3. Motivating examples Gty
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# Inhomogenous diffusion equations

Ye(z)u(t, z) = div (Ae(2)Vu) — fo(z,ult,z)), t>0, 1€Q
(& suitable BC)

L2-type gradient system (X, &.,G,.) with X = L?(Q)
(Gev)(z) =re(z)o(z) = Re(v) = [, 37:(2)v(2)?dz
Ee(u) = [ 2Vu- A (x)Vu + F.(z,u(z))dz Fe(z,u) = [y fe(z,w)dw
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# Inhomogenous diffusion equations

Ye(z)u(t, z) = div (Ae(2)Vu) — fo(z,ult,z)), t>0, 1€Q
(& suitable BC)

L2-type gradient system (X, 85,(} ) with X = L?(Q)
(Gev)(z) =re(z)o(z) = Re(v) = [, 37:(2)v(2)?dz
Ee(u) = [ 2Vu- A (x)Vu + Fg(a:, u(x))de Fe(z,u) = [y fe(z,w)dw

e Homogenization 7. (z) = g(z, Z) and A, ( Z)
Aim: :Reff( fQ 75“ Qdil:' and Eeff fQ 2Vu AefFVU + Feff( )d
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3. Motivating examples Gty
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# Inhomogenous diffusion equations
Ye(@)u(t, z) = div (A (2)Vu) — fe(z,ult, z)), t>0, x e
(& suitable BC)
L2-type gradient system (X, &.,G.) with X = L?(Q)
(Gev)(z) = e(@)v(z) = Re(v) = [ 37:(x)v(z)’da
Ee(u) = [ 2Vu- A (x)Vu + F.(z,u(z))dz Fe(z,u) = [y fe(z,w)dw

e Homogenization 7. (z) = g(x, Z) and A.(x, Z)
Aim: Reg (v) = fQ %02 dz and Eefr (u) = fQ %Vu  Aeff Vu + Fegr (u) do

e Dimension reduction (modeling of active interfaces)

a for |z| > €/2,

re]-1,1[CcR'  A(x)= .
Be for |x| < e/2 1 g

Ear () = [°) Sude + = (u(07)~u(0"))’

\ . J/
Ve

gives interface conditions

A. Mielke, Evolutionary I'-convergence, Berlin, 29.8-2.9.2016 17 (74) AS)



3. Motivating examples R

Fundamental work on evolutionary I'-convergence:

Sandier-Serfaty 2004 (Comm. Pure Appl. Math.):
Gamma-convergence of gradient flows with applications to
Ginzburg-Landau

more recent, nicely readable survey:

Serfaty 2011: Gamma-convergence of gradient flows on Hilbert spaces and
metric spaces and applications.

Ginzburg-Landau vortices: 9(t,-) : Q — C = R?

(GLe) ceth = Ay + & (1—[)|?)9 & Neum.BC

(GLe) is induced by the gradient system (X, €., R.) with X = H!(Q; C),

Ee(1) = fo IV + g (L-[2)2dz, and Re(d) = grophrrey Jo 017 da

Evol.T-limit for e -0 ~~ ODE for vortex positions

W\
A. Mielke, Evolutionary I'-convergence, Berlin, 29.8-2.9.2016 18 (74) AQ



3. Motivating examples Gty

ccccccccccccccccccccc

# Chemical reaction systems with detailed balance

kq 1/e k
Fe 2B+C 294 At20 LB A+B+C 2 30
Fast reaction versus slow reactions kq, ks = O(1)

CA 2 1 —1 —1
cg | = kl(CzBCC—Ci) —2 —|——(cAc2C—cB) 1 —|—k3(cAchc—c?é) —1
éo 1) ° 2 2
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# Chemical reaction systems with detailed balance

kq 1/e k
Fe 2B+C 294 At20 LB A+B+C 2 30
Fast reaction versus slow reactions kq, ks = O(1)

CA 2 1 —1 —1
cg | = kl(CQBCC—Ci) —2 —|——(CACQC—CB) 1 —|—k3(cAchc—c?é) 1
éo 1) ° —9 2

Energy = relative entropy £(c) = ABz(Ci) ABz(2) = zlogz —2z+1
i=A,B,C
1 2 1 —1 2
¢ = —K(c)DE(c) with K.(c) = Kys(c) + ——aC B | 1 1
’ elog(cace/cs)\ 5 5 4

Gradient system ([0, 00[", &, K): & indep. of € but K.(c)
Evol.I'-convergence proved in “Disser, Liero, Zinsl 2016 WIAS preprint 2227".
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3. Motivating examples

X sep./refl. Banach space and functionals J. : X — R = RU {0}
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3. Motivating examples R

The (primal) dissipation potentials R(u, %) is always convex in .
The dual dissipation potential R* is always convex in £.
R*(u, &) :=sup{ ({,v) = R(u,v) |[ve X}

(HU specialist are F. Bethke and N. Farchmin)

: M M
In particular, we have ¥, — F < F, — F~.

