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Abstract

We consider p independent Brownian motions in R . We assume that p>2and
p(d —2) < d. Let £; denote the intersection measure of the p paths by time ¢,
i.e., the random measure on R¥ that assigns to any measurable set A C R¥ the
amount of intersection local time of the motions spent in A by time ¢. Earlier
results of X. Chen derived the logarithmic asymptotics of the upper tails of the
total mass £¢ (Rd) ast — oo. In this paper, we derive a large-deviation principle
for the normalized intersection measure ¢t~ ?{; on the set of positive measures
on some open bounded set B C R? as t — oo before exiting B. The rate
function is explicit and gives some rigorous meaning, in this asymptotic regime,
to the understanding that the intersection measure is the pointwise product of the
densities of the normalized occupation times measures of the p motions. Our
proof makes the classical Donsker-Varadhan principle for the latter applicable to
the intersection measure.

A second version of our principle is proved for the motions observed until the
individual exit times from B, conditional on a large total mass in some compact
set U C B. This extends earlier studies on the intersection measure by Konig
and Morters. © 2012 Wiley Periodicals, Inc.

1 Introduction and Main Results

1.1 Brownian Intersection Local Time

Let W .. WP be p independent Brownian motions in R. We assume
throughout this paper that p > 2 and d < %, which comprises the following
cases:
> 2 arbitrary ind = 2,
=2 ind =3.
In the 1950s Dvoretzky, Erd6s, Kakutani, and Taylor [10, 11} [12]] showed that,
almost surely, the intersection set of the p paths on individual time horizons,

p

p "
Sp=) W[g}bl_], b= (by.....bp) € (0,00)?,

i=1
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is nonempty. Further results [[14, 24] showed S has measure 0 in d > 2 and
Hausdorff dimension 2 in d = 2 and one in d = 3. Hence S}, is a rather peculiar
and interesting random set.

There is a natural measure £; supported on S counting the intensity of path
intersections. This measure can be formally defined by

P b
(1.1)  £p(A) = /dy l_[ / ds Sy(Ws(i)) for every measurable A C R,
y i=1"0

Hence, informally, £ is the pointwise product of the densities of the p occupation
measures on the individual time horizons. This definition is rigorous in dimension
d = 1, as the occupation measures of the motions have almost surely a density
that is jointly continuous in the space and time variables. However, in d > 2, the
occupation measures fail to have a density. Therefore, the above heuristic formula
for £ needs a rigorous explanation. Geman, Horowitz, and Rosen [16] constructed
£, as the local time of the confluent Brownian motion at 0, Le Gall [20] identified
it as a renormalized limit of the Lebesgue measure on the intersection of Wiener
sausages, and a third identification is in terms of a Hausdorff measure on Sp with
explicit identification of the gauge function [21}, [22]]. These three rigorous con-
structions of £; are summarized in [4] and briefly surveyed in [18| sec. 2.1]. As
a byproduct of the present paper, we will implicitly give a fourth construction in
terms of a rescaled limit of pointwise products of smoothed occupation times; see
Proposition Some of the preceding results have been derived for by, ..., b, re-
placed by certain random times (independent exponential times or exit times from
domains), but the proofs easily carry over to £.

The measure {5 is, with probability 1, positive and locally finite on RY. It
is usually called intersection local time (ISLT) in the literature. However, its total
mass, £ (R?), also enjoys this name, as it registers the total amount of intersections
of the motions. Since the difference between these two objects will be significant
in this paper, we will stick to the name intersection measure for £ and keep the
name ISLT for its total mass £;(R?).

1.2 Asymptotics for Large Total Mass

The large-t behavior of the ISLT £;1(R?) (where 1 = (1,...,1)) has been
studied by X. Chen in a series of papers; see his monograph [4]] for a comprehensive
summary of these results, concepts of the proofs, and much more related material.
The main result [4), theorem 3.3.2] is

1
(1.2) lim_ ?logP(Km(]Rd) > at?) = —a?/4@P=Vy 4 >0,
where

3 =i SIvyld iy e HU®D. Wlop = 1= V(-
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As we will explain in more detail in Section |1.4] the term 2 informally plays
the role of the normalized occupation measure density of any of the p motions,
and ¥2? the one of the intersection measure ¢ ?{,;. This is one of the main
features of intersection measures: How much rigorous meaning can be given to the
intersection measure as a pointwise product of p occupation measures? The above
result indicates that some heuristic sense can be given in terms of a large-# limit
based on the understanding of the characteristic variational formula.

One of the main goals of this paper is to give a more rigorous meaning to this
interpretation in terms of a large-deviation principle (LDP), at least for the case that
the motions do not leave a given bounded set. Fix a bounded open set B C R? with

smooth boundary and compact closure B and denote by 7; = inf{t > 0 : Wt(l) ¢
B} the exit time of the i motion from B. By £ = {p we denote the intersection
measure for the motions running up to their individual exit times from B; i.e., we
replace the time horizon [0, b;] x--- %[0, b,] in (I.I) by [0, 71) x--- X [0, 7). Then
£ is a finite positive measure on B. Fix some compact subset U of B such that the
boundary of U is a Lebesgue null set. The upper tails of £(U) have been analyzed
by Konig and Morters [18]], resulting in the asymptotics

(1.4) ali)n;oa_l/p logP (4(U) > a) = —Op(U)
for
(15)  OpU) = inf) ZIVYI3 : ¢ € H(B). [1wdlzp = 1}

This result is in the same spirit as the one above by Chen. Again, ¢ and ¢2?
can be informally interpreted as the densities of the individual occupation measures
and the intersection measure, respectively. Denote by M the set of minimizing
functions ¢2?; then M is nonempty [I8, theorem 1.3], and the elements of M
carry some rigorous sense in terms of a law of large masses. Indeed, under the
conditional measure P(- | £(U) > a), it is shown in [19] that the distance of
the normalized measure £/£(U) (with harmonic extension to B) from M (where
the elements of M are seen as probability measures on U) tends to 0 as a — oo.
However, [19] failed to show that this convergence is exponential in a /P and their
proof was not a consequence of a large-deviation principle. It was the goal of [19]
to get full control on the shape of £/£(U) under P(- | £(U) > a) in terms of
asymptotics for integrals against many test functions, but the method used there
(asymptotics for the k™ moments) did not produce a large-deviation principle; the
technique precluded functions that assume negative values.

1.3 Main Results: Large Deviations

Our first main result is a large-deviation principle for large time for the motions
before exiting the set B (defined as in Section [I.2). Assume that the p motions
w@ . WP have some arbitrary starting distribution on B, possibly depen-
dent on each other, which we suppress from the notation. Their occupation times



4 W. KONIG AND C. MUKHERJEE

measures are denoted by

. t
(1.6) zﬁ”:/ Sywds, i=1....p. t>0.
0 5

We fix b = (b1,...,bp) € (0,00)? and consider the time horizon [0, #b;] for the
t motion. By

P
PUb)() = ]P’(' N ()b < z,-})
i=1
we denote the subprobability measure under which the i ™ motion does not exit B
before time ¢b;. Recall the heuristic definition of £, from (I.I). Then ¢, is a
random element of the set M(B) of positive measures on B. We equip it with
the weak topology induced by test integrals with respect to continuous bounded
functions B — R. By M;(B) we denote the set of probability measures on B,
and by HO1 (B) the usual Sobolev space with zero boundary condition in B.

THEOREM 1.1 (LDP at Diverging Time). The tuple
1 L ,m (»)
— Al — L — 0
(t,, [T, b " tby 1 rb tby

satisfies, as t — 00, a large deviation principle in the space M(B) x M1(B)?
under P @) with speed t and rate function

1 p
(1.7) (s pas o pp) = 5 Y S bill Vi3,
i=1
if o 1, .., Jup each have densities Y2P and V2, ..., wg with ||v; ||2 = 1 for
i=1,...,psuchthat Y, yr1,...,¥p € HOI(B) and 2P = f)—l ; otherwise
the rate function is co. The level sets of the rate function I in (1.7) are compact.

To be more explicit in the special case b = 1, Theorem says that, for any

continuous and bounded test functions f, fi,..., fp : B = R,
1
O 1) P (l)
tlggotlogIE [exp{t((t L, f) + E < 4 >)}:|

p

V4
(18) :sup§<1‘[¢f,f>+2<w?,ﬁ>—%Zuwin%:

i=1 i=1 i=1
Vi € Hy(B) and ||y]l2 = 1 fori = l,...,p}.

Theorem [I.1] is an extension of the well-known Donsker-Varadhan LDP (see
[6 7, 18, 9] and [[15]) for the occupation measure of a single Brownian motion in
compacts to the intersection measure. It gives a rigorous meaning to the heuristic
formula in (L.I) in the limit # — oo. Since B is bounded, ¢, is a finite measure.
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However, there is no natural normalization of £; that turns it into a probability
measure. Our result shows that t =7, is asymptotically of finite order. A heuris-
tic derivation of Theorem [I.T]in terms of the Donsker-Varadhan LDP is given in
Section[I.4] and the proof in Sections [2]and 3]

Specializing to the first entry of the tuple, we get the following principle from
the contraction principle [5, theorem 4.2.1]:

COROLLARY 1.2. Fixb = (b1, ...,bp) € (0,00)?. Then the family of measures

((115) '),

i=1

satisfies, as t — oo, a large-deviation principle in the space M(B) under PP
with speed t and rate function

N )
1) =mf{52b,-||w,-||% i € HYB). Wil = 1¥i = 1.....p.
(19) i=1

p
du
d 2= 1,
an 1.1:[1 Y i %
if W has a density, and 1(it) = oo otherwise. The level sets of the rate function 1
in (L9) are compact.

To be more explicit in the special case b = 1, Corollary says that, for any
open set G C M (B) and every closed set F' C M(B),

1
limsup —logP(t ™ P4, € F, t <ty A---ATp) < — inf I(n),
t—oo 1 HeF

1
liminf —logP(t™?¢; € G, t <t1 A---ATp) = — inf ().
t—oo neG

In the special case b = 1 = (1,...,1), it is tempting to conjecture that, for
(Y1, ...,V¥p) a minimizing tuple in (1.9), all the v; should be identical. This
would simplify the formula to 7(x) = §||V1ﬁ||% if 2P is a density of y with
(NS HO1 (B). However, we found no evidence for that and indeed conjecture
that this is not true for general ;. But note that the result by Chen in (I.2)—(1.3),
after replacing £;(R?) by £;(B) and H'(R?) by HO1 (B) for a = 1 suggests
that, at least for the minimizer p of 7(u), all the ¥; should be identical, since the
minimizer in (T.3) is just some 27,

As a corollary of Theorem [I.T| we now give a related LDP for the normalized
intersection local time for the motions stopped at their first exit from B under
conditioning on {{(U) > a} as a — oo, where we recall that U C B is a compact
set whose boundary is a Lebesgue null set. This solves a problem left open in
[19]; see Section [I.2] That is, instead of diverging deterministic time, we now
consider a random time horizon and diverging ISLT. The measure £/£(U) is a
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positive measure on B, which is a probability measure on U. At the end of Section
we mentioned that the normalized probability measure £/£(U) satisfies a law
of large masses under the conditional law P (- | £(U) > a). Here we in particular
identify the precise rate of the exponential convergence. By My (B) we denote the
set of positive finite measures on B whose restriction to U is a probability measure.
Our second main result is the following:

THEOREM 1.3 (Large Deviations at Diverging Mass). The normalized probability
measures £/L(U) under P(- | £L(U) > a) satisfy, as a — 00, a large-deviation
principle in the space My (B), with speed a'? and rate function J — @ (U),
where

1< Ld d
110) G0 =it |3 Y IVoIE 1.ty < HYB).TT 7 = 1.

if w has a density and J(u) = oo otherwise, where ©g(U) is the number appear-
ing in (L.5). The level sets of J are compact.

