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Abstract

In this paper we derive a model for the evolution of the particle radius density for a system
of many particles that evolve according to the Mullins-Sekerka problem. The derived model is
a correction of the classical LSW theory that takes the effect of the fluctuations of the particle
density into account. The main difference between the model derived in this paper and the
classical LSW theory is the presence of a second order term which yields a boundary layer
effect for large particles. In particular this model provides a possible solution for the so-called
”selection problem” in the LSW theory.
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1 Introduction

Ostwald ripening denotes the late stage coarsening of heterogeneously nucleated particles within a
first order phase transition. If the particle phase is very dilute, one can use the classical theory by
Lifshitz, Slyozov and Wagner (LSW) [6, 16] to describe the evolution of the distribution of particle
radii by a mean-field equation
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where f1 = f1(Ry,t) is the one-particle distribution function and (R) the mean radius. The model
is based on the assumption that each individual particle interacts with all surrounding particles
only by some average mean-field which is the same for all the particles. The LSW model has a scale
invariance and a family of self-similar solutions which all predict a rate of growth for the average
particle radius of the form (R) ~ Ct/3. While it has been predicted in [6, 16] that only one of
these self-similar solutions is stable, it is by now well-known [3, 11] that the asymptotic behavior of
solutions depends sensitively on the initial data. More precisely it depends on the largest particles,
and even non-self-similar asymptotics can appear for certain types of data.

This lack of a selection criterion of self-similar solutions was the motivation to investigate
additional effects which have not been taken into account in the LSW model (see also [15] for
further aspects such as comparison with experiments).

In [9, 14] diffusion in the space of radii due to nucleation of particles are taken into account,
which yields via an asymptotic analysis a selection of the LSW solution as the only possible self-
similar state. In [2] an asymptotic analysis of the different time regimes in a Becker-Doring model
is performed, which predicts a quite narrow size distribution as initial data for the coarsening
regime.

In [7] a perturbative theory, in the following referred to as Marder’s theory, has been developed,
which takes the build up of correlations between particles in systems with positive volume fraction
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into account. This theory has also been rederived in a mathematically more rigorous way in [4].
However, as it is pointed out in the review article [10], this theory is not self-consistent since it
assumes that correlations between particles are uniformly small. Such an assumption, even if true
initially, does not remain satisfied during the evolution for the largest particles in the system.

Thus, the effect of pair correlations between the largest particles has to be studied by different
methods, introducing a suitable boundary layer. In this paper we present a method that allows to
consistently derive a corresponding model from the full many-particle system, which will consist
of the LSW model plus an additional second order term which is only relevant for the largest
particles. The resulting model is to leading order of the form
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where D(R,t) is a coefficient which is determined via a complicated integral equation (see (3.73)
for details) and is of order O(¢'/?) if ¢ denotes the volume fraction of particles. The model (1.1)
is self-consistent and has a unique self-similar solution which is a perturbation of the self-similar
solution singled out by LSW. Hence, even though a rigorous proof is eluding, this fact strongly
suggests that the equation provides a selection criterion.

In the following Section 2 we first present the starting point of our analysis, which is a simplified
Mullins-Sekerka evolution for spherical particles. We briefly review the main aspects of the LSW
theory and give a brief account of Marder’s theory. We also refer to the review article [10] for a
more exhaustive summary of the derivation of the theory, its advantages and disadvantages and
for further references. Section 3 is the main part of this paper, which contains a derivation of the
model which takes fluctuations of largest particles into account. The final result is presented in
Section 3.7. In the last Section 4 we show, that the model has a self-similar solution which is a
perturbation of the LSW self-similar solution with a Gaussian tail.

2 Basic concepts

2.1 Evolution equations

The starting point of our analysis is the so-called Mullins Sekerka problem
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= i € 0B i 2.2

u=fpoo R: (%:) (2.2)
o

V, = a—z , T E aBRi (l‘l) (23)

where, Q C R3, n is the outer normal, z; is the center of the particle s and R; is its radius.
Throughout this paper we will consider the case that the volume fraction of the particles,
denoted by ¢, is small, that is ¢ < 1. The evolution under the set of equations (2.1)-(2.3) does not
preserve the position of the center of the particles or its sphericity. However, in the case of small
volume fraction it has been shown in [1] that these are effects of higher order than considered in
this paper (cf. also [7], where an argument is given that the error is of order %/ 3). This justifies
to replace (2.3) by
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For definiteness we assume from now on that Q in (2.1) is the unit cube enclosing the particles
under consideration and that u satisfies periodic boundary conditions.
The model (2.1), (2.2), (2.4) is equivalent to a system of ODEs that we can write as
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where C}; are the electrostatic capacity coefficients (see e.g. [5]) defined as
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where v; is the solution of
Av; =0, z€Q\|JBr, (z:) (2.8)
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with periodic boundary conditions on 0.
The capacity coefficients C;; are functions of the positions and radii of all the particles of the
system
Cji = Cji (x1, R, 32, Ry, ..., oN, RN) (2.10)

and due to the maximum principle satisfy the following properties
CiJ' > 0, C@j <0 if 4 75 7 Ci,j = Cj,i. (2.11)

Moreover, integrating (2.8) over Q\ |, Bg, (z;), using Green’s formula and the periodic bound-
ary conditions, we obtain

N
> Cij=0 foralli=1,...,N. (2.12)
j=1
Particles might disappear in finite time and the evolution of the system after those events must
be described in order to completely determine the dynamics of the system. We just eliminate the
vanishing particles and continue with the evolution of the remaining ones. Another singular event
that can take place is the collision of two or more particles. However, the fraction of particles
involved in collisions is small (cf. [12]) and we do not consider this effect in the present paper.

2.2 Stochastic initial data
We will assume that the initial values for the variables (z;, R;) are prescribed by a probability
measure of the form

N

dv (21,0, R1,0, 22,0, R2,05 s TN,0, BNn,0) = H fo,n (Rk,0) dzy,0d Ry 0 (2.13)
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where fo n is a nonnegative probability density with compact support. (For the normalization
recall also that || =1.)



We assume that all the particles have a similar order of magnitude ry, where

ro = (Ry) E/OOO Rfo (R) dR//OOO fo(r)dR (2.14)

is the initial average radius.

We can now formulate the precise problem that we will consider in the rest of the paper. Our
goal is to study the solution of the system of ODEs (2.5), (2.6) where C;; is as in (2.7)-(2.9) and
the initial data 10, R1,0, 22,0, R2,0,..-,ZNn,0, RN,0 are chosen randomly according to the measure
(2.13) with fo n as in (2.13), where ry — 0 as N — oo and the volume fraction ¢ := N (ry)® is
small but fixed.

2.3 Screening length and approximation of C; ;

A crucial length scale in the study of Ostwald ripening is the concept of the screening length that
was introduced in the context of this problem in [8] and is similar to the classical Debye-Hiickel
screening length. It can be understood as follows. Suppose that we release a Brownian particle
at a point xy in a perforated domain IR* \ |J; Br, (z;) with trapping boundaries Bg, (2;) . The
screening length £ is a characteristic distance that measures how far the Brownian particle diffuses
before being trapped in some of the boundaries 0Bpg, (x;) . In the limit of small average radius (R)
and for small volume fraction ¢ a convenient measure of the screening length is

1
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Observe, that in Ostwald ripening, the average radius (R), the number density N and consequently
also the screening length £ depend on time. For further references we notice that the ratio of the
two length scales (R) and £ should be essentially independent of time and scale as

B 0(V9). (2.16)

One way of deriving (2.15) heuristically can be taken from electrostatics. Consider a point
charge at a point zp = 0 in a sea of conducting balls Bg,(x;) of small volume fraction which
are homogeneously distributed in space with a number density N. The point charge at 0 creates
an electric potential G and induces a negative charge on the boundary of the balls. This induced
charge roughly equals —47 R;G(z;), where 47 R; is the capacity of a single particle in R®. In a dilute
system of balls the capacity of the particles is approximately additive whence the total negative
charge is approximately —47N(R)G(x). Hence, the electric potential satisfies approximately the
equation

—AG (z) =6 (x) — 47 N(R)G (x) (2.17)
whose explicit solution is given by
G (z) = et 2.18

Equation (2.17) is the basic screening equation that allows to measure the effect of one particle on
the surrounding ones. In [4] it has been shown, that for independently distributed particles, the
error between (2.18) and the exact electric potential is of order ¢'/2. In principle, the argument is
valid only in the whole space. However, we are interested in the case where the screening length is
smaller than the domain size, and then the argument is also valid (see also [13]).
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If we use the approximation (2.18) for the solution of (2.8)-(2.9), that is v; () = %,
we find
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while to leading order we can approximate C;; by the formula of the electrostatic capacity of a
sphere in the whole space, that is

CiJ' = 47TR1' . (2.20)
2.4 Evolution of statistical distributions

As indicated in Subsection 2.2 the initial distribution of particles is prescribed using the probability
measure (2.13). The Liouville equation for the distribution density Dy of particles is given by
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The initial data DN (-, 0) :DN (:131,0, RLo, 22,0, R270, -y TN,0, RN70, 0) are given by

=0. (2.21)

dv (z1,0, R1,0, 22,0, R2,0, ..., N0, RN0)
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Notice that with this choice of Dy (-,0) we have the normalization

/DN (n,t)dNn = N! (2.24)

where from now on we use the abbreviations

N

Jj=1

The motivation for the normalization (2.24) is that we want to compute particle densities
instead of probability densities. Therefore Dy is the density in the space of ordered N —tuples
(771-(1),771-(2), 7i(3) 5 s 77i(N)) where {i(1),i(2),...,4(N)} is a permutation of the integers {1,2,..., N}.