Easy to remember via the well-known convergence result of linear functional
analysis:
vp, — v and &, — £ implies (£, vn) — (£, V)

A. Mielke, Evolutionary I'-convergence, Berlin, 29.8-2.9.2016 22 (74) AS)
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3. Motivating examples Gty

Leibniz-Gemeinschaft

X = R?

Ee(u) = 2uf + 505 (ug—eur)? = 3u- A.u with A, = (—12/5 I/Z;)

Re(0) = 3u3 + 55503 = 30 - G4 with G, = ( b0 )
© 0 1/&°

ODE reads G.t. = —Acue with u:(0) = ()

Explicit solutions can be calculated for all ¢ > 0. We find, for all t > 0,

Bel0,2]: wu(t)— (% )ase%()

B=2: ue(t) — (w(t)) ase — 0

B>2: ue(t) — (¢, )ase—)O

where w( 2—\1/5( (VB+1)e "t 4 (v/B5-1)e #?") with p1,2 = (3£ V/5)/2

A. Mielke, Evolutionary I'-convergence, Berlin, 29.8-2.9.2016 23 (74) AQ



3. Motivating examples Lol

2 —1/¢
E.(u) = 2u? + 5 (us—cu1)? = Ltu - Au with A, =
() = 30+ e F = ~1/e 1/&?
Re (1) = 307 + 52505 = 30 - G4 with G. = bY
2 2f 2 0 1/&°
What are the limits of the functionals?
A. Mielke, Evolutionary I'-convergence, Berlin, 29.8-2.9.2016 4
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3. Motivating examples Lol

1 0
N 1,2 1 2 1. . . _
Re(0) = zui + 55Uz = 30 - Geu with G, ( 0 1/€5>
What are the limits of the functionals?
(243)ui for ug =0,

00 otherwise

pointwise
Ee > Epw 1 U

1

M M
E. —Ey:umrr g ? | R. — Ry : v+ _
oo otherwise oo otherwise

1

ui for us =0, su7 for vy =0,

A. Mielke, Evolutionary I'-convergence, Berlin, 29.8-2.9.2016 24 (74)



3. Motivating examples Gty

Leibniz-Gemeinschaft

. 2 —1/¢
Ec(u) = Jul + 5l (ue—eu1)® = Ju- Acu with A, = (1 e 1 /€2>
Re (1) = 207 + 52503 = 21 - Geu with G. = L0
€ 271 T 9872 7 2 € € 0 1/85

What are the limits of the functionals?

1 1 2
ointwise 5t35)u for Ug = 0
e L \EPW:ur—>{(2 ) ’

4

00 otherwise

1

8€M—>80:u1—>{2

1

ﬂzgﬂﬂzosz&

ui for us =0, v# for vy = 0,

oo otherwise oo otherwise

—t —2t

(R2, &, Ry) gives u(t) = (°, ) and (R2, Epw, Ro) gives u(t) = (°, ).

8 < 2| (R2,&.,R.) 2% (R2, €, Ry)

B = 2| no evolutionary I' convergence

8>2| (R e, R.) 22 (R2, €, Ro)

I\
A. Mielke, Evolutionary I'-convergence, Berlin, 29.8-2.9.2016 24 (74) AS



3. Motivating examples Gty

eeeeeeeeeeeeeeeeeeee

1 N 1s s 2 —1/e (1 o0
Ee(u) = su-Acu, Re(u) = 30-Geu A: = (1/8 1/€2>,G€_ ( 0 1/€B>

Reason for non-convergence is seen via the energy-dissipation relation
%88(?1,5(75)) = (DEc(ue), Ue) = —(Getie, Ue) = _((u1,€)2+(u2,6)2/55)
o E(u(T)) + [ 2R (i-(t))dt = E.(u:(0)) = 1 (finite, indep. of ¢)

A. Mielke, Evolutionary I'-convergence, Berlin, 29.8-2.9.2016 25 (74) A\ Q)



3. Motivating examples R

1 N 1s s 2 —1/e (1 o0
Ee(u) = su-Acu, Re(u) = 30-Geu A: = (1/5 1/€2>,G€_ ( 0 1/55>

Reason for non-convergence is seen via the energy-dissipation relation
%gs(ue(t)) = (DEc(ue), Ue) = —(Getie, Ue) = _((u1,6)2‘|‘(u2,€)2/55)
~ o Ec(ue(T)) + fOT 2R (e (t))dt = E.(u-(0)) = 1 (finite, indep. of ¢)

e Energy landspace €.(u) wants to have uy ~ cuj ~ ge™

o Dissipation 1> [0" 2R (u(t))dt > [ (ita o (t))2/eP dt.

