IDEAL MIXTURE APPROXIMATION
OF CLUSTER SIZE DISTRIBUTIONS AT LOW DENSITY

SABINE JansEN], Worraanag Konia!f

WIAS Berlin and TU Berlin
(18 April, 2012)

We consider an interacting particle system in continuous configuration space. The pair
interaction has an attractive part. We show that, at low density, the system behaves
approximately like an ideal mixture of clusters (droplets): we prove rigorous bounds
(a) for the constrained free energy associated with a given cluster size distribution,
considered as an order parameter, (b) for the free energy, obtained by minimising over
the order parameter, and (c) for the minimising cluster size distributions. It is known
that, under suitable assumptions, the ideal mixture has a transition from a gas phase
to a condensed phase as the density is varied; our bounds hold both in the gas phase
and in the coexistence region of the ideal mixture. The present paper improves our
earlier results by taking into account the mixing entropy.
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1. INTRODUCTION AND MAIN RESULTS

The idea to treat an interacting particle gas as an approximately ideal mixture of droplets (clusters)
is classical and of wide-spread use in statistical mechanics, thermodynamics, and physical chemistry.
It goes sometimes under the name of Frenkel-Band theory of association equilibrium, see the text-
book [H56]. From a more mathematical perspective, this droplet picture has been used in investigations

of percolation properties for lattice and continuum systems [LP77), M75, [GHMOT].

This article’s main concern is to make this droplet picture rigorous. To the best of our knowledge,
all existing results work in the grand-canonical ensemble at sufficiently negative values of the chemical
potential, for which one expects that all clusters are finite. In contrast, we work in the canonical
ensemble. This allows us to give results that hold also in a regime where there might be infinite
clusters.

In this work, we consider the free energies, the constrained free energies with fixed cluster size
distributions, and the optimal distribution itself and derive bounds for the deviation from the ideal
model. These bounds decay exponentially fast as a function of the inverse temperature at low densities,
respectively they decay as a power of the density.

1Weierstrass Institute Berlin, Mohrenstr. 39, 10117 Berlin, jansen@wias-berlin.de, koenig@wias-berlin.de
2Technische Universitit Berlin, Str. des 17. Juni 136, 10623 Berlin
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1.1. The model. We consider a system @ = (z1,...,2y) of N particles in a box A = [0, L]? with
interaction given by

Uv(®) =Un(x1,...on) = Y oz — ), (1.1)
1<i<j<N

where v: [0,00) — R U {oc} is a Lennard-Jones-type potential. Our precise assumptions, which are
the same as in [JKMII], are as follows.

Assumption (V). The function v: [0,00) — R U {oo} satisfies the following.
(1) v is finite except possibly for a hard core: there is a rye > 0 such that
Vr < rpe:oo(r) = oo, Vr > et v(r) € R

(2)
(3) The support of v is compact, more precisely, b := supsuppv < 0.

(4) v has an attractive tail: there is a 6 > 0 such that v(r) <0 for all v € (b —6,b).
(5) v is continuous in [rpe,00) N (0, 00).

v 18 stable.

Throughout this paper, Assumption (V) will be in force without further mentioning. We consider
the thermodynamic limit N, L — oo such that |A| = L¢ = N/p for some particle density p € (0,00) at
positive and finite inverse temperature 5 € (0,00). The existence of the free energy per unit volume is
well-known: there is a p, € (0,00], the close-packing density, such that for all p € (0, pep), the limit

1 1 1
. ; BUN ()
f(B,p): 3 NL hTIle N/ TA] log ( ! /N e YN d:c), B € (0,00) (1.2)

exists in R. In the following, we always assume that 8 € (0,00) and p € (0, pcp ).

Our main concern is the cluster size distribution that is induced by the Gibbs measure as a random
sequence. Fix R € (b,00). For a given configuration & = (x1,...,zy) € AV, connect two points z; and
x; if their distance |z; — 2| is < R. In this way, the configuration splits into connected components
(maximal connected subsets), which we call clusters. Let Ni(x) be the number of k-clusters, i.e.,

components with k particles, and let
Ny ()
prA(T) =
A

be the number of k-clusters per unit volume (which is zero for any sufficiently large k, of course). We
consider the cluster size distribution py = (pr.a)ken as a random variable in the set of all sequences
p = (pr)ken € [0,00)N, which is naturally conceived as a product probability space. One of the main
results of [JKMTI] is the existence of a rate function f(3,p,-): [0,00)N — R U {occ} such that, in the
above thermodynamic limit,

R —BUN () . ;
sE (7 [ e pu(@) € da) — int £(5.p.p). (1.3)

in the sense of a large-deviation principle. That is, the limit in (L3]) holds in the weak sense, and the
level sets of the rate function f(83,p,-) are compact; in particular, f(5, p,-) is lower semi-continuous.
Furthermore, f(83,p,-) is convex. Moreover, if f(,p, p) is finite, then necessarily > 27, kpr < p. At
low density p, the converse is also true, i.e., f(3,p,p) < oo for any p such that > 27, kpy < p. The
relation with the free energy given in ([I.2) is

1(8,p) = min{ £(8.p,p) | p € [0.00)", S kpy < p}.
keN

Hence, the minimiser(s) of f(/3,p, ) play an important role as the optimal configuration(s) of the
system. Note that the rate function and all other related objects studied in the present paper depend
on the parameter R, but we will not elaborate on this dependence. Note that this dependence on R
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vanishes in the low temperature, low density approximation that we studied in [JKMII], but not in
the one presented here.