The proof of Theorem [I.3]is in Section 4} a heuristic derivation from Theo-
rem[LT]is in Section[L.4

It follows from the compactness of the level sets and the lower semicontinuity
that J possesses minimizers, and it follows from the LDP that min J = ®g(U).
Even more, the set of minimizers of J is equal to the set M of minimizers of the
variational problem for ® (U) in (T.5), where we consider the elements ¢ of M
as elements of My (B); see the discussion below (I.5). This is seen as follows:
Let M be the set of minimizers of J. Then it is easily seen that M C M by
restricting the infimum in (I.I0) to identical ¢1, ..., ¢,. Suppose M\M # @.
Then for some u € M \ M with positive distance from M, we can find ¢ > 0 such
that B¢ (), the e-neighborhood of w, is disjoint from M. Then it follows from the
proof of [19, theorem 1.4] that

1

lim sup Ji/p

atoo

logP(L € Bs() | £(U) > a) < 0.

But it follows from the LDP in Theorem that the left-hand side is not smaller
than ®p(U) — inf, ¢, (1) J (1), which implies that J(u) — ©g(U) > 0. Hence,
JI: M. This is a contradiction. Hence M is equal to M. However, for fixed
u € My (B), it remains an open problem to give a sufficient condition on p for
having a minimizing tuple of p identical functions ¢y, ..., ¢, in (I.10).

For Theorems [I.T] and [I.3] and Corollary [I.2] there are analogues for random
walks on Z¢ instead of Brownian motions on R¢. These are much easier to for-
mulate and to prove since the heuristic formula in (I.T)) can be taken as a definition
without problems.



LDP FOR BROWNIAN INTERSECTION MEASURES 7

1.4 Heuristic Derivation of the Main Results

In this section we sketch heuristics that lead to Theorems [I.1] and [I.3] starting
from the Donsker-Varadhan theory of large deviations. For simplicity, we drop
compactness issues and formulate the principle on R¥ rather than on some bounded
domain B. We also put b = 1 and write £; instead of £;1.

Recall the occupation measure of the i " Brownian motion defined in (T.6). That
is, K?)(A) is the amount of time that W@ spends in A C R? by time 7. The
famous Donsker-Varadhan LDP (see [16, 18, 9] and [[15]]) states that

16 B 1o fdu]?
(1.11) P(;Et N,u)—exp[ IE“V ™ .

+ o(t):|, t — oo.

This is a simplified version of the statement that, under P(- N {W(l)t] C B}),

the distributions of %EE’)

%HV\/g—‘;ll% if the square root of the density of u exists in H'(R?) and p1 > oo
otherwise.
The heuristic formula in (I.1) states that

satisfy an LDP with speed ¢ and rate function u

p @)
(1.12) 59 % b @)

dy Pl dy
Hence t~7{; is a function of the tuple (%ZEI), e lﬁgp)). Let us ignore that this
map is far from continuous. Now the LDP in Theorem follows from a formal
application of the contraction principle.

Let us now give a heuristic derivation of the LDP in Theorem[I.3] The heuristic
formula in (I.T]) implies that

(@)
£(dy) 1 £z (dy)
(1-13) E((;) e(’)(dx) (1_[ dy dy
fUd l_[z—l !
Pick some u € My (B) with density ¢2p . We make the ansatz that the event
{£/L(U) ~ u, £(U) > a} is realized by the event ﬂf=1 A(b;, i), where

Abi vy =15 > bial?, bl.a11/1’ Kgi)a‘/l’ A wiz(x)dx on B},
where V1,..., Y, € HO1 (B) are L?(B)-normalized and by, ...,b, € (0,00).
Later we optimize over Y1, ..., V¥, and by, ..., by. In other words, the i™ motion
spends an amount of 7; & b,-al/ P time units in B until it leaves the set B, and
its normalized occupation times measure resembles 1/fl.2 on B. We approximate
{(U) > a by £(U) =~ a and therefore have the following condition for by, ..., by:

(1.14) —Z(U) l_[b /dxl_[wl (x).

i=1 i=1
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Furthermore, from (I.13]), we get the condition

¢ [, v? -
115 W= = 7, ve — LLGvD),
( ) ¢ Z(Uv) fU dx lP=1 wlz(x) il:[l ( wl )

Hence we get, also using (T.11)) with r = b;a'/?,

; -1/p ~ H2P
alggoa IOgP(E(U) ~ ¢P, LU) > a)
P
_ : : -1/p ol
(1.16) ==, dim P logP(() 4 v)

i=1

p

1

=~ inf b I VWil
b],...,bp,lﬁl,...,llfp; l2 iz

where the infimum runs under the above-mentioned conditions, in particular (I.14))

and (T.13). Now substituting ¢? = b;y? fori = 1,..., p, we see that the right-

hand side of (1.16) is indeed equal to —J(1). This ends the heuristic derivation of

Theorem [[.3]

2 Proof of Theorem[I.1} Large Deviations for Diverging Time

In this section, we prove our first main result, the LDP in Theorem@ A sum-
mary of our proof is as follows. In Section 2.2 we introduce an approximation of
the normalized intersection measure in terms of the pointwise product of smoothed
versions of the normalized occupation times measures of the p motions and prove
an LDP for the tuple built from them. This is quite easy, as this tuple is a con-
tinuous function of the normalized occupation times measures, for which we can
apply the classical Donsker-Varadhan LDP. Furthermore, in Section [2.3] we show
that the corresponding rate function converges to the rate function / of the LDP
of Theorem [I.1] as the smoothing parameter vanishes. The convergence is in the
sense of I"-convergence, and its proof relies on standard analysis. In Section [2.4]
we finish the proof of Theorem [I.1] subject to the fact that the smoothed versions
of the intersection measure is indeed an exponentially good approximation of the
(nonsmoothed) intersection measure. This fact is formulated as a proposition; its
proof is deferred to Section [3] In the Section [2.1] we give some remarks on the
relation to other proofs in this field in the literature.

2.1 Literature Remarks on the Proof

In the recent decades, with especially much success in this millennium, people
have developed many techniques to derive the large-time or the large-mass asymp-
totics for the total mass of mutual intersections of several independent paths; we
mentioned two important ones in Section [[.2] With the exception of the work in
[19], these results concern only the total mass, but not integrals against test func-
tions, as we consider in the present paper. Hence, the question arises which of
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the existing proof strategies are also amenable to the refined problem about test
integrals. In our setting of large deviations in a bounded set B, we do not have
the (technically very nasty) additional problem of compactifying the space, which
cannot be overcome by the well-known periodization technique, but was solved by
Chen using an abstract compactness criterion by de Acosta. We are also not using
the technique of comparing deterministic time ¢ to random independent exponen-
tial time, as this works only in connection with the Brownian scaling property,
which we cannot use for our refined problem.

The technique of finding the asymptotics of high polynomial moments and using
them for the logarithmic asymptotics of probabilities was first carried out in [18]]
in the context of mutual Brownian intersection local times in a bounded set B; see
Section @] and a thorough presentation in [4]. This has the advantage of avoiding
a smoothing approximation; these are always technically involved. In [19], this
technique was extended to the analysis of test integrals against a large class of
measurable and bounded test functions. However, this technique was not able to
yield an LDP, since it could only be applied to nonnegative test functions. Hence
we believe that this technique will not be helpful for deriving LDPs.

Another possibility would be to use Le Gall’s [20] approximation technique
with the help of renormalized Lebesgue measure on the intersection of the Wiener
sausages. The main task here would be to strengthen the L?-convergence of test
integrals of these measures to exponential convergence. However, we found no
way to do this.

Chen developed a strategy of smoothing by convolution of the Dirac measure
in the proof of [4} theorem 2.2.3] for finding the logarithmic asymptotics for the
upper tails of the total mass of the intersection. However, the strategy of proving
the exponentially good approximation was tailored there for the total mass and
does not seem to be amenable to the study of test integrals against test functions
that may take arbitrary, positive and negative, values.

On the other side, another technique developed in [3]] seems to be amenable to
prove an exponentially good approximation of the intersection measure for p = 2
using Fourier inversion. However, for p > 2, the mollifier used in [3]] does not
seem to admit an LDP, at least not without substantial work, and we did not see
how.

Therefore, we chose to work with mollifying each occupation time and to ap-
proximate the intersection measure with their pointwise product, which itself is
easily seen to satisfy an LDP. Our proof of the exponential approximation in Sec-
tion 3] with this object requires combinatorial and analytical work.

2.2 Large Deviations for Smoothed Intersection Local Times

Recall from (I.6) the occupation measure K?) of the i™" motion. Let ¢ = ¢y
be a nonnegative, C°°-function on R with compact support, normalized such that
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[ra ©1(y)dy = 1. Now we define the approximation of the Dirac §-function at 0
by

0e(x) = e Y1 (x/e).

Let us consider the convolution of the above occupation measures with ¢:
0) (i) ' :
100 =0 e t00) = [ as 070 =)

Then Kg? is a bounded C*°-function. As & | 0, the measure with density ESZ

converges weakly towards the occupation measure eﬁ’).
Consider the pointwise product of the above densities,

p .
lea(y) = [T ).

i=1

We will write £, ;(y)dy for the measure with density £ ;. It should come as no
surprise that these measures are, for any fixed ¢, an approximation of the intersec-
tion local time £; as ¢ | 0, even though we could not find this statement in the
literature. Actually, we will go much further and show that they are even an expo-
nentially good approximation of the intersection local time £; in the sense of [3];
see below.

First we state a large-deviation principle for the measures with density £, ; as
t — oo for fixed ¢ > 0. It is known by classical work by Donsker and Varadhan
[6 18, 9, [15] that each %E?) satisfies, as t — o0, a large-deviation principle. In the
proof of Lemma below we will see that {.;(y)dy is a continuous functional
of the tuple (zﬁl), - ,E;p )). Hence, by the contraction principle, £, ;(y)dy itself
satisfies an LDP with some (e-dependent) rate function.

Recall that we equip M (R?), the space of finite measures on R4, with the weak
topology induced by test integrals against continuous bounded functions. For a
measure i € M(R?) and a function f : RY — R, we denote by (i, f) the

integral [ f dp.

