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Abstract: We consider random Schrddinger operators of the form A + &, where A is
the lattice Laplacian on Z¢ and & is an i.i.d. random field, and study the extreme order
statistics of the Dirichlet eigenvalues for this operator restricted to large but finite sub-
sets of Z?. We show that, for & with a doubly-exponential type of upper tail, the upper
extreme order statistics of the eigenvalues falls into the Gumbel max-order class, and
the corresponding eigenfunctions are exponentially localized in regions where & takes
large, and properly arranged, values. The picture we prove is thus closely connected
with the phenomenon of Anderson localization at the spectral edge. Notwithstanding,
our approach is largely independent of existing methods for proofs of Anderson lo-
calization and it is based on studying individual eigenvalue/eigenfunction pairs and
characterizing the regions where the leading eigenfunctions put most of their mass.

1. Introduction and Results

Random Schrodinger operators have been a focus of interest among mathematicians
and mathematical physicists for several decades. A good representative is the Anderson
Hamiltonian H that acts on f: 74 — C as

He )= Y [fO)—fO] +E0f(),  xeZd, (1.1)

yi y—xl=1

with the potentials {&(x)}, .« sampled independently from a common law on R. The
first term on the right is the lattice Laplacian so we may also write Hy = A + £.

Much is known (and unknown) about the spectral properties of H; see Section 3 and
the introduction to Section 2 for some pointers to the literature and further connections.
Our principal goal here is a description of the spectral extreme order statistics for Hg
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over large finite subsets of Z, i.e., the limiting joint distribution of its largest eigenval-
ues. More precisely, for a finite set D C Z4, let H, p,& denote the operator H restricted
to functions with Dirichlet boundary condition outside D. This is a self-adjoint operator
(a matrix) with real eigenvalues that we will label in decreasing order as

A (E) > AS(E) > - > A3 (8). (12)

As is common in the theory of extreme-value statistics (see, e.g., de Haan and Fer-
reira [23] for a comprehensive account on this theory), given a sequence Dy of fi-
nite subsets of Z¢ with Dy T Z¢, we wish to identify sequences a; and by so that,
as L — oo, the maximal eigenvalue lgg(&) behaves in law as a; + b, G, where G is a
non-degenerate random variable. A more ambitious goal would be to show that the set
of points

1
{bL(xgz(g)—aL): k—l,...,|DL} (1.3)

tends in law to a non-degenerate point process on R. (This still concerns only a finite
number of top rescaled eigenvalues; i.e., the behavior at the top edge of the spectrum.)

Of course we cannot hope to do this just for any sequence of domains Dy, so we will
content ourselves with domains that arise as scaled-up lattice versions,

D :={xez': x/Le D} = (LD)NZ, (1.4)

of bounded open sets D C R? with a piece-wise smooth (and thus rectifiable) bound-
ary dD. We will use © to denote the collection of all such sets. For reasons to be
explained later, we will also limit ourselves to potentials whose upper tails are close to
the doubly-exponential distribution,

Prob(&(0) > r) :exp{—er/p}7 (1.5)
where p € (0,00). The specific class of potentials we will consider is determined by:
Assumption 1.1. Suppose esssup & (0) = oo and let

F(r) :=loglog(P(£(0) > r)7"), r > essinf&(0). (1.6)
We assume that F is continuously differentiable on its domain and there is p € (0,00)

such that .

lim F/(r) = —. 1.7)
r—00 p
Our results will address not only the eigenvalues but also the associated eigenfunc-
tions. For this, let {‘Vg.)g :k=1,...,|D|} denote an orthonormal basis of eigenfunctions
of Hp ¢ in a (finite) set D C 74 that are labeled such that
Hp eV =2y (E)py  k=1,...,ID|. (1.8)

Although the eigenfunctions are not uniquely determined when two or more of the
eigenvalues coincide, we can and will take these to be real-valued measurable functions

of &. The principal eigenfunction Wl()l>.§ is known to be of one sign. We then define
Xi =X, (§) by

(k) —_ (k) —
|WD’5(Xk)]_1;1€%c|u/D’5(x), k=1,...,|D|, (1.9)
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resolving ties using the lexicographic order on Z¢. Again, this can be done so that
each X is a measurable function of &.

The family {()Lg‘i(é), V’;)ki,é) :k=1,...,|Dr|} thus identifies a random sequence of

points aj,...,a)p,| € RY™! defined by
X(E) 1
ak::< ég),h(xgj(g)—@)) k=1,...,|Dy|. (1.10)

These are ordered by their last coordinate. This sequence induces a random measure 27,
on R4*! by setting, for any Borel set B C R4*!,

Dy

21(B) ==Y Lq,eny- (1.11)
k=1

Note that 27 (B) takes values in Ny := {0,1,2,...}, and 27, is supported on D x R.

We will interpret 27, as a point process, so let us take a moment to recall some basic
facts about point processes. First, by a point process .2~ on R4*! we will generally mean
a random N U {eo}-valued measure on Borel sets in R*! such that 2"(C) < o a.s. for
any compact C C RY*!. The space of such measures, endowed with the topology of
vague convergence, is a Polish space so convergence in law can be defined accordingly.
Explicitly, 2} converges in law to 2" if (and only if) for any continuous and compactly-
supported function f: Rt — R, the integral of f against .27 converges in law to the
integral of f against 2.

A process 2 is called a Poisson point process with intensity measure u if 2 (B)
is, for any Borel set B, a Poisson random variable with parameter ((B) and if the ran-
dom variables 2" (B;),..., Z (B,) are independent for any pairwise disjoint Borel sets
Bi,...,B,. The principal result of the present paper is then:

Theorem 1.2 (Poisson convergence; eigenfunction localization). Fix d > 1 and let
(&(x)),eza be i.id. random variables satisfying Assumption 1.1 with some p € (0,00).
Then there is a sequence ay with asymptotic growth

ar = (p+o(1))loglogL, L — oo, (1.12)

such that, for any D € © with scaled lattice version Dy, and any choice of the normalized
eigenfunctions {Wgz 5} as above, we have:

(1) (Eigenfunction localization) For any k € N and any ry — oo,

Y @ — in P-probability. (1.13)

L—o0
2 |z=Xp ()<

(2) (Poisson convergence) The process Z1, defined via (1.11) by the points

{(Xf) %(;ng(g) —ar) 10g|DL|) thk= 1,...,DL|}, (1.14)

converges in law to the Poisson point process on D X R with intensity measure
dx®e *dA.
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Restricting the points in 27, to the last coordinate shows that the set (1.3) converges
in law to a Poisson process provided ay is as above and by ~ logL. The limit law can
be described concisely and explicitly as follows:

Corollary 1.3 (Eigenvalue order-statistics). Assume the setting of Theorem 1.2 and
let Dy, be as in (1.4). Then the (upper) order statistics of the eigenvalues lies in the
domain of attraction of the Gumbel universality class. In particular, for each k € N,

(P DL EmanloglDul | o= (g, (§)—au)logIDu]

.,e
1
Lﬂ> (21,2 + 2o, ... 21+ + Zp), (1.15)
where Z1,Z,, ... are i.i.d. exponential with parameter one. Equivalently, the vector on
the left tends in law to the first k points of a Poisson point process on [0, ) with inten-
sity one.

We remind the reader that the Gumbel universality class is one out of three possible
non-degenerate limit distributions for order statistics of i.i.d. random variables; see e.g.
de Haan and Ferreira [23]. Gumbel is also the extreme-order class associated with the
doubly exponential tails (see Section 6.1). However, as many values of the field need
to “cooperate” to create conditions for an extremal eigenvalue, the shift a; required
for the &’s differs from the one above by a non-vanishing amount. Explicitly, under
Assumption 1.1 and for any D € D,

max & (x) = Ap) (§) — x  in P-probability, (1.16)
xe€Dy, L—oo

where x = x(p,d) is the quantity in (0,2d] given by

x = —sup{A(g): p e RZ L(p) <1} (1.17)

with the quantities entering this expression given as follows: L: RZ - (0,00] is the
function defined by
Lip) =Y e?/p (1.18)

xeZd

while AV (@) is the supremum of the spectrum of A + ¢ on Z¢,

20(g) = sup{(F.(A+9)f): f e (@), |fl2 =1}, (1.19)

where (-,-), resp., || - ||2 is the canonical inner product, resp., norm in £2(Z?). We note
that V(@) is an isolated simple eigenvalue for all potentials ¢ with £(¢) < .

The limit (1.16) is actually well known (albeit under different assumptions) from
earlier studies of Hg with & having doubly-exponential tails; see our discussion in Sec-
tion 3. The function ¢ — L(@) is encountered in these studies as well; it is the large-
deviation rate function for the field £ and so it plays an important role in estimating the
probability that & exceeds a given function in a given domain; see (2.12) for an explicit
statement in this vain.

The proof of the limiting Poisson statistics (1.15) is based on constructing a coupling
to i.i.d. random variables; cf Theorem 2.3 for a precise formulation. This coupling ap-
plies to a whole non-degenerate interval at the top of the spectrum. The statement (1.13)
implies exponential localization of leading eigenfunctions at the lattice scale. We state
a quantitative decay bound that concerns the leading eigenfunctions:
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Theorem 1.4. For each k > 1 and Xy (&) as in Theorem 1.2, the following holds with
probability tending to one as L — oo: There exist (deterministic) constants cy,c» > 0
such that

|ng.§ (Z)| < Cle—cz\z—xk(ﬁ)\7 zeDy. (1.20)

Moreover, for larger separations from X(&) we in fact get
Wy £ (2)] < clemalosleDEXEN o (£) > logL.  (1.21)

for some non-random constants c';,c, > 0.

The methods of the present paper are largely independent of the existing techniques
for proving Anderson localization. In particular, our approach permits a rather explicit
characterization of the location, size and shape of the potential and the corresponding
eigenfunction for eigenvalues at and near the top of the spectrum. However, we make
no attempt to prove Anderson localization in the usual sense, i.e., for the operator A + &
on the entire space Z¢.

We note that our paper serves as an important input to a forthcoming article by
Biskup, Konig and dos Santos [10] where it used to prove “one-island” localization in
the parabolic version of the above (elliptic) problem.

2. Road map to proofs

We proceed to discuss the key ideas of the proofs. We break the main argument into
a sequence of stand-alone steps which, we believe, are of independent interest. But
before we do so, we will make a brief link to the mathematical theory of Anderson
localization. This will give us a chance to compare our approach with the methods used
there. Further links and connections to literature will be given in Section 3.

In 1958 Anderson [3] observed that conducting materials may become insulators
when impurities are doped in at a sufficiently high density. Anderson’s non-rigorous
derivations were later picked up by mathematicians and the subject has been intensely
studied in over five decades. In the context of the model (1.1), the word “localization”
thus nowadays refers to the fact that, when the fields & are non-degenerate i.i.d. random
variables, the spectrum of the Hamiltonian He in (1.1) will contain a band of proper
eigenvalues with exponentially localized eigenfunctions. This is in contrast with the
situation when & is periodic, where the spectrum has a band structure but remains con-
tinuous, by the classic Bloch theory. (As already stated, in our class of models we do
not address “localization” in this strong sense but only give a version that holds asymp-
totically in large-enough boxes.)

The texts of Pastur and Figotin [32], Stollmann [35], Carmona and Lacroix [11]
and Hundertmark [26] can be consulted for most known details and explanations about
Anderson localization. The important technical aspect is that all existing proofs seem
to be based on controlling the Green function — or, more precisely, the kernel of the
Green operator — associated with Hp ¢,

Gpe(x,y:2) == (8, (z—Hpe)'8,), Imz>0, @2.1)

in the limit as z “radially” approaches the real line from the upper half plane in C. The
aim is to show that Gp ¢ (x,y;z) exhibits exponential decay in |x — y| in the said limit;
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a key challenge is to avoid z hitting an eigenvalue where the constant in front of the
exponentially decaying term becomes divergent.