1.2. The ideal-mixture model. We now introduce the main object in terms of which we will ap-
proximate the above model. The cluster partition function of a k-cluster is introduced as

1
Z,‘;l(ﬁ) = —/ e_’gUk(O’xQ""’x’“)ll{{O,xg, T connected} dxy - - - day, (1.4)
k! (Rd)k—1
and the associated cluster free energy per particle is f(8) := —ﬁlog ZA(B). 1t is known that its

thermodynamic limit,

f(8) = Jim_ f{(5), (15)

exists in R. Indeed, this was proved in [DS84], given that (f{'(3))ken is bounded, and the boundedness
of (f&(B))ken was derived in [DS84] in dimension d = 2 and d = 3 and in [JKMII, Lemma 4.3 and
4.5] in all dimensions.

For p = (pr)ren, let

fldeal ﬂ 0, P Z kpk;f ( Z kﬂk) Zpk logpk — 1) (16)

keN keN kEN

This rate function describes the large deviations of the cluster size distribution in an idealised model
that neglects the excluded-volume effect: the first term describes the internal free energy coming from
the clusters of finite size, the second term the analogous contribution from clusters of infinite size, and
the last term describes the entropy of placing all these clusters into the volume, not taking care of
being separated from each other. See Section [[Hlfor an integer partition model that has fideal(3, p, )
as a rate function.

We are going to compare f(83,p, p) with fid¢al(3, p. p) for small densities p and low temperatures
1/5. That these two should be close to each other is intuitively clear, since low temperature should
ensure that clusters assume a compact shape, and low density should give enough space to place the
clusters at positive mutual distance. The main purpose of this paper is to make this reasoning rigorous.

1.3. Our hypotheses. We need further assumptions about ground states and the cluster partition
functions. Roughly speaking, we need to assume some Holder continuity of the energy Uy (-) close to the
ground states and that the relevant clusters at zero and low temperature, respectively, have a compact
shape, i.e., occupy at most a box with volume of order of the number of particles. These hypotheses
are believed to be true for many potentials of the type in Assumption (V), and they can be seen to be
satisfied for the ground states. However, for positive temperatures, their rigorous understanding has
not yet been completed.

The purpose of the hypothesis of bounded density is the following. As we indicated above, the
fundamental idea is to split the configuration into its clusters and to collect the internal free energies
of all the clusters. However, one also needs to describe the entropy of a configuration, that is, the
combinatorial complexity for the placement of all the clusters into some cube. This task is very hard
without further information. In the low-density approximation, we will solve this task by neglecting
the excluded-volume effect, which makes it much easier. For this, we need to know that the clusters
do not require a large diameter. Our second hypothesis ensure this for the ground states, and the last
two hypotheses ensure this for positive low temperature.

First we formulate our hypothesis about uniform Holder continuity of the energy around the ground
states and a strong form of stability. Recall that the pair potential v is called stable if % inf pe (rays Uk ()
is bounded from below in k, which means that the ground states do not clump too strongly.
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Hypothesis 1. There is a Tmin € (The, 00) such that v is uniformly Hélder continuous in [ruyin, 00)
and, for all k € N, every minimiser (x1,...,1;) € (ROF of the energy Uy has interparticle distance
lower bounded as |x; — x| > Tmin for any i # j.

This hypothesis can be seen to be satisfied under some mild additional assumptions on v relating
the negative part of v to its behaviour at zero; see [CKMSI10], Proof of Lemma 3.1] or [Th06l Lemma
2.2|. The Hélder continuity allows us to give low-temperature estimates of the form

1 1 1 log 3
_= il BU () — =
. log i /( oy e dx i el(nfd)k U(x) + O( > as 8 — oo,

uniformly in k& € N.

Our next hypothesis says that the minimising configurations (the ground states) do not occupy more
space than a box with volume of order of the number of particles.

Hypothesis 2 (Ground states have a compact shape). There is a constant ¢ > 0 such that for all
k € N every minimiser (x1,...,1) € (RO of the energy Uy, has interparticle distance upper bounded
by |z; — x| < ckY e for any i # ;.

This hypothesis is known to be satisfied for some classes of potentials having a large intersection
with those satisfying Assumption (V), however, only in dimension one and two. See [R81] and [AFS12].

Now we proceed with two more restrictive hypotheses, whose validity has actually not been clarified
for all interesting potentials of the type that we consider. They concern, at positive sufficiently low
temperature, the diameter of the relevant clusters.

An important object is the internal cluster energy coming from a box of volume a¢:

784(8) = L

= TiAd e PU@) 1 connected} dzy - - - day. (1.7)
: ([0,A]%)*

The reader may check that lim 4. Zzl’A(ﬁ) = Z,‘;l(ﬁ) holds for every fixed k and 3. The corresponding
free energy is defined as f,:l’A(ﬁ) = —ﬁ log ZEI’A(ﬁ). It is tempting to believe (and this is the content
of our next hypothesis) that, at least at sufficiently low temperature, a box of volume of order k should

capture almost all the internal free energy of a cluster:

Hypothesis 3 (Clusters have a compact shape). For some ¢ € (0,00) and every sufficiently large 3,
1 1

lim log Z&""(8) = lim - log ZZ(8). (1.8)
k—oo k k—oo k

However, this hypothesis has not even been proved for the relatively simple case of the two-
dimensional Ising model, see the discussion in [DS86]. It is commonly believed that (L8] is true
for low temperature and wrong for high temperature, since the cluster is believed to assume a tree-like
structure and to occupy therefore a much larger portion of space. This phenomenon is often called
a collapse tramsition: as the temperature decreases below a critical value, the volume per particle
collapses to some finite value.