LEMMA 2.1 (LDP for Smoothed Measures). Fix ¢ > 0 and b = (b1, ...,bp) €
(0, 00)P. Then the tuple of random measures

: 1o ()
e leps L e, —
([17 Hip=1 bi &th Zbl &,th; fbp &th,
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satisfies, as t — oo, a large-deviation principle in M(B) x M1 (B)? under P*?)
with speed t and rate function

Le(pspns .. pwp)

. 1< du
—int {3 BV v € B Wl = 1, 97+ s = o
(2.1) i=1 X
P du
- 2
Vi=1,...,pand Hwi * Qg = a}

i=1
if w has a density, and 1.() = 0o otherwise. The level sets of I, are compact.

PROOF. First observe that the mapping

p
22 MR — ME). o) = ([T riree0)dx.
i=1

is weakly continuous. Indeed, first note that the map (1,..., up) = U1 ®- - p
is continuous from M;(R?)? to M;((R9)?) since M;(R?) is a Polish space.
Furthermore, for every continuous bounded test function f : R¢ — R and any
W1, p € /\/ll(Rd), we have

(T = [asrco [ TTontasoed -
i=1

R4 ®ayp =1
=(Ar. 1 ® - ® Up),

where

ArOrneeesyp) = /dx £ x — y1) - e (x — ¥p)-
Rd

As ¢ is smooth and compactly supported in R?, the function A # is continuous

and bounded in (R¢)?. This shows the continuity of the map in (2.2). Now the
claimed LDP follows from the contraction principle [, theorem 4.2.1]. O

2.3 Gamma-Convergence of the Rate Function

In this section, we pass to the limit ¢ | 0 in the variational formula (2.1I). The
sense of convergence is the I'-convergence, as will be required in the proof of
Theorem [I.T} The proof of this convergence is based on standard analytic tools.
By Bs(u) = {v € M(B) : d(v,u) < &} we denote the open ball of radius §
around p, where d is a metric that induces the weak topology in M(B). By d we
also denote the product metric on M(B) x M{(B)?, and by Bs(u; ft1, ..., ip)
the open d-ball around (i, i1, . .., itp) in this space.
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PROPOSITION 2.2. For every u € M(B), we have

2.3) sup lim inf inf Ie = T(W; 1, ..oy ip),
§>0 &l0 Bs(uipi,....up) ° P

where 1 is the rate function defined in (1.7). Furthermore, the level sets of I are
compact.

PROOF. We write f(x)u(dx) for the measure with density f with respect to (.
We denote the Lebesgue measure by dx.

First we prove ‘<’. Let u, i1, ..., up be given. Without loss of generality, we
may assume that lﬁiz = % exists, and ‘;—f: = z—1 wz Fix § > 0 and take

¢ > 0 so small that wl.z * pe(x)dx € Bs/pp(p;) fori =1,..., p and (]_[ -1 wz
@e(x))dx € Bs/zp (). Hence the tuple

14
((TT¥2 % 0e(0)dx: uF % gel)dx, ..., Y2  e(x)d)
i=1
lies in Bg(u; i1, ..., 1p). Hence

inf 1< 1 ( ]‘[ Y2 % 0e(0))drs Y+ @e(0)dx, ... Y2 * ge(x)d)

BS(M;I“LIW"’MP) i=1

1 p
<5 2 Ivwils,
i=1
where in the last step we used the definition of /.
Now we prove ‘>’. Let u, i1,...,Up be given and let I(u; p1,...,up) be

finite. Without loss of generality, the left-hand side of (2.3) is also finite. For

§,e > 0, we pick (u©- ;L(S 8),...,u§,8 8)) in Bs(u; (1, ..., 1p) such that

inf 1 > I (8’8)’ (8’8)’ e (8,8) 8
BS(/"L;Mlﬂ'”ﬁl’Lp) ¢ S(M Ml /"Lp )

By definition of I, there are L2-normalized wl.(‘s’g) € HI(B) fori =1,...,p
such that ul@’e) (dx) = Y2 * e (x)dx and 9 (dx) = ([T7_, ¥'? * ¢s(x))dx and

O, ) 2 53|70 -
i=1

Then, by well-known analysis [23, chap. 8], along some subsequences, we may
assume that wl@’e) — %@) as & | 0 for some L2-normalized wi(b’) € HO1 (B) for
i = 1,..., psuch that ||V1/fl-(8)||% < liminf, o ||le.(8’£)||%. This convergence is
true strongly in L9 forany g > lind =2and 1 < ¢ < 6ind = 3, and we have

.. : 6) 2
24 liminf inf =3 v _s
&0 Ba(u;m,..-,up) 2 ; | Vi ”2
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In particular, we have ,ug‘s’g) = 1/fl.(8)(x)2 dx =: ,ul@(dx) in the weak topology.

1
It is elementary (using Holder’s inequality) to see that (wl.(&’g))2 * e (x)dx =

@) ¢ Bs/ap(i). Now we let § | 0 and

take a subsequence of 1/fi(8) that converges to some ; strongly in L4 forany g > 1
ind =2and1 <g <6ind = 3 and

ugs)(dx) in the weak topology. Hence, u

i

D V4
timint >[9P 15 = 30| Vvl

i=1 i=1

Since /,L(S)

i € Bsjap(ii), wiz must be a density of u;. Therefore, the right-hand
side of the last display is 27(u; i1, ..., (4p). Sending § | 0 in (2.4), the proof is
finished for the case when 7(u; i1, ..., pp) is finite.

Now we consider the case I(u; 1, ... 1p) = oo. First, we consider the case
that all j1,..., up have densities wlz, e, 1//5 such that ; € HO1 (B), but u fails
either to have a density or to be the pointwise product of the %2- By way of
contradiction, assume that the left-hand side of (2.3) is finite. Now we follow

the same line of argument as above and define u®) = (]_[l-p =1(1ﬂl-(8))2()c))d>c and
note that ,u(‘s’g) = /,L(g) as ¢ | 0. Indeed wi(s’s) converges as ¢ | 0 (strongly
inl?forq >1ind =2and1 <g <6ind = 3)to wi(g)’ and taking the
pointwise product of the densities is a weakly continuous operation. Hence u®
lies in Bg/p,(1). Now we send § | 0 and use the same argument to infer that
u® = = (]_[l-p=1 wlg(x))dx. This is a contradiction.

Furthermore, also in the case that one of the y;’s does not have a density or its
square root is not in HO1 (B), the same arguments above (by contradiction) show

P

.. 8) 12

hgriloanHVwi()sz—i-oozl(/,c;ul,...,/,cp). O
i=1

2.4 Completion of Proof of Theorem [I.1]

The main step in the remaining part of the proof of Theorem|[I.1]is to show that
the intersection measure ¢~ ?{, is exponentially well approximated by 1~ ?{, ;5.
This we formulate here as a result of its own interest.

PROPOSITION 2.3 (Exponential Approximation). Fixb = (b1, ...,bp) € (0, 00)?
and a measurable and bounded function f : B — R. Then, for any ¢ > 0, there is
C(e) > 0 such that

(2.5) EO (€ — Losp, £)F] < (k)PC(e)F, 1€ (0,00), k €N,

and limg o C(g) = 0.
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Note that this result implicitly shows that £; is indeed approximated by £ ; in
the Lk—topology for any k, as we announced in Section The proof of Proposi-
tion[2.3]is given in Section 3] Now we finish the proof of our main result.

PROOF OF THEOREM Recall that we have an LDP for the e-depending tu-
ple in Lemma We now use Proposition to see that this tuple is an ex-
ponentially good approximation of the tuple in Theorem Recall that d is a
metric on M (B) that induces the weak topology. We also denote by d a metric on
M(B) x Mi(B)? that induces the product topology of this topology. Then we
have to show that the probability that the d-distance of the two tuples in Lemma
and Theorem being larger than any § > 0 has an exponential rate as t — 0o
that tends to —oo as ¢ | 0. Since the topology on M (B) is induced by test inte-
grals against continuous bounded functions, it is enough to show that, for any such
test functions f, fl, oo fpi B—=R,

]

lim lim sup — log P(tb)({ K Lip —Lesb), f> >
el0 r—>o00 Hz—l
() ()
Ol o)) =

This indeed follows from Prop0s1t10n 3l together with a version of this for
p = 1, which is indeed much simpler and also follows from [1, lemma 3.1], for
example. Indeed, we have from Proposition [2.3] that

1 1
(2.6) llirgllmsup;logIP’(tb)(Km(ﬁtb —Letb), f>' > 8) = —00,

t1oo

which follows from the Markov inequality applied to the function x — x* with

k = [t] as follows:
1
([t )| )
P ]_[f=1bi( th 8,tb) f >

< 57 PR CREED (0, — Lo sp, £)F]

< §7*ki=PkCk(knPC(e)k < C (o),

for any 7 > 0, where C, C(¢), and C (¢) depend on b, B, d, f, and § (but not
on ) and satisfy limg o C(e) = 0 = limg o C (¢), and C(¢) is the constant from
Proposition Since k = [t] and lim, ¢ C(e) =0, (2.6) follows.

Hence, according to [ theorem 4.2.16], the LDP of Theorem @ is true with
the rate function on the left-hand side of (2.3). But Proposition [2.2] identifies this
as I given in (1.9).

Note that by (2.3) and [5 theorem 4.2.16], I is a lower-semicontinuous func-
tional. Hence its level sets are closed in M(B) x M1 (B)?. Since the infimum in
(L.7) extends only over functions in HO1 (B) (i.e., with zero boundary conditions),
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I can also be seen as a lower-semicontinuous functional on M(B) x M;(B)?,
which is weakly compact by Prohorov’s theorem. Hence the levels sets of I are
also compact. That is, the proof of Theorem [I.1]is finished. O

3 Proof of Proposition 2.3: Exponential Approximation

We turn to the proof of Proposition[2.3] We will do this only for 5 = 1 and write
E® instead of E¢", etc. Fix a measurable bounded function f on B. Then our
task is to prove that, for any ¢ > 0,

G ED[{L, f) = (Les, SOFI < KPC)*, 1 €(0,00), k €N,

and limg o C(¢) = 0.

Note that we have now the absolute value signs outside the expectation, in con-
trast to (2.5). This is sufficient for proving (2.5), since, for k even, we can drop
the absolute value signs anyway, and for k odd, we use Jensen’s inequality to go
from the power k to k + 1 and use that ((k + 1)!?)K/*+1) < 1P Ck for some
C € (0,00)and all k € N,

Our proof of is bulky and also technical; we divide it into several steps. In
Section we present a formula for the moments of integrals against £; — £, ; in
terms of k-step transition densities, some of which are convolved. In Section
we present a heuristic proof for the regime k < ¢, which is meant to be a guiding
philosophy that leads the actual proof strategy, though we do not use this section
later. The second main tool of our proof, a standard expansion of the transition
density in terms of eigenfunctions and eigenvalues of —%A, is employed in Sec-
tion [3.3] The latent ¢ presence also manifests here as some of the eigenfunctions
are convolved (and the rest remain e-free). Furthermore, we also estimate away
some contributions (popping up from some singularities) to the main term. These
are relatively easy to handle. The main term is attacked in Section [3.4] where we
use an intricate counting technique that finally makes it possible to trace back our
way using the binomial theorem and to extract the k™ power of some term that is
small if ¢ is small.

