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Paper dictionary

Our goal is to explain
Keeler-Blaszczyszyn 2014 —about the connection between
the SINR process in wireless networks and the
two-parameter Poisson—Dirichlet process.
For this, we refer to two other papers:
Blaszczyszyn—-Karray—Keeler 2013 —about the infinite
Poisson model for wireless networks, a propagation
invariance result (Lemma 1.), and introducing the SINR
process.
Pitman—Yor 1997 —about the properties of the
two-parameter Poisson—Dirichlet process.

We will use these abbreviations for the three main papers we

quote —see the exact citations in the end.
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Summary

A reasonable way to model wireless networks and to describe
propagation is to assume that the locations of the base stations
form a homogeneous Poisson point process on R2.
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Summary

A reasonable way to model wireless networks and to describe
propagation is to assume that the locations of the base stations
form a homogeneous Poisson point process on R2.
In this content, among certain assumptions to the distributions
of the power values, the propagation (loss) process becomes
another —inhomogeneous— Poisson point process
— Lemma 1. of
In this content, the SINR, STINR processes can be defined.
The paper establishes the relation between the SINR
process of wireless networks and the two-parameter
Poisson—Dirichlet process.
= new properties of the SINR/STINR processes that had not
been known before, applying results from the paper , e.g.
o the ratios of consecutive STINR values have beta
distributions,
o the factorial moment density of the STINR process has
been computed.
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Sketch of the talk

@ The SINR process
o Infinite Poisson model. Lemma 1 of BKK

© The two-parameter Poisson—Dirichlet process
@ Definition from size-biased permutations
e Relation to stable («) subordinators
e STIR process is PD(%, 0)

© Consequences
@ Ratios of consecutive STINR values have beta distributions
o Factorial moment measures
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Infinite Poisson model of BKK for wireless networks

o Geographic locations of the base stations — homogeneous
Poisson point process ® = {X;};eny with intensity A on R?

@ the ’'typical user’ is in the origin (wlog, due to stationarity
of {X;}).
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Infinite Poisson model of BKK for wireless networks

o Geographic locations of the base stations — homogeneous
Poisson point process ® = {X;};eny with intensity A on R?

@ the ’'typical user’ is in the origin (wlog, due to stationarity
of {X;}).

o [(X;) is the distance loss function between X; and the
origin, with I(z) = (K|z|)? for K,3 > 0.

e Adding fading/shadowing to the model, the propagation

S

positive random variables.

loss is defined as Ly, = where {S;},cr2 are i.i.d.

o The power received at the origin from the base station X;
: . . Px,  Px.Sx,
with starting power Py, is px, = .- = CORE
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Infinite Poisson model of BKK for wireless networks

Geographic locations of the base stations — homogeneous
Poisson point process ® = {X;};eny with intensity A on R?
the 'typical user’ is in the origin (wlog, due to stationarity
of {X;}).

[(X;) is the distance loss function between X; and the
origin, with I(z) = (K|z|)? for K,3 > 0.

Adding fading/shadowingé t(; the model, the propagation
(X

loss is defined as Ly, , where {S;},cRr2 are i.i.d.

positive random variables

The power received at the origin from the base station X;
_ Px, _ Px,Sx,

with starting power Py, is px;, Lx = 1(3(_)1.

In : constant power Py, = P > 0 (no power control)

= equivalent model: power included in the associated
shadowing variables: Sx, = Px,Sx;, emitted power
Px, = 1. (Such a model also exists if Py, are i.i.d.).
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Propagation loss process. Lemma 1 of BKK.

Now let © = {V} = {Vi}iew := {Lx bien = {29 Jiew be the
process of propagation losses experienced in thelorigin w.r.t. the
stations of ®, as a point process in RT.

The distribution of © determines all characteristics of the
typical user that can be expressed in the terms of propagation
losses. This motivates Lemma 1. of
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Now let © = {V} = {Vi}iew := {Lx bien = {29 Jiew be the
process of propagation losses experienced in thezorigin w.r.t. the
stations of ®, as a point process in RT.

The distribution of © determines all characteristics of the
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Lemma (Lemma 1.)

Assume infinite Poisson model with distance-loss [(x) = (K|z|)?

2
and generic shadowing variable S satisfying E(S?) < oc.
Then the process of propagation losses © is a non-homogeneous
Poisson point process on R™ with intensity measure

A(0,T]) = E(([0,4])) = at?,

Ino

ATE(S )

where a = =5
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Proof of Lemma 1. (Part I.)

Lemma (Lemma 1.)

Assume infinite Poisson model with distance-loss l(z) = (K|z|)? and

2
generic shadowing variable S satisfying E(S?) < co. Then the process of
propagation losses © is a non-homogeneous Poisson point process on RT

2
with intensity measure A([0,t]) = E(©([0,t])) = atf%, where a = %‘2‘3).

Proof.

The point process © is a transformation of the point process of
base stations ® by the probability transition kernel

p(z,A) =P <l(§) € A) , x € R? A€ BRM).

The Displacement Theorem (see )
implies that the point process © is Poisson in R™ with intensity

measure
P <l(§) € [O,t)) dez.

Ao, = |

R2
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Proof of Lemma 1. (Part II.)

Doing the computations, we get

Ao.) = [

R

nn

P (l(—“) € [O,t)) dz

=A 1
R2 xR+ {Tx<t}

/R 1 @ <t}dl'Ps (ds)

2 xRt {

P,(ds)dx

>

= )\/ 1 1y dzPs(ds)
~ R2 xR+ {mK%}

_ /IR ) %m(ds)

2
= Mli([;gg]t?a’ (1)

which was the claim. OJ
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Consequences of Lemma 1.

Due to Lemma 1., the distribution of the propagation loss
process O is invariant w.r.t. the distribution of the
shadowing/fading random variable S having the same given

2
value of the moment E [SE} .
In particular: the infinite Poisson network with arbitrary

shadowing variable S is perceived at the origin in the same

manner as an equivalent infinite Poisson with constant
s

2
shadowing Sconst = E {Sﬂ ’.
Constant shadowing is equivalent to the model with no
shadowing (only distance loss, S = 1) and the constant K

replaced by K = -
mE{S?]