B > 2: “dissipation” doesn’t allow solutions to move away from uy = 0.

e = 0.05
5:
b =2
5:

0.2 0.4 0.6 0.8 1.0

A. Mielke, Evolutionary I'-convergence, Berlin, 29.8-2.9.2016 25 (74) AS
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3. Motivating examples Lol

We consider one-dimensional homogenization of
a parabolic equation on x € 2 =0, ¢| for t > 0:

where a, b, c € L°°(R) are 1-periodic and are > ¢y > 0.

Family of gradient system (L%(Q), &.,R.) with
Ec(u) =3 f )? +b(£)u(z)’ dz, Re(v) =5 [e(E)v(z)?da
Q

A. Mielke, Evolutionary I'-convergence, Berlin, 29.8—-2.9.2016 26 (74)



3. Motivating examples Gty

ccccccccccccccccccccc

We consider one-dimensional homogenization of
a parabolic equation on z € 2 =10, ¢| for t > 0:

where a, b, c € L°°(R) are 1-periodic and are > ¢y > 0.

Family of gradient system (L%(Q), &.,R.) with
Ec(u) =3 f )? +b(£)u(z)’ dz, Re(v) =5 [e(E)v(z)?da
Q

Aim: Find &, and R in the form

Eeff (U) = 5 [, Geff Uz (x)? + begru? duz, Refr (V) = 5 [, Cerrv? da
Geff = !
beft = 7
Ceff = ?

A. Mielke, Evolutionary I'-convergence, Berlin, 29.8-2.9.2016 26 (74) \Q



3. Motivating examples R

Quadratic functionals:
U, (v) = %S{v(x) - Ge(x)v(zr)dr <= VUi(x) = %éﬁ(m) - Ge(z) 1(z)dx

Lemma (One-dimensional homogenization)
Let Ge(z) = G(x/e) with 0 < ¢y < G(y) < C; and G 1-periodic.
In L2(]21, x2]) we have

I T
weak-I: ¥, — U,m: v~ %fxf U+ Gharmvdx

I 1 rx2
strong-I': U, — Win: v — 3 fxl v - Garithmv dz

with Gharm — (fOl G(y)_ldy)_l < Garithm — f()l G(y) dy

A. Mielke, Evolutionary I"-convergence, Berlin, 29.8-2.9.2016 27 (74) AS)



3. Motivating examples R

Quadratic functionals:
U, (v) = %S{v(x) - Ge(x)v(zr)dr <= VUi(x) = %S{g(x) - Ge(z) 1(z)dx

Lemma (One-dimensional homogenization)
Let G.(x) = G(z/e) with 0 < ¢p < G(y) < C; and G 1-periodic.
In L2(]z1, 22[) we have

I T
weak-I": U, — VU,m: UV %fxf U+ Gharmvdx

strong-1": W, L> W.oith ¢ U — %f;f V- Garithmv dx
. —1
with Gharm — (fOl G(y)_ldy) < Garithm — f()l G(y) dy

Proof of weak-I": Assume ve — v in L2(]a, b[).
\Ija(ve) — % fgj;f Ve - Gevedr =

= [72 (Geve—Ghav) G; M (Geve—Ghav) + 2Gcve -G ' Gpav — Ghav: G2 Ghavda
xl N TV -’ N WV 7 V

ha
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3. Motivating examples R

Quadratic functionals:
U, (v) = %S{v(x) - Ge(x)v(zr)dr <= VUi(x) = %S{g(x) - Ge(z) 1(z)dx

Lemma (One-dimensional homogenization)
Let G.(x) = G(z/e) with 0 < ¢p < G(y) < C; and G 1-periodic.
In L2(]z1, 22[) we have

I T
weak-I": U, — VU,m: UV %fxf U+ Gharmvdx

strong-1": W, L> W.oith ¢ U — %f;f V- Garithmv dx
. —1
with Gharm — (f()l G(y)_ldy) < Garithm — fol G