We define the distribution functions for s particles by

1
fs (myn2,sons, t) = =) /DN (n,t) dnst1dnsso.dyn , s =1,2,.N (2.25)
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that due to the normalization condition satisfy
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such that in particular [ fidpy = N. Integrating (2.21) with respect to the variables
Ns+15Ns42, -+, Mn and using (2.25) we obtain
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for s=1,2,...N.

2.5 LSW theory

The LSW theory provides a closed equation for the one-particle distribution function f;. It is based
on the assumption that the measure Dy is approximately uncorrelated during the whole evolution
of the system, i.e. that it has the form

N
Dy (11,72, 1,75, 1) H [f1 (Ri,t)] - (2.28)

That f; is independent of z is due to the fact that the system is homogeneous. Now we use (2.27)
for s =1 and (2.28) to find
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Employing the approximations (3.7) and (3.8), we find, due to
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which is just the classical LSW model. It is well known that it admits a family of self-similar
solutions of the form

1 R
() = 6 g (75 ) (B) = (1) (2.31)

with v € (0, 2]. Each of the profiles ®, has compact support, the largest support for v = %. For
each v € (0, 5) there is a unique p € (—1, 00) such that ®., behaves like a power law of power p at
the end of its support, whereas for v = % we obtain
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where C is a normalization constant such that 4?” J P*®rsw(p)dp = 1. We call this solution ® 1 gw
since it was singled out by LSW as the unique stable self-similar solution. While Wagner rules out
— seemingly by some numerical error — the existence of solutions for v < %, Lifshitz and Slyozov
realized their existence, but argued that only &gy would be stable. The argument includes
additional regularization terms by accounting for encounters of particles.

After a lively discussion in the applied literature in the end of the eighties, it was predicted in
[3] by numerical simulation and shown rigorously in [11] that all self-similar solutions can appear as
the large time limit of (2.30). Roughly speaking, a solution converges to the self-similar solution
with a certain power law at the end of its support if the initial data have the same power law
behavior (more precisely, if they are regularly varying with the same power) at the end of their
support.

2.6 Marder’s theory

In [7] Marder considers the BBGKY-hierarchy for the N-particle distribution function. Under a
closure assumption a closed system of equations for f; and fy is derived, which takes the build
up of correlations between particles into account. The same model has been rederived under
a natural closure assumption in a mathematically more rigorous way in [4] (see Section 3.2.2).
The assumption is that the N-particle distribution is given by a cluster expansion, in which pair
correlations are of order ¢'/? and higher order correlations are even smaller. It is easily checked
that the model is self-consistent in a regime where f1(R) is of order 1. However, it was realized
later (cf. e.g. [10]), that the model is not self-consistent for the largest particles where f1(R) is
small. For the largest particles correlations become of order O(1) during the evolution, even if
they are small for the initial data. Thus, a boundary layer appears for the largest particles in the
system and it is not enough to study the hierarchy of distribution functions or, equivalently, of the
correlation functions. In the next section we will describe how one can correct the LSW model in
order to take this effect into account.

3 A correction to the mean-field model for large particles

3.1 Heuristics

Let us first sketch the main ideas of the paper in non-technical terms. The rate of growth of the
particles R can be approximated by the sum of independent stochastic variables, whose randomness
arises from the fact that particles are randomly distributed. The particles affecting the dynamics
of a given particle are those included within the screening radius €. The number of those particles
is of order % and therefore becomes unbounded as ¢ — 0. Due to the law of large numbers this
sum of independent contributions approaches its average which is the value given by the LSW
mean-field approximation. However, due to the finiteness of the number of particles involved this
sum has some deviations from its mean value. Therefore, R is not a deterministic quantity but a
stochastic variable whose typical deviation converges to zero as ¢ — 0. Moreover, due to the fact
that the number of particles is halved in a time interval of order <R>3, the spatial configuration
surrounding a given particle changes completely in this time scale. Equivalently we can say that
the screening length £ doubles and as a consequence the configuration of particles affecting a given
one is different. Therefore, the deviations of R from its LSW mean-field value are uncorrelated in
this time scale, or in other words the “noise memory” is erased in times scales of order <R>3 .
These deviations of the mean-field theory will provide a kind of noise that will appear in
the corrected LSW theory we obtain in this paper (cf. (3.73)). The order of magnitude of this
corrective term will be 1/¢@. Indeed, our perturbation parameter is the volume fraction ¢ occupied



by the grains. For convenience we recall the scalings of the crucial quantities. With (R) we denote
the average radius at time ¢ and then the density N of particles has the scaling ¢ (R>3 whence the
number of particles within the screening radius is of the order N¢* = ¢~1/2. By the definition of
the screening length the interaction of one grain with its neighbors within the screening radius is
of order O(1). Hence, the contribution from one single particle is O(¢'/?).

We can then assume that to leading order the contributions of the other particles to the rate
of growth of one particle are independent stochastic variables. This is due to the randomness of
the positions and radii of the particles. The order of magnitude of the average and the typical
deviations of these individual corrections is of order O(¢'/2). Hence the deviation from the average
contribution of all the particles is of order

$—1/2
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This is the expected order of magnitude for the noise term and correspondingly we can indeed
expect a correction of order O(qSl/ 2) in the respective Fokker-Planck equation.

It turns out that our model (cf. (3.73)) is more regular than the original LSW mean-field
model. More precisely we will argue in Chapter 4 that there is a unique self-similar solution for
each value of the volume fraction ¢. It is a perturbation of the smooth self-similar solution of the
LSW model with a Gaussian tail. Even though we do not prove a corresponding result this fact
indicates that our model provides a solution of the selection problem in the LSW theory.

From the technical point of view there are some new tools that we introduce in this paper.
It is common to analyze many-particle systems with weak interactions by using the so-called
cluster expansions which are based on the assumption that the two-particle distribution function
f2 (n1,me;t) as defined in (2.27) can be expanded as

Ja(n,meit) = f1(m,t) f1(m2,t) 4+ g2 (N1, m23 ), (3.1)

where
92 (m1,m25t) << f1 (m,t) f1 (m2,t) (3.2)

It was however recognized in [10] that this expansion cannot be satisfied for the largest particles.
We have found that in order to use perturbation arguments for the largest particles it is more
convenient to relate the two-particle distribution function fa (11,72;t) with the function f; using
the functions Uy, U, which will be introduced in (3.18), (3.19). These functions measure the
effect on a given particle 77 by another particle 2. Since the relative effect of each particle on the
ones within the screening radius is of order /¢ we can expect that the functions Uy, U, have the
same order of magnitude. Moreover, these functions are deterministic to leading order. Using the
definition of the functions Uy, Uz we will be able to write formulas like (3.21) and (3.22) that in
our approach will play a role analogous to the cluster expansion (3.1), (3.2) but without having
the difficulties mentioned above.

The rest of Section 3 is rather technical. In order to make it easier for the reader to follow the
main line of the arguments, we indicate here the main ideas.

We first introduce in Section 3.2 dimensionless variables and rescaled quantities which are of
order O(1) in the parameter ¢. As a consequence it will be easier to identify the small terms in
the resulting equations.

Next, in Section 3.3 we introduce a small technical trick. It is more convenient to work with a
fixed number of particles. To this end, we will define a ”ghost” evolution for particles even after



they had vanished. This has a further advantage. The size of a grain is due to the interactions
with another particles in its past. Therefore, at any given time the noise terms that determine
the size of a particle are due to particles that have long ago vanished in the past in a stochastic
manner. The ”ghost” evolution of the vanishing particles will be mathematically convenient in
order to compute the "noise” terms produced by the particles before vanishing.

Subsection 3.4 contains the derivation of a basic closure relation that we will use to derive
the evolution equation of the one-particle distribution function fi. It has been seen in [10] that
closure relations having the form (3.1) and assume g2 << f3, lead to contradictions. In order to
avoid these difficulties we will derive a different type of closure relation having the form (3.24).
The last term in (3.24) provides some measure of the correlations between the particles 7 =
(21, R1) and 7o = (z2, Ra2) . The particles at distances much larger than the screening length do
not interact, and using the fact that for distributions of particles with a growing average radius
the screening length grows in a similar way, it will be seen in Section 5.3.2 that the last term
in (3.24) is negligible. Therefore (3.24) will provide a relation between ff2 (m,m2,t) dR2 and
ff1 (771 + \/aUl,t) f1(n2,t) dRa, where the function Uy = Uj (1m1,72,t) gives a measure of the
different evolutions that result for the particle 7; if the particle 7y is kept or eliminated of the
system. Notice that this type of closure relation is different from the usual ”cluster expansion
(3.1).