Application of Lemma 1: the usual models for wireless networks
(e.g. log-normal shadowing, Rayleigh fading) satisfy

E [5%} < 00.
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Definitions of SIR, SINR, STIR, STINR processes

SINR process ¥ on R*: Signal to (interference plus noise) ratio.
STINR process ¥’ on (0, 1]: Signal to (total received power plus
noise) ratio.

\P:{Z}::{WJFZ__lYl) :Ye@},
w/:{z/}:{;:I:Ye@},

where W > 0 is the noise power (constant in our model),

Y, = lg;) are the points of propagation loss process and

I =Y Y~ lis the power received from the whole network.
Yeo
Information on ¥’ < information on ¥, by Z = I_L/Z, and
ARS HLZ (Working with ¥’ is algebraically simpler.)
STIR: STINR without noise, SIR: SINR without noise (W = 0).
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© The two-parameter Poisson—Dirichlet process
@ Definition from size-biased permutations
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Size-biased permutations

In this section, we follow , the fundamental paper on the
two-parameter Poisson—Dirichlet distribution, published in 1997.
General setting: we consider probability distributions (V},) with
the properties:

(Vo) = (Vi,Va,..), i >Va>...>0, ) Vi=1 (2)
n=1
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Size-biased permutations

In this section, we follow , the fundamental paper on the
two-parameter Poisson—Dirichlet distribution, published in 1997.
General setting: we consider probability distributions (V},) with
the properties:

(Vo) = (V1,Va,..), i > Vo> ...>0, ) Vi=1 (2)
n=1

Interpretation: a large population with a large number of
species/types. As the population size tends to oo, so does the
number of species.

In the limiting "infinite idealized population", V,, is the
proportion of the nth most common species.

A size-biased permutation is an enumeration of the proportions
(Vi) in the order of a random sampling of the population.

We describe this more precisely as follows.
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Size-biased permutations

In this section, we follow , the fundamental paper on the
two-parameter Poisson—Dirichlet distribution, published in 1997.
General setting: we consider probability distributions (V},) with
the properties:

(Vo) = (Vi,Va,..), i >Va>...>0, ) Vi=1 (2)

For (V;,) as in (2), V; is called a size-biased pick from (V;,) if
P(Vi = Vou|Vi,Va,...) = Vi, ¥n e N. (3)

Then, we call (V,,) a size-biased permutation of (Vy,) if V1 is a
size-biased pick from (V},), and for each n =1,2,..., 5 =1,2,...
the following is true:

~ ~ o~ Vil
P(Vn-l-l:‘/j“/lv%w' VthVZw--

) J {V1<7,<n Vj #V}

1—2\4
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Invariance with respect to size-biased permutation

Let us consider the so-called stick-breaking model or residual

allocation model (V},) for some sequence of independent
real-valued random variables (Up,):

Vi=Uy, Voi=(1-U)--(1=U, 1)U, (n>2). (4)

Note that (V},) is a distribution.
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Invariance with respect to size-biased permutation

Let us consider the so-called stick-breaking model or residual

allocation model (V},) for some sequence of independent
real-valued random variables (Up,):

Vi=Uy, Voi=(1-U)--(1=U, 1)U, (n>2). (4)

Note that (V;,) is a distribution.

When is the distribution of (V},) invariant w.r.t. size-biased

permutation (ISBP), i.e., when does it hold that (V},) equals its
SBP in distribution?
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Reminder on the Beta distributions

Recall that for a,b > 0 the Beta(a, b) distribution has density
I'(a+b) a— _

F(El)-fi‘_(lz)m Y1 —z)P g ().

Ifa=keN, b= (n+1)—k with £ <n €N, the Beta(a, b)

distribution with density

n! k1

T 1 x

(k — 1), (071)( )
I IT -1 Ollomcnts } I 1 elefnent I } : I
0 T — Az x4+ Az n elements in total 1

is the distribution of the kth smallest element of the order
statistics of an i.i.d. sample of size n from the uniform
distribution on (0, 1).

Le., let Y1,Y2,...,Y, ~U(0,1) be i.i.d. Let X be the kth smallest one of
Yi,...,Y,, then 0 < X1 < ... < X,, < 1. Then X} ~Beta(k,(n+ 1 — k)).
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Definition of the PD(«, #) distribution

Let us consider the so-called stick-breaking model or residual

allocation model (V},) for some sequence of independent
real-valued random variables (Up,):

Vi=Uy, Voi=(1-U)--(1=U, 1)U, (n>2). (5)

Note that (V},) is a distribution.

When is the distribution of (V},) invariant w.r.t. size-biased

permutation (ISBP), i.e., when does it hold that (V},) equals its
SBP in distribution?
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Definition of the PD(«, #) distribution

Let us consider the so-called stick-breaking model or residual

allocation model (V},) for some sequence of independent
real-valued random variables (Up,):

Vi=Uy, Voi=(1-U)--(1=U, 1)U, (n>2). (5)

Note that (V},) is a distribution.
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Definition of the PD(«, 6) distribution

Let us consider the so-called stick-breaking model or residual

allocation model (V},) for some sequence of independent
real-valued random variables (U,,):

‘N/l = Ul, ‘N/n = (1—U1)"~(1—Un,1)Un (n22) (5)

Note that (V;,) is a distribution.

When is the distribution of (V},) invariant w.r.t. size-biased

permutation (ISBP), i.e., when does it hold that (V},) equals its
SBP in distribution?

Proposition (Pitman 1996)

For independent (U,), in the stick-breaking model (5), (V;,) is
ISBP if and only if U,, has Beta(1 — «a, 8 + na) distribution Vn,
where 0 < a <1 and 0 > —a.

In this case, the distribution of (V},) is called two-parameter
Poisson—Dirichlet distribution with parameter (a, ), denoted as
PD(a, 0).
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Definition of the PD(a, #) process

Equivalent definition of the PD(«, @) distribution in

For 0 <a<1,60>—aand (U,) with U, ~Beta(l — a, 0 + na)

independent, consider the (V},) stick-breaking model as in (5),
and let V3 > Vo > ... be the decreasing order statistics of (V},).
Then we call the distribution of (V},) Poisson—Dirichlet

distribution with parameters («, 0), abbreviated as PD(a, 0).
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Definition of the PD(a, #) process

Equivalent definition of the PD(«, @) distribution in

For 0 <a<1,60>—aand (U,) with U, ~Beta(l — a, 0 + na)

independent, consider the (V},) stick-breaking model as in (5),
and let V3 > Vo > ... be the decreasing order statistics of (V},).
Then we call the distribution of (V},) Poisson—Dirichlet

distribution with parameters («, 0), abbreviated as PD(a, 0).