Various averaging methods have been developed with this purpose in mind. For in-
stance, the fractional-moment method of Aizenman and Molchanov [1] generally yields
bounds of the form

E(|Gpe(x,y:2)|) < cje 2k (2.2)

uniformly in D and Sm (z) > 0, where ¢, ¢z € (0,0) are constants while the exponent
s €(0,1) is tied to Holder continuity of the probability density of £ (0). Arguments from
spectral theory for infinite-volume operators (perfected into the so called Simon-Wolff
criteria [34]) then permit one to infer from (2.2) the existence of eigenvalues with expo-
nentially decaying eigenfunctions. Approaches based on “finite-volume criteria” also
exist (Aizenman, Schenker, Friedrich and Hundertmark [2]), but they are still versed in
the language of Green functions.

Our approach is different from the above in a number of aspects. We work directly
with individual eigenvalues in a finite volume and control their dependence on the con-
figuration of random fields. This permits us to characterize geometrically the regions
where the eigenfunctions are localized. On the technical side, we manage to avoid
working with complex weights and the Green function. Large-deviation theory natu-
rally lurks in the background although, for the most part, we proceed by direct esti-
mates. Although our method is, in its present form, tailored to the study of the upper
edge of the spectrum for operators Hp, ¢ in finite D with unbounded i.i.d. random fields,
we believe that an extension for bounded fields is possible.

We note that ours is not the first paper marking a shift away from the Green func-
tion in the study of random Schrédinger operators. For instance, the work of Germinet
and Klopp [19] analyzes eigenvalue distribution functions, including information about
localization centers, in the bulk of the spectrum by way of spatial decompositions akin
to those used in the present paper. Such spatial decompositions (and coarse-graining
ideas in general) of course go back to the early proofs of Anderson localization based
on multiscale analysis (Frohlich and Spencer [13]).

We will now proceed to describe the main steps of our approach formulating the key
parts thereof as separate theorems.

STEP 1: Domain truncation and component trimming. A good deal of our proof of
Theorem 1.2 focuses on individual eigenvalues. The starting observation is that the field
configuration & in regions where & is smaller than an eigenvalue A is of little relevance
for A. For A > 0 and R € N, consider the set

Dra(&) = U B(z,R)ND, (2.3)
€D: E()=22)) ()24
where here and henceforth
B(z,r):={xeze: |z—x|; <r} 2.4

denotes the open ball in £'-metric on Z. (A key point is that every x & Dg 4 (&) will be
at least R steps of a simple-random walk path away from all vertices where & exceeds
kg '(€) — 2A; note that this applies to even to R = 1.) We will occasionally refer to
the field values in Dg 4 as “large” while those not in this set as “small.” Deterministic
arguments show:
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Theorem 2.1 (Domain truncation). Let A > 0 and R € N obey 2d(1 + 41728 < 4.
Then for any &, any U with Dra(§) CU C D and any k € {1,2,...,|U|} such that

AE) 24 &) -5 @5
we have A2k
5@ -2 @) <24(1+55) 2.6)

The vehicle that brings us to this conclusion is, not surprisingly, analysis of rank-one
perturbations of Hp ¢. However, unlike for the corresponding arguments in the proofs
of, e.g., (2.2), where the perturbation occurs at a single vertex, here we address single
eigenvalues (rather than the Green function) and we perturb the configuration in all
of D\NU.

In the specific context of doubly-exponential tails, we will use the conclusion in
(2.6) for D replaced by Dy, the cutoff A fixed to a small number (less than ) from
(1.17)) and R growing slowly to infinity with L. Under such conditions, the components
of U := Dg 4 become very sparse and their geometry can be analyzed by straightforward
probabilistic estimates. In particular, due to Dirichlet boundary conditions, the spectrum
of Hy ¢ is the union of the spectra in the connected components of U.

If C is such a component and /'Lg) (€) < Ay (E) — A, then C cannot contribute to the
set of eigenvalues covered by (2.6). We can thus remove C from U and still maintain
the control provided by Theorem 2.1. This permits systematic component “trimming”
that helps significantly reduce the number of connected components of concern.

STEP 2: Reduction to one eigenvalue per component. The removal of irrelevant com-
ponents of Dg 4 reduces, quite considerably, the geometric complexity of the underlying
field configuration. An issue that comes up next is what part of the spectrum in each
component needs to be taken into account. Here we will observe that in components
that have a chance to contribute, all but the leading eigenvalue can safely be disre-
garded. This effectively couples the top of the spectrum in D to the set of principal
eigenvalues in the connected components of Dg 4.

As a starter, for C C Z¢ finite, consider the finite-volume version of (1.18),

Le(p) =Y e?W/P, (2.7)

xeC

Similarly, we introduce the finite-volume analogue of (1.17),
xo=—sup{Al(£): £ eR¥ L&) <1}, 2.8)
Then we have the following deterministic estimate:
Proposition 2.2 (Spectral gap). Let C C Z¢ be finite. If for some K > 0,
AS(©)=A8(8) <K, 2.9)

then also
A (E) — ploghe(€) < —xc+K —plog2. (2.10)
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Our use of this proposition requires observations from large-deviation theory of
double-exponential i.i.d. random fields: First, for potentials satisfying Assumption 1.1,
L acts as a large-deviation rate function for finding a specific potential profile in C.
More explicitly, in Section 6.1 we will show that, for some a; — oo,

1

m where 0 := es/p, (211)

P(§(0) > arL+s) =

with 0(1) — 0 as L — o uniformly in compact sets of s. Thus, for any given ¢: C — R,

P(& >a,+¢inC) =L dc@ltoMl o (2.12)
The set inclusion
{e:28)>atc | {é:&>a+xc+oonC}, (2.13)
¢: Le(p)>1

which is derived readily from the alternative formula for yc,

Ko =—sup (A& (&) — plogLe(€)], (2.14)

and a union bound then show that large eigenvalues in Dy will thus come only with
potential profiles for which ¢ := & —ay, — yc obeys L¢ (@) ~ 1.

Returning to the role of Proposition 2.2 in our proofs, we note that its main conclu-
sion can be used to derive

A¢' (€)= d" aND 25(§) = A (E) < 3plog2

2.15
= &> @+a-+ ¢ inC for some @ satisfying Lc(@) > u, @15)

where u is defined by
logu = “ =% 4 Lioga (2.16)
gu = 5 5 log2. .

Since u > 0 for a’ > ap — y — %logl the event that a connected set C satisfies the
conditions on the left of (2.15) has probability L=¢¢ for some & > 0; a union bound
shows that for R = L°() no connected component of Drg 4 will have this property once L
is sufficiently large. It follows that, whenever ?Lél)(é) for some component C in Dp 4 is

close to its optimal value, A2 (&) is at least a deterministic constant below A1 (€). In
short, only the top eigenvalue in each connected component of Dg 4 need be considered.

STEP 3: Coupling to i.i.d. variables. Our previous observations permit us to design a
coupling between the eigenvalues in a small interval near the top the spectrum of Hp, ¢
and a family of i.i.d. random variables. There is a number of ways how such a coupling
can be formulated; we will present one that is based on a regular partition of Z¢ into
square boxes.

As we will work, from now on, with L-dependent objects, we need to fix two se-
quences that determine the main scales of the problem: a sequence of positive inte-
gers Ry, satisfying

Ry
o but Ry = (logL)’V 2.17
IOgIOgLL:: u L (Og ) ) ( )
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which will govern the size of the connected components and spatial range of the pertur-
bation arguments described above, and a sequence of integers Ny, such that

N, logN
LN and lim sup |
Ry L—e e logL

(2.18)

which determines the size of the boxes in the partition.

Using a natural partition of Z¢ into square boxes of side Ny + 1, for each such box
By, +1, consider the sub-box of side N; induced by the natural embedding By, C By, 1.
We will call these Ny -boxes. Note that distinct Nz -boxes are thus disjoint while “neigh-
boring” Ny -boxes share part of their external boundary. For D € ©, let Dy, be its scaled

lattice version (1.4) and let B(iz, i=1,...,mg, denote the collection of those N -boxes

that are entirely contained in Dy. From the fact that dD is smooth we get [dDy| =
o(|Dg]) and so

IDL| =mo N (ID|+0(1)),  L— oo, (2.19)

where |D| denotes the Lebesgue volume of D. By (2.18), my, — o0 as L — oo.

Given a configuration &, let A;(£) be a shorthand for the principal eigenvalue in Bg\l,z

M) =A0 (&), i=1..mL (2.20)
NL

Since these eigenvalues depend on disjoint parts of the £ field (the Dirichlet boundary

condition plays a role here), the random variables {A;(§): i =1,...,m.} are i.i.d.

Theorem 2.3 (Coupling to i.i.d. process). Let D € ©. For sequences (Ry), (N.) and

Dy as above, let M (£)), ..., A, (€) be the sequence Ai (E),..., A, (&) from (2.20) listed
in decreasing order. Under Assumption 1.1, there is an A > 0 such that the event

~ ~ ~ AN\ 1-2RL
Ve {1,...omy: AM(E)— (&) <A = |x§2(§)—ak(g){<4d(1+g)
2.21)

occurs with probability tending to one as L — oo.

The proof is based on Theorem 2.1 and estimates of the probability that a component
with an appreciable principal eigenvalue intersects the boundary of a partition box,
or lies within Ny of the boundary of D;. (These are the reasons for the restrictions
in (2.18).)

STEP 4: Identifying max-order class. Theorem 2.3 brings the proof of the Poisson
statistics in Theorem 1.2 and Corollary 1.3 to the realm of standard extreme-order limit
theory (see again de Haan and Ferreira [23]). Naturally, one starts by defining the cen-
tering sequence ay, as

Ni\d
P(Ay) >ar) = (TL) . (2.22)

(Such an gy exists because the £’s, and also the Al(?lsz (€)’s, are continuously distributed.)

In order to determine the correct scaling of the spacings between the eigenvalues, and
generally place the limit distribution in the Gumbel max-order class, it remains to prove:
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Theorem 2.4 (Max-order class of local eigenvalues). Suppose Assumption 1.1 and
let by, obey

p
brlogL bt (2.23)
Then for each s € R,
W —s (NL\?
P(Agy = ar+sb) =e™ (55) (1+0(1)), (2.24)

with o(1) — 0 as L — oo uniformly on compact sets of s.

The proof is based on regularity of the probability density of & supplied by As-
sumption 1.1. In simple terms, the change of the eigenvalue by sb; can be achieved by
shifting the whole & configuration by the same amount. A catch is that this would be
too costly (i.e., inefficient) to perform in the entire Ny -box; rather one has to do this
only in those parts of the box where the relevant contribution comes from.

Before we proceed to the next step, note that, on the basis of Theorems 2.3 and 2.4,
we are already able to conclude the limit statement (1.15). (The condition on the left
of (2.17) ensures that the error in (2.21) is much smaller than the spacing between
eigenvalues.)

STEP 5: Eigenfunction localization. The final task before us is a control of the spatial
localization of the eigenfunctions. As is well known, the main obstruction to localiza-
tion is degeneracy of eigenvalues. Two techniques exist for dealing with this problem:
averaging and multiscale analysis. In our context, we are able to address the problem
directly by developing a deterministic link between the spatial decay of an eigenfunc-
tion and the distance of the associated eigenvalue to other eigenvalues. A key novel
fact is that the (still needed) non-degeneracy of the eigenvalues will be supplied by the
already-proved extreme-order limit theorem.

Let Cra = C€ra(§) denote the set of connected components of Dg 4 (&) and, for
V C Z4, let dV mark the set of vertices outside V that have an edge into V. We will
measure the decay of the eigenfunctions in terms of a distance-like object d(x,C), in-
dexed by vertices x € Z¢ and components € € € 4, on which we impose the following
requirements:

(DO) d(z,€) > 0 for all z and € with d(z,C) = 0 whenever z € C.

(D1) Forallz€ DN\ Dga(&), all y € dB(z,R) and all € € €g4, we have d(z,C) <
d(»,€)+R.