Subsection 3.5 is devoted to the computation of the function U;. To this end the effect in
the evolution of the particles due to the elimination of particle 7o must be computed. Since the
contribution of each particle is small this problem can be solved by perturbation methods. One of
the technical points that must be solved is the computation of the change in the capacity coefficients
due to the elimination of a particle from the system.

Subsection 3.6 formulates the evolution equation for the one-particle distribution function. As
a first step an equation is derived for f; in terms of a new function ®, that is the average of
the capacity coefficients C 2 with respect to the remaining particles 73, ...,nn (cf. (3.46), (3.47)).
If the coefficients C' 2 were only a function of the two particles n;, 72 the function ®; could be
written in terms of fy. However, the coefficients C; o are also a function of the position of the
remaining particles 73, ...,ny and, as a consequence the computation of ®5 is a bit more involved.
A procedure for computing this function using a monopole approximation is developed in Section
3.6.2. With this result we can derive the equation (3.63) for the distribution function f;.

Finally, in Section 3.7 we combine the computation of U; in Subsection 3.5 to transform the
equation for f; derived in Subsection refSs.evolution to obtain the system of equations (3.72),
(3.73).

3.2 Dimensionless variables

It is convenient to go over to dimensionless variables. We have to be careful, however, since the
typical length scales change over time. We will denote by r¢ and Ny the typical particle radius
and number density at a given time for which the equations are derived. Then the screening at

this time is given by & = \/4%

Tro N[) :
We introduce now the rescaled variables
. R; . t
&= i, R; == and ti=—. (3.3)
o To To

Notice, that with these definition R; is a quantity of order O(1) but not the real radius of the
particle which in view of (2.16) is v/¢R;. Similarly we introduce the following rescaled capacity
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coeflicients
éii = Ci7i and éij = & for 4 7é j7 (34)
To ’ Voro
which again are not the true capacity coefficients but rescaled quantities which are of order O(1).
The number densities in the new variables are given by

~ N ; N s
Dy = (7’058’) Dy fn = (7"058) In and fs = (7’058) fs- (3.5)
We also introduce a rescaled screening length

£ = (3.6)

£
&

and notice that the above rescaling implies that that the rescaled number density scales as N (t) =
fooo f1 (R) dR ~ O(gb*l/z). Furthermore we denote by

G(#) = %mei% = \T/—%G(x).

As a consequence of these definitions we can rewrite the approximations (2.19) and (2.20) as

Cij = —(4n)2RiR;G(3; — i) (3.7)
and R R
Cii = 4AmR; . (3.8)

As it is common, we go from now on over to the rescaled variables and drop the hats in the
following.

3.3 Defining a formal evolution for extinct particles

As described above it is more convenient to work with a system containing a fixed number of
particles, in order to avoid handling distribution functions with a changing number of variables.
To this end we define artificially the evolution of the particles that vanish during the evolution of
the system. The evolution of nonextinct particles is given by (2.5), (2.6). We define the evolution
of the extinct particles by

dR; 1 1 .

=— =1,..,N 3.9
dt (Rz)2 + <R> Ri y ¢ IR} ( )
dx; .

= =1,.,.N .1
dt 0 7 7 7 7 (3 O)

Notice, that (3.9) implies that if R;(t.) < 0 for some t,, that then R;(t) < 0 for all ¢ > ¢,.
We will also assume that a missing particle does not interact with the remaining ones, or
equivalently
Cij=0, i#7j (3.11)

if R; > 0 and Rj <0.

From the physical point of view extinct particles are important because during their life span
they contribute to the ”"noise” that influences the evolution of the surviving particles. Equations
(3.9), (3.10) will keep track of this effect. However, there are other methods of introducing this
physical effect in the model. The definition of the artificial evolution (3.9), (3.10) is just a convenient
mathematical trick.



11

In the rest of this section we will describe the evolution of the system of particles whose initial
distribution
R; (0) = Rip, z; (0) = zi,0 (3.12)

is determined by means of the density function (2.23) and where the particles evolve by means of
the differential equations (2.5), (2.6), (3.9) and (3.10). Notice that all the arguments in Subsection
2.4 might be applied to this problem.

3.4 A closure relation

A key ingredient in our analysis will be a certain closure relation which provides an approximation
of the two-particle distribution function fo by f; evaluated at a suitable shift in R; plus an
additional term which will turn out to be negligible in the self-similar regime. In this subsection
we will derive this closure relation. The main task in the following subsections will be to explicitly
compute the shift to leading order in terms of fj.

3.4.1 A new set of variables

We now introduce two sets of ”Eulerian” variables that allow to integrate the Liouville equation
(2.21). More precisely we define a new set of variables

77k,0 = 77k,0 (7’]1,772,773, ...,77N,t) , k/’ = 17 7]\7 (313)

that are the initial values for the characteristic equations of the Liouville equation (2.5), (2.6). The
solution of the Liouville equation (2.21) can be written in terms of these new variables as

0 (771,0, 112,05 713,05 -++» 77N,0)
0 (771’772’7735 ey 77N)

DN (7715 N2,735 -+ ant) = DN (771,07772,07773,07 -+ TIN,0, 0) (314)

N
5 (11,05 112,05, 113,05 > 1IN,0)

H [fo,n (Ri,0)] .

b1 8(771577277735"'5771\7)

Equation (3.14) just follows from the conservation of the number of particles in an evolving element
of the space of variables with volume dn; ...dny. This is analogous to the derivation of the
continuity equation in the classical theory of fluid flows.

With the changes of variables

(7715 72,13, 777N) - (7715 712,05, 73,05 -+ 77N,0)
(7715 2,13, ’nN) - (nla 712, 73,0, "'777N,0)

we can rewrite (2.27), using (3.14), in the limit N — oo as

fr(mst N/H [fon (Ri,0)] ((nio))dnz,odl/zv (3.15)
fa (m,m2, /H [fo.N (Rk,0)] én(ln(l)’zz)o)duzv (3.16)

where

1
dvy = NN 2 H [fo,n (Rk,0)] dn3,0dnao.--dnn.o
k=3
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From now on we will write for simplicity

wo,N = (13,0, 74,0---, 1IN,0)

We define two functions R, Rz defined as the values of the initial radii R; and Ry for
particles characterized by the values 71 and 7, at time ¢. These functions depend also on the initial
positions of the remaining particles wg n, so that

Ri,0 = Ri,0(n1,n2,wo,N,1)
Ra0 = Ra0 (11,72, wo,N, 1)
Using the functions R; g and R ¢ we can rewrite (3.16) as

0 (Ri1,0,R2,)

9 (B, It) dvn (3.17)

(11,72, ¢ /H [fo.n (R0 (111, m2,wo,n, 1))]

In the following we denote by Rf& = Rf&(m,wo, N,t) the function R;g in a system where

particle 2 has been removed. Correspondingly we define Ré}é.

3.4.2 The shift map U

In order to compute fo (n1,72,t) for particles n; and 72 which are placed within the screening
radius we introduce two functions U; = U; (1,12, wo, N, t), @ = 1,2 via the definition

Ri0 (m1,m2,wo,n,t) = Rf& (771 + \/aUlawO,N;t) : (3.18)
Ra o (11,m2,wo,N, 1) = Réﬂ% (772 +V/0Us, wo,n, t) ; (3.19)

where we use the notation 7; + /oU; = (RZ- + \/an,:ci) , i = 1,2. Notice that U; — 0 if
|z1 — 22| >> maxjocs<sy §(s). In Section 3.5 we will show that indeed the terms U; have a
relative size of order O(1) as ¢ — 0. Moreover, it turns out that to leading order the functions U;
depend only on 1,72 and ¢, but not on wo, .

3.4.3 The closure relation

Combining (3.17), (3.18) and (3.19) we obtain

f2 (m1,m2, 1) /H fON R;(CS) (UkJr\/_Uk,wozv, ))} (3.20)

0 (Rfo (m + VoUr,wo, N, t) aR;O (n2 + \/aUQawO,Nat))
' 9 (R1, Ry)

dl/N

where we use the notation 71 = 2 and » = 1.
By expanding the Jacobian in (3.20) we can rewrite the equation, keeping only the terms up

to order /¢, as
fa (m,m2,t) =

2 aU] 2 aR](CTS) (nk + \/aUka Wo,N t)
E -3 I I U, . d
1+\/$j:1 9R, /k_ [fON( (U}r%f k,wON,t)) a(RkJr\/aUk) UN

—_

(3.21)
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We integrate (3.21) with respect to Ro and neglect lower order terms to find

/f2 n1,n2,t) dRy = /(/HF nk+\/7Uk,w0 N, )dl/N> dRs (3.22)

where
aR](cTS) (nkv Wo,N t)
ORy,

We are going to derive a second-order evolution equation for f; (see (3.63) below), where the second-
order term will only play a relevant role in a small boundary layer. Therefore, such boundary layers
will give a negligible contribution in the integration with respect to the Ry variable and it is possible
to approximate (3.22) to leading order by

/f2 M1, M2, t) dRy = /(/F 771+\/_U1,w0N, ) (772,w0,N,t)dVN) dRo>

Using (3.22) and that F(n2,wo,n,t) is a stochastic variable with average fi(n2,t) with respect
to the measure dvy, we find

/ (/F (1 + VoL wo N, t) F (1m0, ) dz/N) dR;
- / (/fl (m +/6U1) i (ng,t)dVN> dRy+
J ([ 17 (VB0 000000) = (i +V/5080)] [ ) = G O] ) e
Hence we have to leading order that
/ </F (1 + V/8UL wo,,t) F (2, w0,x, ) dVN) dR;
= / fi (m+V/BULE) f1 (2, t) dBa+ (3.24)

F (g, wo,n,t) = fon (RI(J'S) (1, wo, N t)) (3:23)

/ </ [F (1, wo,n,t) — f1 (1, )] [F (n2, wo,n,t) — f1(n2,1)] dl/N) dRs

The right hand side of (3.24) consists of two different types of terms. The first one measures the
change of the radius of particle 77 due to the presence of the particle ny and will be computed in
the next Subsection 3.5. The second one comes from the fluctuations of F' and will be computed
and estimated in Appendix 5.3.1.