In this case, (Uy,), (Vi) and (V},) have the same joint 3
distribution (as a consequence of the ISBP property), and (V;)
is a size-biased permutation of (V). See
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Definition of the PD(a, #) process

Equivalent definition of the PD(«, @) distribution in

For 0 <a<1,60>—aand (U,) with U, ~Beta(l — a, 0 + na)

independent, consider the (V},) stick-breaking model as in (5),
and let V3 > Vo > ... be the decreasing order statistics of (V},).
Then we call the distribution of (V},) Poisson—Dirichlet

distribution with parameters («, 0), abbreviated as PD(a, 0).

In this case, (Uy,), (Vi) and (V},) have the same joint
distribution (as a consequence of the ISBP property), and (V;)
is a size-biased permutation of (V). See

We associate a point process £ =), dy; to (V5,) on (0, 00), this
is the PD(a, 0) point process. See:

E.g. &([t,00)) = 0 means that V; < t. Thus, (V) equals in
distribution with the point process &.
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© The two-parameter Poisson—Dirichlet process

e Relation to stable («) subordinators
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Subordinators without drift components

Subordinators — description of the relation between the PD
and the STIR process.
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A subordinator (75)s>0 is an almost surely increasing process
with stationary independent increments and cadlag
(right-continuous, left limits) paths. W.l.o.g., 79 = 0.
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Subordinators without drift components

A subordinator (75)s>0 is an almost surely increasing process
with stationary independent increments and cadlag
(right-continuous, left limits) paths. W.l.o.g., 79 = 0.

Assume now: the subordinator has no drift component (i.e., it
has only jumps. The jumps are positive, they may accumulate).
The jumps of the subordinator: (75 — 75_)s>0 form a Poisson
point process on (0,00), let sA(dz) be its intensity measure.
Denote the jumps of the subordinator on (0, s) in decreasing
order by Vi(75) > Va(rs) > ... Clearly, 7, = Y .2, Vi(7s).
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Subordinators without drift components

A subordinator (75)s>0 is an almost surely increasing process
with stationary independent increments and cadlag
(right-continuous, left limits) paths. W.l.o.g., 79 = 0.

Assume now: the subordinator has no drift component (i.e., it
has only jumps. The jumps are positive, they may accumulate).
The jumps of the subordinator: (75 — 75_)s>0 form a Poisson
point process on (0,00), let sA(dz) be its intensity measure.
Denote the jumps of the subordinator on (0, s) in decreasing
order by Vi(75) > Va(rs) > ... Clearly, 7, = Y .2, Vi(7s).

Recall: Laplace functional of a Poisson p.p. ® with intensity A(dx):

Lo(f)=E [e_ J= f(z)dtb(z)} = exp (— /R(l — e_f(x))A(dx))

Thus, the Laplace transform of the subordinator can be given as:
oo

Elexp(—ATs)] = exp —s/exp(—/\x)A(da:)

( )
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[lustration of the subordinator and the Poisson point

process of its jumps

Vi+Va+Vs g *——
4 4
Poisson of jumps
3 1 *-—
Vo + V32 —
11 L =3
Vs
| |
—d] |
0 Vi W Vi s

Locations of jumps — Poisson process of jumps (75 — 75— ).
Sum of these locations up to time s equals 5.
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Stable () subordinators. Relation to the PD process

Let 0 < o < 1. Then we call (75) a stable () subordinator if
A = A,, where A, with A, (x,00) = Cz™ (z > 0), thus
Ao(dz) = Dx=*"1. Then we have that

Elexp(—A7s)] = exp(—sK\Y),
where K = CT(1 — «).

A crucial observation (in PV, referring to several other papers)
is the following.
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Stable (o) subordinators. Relation to the PD process

Let 0 < o < 1. Then we call (75) a stable () subordinator if
A = A,, where A, with A, (x,00) = Cz™ (z > 0), thus
Ao(dz) = Dx=*"1. Then we have that

Elexp(—A7s)] = exp(—sK\Y),
where K = CT(1 — «).

A crucial observation (in PV, referring to several other papers)
is the following.

Proposition (PY, Proposition 6.)

If (15) is a stable («) subordinator for some 0 < a < 1, then
Vs > 0, (Vl(}’), Va(rs) ) has PD(a,0) distribution.

Ts

Also for every fized t > 0, (Vl( ), V2t(t) ye ) has PD(a, 0)

distribution.

This relates the STIR process to the PD process.
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© The two-parameter Poisson—Dirichlet process

e STIR process is PD(%, 0)
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Subordinator representation with a: =5

Now turn back to the STINR process.
By Lemma 1 of , the signals from all the base stations, or,
equivalently, the inverse values Y-_1 of the propagation process

o= <X))}26N

form an inhomogeneous Poisson process with intensity measure

2
2?“t_l_?/ﬁdt. (Here a = %ﬁf’”, as in Lemma 1.)
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5
Subordinator representation with a: =5

Now turn back to the STINR process.
By Lemma 1 of , the signals from all the base stations, or,
equivalently, the inverse values Y-_1 of the propagation process

o= <X))}26N

form an inhomogeneous Poisson process with intensity measure

2
2?“t_l_?/ﬁdt. (Here a = %ﬁf’”, as in Lemma 1.)
(This simply follows by writing Ag-1((,o0]) = Ae([0,t)) and then

differentiating the cumulative distribution function.)
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Subordinator representation with a:=

Now turn back to the STINR process.
By Lemma 1 of , the signals from all the base stations, or,
equivalently, the inverse values Y-_1 of the propagation process

o= <X))}26N

form an inhomogeneous Poisson process with intensity measure

2
%“t_l_Q/ﬁdt. (Here q = 2ES)

77— as in Lemma 1.)

(This simply follows by writing Ag-1((,o0]) = Ae([0,t)) and then
differentiating the cumulative distribution function.)