3.1 Moment Formula

We begin with a moment formula for the left-hand side of (3.I]), which is an
adaptation of Le Gall’s formula for the moments of £(U) for compact subsets U of
B 20, 21} 22].

Let us write IP’,?} and ng)y for the Brownian bridge subprobability measure

p
®Px(z)(',l < ;W e dy®)/dy®
=1
(where x = (x, ..., x@®), y = (yD ..., y(P) € BP) and the corresponding
expectation. In other words, under P)Efg,, we consider p independent Brownian
bridges in B with time interval [0, ] from x® to y® for [ = 1,..., p. Later we
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integrate over x,y € B? with respect to v(dx)dy, where v is the joint starting
distribution of the p motions and hence P® = [, v(dx) [, dy ]P’)Et)y

Furthermore, we denote by pr)(x, y) = Py (W5 € dy; t > 5)/dy the density
of the distribution of a single Brownian motion at time s before the exit time t
from B when started at x € B. By & we denote the set of permutations of
I,....k.

LEMMA 3.1 (Moment Formula). For any continuous function f : B — R, any

k € N,anyt > 0, and any xog = (x(()l), . ..,x(()p)) and Xgqq1 = (x,iljzl, ... ,x,(cljr)l
€ BP,
ED o [0 = (files)¥]
k k k
= (m) [ TTronan)
£ k
X 1_[ |: Z / drg...dri 1D ;i <t}
(32) i=1 UeGk[O,t]k
k
[T @elyj —zj)dzp)
Bk—m J=m+1
k+1 ) _
<1262,
j=1
where we abbreviate i1 =t — Z?:l riand, for j = 1,...,k,
. L . 1y <
(3.3) xj = a0 =17 ?c“_l({) =1
Zo-1(j) Yo (j)>m.

PROOF. We use the binomial theorem to split the k™ moment as follows:

G4 ED . I(fl) = (fle)F] =

k
>0 0 () B LA L™ ot
m=0
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Now we handle the mixed moments above. We formulate the proof in a some-
what loose way, a mathematically correct way is described in [20]]. For any m €

(0,... kL,

3.35) B o [l (fle) ] =

k m k
[ TT00ED e [ @) @ testr]
Jj=1

pr =1 j=m+1

where we recall that £; does not have a density, but £, ; is a smooth function. By
definition of £, ; and independence of paths, the expectation on the right-hand side
of (3.5) can be written as

p k
1‘[{ f dsg -+ dsy / [T @(vi —2)

i=1l% ph—m J=m+1

Wsj edy; ifj<m
x X \ | Wy, €dz; ifj>m.) |
where we remark that the integral over Bk—™ refers to dzZm+1---dzr. Now we
time-order the k-dimensional cube [0, 7]¥ and write the last expression as

p k
MY [ o [ T wo-w

(3.6) THHoCkossisossist gk—m J=m+1

PO Wiy €dyj ifj <m

x5 X \ | Wey(, €dz; ifj >m
The time-ordering allows us to invoke the Markov property at the consecutive
times §s; < --- < St and to split the path into k& pieces. Each of the pieces is

a Brownian motion before leaving B. Therefore the joint probability distribution
above also splits into the corresponding k-step transition probability densities:

P(t) ) Wgcr(j) € dy] lf.] S m
x6 % \ | Wy, €dz; if j >m

—p® (% Ws; € dyo-1(j ifo™(j) < m)

x x| Wi, € dzg-1()) ifo~1(j)>m

3.7

—p® @ . _
=P (()i)’xl((ill(WSj dejl ,J] = 1,...,k)

= ( [1 P§,-B—)s,-_1(x;’_)p X}l)))dyl o dym dzmt1 - - dzg.
j=1
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Substituting r; = s; —s;—1 and putting all the material together proves the lemma.
0

3.2 A Heuristic Proof for k <« ¢

In order to give some guidance to the reader, let us briefly describe heuristically
in which way we will succeed to estimate the bulky expression on the right of (3.2))
in terms of (k!)?C(g)F with a small C(¢). We do this only for the regime k < 1,
which we actually do not consider in Proposition but this is only meant as
a demonstration of the philosophy of our proof. Apart from the formulation of
Lemma [3.2]below, the material of this section will not be used later in the proof of
Proposition

The problem is to extract an extinction coming from a difference of two close
(for small ¢) terms with a power of order k by use of the binomial theorem. Since
this works only if certain powers of these close terms appear, one has to expand the
probability terms on the right of (3.2)) into sums of powers.

Our second main ingredient is a standard eigenvalue expansion with respect to
the spectrum of the Laplace operator in B with zero boundary condition, which
follows from the well-known spectral theorem for compact, self-adjoint operators
[2l theorem 4.13]:

LEMMA 3.2 (Eigenvalue Expansion). There exist eigenvalues 0 < A1 < Ay <

- and an L?*(B)-orthonormal basis of corresponding eigenfunctions Vi, V2, . ..
in B of —%A with zero boundary condition in B; that is, —%Alﬂn = Ap Yy for any
n € N. Furthermore,

(3.8) PP (x.y) = ey ()Y (y), s >0,

n=1
and the convergence is absolute and uniformin x,y € B.

In the regime k < ¢, we use that r; is large for any j and use the approximation

(3.9) pB(x,y) = e (Y1) Y1 (y) +0(1), - oo,

That is, instead of plugging in the full eigenvalue expansion (3.8), we just pick the
leading term of the expansion (3.9) in the last line of (3.2). This gives, for any

i=1,...,p,
k+1 ) )
3100 [] P, xP)
j=1

k+1

~ [T v () () =

Jj=1



LDP FOR BROWNIAN INTERSECTION MEASURES 19

= e My (x§)y xigJ)ﬂ H ¥ (x))

k
= e My (x)yi(x)) (HWI 7 )( [1 wlz(zj))'

Jj=m+1

Note that the last term does not depend on 0 € & or any ry,...,7r, € [0,¢].
Also note that |G| = k' and fo Ak drg - drﬂ{Zf_l re <t} = t5/k\. Substi-
tuting the last term of (3.10) in (3.2)), we can integrate out the convolution integrals
OVer Zm41,---,2k and afterwards the integrals over y1, ..., yx and see that

E®) o [ ) = (e )]
k
i i k
#w 6L) e ()
1 m=0

« [ avi--an (]Ef<y;>)(ngfp<yz)( [T (esd) "00)

j=m+1

~ e TIPA tkp(

:'u

p
=k ([Tvn (s (x2,))

1

k
N (,ﬁ) 022Y S (e 2P

m=0

14
= e h92 ([T () () ) (A 037) = (o))

Il
-

according to the binomial theorem. Since ¢ is an approximation of the Dirac delta
measure at 0, it is clear that { f, 1//12p) —{fi ((pg*wlz)l’) tends to 0 as ¢ | 0. Hence
we have derived an upper bound as claimed in (2.3).

The above heuristic is the guiding philosophy of our proof. However, when
we expand the transition densities pSB) (x, y) into a full eigenvalue expansion, we
encounter two singularities: (1) the time parameters r; getting small and (2) the
indices n; attached to the corresponding eigenfunction v, getting large. These
two singularities hinder us from integrating f[o q dr; along with the infinite sum

Z en- Hence we expand only those transition densities pr )(x y) for which
I > 8. For this part, large n; indices can easily be summed out, thanks to the
factors exp{—Ay,r;j}. The rest of the transition densities (for which r; < §) stay
over and are ﬁnally integrated out in terms of the Green’s function. We spell out
the details.
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3.3 Eigenvalue Expansion

Recall that we have to show (3.1). We start from (3.2)). For brevity, we set forth
the following notation. We abbreviate, with a slight abuse of notation,

/dyl_[f=B/dy1---B/dykj]i[1f(yj),

k
/dr = / drg - drl‘l{zl ri <t} (rk+1 =I—Zri),
[0.1]¢ i=1
k
/dZ(ps :/dzm—i—l"'/dzk 1_[ Pe(yj — 2))-
B B j=m+1

Our next main step is to expand the transition density terms pr )(x, 1,X;) in
a standard Fourier series with respect to all the eigenvalues and eigenfunctions of
—%A in B with zero boundary condition; see Lemma However, this series
then has good convergence properties only if the time parameter r; is bounded
away from 0. Therefore we introduce a new small parameter § € (0, 00) and
distinguish, for each integration variable r;, if r; < § or r; > §. Introducing
another small parameter n € (0, 00), we isolate the contribution from those multi-
indices (r1, ..., r¢) such that fewer than nk of the indices i satisfy r; < §. In other
words, we write

[o= > /drl_[1r<51_[1r,>5
< Dc{1,...k+1} = jeD
and see from (3.2)) that
(312)  ED (A l) = (filea)¥] = (Drac(n.8.8) + (I 1)1 (0. 8. €).

where
(Dek(n,8,8)

Sy (w)follr X

(3.13) m=0 Vi=1,..., ‘:;DD;C,,{]{I ..... k+1}
k+1
Xl_[|: Z /dl‘ 1_[ 1r <§ 1_[ 1rj>8/dZ§0 HPB)(XJ 1 Xj ]

= 0EG) < jED; JEDS

and (/1) x(n, 8, €) is defined accordingly, that is, with the sum on the D; replaced
by the sumon Dy,..., D, C {l,...,k + 1} satisfying #D; > nk for at least one
i €{1,..., p}. This last term has a small exponential rate for fixed n if § is small,
since there are at least nk integrations r; € [0, ].
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LEMMA 3.3 (Riddance of Small §). For every n,8 > 0, there is C(n,8) > 0 such
that, for any € € (0, 1],

(3.14) ((IT); 5 (n,8,6)| < k'PC(n,8), 1€ (0,00), k €N,

where C(n,8) | Oasé | 0.

PROOF. Note that the only i-dependence of the factors in the last line of (3.13))
(@) Q)
k+1°

(—=1)" and estimate (5, k) < 2k and estimate against the supremum over all x,

sits in the starting and ending points, x,, * and x We neglect the changing signs

@)

B and all x](cj_l foreachi = 1,..., p. Hence, the sumon Dy,..., D), satlsfylng
#D; > nk for at least one i is equal to p times the sum on those Dy,..., D)
satisfying #D1 > nk. Estimating also | f| < C and dropping the indicator on

{Zj-‘zl rj <t} and carrying out the integration on r;, we obtain

k+1
(D] < peCY s Z[dyl dykl‘[[ ) /%HG(x, )]

xo,xk+1€3k i=2“0;€6,
X Z E /(ps 1_[ Gs(xj—1,x;)) 1_[ G(xj-1,x;),
D:#D>nk 01€6 jeDq jED(]:

where G is the Green’s function in B and Gg(v,w) = fo ds pg B)(v w) is the
truncated Green’s function. Over dz,+1 - - - dzx we now carry out the convolution
integrals, which turns some of the (truncated) Green’s functions into convolved
(truncated) Green’s functions, each of which can be estimated against G™® and

Gé*‘?), respectively, where

(3.15) G (x,y) = max{G(x, y), (G(x,") » ¢s) ()},

and an analogous notation for G replaced by Gyg.