(D2) Forall @ # G, all z€ € and all y € d€" we have d(z,C) < d(y,C) + 1.

An example of such d(-,-) is constructed as follows: Define a graph by contracting all
components in g 4 to a single vertex while keeping the edges between the (new) vertex
corresponding to component € and all (old) vertices on dC — which, by the fact that C
isin € 4 do not lie in another component in € 4. Then set d(z, €) to the corresponding
graph-theoretical distance from z to the (vertex corresponding to) component C.

Theorem 2.5 (Eigenfunction decay). Assume R > 1 and A > 0 are such that we have
er:=2d(1+ 2%)1_21{ < A% Let A, resp., W be a Dirichlet eigenvalue, resp., a corre-
sponding eigenfunction of Hp ¢ such that

A
A>aeE) - 3 Ter (2.25)

Assume the following:
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(1) gap(A), the distance of A to the nearest eigenvalue of Hp ¢, obeys gap(A) > 10gg,
(2) there is h > 0 such that, for any self-avoiding (nearest-neighbor) path xi,...,xg
inD,

<e MR (2.26)

E(xj)<Aforall j=1,....,R = sz+7t Exj) ~
J

(3) for some 6 € (0,1),

gap(lléid—ZeR AL > de~(1-0RESH /156 € e Cra. (2.27)

Then there is C € Cg 4 such that

ly(z)] <e oME0 e, (2.28)

In order to appreciate this general result, we again place ourselves in an L-dependent
setting of domains D := Dy, with R := Ry satisfying (2.17). Under Assumption 1.1 on
the upper tail of £(0), we then have (2.11), which readily yields (2.26) for any given
(fixed) A > 0. Since the component sizes are at most polylogarithmic in R, conditions
(1) and (3) are satisfied as soon as gap(A) is larger than exponentially-small in R;.
For the leading eigenvalues, the gap is typically order (logLZ)~!; thanks to (2.17), the

bound (2.28) thus applies to y := W(Dki, £ for all kK > 1. A straightforward comparison

between d(z,C) and the Euclidean distance (see Lemma 8.2) then proves the decay
estimate (1.21).

The remainder of this paper consists of proofs of the above claims in full technical
detail. In particular, Section 4 deals with various deterministic spectral estimates under-
lying Steps 1 and 2 in the above scheme. Deterministic bounds underpinning eigenfunc-
tion localization (Step 5 above) appear in Section 5. Coupling to i.i.d. random variables
(Step 3) is performed in Section 6. Step 4 is the subject of Section 7, where we also
conclude the proofs of eigenvalue order statistics. In Section 8 this feeds into the proof
of eigenfunction localization (the probabilistic part of Step 5) and concludes the proof
of Theorems 1.2(2) and 1.4.

3. Connections and remarks

Before we move to actual proofs, let us pause to discuss some connections to the exist-
ing literature. References have so far been largely suppressed in other not to disturb the
flow of explanations of results and ideas for proofs. We will not attempt to review all
context of Anderson localization (some of it was done already in Section 2) but rather
focus only on results dealing with spectral statistics.

Attempts to describe the statistics of the spectrum of random Schrodinger operators
are as old as the subject itself. In the localization regime, the statistics was expected to
be Poisson-like. In the Anderson model, this was proved by Molchanov [31] in dimen-
sion one and by Minami [30] in general dimension, based on techniques developed in
Aizenman and Molchanov [1] and Wegner [37]. Killip and Nakano [27] later included
also the localization centers of the eigenfunctions in the Poisson-process convergence.
All these results are derived at parameter values where the fractional moment bound
on the resolvent, one of the two main known methods for proving Anderson localiza-
tion, applies.
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A very appealing formulation has later been found in terms of convergence of un-
folded eigenvalues to a homogeneous Poisson process. Here an unfolded eigenvalue
is the quantity / (lg‘>) where [ is the integrated density of states (see Carmona and
Lacroix [11] or Veseli¢ [36] for detailed definitions). The currently most complete re-
sult of this kind seems to have been derived by Germinet and Klopp with statements
that apply both in the bulk of the spectrum [19] and, in d = 1, also close to the spectral
edge [20] (extensions to arbitrary d require a modified kinetic term). We refer to the
original papers for more details. Incidentally, our formulation of Corollary 1.3 can be
thought of as a result in this vain although, to keep the paper reasonably short, we do
not link this to the integrated density of states for our class of potentials.

Our work is focused on unbounded potentials and is thus closer in spirit to the
studies of the potential tails that are heavier than doubly exponential; e.g., Grenkova,
Molchanov and Sudarev [21,22], Astrauskas [4,5], van der Hofstad, Morters and Sido-
rova [25], Konig, Lacoin, Morters and Sidorova [29], Sidorova and Twarowski [33]
and Fiodorov and Muirhead [12]. Astrauskas’ paper [5] includes also a discussion
of doubly-exponential tails (1.5) — despite his vigorous insistence on the contrary
throughout the abstract and introduction — but only for p very large. A common feature
of all of these works is the corresponding eigenfunctions are localized more or less at a
single lattice site; namely, a high excess value of the random potential. For the doubly
exponential tails with general value of p this is no longer the case and this is exactly
what makes these tails a challenge.

We note that in Girtner, Konig and Molchanov [16], the asymptotic shape of the
potential in the localization regions in a large box D was identified as the one of the
maximizers in (1.17). Furthermore, an explicit form of exponential localization was
proved for the principal eigenfunctions of Hp, ¢, after removing the top values of £ in
all the other localization regions; the shape of these eigenfunctions was identified as
well. However, the method there was based on a tedious random walk enumeration
technique, which we do not follow here. To keep the present paper self-contained, we
also do not use any partial results from [16].

The class of doubly exponential tails was identified rather early in the studies of
the parabolic Anderson problem (Girtner and Molchanov [17,18], Girtner and den
Hollander [14], Gértner and K6nig [15] and Gértner, Kénig and Molchanov [16]) as that
for which the leading eigenfunctions spread beyond a single point but no scaling with
the size of the underlying set is necessary. Other “universal” classes of potential upper
tails have been identified later (Biskup and Konig [8,9], van der Hofstad, Konig and
Morters [24]; see also the forthcoming book by Konig [28]). In contrast with doubly-
exponential tails, in these cases the mass of the leading eigenfunctions in a set of side L
spreads over regions whose size grows to infinity with L. Although the present paper
deals only with doubly-exponential tails, we believe that the bulk of our method can be
adapted to the other cases as well.

As already mentioned, our results are now being used to deal with the parabolic
version of the problem as well (Biskup, Kénig and dos Santos [10]).

4. Domain truncation and spectral gap

The goal of this section is to establish Theorem 2.1 that underpins all subsequent deriva-
tions in this paper. In addition, we will prove bounds on the distance between the first
and second leading eigenvalue, i.e., the spectral gap, as stated in Proposition 2.2.
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4.1. Martingale argument. The proof of Theorem 2.1 is based on the fact that eigen-
functions decay rapidly away from Dg 4 (&). We will control the rate of this decay by a
martingale argument. Let ¥ := (¥;)ren, denote a discrete-time simple symmetric ran-
dom walk on Z4. We will write P, resp., E* for the law, resp., expectation for the walk
started from x € Z4 and let .%, := o (Yo,--.,Y,) denote the canonical filtration associ-
ated with Y.

Lemma 4.1. Let A := Ap (&), resp., W := Yp ¢ be a Dirichlet eigenvalue, resp., a cor-
responding eigenfunction of Hp ¢. Define

T:=inf{k € Ng: {(¥;) > A ORY, € D} 4.1)

and denote My := y(Yy) and, for |l <n <,

= 2d
M, =y¥) ] ——" 42
vl )kIJOquLQLfé(Yk) (4.2)

Then, under P* for any x € 7¢, the process M* = (Mzpn)nen, is a martingale for the
canonical filtration (.F,)nen,-

Proof. If x ¢ D, then T = 0 and M, = 0 for any n, P*-a.s. For x € D the following holds
P*-a.s.: On {1 > n} we have A — &(Y;) > 0 for k <n—1 and hence |M,| < |y(¥,)| <
max, |y(x)|; i.e., M, is bounded. On {7 > n}, the conditional expectation of W(¥,1)
given ¥y, ..., Y, equals W(Y,) + 5 (Ay)(¥,). Writing this using (A + &)y = Ay shows
that, on {7 > n},

& 2d
EX (M1 |Yo, ... %) = EX(W(ps) Yo . Y) [ ——————
(My411Yo ) (VY1) Yo )g2d+k—é(Yk)

L 2d

1
_ [y/(Y,,) +55(4 W)(Ynﬂ kg) 2d+A—E(Y)

1 & 2d
=y 1550 =80 T o7 gy

(4.3)
=M,.

It follows that M® is a martingale. O

The next lemma expresses the desired consequence of the martingale property. (The
set D’ will later be taken to be D\ U with U as in Theorem 2.1. Note that for A being

the principal eigenvalue lg) (&), (4.4) below reads alternatively as D' N Dg 4/, = 0.)

Lemma 4.2. Let A and W be as in Lemma 4.1. Given A’ > A >0andR €N, let D' C D
be such that E <A —A’' on D' and

xeD AND E(x)>A—-A = dist(x,D') >R, (4.4)

where “dist” denotes the ¢'-distance on 7¢. Then

¥ v < (14 27 (100 2 s (4.5)

xeD!
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Proof. As the square of a bounded martingale is a submartingale, we have
2
\W(x)|” = E"|Mcpo|* < E¥|Mepgl>, xeD. (4.6)

By our assumptions on D', any path of the simple random walk started at x € D’ will
either leave D or stay in the region where & < A — A for at least R — 1 steps. This implies
that, on the event {7 < R}, we necessarily have Y; g = Y; € D with P*-probability one.
Hence, Mg = 0 on {T < R} and so E*(1{t < R}|Msg|*) =0.

On the other hand, on {7 > R}, each term in the product in (4.2) is bounded by
(14 4;)~! with that for k = 0 bounded even by (1 + %;)’1. From (4.6), we thus get

2-2R I\ -2
v < (1+ 2%) (1+ ?71) E-({r>RYy()P), «xeD. @7

The reversibility of the simple random walk implies Y .« P*(Yz = y) = 1 and so

Y E(Ur>Rw(R)P) < ¥ Y Pr=nlvO)P <llwlz,  ©8)

xeD! xeD/ yeD

whereby the claim follows. O

4.2. Rank-one perturbations. To apply the above a priori bounds in the proof of The-
orem 2.1, we also need to tie this with rank-one perturbation arguments. First we prove
a continuity statement:

Lemmad.3. For U C D, let & := & —slp.y. Forany ke {1,...,|U
kl()k ) (&) is non-increasing, Lipschitz continuous (with Lipschitz constant one) and

(&) —2 A (&), (49

}, the map s —

Proof. Since the eigenvalues are labeled in a decreasing order, the Minimax Theo-
rem reads

Ay(E)=inf  sup (¢,Hpeo), (4.10)
H Q{kC(C‘D‘ ¢Eg’fl
Am(3G)=k-1 jo|,=1

where the supremum goes over all (k — 1)-dimensional linear subspaces of CIPl and,
here and henceforth, (v, ¢) := ¥ .cp w(x)*¢ (x) denotes the inner product in C'P!. From

Hpe, =Hpe +(s— s')1pw, 4.11)
we thus immediately get
0<AY(EN) - AP (E)<s—s, 0<s<s. (4.12)

This proves the stated monotonicity and continuity.
Before we address the limit (4.9), we observe

AY(E) > APE),  k=1,...|U| (4.13)
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Obviously, it suffices to prove this for s := 0. To see why this holds we recall that the
infimum in (4.10) is achieved by J being the span of the first k— 1 eigenvalues of Hp ¢.
This and the fact that (¢, Hp ¢ ¢) = (¢, Hy £ @) whenever ¢ vanishes outside U yield

Ay(E)= sup  ($Hpeo)> sup (9. Hpe9)
oLy RN
llol2=1 l9ll2=1,¢=0 on DU (4.14)
= sup <¢7HU,<§¢> > inf sup <¢7HU,<§¢>7

Hy f}CkCC‘U‘ ¢eg{l

(1) (k—1)
LYy e W g dim(3;) <k—1 ||¢H2:kl

[0]l=1,$=0 on DU

where the inequalities follow from the fact that the projection of the linear span of the
vectors Wl()] )é yeen (Dk%') onto C!Vl has dimension at most k — 1 (in the first inequality this
ensures that the supremum is over a non-empty set). By (4.10) again, the last infimum

is actually achieved by some H; with dim(%H;) = k— 1 and so we get (4.13) as desired.