Hence, if we set s =1, @ = 2 and C = q, then the jumps that
the stable (o) subordinator (75) makes in (0, s) can be identified
with these signal values Y[l. Thus, 7 represents the total
received power [ in our Poisson model, with Laplace transform

Elexp(—Am1)] = E[exp(—AI)] = exp[—al(1 — 2/8)A¥4].
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the stable (o) subordinator (75) makes in (0, s) can be identified
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STIR is PD(%,0).

oeo

(Main observation of KB3.)

Thus, the subordinator representation of the Poisson—Dirichlet
process relates the PD(a, 0) process to our STIR process {Z/}
(STINR without noise, W=0) as follows.

If {Y(;)} denote the increasing order statistics of {Y'}, and {Z&.)}

denote the decreasing order statistics of {Z’}, then we have:
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STIR is PD(2,0).

oeo

/3 )
(Main observation of KB3.)

Thus, the subordinator representation of the Poisson—Dirichlet
process relates the PD(a, 0) process to our STIR process {Z/}
(STINR without noise, W=0) as follows.

If {Y(;)} denote the increasing order statistics of {Y'}, and {Zéi)}

denote the decreasing order statistics of {Z’}, then we have:

Proposition
Assume W = 0.
Then the sequence of elements of the STIR process {Zgi)} equals

Vi} in distribution for o = 2,0 = 0. Le, the STIR process W' is
B
a PD(%, 0) point process.
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STIR is PD(2,0).
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/3 )
(Main observation of KB3.)

Thus, the subordinator representation of the Poisson—Dirichlet
process relates the PD(a, 0) process to our STIR process {Z/}
(STINR without noise, W=0) as follows.

If {Y(;)} denote the increasing order statistics of {Y'}, and {Zéi)}

denote the decreasing order statistics of {Z’}, then we have:

Proposition
Assume W = 0.
Then the sequence of elements of the STIR process {Zgi)} equals

Vi} in distribution for o = 2,0 = 0. Le, the STIR process W' is
B
a PD(%, 0) point process.

118

This is now clear by 71 =1 = > Y(;)l = V(1) and
n=1

n=1

(Zfi)) = (Y(z_)l/ <n2_:1 Y&i)), which has, by PV, PD(%,O) distr.
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[lustration: the randomized access policy

The fact that {f/z}(i {Zéz)}) form a size-biased permutation of
{Vi}, can be also interpreted regarding the STIR process —
randomized access policy.

1. The typical user chooses a base station randomly, picking a
station ¢ with a bias proportional to Y;fl (signal strenght).
Then its STIR, w.r.t. chosen station, has the distribution of
Vi, i.e., Beta(l — %, %) /See soon why this is true!/

2. Second user in the same position chooses according to the
same rule, but excluding the station already chosen by the
first user. Then the joint distribution of the STIR’s
experienced by these two users is equal to the distribution
of the random pair (V1, Va).

. and so on, the model can be extended to arbitrarily many
users.

This and the corresponding evaluation of the STIR values is of
potential interest for managing user hotspots.
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@ Consequences
e Ratios of consecutive STINR values have beta distributions

Plan: prove results for the PD process (proofs obtained from
) — apply the results directly to the S(T)I(N)R process (as
in KB).
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Ratios of consecutive STINR values

. . . VAR
First goal: the ratios of consecutive STINR values —# have beta

)
distributions. For this, we refer to and first prove the following:
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Ratios of consecutive STINR values

. . . VAR
First goal: the ratios of consecutive STINR values —# have beta

)
distributions. For this, we refer to and first prove the following:

Proposition (PY, Proposition 10.)

Suppose (V) has PD(a,0) distribution for some 0 < @ < 1.
(i) The limit L :=lim,, oo nV,* exists both a.s. and in L?, Vp > 1.
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Ratios of consecutive STINR values

. . . VAR
First goal: the ratios of consecutive STINR values —# have beta

)
distributions. For this, we refer to and first prove the following:

Proposition (PY, Proposition 10.)
Suppose (V) has PD(a,0) distribution for some 0 < @ < 1.
(i) The limit L :=lim,, oo nV,* exists both a.s. and in L?, Vp > 1.

1
(ii) For ¥ = (%) . 0, = Vi3, we have that ¥ has the same
stable(«) distribution as T1 ((7s) is a stable () subordinator),
the 6, are the ranked points of a Poisson point process with
intensity measure Ao (z,00) = Cz=% for x > 0, and (V,,) can be
represented as V,, = %, where ¥ =Y, O,
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Ratios of consecutive STINR values

. . . VAR
First goal: the ratios of consecutive STINR values —# have beta

)
distributions. For this, we refer to and first prove the following:

Proposition (PY, Proposition 10.)

Suppose (V) has PD(a,0) distribution for some 0 < @ < 1.
(i)
(i)

(iii)

The limit L := lim,,_,oo nV,* exists both a.s. and in LP, Vp > 1.

1
For ¥ = (%) @ 8, = V,2, we have that ¥ has the same
stable(«) distribution as T1 ((7s) is a stable () subordinator),
the 6, are the ranked points of a Poisson point process with
intensity measure Ao (z,00) = Cz=% for x > 0, and (V,,) can be

represented as V, = %, where ¥ =Y, O,

Let X, := Ao (0p,00) = Co,,* = LV,

Then the X1 < X5 < ... are the points of a homogeneous Poi(1)
point process on (0,00), i.e., X; =1+ ...+ ¢&;, Vi > 1, where
(€;) are independent Exponential(1) random variables, and (V,,)
(Xn) "%

=X

m

can be represented in the terms of (X,) as V,, =
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Proof of Proposition 10. Part I.

Proof.

It is enough to prove the assertions (i)—(iii) for any particular
sequence (V;,) with PD(«, 0) distribution.
Hence
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Proof of Proposition 10. Part I.

Proof.

Let V,, = %171) for a stable («) subordinator. First, let us prove the
assertions (i)—(iii) modified, with the definitions of X, L, ,, replaced
by L:=Cr 3% =71,0, 1= Vy(m1). (6)
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Proof of Proposition 10. Part I.

Proof.

Let V,, = %171) for a stable («) subordinator. First, let us prove the
assertions (i)—(iii) modified, with the definitions of X, L, ,, replaced
by L:=Cr 3% =71,0, 1= Vy(m1). (6)
Then the modified form of (ii):

) £ 71, 0, are the ranked points of a Poisson process with intensity
Ao (z,00) = Cz=® for > 0, and V,, = %", where ¥ =", o,

follows since V,,(71) are the ranked points of an inhomogeneous
Poisson process with intensity A, (dz) on (0, 00).
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Proof of Proposition 10. Part I.