The following hypothesis is in the spirit of Hypothesis Bland goes much beyond it: if, for large 3, the
relevant configurations for f,gl(ﬂ) have a compact shape, then the number of particles that have not
the optimal number of neighbours should be of surface order. Therefore the correction to the large-k
asymptotics should be of surface order of a ball with volume ~ k:

Hypothesis 4. For some C > 0 and all sufficiently large (3,
kfNB) — kfE(B) > CKTVE keN. (1.9)



IDEAL MIXTURE APPROXIMATION OF CLUSTER SIZE DISTRIBUTIONS AT LOW DENSITY 5

To the best of our knowledge, such a deep statement has not been proved for any interesting potential
satisfying Assumption (V). Actually for our proofs we only need a lower bound against C'k® for some
e > 0 instead of Ck*~1/4.

1.4. Our results. Our first main result applies to all cluster size distributions p, not only minimisers
of the rate functions, and is therefore possibly of interest for non-equilibrium thermodynamic models.

Theorem 1.1 (Comparison of f(3,p,-) and fi9¢a(3, p,.)). Let the pair potential v satisfy Hypotheses
@ and @ Then there are p,3 and C > 0 such that for all § € [3,00), p € (0,p), and K € N with

K < (p/3)""tD and all p = (pi)ren € [0,00)N satisfying > pen kpx < p,

. . C
fldeal(/@,p, p) S f(ﬁ,ﬂ, P) S fldeal(ﬂapa P) + EgK(ﬁapa p)7 (110)

where
exc(B.p,p) = P Y 4 (p = perc) log B — m i log m i (1.11)

and we abbreviated p<p := Zszl kpr and msg = Z?’:KH pk- If in addition Hypothesis[3 holds, then
in (LII) we can replace (p — p<rc) with Y 32 1 kpk.

Theorem [[1lis proved in Section @l Next, we compare the minimimum and the minimisers under
the two stronger hypotheses on the compact shape of the relevant clusters at positive temperature and
the finite size correction of the cluster free energy. Let

fideal(ﬂ,p) = il’lf{fideal(ﬂypa p) P € [OaOO)N’kak S p} (112)

keN

It is not difficult to see that there is a unique minimiser p'd°a (3, p) = (pld*a(3, p))ren. We set
mi4 (B, p) == 3L P (B, p) € [0, 9.

Theorem 1.2. Suppose that Hypotheses [1, [3 and []] hold, and assume that d > 2. Then there are
B3,p,C,C" > 0 such that, for all B € [3,00) and p € (0,7), the following holds.

(1) Free energy:

. ol
0< f(8.p) = F1°(8, p) < Zm"= (3, p)pt/ (). (1.13)
(2) Let p= p? = (pi)ken be a minimiser of f(B,p,-), and put m =", pr. Then
2 ideal
m 1 (8,p)
"] < M+ SH(P. PPN o 1/(d) _
mg) | = o 2H(m’ mldea‘(ﬂ,p)) =Cv A

Here
H(a;b) = (b —ap + aglo %>
(a;b) kGZN k= okt aglog g
is the relative entropy between two finite measures a and b on N, and we recall Pinsker’s inequality:
when a and b are probability measures, then £ H(a;b) > ||a — b||%,,. The proof of Theorem [ is in
Section

As we explained in more detail in [JKMIIl Section 1.6], our results do not imply a transition
from non-existence to existence of unbounded clusters at any fixed temperature, but only indicate the
occurrence of such a transition in a certain limiting sense as the temperature and the particle density
both vanish.
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If we do not assume that Hypotheses Bl and @ are true, our rigorous bounds hold in the temperature-
density plane only in a region away from the critical line given by p = exp(—fr*) with v* € (0, 00)
defined as follows. Introduce the ground-state energy,

Ey:= inf Ug(x). 1.15

b=l k(@) (1.15)

Then ey := limy o Ex/k exists in (—00,0), and v* := infien(Er—keoo) is positive [CKMST0] TKMTI];
note that Assumption (V)(4) is needed for proving the positivity of v*.

Theorem 1.3. Let v satisfy Hypotheses [l and [A Then, for any € > 0 there are B.,C.,CL > 0 such
that for all 3 € [B.,00) and p € (0,00) satisfying —B3 *logp > v* + ¢, (LI3) and (LI4) hold with C
and C' replaced by C. and CL, respectively.

The proof of Theorem [[J]is in Section B3l We would like to note that our condition R > b is needed
in the preparatorial Section 311

1.5. Discussion. Let us explain in more detail the significance of Theorems and [[3] and in which
way they improve results of [JKMI11].

We start by recalling the properties of the idealised problem; see also [BCP86l Sect. 4]. As mentioned
above, for all 3 and p, f19°(8, p, ) has a unique minimiser (pid®®(3, p))ren, which can be characterised
as follows. Let

pldeal(g) Zkeﬁk[ SB)-f B ¢ (0, oc] (1.16)

keN
be the saturation density of the ideal mixture. If Hypothesis @ holds (actually also under much weaker
bounds than the one in (CH)), at low temperature, p'd¢!(3) is finite. In general, however, it can be

sat

infinite. For p < pldsal(3), let plde@(3, p) € (—o0, £ (3)) be the unique solution of

i e SHE 30~ (1.17)
k=1
and for p > pldeal(3) let pideal(B p) := f<(B). Then, as follows from (B27) below, the minimiser
(i (B, p))x is given by

pideal(g p) = PR (B0) = F(B)], (1.18)
and the ideal free energy from (LI2) is given by
i i Lo
F19B, p) = pp (8, p) — 7" (8, p). (1.19)
Moreover, p — f194(3, p) is analytic and strictly convex in (0, pid¢a!(3)), and linear with slope f<(5)

in [pideal(3), 00). In particular, the ideal mixture undergoes a phase transition as the density is varied

if and only if the saturation density of the ideal mixture is finite. The transition is from a gas phase
where all particles are in finite-size clusters, to a condensed phase where a positive fraction goes
into unboundedly large clusters: for all p < pld¢al(3, p), we have Y 32, kpideal(3,p) = p, while for
p > Pt (B), o5y kel (B) = i (B) < p.