Proof of weak [': Assume ve — v in L2(]a, b]).
Ue) 2 fx2 - Geveda =

3 [ (Geve— Ghav)-Ggl(vag—Ghav) + 2Gcve-GL ' Ghav — Ghav- G2 Ghavda

~\~ o N ~~ d v
>0 =Veg—0 Ghal
Hence, liminf. o V. (v:) > %fgf 0 +20-Gpav — v-Gpav dz = Yham(v)
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3. Motivating examples R

Quadratic functionals:
U, (v) = lg{v(m) - Ge(x)v(zr)dr <= VUi(x) = %f{g(x) - Ge(z) 1(z)dx

2

Lemma (One-dimensional homogenization)
Let G.(x) = G(z/e) with 0 < ¢p < G(y) < C; and G 1-periodic.
In L2(]z1, 22[) we have

I T
weak-I": U, — VU,m: UV %fxf U+ Gharmvdx

strong-1": W, L> W.oith ¢ U — %f;f V- Garithmv dx
. —1
with Gharm — (fOl G(y)_ldy) < Garithm — f()l G(y) dy

Proof of weak-I": Assume ve — v in L2(]a, b]).

\Ija(ve) — % fff Ve - Gevedr =

= [72 (Geve—Ghav)-GZ M (Geve—Ghav) + 2Geve G ' Ghav — Ghav- G ' Ghavda
xl N Vv 7 N TV 7 vV

ha

Given ¥ choose the recovery sequence Uz = Gz !Gpa® — O and first term = 0.
Hence, U.(T:) = [*2 0  + Ghat-GZ 'Ghatdz — Wham (D)

1
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3. Motivating examples R

Quadratic functionals:
U, (v) = %S{v(x) - Ge(x)v(zr)dr <= VUi(x) = %éﬁ(m) - Ge(z) 1(z)dx

Lemma (One-dimensional homogenization)
Let Ge(z) = G(x/e) with 0 < ¢y < G(y) < C; and G 1-periodic.
In L2(]21, x2]) we have

I T
weak-I": U, — VU,m: UV %fxf U+ Gharmvdx

strong-1": W, L> W.oith ¢ U — %f;f V- Garithmv dx
. —1
with Gharm — (fOl G(y)_ldy) < Garithm — f()l G(y) dy

Proof of strong-I" is much simpler:

If ve — v in L?(]a, b]), then

U, (ve) = %f{ff v- Gev —20-Ge(v—ve) + (V—2ve)-Ge(v—ve)dx — Wur(v)
—~— —_—— ——

—Garv —0 —0
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3. Motivating examples R

Quadratic functionals:
U, (v) = %S{v(x) - Ge(x)v(zr)dr <= VUi(x) = %f{f(x) - Ge(z) 1(z)dx

Lemma (One-dimensional homogenization)
Let G.(x) = G(z/e) with 0 < ¢p < G(y) < C; and G 1-periodic.
In L2(]z1, 22[) we have

I T
weak-I": U, — VU,m: UV %fxf U+ Gharmvdx

strong-1": W, L> W.oith ¢ U — %f;f V- Garithmv dx
. —1
with Gharm — (fOl G(y)_ldy) < Garithm — f()l G(y) dy

Proof of strong-I" is much simpler:

If ve — v in L?(]a, b]), then

U, (ve) = %f;f v- Gev —20-Ge(v—ve) + (V—2ve)-Ge(v—ve)dx — Wur(v)
—~— —_—— ——

—Garv —0 —0

: : : : r r
Result is compatible with Attouch’s theorem: | ¥, — WUy, ,, <— V¥ — W/

For this, simply use arith(G—1!) = harm(G)~!.

W\
A. Mielke, Evolutionary I"-convergence, Berlin, 29.8-2.9.2016 27 (74) AS)



3. Motivating examples Gty

ccccccccccccccccccccc

where a,b,c € L°°(R) are 1-periodic and are > ¢g > 0.

Gradient system (LQ(Q) &.,U,.) with
eo(u) = 3 Joa(H)ua(@) + b(E)u(@)? e, We(v) = 3 [ e(2)u(z)* da

RV LI Wharm OF U, N W.rith In the dynamic space LQ(Q)

& Analogously the energy satisfies in the energy space H'(Q)) € L?(Q)

r

Ee = Eha:ur> %fﬂ AharmU2 + barichu?dz  (weakly in HY(Q))

e. e tu— %fQ QarithW> + baricnu?dx  (strongly in HY(Q))

A. Mielke, Evolutionary I'-convergence, Berlin, 29.8-2.9.2016 28 (74) \Q



3. Motivating examples Gty

ccccccccccccccccccccc

where a,b,c € L°°(R) are 1-periodic and are > ¢g > 0.