Proof.

Let V,, = %171) for a stable («) subordinator. First, let us prove the
assertions (i)—(iii) modified, with the definitions of X, L, ,, replaced
by L:=Cr 3% =71,0, 1= Vy(m1). (6)
Then the modified form of (ii):

) £ 71, 0, are the ranked points of a Poisson process with intensity
Ao (z,00) = Cz=® for > 0, and V,, = %", where ¥ =", o,

follows since V,,(71) are the ranked points of an inhomogeneous
Poisson process with intensity A, (dz) on (0, 00). The modified form
of (iii):

Xy = Aoy (0p,00) = Co,;* = LV, are ranked points of a homoge-

neous Poisson process, and V,, = ((Xn)’é) / (Z X'n_’L;)

follows by reducing the inhomogeneous Poisson process A, (dy) on
(0,00) to a homogeneous one dz on (0, c0) via a change of variables.
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Proof of Proposition 10. Part I.

Proof.

Let V,, = %171) for a stable («) subordinator. First, let us prove the
assertions (i)—(iii) modified, with the definitions of X, L, ,, replaced
by L:=Cr 3% =71,0, 1= Vy(m1). (6)
Then the modified form of (ii):

) £ 71, 0, are the ranked points of a Poisson process with intensity
Ao (z,00) = Cz=® for > 0, and V,, = %", where ¥ =", o,

follows since V,,(71) are the ranked points of an inhomogeneous
Poisson process with intensity A, (dz) on (0, 00). The modified form
of (iii):

Xy = Aoy (0p,00) = Co,;* = LV, are ranked points of a homoge-

neous Poisson process, and V,, = ((Xn)’é) / (Z X'n_’L;)

follows by reducing the inhomogeneous Poisson process A, (dy) on
(0,00) to a homogeneous one dz on (0, c0) via a change of variables.

Indeed: E[f{Y; < s} = Ef{Y; > s~} = [ Cat=o-ldt=s.

s— 1/«
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Proof of Proposition 10. Part II.

Proof.

Then, since X,, =¢1 + ...+ ¢, with ¢; ~ Exp(1) i.i.d.,

% — 1 a.s. by the strong law of large numbers, we see that
n— o0

a.s. convergence in the modified version of (i) holds:

nV¥ — L, P-as.,

n—oo

(argument from ).




Consequences
00®00000

Proof of Proposition 10. Part II.

Proof.

Then, since X,, =¢1 + ...+ ¢, with ¢; ~ Exp(1) i.i.d.,

% — 1 a.s. by the strong law of large numbers, we see that
n— o0

a.s. convergence in the modified version of (i) holds:

nV¥ — L, P-as.,

n—oo

(argument from ).
Now consider again the random variables defined in (6):

L:=Cr %X =m0, := Vp(m1).

They can be recovered from L via the original form of the

_1
definitions of (ii): ¥ = (&) *, 6, = V2. This implies that
(i)—(iii) hold for any sequence (V;,) with PD(«,0) distribution
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Proof of Proposition 10. Part II.

Proof.

Then, since X,, =¢1 + ...+ ¢, with ¢; ~ Exp(1) i.i.d.,

% — 1 a.s. by the strong law of large numbers, we see that
n— o0

a.s. convergence in the modified version of (i) holds:

nV¥ — L, P-as.,

n—oo

(argument from ).
Now consider again the random variables defined in (6):

L:=Cr %X =m0, := Vp(m1).

They can be recovered from L via the original form of the

_1
definitions of (ii): ¥ = (&) *, 6, = V2. This implies that
(i)—(iii) hold for any sequence (V;,) with PD(«,0) distribution

... except that nV,* — L in LP, which comes after two slides.
n—oo
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Ratios of consecutive values of the PD(«, 0) distribution

Using Prop. 10, it is easy to prove that the ratios of consecutive
values of the PD(«, 0) distribution have beta distributions.
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Ratios of consecutive values of the PD(«, 0) distribution

Using Prop. 10, it is easy to prove that the ratios of consecutive
values of the PD(«, 0) distribution have beta distributions.

Proposition (PY, Proposition 8.)

Suppose that (Vy,) has PD(«,0) distribution for some 0 < a < 1.

Let R, := —V"}“.

Then the Rnnare mutually independent, and R,, has Beta(na, 1)
distribution, i.e. P(R, <7)=7r"* (0<r <1).
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Ratios of consecutive values of the PD(«, 0) distribution

Using Prop. 10, it is easy to prove that the ratios of consecutive
values of the PD(«, 0) distribution have beta distributions.

Proposition (PY, Proposition 8.)

Suppose that (Vy,) has PD(«,0) distribution for some 0 < a < 1.
Let R, := —V"}Zl.
Then the R, are mutually independent, and R, has Beta(na, 1)

distribution, i.e. P(R, <7)=7r"* (0<r <1).
Proof.
With the notation of Proposition 10, we have:

_1
L= lim nVy (P-as. and in LP), 5 = (%) @, 6, =V, . Thus

R = Vn+1 _ 5n+1 _ Xn
" Vn 671 Xn+1

Q=
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Ratios of consecutive values of the PD(«, 0) distribution

Using Prop. 10, it is easy to prove that the ratios of consecutive
values of the PD(«, 0) distribution have beta distributions.

Proposition (PY, Proposition 8.)
Suppose that (Vy,) has PD(«,0) distribution for some 0 < a < 1.

Let R, := —V"}“.

Then the R, “are mutually independent, and R,, has Beta(na, 1)
distribution, i.e. P(R, <7)=7r"* (0<r <1).

Proof.
With the notation of Proposition 10, we have:
1
L = lim nV;® (P-as. and in L), ¥ = (%) ®, 6, = V,,5. Thus
n—o0

1
R = Vn-i—l _ 5n+1 _ Xn &
" Vn 671 Xn+1 ’

Change of variables = the proposition holds because the ratios
of consecutive values X,/ X,+1 of a homogeneous Poi(1) process
on [0, 00) are independent and Beta(n, 1) distributed. O

v
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A useful corollary

Since (V},) can be recovered from (R,,):

1

Vi= ;
! 1+ R+ RiRy+RiReR3+ ...

