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Exercise 38. Gronwall’s lemma [1919]
(after THOMAS HAKON GRONWALL (1877-1932)).

(a) Differential form: Let y € WH([0, T]) with y(t) > 0 and « € L'([0,7T]) be such that
y(t) < at)y(t). Show the Gronwall estimate y(t) < y(0 )efo o(s)ds,

(b) Generalize (a) to the case y(t) < a(t)y(t) + B(t) for g € L*([0,T]) with 8 > 0.

(c) Integrated form:

Assume that z € C°([0,T]) with z(¢) > 0 satisfies 2z(t) < zy + fot (aw0z(s)+p(s)) ds with
ap > 0 and 3 as in (b). Conclude z(t) < zge™? + fot e®0(t=5)3(s)ds

Hint: Define w(t) = 2o + fot (a02(s) + B(s)) ds and compare it with .

(d) Assume that y € WH'([0, 0c[) and ¢ € L'([0, 00]) satisfy ¢(t) > 0 and Ly < 29y
for all t > 0. Show that y remains bounded by |y(0)| + [;° ¢(t)dt

Exercise 39. A priori estimates for parabolic equations.

For a bounded Lipschitz domain 2 C R? we consider the general parabolic equation

p(x)uy = div (A(z)Vu(z)) + b(z) - Vu(z) + c(z)u(z) + f(t,z), (¢ z) € ]0,00[ x€Q,
u(0,z) = ug(x) in Q, (A(x)Vu(t,z)) - v(z) + B(x)u(z) =0 for t > 0, z € 99,

where the divergence is understood in the weak sense. For the coefficients assume A €
Loo(Q,RE%4) b € L®(Q,RY), p, c € L=(Q), B € L=(dQ) with 8 > 0. Moreover, assume

Sym
é. A( )g > am1n|§|2 and P( ) > Pmin with Qmin; Pmin > 0 and f S BC([()?OO[vLQ(Q))
(a) Let Ey(t) = [, p(z)u(t,z)* dz and assume that u is a sufficiently smooth solution.

Derive the estlmate
Ei(t) + 1| Vulfaiq) < CaEr(t) + Csl| f(1)]720

where the constants c;, Co, C3 may only depend on the coefficients.

(b) Use the Gronwall lemma to show the a priori estimates

t
I\u(t)!\iz(g>+/0 IVu(s)lIf2@ ds < Callu(0)lIE2q) + F2)e™,

where ' = sup{ || f(¢)|lL2@) |t > 0} for suitable constants Cy and Cj.
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Exercise 40. An explicit solution for the three-dimensional wave equation.

On Q = R? consider the wave equation
uy = Au, uw(0,2) =0, w(0,2) = g(z).
which has the explicit solution

1

u(t,z) =t My(t,x) = yy

/ g(y)da(y) (spherical mean)
ly—z|=t

We consider the case with g(z) =1 for |z| < R and g(z) = 0 for |z| > R.

(a) Interprete the solution formula geometrically by intersecting a ball and a sphere.
Determine the support of u(t,-) explicitly.

(b) Show that ||u(t)||recmsy — 0.

(c) Calculate the solution explicitly and show that u has a point of discontinuity.
Hints: (i) The initial condition is radially symmetric.
(ii) The area of a spherical cap of the unit sphere is 2w (1— cos @), where ¢ € |0, 7] is the opening angle.

(d) Calculate explicitly the kinetic energy Fiyin(t) = [gs %u? dz and show that Ey,(t) —
%Etotal, i.e. the energy distributes equally into kinetic and potential energy for ¢ — oo.

(“Equipartition of energy” is an important principle in physics.)

Dates for the oral exams:
July 22 — 24, 2019 and September 30 — October 2, 2019.
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