3.5 Computing U; (n1,m2,1).

The goal of this section is to compute to leading order the function U, which was introduced in
(3.18) and which measures the effect on the evolution of particle ; due to the presence of particle

2.
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3.5.1 The definition of r;
We recall that the evolution of the radii R; is given (cf. (2.6) and (3.8)) by

dR; 1 \/_ Ci;

— = =1,.,.N 2

dt (R; 47rR R ’ I (3:25)
Ri(f)y=Ry , Ry () = R2 , Rio(0)=Ryo. (3.26)

It is natural to ask why we choose the values of the radii of the particles at the time ¢ instead of at
the initial time ¢ = 0. The reason is that we want to derive equations which describe the additional
"noise” terms that are valid for arbitrarily long times in the self-similar regime. Due to the effect
of the "noise” particles which have initially similar radii can be very different at the stage when
they interact. For this reason it is convenient to refer to the radii of the particles at the time ¢
that is, roughly speaking, the time when the considered set of particles becomes comparable to the
average radius and enters the ”vanishing” regime. We think of £ as the time in which we want to
describe the distribution of particles. We want to take t to infinity, or equivalently, if we normalize
t as the time when we look the particles, to send the initial time to —co. The idea of referring all
the distributions to the time ¢ has many advantages. Since the screening radius is increasing, the
particles that are interacting for times of order ¢ were not interacting for much smaller times (since
the screening length was much smaller). In particular the "memory of the past” of the particles is
erased and it does not need to be taken into account. Due to this reason the values of the initial
data, that are difficult to control for very long times, are not relevant at all.

The radii of the particles in the system without particle 1y are given by

dR® N
dt (R(Q) 2) Z

z J#£i,2

o
4r R(2 R(2

L i=1,...,N,i#2 (3.27)

with the same initial data as in (3.26) except for the fact that the particle s has been removed.

The coefficients CZ-(? are the corresponding capacity coefficients with positions x; and radii RZ@).
We write ©
- R, — R;
ri=7T; (t, t,771, ’172,(4)0,]\[) = 171 . (328)

We will see in the next subsection that indeed r; ~ O(1).

3.5.2 Equation for r;

We obtain with (3.25) and (3.27) after a linearization that to leading order r; satisfies
d?‘i 2
- = T +
dt (R§2) 3 R(Q) 375212 R(2

N (2)
1 Z Cij Ci __ G2
R® 57 |47RiR;  4xR®RP | 4n(Ri)’Rq

(2)

(3.29)

We approximate the last term in (3.29) by the expression (3.7), that is we use

Ci72 = 7(47TR1) (47TR2) G(:L‘Z — JEQ). (330)



15

. . Ci c®
To compute the second last term in (3.29) we need to compute the difference | ;- R pape)
for i # j. In Appendix A we show (cf. (5.6)) that
C. J 0(2)
K2 1,7 _
TRE  LaPn® - V¢ (47 Rg) 47G (s — 9) G (w9 — ;) + (3.31)
i Y
c®o®@
z k >~k _] Tk . .
+¢ , o JF02
k; , 47 (RY)? 4rRP R
Using (3.30) and (3.31) in (3.29) we find
(2)
dr; 2
dat (R R(2) Z A R(2 (332

J#1,2

47 R
— ( ;(2)2) G (x; — x2) \/E#Zw AnG (2 — xj)

N 0(2)0(2)

& Z Z L Qk’j rE + 47TG(.’L‘¢—.Z‘2).

o2 2 2 2) (2 (2
R k£i,5,2 | j#i,2 (4m) (R;(C )) RE )R§- ) R, )

K2

In the last term we also replaced R; by RZ@), which is admissible since we only need the leading
order terms. We also recall that G(x2 — z;) is to be read as G'(v2 — ;) X{r,>0}, that is we only
sum over the particles with R; > 0.

Since [G(z)dz = [ G(z — y) dz = £* we can approximate

1
Rl, de/G X9 — )dy:—.

fZAngazg—x]_sz/ 7

J#4,2 R1>O}

We also use the approximation (3.7) in order to approximate the second and fourth term on
the right hand side of (3.32). Therefore, using similar integral approximations as before, we obtain

d?‘i (2) 4G (3?1' — 1‘2) R2
- :a(Ri ) . Z 47G (x —mk)rk—l—i? 1—-— (3'33)
dt ) ki Rr® (R)
fori=1,....,N, i+ 2, where
2 1

Now we see indeed, that since the last term in (3.33), which is the source term, is of order O(1)
and thence r; = O(1).

Equation (3.33) must be completed with suitable initial and boundary conditions. Taking into
account the initial conditions for Ry, Re and Ry, k =3, ..., N, we obtain

r1(f) =0 (3.34)
ri(0)=0 , i=3,..,N (3.35)
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3.5.3 Further approximations

Our goal in this section is to compute r; and U; to leading order and by this also to show that U;
depends to leading order only on ¢, Ry, Ry and x; — 5.

We now make the following key assumption. The term /¢, 2i24mG (2; — x) T contains the
sum of many small, roughly independent, contributions. This is due to the fact, that correlations
between the particles are small except for the largest particles. Those are however few and do not
contribute to leading order to the sum. Hence, the above term can be approximated by

I(z; — xa,t,t) := \/E Z AnG (z; — oK) T3

k4,2

where I (z,t,t) is a smooth function in z.
Second, we approximate RZ@) by RL(t, R;), where Ry, is given by

dRyp, (t,f, R) . 1 )
dt (R, (4R))’ YR ()R (4L R) (3.36)
e = (3.37)

We notice that Ry, also depends on ¢, but for the sake of a simpler reading we neglect this depen-
dence in the notation. Such an approximation is valid to leading order as long as t ~ O(¢). For
t < t, however, particles ;1 and 72 do not interact because for those particles which are still alive
at time ¢ their distance at time ¢ is much larger than the screening length. Hence, (3.33) can be
approximated by

% =a (RL (t, Rz)) T

I(z —xo,t,t)  AnG (2; — x2) < RQ) (3.38)

CRL(tR)(R) ' RL(tR) \' (R

This equation describes the effect of an additional particle 7, in the system. The last term measures
the direct effect of particle 12 on the particle 7;, whereas the second term on the right hand side
is a mean-field like term, due to the change of the radii of all the other particles.

Taking into account (3.35) we can approximate r; for i = 3,..., N as

) texp ([La (R (N Ri))dX
i (t,, 71, 72, wo,N) /0 p( R, (z ) ) (3.39)

A7G (z; — x2) (1 -
for i = 3, ..., N. Using the definition of I (x,t) we obtain

I(x—an,tJ?) = \/%Z@TG(JJ—Q?]C)T;C
£2
., t exp (fsta(RL ()\,Rk))d)\)
a 7T/O RL (S,Rk)

G(z—y)
k2

A7 G (z1, — 2) (1 _ R (SaR2)> 1 (a zg,s,ﬂ] s

(R) (s) (R) (s)

and we can now approximate the sum in this formula by an integral. To this end we remark that
the distribution of radii Ry at time ¢ is fi (R,%). On the other hand the distribution of particles
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is homogeneous. Therefore, using also the invariance of the problem under translations, we obtain
the following integral equation for I (x,t)

: exp ( [fa(Ry (A R)) d)\)
I(x,t,t)= 47r/0 /[07113 /{R>E(t,f)} f1(R,t) R G R) G(x —y,t) (3.40)

471G (y, 8) (1 B Ry, (S,R2)> 1 (y,s,1)

R (5) B (s) | s

where R (t,1) < 0 is the value of the radius such that Ry, (¢, R) > 0 for R > R (¢,%) . Notice that in
(3.40) we are integrating over a set which includes negative particles. The meaning of this is that

extinct particles have generated some noise during their life span.
Taking into account (3.39) it follows that we can approximate r; as

T (t,{, 771,772,0}07]\[) =T (t,f, RQ,RZ',.TZ' - 1‘2) 5 1= 3, 7]\[ (341)

where 7; = (mi, Ri) and

o vexp ([ a(Ry (\R))dA)
) /0 R (s,R)

ds (3.42)

4mG (z, 5) (1 Ry (S,R2)> I (z,5,0)

(R) (s) (R) (s)
The set of equations (3.40)-(3.42) yields the procedure to approximate the change of the radii of
the particles that are within the screening distance of 75. Notice that the function 7 (t, t,Ry, R, m)

yields also the procedure of computing r; that is the required change of radius in order to compute
Us. Indeed, (3.34) and (3.38) yield

Fexp (JLa (R (AT Ry)) d))
/t Ry, (S,Rl) .