To prove the limit (4.9), consider a sequence s, — oo such that A3 (&,) — A as
well as ‘/’g,)gy (x) — yi(x) exist. Since A, with k = 1,...,|U|, are finite by the above
reasoning, we can immediately conclude that (A + &)y, = A,y on U while yi(x) =0
for x € DN\U. As k — A is non-increasing, we must have l{;)(é) = A, regardless of
the sequence s,. O

The use of Lemma 4.2 will be aided by the following observation:

Lemma 4.4. Fix A > 0, R € N and, for U as in Theorem 2.1 and s > 0, let & := & —
slpwy. Fixk € {1,...,|D|} and let s > 0 be such that Ay (&) > Ay (€) — A. Then

s A \2-2R A4s\-2
0§Ag>(§)—k$>(€s)§/0ds’(1+g) (1+ st) L (415)

Proof. The left inequality follows from Lemma 4.3. The right inequality would be a
simple consequence of the fact that %ll()k) (&) =—| l[/l(;)éq 1p-v |3 holds whenever the

eigenvalue is non-degenerate. However, to get around the issue of degeneracy, we need
to work a bit harder.
Abbreviate the integrand in (4.15) as

A \2-2R A+s\2
g(s) = (1+ﬁ) (1 _ ) . (4.16)
We claim that it suffices to prove
® (g y_ 20
MWEN2ADE) A = dimsup 2 &) g

/
§'1s S—5

This follows by the following general observation: If f: R — R is non-increasing and
Lipschitz continuous, and a < b, then the Fundamental Theorem of Calculus applies
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to f on [a,b]. Explicitly, we have

f(a)—f(b)—liml< o [ f(x)dx)

hl0 h \Ja—nh b—h

1/ bh b
—tim ([ reac [ ) @.18)
e [P fa—h) — f(x) b flx—h)— f(x)
= 1]1%1/61 Y dx < ; hr;lisoup A — dx,

where the last step follows by Fatou’s Lemma and the boundedness of the integrand
and the integration domain. So if (4.17) holds on an interval of s, the difference of the
eigenvalues at the endpoints of this interval is bounded by the corresponding integral
of g, as claimed in (4.15).

To establish (4.17), consider a sequence s, T s saturating the limes superior and
such that the limits

A= 1lim A (Eg) and  wg(x) := lim ‘V(Dk)g (x) (4.19)
n—oo n n—oo s,
existforallk € {1,...,|D|} and all x € D. Passing to the limit in the eigenfunction equa-

tion shows that (A, W) is an eigenvalue/eigenfunction pair for the field & and, in light

of the eigenvalues being ordered, A, = ll()k '(&,). Both y and l//g)5, are eigenfunctions

and so, by (4.11),

)Lk<lllka Wg?gs, > = <Wk7HD,és Wg,)éf >

(4.20)
= ;Lé)k)(gs,)(y/k, 1//&{) + (s = s)(wi, Ipw Wg’)gx, )-

It follows that
(k) (k)
) — s 71 AN
lirnsup A’D (é&) %D (é) _ <Wk D Ul,l/k> (421)
s'1s §—=9 <kall/k>

and so, to get (4.17), it suffices to verify (4.5) for y:= y;, D' :=D~ U and A’ := A +s5.

First note that A} (&) > A5 () —A and U D Dga(&) force & < A))(E) —24 <
lg)(és) —A on D\ U. Hence, & < A, — A’ on D'. Similarly, & (x) > A — A forces
E(x) > A5 (E) — 2A which by U D Dg 4 (&) implies dist(x,D’) > R. The conditions of
Lemma 4.2 are thus met for the field & := &; and eigenvalue A := A, and so (4.5) holds
for y := y as desired. O

The above facts are now assembled into the control of truncation from D to U:
Proof of Theorem 2.1. Pick A > 0 and R € N such that the right-hand side of (2.6) is
<A/2.Fixake{1,...,|U|} such that (2.5) holds, i.c., A (£) > A (&) — 4. For s > 0,
introduce the shifted field & := & — s 1p.y and define

§:=inf{s >0: 13 (&) <Ay (E)—A}. (4.22)

By continuity of s — A} (&), we have § € (0, c0]. Our aim is to show that § = oo



Random Schrodinger operators 17

Suppose on the contrary that § < . The bound (4.15) then shows that /'Lg)(é) —

ll()k (&) is strictly less than the right-hand side of (2.6) which by our assumption is < 4/,.
Therefore,

2@ - “.23)

F<e = 255> (6) -
This contradicts (4.22) because by continuity and monotonicity of s — ;Lg‘>(<§s) we

would have lg (&) > ll()l) (&) — A also for an interval of s slightly larger than §. Hence
§ = oo as claimed.

To complete the proof we note that, in light of (4.9), the difference |4} (&) — lg (&)
is bounded by the integral in (4.15) with s := co. A calculation then yields (2.6). O

4.3. Spectral gap and potential profiles. As an aside of the general arguments above,
we will give a proof of Proposition 2.2 and establish versions of the inclusions (2.13)
and (2.15) that link local eigenvalues with potential profiles.

Let us first address Proposition 2.2. A main tool of the proof is an inequality between
the second eigenvalue and the principal eigenvalues in nodal domains of the second
eigenfunction. Note that I[I(CZ_ )5, the second eigenfunction of HC@, has at least one nega-

tive and one positive value, since it is assumed orthogonal to the principal eigenfunction
which is known to be of one sign.

Lemma 4.5. Let C C 74 be finite and define
B:={xeC: wg’é (x) >0}. (4.24)

Then
A& (€) < min{A" (&), A% (&)} (4.25)

Proof. Abbreviate y := l//(cz_ )5 As v is orthogonal to the first eigenfunction, both B
and C \. B are non-empty. The eigenvalue equation (A + &)y = lg) (&)y implies

AZE)wislr = Y w4 +&)y(x)

vep (4.26)
= L (swwo?+ L yolvo)- V().
xe y: ly—x|=1

Let {r be equal to y on B and zero on C \. B. Then

V() (w(y) —w(x) < ¥(x) (F(y) — ¥(x)) 4.27)

for all pairs x € B and y with |y — x| = 1. By the Minimax Theorem, the sum in (4.26)

with ¥ instead of v is bounded by Ay (€)||W[3 and since || {/|)3 = |[w1g|} > 0, we
thus get

A2 (&) <A (). (4.28)

The bound in terms of A\ ,(£) is completely analogous. O
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Proof of Proposition 2.2. Let B be as in (4.24). As Lc(&) = Lp(&) + Lo (€), we may
assume without loss of generality that L5(&) < $L¢(&). Then

AD(E) —ploghc(E) < Ay (&) —plogLp(é) —plog2 < —xp—plog2.  (4.29)

Invoking (2.9) and xp > xc, which follows from (2.8) by way of Lemma 4.3, we
get (2.10). O

Next let us move to the inclusion (2.13). We will in fact derive a stronger version by
relating local eigenvalues to the quantity

LC,A((P) = Z e‘P(")/p 1{(P(X)Z*2A}’ (4.30)

xeC

which is better suited for our later needs. Clearly, for A := oo this degenerates to L (@).

Lemma 4.6. For all a € R, all finite C C Z¢ and all A > xc satisfying A(1+ f—d) > 4d,

{:20(&) > a} C{E: Lea(E—a—xc) > e MW/PY (4.31)

where 1(A) :=2d(1+ £)7".

Proof. Suppose lél)(é) >a, let ¢ := & —a— yc and note that ),él)((p) > —xc. Letus
first address the case A := oo. We claim that L (@) > 1. Indeed, if we had L¢(@) < 1
then we could find an € > 0 such that @ := ¢ + & would obey Lc(P) < 1 and yet
lél) (@) > —xc. This would contradict (2.8). Hence (4.31) holds for A := co.

Now take A > yc,let 9 :=& —a— ycandsetC' :={x€C: @(x) > —2A}. AsA(1+
j%d) > 4d holds and lél)((p) > —xc implies @ < lél)((p) —A on C\.C', Theorem 2.1
can be applied for the choices D := C, U := C’, R:=1 and A replaced by 4/, to show
/'Lél/)((p) > lél)((p) —n(A). Therefore, lg)(é) > a gives /'Lél/>(§) >a—1n(A) and so, by
the A := oo part of the claim, we have Lo (€ —a— Yo +1(A)) > 1. In conjunction with
Xc' > Xc, this yields

Lea(§—a—xc)=Le(§E—a—xc)

> Lo (E—am ot n(A)e MW/ 5 gnwe, 43

as desired. O

As an aside we recall from, e.g., Gértner and den Hollander [14], that (2.8) implies
that, for any finite C C Z, there is ¢c: C — R such that Lc(¢c) < 1 and lé”((pc) =
—xc- Therefore,

{20 >a} 2{E: E>atxe+oc). (4.33)

This provides a bound that is in a sense opposite to (4.31).
Moving to the inclusion (2.15), similarly to (4.31) we will restate this using the
truncated functional Lc 4 as follows:
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Lemma 4.7. For C C Z¢ finite, all a,a’ € R and all A > 0 sufficiently large,

A& 2 d a0 A(E) A (E) < plogd = Leal—a—x0) 2w
(4.34)
where u is defined by
a—a—n(A)

1
0 + 3 log2 (4.35)

logu :=
with n(A) :==2d(1+ 4)7".

Proof. Let & be such that the conditions on the left of (2.15) apply and, similarly as in
the proof of Lemma 4.6, let ¢ := & —a— yc and set C' :=={x € C: ¢(x) > —2A}. For A

large Theorem 2.1 can be used; which then implies |7Lé2)(§) - léz,)(éﬂ < n(A). With
the help of (4.29), this yields

4 <20(E) <28 &)+ 3plog?
1
<A5(E)+1(A) + 5plog2 (4.36)
1
< plogLe(§) = xe +n(4) — 5 plog2.

Using xo > xc and Lo (€) = el 20)/P L 4 (@), we get the claim. O

By a variant of estimates used in Lemma 4.6, we will now control the spatial con-
centration of the fields that are near optimizers of (2.14). This will be useful in the
derivation of spatial decay of the corresponding eigenfunctions.