Armed with this knowledge, we can compare our results with those of [JKMII]. In [JKMII], we ap-
proximated the rate function f(f3, p, ), more precisely the function ¢ = (gx)ren — %f(ﬁ, p, (kak)ken/p),
with

9.(q) = (1_ZQk)eoo+ZQkEkk_ya v i= —%logp- (1.20)
k=1 k=1

This function is easier to formulate, but involves more approximations, and has some rather unphysical
properties. This approximation was proved in the so-called Saha regime, where large 5 and small p are
coupled with each other via the equation p = e % for some parameter v € (0,00), and the limiting
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rate function g, turned out to be piecewise linear with at least one kink, but also possibly more. Each
kink represents a phase transition, and the minimiser in the kinks is not unique. This is in strong
contrast with the approximate rate function fi4¢8l(3, p,.) studied in this paper, which possesses only
one minimiser and only (at most) one phase transition. As we make explicit in the next paragraph,
fideal(3 5 .) can itself be approximated by g,, in particular by neglecting an entropy term. It is the
smoothing effect of this term that gets lost in that approximation, and possibly a lot of new kinks
appear in this way. We know that these additional kinks correspond to cross-overs inside the gas phase,
but not to sharp phase transitions (see [J1I] for a discussion of this). Hence, the full ideal mixture
captures the behaviour of the physical system much better than the function studied in [JKMTI].

We note that both fid¢al(3 p .) and g, considered in [CKMSI0, JKMII] appear as exact large
deviations rate functions for simple random partitions models. We consider vectors (Ny)i<p<n € Név

with Z]kvzl kN = N as integer partitions, and look at the (not normalised) measures on partitions
given by

N 1 M N
ideal IAIZ“ )) _ M Al 1 gy
/"Lﬁj%,/\({(Nl"“’ H - Nl,---yNN X M' H(Z]g (/8)) k’
el k=1
N (1.21)
|AM
CKMS —BE,
RN ) = i T )

where M := Zk 1 Ni. In the thermodynamic limit N, |A| — oo such that N/|A| — p, under ,uldeal , the

vector (Ni/|A|)ken satisfies a large deviations principle with speed 3|A| and rate function fldeal(ﬂ, Py).
On the other hand, under ,LL[C;I'?VME, the vector (kNk/N)gen satisfies a large deviations principle with

speed SN and rate function q — ¢,(q) — 3 ZkeN 2t which differs from the approximate functional
g, from only by a vanishing term. Hence, from ([2I)) we see that g,(-) arises
from fideal(3 p .) by two simplifications: Zgl(ﬁ) ~ exp(—fE}) and the omission of the multinomial
coefficient, that is, the cluster free energy is approximated by the ground state energy, and the mixing
entropy is neglected.

The second main difference with [JKMI1] is that our error bounds are much better. In [JKMTI], the
free energy per particle f (3, p)/p is approximated up to errors of the order (log 3)/3. In contrast, when
p = e P for fixed v > 0, as 3 — oo, the error in (LI3) vanishes exponentially fast in 3. Moreover,
(CI3) may be written as

%mideal(ﬁ’p)(l + O(pl/(d+1))).

This is interesting because for p > pldal(3), we have m'deal (3, p) < pidéal(3). Thus the free energy

sat sat
equals the ideal free energy plus an error which is small compared to the smallest of the two terms

in (m), %mideal_
For completeness and for the reader’s convenience, in Section [Al we provide approximations of the
idealised mixture model in terms of g, in the Saha regime with exponentially small errors.

£(B.p) = pp (B, p) —

2. PROOF oF THEOREM [I.1]

In this section, we prove Theorem [Tl We will use a convexity argument and split an arbitrary sequence
p into its components on the first K entries and the ones on the remainder. Hence, we consider these
two parts separately.
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2.1. Case 1: all clusters have size < K. Here we consider p satisfying pr = 0 for £ > K with
some K € N. Recall from Assumption (V) that b is the interaction range and R € (b, 00) determines
the notion of connectedness.

Lemma 2.1. Let 3 >0, k € N. Set C' := supjy<a/3 |z~ log(1 — z)|. Then

(i) For all A>0, f1(8) < fi>(8).
(ii) For all A > 3kR,

. CdR
FO) < £ + 51
Proof. (i) For all 8, k, A, we have ZEI’A(E) < Z,gl(ﬂ). Indeed, for any z; € R%, we obviously have
1
e PUR@LE2 T U (1) 2o, ..., 21,) connected} day - - - dxy < ZEY(B).

Kl ([0,4]%)k=1
Integrating over x; € [0,a]? and dividing by a? shows that Z,zl’A(ﬁ) < ZJ(B). This implies that
2 8) = [0,

(ii) Let k € N and A > 2kR. Let 21 € [0, A]¢ have distance > kR to the boundary of the cube.
Then, writing = (x1,..., k),

1 1
— e PU@) {2 connected} day - - - day, = — e U@ {2 connected} dy - - - dy,
K J o,y Rt gy
= Z;(8).
Thus, integrating over z; and recalling the definition of Z;LA(ﬁ) in (L7,

. A — 2kR)
ZkLA(ﬂ) Z ( Ad )

Therefore, when A > 3kR, we take —ﬁ log and deduce

Zi(B).