Ry, (S,Rg) B I(zq — x2,s,7) ds
(R)

1 (tafv ﬁlaﬁQaWO,N) = -

4G (11 — 2, S) <1 —

In particular we have due to (3.28) that

Ru o (1, 2, wo,n, £) — R (i1, wo,n, ©)

_ Z _ o (3.43)
=T (0,t,771,772,W07N):7eXp 7/ G(RL (A,Rl))dA f(t,t,RQ,Rl,l'lf‘TQ)
0

If we use (3.18) and linearize we obtain

OR\’)

)

ORy
which together with (3.43) implies

(M, wo,n,t) U =11 (0,t,71, T2, wo,N)

tv R27 Rl; 1 — 1'2)
> .
OR)
OR1

U1 (t_, 771,7_]2) = —exp (/O a (RL ()\,t_, Rl)) dA) r (ta
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R . . . S B
The term —+> can be approximated to leading order using the approximation Rf()) ~ Ry, (0, t, Rl) .

Differentiating (3.36), (3.37) it follows that

IR t _
L~ e ( /0 o (Rs (A,RQ)dA) ,

whence B S o
Uy (t,71,72) = —7 (,¢, R, Ry, @1 — @2) =: —U (¢, Ry, Ry, 1 — x2) (3.44)

In particular the desired order of size and structure of U; follows.

3.6 Evolution equation for f;.

In this section we derive an approximate equation for f; which will still contain U; (cf. (3.63)).
We do not use the results of the previous section 3.5. The results of this and the previous section
will be combined in Section 3.7.

3.6.1 Basic equation for f;

In order to compute the evolution equation for f; we start from the Liouville equation (2.21)
integrated with respect to the variables nq, 73, ..., nn, which gives (2.27) with s = 1, that is

0f1 1 0 1 1 Ci1 N Cja

9t An OR, : —2= | Dydnadns...d =0.

ot 4w OR,y (R1)2 (N—l)!/ R, JF\/g]; R; N aT)2a13...ANN 0
(3.45)

Using the approximation (3.8) and the symmetry properties of the capacity coefficients we obtain
0f1 (Ra,t 0 Ryt 0 1 P
fi(Ry,t) fi( 172) B 2/ 2(771’772)11772 —0 (3.46)
ot OR; (Rl) OR; (Rl) R

P2 (1,1m2) = ﬁﬁ/cl,QDNdUB---dﬁN- (3.47)

with

Here we assume, due to the screening property, that IV is large and that the quantity is independent
of N in the limit N — oco. This assumption is crucial in order to obtain a closed equation for ®,.

3.6.2 Approximation of ¢,

We are going to approximate the integral ®5 (11, 72) for measures with small correlations in most
of the space of variables except possibly in some small boundary layer.
Let us denote as K (z — x;) the solution of the problem

“AK (z—z)=[0(z—z)—&] in Q (3.48)
with periodic boundary conditions where @ = [0,1/&y]. The function K (-) is uniquely determined
up to a constant. We choose it such that

K (z) = ﬁx'(uo(l)) as 2] — 0.
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In order to compute the coefficients C; ; we will use the monopole approximation for the capacity
potentials. One can argue that in the thermodynamic limit, that is &y is much smaller than the
domain size, which is the regime we consider, a good approximation for vy, say, is

N
2) = VOO 1 K(x— 1)+ ¢y CriK(x — ).
i=2
Notice that the scalings in ¢ are due to the fact that we rescaled the capacity coefficients to be of

order O(1) in ¢.
For the capacity coefficients we have

N
0171 + \/gz Cl,l =0. (349)
=2

Using the boundary condition v1(x) = 0 for x € 9B;(x;), yields

Cia

\/54R +011K(2*Z'1 +\/_l>22011K 271'1) 0. (350)

If we multiply (3.49) by Dy and integrating over 72, - -+ , 7N, we obtain
Clylfl(Rl) + /(1)2(771, 772) dny = 0. (351)

Similarly we obtain from (3.50) that

P2 (71, m2)

T2\ 2) K (21 —

1R, + C11K (21 — 22) fo (n1,12)

- T% /CL3DNK (x2 — x3) dns...dny = 0.

Let us denote by Cf? the capacity coeflicient induced by the particle 1; on the particle 73 if the
particle 7 is eliminated from the system. Then

i) )
0= 2;:7;? + Cl,lK(fL‘l - 1‘2) f2 (771)772)
Vo ) 2| Dy K
n m{ /CmDNK (xo — x3) dns...dny +/ [01,3 - 01,3} Dy K (z2 — x3) dns...an} .

(3.52)

The coefficient Cﬁg) is independent of 7. As before we assume that particles whose distance is
larger than the screening length are uncorrelated. Then we obtain in the limit N — oo

/0(2)DNK To — 1‘3) d’l73 d77N = f1 (RQ) / (I)g (771, 773) K (.1‘2 — 1‘3) d773 (353)

If we combine (3.52) with (3.53) we obtain the following integral equation for ®o

o ;
24(;7711%772) + fi (Rz)/@z (1, m3) K (v2 — 23) dnz + C11 K (w1 — 22) f2 (n1,7m2)

(N —3)! / {01’3 a Oﬁﬂ)} DK (w2 = w5) dng...dny = 0 (3.54)
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Using (5.3) we can argue that the last term on the right hand side of (3.54) is of higher order.
Thus we can approximate (3.54) by

P2 (1, 12) + £ (Rg)/% (m,m3) K (22 — w3) dn3

ATRs (3.55)
+ Cr1a K (21 —2) f2(1,m2) = 0.
Multiplying (3.55) by 47 R2 and integrating on Ry we obtain
1
/‘1>2(771,772)dn2+ 5—2/1((362 —x3)/¢(n1,n3)dns
(3.56)

+ C11 K (21 — 932)/47TR2f2 (m,m2)dR2 = 0.

Then, eliminating the integral term in (3.55) in ®5 with the help of (3.56), integrating the resulting
formula with respect to 72 and using (3.8), we obtain

P ) 1
/ 2 (m 772)dn2 _ /<I>(771,772)d772

4T R 4m (R
T ™ (R) R (3.57)
- (47TRl)/K(fU1 —x2) f2 (1,72, 1) (1 - <_R2>) dns
3.6.3 Approximate equation for f;
In the following we denote
—F(n,t)+ fi(R,t
h(n,t) = ( ;1/41( ). (3.58)
The analysis in Appendix C will justify this scaling.
With (3.58) and (3.44) we can rewrite (3.24) as
/f2 (1m1,m2,t) dR2 = / (/f1 (771 + \/5U,t) f(772,t)dVN) dRy
(3.59)
+/3 [ (.0 b, t) dRe.
Similarly we obtain
/f2 (11,72, 1) RedRy = / (/f1 (771 + \/5U,t) f(n2,1) R2dVN) dRy
(3.60)

+ J%/Uz (m1,t) h(n2,t)) RadRs .

Using (3.59), (3.60) and (3.57) we find

Qo (n1,7m2)
— = d
/ 47TR2 "2
R
(R)

— J/¢An R, /K(:c1 — ) (h(m, 1) h(ng,t»(l _ %) dns .

Fi(Ry) — 4n Ry /K(:c1 —w2) fi(Ry + V/OU) fa(Ba) (1 - %) s (3.61)
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Taylor expansion in the second and third term on the right hand side yields furthermore

1 /@2(7717772)(1 __h(Rt)
AT R, ArRy, 7 47 (R)

\/_af1 Rl’ /K z1 — 22) U (R, Re, 21 — 22, 1) (1 - %) fi(Be)dne  (3.62)
V6 [ Koy an) om0, 0) (1 715 ) .
We can now conclude and use (3.61) and (3.62) in (3.46) to find

Ofi (B, t) 0 (fi(Ri,1) 0 (fi(Ra,t)
( (Fr)? )*am ()

ot ORy

- \/_831 (% /K(JC1 = z2)(h(m, ) h(772’t)>(1 - %) d772) =0.

(3.63)

We remark that equation (3.63) contains a term with second order derivatives that is small but
plays a relevant role for the largest particles. The effect of this term will be to introduce boundary
layer effects in the region of largest particles.