Lemma 4.8. Define Ay by Ao(1 + 2—3) = 4d and suppose the quantities A,0 > 0 and
A':=—1plog(2sinh§) satisfy A>A' >d+Ag and N (A)/p < 8. Thereis c = c(A,§) €
(0,0) such that for any C C Z finite, any a € R, any r > 1 and any & : C — R with

Al —d\1-2r
LealE—a—yc) < ¢S and Aél)(é) > a+2d<1 + ¥ ) , (4.37)
there is x € C with the property
2€C& |z—x>cr = E@) <A (@) A +xc. (4.38)

Proof. Abbreviate ¢(z) :=&(z) —a—xc and set S:={z€ C: ¢(z) > —24'}. AsA' <
A, every point of S contributes to Lc4(¢). Hence, e > Lca(@) > e *4/P|S| and so

S| < e3+24/P_ Qur goal is to use this to show that S also has a bounded diameter.
Given r > 1 as above, suppose, for the sake of contradiction, that S has diameter

larger than 2|S|r. Then S can be split into two parts, S = S U.S3, such that dist(S1,S2) >

2r.Pickx € §; and set C' := {z € C: dist(z,S2) < r}. Since 0 < dist(z,S2) < 2r implies

E(x) <atyc—24" <AL (E)+xc—24" <AL (&) -2(4' —a), (4.39)
and A’ —d > A, we may use Theorem 2.1 to conclude

Al —d\1-2r
i)

A& =2 () —2a(1+ (4.40)
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By (4.37) the right-hand side is at least a and so L 4 (@) > e MA)/P > ¢~ thanks to
Lemma 4.6, where the second bound comes from 6 > 1(4)/p. But (4.37) and x € C\.C’
also yield

LC’,A((P) <Lealp)— e?)/p < ed efp(x)/P7 (4.41)

whereby we get @(x) < plog(2sinhd) = —2A’. This contradicts x € S and so diam S <
2|S|r must hold after all. Setting ¢ := 2¢3+24/P  the claim follows. O

Remark 4.9. We note that considerable effort has been devoted to the study of the mini-
mizers in the variational problem (1.17); cf Gértner and den Hollander [14]. In spite of
that, uniqueness of the minimizer remains open for small p. In the same study, decay
estimates for the eigenfunctions associated with the minimizing potential are provided.

5. Eigenvector localization: deterministic estimates

Our discussion of deterministic estimates proceeds by giving the proof of Theorem 2.5.
We will rely heavily on Theorem 2.1 so, given A > 0 and R € N, let us write

€= 2d(1 n 2%)1—21? (5.1)

for the error bound in (2.6). There are two main inputs into our proof of Theorem 2.5.
The first of these is an inequality between the distance to the nearest eigenvalue and the
ratio of masses that the eigenfunction puts on the boundary of a set relative to what it
puts inside.

Proposition 5.1 (Boundary mass vs gap). For the setting of Theorem 2.5 and “dist”
denoting the ('-distance on 7, suppose that U C D is such that

zeD AND dist(z,dU) <R = &£(z) <A)(E)—24, (5.2)
PutU' := D~ (UUOJU) (hence dU = dU’). Then

x{ v Loyl ||‘Iflauf|2} . gap(A) —2¢&g
lwlyla "yl 12d

The proof will require a specific comparison of the eigenvalues of A + & in U with
different boundary conditions on JU.

Al (5.3)

Lemma 5.2 (Removing boundary condition). Let U C Z? be finite and let {: OU —
R obey for simplicity || lyy |2 < 1. Recall that ll(]k) (&) is the k-th largest eigenvalue for

operator A + & in U with zero boundary condition, and let Z((Jk )(5) be the k-th largest
eigenvalue for the same operator with boundary condition . Then

2 (8) = A (©)| < 6dllFlaull2,  k=1,....|U]. (5-4)

Proof. Let A denote the Laplace operator on U with boundary condition { on dU.
Then, for any function y: U — R,

(v, A+EW)—(w,(A+Ew)= Y (W) —2w(x)¥(y)).
XTXUJ;‘GZ%U (55)
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Assuming ||y]|2 = 1, the Cauchy-Schwarz inequality and ||{r15y]2 < 1 tell us

(w.(G+ew)— (v (a+E)w)|
<2d||§ 1oy |3 +44|| w2 ¥ Loy |2 < 641§ 1oy 2. (5.6)

By the Minimax Theorem (see (4.10)), 6d||{ 15> bounds the difference between the
k-th largest eigenvalue of operators A + & and A + &. Hence, (5.4) follows. O

Proof of Proposition 5.1. Let k € N be such that A = lg)(‘g'). Then the following
facts hold:

(1) By (5.2), the set U is at least R steps of the simple random walk from any point
where & exceeds A}y () — 2A. Since (2.25) holds, Theorem 2.1 implies

A5(8) = Ap) 5, (E)] < . (5.7)

(2) Restricting the eigenvalue relation on D to U, resp., U’, there are £1,¢, € N such
that

A () =2y (6) =457 (&), (5.8)

where Zg‘)(é), resp., ig,z)(é) is the £;-th, resp., f>-th eigenvalue of A + & in U,
resp., U’ with boundary condition ¥ := y/||[w1y|2, resp., ¥ := /||y 1y|» on
U =dU’.

(3) If the left-hand side of (5.3) is > 1, then there is nothing to prove, so let us assume
that it is < 1. Lemma 5.2 then tells us

3 (L 1 ||2

100(&) - a0 (&) < aall V102 59
o 110

APE) =22 (E)] < 6a U2, 5.10

) -4 ) < sa L (5.10)

(4) The Dirichlet eigenvalues in D \. dU consist of the union of Dirichlet eigenvalues
in U and U’. It follows that there are k;,k, € N such that

M) =25ty (&) and AH(E) = Ay (&). 5.11)

Our goal is to show that k € {kj,k2} and k; # k».

First, Lemma 4.2 tells us ||y 15y < €r/2d and so ||y 1yl V ||y 1y |2 > 3(1—
€r/2d) > /4. A calculation now shows that at least one of the right-hand sides in (5.9
5.10) is < 8eg — say the first one. But then

IAR(E) = Aply (E)] = Ay (E) = Ay " (€)| < 8er < gap(A) —2er.  (5.12)

Since by (5.7) s — Ag)(gs) stays at least gap(A) — 2eg away from other eigenvalues as
s slides off to infinity, we must have k; = k. But if also k» =k, then Hp._ 5y would have

two (degenerate) eigenvalues equal to lg)\ ou(&) and so, by (5.7), Hp ¢ would have

another eigenvalue within 2€&g of lg) (&). This is again impossible because gap(1) >
2¢eg and so ky # k».
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The rest of the proof now boils down to the estimates:

gap(A) —2er < [AY) 5, (E) = AN (E)] = Ay (&) — A2 (&)
<|AGVE) = AGV (@) + AP (E) —ASY (&)
S6d||‘l’18U||2+6d|\‘l’1(9u||2 (5.13)

[R72%%1F w1y
< 12d x Lh.s. of (5.3),

whereby (5.3) is finally proved. O

The second main input into the proof of Theorem 2.5 is a continuity argument which
we again state in general terms as follows:

Proposition 5.3 (Continuity argument). Fix § € (0,1) and h > 0 so that the condi-
tions expressed in (2.26-2.27) hold. Fix d(x,C) satisfying (DO-D2) and suppose that
a normalized eigenfunction Y corresponding to eigenvalue A of Hp ¢ is such that, for
some C € Cp 4,

ly(z)| <e7 9O zeD\e, (5.14)

and, in addition, ||y 1e|2 > /4. Then we have ||y 1le||2 > /2 and

ly(z)] <e™oME0 . zeD\e. (5.15)

Proof. Let us first consider z € D\ Dga(&) and set U := B(z,R) N D. For a path
(Yj)jen, of the simple random walk started at z, let 7z denote the hitting time of
dU. Recall the martingale M* = (Mpn)nen, from Lemma 4.1; we will consider it
at time n := Tg. Note that if Yrr7, € dD, then y(Yy,) = 0; otherwise, the path ¥ :=
(Y0,Y1,...,Yraze—1) stays inside the set where & < A. Since the loop-erasure of Y is an
R-step self-avoiding nearest-neighbor path from z to dB(z, R), the product of the terms
in (4.2) is at most e "% by (2.26). (All the terms that we drop by loop-erasing are < 1.)
The Optional Stopping Theorem implies

< E*(|M <e "™ max . 5.16

V()| < E(More]) <e™ max (o) (5.16)

The assumption (5.14) and (D1) allow us to bound the maximum by e~ 0hld(z.C)—R]
(Note that we can seamlessly extend the maximum to all of dB(z, R) because y vanishes

outside D.) Rearranging terms we thus get
lp(z)| < e (79MRe=0hAE) - 7 c D\ Dpa(£). (5.17)

As 1 —0 > 0and & > 0, this is even stronger than (5.15).

Our next goal is to boost the lower bound on ||y 1e||2 from (non-strict) /4 to (strict)
1/5. To this end let k abbreviate the right-hand side of (5.3) and note that, by (5.3) with
U:=CandU': =D~ (CUJIC),

. 1
min{ ||y 1e|l2, W 1p euag)ll2} < E||‘I’13@||2- (5.18)

Since (5.17) applies to all z € dC, we can estimate ||y 1je]2 as

1 1 1
v lacla < VIO max|y(y)] < - VIg€le TR (s.19)
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Invoking (2.27), this is less than }T‘ By our assumption ||y 1lel|j2 > %, we thus conclude
from (5.18) that [y 1p. (cuge)ll2 < 1. But the same bound and x < 1 yield

1
1w 1p-ell3 = W 1o evac I3 + W lgell3 < (5.20)

8 )
which implies ||y 1e|ls > \/7/g > 5, as desired.

We are now ready to prove (5.15) for z € Dg 4(&) \ C. Let €’ denote the component
that z belongs to. We will apply Proposition 5.1 with U := €' and U’ := D~ (€' U
dC’). Since we already know ||y le||2 > 12, we have ||y 1y|2 < ||w1ly|2 and so the
maximum in (5.3) is achieved by the term corresponding to U. Therefore

1 1
)| < Iylelh < CIwlels < V0T max|y(). 2D
yeC!

By (5.17) we have |y(y)| < e (1-8)iR=81dxC) for each y € dC' and invoking condi-
tion (D2) we can estimate d(y,C) > d(z, €) — 1. Putting the terms together, we get

w(2)| < (%\/We‘”““*‘”h’*) o Ohd(0) (5.22)

By (2.27) the prefactor in the large parentheses is < }T for all €. The claim follows. O

Proof of Theorem 2.5. We begin by identifying the component C. Let k be such that
A =AY (E),let U := D~ Dga(€) and consider the deformation & := & — 51y with
§ € (—o0,00]. By the assumption that gap(A) > 2¢g, the eigenvalue lg)(és) stays non-
degenerate for all s € [0, 0], since this eigenvalue and its two neighbors A3 (&) and
lgil) (&) change by less than &g as s slides from s := 0 to s := oo. In other words, there
is no eigenvalue crossing along the path.

It follows that also the corresponding eigenfunction Y, changes continuously with s
and its limit as s — oo exists and defines an eigenfunction ¥ for A + & in D\ U cor-
responding to lg)\U(é). Clearly, there is a unique component of D \. U where ¥ puts

all of its mass, because otherwise ),g)\u (&) would be at least two-fold degenerate. We
let C denote this component.

The bounds (5.14) for y replaced by y; and ||y;le|l2 > Y4 are satisfied at s :=
oo; thanks to continuity in s they also hold for all s sufficiently large. Let so be the
supremum of s € R where any of these bounds fails. We claim that so < 0. Indeed,
(assuming sg > —oo) the bounds still hold (by continuity) at s = s¢, and if 59 > 0, then
Proposition 5.3 would imply even the stronger bound ||y, lel|2 > !/2. By continuity
again, one could find € > 0 such that at least the bound ||y 1e||2 > !/4 would hold for
all s € [so — €,50], in contradiction with the definition of so. In particular, (5.14) and
[lwlell2 > Y4 hold. As the eigenfunction is normalized and d(z,€) = 0 for z € C, we
have (2.28), as desired. 0O

6. Coupling to i.i.d. random variables

Having dealt with the deterministic estimates that underly the proof of our main theo-
rems, we now move on to the corresponding set of probabilistic arguments. Our specific
task here is to establish a coupling to i.i.d. random variables as stated in Theorem 2.3.
We assume throughout that & = (£ (x): x € Z¢) are i.i.d. random variables satisfying
Assumption 1.1.
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6.1. Extreme values of the fields. We begin by discussing the extreme order statistics of
the potential field. Since £ (0) is continuously distributed, there is a unique @y, such that

P(£(0) > ag) = % 6.1)

Assumption 1.1 forces F(s) := loglog[P(£(0) > s)~!] to grow, in the leading order, as
a linear function with slope 1/p. Simple estimates then show

ar = (p+o(1))loglogL, L — oo, (6.2)

The quantity ay, plays the role of a centering sequence for the extreme order statistics

of the field & in boxes of volume L?. Indeed, since e/ (@) = dlogL, setting
b= l(l))gL 6.3)

and using that F(ap +sby) = F(ap)+ %sbL(l +o(1)) (by Assumption 1.1), we get
(for D € © and Dy its scaled-up lattice version from (1.4))

P(max &(x) <ag+sb) = (1 —exp{—eF(aL”bL)})‘DL‘

xeDy,
= exp{—|Dp|exp{—e" @} (14 0(1))}
a ls 0
:exp{—\Ddexp{—eF(aLHP b, (1+ (”)}(1 +0(1))}

pd exp{—|Dle}.