Vor1 =VIR1 ... R, forn > 1,

the next corollary is immediate from proposition 8 of

Suppose (Ry,) is a sequence of independent random variables
with Ry, ~ Beta (na, 1) for alln > 1 and for some 0 < a < 1.
Then (V,,) defined as above has PD(«, 0) distribution.
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Proof of Proposition 10. Part III. Convergence in LP.

Now we prove the LP-convergence in Proposition 10. (1).
This proof takes part in the talk optionally.

For X1 < X5 < ..., the points of a homogeneous Poisson
process with parameter 1 on [0, 00), we have:

E[f(Xmits Xonsa, )] = %E[X{” (X1, Xs,. )]
for any m € NT and f non-negative and measurable function.
First: this claim holds for any m with f = f(X,,4+1) because
X1 has density £re~%, while X has density e~ (on [0,00)).
Then, using the independence and stationarity of the increments
of the Poisson(1) process, denoting the cumulative distribution
function of the random variable Z by Fz, we have:

FXm+17Xm+2 (z,y) = FXm+11Xm+27Xm+1 (z,y — )
™ ™
= FX o1 (@) FX 0= X0 (Y=2) = Foxy (0) 5 Fxp =3, (y=2) = 3 Fxy x0 (2, y).-

Generalize this proof = the claim ho.lds7 also for f with
infinitely many arguments.
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Proof of Proposition 10. Part III. Convergence in LP.

For X1 < X5 < ..., the points of a homogeneous Poisson
process with parameter 1 on [0, 00), we have:
1

E [f(Xm+1a Xm+2s - - )} = ﬁE [X{n (le Xo, .. )]

for any m € NT and f non-negative and measurable function.
1
Then for P Vit _ St _ < X, )a
" Vn 571 Xn+1
(as in Proposition 8 of 'Y, we have by a change of variables:

E[f(Romst, Bonso, . .)] = %E (X7 F(Ry, Ra, ...,

where X7 = nh_)rrolo n(Ry...Ry)" as.

This is a paraphrase of the a.s. convergence from Proposition
10. (i), which we already know.

We show that this convergence also takes place in LP for all
p > 1 = same for the convergence in Proposition 10. (i).
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Proof of Proposition 10. Part III. Convergence in LP.

E[f(Rm+1, Rmya, - )] = B [X{"f(Ri, Ry, . ..)], where
X1 = l;m n(R1 .o .Rn)a a.S.
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Proof of Proposition 10. Part III. Convergence in LP.
E[f(Rm+1, Rm+t2,...)] = E[XT"f(R1, Ra, . ..)], where
X1 = lim n(R;...R,)* as.
n—oo
By a direct calculation of the density ratio using proposition 8
(R,, are mutually independent Beta(na, 1) random variables),
we get:

E[f(Rmst,- s Rinin)] = <” ;m>E[(R1R2...Rn)m“f(Rl,...,Rn)].
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Proof of Proposition 10. Part III. Convergence in LP.

E[f(Rm+1, Rmya, - )] = B [X{"f(Ri, Ry, . ..)], where
X1 = l;m n(R1 .o .Rn)a a.S.

E [f(Rm—‘,-h e Rm—f—n)] = <n j‘;lm) E(RlRQ oo ]—%nynaf(]%l7 e ,Rn).

Thus, B [XT|Ry,. .., Ra] = 8EYR, . Ry)™e.

n!
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Proof of Proposition 10. Part III. Convergence in LP.

E[f(Rm+1, Rmya, - )] = B [X{"f(Ri, Ry, . ..)], where
X1 = l;m n(R1 .o .Rn)a a.S.

E [f(Rm—‘,-h e Rm—f—n)] = <n j‘;lm) E(RlRQ oo ]—%nynaf(]%l7 e ,Rn).

Thus, E[X*|Ry, ..., Ry = @EMU(R, . R, )me.

As a corollary of Prop. 8., the random vector (Ry,...,R,) is
independent of the random sequence (X1, Xpt2,...), Vn > 1.
Then, Xl/(Rl e Rn)a = Anp+1-

Xn+1 ~Gamma(n + 1) and it is independent of o(Ry, ..., Ry).
(This holds by Proposition 10. (iii) X,+1 is the (n + 1)th smallest point of

a homogeneous Poisson(1) process. )

Thus, with m = 1: E[X|0(Ry,..., R,)] = (n+ 1) X, 41.
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Proof of Proposition 10. Part III. Convergence in LP.

E[f(Rm+1, Rmya, - )] = B [X{"f(Ri, Ry, . ..)], where
X1 = l;m n(R1 .o .Rn)a a.S.

E [f(Rm—‘,-h e Rm—f—n)] = <n j‘;lm) E(RlRQ oo ]—%nynaf(]%l7 e ,Rn).

Thus, E[X*|Ry, ..., Ry = @EMU(R, . R, )me.

As a corollary of Prop. 8., the random vector (Ry,...,R,) is
independent of the random sequence (X1, Xpt2,...), Vn > 1.
Then, Xl/(Rl e Rn)a = Anp+1-

Xn+1 ~Gamma(n + 1) and it is independent of o(Ry, ..., Ry).
(This holds by Proposition 10. (iii) X,+1 is the (n + 1)th smallest point of
a homogeneous Poisson(1) process. )

Thus, with m = 1: E[ X |o(Ri,...,Ry)] = (n+ 1) X,41.

is an LP-bounded martingale for all p > 1.
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Proof of Proposition 10. Part III. Convergence in LP.

E[f(Rm+1, Rms2,...)] = SE[XTf(R1, Ra, .. .)], where
Xl = ILm n(Rl ‘e Rn)a a.s.

E [f(Rm+l7 ey Rm—i—n)] = (n _;m) E(R1R2 e Rn)maf(Rl, Ce ,Rn).

Thus, E [X]"|Ry, ..., Ry = “EMY R, . R,)™e,

As a corollary of Prop. 8., the random vector (Ry,...,Ry) is
independent of the random sequence (X, 41, Xp42,...), Vn > 1.
Then, Xl/(R1 e Rn)a = An+41-

X1 ~Gamma(n + 1) and it is independent of o(Ry, ..., Ry,).
(This holds by Proposition 10. (iii) Xn+1 is the (n + 1)th smallest point of
a homogeneous Poisson(1) process. )

Thus, with m = 1: E[X |o(Ry,...,R,)] = (n+ 1) X,41.

