gn — q and E(t,qn) — E(t, q) for h — 0.

Typical case (e.g., elastoplasticity):
° Q= Hj(%RY) x L2(;R™)
e Q) piecewise affine functions on triangulations 7, of Q.

= (@}, dense in the strong topology and
E(t,-) : @ — R continuous in strong topology
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5. Rate-independent systems (RIS)

II={0=ty <t <---<tl, =T} partition with
fineness ®(II) = max{t;—t;—1 |j=1,....nmn}.

Space-time discretized problem

e Argmin (EE, ) —EEL 1, ¢ )+D(ai 1, 9))
q h

Temporally piecewise interpolant g : [0, T] — Qj, C Q with
g (1) = g for t € [tr, tiia) and g"(T) = gy

W
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5. Rate-independent systems (RIS)
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5. Rate-independent systems (RIS)

L No uniqueness assumption needed
L No assumptions on the smoothness of solutions is made
(~ no convergence rates to be expected)

Result in short.
(1) The numerical approximations are relatively compact.

(2) All limits of subsequences of numerical approximations
(as h, ®(II) — 0) are true solutions.

(3) There are no spurious or ghost solutions.

(1) = stability of the algorithm
(2) = consistency of the algorithm
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5. Rate-independent systems (RIS)

L No uniqueness assumption needed

L No assumptions on the smoothness of solutions is made
(~ no convergence rates to be expected)
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5. Rate-independent systems (RIS)

Application to linearized elastoplasticity (Moreau, Suquet,...)

Q=F x Z=F x Z with F, Z Hilbert spaces

E(tu,2) = J(A(), () — w. 0)
D(qolds dnew) = Y (2Znew—7201d), Where K := 9¥(0) C Z* (convex cone)

57 (60) %
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5. Rate-independent systems (RIS) 4{4‘3

Application to linearized elastoplasticity (Moreau, Suquet,...)

Q=F x Z=F x Z with F, Z Hilbert spaces
E(t,u,2) = 5(A(2), (1)) — (w, €(2)

D(qolds dnew) = Y (2Znew—7201d), Where K := 9¥(0) C Z* (convex cone)

Problem: W not weakly continuous,
in general not even strongly continuous!

Projectors (or interpolants) Py, : Q — Qpn with Qn 3 Prg — q.

(MRS) For g, — ¢ and ¢ there exists g;, € Qp, with ¢, — ¢ and
E(t,qn)—E(t, an)+V(qh—an) — E(t,q)—E(t, q)+¥(q—q)
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5. Rate-independent systems (RIS) 4{4‘3

(MRS) For g, — g and q there exists g, € Qp, with g, — ¢ and
E(t,an)—E(t, an)+¥(@n—an) — E(t,0)—E(t, @)+ (G—q)

Choose gy, = gn + Pr(q—q),
then g, — ¢ and gp—qn — q—q.
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5. Rate-independent systems (RIS) 4{4‘3

(MRS) For g, — g and q there exists g, € Qp, with g, — ¢ and
E(t,qn)—E(t, qn)+V (Gn—an) = E(t, ) —E(t, q)+V (7—q)

Choose gy, = gn + Pr(q—q),
then g, — ¢ and gp—qn — q—q.

U(qn—qn) = ¥(Pn(q—q)) = V(G—q) by a good choice of Pj,.

W
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5. Rate-independent systems (RIS) 4{4‘3

(MRS) For g, — g and q there exists g, € Qp, with g, — ¢ and
E(t,qn)—E(t, )+ ¥ (@n—an) = E(t, P—E(t, 0)+¥(7—q)

Choose gy, = gn + Pr(q—q),
then g, — ¢ and gp—qn — q—q.

V(gn—an) = ¥(Pr(g—q)) — V(g—q) by a good choice of P,.

E(t.an)—E(t,qn) = 5(A@n+an) — 26(t), Pr(G—q))
H:—/ ————
—q+q —q—q

— L(A(G+q) — 20(t), —q)
— E(t,9)-E(tq)

Hence, (MRS) is constructed.

W
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5. Rate-independent systems (RIS) 4{4‘3

Numerical simulations based on this algorithm:

Kruzik-M-Roubiéek. Modelling of microstructure and its evolution in
shape-memory alloy single-crystals, in particular in CuAINi. Meccanica 2005.

-100

[MPg]

stress 22
8

-300
008 006 004 -002 0
strain_22

hysteresis loop in
stress-strain diagram

M-Roubicek-Zeman. Complete damage in elastic and viscoelastic media and its energetics.
Comp. Meth. Appl. Mech. Eng. 2010.

Bartels-Mielke-Roubicek. Quasistatic small-strain plasticity in the limit of small hardening
and its numerical approximation, SIAM J. Numer. Anal. 2012.
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Conclusion RaH

L Several results on evolutionary I'-convergence for generalized gradient systems
are available (X, &, R¢)
L Depending on the problem certain formulations are more useful:
e energy-dissipation balance (EDB) = (¥, U*)-formulation
e evolutionary variational estimate (EVI)x
e energetic solutions for rate-independent systems
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Conclusion ‘ﬁ"’“é

L Several results on evolutionary I'-convergence for generalized gradient systems
are available (X, &, R¢)
L Depending on the problem certain formulations are more useful:
e energy-dissipation balance (EDB) = (¥, U*)-formulation
e evolutionary variational estimate (EVI)x
e energetic solutions for rate-independent systems

L General separate I'-convergence &, L & and R. 5 Ry are not enough.
Compatibility conditions are needed:
e Mosco convergence in the dissipation topology
e metric 2-gradient systems: uniform geodesic A-convexity
e RIS: existence of mutual recovery sequences
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Conclusion RaH

L Several results on evolutionary I'-convergence for generalized gradient systems
are available (X, &, R¢)
L Depending on the problem certain formulations are more useful:
e energy-dissipation balance (EDB) = (¥, U*)-formulation
e evolutionary variational estimate (EVI)x
e energetic solutions for rate-independent systems

L General separate I'-convergence &, L & and R. 5 Ry are not enough.
Compatibility conditions are needed:
e Mosco convergence in the dissipation topology
e metric 2-gradient systems: uniform geodesic A-convexity
e RIS: existence of mutual recovery sequences

Thank you for your attention

WIAS preprints at http://www.wias-berlin.de/people/mielke/
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