(6.4)

It follows that the extreme-order law of & lies in the Gumbel universality class.

Our ultimate goal is to arrive at a similar conclusion also for the statistics of the
maximal eigenvalues in Dy. However, this requires more regularity than the above esti-
mates, for two reasons: First, to make a (local) eigenvalue relevant requires arranging a
whole “profile” of £ values. Second, none of these & values will reach into the extreme-
order range — i.e., within O(by) of @, — rather, they will all lie a positive deterministic
constant below ay; cf (1.16). It turns out that we will need:

Lemma 6.1. Suppose Assumption 1.1. Then

(1) For any € > 0 there is ro < o such that for all r,¥' with ¥ > r > ry,

(b)) o J0gP((0) > r) _ (Lieyw—
’ = TogP(E0) 5 ) ~° '

(2) The law of £(0) has a density f with respect to the Lebesgue measure which then
satisfies

e (6.5)

. f(r+se )

locally uniformly in s € R.

=e¥/P (6.6)
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Proof. For (6.5), the ratio of the logs equals the exponential of F(#’) — F(r). Using the
Fundamental Theorem of Calculus and Assumption 1.1, once 7/, r are sufficiently large
and ¥ > r,

(%—8)(r’—r) <F(/)—F(r) < (%—i—s)(r’—r). ©6.7)
This implies part (1) of the claim. For part (2), a calculation shows that
f(r):=F'(r)P(£(0) > r)logP(£(0) > r) (6.8)

is the probability density of &(0), and so

f(r)
F'(r+se F)) P(£(0) > r+se 1) logP(E(0) > r+se~F()

T F () P(E(0) > r) logP(&(0) > 7) - 69

As lim,_,o F (r) = oo for r — oo by (1.7), the first ratio on the right tends to one by (1.7)
and the same applies to the third ratio by (6.7). As for the middle ratio, we note

P(g (O) > r+se’F(’)) F(r) (F(rts 7F(r))7F( )
— _ r r-rse r) __ 1 . 610
]P)(é(o) N r) exp{ € (C )} ( )
The claim follows by invoking F(r+se ¥ (")) — F(r) = %se_F(” (I+o(1)). O

With the help of (6.5) we now get the asymptotic formula (2.11). This yields the
identity in (2.12) which implies that the only “profiles” of the field that we can realisti-
cally expect to see in Dy, are those for which @ := & —ay obeys L(¢p) < 1.

6.2. Local eigenvalue estimates. Many of our arguments that are to follow will require
the following (rather crude) bounds for the principal eigenvalues in rectangular boxes
of sublogarithmic size in L.

Proposition 6.2. Let Ry, — oo with R;, = o(logL). Then for each § > 0 sufficiently small
there is € > 0 such that

P(Ag (§)zaL—x+8) <L 6.11)
and
P(Ag (&) 2 aL—x—8) =L (6.12)

for all L sufficiently large.

For the regime in (6.12), we will also need a statement with the quantifiers inter-
changed:

Proposition 6.3. Let Ry, — oo with R, = o(logL). Then for each € > 0 there is 6 > 0
such that
P(Agy (&) = —x—8) <L *** (6.13)
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Let us start with the upper bounds (6.11) and (6.13). Their proof will be based on the
set inclusion (4.31) established in Lemma 4.6. For that we will need to show that the
event on the right of (4.31) is dominated by configurations with nearly minimal value

OfLCA(é —a—){(j).

Lemma 6.4. Let p > 0 and A > 0 be given. There is a constant ¢4 p such that for all a €
(0,1), all u>2/3, all finite C C Z¢, all L large enough and d' = d2~2%/3¢=A2/(p),
4 A+plog(4/3)\'“ e
+pog(/3)> L4 u! ) (6.14)

P(LcﬁA(g —ay) > M) <cap (OC plog(4/3)

Proof. Fix p >0, A > 0 and € > 0. For u > 0, define

Fo={&: LealE—ay) € [u,2u)}. (6.15)

The event in (6.14) is covered by (J,~q Fon, so it suffices to derive a good estimate
on P(F,). Note that 2u > 1 because we assumed u > 2/3.

Our first task is to derive a version of (2.11) without the o(1)-term. For this, let ry be
such that (6.5) holds. We will also assume that L is so large that a; — A > rg. We claim
that then

—A<s<plog2u) = P(E0)>ap+s) < (L*d(zurnge‘“)e“/ " (6.16)

Indeed, let p’ be defined by !/, := 1/, + €. Then (6.5) bounds the probability by L~¢°
with 6 := e*/P~¢bsl. Since s < plog(2u) implies |s| < 2plog(2u) — s, this is further
bounded by L9’ where 6’ := (2u) 2P€e’/P’. As /P > e~AE+S/P_ (6.16) follows.

Next we will discretize the set of possible potential values to cover F, by a finite
union of sets. Let § := £p?log(2u) and Sx ,, := {—A+m8: m € No} N (—oo, plog(2u)].
Define

0z (x) == —A+8|(E(x)+A) /8. (6.17)

Then ¢ takes values in S, , and
LealE—ar)>u = Lea(ge)>ue P >yl Pe. (6.18)
Let {Ct: k=1,... 2l — 1} be an enumeration of all non-empty subsets of C and let

{ O, j} be an enumeration of all functions @y ;: Cx — Sa . (6.18) then gives

Fcl U {€:&>aL+ ¢ jonCy}. (6.19)

ke jite, (g j)zued/p
Denoting d” := d272P€e 4%, the condition Lc 4 (@ ;) > u'~P€ implies
P(E: E>aL+@jonC) <L 4 (6.20)
The total number of pairs (k, j) contributing to the union is at most

A+plog(2u)\I€l A+plog(4/3) Ic|
(1 22220 = (1 ) ©2h
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So if € (so far arbitrary) is linked to o via o := 3p€, we get

4 A+P1°g(4/3)) ‘C‘L’d'”'_“ (6.22)

P < (5 sy

with d’ related to o as in the claim. Since the prefactor is independent of u, the desired
bound follows by summing (6.22) over u taking values in {2"u: n > 0}. (Note that the
restriction on L was independent of # and ¢.) O

‘We can now prove the upper bounds in Propositions 6.2 and 6.3:
Proof of (6.11) and (6.13). For A > )¢ and 6 € R, the inclusion (4.31) and y¢ > x show

(O 2@ +8} C{E: LealE—ay) >u} for u=eld TP (623)

Applying (6.14) with C := Bg, , and noting that the term exponential in |C| is L(!), the

desired probability is at most Ld/“l_a“’(]), for any a € (0,1/,), provided 8 is small and
A large so that u > 2/3. Now for A large and & > 0 small, d —d’ can be made arbitrary
small (positive) while u, which satisfies u > 1 for 6 > 0 and u < 1 for § < 0, can be
made as close to 1 as desired by choosing & small. This proves the desired bounds. 0O

Concerning the lower bound in (6.12), we first state:

Lemma 6.5. For each p' > p there is Ky < o0 such that for any finite C C 74, any
0 €10,1) and any L, we have

PO Za—2e—8) 2L for 0:1=c (14 Kj|CP/P'e /). (6.24)

Proof. Recall (4.33) and the notation used therein. Fix p’ > p and let ry be such that
the bound on the right (6.5) holds for all r,r” > ry with 1/p — € equal to 1/p’. Setting
@ := @c V (ro —ar + 0) and noting that ¢/ > @c, we get
P(AY > aL—xc—8) > P(§ > arL—6+¢c)
> exp{—log(Ld)e"S/P' Z e(P/C(X)/P/} (6.25)

xeC
But p’ > p implies ¥,cce?™/P" < L (@)P/P" and for Le (@) we get
Le(@t) < Lelge) +[Cle0roa/P., (6.26)

In light of L¢(@¢) < 1 and a simple convexity estimate, we get (6.24) with the choice
Ky = el D/’

Proof of (6.12). Since 2, | x and |Bg,| = (logL)*") while a;, = loglog L, the bound
(6.24) with C := By, yields (6.12) for L large as soon as d — € > de %P, O
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6.3. Approximation by i.i.d. process. We are now ready to assemble the arguments
needed for the proof of Theorem 2.3. Let Ry, be a sequence of integers subject to (2.17).
As before, let €g, 4 denote the set of connected components of DRL,A(é) for D := Djy.

Lemma 6.6. For any A > 0 there is an integer ny < oo such that
diam € < naRy, VC € €, A, (6.27)

occurs with probability tending to one as L — oo,

Proof. This is a consequence of (2.11) and a straightforward union bound. Indeed, let
F7(x) denote the event that the box B,g, (x) contains at least n vertices z for which
E(z) > ap, — x —2A. Then

{ICeCp a: diamC>nR } C | Fra(x). (6.28)
XEBnL(O)

By (2.11) and a union bound we obtain
P(Fpa(x)) < !Ban|nL_d"9+"<1> where 0 :=e (X+24)/p (6.29)

Since R, = L°(), as soon as n is so large that n@ > 1, the probability of the union on
the right of (6.28) will tend to zero as L — . O

Next we will focus attention on components where the eigenvalue is close to the
optimal threshold a; — x. For these components we get:

Lemma 6.7. Given A > 0 sufficiently large, there is 6 > 0 such that the following holds
with probability tending to one as L — o: For any € € €g, 4 that obeys /”Lél)(é) >
ap—x—0,

(1) 2"(&) = A& (§) > §plog2,

(2) € C By, (x) for some x € (N, +1)Z)“ and, in addition, dist(C,D§) > Ny.

If, in addition, lé})(é) > ay — x — O for some €' € Cg, 4 then
(3) either €' = C or dist(C’,€C) > N.

Proof. Assume that A is large and pick € € €, 4 that obeys Aén(é) >ap—x—0.
By Lemma 6.6, we may also assume diam C < nyqRy. For the claim in (1), if we had
28(E) =8 (E) < 1plog2, then Lemma 4.7 with the choices

a:=ar,—Xe and d:=a,—x—96 (6.30)

would yield Le4(E —ar) > v/2e MA)/P =: u. By Lemma 6.4 and the fact that |C| =
O(RY) = o(log L), the probability that a given set C is a component with these properties
is at most L~4Vi+o(1) Byt there are at most LYe?®") = £4+o(1) ways to choose such a
connected component in Dy, and so (1) follows by a union bound and u > 1.

For (2) and (3), let us abbreviate r; := naRy. Given € > 0 let § > 0 be as in Propo-
sition 6.2. Since € C B,, implies Al(?lr)L (&) > A" (€), from (6.13) we immediately have

P(3C e Crn: x € diam(€) <11, AL (E) a1 -2 —8) < [B, LM (6.31)
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for any x € B, (0). Now if (2) fails for some component C € €, 4, then € contains a
vertex either in Dy \Uye (v, +1)z)¢ By, (x) orin {x € Dy : dist(x,Dj ) < Np}. The former
set has cardinality of order LdNE ! while the latter has cardinality of order N LI~

(indeed, thanks to the smoothness of dD we have [dDr| = O(L?~")). Hence, for some
constant ¢y,

P((2) fails) < e (LN, '+ N L REL™4HE, (6.32)
For (3) a similar argument yields
P(((3) fails) < c2LNj (RIL™47¢)2. (6.33)

Using (2.17-2.18), both of these tend to zero as L — o once € is small enough. 0O
Finally, we also need a (slightly more explicit) version of (1.16):
Lemma 6.8. We have
Ap) (&) —ar — —x.  inP-probability. (6.34)

Proof. Fix € > 0 and consider the event that /'LSZ(&) > ap — x — €. Cover Dy, by or-
der (L/Ry)? disjoint translates of Bg,.By (6.12) and Ry = L°(), with probability tend-
ing to one as L — oo, at least in one of these boxes the principal Dirichlet eigenvalue
exceeds a; — x — 0. Since /ll()lL) dominates all these eigenvalues, we get a lower bound
in (6.34).