Hence (nX,,)n=12,.. is an LP-bounded martingale for all p > 1.
By Doob’s martingale convergence theorem,

nli_{r;on(Rl o Ry)*=Xyin LP, Vp > 1.

Proof of the LP convergence in Prop.10.(i) is analogous.
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Ratios of consecutive elements from the STINR process 1.

Now, we apply the previous propositions of for the PD(«, 0)
process — with o = % — to the STIR process.

Recall: Y(;) are the increasing order statistics of the propagation
process {Y'}, ZEi) are the decreasing order statistics of the

Z!. Y.
/ > 1 Zurny _ Yo
STINR process {Z'}. For any n > 1, 7 Yorn holds.
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Ratios of consecutive elements from the STINR process 1.

Now, we apply the previous propositions of for the PD(«, 0)
process — with o = % — to the STIR process.

Recall: Y(;) are the increasing order statistics of the propagation
process {Y'}, Z’ . are the decreasing order statistics of the

/ <z+1> - Yo
STINR process {Z }. For any n > 1, 7= Yoo holds.

Proposition (KB, Proposition 5.)

For the STINR process W' (W > 0), the random variables

(z+1) _ Y(z‘) 21 o : :
= Zy = Yarn have, respectively, Beta(ﬁ,l) distributions,

furthermore R; are mutually independent.
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Ratios of consecutive elements from the STINR process 1.

Now, we apply the previous propositions of for the PD(«, 0)
process — with o = % — to the STIR process.

Recall: Y(;) are the increasing order statistics of the propagation
process {Y'}, Z’ . are the decreasing order statistics of the

STINR process {Z’} For any n > 1, <7+1) _ Yo

—+——— holds.
( ) }/(z'+l)

Proposition (KB, Proposition 5.)
For the STINR process W' (W > 0), the random variables

Y,
R — <z+1> _ Yo

v ( ) }/(i+1)
furthermore R; are mutually independent.

have, respectively, Beta(%’,l) distributions,

Proof

Proposition 8. of implies the claim in the case W = 0 (the
STIR process is PD(%, 0)). Since R; is a ratio of Y(;) values, this
result is invariant under the noise term W. [

| A

v
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Ratios of consecutive elements from the STINR process 2.

Proposition (KB, Proposition 9.)
For the STINR process U (W >0), we have
r 7(2 Z’ ) 1 andW—i—I—(a)_Tﬂ, where the limit

L:= hm Z(Z(Z-))% both exists almost surely and in LP, ¥p > 1.

1—00
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Ratios of consecutive elements from the STINR process 2.

Proposition (KB, Proposition 9.)
For the STINR process U (W >0), we have

W= (Z Z’ ) —land W+1= (a)%ﬂ, where the limit

L:= hm Z(Z(Z-))% both exists almost surely and in LP, ¥p > 1.

1—00

Here the first claim is trivial. Proposition 10 (part (i)) of
yields the latter claim for STIR process, and noise

invariance in the previous proposition implies that the claim is

also true for the STINR process.

Application: received power and noise values can be recovered

from SINR measurements!
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Factorial moment measures

© Consequences

o Factorial moment measures
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Factorial moment measures

For any point process £ = {U;} taking values in R, the nth
factorial measure (a.k.a. nth correlation measure) of &, is a
o-finite measure u, such that for any non-negative measurable

functions f on R, if this measure exists (see ):

E| Y X, X)) | = [ fln.zn)pn(da .. day,).
i1,eerin R™
distinct

For the STINR process {Z'}, n > 1, we define equivalently the
nth factorial moment measure
MOty = MM ((#),1] x ... x (,,1]) as follows:

M®@, .. ) =E Z H1{23>t;}

(z1,...zp)ee )y j=1
distinct

The equivalent measure for the SINR process ¥ = {Z} is
defined analogously, but on (¢1,00] X ... X (t,, oc].
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The factorial moment measure of the STINR process I.

The factorial measure moments of both the SINR and the
STINR processes require two integrals. For n > 1,2, 2; > 0 we
define the following two integrals:

0 1 —u2—uBar(1—2y—8/2
2nfu2nleu uP xT'( B)

du
_ o G N
14 i z; 1:[1 z( +1)— 1(1 _ UZ)%
jn,ﬁ(fﬂl,nwxn):JT:l / = dvy...dv,-1,
(0,1]n—1 H (mi +m:)

i=1
where m =v1...Un—-1, N2 = (1 — Ul)vg .. Un—1,

3= (1—v2)V3...Vn1, .oy Mn =1—vp_1.
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The factorial moment measure of the STINR process I.

The factorial measure moments of both the SINR and the
STINR processes require two integrals. For n > 1,2, 2; > 0 we
define the following two integrals:

2)75/2

om TuQn‘le‘“z‘“B"m_F du 2 2
Tpp(z) = —2 , with C'(8) = T(14+2)I(1-2),
5(@) e (8) = P+ (1-2)
n n—1 ;
1+ > H ( - 1(1—1&)%
Tnpg(@1,...,¢n) = = / =1 — dvi ...dvp—1,
n
[0,1]7—1 l:[ (xz + 77z
where m =v1...Un—-1, N2 = (1 — Ul)vg .. Un—1,
3= (1—v2)V3...Vn1, .oy Mn =1—vp_1.
Closed forms of the integrals Z, g(x) and J,, g(z1,...,xy) are in

general not known, but for n < 20 the integrals are numerically

tractable.
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The factorial moment measure of the STINR process II.

Proposition

For t; € [0,1], the factorial moment measure of order n > 1 of
the STINR process V' can be written as

AT 8 A A
M’<")(t’1,...,t;)_( s )In,g(Wa2)3n,ﬁ(t1,...,tn)lAn(t’l,...,t;).

s

=1

Here Ap = {(z1,...,2n) €R"| 21,...,2y >0, i x; =1} is

A A /
the closed unit simplez in R™ and t; = ti(t|, ... t) = ——.
>4
=
Moreover, for t; € (0,00) the SINR process ¥ has the factorial
moment measure M (ty,... t,) = Mt ... t"), where
=t f =

1+t )

: /
1-¢
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The factorial moment measure of the STINR process II.