Gradient system (LQ(Q) &.,U,.) with
eo(u) = 3 Joa(H)ua(@) + b(E)u(@)? e, We(v) = 3 [ e(2)u(z)* da

RV LI Wharm OF U, LN WU _ith in the dynamic space L?(Q)

& Analogously the energy satisfies in the energy space H'(Q)) € L?(Q)
Ee N Eha 1 U > %fﬂ AharmU2 + barichu?dz  (weakly in HY(Q))

e, e ums 5 [, Garithuz + barinu®dz (strongly in HY(Q))

We will use later: &. 5 €. (Mosco in L?(Q))

3 expected limit eqn Ceff Ut = GharmUzz — DarithU with ceir € {Charma Carith}

W\
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Overview

1. Introduction

2. Gradient systems
3. Motivating examples

4. Energy-dissipation formulations
4.1. Equivalent formulations via Legendre transform
4.2. The Sandier-Serfaty approach using EDP
4.3. Choice of GS determines effective equation
4.4. General evolutionary I'-convergence using EDP

4.5. From viscous to rate-independent friction

5. Evolutionary variational inequality (EVI)
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4. Energy-dissipation formulations Lt

Legendre-Fenchel theory for a reflexive Banach space
U : X — R, proper, convex, lower semicontinuous
Legendre transform ¥* = LW : X* — R, with

U*(&) = sup (&, v) — ¥(v) |v e X}

Basic properties:

o L(LU)=Wor U =T

e Young-Fenchel estimate: Vv € X V€ € X*: U(v) + ¥*(&) > (&, v)
o U(v) = 5(Gv,v) = T*(§) = 35(¢, G‘1€>

o U(v) = ;llollx = ¥ (&)=

. for 1 <p< oo, p* =p/(p—1)

A. Mielke, Evolutionary I'-convergence, Berlin, 29.8-2.9.2016 29 (74) AQ



4. Energy-dissipation formulations

Legendre-Fenchel theory for a reflexive Banach space
U : X — R, proper, convex, lower semicontinuous

(&) == sup{ (§,v) —¥(v) |v e X}
U** =W and U(v) + PT*(&) > (£, v)

Subdifferential of convex ¥

oV(v)={ne X*|Vwe X : ¥(w)>VY@w)+ (n,w—ov)} C X*
If ¥ ¢ C1(X;R) and convex, then 0¥ (v) = {D¥(v)}.
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4. Energy-dissipation formulations Lt

Legendre-Fenchel theory for a reflexive Banach space
U : X — R, proper, convex, lower semicontinuous
U*(§) :=sup{ (§,v) —¥(v) |[ve X}

U = W and (o) + U (€) > (€, )

Subdifferential of convex ¥
oV(v)={neX*|Vwe X: ¥Y(w)>VY(w)+ (n,w—u)} CX*
If & € C1(X;R) and convex, then 0¥ (v) = {D¥(v)}.
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4. Energy-dissipation formulations Lt

(i) £€0¥(v) < (i) v eV (§) = (iii) ¥(v) +¥7(£) < (£, v)

Generalized gradient system (X, &, R)
Energy funct. € :[0,T]xX — R, dissipation pot. R(u,-): X — [0, o]

(i) 0€ 0yR(u(t),u(t)) + DE(t,u(t)) € X* for a.a. t €[0,T]

force balance in X* Biot's equation 1954

A. Mielke, Evolutionary I'-convergence, Berlin, 29.8-2.9.2016 31 (74) A\ Q)
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(i) £€0¥(v) < (i) v eV (§) = (iii) ¥(v) +¥7(£) < (£, v)

Generalized gradient system (X, &, R)
Energy funct. € :[0,T]xX — R, dissipation pot. R(u,-): X — [0, o]

(i) 0€ 0yR(u(t),u(t)) + DE(t,u(t)) € X* for a.a. t €[0,T]

force balance in X* Biot's equation 1954

Dual dissipation potential R*(u, &) = L(R(u,-)) (&)
(i) () € 0:R*(u(t), —DE(t,u(t))) € X fora.a. t€|0,T]

rate equation in X Onsager's equation 1931
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4. Energy-dissipation formulations Lt