Now we interchange the integration over y1,..., y; and the sum on oy, such
that, after some elementary substitutions involving all the permutations, this sum
on o1 is turned into k! times the term with o1 equal to the identical permutation.
This gives

k+1

(D) = K1 pRCY su Z/dyl dykl‘[[ > T16%201.x))]

xoxk+1€Bk i=2 ;€6 j=1

x Z 1—[ G,g*a)(yj—l,yj l_[ G (yj_1.)).

D :#D1>nk jeD; JjeDj
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Note that, for any § > 0,

limsup sup  sup G(g*s) (v,w) =0 and
810  £€(0,1] v,weB:
[v—w|>8

(3.16)
limsup sup sup / G*9(x,y)? dy = 0.
§10 ¢€(0,1]x€B _
|x—y|=<é
In order to employ these two facts, we separate the product overi = 2, ..., p from

the last line with the help of Holder’s inequality and distinguish in the latter term
those integrals over dy; ---dyy that satisfy #{j € D1 : |y;j—1 — y;| < 5} > 7k
and the remainder, where § > 0and 7 > 0 are new small auxiliary parameters.
The first contribution gives at least 7k integrals over Gé*g) (yj-1,y;)P dy; with
lyvi-1 —yil < 5 (and therefore a small number), and in the second, we have
at least Nk indices j with |y,—1 — y;| > 8, which makes it possible to esti-
mate G(g*s) (yj—1,y,) against a small number. Hence the contribution from the
last line is bounded by k! C (s, n)¥ for some suitable C(5.1) € (0,00) satisfying
limg o C (6, 7) = 0. The other terms (that is, those that stem from the product over
i =2,...,p) can be bounded against (k!)?~1C¥ for some constant C that does
not depend on k. Summarizing, we obtain the estimate in (3.14)) with some suitable

C(8, n). The details are pretty standard, and we refer the reader to the proof of 18]
lemma 3.3]. U

Now we go on with the term (/) defined in (3.13) and use the eigenvalue ex-
pansion of Lemma for all times that are > §. Foranyi = 1,..., p and each
J € D¢, i.e., for any time duration r; > §, we expand pﬁf)(xj_l , Xj) into a eigen-
value series as in Lemma introducing a sum on ') = (nj(.i)) jeDs € NDi,
Because r; > § and the appearance of the factor exp{—r; An}n}, the sum on nﬁi)
converges exponentially fast.

The eigenfunctions ¥, o) will later be used for an application of the binomial
J

theorem, but this will turn out to be helpful only if all indices nj(.i) appearing are
taken from some bounded set. Therefore we truncate this infinite sum at a large
cutoff level R € N. We write R = {1, ..., R} and split each sum on n'? into the

J
two sums on nj(.l) € R and nj(.l) € RE. This gives, for every i, sums of the form

N(r+x)-x = % .

JeD? n}”eR n;.i)eRC EiCDf/\/(l')eREiN(i)e(Rc)D?\Ei
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with the understanding that N@ € REi and N e (R¢)Pi\Ei may be concate-
nated to some map N : D¢ — N.

We now introduce another small parameter y € (0, oo) and distinguish the con-
tribution coming from those multisums with sets E; satisfying #(DY \ E;) < yk
for all i and the remainder. This implies the decomposition

(I)t,k(nv 8’ ‘9) = (Ia)t,k(n’ Y, 89 g, R) + (Ib)t,k(r” Y, 89 g, R)’
where (Ia) = (Ia); x(n, .8, ¢, R) is defined as

RN SEEND YD >

Vi:D;C{l,...k+1} Vi:E;CD} Vi N@eRE
#D;<nk #(DS\E;)<yk

cx yar(d)

(3.17) ViN() e(Re)Pf\Ei m=0

p

x/dyl_[fl—[[ > /dr Hr(N(l)|D§;Di)/dz(ps IT 7% 6o
i=1-0€eS; < jeDi
x H l/fn(.")(xj—l)l/fn(j)(xj)}
Jj€D§ / J
where
318)  HWO:p) = ([] 1) [T (rmsexp {-rid,o}).
J

jeD; jGD;-:
(Ib) is defined accordingly; i.e., for at least one i € {1, ..., p}, the set E; sat-
isfies #(Dj \ E;) > yk. That s, for at least one i, the sum on nj(.l) runs over the re-
mainder set R€ for at least yk different j’s and gives therefore, for large R, a small

factor with power at least yk. Let us first show that therefore (1b); x (1, y,6, &, R)
is a small error term if R is large for fixed y:

LEMMA 3.4 (Riddance of Large N). For every n,y,6 € (0,1) and R € N, there
is C(b)(n, y,8, R) > 0 such that, for any ¢ € (0, 1),

(3.19)  (Ub)ix(n.1.8.6,R) <kPCP(n, 7,8, R)*, 1€ (0,00), k €N,
and C® (n,y,8,6,R) | 0as R 1 oo.

PROOF. We use a generic constant C that does not depend on the parameters
involved, but possibly only on f, B, and d. In (3.17) (with the necessary changes

for (Ib)), we estimate Zﬁzo(—l)m(,’fl) < 2% and || flleo < C and [_dr <
f[o,oo)k dry ---drg and

Hr(N(i);Di) = ( l_[ 17,8 exp{—rjkn(i)}) 1_[ exp{—rjA1}.
JED{\E; T ek
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Next, in (/) we estimate all the terms against their absolute value and then apply
the uniform eigenfunction estimate [[17]]

(3.20) [Wnlloo < CAY=D/A e N,

to the eigenfunction product [ jeps U, (xj—1)¥, @ (x;) to see that (recall the
ion; J

notation in (3.13))
P
(1b) < Ck > > / 1_[ [ I1 G(*g)(xj—hxj))

Vi:D;c{1,..k+1} Vi:E; CD? i=1 0eSy jeD;
#D;<nk 3j#(DS\E; )>yk

X( 1> Aftzz;n/z)( / ar TJ e—rjxl)

i LG J i .
JEE; n;’)ER [0, )Ei JEE;

(T [T )

jGDC\El n(')ERL
< ckcs(R)"kC(R)PF

> x [faoll( S 6 wm)
Vi:D; Vi:E;CD? i=1‘0eSy jeD;
#D; <nk 3j:#(DS\E; )>yk

where Cs(R) = Y, cre [5 dr e_r)‘”/\gd_l)/z andC(R) =) ,er )tg,d_l)/z, and
we have estimated fooo dre ™ < C for some C > 1. We assumed that R is so
large that Cg(R) < 1 and C(R) > 1. Use that

sup sup /dy G*)(x,y)? <C
se(O,l]xeBB

(see the second statement in (3.16)) to see that the sum on 0 € Sy is not larger
than (k!)?C kK The two sums on the sets D; and E; have no more than C k terms.

By the well-known Weyl’s lemma, A, tends to oo like n2/4. Hence Cs(R)
decays stretched-exponentially fast to 0 as R 1 oo (the rate depends on § only), and
Cr tends to oo only polynomially; hence we may estimate CK Cs(R)Y*C(R)P* <
C(b)(n, Y, 6, R)k with some constant satisfying C(b)(n, v,6,6,R) | 0as R 1 oo.
This finishes the proof. U

3.4 Estimating the Main Term

After the preparations in Lemma [3.3] and [3.4] we now estimate the main term
(Ia) defined in (3.17), which is the heart of the proof. The proof of (3.I)), and
therefore the proof of Proposition [2.3] is finished by the two lemmas, together
with the following proposition; see (3.12) and recall the decomposition (/) =
({a) + (ID).
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PROPOSITION 3.5 (Main Estimate). Foreveryn,y,6,e € (0, 1) withn+y < 1/2p
and for every R € N, there is a constant C @ (1, y,8, e, R) > 0 such that

(3.22) |(Ia); x (1.7, 8,6 R)| < (k)?C@ (5, 7,8,6, R)*, 1€ (0,00), k €N,
and C@(n,y,8,¢,R) | Oase | 0.

PROOF.

Step 1. Rewriting of Eigenfunction Terms. First we unravel the last term in-
volving the eigenfunctions appearing in the right-hand side of (3.17). Observe that
zZj = z](~l) and x; = x](.l) in the i ™ factor both depend on i, and we write o; instead

of 0. Recall from Lemma [3.1] that

(3.23) XU=9 0
So1())
Therefore, the last term in the second line of (3.17)) reads as follows:
l_[ (Wn(.i)(xj(l_)l)lﬂn(_i)(x](.l)))
j GDZC J J

=( 11 w,,g;(j)(yj))( [1 an?(j)+l(yf))

l

if o7 1(j) > m.

je€o; 1 (DY) jeo 1 (DE-1)

j<m j<m
<(TT v @M TT v @)
jeo; 1(D5) jeo\(DS-1)

j>m j>m

We now carry out the ¢.-convolution integration over all zj(.l) and the integration

over all those y; that satisfy the following: (1) they exclusively appear in the above
product twice for every i € {l,..., p} (but not in the product over the pﬁf) -
terms with j € D; for any i); i.e., 0;(j) and 0;(j) + 1 both lie in D, and
(2) the indices ngi)(j)and ”((ri,-)(j) 41> respectively, at the corresponding ¢ lies in R
foreveryi = 1,..., p; i.e., both indices 0;(j) and 0;(j) + 1 lie in E;. Since
E; C D¢, these are precisely those j that satisty j € S(o), where we set, for each

02(01,...,0p)66p,

p
S(o) = (oi "(Fi) where F; = E; N (E; —1).
i=1
Certainly, we have to obey that, for j < m, the integration is over y; and for

j > m it is the convolution with ¢,. To express this, we write, for every subset
S c{l,....k},

S<c=8Sn{l,....m} and Ss=SN{m+1,... k}.
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Each j € S(o) appears only in the product over ¥y or . * ¥ ), whereas for
j e S) ={1,...,k}\ S(0), the eigenfunction products stay over and remain

unconvolved. We write N' = (N, ..., N®) and \; = (nj(-l),...,nﬁp)) and
introduce, for j € S(0),

p
(3.24) aN;, Njt1) = <f, 1_[ ani)l/fn;ii),
i=1
p
(3.25) as N N1 = (£ [T eex (W v, )
i=1

Substituting this into (3.17)), we conclude

- ¥ ¥ ¥

Vi:D;C{1,..k+1} Vi:E;CD§{ vi:NOeREi
#D;<nk #(DS\E;)<yk

k
k
_ m
X > > (1) (m)
Vi:N(i)e(Rc)D?\Ei m=0

x > [ I1 a(No(j)vNo(jm)]

0=(01,....0p)EGL JE€SO)<

x[ I1 as(Na(j)’NU(j)+l)]

Jj€S(0)>

(3.26)

x G¢(m,D,E,o,N),

where we wrote ,/\/'a(j) = (”((rii)(j))i=1 ’’’’’ p» D = (D1,...,Dp), and E = (Ey,
..., Ep), and the remainder term is given as

(327)  Gi(m.D.E.o,N)

- [ a ] ro»

BSre  JES(0)°

p
I [/drH,(/\/(");D,-)
i=1L-2
[ T @l T o)
jEW;:j>m jeD

X ( I1 lﬂng’i)(j)(yj)) x

jeai {(D{\F;):j<m
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8 ( l_[ w”g,-)(./)ﬂ (v )>

j€o; M (DS—1\F;):j<m

X ( 1_[ Vo (Zj(j))>

jeai_l(Df\Fi):j>m

O | R A G|

jeo (DS=D\Fy):j>m

where we recall that F; = E; N (E; — 1). Note that G; depends on N @) only via
its restriction to D and on o; only via its restriction to

(3.28) WP =07 '((Df\ Fi) U ((Df = 1)\ F;) U D; U(D; = 1)) = a; ' (Ff),

where ¢ denotes the complement in {1,..., k}.