Proposition

For t; € [0,1], the factorial moment measure of order n > 1 of
the STINR process V' can be written as

AT 8 A A
M’<")(t’1,...,t;)_( s )In,g(Wa2)3n,ﬁ(t1,...,tn)lAn(t’l,...,t;).

s

=1

Here Ap = {(z1,...,2n) €R"| 21,...,2y >0, i x; =1} is

AA
the closed unit simplez in R™ and t; = ti(t|, ... t) = ——.
Z t)
Moreover, for t; € (0,00) the SINR process ¥ has the factorml
moment measure M) (ty, ... t,) = M'™(t),... 1), where
, t
tlzl-‘,—t’ti:lft;'

Proof: using coordinate changes and the memoryless property of the
exponential distribution, see
Observe factorization of the noise contribution!
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The factorial moment measure of the STINR process II.

Proposition

For t; € [0,1], the factorial moment measure of order n > 1 of
the STINR process V' can be written as

AT 8 A A
M’<")(t’1,...,t;)_( s )In,g(Wa2)3n,ﬁ(t1,...,tn)lAn(t’l,...,t;).

s

=1

Here Ap = {(z1,...,2n) €R"| 21,...,2y >0, i x; =1} is

AA
the closed unit simplez in R™ and t; = ti(t|, ... t) = ——.
Z t)
Moreover, for t; € (0,00) the SINR process ¥ has the factorml
moment measure M) (ty, ... t,) = M'™(t),... 1), where
, t
tlzl-‘,—t’ti:lft;'

Proof: using coordinate changes and the memoryless property of the
exponential distribution, see
Observe factorization of the noise contribution!
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Factorial moment measures of the STINR process II1.

277.71

It is easy to prove that for n > 1, 7, 3(0) = FEL )
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Factorial moment measures of the STINR process II1.

277.71

It is easy to prove that for n > 1, 7, 3(0) = FEL )

Consequently, if M(l)(") and Mén) are resp. the factorial moment

measures of the STIR and SIR processes, i.e., M'"™ and M)
with W = 0, then

) g, by = TesWa Dy,

(n) . (
O () Z.5(0)
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Factorial moment measures of the STINR process II1.

It is easy to prove that for n > 1, 7, 3(0) = %
Consequently, if M(l)(") and Mén) are resp. the factorial moment

measures of the STIR and SIR processes, i.e., M'"™ and M)
with W = 0, then

( a P2y, n,:Inﬂ( a PPy

Problem: how to differentiate this measure? What is the

factorial moment density (a.k.a. correlation function) of the
STIR process?
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The factorial moment measure of the PD process I.

Reverted setting of the PD distribution (see PY):

For 0 < o < 1and @ > —a, if V} is a size-biased pick (largest
element of the size-biased permutation) from (V},), where (V},)
has PD(a, 6) distribution, then V; ~ Beta(l — a, 6 + ).

As a consequence of the ISBP property, it becomes easy to
calculate the factorial moment measures of the PD process!
For the first moment measure Mpp(dt) we have:
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The factorial moment measure of the PD process I.

Reverted setting of the PD distribution (see PY):

For 0 < o < 1and @ > —a, if V} is a size-biased pick (largest
element of the size-biased permutation) from (V},), where (V},)
has PD(a, 6) distribution, then V; ~ Beta(l — a, 6 + ).

As a consequence of the ISBP property, it becomes easy to
calculate the factorial moment measures of the PD process!
For the first moment measure Mpp(dt) we have:

1 ) o ‘
[ s =& [Z ] =[S 200
=1 i=1 i
S e Y| e [ £0A)
ISBP £ [; ?P (VI = Vz) =E ‘711

T +1) N
T D0+ a)(1—a) /0 J) —pm—du. (7)

Le., Mpp(dt) = %F~i (dt), where V; ~ Beta(1 — o, 6 4 ).
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The factorial moment measure of the PD process II.

By induction, we can compute the density of the factorial
moment measures of the PD(a, 0) processes. If a = %, 0=0:

Proposition

The nth factorial moment density (a.k.a. the nth correlation
function) of the PD(%,O) process W' (W > 0) is given by

. LML)

(n) (¢ 1Y — (_

2n _
Bl

n ,_(%_’_1) n

/

=co20 ([ 1-> 4
i=1 j=1

for (t,...,t,) € A, and zero elsewhere.

Using the beta distributions of the independent {U),} for the
stick-breaking model, see



Consequences
0000008000

Factorial moment density of the STINR process

Using that the STIR process is PD(%, 0) and the noise

factorization in the factorial moment measures of the STINR
process, we get:

Proposition (KB, Proposition 10.)

The nth factorial moment density of the STINR process ¥’
(W >0) is given by

. LOPMI ()
A, - ) = (-1 at,...ot,
2B'n_1
Tng(Wa™P?) ({7 1—(3+1) °
=c g 7 t, 1—) ¢t
nvﬁ,O In,B(O) L1 ]z::l 7

for (t),...,t,) € A, and zero elsewhere.
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Using the factorial moment measures of the STINR

The expectation of a general function of the STINR process can
be computed as follows (see e.g. ):

Ewmﬂw:am+§j/n b W (E A e,

¢ are given by the inclusion-exclusion principle, i.e.

-----

by = S - 60
Br 1, = 5O 1Y) — S }) — SUH) + 6(0), ..

n
Gy = ST () ()
k=0 ot
distinct
Remark: another result of = finds the joint
density of (Z(1y, ..., Z(y)). Here not only PD(a,0), but
PD(a, 0) needed for the computations!
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Summary

A reasonable way to model wireless networks and to describe
propagation is to assume that the locations of the base stations
form a homogeneous Poisson point process on R2.
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Summary

A reasonable way to model wireless networks and to describe
propagation is to assume that the locations of the base stations
form a homogeneous Poisson point process on R2.

In this content, among certain assumptions to the distributions
of the power values, the propagation (loss) process becomes
another —inhomogeneous— Poisson point process

— about this we proved Lemma 1. of

In this content, we defined the SI(N)R, STI(N)R processes.

The paper establishes the relation between the SINR
process of wireless networks and the two-parameter
Poisson—Dirichlet process.

= new properties of the S(T)I(N)R processes that had not been
known before, applying results from the paper . Among these
we have seen:

o the ratios of consecutive STINR values have beta distr.

o the factorial moment density of the STINR process.
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