3.7 The final result

In our last step we use the results from Section 3.5 in (3.63). It turns out that we can slightly
simplify the equations which define 1 (f, Ro, Ry, 21 — 1'2) and consequently U;. To that aim it is
convenient to define

R — Ag T s 7RL(S,R2) 7](1’,5,{)
J (2,5, Ro) = 47G (=, 5) (1 ) ) Y0 (3.64)
exp ( [fa(Re (), R))d/\)
H(ts,0) = /{ oy F1D ot iR (3.65)
With these definitions (3.40) can be expressed as
J (2,t,t, R Ly H(t,s,t)G t)J t, Ro) dyd
(567;7 2)+<R—t/ 01]3 (’S?_) (Iily?) (yasaa 2) yas
, Ry (1. )

and (3.42) and (3.44) yield

F exp (f a (R (\, R))d)\)

U (t,Rg,R, x) :/0 R G R J (Jc,s,t,Rg) ds (3.67)
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The equations (3.44) and (3.65)-(3.67) provide the algorithm to compute U; (£, 71, 72) . In order
to simplify the computations we remark that

i ORL(L,R) 1
exp </ a(Rg ()"R))d)‘> = aRLa(IE,R) = BRL(s,R)
8 OR OR

Therefore (3.65) and (3.67) can be written as

ORL(t,R)

wend - | L 309
(R Ru(t.R)>0} Ry (s, R) 2RLlef)

J (z,s,t, Ra) ds
Ry (s,T, R) 2fLlet)

(3.69)

t
U (£, Ro, R, ) :/
0

The problem can be further simplified taking into account that the relevant quantity that must
be computed in (3.63) is the integral

/K(zl —22) U (1,72, 1) (1 - %) J1 (Ry,T) dij
_ /{RM} U (F, o Ry, 2) K (o) <1 - %) f1 (RorT) dRoda

With (3.69) we find that

~ _ Ry _ tW(s,L,x)ds
Z(t,Rl,x) Z:/ U t,Rg,Rl,l‘ fl (Rg,ﬂ(l— )dRQZ/
{R2>0} ( ) o Rr ORp(s,Fn)

® @ (5, ) 2R
where B
w (S, t,x) = /{R2>0} J (:L', S, t, RQ) fl (RQ,E) (1 - W) dRQ (370)
Hence
/K(l‘l - CL‘Q,E) U(??l,ng,f) (1 - %) f (RQ,E) dije = —/Z(E, Rl,.T)K(l‘,E)dQ? (371)

B {fW(s,f,x)K(x,f)dxd
- I 6RL(S,R1)
0 RL (S,t,Rl) ~—9R

If we multiply (3.66) by f1 (Rg, f) and integrate with respect to R, we obtain that the function
W (s,t,z) defined in (3.70) satisfies
_ 4 ¢ _
W(tat7$)+— H(t,S,E) G(l‘fy,t)W(S,t,y) dy ds (372)
(R) () Jo [0,1°
RL (ta RQ) RQ — —
:47rG(:L',t)/ 1) <1— 1 (Ro, 1) dR>
tey IR wo ) )

Let us now formulate the resulting model. Combining (3.63) and (3.71) it follows that the
function f; solves
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on(®D o (1 !
"o OR (((R)2 B W) . (R,ﬂ> o
o (|4r [t (f[o,1]3 W st 2) K () dm) Oh (B.1)
- \/5@( E/0 Ry, (SvR)aRLai(RS’R) v R

Vo [ K= ) tm ) hm, ) (1~ ) i

where the function W satisfies the integral equation (3.72) with kernel H as in (3.68), Ry, is given
in (3.36), (3.37), K in (3.48) and h in (3.58). Notice that the left-hand side is the classical LSW
model. The term on the right yields a corrective effect due to pair interactions between particles.

4 Self-similar solutions

4.1 The equation in self-similar variables

We now look for self-similar solutions of the model (3.68), (3.72), (3.73) in the limit of small volume
fraction. Notice that the volume fraction filled by the particles is

/ / fi(R,t) R*dRdx =1
[0,1/€0]* J{R>0}

Hence we look for self-similar solutions of the form

fi(R ) =t73d(p) , p=t"Y°R, (4.1)
such that
/ p*® (p)dp =1 (4.2)
{p>0}
For such solutions the screening length £ (¢) has the form
1 o0
E(t) = &t/ with @ = 471'/ p® (p)dp =: 47 B, (4.3)
* 0
the average radius (R) () is given by
T p®(p)d
(R)(t) = t/3  with 7, = Jo_r®(p)dp (4.4)
fo ® (p)dp
and Ry, (t,t, R) has the functional form
Rp (tv R) = tl/STL (7_7 p) ) (4 5)
t
7=In (E_) , (4.6)
p=@0""R. (4.7)
Taking into account (3.36) and (3.37) it follows that
ory, (7, 1 1 1 1
La( p):7 2+_ 7_TL(Tap)7
4 (rp (r,p))?  TerL(Tp) 3

TL(O,p):,D.
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Notice that this formula is valid both for positive and negative values of rp, (7, p) .
We write also G (x,t) and K () in self-similar form via

1 Y
G (z,t) = g*twg(e%) ; (4.8)
1 y
K(z) = g*t1/3k (ef/3) ’
where 7 is as in (4.6) and
—lzl
e x
= d -
g(Z) 4ﬂ'|z| an Y (51/35*
Using (4.1) and (4.5) we obtain with y = 2 the following formula for H (¢, s, t
7
orr(7,p)
1 e/ 0
H(ts0) = —os S5 | B (p)dp (49)
O X o vz 1o (x, p) 2]
B

=: @—4/3/1 (x,7) -
It is natural to look for self-similar solutions of equation (3.72) of the form

W (t, t,z) = !

We plug definitions (4.9) and (4.10) into (3.72) and change variables accordingly. Notice that in

the limit ¢ — 0 the integration in the cube [0,1 /50]3 becomes integration in the whole space.
Recalling also (4.3) we obtain

L[ y—-9 .
— dy | d
ot [ n0un) ([0 () wten ) ax

T

We also need to introduce self-similar variables for the function F'. It is more convenient to work
with the integrated function and thus we define

/OO F(\t)dh = %S(p,'r)
R

(4.12)
such that due to (5.15), (4.6) and (4.7) the function S satisfies
1 1
05 (p.y.7) 1 L g eien] 1 Y osenn
67_ S(p7y77_) :))y‘gy(pvyaT)+ p2 + p 3 ap *07
(4.13)
where
¢1/4

In a similar manner we define

(4.14)
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The characteristics of equation (4.13) are given by

d
y y (4.15)
d?‘L p, 1 1 1 L
— 1 — - 4.16
( #lxrotcwn] 5 - %) (4.16)
=S
with initial values for 7, given by
FL(Oa P) =p-
We can compute the stochastic properties of ¢ (y, ) as follows
€y, 7)) =0
and
(rg—71) _(r2—71) o
(C (1, m1) € (y2,72)) = /@&ue!/3mm) ((342*?/1)6 5o,e 0 ® )/ ® (p)dp
rr(0,e72771)
(4.17)

for 1 < 19, where

T2—T1
(ro—71) _(1a—71) (r2—71) €—|z\e 8 e —ly— z\
Aye 3 e 3 =e 3
2| Iy*Z|

Finally, due to (4.1), (4.5), (4.8), (4.10) and (4.12) we find that self-similar solutions to equation
(3.73) are given by

4 1 d®(p) d 1 1
—g‘b(ﬂ) - §pd—p - d_p ((W - a) ‘P(P))

\/%%< 1 J}Rs xy)k’())dyd]d@(p)) (4.18)

5 h e T
d (4rm 0
- \/5d—p (7 /K(y1 - y2)aplap20(m,p2,y17y2)(1 - —) dﬂ2dy2) )

where
C(p1, p2,y1,y2) = (S(p1,y1,7) S(p2,y2,7) — ¥(p1)¥(p2))

is stationary, since S is a stationary stochastic process.

In the rest of this paper we will study solutions of (4.18). This equation is a singular per-
turbation of the classical LSW equation. We will see later that the main effect of the term on
the right hand side of (4.18) is to introduce a boundary layer near the end of the support of the
classical LSW solution. As a first step is to show that the last term in (4.18) is negligible. The
corresponding computations can be found in Appendix 5.3.2.

4.2 Perturbative analysis of self-similar solutions

The results of Appendix 5.3.2 show that it suffices to study solutions of

4 1 do(p) d 11
—3%(n) - 3 7dp dp <<W - a) ‘NP))

Gy k(y)d
:\/addp< (4) dy

(4.19)

e
\/—P TL (X p) BTL(va)

do (p) )
dp
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We are are now going to construct solutions of (4.19) that are perturbations of the LSW
self-similar solutions. In fact, the appearance of the other self-similar solutions to leading order
can be ruled out in principle by the argument already given in [6]. In that case the structure
of the characteristic curves in self-similar variables implies that a fraction of the particles would
remain trapped in some region of the form {R > at'/3}. This is however incompatible with the
conservation of volume of particles.

Self-similar solutions satisfy the equation

Do) e

p* exp <——L_)

p p
Prsw (p) =« 73 — i (4.21)
(o) (1-557)
PLSW PLSW

where

3\ 3
PLSW = <§>

and where o > 0 is a constant such that (4.2) is satisfied. We define

fB3 k(y)) dy
D(p) = 47TB/ 5, ™ p) dx (4.22)

orrp (Xap)

In order to be able to apply perturbative arguments it is crucial to determine if the function
D (p) is positive at least in a neighborhood of p &~ prsw .

It turns out that the proof of positivity is somewhat tedious. In Appendix B we present a
method to reformulate the problem such that it can be solved numerically in an efficient way.
Simulations indeed show, that D is positive and has the form as shown in Figure 1.