FAB) < fi48) - @log [(1— 2)d] < fel(B) + SR

]
Lemma 2.2. Fiz 3,p > 0. Let K € N and A > 0 such that (A + R)? < p~'. Then for all p such that
Zf:l kpk = P;

K K
1
(B, p,p) E kpkfdA (B) + 3 E pr(log pr, — 1)
k=1 k=1

—i—% (épk) (—log<1 — (A—i—R)dipk) —i—log(l + %)d> .

k=1

(2.22)

Proof. Let A = [0,L]?. For 2 < k < K, set Ny, := [|A|pr). Set Ny := N — S &, kNy, and M :=
Zle Nyi. Divide A into cubes of side-length A, at mutual distance R. We call these cubes “cells”. The
number D of cubes that can be placed in this way is D > |L/(A + R)|%. Let

1
ﬁ/ e PUN@INIVE € {1,...,K} : Ny(z) = N;,} dee.
s JAN

We can lower bound this constrained partition function by integrating only over configurations such
that: (a) there is at most one cluster per cell, and (b) each cluster is contained in one of the cells. The
number of partitions of the particle label set {1,..., N} into Nj sets of size 1, Ny sets of size 2, etc.,

ZA(/BaNaNla"'aNK) =
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is equal to N!/(J]r_, k!N.!). For a given set partition, the number of ways to assign distinct cells to
the setsis D(D —1)--- (D — M +1). Thus we find

K cl,A N
(A?Z7(B) "

Z N,Ny,...,N, DD-1)---(D—-—M

A(ﬁa 54V, ) K)Z ( 1) ( +1)kl;[1 Nk'

We observe that
M
D(D—1)--- (D — M +1)(AHM > ((ﬁ —1) - M) (AdM
A \dM d a\M
— IAIM A+R M(A+R)
= |A| (A+R) ((1— ) = T )
It follows that in the limit N, L — oo, N/L% — p, —liminfﬁA‘ log ZA(8, N, N1, ..., Nk) is not larger

than the right-hand side of (Z22)). The proof of the lemma is then concluded as in the proof of [JKMTT],
Proposition 3.2]. O

Proposition 2.3. Fiz > 0, p < (2¢71/3)"*V4 and K € N with K < p~ Y@+ Then, for suitable
C’' > 0 and all p with Zlekpk =pand pp =0 for k> K +1,

f(B,p,p) < fideal(g’p’ p) + Clﬁpl/(dJrl)'

B
Proof. Let C' > 0 be as in Lemma [ZT] and set m := > szl pr. Then by Lemmas [Z1] and 2.2]
CdR Cm dR
ideal d
(A btk

provided A > 3KR and (A + R)%m < 2/3. Set A = p~'/(4+1) /(3R). Then A > 3K R because by
assumption K < p~ /(@1 and (A + R)%m < 2?49 = 2¢pd/(@+1) < 2/3 hecause we have assumed
p < (2941 /3)141/4 Thus we have

d

_ rideal < /B 1/(d+1) g
f(B,p.p) = f (ﬁ,p,p)_Cﬁp ,  where C": C((3R)

+ 6dR2) 0

2.2. Case 2: all clusters have size > K + 1.

Proposition 2.4. Suppose that v satisfies Hypotheses D and[@ Then there are p,3,C" > 0 such that
for all B € [3,00), p € (0,5), for all K € Ny and all p such that > ek kor < p and p = 0 for
k<K,

"

. p m m

B,p,p) < fideal(3 5 p)+ log f — — log —. 2.23
f(Bsp,p) < [9°4(B, p, p) 5 logf—zlog (2.23)
If in addition Hypothesis[3 holds, we can replace pB3~'log 3 with Oy pr) B log 3.

Proof. By [JKMTI, Theorem 1.8], there are 5, 3,C” > 0 such that for all 3> Band p<p,

f(Bsp,p) < i Pk(Ek‘f‘l—) (,0— Z k:,ok>eoo Cuplogﬂ. (2.24)

k=K+1 k=K+1 b
Because of [JKMII] Lemma 4.3], we can further increase C” and 3 so that for all k € N and 8 > f3,

"

C— log 3.

g

Moreover, setting m := Z;O_KH Pk,

> logp m D herc+1 kP
Z Pk ﬁ Z pr(log p, — 1) < E<2 +log + log T)
k=K+1 k=K+1
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Here we have used that

9

o0 o0
_ k
Z pr: log Pk < m(l + log 7214;*[(“ pk)
m m

k=K-+1
e [JKMTIl, Lemma 4.1]. The inequality Z23)) follows.
If in addition Hypothesis Bl holds we remark, first, that for all p < 1/c¢ and all sufficiently large £,
with ¢ as in Hypothesis B, f(3, p,0) < f<(8) = fideal(3, p,0). Because of the convexity of f(3, p, -),

re1 Ko ~ P Dercy Ko N ko —1
£(8.pp) < LIy 5y P ki W0 g ) e (it Rk
We deduce that in (Z24]) we can replace es with f<(3), and the claim follows. O

2.3. General case.

Proof of Theorem [I1. We already know that f(3,p, p) > fi9(3, p, p) [JKMI1I, Lemma 3.1], so we
need only prove the upper bound for f(8, p, p). Let K € N and p such that Y .-, kpr < p. The cases
Zl,::l kpr = p and = 0 were treated in Propositions 2Z3]and 4] thus we may assume 0 < Zszl kpi < p.
Set p<k = Zle kpr. Let p be as in Proposition 2.4l and suppose that p < p. Set

pi= P<K
= 1-p<k/p
and
small pk/(l_pSK/ﬁ) iflS/{}SK, large 0 iflSkSK,
Pk = . and Pp = = o
0, itk>K+1, pe/lp<k/pl, itk>K+1.