Next let us examine the event F := {ASL) (§)>aL—x+e}.LetA>0and fix R, — o
with R, = o(logL). Assume, with the help of Lemma 6.6, that all components of CroA
have diameter less than naR;. Theorem 2.1 thus implies

(1) (1) €
Ap, (§) <maxdy (&) +3 (6.35)
with probability tending to one as L — co. So on F, at least one of the boxes B, g, (x),
with x € Dy, has lg) & () (&) > ar +¢/». By Proposition 6.2, this has probability o(L™%)
nARL

and, since Dy = O(L“), also an upper bound in (6.34) holds. O

We are now finally ready to establish the coupling of the top part of the spectrum
in Dy, to a collection of i.i.d. random variables.

Proof of Theorem 2.3. Fix A > 0 large and let 6 > 0 be such that the conclusions of
Lemmas 6.6, 6.7 and 6.8 hold. Let U denote the set Dg, 4 for D := D;. Take 6 <
min{8/2,A/2}. Theorem 2.1 then implies, for all k = 1,...,|D.,

s

N AN1-2R
Ap,(8) zaL—x~8 = Mgﬁ(é)—l{f)(é)lézd(Hﬁ) L (636)

But the spectrum in U is the union of the spectra in the components in €g, 4 and,
once conclusions (2-3) in Lemma 6.7 are in place, we only need to pay attention to
components that are entirely contained, and single of that kind, in one of the boxes

B,Q,i, i=1,...,mp. Since Lemma 6.7(1) tells us that we can also disregard all but the

(@)

principal eigenvalue, if C C By, is such a component, Theorem 2.1 yields

28 (&) — (8)] < 24(
Combining (6.36—6.37), the claim follows. O

A )I—ZRL

1+ = .
+ 5 (6.37)
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7. Eigenvalue order statistics

Our next item of business is a proof of extreme order statistics for eigenvalues in Dy,
as L — oo. Having coupled the eigenvalues at the top of the spectrum of Hp, ¢ to a
collection of i.i.d. random variables — namely the principal eigenvalues in disjoint
subboxes of side N; — the argument is reduced to identifying the max-order class that
these variables fall into.

7.1. Determining the max-order class. Our strategy is to first identify the max-order
class for eigenvalues in boxes of side Ry and only then relate this to the eigenvalues in
boxes of side Ny. The bulk of proof of Theorem 2.4 will be supplied by:

Proposition 7.1. Suppose Assumption 1.1 holds and, for Ry, — oo with Ry, = (logL)°("),
let ay, be as defined in (2.22). Let by, obey (2.23), i.e.,

brlogl — P 7.1)
n—oo d
Then, with o(1) — 0 as L — oo uniformly on compact set of s,r € R,
P(ll(;i:L >ar+ rbL) — e—sto(l) P(lé;}L >ap+(r— s)bL). (7.2)

Remark 7.2. Tt is the proof of this proposition that requires us to assume that the law
of £(0) has a density with respect to the Lebesgue measure. Although this restriction
can be overcome to some extent, we have not succeeded in formulating a more general
condition that would yield a comparably easy proof of the asymptotic (7.2). A natural
idea how to deal with discontinuous laws would be to first approximate the spectrum
by that of a continuously-distributed field and then apply the present approach.

The main idea of the proof of Proposition 7.1 is to compensate for a shift in the
eigenvalue by way of a rigid shift of the field configuration. In order to keep the action
confined to the asymptotic regime, we will only shift the values of £ that are close to ay..
Given A > 0 and L > 1, consider the continuous function g; 4: R x R — R given by

£ s, ifE >a A,
8LA(&,5) = &, if & <ap 24, (1.3)
linear, else.

Clearly, for s < A, the map & — gz (&, s) is strictly increasing. The deterministic part
of the change-of-measure argument is provided by:

Lemma 7.3. Given a finite C C 74, a configuration (& (x))xec and A > 0, abbreviate

E(x) == gra(E(x),5). (7.4)
Then foralla € R and s > 0,
A(©) za+s} {ag' (&) = a} (7.5)
and, forall a > ap, —A/2 and all s > 0,
(A0(&) > a+s} 2 (A(&) > a}, (7.6)

where s :=s/[1 —2d(1 + £)72].
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Proof. Abbreviate O := {x € C: &(x) > a; —A} and note that & = & (x) — s for x € O.
Since s > 0, the variational characterization of the principal eigenvalue tells us

A& +s 228 (E) 228 E) +s X vl ([ (7.7)

x€0

The inequality on the left then immediately yields (7.5).

For (7.6), let s’ be as given and let us assume lg)(&./) >a. Thena > a; —A/2 and
&/ <ar—AonC~0imply & <a—A/2< lél)(&/) —A/2 on C~\ O and thus by
Lemma 4.2 with D' :=C~\ 0,A’ := A and R := 1 and A replaced by A/2,

A2
Z‘l]/cgl |>1—2d(1+4d) ‘ (1.8)

The inequality on the right of (7.7) with s replaced by s’ yields the sequence of bounds
A& = A () +s>a+s. O

The shift of the field will give rise to a term reflecting the change in the underly-
ing measure. This term can be evaluated rather explicitly. As already pointed out, the
function & — gz (&, s) is strictly increasing for s < A so we can define its inverse,

hra(&,s), by
8LA (/’lL,A(g,S),S) = 5 (7.9)

Then we have:

Lemma 7.4. Let f be the probability density of &(0). For any event G depending only
on {&(x)}rec, any A > 0, any s € [0,A) and all L sufficiently large,

]P(EsEG) :E<1G (KY)KL,A@AS))Q‘](W)’ (7.10)

where K (E,s) :=#{x € C: A <ap—hpa(§(x),s) <2A}.

Proof: Let L be so large that the probability density f is well defined and positive for

all arguments larger than @y, — 2A. Notice the change of variables § — &, with explicit

form & = hy 4(&;,s), incurs the Radon-Nikodym derivative

g _ ( A )15L—§E(A,2A) (7.11)
d& A—s

for the corresponding Lebesgue measures. Multiplying this by the ratio of the prob-

ability densities, f(&)/f (és) gives us the Radon-Nikodym derivative of the law of &

with respect to the law of és The result thus follows by writing ]P’(",‘S € G) as an in-
tegral with respect to the Lebesgue measure [],ccd& (x) and changing variables using

E(x)= hL,A(cgs(x),s) foreachx. O

We will now proceed to deal with the Radon-Nikodym terms in (7.10). The ratios of
the probability densities will be controlled using (6.6) as follows:
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Lemma 7.5. Let f denote the probability density of &(0). For any finite C C 74, any
0 = (@(x))xec and ot = (t(x))xec with o0 > 0, there exists a quantity o(1) such that

Sflar+o(x) —bro(x)) . . oy
JQ‘ f(aL+o(x)) P{(1+ (1)))206( )e? "}. (7.12)

Moreover, o(1) — 0 as L — oo uniformly in C and ¢, € I€, a > 0, for any compact
set I CR.

Proof. For F be as in Assumption 1.1 and ¢ € R such that a; +1 lies in the domain of F,
let 7 (¢) be defined by

p(1+h(r))e/P := byel @+, (7.13)

Thanks to (2.23), Assumption 1.1 and the Mean-Value Theorem for F, we have that
hi(t) — 0 as L — oo locally uniformly in z. Next, for u > 0 such that f(ay +¢— bru)
and f(ap +t) are well-defined and positive, let ¢, (f,u) be defined by

flap+t—bru)
flap+1)

Using (6.6) with r:= a; + and s := byue” @) and applying (7.13), we get that
q1(t,u) — 0 locally uniformly in ¢ and u > 0.

Thanks to u > 0, (7.14) can be written as upper/lower bounds valid for L large once
t,u are confined to compact sets in R. Setting t := ¢(x) and u := a/(x) and applying this
bound to the product in (7.12), the claim follows. O

::exp{(1+qL(t,u))uet/p}. (7.14)

We are now ready to prove the main claim of this subsection:
Proof of Proposition 7.1. Fix € > 0 and A > 0 and set

G:={¢: l}%(é) >ap+rb}N{&: LBRL’A(g —ay)>1-¢}
N{8: Loy 2a(§—a) < 1+ebn{8: max () <@ +4}. (7.15)

Our ultimate goal is to show that the right hand side of (7.10) with this G and s replaced
by sby is asymptotically equal to e ST(VP(€ € G).

The first term in the expectation in (7.10) is bounded directly: Since s > 0 we have,
for L sufficiently large and all £, that

| < (Aés)KL.A(évs) <e

O(I)SbLRZ7 (716)

where we estimated K7 4(&,s) by the total volume of B, . Since R, = o(logL) while
by, = O(1/logL), the right-hand side tends to one uniformly on compact sets of s.

For the product of ratios of probability densities, we will apply Lemma 7.5. Given
a configuration &, let us abbreviate @(x) := £(x) — A and define a(x) implicitly by
the formula & (x) — sbpou(x) := hy 4(&(x),sbr). As is easy to check, ot(x) € [0, 1] while
o(x) € [-2A,A] for all £ € G where hy(E(x),sbr) # &(x). Lemma 7.5 thus implies

Flha(§()sb) _ g oL o
XEIBL f(E) p{ (1+ (1)))(;;La() ¢ ”}, (7.17)
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where o(1) — 0 as L — oo uniformly on G. Concerning the sum in the exponential
on the right, here we note that at(x) = 1 when &(x) > a;, — A while a(x) = 0 when
&(x) < ap —2A. Hence,

Loy a6 —ar) < Y a@)e?™/P <Ly, (& —ar). (7.18)

xEBRL

On G the left-hand side is at least 1 — € while the right-hand side is at most 1 4+ €. We
conclude .
P(Ew, € G) =e*TOEIP(E € G), (7.19)

where O(¢) is bounded by a constant times € uniformly on compact sets of s, for all A >
0 sufficiently large (and larger than s).

We are ready to put all the above together and extract the desired claim. First, Lem-
mas 6.4, 6.8 and 4.6 and the bound P(maxyep,, §(x) > aL +A) = o(L~%) yield

P(E€G) = P(A,QQL () >ap+rbr) +o(L7™9), L— . (7.20)

Since & > ES > & — sbr, we similarly get
P&y, €G) = JP(A;QL (Ewy) >ar+rbr) +o(L79), L. (7.21)

Plugging these into (7.19), invoking the inclusions (7.5-7.6) and noting that s’ in (7.6)
can be made arbitrarily close to s by increasing A, we conclude the claim for s > 0. For
s < 0 the claim follows by symmetry. 0O

7.2. Stability with respect to partition size. In order to conclude the proof of Theo-
rem 2.4, we need to relate the upper tails of the law of the principal eigenvalues in Bg,
and By, . Related to this is the question on how much does a;, defined in (2.22), depend
on the (rather arbitrary) choice of the sequence Ny. As attested by the next lemma, one
direction is quite easy:

Lemma 7.6. There exists a constant ¢ = c¢(d) € (0,0) such that or any N > R and
anya € R,

“log(1—P(AY) > a)) > (1—cR/N) (%)dn»(xg;g >aq). (7.22)

v 2

Proof. Let us cover 74 by disjoint translates of Bg and let Bg), i=1,...,n, denote those

translates that are contained in the box By. Then lgj (&) > /1;18.> (&) for every i and since
R

l;](f.) (&) are independent and equidistributed to lgR) (&), we thus have
R

P(lg]j > a) > lfﬂ”(lglj < a)n

(7.23)
>1- exp{—n[F’()LgI\f <a)}.