(i) £€0¥(v) < (i) v eV (§) = (iii) ¥(v) +¥7(£) < (£, v)

Generalized gradient system (X, &, R)
Energy funct. € :[0,T]xX — R, dissipation pot. R(u,-): X — [0, o]
(i) 0€ 0yR(u(t),u(t)) + DE(t,u(t)) € X* for a.a. t €[0,T]

force balance in X* Biot's equation 1954

Dual dissipation potential R*(u, &) = L(R(u,-)) (&)
(i) () € 0:R*(u(t), —DE(t,u(t))) € X fora.a. t€|0,T]

rate equation in X Onsager's equation 1931

(iii) ~ R(u(t), 0(t))+R*(u(t), =DE(t, u(t))) < ~DE(t, u(t)), u(t))

power balance in R (equivalent to equality by Young-Fenchel)
De Giorgi's (W, U*) formulation 1980

W\
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4. Energy-dissipation formulations Gebey

(i) 0€ 0uR(u, )+ DE(t,u) (i) w € OeR* (u,—DE(t, u))

&(T, u(T)) + f:R(u(t), (1)) + R*(u(t), —DE(t, u(t))) dt
(EDE) 0

< €(0,u(0)) + ({Tﬁsﬁ(s, u(s))ds

Final energy + dissipated energy = initial energy + external work

A. Mielke, Evolutionary I'-convergence, Berlin, 29.8-2.9.2016 32 (74) AS)



4. Energy-dissipation formulations Lt

(i) 0€ 0uR(u, )+ DE(t,u) (i) w € OeR* (u,—DE(t, u))

_DE(t,u(t)))dt

0)) + (;f@sﬁ(s, u(s))ds

YF
Proof: [ —(DE(t,u),a)dt < [ R(u,u) + R*(u, —DE)dt

(EDE) T Ch. Rule
< &(0,u(0)) + [, OcEdt —E(T,u(T)) fo (DE(t,u),u)dt
= all estimates are equalities = Young-Fenchel estimate is equality a.e. QED

A. Mielke, Evolutionary I'-convergence, Berlin, 29.8-2.9.2016 32 (74) \Q



4. Energy-dissipation formulations Lt
(i) 0€ 0uR(u, )+ DE(t,u) (i) w € OeR* (u,—DE(t, u))

&(T, u(T)) + f:R(u(t), (1)) + R*(u(t), —DE(t, u(t))) dt
(EDE) 0

< €(0,u(0)) + ({Tﬁsﬁ(s, u(s))ds

Fundamental and more general tool Chain-Rule Estimate (CR)
¢ : X — R satisfies CRE, if

u € Wl,p([ojT];X), € c LP/([()?T],X*) d |
£(t) € 9 (u(t)) } = S Eult) = (€@),a(t)

(e.g. always true for Isc and convex £(-))

\
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Overview

1. Introduction

2. Gradient systems
3. Motivating examples

4. Energy-dissipation formulations
4.1. Equivalent formulations via Legendre transform
4.2. The Sandier-Serfaty approach using EDP
4.3. Choice of GS determines effective equation
4.4. General evolutionary I'-convergence using EDP

4.5. From viscous to rate-independent friction

5. Evolutionary variational inequality (EVI)
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4. Energy-dissipation formulations Lt

0 € 0yRe(u,u) + DE-(u) "gnche (EDE) = Energy-Dissipation Estimate

(EDE) &.( +f0 )+ R (uf, —DE, (uf)) dt < E.(uf(0))

Evolutionary I' convergence based on (EDP)

e Sandier-Serfaty'04 (general approach)
e here: improved version of M-Rossi-Savare'12 (CVPDE) R(u,v) = ¥(v)
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4. Energy-dissipation formulations Lt

0 € 0yRe(u,u) + DE-(u) "gnche (EDE) = Energy-Dissipation Estimate

(EDE) &.( +f0 )+ R (uf, —DE, (uf)) dt < E.(uf(0))

Evolutionary I' convergence based on (EDP)

e Sandier-Serfaty'04 (general approach)
e here: improved version of M-Rossi-Savare'12 (CVPDE) R(u,v) = ¥(v)

X reflexive, 3¢,C, A\e > 0, p > 1 such that E.(-) + \¢|| - |% s convex,
Ve (v) 2 vl =C; VZ(§) = clléll’x. —C; Ec(u) = cllul|z—C with Z € X

(L& & V. 5 TyinX) — (X,8.,0.) % (X,8&),T)