It was shown in [JKMII] Section 2.5] that the map (p,p) — f(83,p,p) is a supremum of convex
functions and hence is itself convex. Thus we can write

1(60.0) < (1= 25 ) F(8.0,6™ ") + P25 (5.7, 97%). (2.25)
Propositions 2.3 and 2.4 yield

ideal 1 P<K small) /@) m<g P<K
f(ﬁapap)_f (ﬁapyp)SCT(l;pk > - 5 lg(l_T)

1
+ 5 P p<x)log s m; og m;eK,
provided 8 > 3, p < (2d+1/3)1+1/d, and K < p~ Y@+ The conditions on p and K are certainly
satisfied if we assume that p < 2 min(1,7) and K < (p/3)~ Y@+ If this is the case, we can further
bound the right-hand side of ([23)) as

¢34+ 4 ¢ @+2)/d+1) | C" MK MK
5 (r=x) + 75 (b = p<i)log f — 272" log =

Since m~x < p < 2/3 , we can upper bound |1 + logp| < —D(p) logms k for some suitable constant
C(p) > 0. We obtain the bound of Theorem [[ T} The improved bound under Hypothesis B is deduced
from the corresponding statement in Proposition 241 O

3. PROOF OF THEOREMS AND

We prove Theorems and [[3] in Sections and B3] below, respectively, after providing some
preparations in Section Bl
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3.1. Tail estimates. The main idea for the proof of Theorems and [[3]is to apply Theorem [Tl to
the minimiser p'd°2!(3, p) of the ideal rate function. Therefore we will need estimates on the tails of the
ideal minimiser, see Lemmas and [33] below. First we recall a statement about the low-temperature
behaviour of the cluster free energy. Recall the ground-state energy Ej defined in (LI5)).

Lemma 3.1 (Cluster free energy at low temperature). There are By > 0 and C > 0 such that for

B> Bo, 5 c
k 1

= — and % (B) = oo — —-

2 79 -

Moreover, for each fized k € N, limg_,o f,gl(ﬁ) = Ey/k. If in addition the pair potential satisfies

Hypothesis [, then for 3 > [y,

VkeN: f(8) >

VEEN: [0 < TE+ Tlogh  and  (3) < ewt logs

and limg_,« f2(B) = eco.

Proof. The limit statement for flgl(ﬂ) as # — oo follows by a standard argument for exponential
integrals. The lower bounds for f{!(8) and fS(3) have been proven in [JKMII, Lemma 4.3]. The
upper bounds follow from [JKMII, Lemma 4.5] and the observation that for all 5,4 > 0 and k € N,

(B) < f,gl’A(ﬁ), see Lemma 211 0

Note that our condition R > b is needed in the proof of [JKMI1l Lemma 4.5] and hence in the above
proof.

In the following, we omit the arguments (3, p) of the objects p'9 and midea for brevity. Recall

ideal o i ideal _ ideal ideal _ §00 ideal
that p'“** is given in (LI8) and that m!“ =3, p)f and mSe = > 77 ) ppe.

Lemma 3.2. Suppose that Hypothesis ] is true, and assume that d > 2. Then there are C,c,3 > 0,
Ky € N such that for all K > Ky, 3 € [3,00), and p > 0,

k pideal mideal ZOO_ k pideal 1-1/d
Z’“L.jl <C, and = (3.26)
ZkEN p}C ea. mldea mldea

Proof. According to Hypothesis @ we can choose ¢ > 0, Ky € N, and [ such that for 8 > § and
K Z KOJ

S hexp(BRISL(H) — AN < e PR

k=K+1
Let k(v*) be such that Ej,«) — k(v*)esx = v*. Recall from (LIF) that pideal (3. p) < exp(Bk[fL(B) —
<1(3)]). Then, for K > max{Ko, k(v*)}, we have, also using Lemma B.1]

') ideal _BeK1-1/d _BeK1-1/d
Dhetci1 ko e e _ e e < o BleK M d—27)
o ideal @ — ideal NI —1 = )
D opeq P p}g(ia*) e~ B*+0(3~11og B))

where the last inequality holds for sufficiently large 5. For K sufficiently large, this last expression
is smaller than e #K'"""/2_ Writing ¢/2 instead of ¢, this shows the second assertion in (3.20]).
Furthermore, for these K,

L ideal K k ideal _
ZkEN P < Zk:l pk +e—,@cK1 1/d /o <K +1.
mideal Zf . p}ﬁdeal

Using this for K = Ky, this also shows the first assertion in (3.20]). O

If we do not assume that Hypothesis@is true, we have an analogue of Lemma B2 for densities much
smaller than exp(—(v*), valid for all d € N.
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Lemma 3.3. Let v satisfy Hypothesis[Ql Fiz € > 0. Then there are 3., K., > 0 such that for all
B € [B:,00), p<exp(—p(v* +¢)) and K > K.,

ideal 00 ideal
14 C d myK D ki1 kP < o BES:
- < (., an : < ! <e .
mldeal mldeal mldeal

For the proof, we give first a lower bound for the saturation density of the ideal mixture, which is
of interest in itself. Under additional hypotheses, a stronger statement holds, see Prop. [A.1l

Lemma 3.4.

1 .
liz inf  log Phas(B) = —v*.
Proof. Let k € N. We pick, as a lower bound, only the k-th summand in (LI6). Then, as 8 — oo,
according to Lemma [31]
1 ; 1
5108 o™ (8) 2 Gloghk + k(fSe(8) = J(8)) = —(Bx = keww) + o(1).
Letting § — oo and taking the supremum over k of the right-hand side yields the desired result. [

Proof of Lemma[33. Fix e > 0. By Lemma B4 there is a fy > 0 such that for all > g, e P ) <
pldeal(3). Thus for B> fy and p < e P +9) we have p < pld%2l(5, p), and 923, p) solves (CI7).