Step 2. Splitting and Permutation Symmetry. We write m = m1 + m and k —
m = ms3 + my, where m; = #S(0)< and m3 = #S(0)~. With an=0(—1)m(,’1‘1)
in front, the second line of (3.26) reads

mo> k
2 D (m1 + mz)

mi =mz,m3,m4€No
Yi—1mi=k

2 2.

#S<=m #S>=m3
X Z 1{S§=S(0)5}[ 1_[ (—a(Na(j)’Na(j)Jrl))]
oee? S>=S(0)>| jeS<

X[ l—[ ae(No(j)aNU(j)+1):|

jeS>
x G¢(my +ma2,D,E,0,N).

We claim that the term in the last two lines above is constant on the sets S<
and S and depends only on the cardinalities m; of S< and m3 of S-. More pre-

cisely, for m = my 4+ m, and any permutation T € &, such that t({1,...,m}) =
{1,...,m}, we claim (puttingoc ot = (01 07,...,0p 0 T))
(1)

T 1(S(0)<) = S(cot)< and 7 1(S(0)s) = S(0 0 1)>,
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2)
1_[ a(No () No(j)+1) l_[ agNg (). No()+1) =

jeS(o)< jeS(o)>

[l aWwonin Noonin+1) ]  aeWNiwon(j) Mooy (i)+1):
Jj€S(ooT)< Jj€S(ooT)>
3)
Gi(my+my,D,E,0,N)=G;(my +my,D,E,001,N).

Proofs of these facts are rather easy and involve straightforward computations. In-
deed, (i) is seen as follows:

p
1 (S(0)<) = r_l( N Sl-(a,-)) n{l,....m)

i=1

p
= ()= o (F))n{L.....m}

i=1

p
= ﬂ(a,- or) MF)N{l,....m}=S(co1)<.

i=1

This proves (i) and similarly one can prove (ii). For the third part, we substitute
¥ = Yz(;) and can perform a similar computation.

Therefore, the sums on S< and S> may be replaced by the number of summands,
which is ("1} 2) x (k_”,'nl;mZ ) and the definite choices

SE={l,....m1} and SI={my+my+1,....m+my+ms}

Multiplied with the factor (,,,, _ka , ), the number gives T maTial
Recall that G; depends on any permutation o; only via its restriction to W =
o 1(F?); see (3:28). Therefore, we split each permutation 0; € & into two

bijections 0; : W; — F; and 7; : W° — Ff and write

2= 2 2 2.

geef Vi:W;C{l,....k} Viio;:Wi—>F;  Vitg:W—Ff
#W; =#F;

where the two latter sums go over bijections o; and 7;. Furthermore, from (3.24) we
see that the a- and a,-terms depend on @ via its restriction to Fi = E;N(E;—1).
With this in mind, we decompose the sum on N as

2 = 2

ViNDeRE  ViNDeRFi Vi:NDeREI\Fi
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Putting all the material together, we conclude

w- Y Y ¥

Vi:D;C{l,..k} Vi:E;CD{ Vi:W;C{l,....k}
#D;<nk  #(D{\E;)<yk #Wi=#F;

|
> e
ml!mz!m3!m4!
m1,mz,m3,m4€Ng
Yo mi=k

<) 2 2

3.29) Vi) e(Re)PI\ED Vit N D eRENFi Vit Wi—Ff
x Y Gim+my.D.E 1T.N)
Vi:N©OeRFi
x 3 [ TT CaWoiy Nogran)]

Viio;:W;—F; jeS%

X[ I1 as(Na(j)»NO(j)-i-l)]-

JjEesZ

Step 3. Counting Permutations and Multi-indices. Our next goal is to simplify
the terms starting from the sum on V'@ € RF7 on the right-hand side of (3.29) and
to show that these terms contain the k™ power of a small number if ¢ is small, which
lays the basis of an upper bound as in (3.22)) with a small number to the power k.
For doing this, we will count the number of N, ... N ®) and of 01, ... ., o) that
give precisely the same contribution and to apply the binomial theorem (incorpo-
rating the sum on m; and m3) for a large power of terms of the form a.(l) — a(l),
which is uniformly small if ¢ is small. This is the point after which we are finally
allowed to use more stable estimates like the triangle inequality for absolute signs.

The starting point is that many of the multi-indices N@ € RFi and of the
permutations o1, ...,0p,1 = 1,..., p, give precisely the same contribution. Our
task here is to identify what classes of such A" and o do this and to evaluate their
cardinality.

First we note that the two products in the third line do not depend on each value
of (N, /\/}H) for j € S*, but only on their occupation numbers, i.e., on the num-
ber A(l) of occurrences of a given vector / € (R?)? in the vector (Nj, Nj+1) jes*.
Hence A4 : (R?)? — Ny is a map satisfying Zle(R2)p A(l) = m1 + m3, and we
will be summing on all such maps.

Furthermore, recall the definition of G; from (3.27). Note that G; depends on
NO | F, only via the appearance of these indices in the products

1_[ 1r,- =8 exp{—rjknq)}
JEF; !
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embedded in the H, terms (recall (3.18)). Due to this product structure, for some
suitable function G; (which we do not make explicit here), we may write

Gi(m1 +my, D,E, 7, N) = G¢(mz + ma, D, E, 7, A, (N(i)|Dl?\F,-)i=1,...,p)

if A is the occupation times vector of (N, Nj1) jes* Also we have used that
ma + my4 can be constructed from m = m; + m, and A.

However, in order to describe the last line on the right-hand side of (3.29), we
also have to sum on all occupation numbers r (/) of the vectors (N, Nj41) in the
first product and the occupation numbers (which are necessarily A(/) — r(/)) in
the second product. This leads to a further sum on all maps r : (R?)? — Np
satisfying Zle(Rz)p r(l) = myand 0 < r(l) < A(l) forany [ € (R?*)?. We
denote by My, m, the set of all pairs (A4, r) of such maps and by M, 4, the set
of all maps A as above. Our strategy is to write the right-hand side of (3.29) as a
sumon A € My, +m, andasumon (A,r) € My ,,, express both the products over
the a-terms as functions of A and r, and finally to count all the tuples (N Q) ‘ o 0i),
i = 1,...,p, such that (A4, r) is the pair of occupation number vectors of the
vectors (Ng(j), No(jy+1) for j € S*. By the last we mean that A(/) is equal to
the number of j € S* such that I = (Ng(j), No(j)+1)-

In view of this discussion, the terms starting from the sum on A\ @ ¢ RFi on
the right-hand side of (3.29) read as

Z Gt(M2+M4,D,E,T,A,N)
(Aar)eMml,m3

< ] l=a@) Pa)y*O7Owmw(a,r),
le(R2)P

(3.30)

where the set W is given by
WA, 1) = {NOlg. 0ot s VI € (RDP,
(3.31) r(l) =#{j € SZ: WNs(j), No(y+1) =1}
AQ) = r (1) = #{j € % Wa(- Nopen) = 13-

where the domains of the N |, and the o; are as in (3:29).

Now we evaluate this counting term. We will decompose this in the two steps
of counting first the multi-indices and afterwards the permutation. For every i =
1,..., p, we define the i marginal of A € My, +m5 by

(3.32) A (1D = > AID, 1Py, 1O e R2
19 j2;€(R2)P—1

I The definition of G ¢ 1s canonical: G ¢ as a function of A is equal to G as a function of some

.....
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Now we consider the multi-indices N that produce the occupation times vectors
Aj:
P(A) = P(Aq,...,Ap)

(3.33) = {(N(i)lFi)i=1,...,p Vi=1,...,p, VI e R?,
#{j e S*: (A/;-(i),A/;-(QI) = l(i)} = Ai(l(i))}.

Given N € ®(A), we denote

(334) W(A,rN) =

p
{@im1p € QBW. F) : W.o1......0p) € W(A. ).

i=1
where we denote by B(W, F) the set of bijections W — F. Then it is clear that
#U(A, 1) = 3 jew) #Y(A, 1, N). The cardinality of W(A, r, V) is given in the
next lemma.
LEMMA 3.6 (Cardinality of W(A, r, N)). For any my,m3 € Ng and any (A, r) €
M, .ms and any N € ®(A),

[T [ erz Ai (D)! A(l)
— oy Uat AL | |
(3.35)  #U(A.rN) = milms! [Tier2yr AD)! le(R2)P (r(l)) '

PROOF. We count the number of p independent bijections o; : W; — F; for
i =1,..., p with the prescribed properties. Since #(\/_, W) = #("/_, F;) =
#S*, clearly this task boils down to counting all permutations o; of $* = SXUSZ.
From now on, therefore, we shall be counting permutations o; of S*. -

For p = 1, we want to find out the number of permutations o of the numbers in
S* such that any / € R? appears r(/) times as a pair (ng(j).Ng(j)+1) for j € SZ
and A(l) —r(l) times as a pair (14 ;). g(j)+1) for j € SZ. We will now describe
a two-step procedure that constructs all such o. For each [ € R?, choose r(/) out
of A(l) indices j € S* such that (n;,n;j41) = [. Let D be the set of those j.

Then D has precisely m elements and there are [ [;cx2 ( 1;1((11)) ) choices. Now any

permutation o that maps {1, ...,m} onto D has the above property. Obviously,
for a given D, there are m!m3! such o’s. This shows that there are at least as

many as mq!m3! [ [;cx2 ( ‘;1((11))) such ¢’s. In other words,

(3.36) #U(A, 1 N) = ] (f((ll)))mllm3!.

leR?

To show the upper bound <, we pickac € Wand put D = {o(1),...,0(mq)}.
Then, by definition of W, D contains, for any [, precisely r (/) out of A(!) indices
J satistying (nj,n;j4+1) = [. This means that the above construction also produces
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the chosen o. This shows that equality holds in (3.36). Hence we have proved

(3.35) for p = 1.