4.3 Boundary layer structure

In this section we study the solution ® (p) of (4.19) in the limit ¢ — 0 using asymptotic WKB
methods. Combining (4.19) and (4.22) we obtain

Ayt _d (1 1 _ /34 ([PLl)] d2(p)
37~ 50 dp  dp <<(p)2 T*p>¢(p)> ﬁdﬂ([ P ] dp ) “23)

In the region where @ (p) is of order one we can approximate the solution of (4.23) by ®sw
as given in (4.21).
Integrating (4.23) and using (4.14) we obtain

W (p) - (%/ﬂr

_1\av(p) _ D (p)] d*¥ (p)
) dp ﬁ([ }d(p)2> (4.24)

ks (
p? Tip p
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Figure 1: Diffusion coefficient

To leading order ry can be approximated as (%)2/ °. However, the presence of a boundary layer

for p1 = prsw introduces a small correction in the value of ryo. We write
e = 770 + ¢1/4 1 (425)

_ 212/3
where 7y = (g) .
In order to study the behaviour of the solutions of (4.24) away from the critical region p = prsw

it is convenient to introduce the WKB change of variables

W (p) = exp (672U ()

such that

- (- ) - 2

We see that there are two possibilities for U. Either U ~
14 =
3

(3o 5 - ) v = v [22] iy, (429

J p

LU
NG ) (4.26)

O(V/9), then

=0, (4.27)

or U ~ O(1) where

For p > prsw we do not have physically reasonable solutions of (4.27). In fact, it is easily seen
that U(p) ~ f\/al%g for p — oo, whence ¥(p) ~ p% and thus [ p*U(p) dp is not finite. Therefore
the asymptotics of the solutions is given by (4.28) for supercritical particles. Taking into account
(4.14) we obtain the following approximation of ® (p) for p > prsw

B (p) = Bexp (ﬁ p;w ﬁ B)\ + % - %] d/\) (4.29)
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for some suitable constant 3. Notice that the resulting solution decays exponentially fast as it
could be expected.

We are going to show that there is a unique value of 71, such that the solution in (4.29) can
be matched with ®1 gy as given in (4.21). In the transition region we have p &~ prsw and using
Taylor’s expansion we obtain with (4.25) the following approximation for (4.24)

1/3 1/47"1 2
\p(p)<<§> = prsur)? 5 2 2>dx1:l/<)p> ﬁQD(pLsm]dwp)) o)

pLsw (7o) prsw | d(p)?

We now introduce the change of variables

P—PLSW:(¢)1/896 S =¢ 330,
Then, (4.30) becomes
9\ 1/3
A(@) Suw + A(S:)” + <§) 2?4+ To| S:+1=0 (4.31)
where b
'y = T71_2 and A= [M} .
prsw (7o) PLSW

This equation can be approximated to leading order, away from boundary layers, by

1/3
2
(g) $2 +F0

The solution of (4.32) that matches with the solution of (4.27) in the region where
¢1/8 < (prsw —p) < 1, is
9 1/3
(g) $2+F0

Notice that S, ~ — (%)1/3 I% as r — —oo.

We argue now that if follows from (4.33) that 44 > (I'g)*. Indeed, otherwise the function S,

in (4.33) is smooth for any x € IR and has the asymptotics S ~ C + (%)1/3 % as r — 00. Such a

A(S.)” + Sy +1=0 (4.32)

= 1
Smfﬂ

+ — 44 (4.33)

solutions matches in the region (p — prsw) << 1, (p — pLsw) >> ((/))1/8 with a nontrivial solution
of (4.27) which is not possible as explained before. Therefore, in the limit ¢ — 0 we must have
4A > (Iy)? . Let us now examine the case in which 44 ~ (I'g)” as ¢ — 0, since a similar argument
will rule out the possibility 44 > (1"0)2 . To this end we define a new variable § as

To = (44)% + 6

where § — 0 as ¢ — 0. We define a new set of variables by

3\ /8
= (A)3/8 (5) 16X

1/8
VAS, +1 = (4)"/8 <§> ¢'/1%
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Then (4.31) becomes to leading order

) ) 3 1/4 5

with the matching condition, as a consequence of (4.33), which reads
P~ |X| as X — —o0 (4.35)

An analysis of the phase portrait shows for any value of o there is a unique solution of (4.34)
and (4.35). There also exists for any ¢ a unique solution of (4.34) with the asymptotics

p~—X as X — o0 (4.36)

It turns out that the only value of o for which the solution satisfies both, equations (4.35) and
(4.36), is 0 = —1. This can be seen with the change of variables 1)(x) = —z + ¢(x). Then (4.34)
becomes

br =206 — ¢* + 0+ 1

and we see that the only value for which ¢(z) — 0 as |z| — oo is for o = —1.
After the transition described above the resulting solution matches with the behaviour

2 1/3 2 1/3
(g) $2+F0 — <§> 1'2+F0

and this behaviour yields a exponential decay according to (4.28). To leading order

- 1 [2\'? (p—prsw)®
SRR

as (qﬁ)l/ 8 << p— prsw << 1, where ~ is a multiplicative constant which can be determined by
the higher order terms in the matched asymptotic expansion described above.

1 2
Se =57 —4A

5 Appendices

5.1 Appendix A: Change in capacity coefficients

In order to approximately evaluate the second term in (3.29) we compute the difference
Cij o
dnRiRj  4nR®P R

3 J

for i # j. This difference in the capacity coefficients is due to two dif-

ferent effects, namely the presence in the computation of the coefficients C;; of an additional
particle 72, and the difference on the radii of the remaining particles. In order to measure these
effects we make the dependence on the radii explicit by writing

- o®
Cz,] 2,3 (51)

4nR:R;  47rRPRP
(2) (2)
c?(ry o ({#7})

. —c® ’ -
Cz,] ({Rk}) Cz,j ({Rk}) + 47TRZ'R]' 47TR§2)R§»2)

_ 1
o 47TR¢R]'
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In order to compute the first term on the right-hand side of (5.1) let us denote as v the difference

of the potentials associated to the computation of the capacities C; ; ({Rr}) and C’i(?j) ({Rx}). This
potential vanishes at the boundary of all the particles except the particle n2. Taking into account
(2.17) and (2.18) we find

= —A7Ri\/0G (z; —x3)  at 9Bs (x2)

and thus
(2)
1 A(vj; —v;”’)
Ci; AR — C® ({Ri}) = — I__J 248
SR -8 (R == | =
1 O — o)
= — V;
roV® 0B; on !
1 Ty T (5.2)
[ — v - Vi
7‘0\/5 Q\UB; !
1 81)]
= vdS
7’0\/_ OBy on

~ CQJ’U = 477Ri027j\/$G (3?1' — 1‘2) .

Using the approximation (3.30) we find
Cig ({Bi}) = CF) ({Ri}) = Vo (4nRy) (47 Ry) (4nRy) G (wi — 22) G (w2 —w)) , i#j. (5.3)

To treat the last term in (5.1) we need to compute the change in the capacity coefficients C’i(?j) {Rr})
due to the change of the radii. Let us suppose that we modify just the radius of a single parti-
cle Ry — Ry + 0Rj where for the moment k # 4, j. The difference of the potentials associated
to the corresponding capacity coefficients, denoted by v, vanishes at all the particles except at
the boundary of the particle 7. Near the particle x; the potential associated to the capac-

@)
ity coefficient C-(2-) ({Rr}) can be approximated by v = \/_C”“ (+ - W) such that
k
c?)

47 lz—x k|

of the radius is

s0Ry at OBy (x1), whence the charge induced at the particle n; by this change

(2) (2)

C C,
(2) i,k (2) i,k ..
¢ =¢C  ———5rk » k#14,],2 5.4

voe b (R 59 47 (Ry,)? (54)
Similarly we can show, that the change of the magnitude 473;7]%_ under changes of the radii R;
and R; are quadratic in OR; and OR;. This can be expected since (3.7) suggests that the quantity

m basically does not depend on R; and R;. We omit the full proof.

Therefore7 in order to compute the last term in (5.1) it is enough to add the contributions due
to the changes in the radii § Ry with k # i, j, 2. Then to leading order

(2) (2)
c®ry o ({70))] S VI
ArR; R, 47TR§2)R§'2) ket g2 Am (Rl(cQ))Q 47TR§2)R§'2)

(5.5)

and combining (5.1), (5.3) and (5.5) we obtain
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(2)
Cij Cij

nRR;  4zRPRD V6 (47 Rp) (4nG (21 — 22)) G (w2 — ;) + (5.6)

ClC o
to 2 — (2)7]2 @@ 0 7
k#i,5,2 4 (Rk ) AmR;7R;

5.2 Appendix B: Positivity of the diffusion coefficient

In this appendix we sketch a procedure to transform the original problem (4.11) and (4.18) which
determine the coefficient D(p) (cf. (4.22)) into an equation which is more convenient to solve

numerically.
To that aim it is convenient to introduce
4 P 5 P P
J =-log 1+ )+—lo (1 >+ . 5.7
1) 3 & ( 2pLsw 3 & PLSW (pLsw — p) (5.7)

Using this function the equations for the characteristics in self-similar variables take the simple
form

Ji(rosw (1,p)) = Ji(p) = =7

where Ji (p) is as in (5.7).