Let pe := infren(Ex — v* —¢€)/k. Then p. < en. Indeed, by definition of v*, there is a k € N such
that Ej, — keoo < v*+¢/2, and for this k, pu. < (Ex, —v* —¢)/k < exo —€/(2k) < €oo. Choosing kg € N
such that p. = (E, — v* — ¢)/ko, we find

ptlogp _ By — (V" +e)

(B, p) < fE(B) + +0(B8 og B) = pe + O(B log B).

ko o ko
Since p. < e and [Ey — (V* +¢€)]/k — ex as k — oo, there are k. € N, A, > 0 such that
E _ *
k> ke = %Zu(v*—ks)—kAs.

It follows that for k& > k.,

W < exp(—Bk(A. + O(3 og ).

Choose 3. > By large enough so that the O(8~!log 8) term is < A./2, then we find for 3 > (. and
k> ke,
P (8, p)
p
Noting that for z < 1, as K — 00, Y 15 kzF = O(2K), we deduce that for sufficiently large K,

> or k1 kO (8, p)
p
Now fix K1 > K. large enough so that exp(—(:0.K71) < 1/2. Then

< exp(—pkA/2).

< exp(—BKJe).

K1 e’}
p= Z kp}gdeal + Z kp}gdeal(ﬂ,,O) < Klmldeal + ,0/2
k=1 k=Ki1+1

ideal

and, for sufficiently large K,

0o ideal
Zk:K—f—l kpy

mideal

whence p < 2K1m

< 2K exp(—BK9.). O

3.2. Proof of Theorem
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3.2.1. Free energy f(f,p). By Theorem [[T] for all 8 and p,
f(B.p) = inf £(5,p, p) = inf f9°(3, p, p) = F*N(B p).

Thus we need only prove the upper bound to f(f,p). To this aim we note that

J(8,0) < F(B.p, 0" (B, ) = (B, p) + (F(8,p, 9" (B,p)) = F(B, p, 08, ) ).

where we recall that p'd°l(3, p) is the unique minimiser of fi4¢2(3, p,.). To lighten notation, we will
drop the (3, p)-dependence in the notation and write p'd°al mideal instead of p'del(3, p), mideal(3, p),
etc. Theorem [[LT] yields

; - - C
f(ﬁ, P, pldeal) - fldeal(ﬁ, P, pldeal) <= 3 ((pldggl)(deQ /(d+1 Z kpldeal logﬁ _ mldeall 1;1?1)’
k=K+1

provided 8> 3, p < 5, and K < (p/3)""/(@*+1) By Lemma B2 if we assume 8 > Gy and K > K, the
term in the big parenthesis is bounded above by a constant tlmes

mideal <p1/(d+1) + e_/@cKlfl/d 10g 6 + /BCKl_l/de_ﬁcKlfl/d) .

Choosing K as a constant times p~ /(41 we see that the second and third summands are bounded
by the first. This gives the desired bound on the free energy. (l

3.2.2. Minimisers. Every minimiser p of f(83, p,-) satisfies f(3, p) = f(3, p, p) > fi9 (3, p, p). There-
fore, according to part (1),

. . C .
0< N8, p,p) = F171(8,p) < F(B,p) = F101(B, p) < et/ (L,

Now by an explicit computation,

BF(B, p,p) = BFN(B. p) = H(p: p™) + poo(F50(B) — ™), (3.27)
where poo i= p — > 7o kpk. Let pg := pi/m and pideal .= pideal jpyideal " Thep

H(p; p4°) = m' g (fir) +mH (p; po),

where g(x) := 1 — x4+ zlogz. Note that g(z) > 0 for all x > 0. Summarizing the last three displays,
we find,

midealg(mﬁzeal) + mH(p; pideal) + Poo(f&l; (ﬁ) _ 'uideal) < Cmidealpl/(dJrl) )

Since each of the three terms on the left-hand side is nonnegative, we obtain that each of them is not
larger than the right-hand side, and this implies

g(8) < CpM@D and  H(p;pldedl) < 0mE pl/ (),

Since g(z) — 0 implies  — 1 and g(x) ~ (1 — 2)?/2 as # — 1, we deduce that for p sufficiently small
and some suitable constant €/ > 0, |1 —m/m!d!| < C7p!/(4+2) "and the corresponding bound for the
relative entropy easily follows. O

3.3. Proof of Theorem The argument is exactly the same as for Theorem [[L2 In Theorem [Tl
applied to p'9 we note that for p < pisiial, we have Y 7° k:,o}gdeal = p; this observation replaces the use

of Hypothesis Bl Later we use Lemma [3.3] instead of Lemma 3.2
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APPENDIX A. THE IDEALISED MODEL IN THE SAHA REGIME

In this section, we provide explicit bounds for the approximation of the minima and the minimisers
of the idealised rate function f'9°% by the ones of the function g, that we introduced in (C20) and
analysed in [CKMS10] and [JKMII]. We work in the Saha regime, where p = e~ for some v € (0, c0).
Recall that the interaction potential v is always supposed to satisfy Assumption (V). Let us first recall
the relevant notation.

The ground state energy Fj was defined in ([I5) and the quantities es, = limg_,o Ex/k and
v* = infren(Ey — keoo) were defined after (LID). Set u(v) := infien[Ex — v]/k. From [JKMII]
Lemma 1.3] we know that the map v — pu(v) is piecewise affine. It is constant with value p(v) = e
for v € (0,v*], and strictly decreasing in [v*,00). The set N' C [v*,00) of points at which p changes
its slope is bounded and either infinite, with the unique accumulation point v*, or finite. Furthermore,
for v € (v*,00) \ N, we have u(v) = [Ex, — v]/k, for a unique k, € N, and

— UV

Aw) = inf{ Ee=v o) | ken, k+ k} (A.28)

is strictly positive [JKM11l Theorem 1.8].