Compatibility: &, M, Ep and W, LN U, in SAME topology X

A. Mielke, Evolutionary I'-convergence, Berlin, 29.8-2.9.2016 33 (74) AQ



4. Energy-dissipation formulations Gebey

eeeeeeeeeeeeeeeeeeee

(. Beg & v, S in X) —

Application to our two simple problems (coercivity of W defines X)
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4. Energy-dissipation formulations Gebey

eeeeeeeeeeeeeeeeeeee

(. Beg & v, S in X) —

Application to our two simple problems (coercivity of W defines X)

e M-Rossi-Savare'12 (CVPDE) uses the much stronger statement W, M, U,
(but allows state dependence via R.(u, %))

e Sina Reichelt 2014 (not contained in my survey article,
see Reichelt-Liero SIMA'16 and excercise in tutorial)

U, LN U, is sufficient

A. Mielke, Evolutionary I'-convergence, Berlin, 29.8-2.9.2016 34 (74) AS)




4. Energy-dissipation formulations Gebey

Leibniz-Gemeinschaft

(. Beg & v, S in X) —

Application to our two simple problems (coercivity of W defines X)

ODE model on X = R?

We always have &, M, & and R. M R
R(v) = 3 (vi +v3/eP) and R*(&) = 3 (& + P&3)

Theorem is applicable for 5 = 0 only,
because of needed equicoercivity of for W,

A. Mielke, Evolutionary I'-convergence, Berlin, 29.8-2.9.2016 34 (74) AS)



4. Energy-dissipation formulations Gebey

eeeeeeeeeeeeeeeeeeee

(. ey & U, 5 Wy in X)

Application to our two simple problems (coercivity of W defines X)
Homogenization: c|jv[7, < U.(v) < Clvl}. = X =L*(0,Y).
8€(u = %foe a€u2+b u?dx €. M, Eo in X =L2(0,4) @D

M r
V. (v) =3 fo c(x/e)v(x)? da: not —, but ¥. — Ugirong B

Theorem IS appllcable and gIVES Ceff = Carith = Charm-

evol
CelUt = (aeux)x — bsu ? CarithUt = (aharmux)x — barithu

A. Mielke, Evolutionary I'-convergence, Berlin, 29.8-2.9.2016 34 (74) AS)



4. Energy-dissipation formulations Lt

Sketch of proof of theorem: wu. are solutions of (i) = (EDB).:

) + f (Ve (o) +V2E(E)) dt = E.(ue(0)) where —&.(t) € DE. (uc(t))

# Uniform coercwlty of €., V.. and ¥ yield uniform a priori bounds

”UsHLOO([O,T];Z) + HU&‘HWLP([O,T];X) + erHLP([o,T];X*) <C
@ We find convergent subsequences (still ¢ = ¢x)
ue(t) = w(t) in X, ue — uwin WHP([0,T]; X), & — &€ in LP([0,T]; X*)
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4. Energy-dissipation formulations Loty

Sketch of proof of theorem: wu. are solutions of (i) = (EDB).:

) + f (Ve (o) +V2E(E)) dt = E.(ue(0)) where —&.(t) € DE. (uc(t))

# Uniform coerC|V|ty of €., V.. and ¥ yield uniform a priori bounds

[uellLej0,17;:2) + luellwreo,r,x) + €ellLe(o,7,x) < C
@ We find convergent subsequences (still ¢ = ¢x)
ue(t) = w(t) in X, ue — uwin WHP([0,T]; X), & — &€ in LP([0,T]; X*)

@ Lower semicontinuity of the dual dissipation (use U, — Uy <= U* s UF)

loffe’s Isc result: fOT Ui(€)dt < lim i(l)’lf fOT U (&) de
£e—
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4. Energy-dissipation formulations Loty

=

Sketch of proof of theorem: wu. are solutions of (i) = (EDB).:

) + f( (t1e)+ P2 (E)) dt = Ec(ue(0)) where —£.(t) € DEL(ue(t))

@ Uniform coercivity of €., U.. and U} yield uniform a priori bounds

HUsHLOO([O,T];Z) + HUE:‘HWLP([O,T];X) + erHLp([o,T];X*) <C
@ We find convergent subsequences (still ¢ = ¢x)
ue(t) = w(t) in X, ue — uwin WHP([0,T]; X), & — &€ in LP([0,T]; X*)

@ Lower semicontinuity of the dual dissipation (use U, — Uy <= U* s UF)

loffe’s Isc result: fOT Ui(€)dt < lim i(l)’lf fOT U (&) de
£e—

(Sebastian Hensel is specialist for versions of loffe’'s theorem!)