For p = 2, we can go ahead similarly. For this, let us denote the left-hand
side of (3:33)) by #W, (A, r, ). Without loss of generality, we may assume that
N € ®(A). First we argue that

(3.37) {o1 € 6(S*) 1302 € B(S¥) : (01.02) € Vo (A, r,N)} =
WA, . ND)

where Wy (A1, r1, ND) is defined in (3:31) for p = 1 and 4 and r are replaced

by their first marginals A and rq, respectively. Indeed, let 01, 02 € &(S™) be such
@) @) .

01 (1) "oi ()+1)i=1.2

if (j)-‘rl)i_l 2f0rj =mi +m2+1v-'-vml+

my + m3, respectlvely Recall that for any i € {I,..., p}, we have the i"" row

that r(-) and A(-) — r(-) are the occupation times vectors of (n

forj =1,...,mp and of(no Gy

vector (n ) jes*, which we denoted by N (@), By projecting onto the first row,

we see that r1 and Ay — r1 are the occupation numbers of (ng1 Gy ((Tll)(j) +1) for
(D (D)

j=1...,m and(nal(j),ngl(j)+1)forj =mi+ma+1,...,my +my+ms.
This shows that o € Wy (A1, 1, NOD).

Let us show that also D holds in (3.37). Pick o7 € ¥;(4y, ri, N). Since
N € ®(A), for each [D e R2, there are precisely A»(I‘?)) indices j such

that (n (2) 1(2_21) [®). Therefore, there is an order (i.e., a permutation o, of
the second row) such that, for any /(") and any r(I(V,1®), the set {j € SZ:
(n(l) n ) = IM} contains precisely as many as r (1, 1®) indices j

e () e ()+1

satisfying (”022)(] ) n((yzz)(j) L) =1 @) for any I® € R? and the set

; (5D (1 _
{jest: (nal(j)’ncl(j)—i—l) =1V}
contains precisely as many as A(I(D,[@) — (1 @) indices j satisfying

2 (2) T
(n(Tz(J)’ oz(j)+1) =1

for any [ € N2. Therefore, (01,02) € W2(A, r, N'). This proves (3.37).
Hence we have

(3.38)  #WUy(A,r,N) = > #{05 : (01,02) € Ua(A,r, N)}.

(T]E\III (A],VI,N(I))

Fix o1 € W1(A4y,r1, N (1)). We now give a two-step construction of all o, sat-
isfying (01,02) € Wa(A,r,N). For each IV (D e R2, we decompose the set

. 1 1 . e . . .
{j € SZ: (n(l)(J), (1)(j)+1) = [M} into disjoint sets Dy j of cardinality
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r(IM,1®) and the set {j € S* : (n((jll)(j),ngll)(j)ﬂ) = MY into sets 51(1>,l(2) of

cardinality A/, @) — r(1M @), For doing this, we have
(M)A =) D)
[Ti@erz(r M, 1)) (A =)D, 1))
choices. Having fixed these sets, we see that every permutation o, satisfying
02({]- c S* - (n(-2) n(2) ) _ 1(1)}) _

VERAS
U (D j» U 51(1)’1(2)) Vi@ ¢ R?
1MeR2

I(DeR2

has the property that each pair (/ (M), 1)y appears precisely (11, 1?)) times in the

vector (nc(ri,-)(j)’ng,:)(j)+1)i=1’2 for j = 1,...,m and precisely (4 — r)(IV,[®)
times in the vector (ng.)(j), ng.)(j)+1)i=1,2 forj =my+my+1,...,my+my+

m3. Thatis, (01,02) € Wa(A4,r,N). Obviously, there are [, 42(I®)! such
permutations o,. Different choices of D and D produce different choices of per-
mutations o1, 0. A little reflection shows that every o, satisfying (01,02) € ¥,
can be constructed in this way by putting

_f: (@) @)
D12y = {/ S (n(r,-(j)’na,'(j)-i-l)i:l,z}
and
= _f: (@) @)
Daw ey = {j € 82 (g, Mgy 41)i=1.2)-
Therefore, we have

#Wy(A, 1, N) =#‘111(A1,r1,/\/(1)) l_[ A2(1(2))!

1@ eR2

r (DA = r) (D)
heoere rAD.1@) (4 - r) (1D, [@)]

[T A1) T 42(0@)!
nlm,l(z) r(d W 1@Y(A - )W, (@)
[T7=1 [Troere 4:0D)! I1 (A(l))

[Tier2y2 AD)! rd) )

This proves (3.35) for p = 2. We leave the proof for p > 2 to the reader, as it is
similar and can be carried out in a recursive manner. O

X

IMeR2
(3.39)

= ml!m3!

= ml!m3!
1e(R2)2

We recall that W(A,7) = 3 rreqp(a) Y(4,7,N) and use (3.35) to plug in the
expression for #¥(A4, r, N') in (3.30). We now insert this new form of (3.30) in
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(3.29). Replacing m on the right-hand side of (3.29) by ) ; r(/), the only condi-
tion on r in the set UZS(_)”B My, .m5 that is left is that (/) € {0,..., A(l)} for

any /. Therefore, we infer from (3.30) and that

w- Y Y ¥

Vi:D;C{l,..,k} Vi:E;CD{ Vi:W;c{l,...k}
#D;<nk  #(DS\E;)<yk #Wi=#F;

k!
m
x Z (_1) ZmZ!WL4!

mo+my<k

<) 2 2

Vi:N D e(Re)PINEL Vi:ND eRENET Vitt : WE—F

x Y Gimy+msD ETAN)

AEMk—mz—m4

71 Thoer> Ai (19)!

(3.40)

A
o [l1er2)r A()!
A()
L[ ()]
l1e(R2)? =r(1)=0 r(l)

By the binomial theorem, the last term in the brackets is equal to (a(l) —ag(1))4®.

Step 4. Finishing: Some Estimates. In this step we shall prove (3.22) and finish
the proof of Proposition From now on, we will use that |a (/) — ag([)] is, for
fixed R, small uniformly in/ € R2P if ¢ > 0 is small, and we are allowed to use
the triangle inequality to estimate all the other terms appearing in in absolute
value. We will use C to denote a generic positive constant that depends possibly
only on f, B, and d and may change its value from appearance to appearance.

The main task now is to estimate the second line of as follows: We claim
that there is some Cg € (0, co) such that, for any k,m,, m4 € N satisfying m, +
my4 < k and for any A € My_,,,_p,, and for any ¢ € (0, 00),

2 2

Vi:N O e(Re)PINE VitN D eREiNEi
(3.41)

p
> 1Gima+ma D E T AN < Cf [T#(E)
Viitg:Wi—Ff i=1

We defer the proof of (3.41) to the end of this step.
Next, it is a standard fact from combinatorics [13, I1.2] that, for 4 € My_,;1, .

S A.qD
2 1w er 417!
i=1 [oere Ai (1O)!

(3.42) #O(A) < kP
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where A; is the marginal of A; on the first component, i.e.,

Ai(h) = Z Ai(l1,1p) foreveryli € R.
LeER

We estimate the sum over W; against (#I}i ) and the sum over D; and E; against
Ck. Combining everything, we conclude

(la) <k?Ckck Y KTk Yape
- 8 malmy! & % #F; v

mo+my<k i

5 T Ty A (57!
X
(3.43) AEMk—my—my HIG(RZ)" A(Z)'

k!
pckokpp
Sk ¢ vak' Z mZ!I’Il4!(k—M2—Wl4)!

[T la®)—as)*®

le(R%)P

mo+my<k

y Z (k —my —my)! l—[ la(l) — as (1)[AD,

!
AGMk—mz—M4 l_[lE(Rz)p A(Z) lE(’RZ)”

where we estimated #F;! > (k — ny — my4)!, which is true for any i since $* C
o; 1(Fy), and [T7_, [[oer A; (ll(l))! < (k — my — my)!, which is true since the
1
numbers A; (ll(l)) sumup to k —my — mgy.
From the multinomial theorem we see that the last sum is equal to C Sk R,
where Ce g = Zlemz)p la(l) — ag(l)|. Take & so small that C; g < 1; then we

can estimate Cfl_emz_m“ < Cfg_zp("ﬂ)), since

D p
k_mz—m4:#S*:#ﬂI/Vi :#ﬂ(Eiﬂ(Ei—l))
i=1 i=1

>k(1=2p(n+vy)),

since #D; > k(1 —n) and #(D? \ E;) < yk (and also #(Dj \ (E; — 1)) < yk) and
therefore #(E; N (E; — 1)) > k(1 —2(n + y)).

The sum over m + m4 < k on the right-hand side of (3.43) is equal to 3¥,
which we absorb in the C¥. Hence we derive the estimate

(Ia) < (k!)Pkl’CkCgCC;fg—Zp(ner))‘

Since lim, o Cg, g = O and n+y < 1/2p, this estimate proves (3.22) and therefore
finishes the proof of Proposition [3.5]
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Now we owe the reader only the proof of (3.41)). In (3.18)), we estimate

HND:Di) < [] (1r,>3 CXP{——/\ (r)})

jeDs

ri+1
X 1_[ (1rj+1>86Xp{—J; A i) })

J€(D§-1)

e
< l_[exp{—rj)tl} l_[ (1,j>3exp{—3])tnq>})

JEF; jEDf\Fi

-
x 1_[ (1rj+1>8 exp{— J;A AL })

JE(DE=D\F;

Furthermore, we drop the indicator on {Zkir 11 rj < t} such that all integrations

on r; can be executed freely (over [8, 00) for j ¢ F; and over [0, 00) for j € Fj)
as an upper bound. In (3.27), we estimate the absolute value of G; by using the tri-
angle inequality and the unlform eigenfunction estimate from (3.20). Furthermore,
we also summarize and estimate the sums over A/ (i)l DA\E; and NVC )| E;\F; as a

sum over NU)|D§\F,~ e ND\Fi forj = 1,..., p. Hence, we obtain, also using
the notation of (3.16),

P
LHS of (341) < C* / dy l_[ 1_[|:( Z 1_[G(*S)(yri_l(j—l)’yri_l(j)))

peswe  JEETI=1E NG WEFf jeD;

(1, Z [T )

JEDA\F; ¥ e

X ([ dr 1_[ e_rf'/ll)]
0,00 ep

P p
i (I1em) [ o T]T] 60510
i=1

peore  i=1j€D;

where C5 = Y,y J5 - dre™"*n AW@=D/2 1 and we absorbed the #F;-fold
power of fooo dre™™1 =1/ in the term C*, and we used Jensen’s inequality to
the sum over 71, ..., 7, to get hold of the term ]_[{) —1(#F?)!. The integrals over the

yj are now bounded by C k  thanks to the classical fact SUPyep J; pdy GP(x,y) <
C for p < d/(d — 2). Altering the value of Cg suitably, we finish the proof of

g
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4 From Large Time to Large Mass: Proof of Theorem [I.3]

In this section we prove Theorem|[1.3] To do this, we carry over our LDP for £,;
as the time ¢ diverges (Theorem to an LDP for £ = {(¢, .. r,) with random
time horizon [0, 71) x --- x [0, 7,) as the mass £(U) diverges. Recall that U is
a compact subset of B whose boundary is a Lebesgue null set. We want large
deviations for the probability measures £/£(U) conditional on P(- | £(U) > a),
as a 1 oo with rate function J defined in (I.10). The basic idea is to replace £
with £,5 where 1 = a'/? and to optimize over b = (b1, ..., bp). In other words,
we cut each i™ Brownian path at some time ¢b; smaller than 7; for some b; > 0
and control the cutoff part. Theorem gives the large-deviation rate for £, as
t — oo. Optimizing over b1, .. ., b, gives us the desired asymptotics. Lemmas
and .2 below give the lower and upper bounds, respectively, in the LDP.