A first quick consistency check concerns the comparison of the critical line p = exp(—pr*)
from [CKMST0L [TKMT1] with the saturation density of the ideal mixture; this strengthens Lemma B.4]

Proposition A.1 (Saturation density). Suppose that v satisfies Hypotheses [, [4 and [J] and d > 2.
Then, as § — o0, plls®(8) = exp(—fv* + O(log 5)).

Next, we investigate the low-temperature asymptotics of fi9¢8!(3, p). Recall that the free energy is a
sum of two terms, see (L.I9). We analyse them separately and shall see that the dominant contribution
comes from the term pp'9°¥(3, p), which behaves like pu(v). Observe that pu(v) is precisely the

approximation to the free energy f(5, p) proven in [JKMII].

Proposition A.2 (Chemical potential). Suppose that v satisfies Hypotheses[l and[@. Let v > 0 and
put p = exp(—pv). Then, as } — oo,

o ifve (V,00)\N,

ideal _ pcl v log ky, —1_—BAW)/2\ _ log 8
W (B.0) = FELB) — 1 = =+ OB e )=n)+0(Z57), (A29)
o if v < v* and v also satisfies Hypothesis[f, and d > 2, then
ideal _ pcl o logﬂ _ logﬂ
BB, ) = FL(8) = e+ O(F55) = () + O(F57). (A.30)

Next we state the behaviour of mi9®(8, p) = 3=, pid°*(3, p), the number of clustgrs per unit
volume. Note that for an ideal mixture, this is essentially the same as the pressure, Gp'd®a(3, p) =

mi4e(3, p) [H5G].

Proposition A.3 (Number of clusters (pressure)). Suppose that v satisfies Hypotheses [l and 2. Fizx
v >0 and put p = exp(—pv). Then, as } — oo,

o ifv e (W', 00) \ N, mieal(8, p) = (1+0(e A02) ) ok,
e if v < v* and in addition v satisfies Hypothesis[J), and d > 2, then mi4® (3, p) = exp(—pr* +
O(log 3)) = o(p).

Finally, we analyse the behaviour of the minimiser of fid¢al(3, p, ).
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Proposition A.4 (Cluster size distribution). Suppose that v satisfies Hypotheses [l and[@ Fiz v > 0
and put p = exp(—pv). Then, as  — oo,

e ifve (V,00)\N,
Vp}gdeal(ﬁ’ ) A
TPk, \2:P) 1+ O(e PAW)/2), (A.31)
o if v < v* and in addition v satisfies Hypothesis[f}, and d > 2,

> 1deal 67
Z (8, p)

= O(e= A" —1)+0(log f))y (A.32)
p

k=1

The interpretation of (AZ3]) is that all but an exponentially small fraction of particles are in clusters
of size k,, while the one of (A32)) is that the fraction of particle in finite-size clusters goes to 0
exponentially fast.

Proof of Proposition[A 1l Because of Lemma 3.2 for suitable ¢ > 0 and all sufficiently large K € N
and sufficiently large S,

K K
Z kZ’gl(ﬂ)eﬁkfgé (ﬁ) 1deal Z ch ﬁkfgé (8) + pisitzal (ﬂ)efﬁcKI—l/d’
=1

whence we see that

K
. _ 1-1/d cl
plstiial(ﬂ) — (1 4+ O(e BeK )) Zkzgl(ﬂ)eﬁkf‘x’(ﬁ)
k=1
The proof is concluded by choosing K large enough so that every minimiser of E} — keoo is smaller or
equal to K, since for such a K, the sum on the right-hand side of the previous equation is exp(—fv* +

O(log 3)). O

Proof of Proposition[A.2 Consider first the case v € (v*,00) \ N. Hence, u(v) = (Ey, — v)/k, for a
unique k, € N and (Ex, —v)/k — pu(v) > A(v) > 0 for all k # k,. For sufficiently large (3, we will have
ideal

p < pideal(3) and therefore the chemical potential is strictly smaller than f<(3) and is given by the
unique solution of equation (LI7) which we rewrite as

1=Y &z exp <—ﬁk { QB - - B+ kiD (A.33)
k=1 v
with the auxiliary variable
= 2(8,p.v) = exp(Bu (8, p) exp (B[ fiL () - -] )- (A.34)

We bound the sum in equation (A33) from below by the summand for k = k,. This gives 1 > k, 2"
and thus z < 1. Next, we choose 3y such that for all 8 > 3y and all k& # k,,, the term in square brackets

in (A33) is larger than SA(v)/2. Then

k, ky k —BkA(v)/2 k, kv eXp(_ﬁA(V)/2) )
e +,§,}V ‘ =R T oxp(—AA() 2

Thus we get k, 2" =1+ O(exp(—BA(r)/2)) and ([A29) follows from (A34).

Now let us come to the case v < v*. Because of Proposition [A] for sufficiently large 3, we will
have p > pldeal(3) and hence by definition 1'9°!(3, p) = f<(3). Equation [A30 is then a consequence
of Lemma 311 m
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Proof of Proposition[A3 First we consider the case v € (v*,00) \N. With z = z(3, p,v) from (A34),
by an argument similar to the proof of Proposition A2, m!e2(3, p)/p = zF + O(exp(—BA(v)). Since
we saw that k, 2% = 1+ O(exp(—BA(v))), we are done.

For the case v < v*, we note that for sufficiently large 3, p > pldeal(B), hence m'9¥ (3, p) =
S22, ZE(B) exp(—Bkf(B)) and the claim follows by an argument similar to the proof of Prop. [A11
U

Proof of Proposition[A.J} The case v € (1*,00) \ N is a consequence of the identity &, pi!** (8, p)/p =
k,z* and the argument in the proof of Proposition A2
In the case v < v* we just remark that for sufficiently large 3, p > pl9¢#!(3) hence
o ko8, p) _ Pl (8)
el P P

and the proof is concluded by applying Proposition [A.1] O
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