The claim follows by taking a log and using that n > (1 — cR/N)(N/R)“ for some
constant ¢ > 0. 0O
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Notice that (7.22) implies that once ]P()Ll(;lA;L >1t)—0and Ry /N;, — 0 as L — oo, for
some sequences Ry, Ny and 7, then also

N

d
PO, 1) = (1+0(D) (75) P(Ay, 21),  L—ew  (724)

L

(Indeed, just expand the log into a power series and dominate it by the first-order term.)

The bound in the opposite direction will require introducing an auxiliary scale R}
as follows: Suppose, for the sake of present section, that R; and N; are sequences of
integers such that

R R N,
lim — % —oc, lim —==0 and lim —£ =0 (7.25)
L—es loglogL L—e Np L—e L
and let R} be a sequence of integers satisfying
R/
lim =£ =0. (7.26)

L—e R
Then we have:

Lemma 7.7. For any A > 0 and any sequence t; > —A there is ¢ > 0 such that

N4 /
<~ —d L n 5~ —cR
P(Ay) >a+n) <olL >+<1+o(1))(E) P(Ay) >a+n—e ), (7.27)
as L — oo,

Proof. Pick A > 0 such that t; > —A and consider the set € of connected components of
the union of balls By (x) for x € By, such that &(x) > ar —3A. By Lemma 6.6 (with R,

replaced by R} ) and Ny, < L, there is an integer ns > 0 such that

P(rélaé( diam € > msR}) = o(L™9). (7.28)
(S
Now consider a partition of 74 into disjoint translates of Bg, and let BI(Q, i=1,...,my,

denote those boxes in the covering that have at least one vertex in common with By, .
()
2nAR2’
J=1,...,kL, denote a covering thereof by translates of B,, R, centered at these vertices
such that no vertex in § lies in more than two boxes from these. The key point is that,
on the event

Considering the set S of all vertices on the inner boundary of these boxes, let B

G:={¢&: max diamC < npRy }, (7.29)
S
each component € € € is entirely contained in one of the above boxes Bgz or Bg; )A R
L
Since & (x) > ngl(g) —2A and xg;L (&) > ap +1, imply &E(x) > ar — 3A, Theo-
rem 2.1 can be used for the set U := Jece C. Thereby we get
(1 (1)
Apy, (8) < maxAe’(5) + g, (7.30)

L
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where g/ :=2d(1 + 2%)1’2R/L. The monotonicity of C — lél) (€) then shows that

A0 (@), max 20, @) s

l ooy Ry J=1,.. KL Z"ARZ

AéxL (6) <eg +max{

holds on GN {),éxL (&) >ar+u}.
Applying the union bound (7.31) and (7.28) yield

IP’(M%;L > &I-i—n) < mLP(lgl:L >ap+1— SR/L)

+h Py >arti-eg) o) (7.32)

naAR;

~ —d
< (mL+kL)]P’(7LgR)L > ap+1— &g, ) +o(L7),
where the last inequality holds because 2nAR’L < R;. Since Ri < Ry,

d d—1
mL:(l—i—o(]))(%) and kLgo(l)Zi(ZZ) = o(my) (7.33)

the claim follows by noting that &g < e KL for some ¢ > 0. O

7.3. Proof of eigenvalue order statistics. First we establish the Gumbel max-order tail
for the principal eigenvalues:

Proof of Theorem 2.4. Choose ry, so that r; /loglog L — oo and (7.26) hold. Then e ™"t =
o(br) as L — oo, for any ¢ > 0. Combining Lemma 7.7 and Proposition 7.1, the desired
claim follows. O

This then implies the extreme order law for eigenvalues:

Proof of Corollary 1.3. This is a direct consequence of Theorems 2.3 and 2.4, the
standard results about max-order statistics and the facts that Ry /loglogL — o and
log|Dr| = (d+o(1))logLas L— e forany D € ®. O

8. Eigenfunction decay

In this short section we will provide the arguments needed in the proof of eigenfunction
localization. Recall our notation &g := 2d (1 + 5\7)1—21? . A key observation is:

Lemma 8.1. Let Ry /loglog L — 0. Then for each A > 0 and each k > 2,

L i l(xg;(@fxg;'xg)) — o (8.1)

ER, =1,....k— L—oo

in probability.
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Proof. By the convergence to the Poisson point process established in Corollary 1.3,

f : P ZittZ
(255, (6) =45, (&)]logl = log =T, (8.2)

where Z,7Z,, ... are i.i.d. exponentials with parameter one. Since the right-hand side is
positive with probability one, and &g, logL — 0, the result follows. 0O

Next let us consider the distance d(x,C) defined, as an example, right before The-
orem 2.5 and let dist(x,y) stand for the ¢!-distance between x and y on Z?. Clearly,
d(x,C) < dist(x, €). Our next item of business is to show:

Lemma 8.2 (Comparison of distances). For each A > 0 there are cg,cy,cz € (0,00)
such that for any Ry — oo that satisfies Ry, < cologL, we have

d(x,C) > ¢ dist(x,C) — caRy, x€Dp,Ce g, 4, (8.3)

holds with probability tending to one as L — oo.

Proof. By its definition, d(x,y) is the (graph-theoretical) distance on the graph obtained
by contracting each connected components C to a single vertex. So it suffices to prove

d(x,y) > ¢ dist(x,y) — 2Ry, x,yE€Dy. (8.4)

Let G := {£: diamC < ngRy VC}, where the diameter is in the ¢'-distance on Z¢.
Given x and y, consider a path 7 on this contracted graph achieving d(x,y). This can
be extended into a path on Dy by concatenating with paths inside the components,
which yields

dist(x,y) <d(x,y) +YnsRy, on G, (8.5)

where Y denotes the number of connected connected components encountered by 7.

To estimate Y, consider any vertex self-avoiding path from x to y and let X denote
the union of Bg, (z) for all z on this path. Clearly, | X| < cdist(x,y)R{ for some constant
¢ > 0. By a union bound and (2.11),

P(Y > n) < |K|L " < cdist(x,y)RIL 40 <L (8.6)

for some 0,0’ > 0 and all n > 1, where we used that dist(x,y)R,‘f < L), Hence, for
any 11 >0,

dist(x,y) , logL .
IP’(Y > nT> < exp{—G T]R—Ldlst(x,y)}. (8.7)

Summing this over x,y € Dy with dist(x,y) > Rz /n?, the result will tend to zero with
L — oo provided 1 is sufficiently small. As also G has probability tending to one, we get

dist(x,y) < d(x,y) +n SE)

naRp, (8.8)
implying d(x,y) > (1 —nn4)dist(x,y) as soon as dist(x,y) > Rz /n?, with probability
tending to one as L — oo. As 1 can be chosen so that nns < 1, we are done. O

We are now ready to establish the eigenfunction decay starting first with decay over
long distances:
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Proof of Theorem 1.4, large distances. We will prove (1.21) at distances in excess of
logL/loglogL. Our aim is to apply Theorem 2.5 for A := lg‘i(é), any A >0and R :=
Ry, where
Ry :=|logL/loglogL]|. (8.9
‘We will now check the conditions (1-3) of Theorem 2.5.
First, since &g, = 0(1/logL), condition (1) holds thanks to Lemma 8.1. Concerning
condition (2), we note that as soon as

log(P(§(0) > 1)~")
R logL Lo (8.10)

for some sequence t;, then the following holds with probability tending to one as L — oo:
For any self-avoiding path (x1,...,x,) in Dy, of length n > Ry,

#li=1,...n: g(x,-)th}gg. 8.11)

Assumption 1.1 tells us that log(P(E(0) > a)~!) = eF@ with F(a) = (1/p +o(1))a
as a — oo, we easily check that (8.10) holds for, say, #;, := ay,/2. Since A = ap, —o(1),
the condition in (2.26) is valid with & := cloglog L for some ¢ > 0.

Concerning (3), by Lemma 6.6 (which holds as soon as R;, = o(L)) all components
of €g, 4 have diameter at most ns Ry, with probability tending to one as L — oo. Condi-
tion (3) is then readily checked for any 8 € (0,1).

Since the premises of Theorem 2.5 hold, we know that there is a connected compo-

nent € € Cp, 4 such that y := ngé obeys

|1I/(Z)| < efca(loglogL)d(z,(f), zeDy. (8.12)

In particular, X, defined by (1.9), must satisfy dist(Xy, C) < Ry. As Lemma 8.2 is at our
disposal, we further conclude
d(z,€) > ¢ dist(z,€) — c2RL

8.13
26‘1|Z—Xk|—(C1nA+L‘2+1)RL, ( )

where we used that, by Lemma 6.6, diam C < nyR; with probability tending to one
as L — oo, Hereby we get

o= X > cing ;- o+ 1RL = |y < ¢ (loglogL)dist(z.€) (8.14)
1

for ¢’ given by ¢’ := ¢8cy /2. In particular, (1.21) is true. O

Before we move on to the short distances, let us abbreviate R} := %RL for Ry,
as in the previous proof and notice that (8.14) yields

Y E@vE)|) =o1), (8.15)

[z—Xi| >R},

with probability tending to one as L — oo because &(z) is at most a constant times
loglog L in this limit. In particular, we have

xg(;k’R/L)(g) =A—o(1) (8.16)
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by the variational characterization of the principal eigenvalue.

Proof of Theorem 1.4, short distances. It remains to prove exponential decay for dis-
tances less than order R;.. Set R} as right before this proof. Our aim is to use Lemma 4.8
to show that all but a finite number of values in B(X, R} ) are more than a positive con-
stant below A. We will now proceed to verify the premises of Lemma 4.8.

Pick € > 0. Thanks to Lemmas 6.4 and 6.8, and XB(X.R,) | x, the following holds
with probability one as L — oo: Once A is sufficiently large,

Lea(E—(ap—€)—xc) < e/ (8.17)

holds for C ranging over all translates of B(Xy,R}) that intersect Dy.. Set & := €/(2p)

and abbreviate C := B(Xy,R}). Next observe that for A’ := —plog(2sinh§) and €
small, there is > 1 so that

A/_ 1-2r
d) < (8.18)

2d(1
tod

£
>

(Indeed, A’ = %log(ZS) + O(1) so setting r to be proportional to a constant times
log(1/¢) will do once € is small enough.) As A = az, + o(1), the bound (8.16) tells us

A/_d)pzr

)
2 () z a3 ZGL*8+2d(1+ 5

(8.19)
By taking 6 small and A large, and setting A” := A — d (which is less than A — x¢) the

premises of Lemma 4.8 are thus satisfied and so we conclude that &(z) < 1. (@) —A”
for all z € C that are at least cr away from Xj. As A” > 0, Lemma 4.2 then shows

1/

A"\ —2a
Y vl <(+3) vz (8.20)

|z=Xi|>a

for all a > cr. In particular, y(z) decays exponentially with distance from X;. O

Finally, we will supply a formal proof of our principal result:
Proof of Theorem 1.2. Part (1) is a direct consequence of the bounds in Theorem 1.4. For
part (2) notice that argument producing the coupling to i.i.d. random variables in The-
orem 2.3 is such that ;Ll()kL) is coupled exactly to le) (&) for i such that X}, € B](\l,z In the

L
notation of this theorem, since N;, = o(L), the collection (1.14) is well approximated by

i1 .
{(27p(/1i(5)—aL)10g|DL|)i l=1>---,mL}> (8.21)

where z; denotes the point at the center of B](\',) . As mj, — oo while the number of points
with the second coordinate above a given vafue is with high probability bounded, this
is in turn well approximated by sampling the first coordinate uniformly from {z;: i =
1,...,mp}, independently of the second coordinate. The last approximating process

converges to a Poisson point process with intensity measure 1pdx®@e *dA. O
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