We pick a metric d on M(B) that induces the weak topology. Recall that
My (B) is the subspace of positive measures on B whose restriction to U is a
probability measure.

LEMMA 4.1 (Lower Bound). For every open set G C My (B), we have
1 14 .
4.1 hnTnnf 77 log P (@(U) €eG,LU) > a) > —erelg J(w).

PROOF. Set7 = a!/? and fix b = (b1,...,bp) € (0,00)?. For any 61,82 > 0,
we have

P
{UU) > a} D {a < eU) < a(l +8)} N ()ithi <1 <1(b; +52)}
i=1
Dia <{lp(U) <a(l+681) — Urprsn)(U) —Lp(U))}
V4
N (ithi < < t(bi + 5}
i=1

On the set on the right-hand side, we want to replace £/£(U) by iy = —E b

The difference is estimated as
-1 1 a
= |t
L(U) tP L(U)

K Klb
- Ceproyy —Len | 1 81
i — Yh T o -
P P 1+ 8,

LU) a
Pick some open set G C M(B) such that G = G N M(B). Fix ¢ > 0. Denote
by G, = {u e G : d(u, GC) > ¢} the inner e-neighborhood of G. Hence, for any
M > 0, on the event {d(ﬂ,ﬁtb, 0) < M} N A, where

4.2)

Libas,1) — Lib € )
43) A= {d(%» 0) <3 Lip+s,1)(U) —Lip(U) < 6131 .
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we have, for sufficiently small §;, 8, > 0, that the event {£/£(U) € G} contains
the event {tlpﬁt » € G¢}. Thus we have the following lower bound:

P(E(l;U) € G, L) >a)

> IP(Z—pe,,, € Ge, a < Lp(U) <a(1+ 50, d(;5¢,5,0) < M, 4,
“4.4) Vi:tb,‘<1’i<l‘(b,'+52))
(1l e, G 1< Lo,y <14+ af Le,0) <M
= Z—ptbE & <Z_P wU) < +?, PrALE <M,
Vi :thi < ri} FWy)... ’Wt(bi)))’

where we used the Markov property at times b1, ..., tb, and introduced

1 )
F(x) = Px(d(t—p f,321,0) < g, €t321(U) <t? ?1 Vit < l‘bi(gz);

we recall that P, denotes expectation with respect to the p motions starting in
the sites x1, ..., xp, respectively. It is easy to see, by choosing some appropriate
joint strategy of the p motions, that liminf; %log infyepr F(x) > 0. To the
remaining term on the right-hand side of (@.4), we can apply the lower bound in
the LDP for (¢? ]_[lp —q b;)~ ', from Corollary [1.2/and obtain

lim inf ! log]P’(E(f]) e G LU) > a)

a—oo gl/p

RS .
= —int {3 bIVUIB < i € HYB). Il = 1V

i=1

14
[Teiv?) €6 1<[H<b v <142,

i=1 i=1

p
a( [Terwp0) <,

i=1

where we conceive the function ]_[l_1 (b; wl.z) as a measure on B.
Now let M — oo to see that the last condition is immaterial, let §; | 0, sub-
stitute ¢,~2 =b; wl.z, and take the supremum over b1, ..., b, on the right-hand side
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(i.e., drop the condition ||¢; ||% = b;) to see that

lim inf ! log]P’(E(ij) €G,LU) > a)

a—oo gl/p

z—inf{ Zuwnz ¢i € Hy(B) Vi, 1‘[¢l € G,

i=1 i=1

= —inf J,
G.

where J is the extension of J defined in (1.10) from My (B) to M(B) with
J(n) = oo for u € M(B)\ My (B). Now let ¢ | 0 and use the lower semiconti-
nuity of J to see that (4.1)) holds. This concludes the proof of Lemma 0

Now we handle the upper bound part.

LEMMA 4.2 (Upper Bound). For every closed set F C My (B),

1 14
4.5) hmsupa 77 log P (K(U) e F, LU) > a) < —Mnelg J(w).

atoo

PROOF. For any R € (0,00) and §; € (0, 00), we have the following upper
bound estimate:

]P](K(c;U) e F, L) >a)

(4.6) < ¥ (ﬁ(f]) eF, a(l+(j —1)81) <€) <a(l +151))

jeNN[O,R/8;]
+PUU) > aR).
The exponential rate of the second probability is known from [18]] (see (1.4)):
.7 P((U) > aR) = exp(—a'/PRVP(©p(U) + o(1))),
where ®p(U) € (0, 00) is the variational formula appearing in (I.5)).
With this in mind, let us now focus on one of the summands of the first term

on the right-hand side of (@.6). By monotonicity in j, it is sufficient to consider
the event for j = 1, as this gives the dominant term. Then, for any R € N and
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8> € (0, 00),
£
P(m €F,a</{U)=<a(l +81))
< Z P(%EF,a<E(U)§a(1+51),

b1,....b,€8:NN[0,R]
4.8)
Vi:alPh; <1 < al/p(b,' + 82))

p p
+Y P >a'’PR) + ) PEU) > a. 1 <a'P8y).
i=1 i=1
The first probability on the last line has a strongly negative exponential rate for
large R:

4.9) P(z; > al/pﬁ) = exp(—Eal/p)Ll + o(al/P)), a oo,

A1 € (0,00) being the principal eigenvalue of —%A in B with zero boundary
condition. Furthermore, the last probability on the last line has a strongly negative
exponential rate for small &5, since

lim lim sup logP(l(U) > a,1; < al/p52) = —00,

(4.10) 8200 gpoo al/P

ie{l,...,p}
This is shown as follows: For any K € (0, 00), estimate
PUU) > a,t <a'l?8,)
<PUU)>a, 7 < allPs,, Vji#i:ig < al/pK)
+) Pz > a'/7K).
J#
The last term has a very negative exponential rate for large K (see (4.9))), and for
fixed K we estimate the first term on the right against P({,1/,,(U) > a), where
v is the vector in (0, 00)? with &, in the i"™ component and K in all the other

p — 1 components (we use the notation introduced in (I.1))). Now use the Markov
inequality to estimate, for any m € N,

P(ly1/0,(U) > a) <a ™E[ly1/0,(U)™]
<a"Eo[l,1/p,(RY)™]
< a™Bollg1/p5,1 RO™MYPEG[Ly1/p i (RT)™)P=D/P,

where we used the fact that the total mass of the intersection local time is stochasti-
cally larger if all the p motions start from the origin (see [4, (2.2.24)]) and Holder’s
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inequality in the last step (see [4} (2.2.12)]); recall the notation 1 = (1,...,1) €
{1}?. We have the bound

d(
Eolla1/05,1 (RY)™] = (a1/78,) =" M [ty (RY)"]
< m'd(p 1)(a1/pC3 )2p d(p=1) .,
using Brownian scaling with some Cj, satisfying limg, o Cs, = 0. A similar

bound holds for Eo[{,1/» g1 (R9)™] (see [4, (2.2.22)] and the last display in the
proof of [4, theorem 2.2.9]). Now pick m ~ a'/P and summarize the above facts

to see that (4.10) holds.
Hence we focus on one of the summands of the first sum on the right—hand side
of @.§) for fixed &2, R e (0,00). Sett = a'/? and b = (by,...,bp). We want

to replace £/4(U) by —{sp. The difference is estimated as in (4.2) on the event
{a <£LU) <a(l+ 81)} N ﬂl_l{tb < 1; < t(b; + 82)}; this difference is small
on the event {d(ﬂ,ﬁ,b 0) < M} N A, with A as in (4.3)), for any M and small ;.
Furthermore, note that, on the event ﬂ _qithi <t <t(b; + 82)},

4.11) {a<L(U)<a(l+6)}C

{a — Cip1s,0)(U) = Lp(U) < £4p(U) < a(l + 61)}.

Fix ¢ > 0. Note that F is also closed in M(B). Denote the outer closed &-
neighborhood of F by F; = {u € M(B) : d(u, F) < ¢}. Hence, for any M > 0,
on the event {d(tlpﬁ ,0) < M} N A, we have, for sufficiently small §; > 0, that

the event {{/£(U) € F} is contained in the event {tlpﬁ b € F¢}, and furthermore
we may estimate £;p45,1)(U) — £;5(U) < ad1/2 and use this on the right-hand

side of (.11)). Thus,

(K(f]) €F, a<lU)<a(l+868), Vi:a'Pb; <1 <a'?(b; +82))

8 1
S P([_pztb € Fé" 1— El < l_pgtb(U) < 1 +81,
1
d([—pe,b,O) <M, A, VYi:t > tbl’)
1
+]P’(d(t—p£tb,0) >M, Yiig> tbi) +P(A°)

4.12) 1 s 1
<}P’(Z—p£tb € Fg, 1—51 < Z—pztb(U) <1461, Vit > tb,')

1
]P’(d(t—pﬁtb, O) >M, Vit > lb,‘)
1 e
Pld Z—p(ﬁz(b+521) —4£),0 ) > 3

)
+ P(},,(z,(bw)(zf) L)) > —1)
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Note that the exponential rates of the last three terms are strongly negative for
large M and small 6, appearing in the respective terms. For the first of these this
follows from an application of the LDP for [ﬁﬁtb (with § = ]—[l_1 b;) from
Corollary where we note that large values of d(u,0) imply large values of
1(B). For the two latter terms, this follows from our proof of {@.10) (use the
Markov property at times tby, ..., tbp, respectively).

For the first term on the right-hand side of @#12)), we put 8 = []/_, b; and use
the upper bound for the LDP of ﬂ%ﬁt p from Corollary and the continuity of
the map p — pu(U) (recall that U is a Lebesgue-continuity set) to see that

§1
lim su log P L, € — —4L,, (U ,
a_)oopa g (,B p ‘b ﬂ B ﬂﬂ’ wU) < B
Vit > lbi)

(1 .
< —mf{zzbl-uwin% Wi € HOB). [Willa = 1Vi.

i=1

le Fe /HWZ_HSI}

i=1 i=1

BN .
= —mf{Eanfn%:qsi e mimvi, 197 < Fe

i=1 i=1

1——</1—[¢, §1+81}

i=1

where we substituted (,i)iz = b; E/fiz and dropped the condition |||z = 1. Now

let §¢ | O and note that the right-hand side converges to —infF, J, where J is
the extension of J defined in (I.I0) from My (B) to M(B) with J(n) =

for u € M(B) \ My (B). By lower semicontinuity, this in turn tends to the
right-hand side of (4.5). Collecting all preceding steps, this concludes the proof of
Lemmal4.2] O
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