The integrand (e, &) ~ W% (€) for the functional J(e, &) := [ Wi (

e is seq. weakly lower semicontinuous
e and convex in £ € X™

The convergence . := ¢ — 0 is strong, while the convergence £. — £ is weak.

A. Mielke, Evolutionary I'-convergence, Berlin, 29.8-2.9.2016 35 (74) AQ



4, Energy-dissipation formulations Lo

cccccccccccccccccccccc

Ee( )+ fo (Ve (te)+TE(E)) dt = Ec(ue(0)) where —&.(t) € DE-(u<(t))

Sketch of proof of theorem (continued):
@ [ Uo(a(t))dt < liminf, o [) U, (i(t))dt.
loffe’s theorem doesn’t apply as 1. — w in WH?(0,7T; X) and U, LN Uy.

Reichelt's lemma (see tutorial): It still holds because of w.(t) B u(t).

@ Taking ¢ — 0 in (EDE). and using well-prepared initial cond. (i.c.) gives
) Jo (Po(@)+T5(©) i < limeog Ex(ue(0)) = Eo(u(0))

@ We would be finished if we knew —&(t) = DEg(u(t)) for a.a. ¢t € [0,T.
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4. Energy—dissipation formulations Gebey

cccccccccccccccccccccc

Ee( )+ fo (Ve (te)+TE(E)) dt = Ec(ue(0)) where —&.(t) € DE-(u<(t))

Sketch of proof of theorem (continued):
@ [ Uo(a(t))dt < liminf, o [) U, (i(t))dt.
loffe’s theorem doesn’t apply as 1. — w in WH?(0,7T; X) and U, LN Uy.

Reichelt's lemma (see tutorial): It still holds because of w.(t) B u(t).

@ Taking ¢ — 0 in (EDE). and using well-prepared initial cond. (i.c.) gives
) Jo (Po(@)+T5(©) i < limeog Ex(ue(0)) = Eo(u(0))

@ We would be finished if we knew —&(t) = DEg(u(t)) for a.a. ¢t € [0,T.

Strong-weak closedness of D&, if &, M, Eg & & Ac-convex (cf. Attouch’'84)
ue > uin X and —DE(u.) 2& — € in X* = —£ € DEp(u)

¥ Now the Energy-Dissipation Principle shows
e that u is a solution and e that E.(t) — Eg(u(t)) for all t € [0, T]. QED

W\
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4. Energy-dissipation formulations et

Main tools is Strong-Weak Closedness of the graph of (DE.).co,1
(SWC) wue —wuin X and DE(u.) 2& — € in X* = £ € DE(u)

This is a consequence of I'-convergence and convexity!
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4. Energy-dissipation formulations Lt

Main tools is Strong-Weak Closedness of the graph of (DE.).co,1
(SWC) wue —wuin X and DE(u.) 2& — € in X* = £ € DE(u)

This is a consequence of I'-convergence and convexity!

If all €. are Isc and convex, then €. % &, implies (SWC).

Proof: Assume u. — u, & — &, and E-(u:) — e
Then convexity gives (Cvx)e  Ec(w) > Ec(ue) + (€e, w—ue)
For given u the I's-convergence gives a rec. seq. u. with 1. — u, E-(u:) — Eo(u)
Hence, setting w = u. in (Cvx). gives E-(ue) > Ec(ue) + ( &, Ue—Ue)
—_—— —— =R =
—&p(7) — e —& —u—u
Taking the limit ¢ — 0 we obtain the relation ¢ (u) > e. + (£, u—u)
Choose ©w = u we see that Eo(u) > e« but ['s-liminf gives e, > Eo(u). Thus,
ex = Eo(u) and we conclude & € 0Ep(u) as desired.

[]
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/4



4. Energy-dissipation formulations Gebey

cccccccccccccccccccccc

(EDE) Ec(uc(t +f0 (Ve (te) + UE(—DE(ue))) dt < E.(u:(0))

The Sandier-Serfaty [2004] approach is more general.
They do assume
neither Strong-Weak Closedness of (0€.).c(o,1]

nor the Mosco convergence of W, M

Instead they assume

(i) ve = v = liminf._, ¥_(v.) > Yy(v) (w-T-liminf)
(i) ue > u = liminf._, ¥X(DE (u.)) > V5(DEG(u))  (dual w-T'-liminf)

Clearly, (SWC) & W, M, g imply (i) and (ii) but not vice-versa.
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