We can now transform (4.11) making the following changes of variables z = rrsw (7, p), dz =
%(T’mdp. After introducing this change of variables in (4.11) we take the Fourier transform
with respect to 1. Then we obtain after some lengthy computations we obtain

P IO e -9)
D(p) = ﬁ/_m ( T () e W(s)) ds, (5.8)

where
[(X) = J{)((X) (5.9)
W(s) = /_OO (6—2(”) (1 i Sf_ T)) Ooof(T, r) dr) dr (5.10)

and f is the solution of
T —1
(1 +r2£) F(r,r) +/ G(r—s)f(s,r)ds = ¥ <1 - ‘]17(_7)) (5.11)

where

G(r) =

e 3 /°° e 5J] (Jl_l (s+ T)) ds
r Jo J s+ 1) (I (s))

Formula (5.8) is valid for p < prsw. In the region p > prsw the computation is similar with
Ji replaced by Js given by

4 p 5 p ) p
Jo(p) = —log [ 1+ +Z1lo S I I
2(0) 3% ( 2PLSW) 3% (PLSW (pLsw — p)
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5.3 Appendix C: On the fluctuations of F
5.3.1 Estimating the fluctuations of F

Our goal is to approximate the term in (3.24) which is due to the fluctuations

I= / (/ [F (m,wo,n,t) — fi (m, )] [F (n2,wo,n,t) — f (12,1)] dI/N) dRy (5.12)

To this end we recall the definition of F' in (3.23). We can approximate the function
RI(CTS) (K, wo,n,t) using a stochastic differential equation. We can rewrite (3.27) as

o)
dRr? 1 1 1
== B Vo,
2 2 2 2 2
dt (r?) (R) R( ) R( VYT A, anRPRP )R( R

We are interested in computing the fluctuations to the leading order. Thus it suffices to approximate
C,i? by (3.7) to obtain

|Tk 25l

dR? 1 11 1
=— + = Vo E X{R >0} — (5.13)
2 (2) (2)
dt (Rl(f)) (R) Ry Pord —x; <R>

As in the last subsection we use again the key assumption that for all times most of the particles
are to leading order independently distributed. With this assumption we can approximate the

term between brackets in (5.13) by means of a "noise” term that we will denote as Z (x,t). Then

AR 1 1 1 Z(xt)
= - + = ’ (5.14)
2 (2 )
dt ( R,(f)) (R) R R}
where
(Z (x,t)) =0
due to the definition of the screening length.
Using (3.23) and (5.14) we find that F evolves according to
OF 1 + Z (z, t)}
or o (1 | Zn0] Fl=o. (5.15)
ot  OR R? R

In a strict mathematical sense, we should take the initial data F' (n,0) = fo (R) . However, such an
approximation would fail for very long times. In practice we will use (5.15) for self-similar solutions
where it is possible to argue as in some previous approximations for the characteristics (cf. (3.36),
(3.37)). For a given time ¢ we can use the approximation (5.15) for times ¢ < ¢, and this is the
only range of times where we will need to compute the fluctuations because their effect disappears
in (5.12) for particles that are separated distances longer than the screening length as it will be
seen below.

We conclude this section by deriving some further properties of Z. In the limit ¢ — 0 we can
also assume that the noise Z is Gaussian and it is possible to compute its correlations in time and
space. We have with

‘T T]‘

1
\/_Z X{Rj(t)>0} - W

J#2
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that

e o @)

ler -2 Jzo—a]
. 1 1
Z (x1,t (x2,t2) j (t1 2 TURN (£ (R (£5)
(2 (@1, 0) Z (@212 ¢ZZ< a1 — ;] Jop — ] MU OXL >>0}> (B) (1) (R) ()

J#2 1#2
gl s
e &t e &2
- ¢Z Z 21 — x| |wg — |X{Rj(t1)>0}X{Rz(t2)>0}
2l ey \1TL T T P2 T

o1 —=j] oo —=j]|
1 1 e &t e &)
- + E . .
CIOIRES- < o1 =51 Jo2 = ] X{RJ<“>>°}X{RJ“Q>>°}>

and in the limit N — oo we find that

eyl Jzo—vyl
E(t1) e E&(t2)

(Z (Qil,tl)Z(.’L‘g,tQ (b/ |:L'1

dy/ f (Rl, tl) dR1
=yl w2 =yl {R1(t1)>0, Ry (t2)>0}

Assuming that t; < t2 and using the definition of Ry, (t1,12,0) in (3.36), (3.37) it follows that

oo

(Z (w1,t1) Z (w2,t2)) = ¢A (x2 — 961,151,152)/ f(Ry,t1)dRy
RL(tl,tQ,O)

where
_lzi—yl _ Jzo—y|
£(t1) e E&(t2)

Alez a1ty 1) /|:c17y| 7 =g

If t; and ¢2 are comparable then A (zy—x1,t1,t2) is of order &, and the integral
fl:z(tl £2.0) f(R1,t1)dRy is of order N ~ ¢~1/2. Then (Z (x1,t1) Z (22,t2)) is of order ¢'/? whence

|Z] is of order P

5.3.2 Estimating the correlation function C(p1, p2,y1,y2)

Due to the exponential decay of the correlations the main contribution to the integral

I(p1) /K 8 8ap (plaanylayQ)(l - E) dp2dy:
comes from points y;,y2 whose distance is of the order of the screening length, which is now
normalized to 1.

Due to (4.15) the distance between two characteristics y1(7) and y2(7) increases exponentially
as T — —oo. As a consequence, the functions S(p1,y1(7),7) and S(p2,y2(7),7) are independent
variables as 7 — —oo. This fact will be used repeatedly in the following.

Let us begin with the formula

(S (p1,91,0) S (p2,42,0)) — ¥ (p1) ¥ (p2)
= ((S (p1,91,0) = ¥ (p1)) (S (p2,91,0) — ¥ (p2)))
=((S(re (p1,0),91,0) = ¥ (r, (p1,0))) (S (L (p2,0) ,41,0) = ¥ (1 (p2,0))))

The characteristics (in the radius variable) for S are the ”stochastic” curves 7, (p1,7) . It will
be convenient to define a new function S evolving by means of the characteristics 7, (p1,7) that
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are the characteristics for the equation satisfied by . By assumption S (p1,41,0) = S (p1,41,0).
Notice that S solves the same equation as . (There are some additional corrective terms that are
very small, of order v/¢. Moreover, since they are the same in both equations they would cancel in
the next arguments). Using then the evolution by characteristics for the difference S — U we can
write

We now use the fact that the functions S (rz, (p1,0),y1,0) and ¥ (rr (p1,0)) evolve according
to the same equation. Notice that we are ignoring the term 7y, (p1,0) in this argument. Using the
evolution by characteristics, and neglecting for the moment the small noise term that would be
the same both for S (rr, (p1,7),y1,7) and ¥ (rp, (p1,7)) it follows that their effect cancels out and
we are left only with the ”leading part”. Then

((S (TL (Pl; 0) » Y1, 0) 4 (TL (pla 0))) (S (TL (p2a 0) ) Y2, 0) -V (TL (an 0)))>
= (8 (p1.0),91.0) = ¥ (1. (p1,0))) (S (11 (p2.0) .92, 0) = ¥ (11 (p2,0)) ) )

= (3 (re o) e 77) = Wl (1, 7))
(8 (retoa) e F o) ~ 0 0 ) )

It is not completely obvious that the variables (S‘ (TL (p1,7%) ,yle*§ , T*) — U (rg (p1, T*))) and
(S (rL (p2,7") ,yge’%,T*) —U(rg (pg,T*))) are uncorrelated, because although the

_T* T
3

points yie , y2¢_ 3 are very separated for 7* — —oo we are using the value of S (p1,41,0)
in the definition of S, and the difference between rr, (p1,7), 71 (p1,7) for 7 of order one could give
some contribution. Therefore, we need some additional computations. Let us use the notation

I_
3

gl = g (TL (p177*> ,y167%77_*) 5 SQ - g (TL (anT*) 7y2€7%57—*)
S =8 (re (o) e %) L S =8 (re (oa7) a5 1)
Uy =V (ry (p1,77)) , Y2a=V(ry (p2,77))

4
w‘*

We then need to compute

(=) (8- w2) ) = (S =8) — 0 =s0) (% = 5) - (v - 52)))
=((51-9) (52 - 52)) (51 = 81) (w2 = 90)) = (0 =) (82 = 52))

+((¥1 = 51) (V2 — S2))
The variables ¥; — 57 and Wy — Sy are uncorrelated, and (U7 — S1) = (Uy — S5) = 0. Then, the

last term disappears. In order to estimate the remaining terms we need to approximate (S’l — Si) ,

i = 1, 2. Integrating by characteristics
S (pla Y1, 0) = eiT*S (fL (pla T*) ayleiﬂ-T ) T*)

S(playlﬂo) = 6_7—*5' (TL (plaT*) ayle_%’T*)

*

whence . i )
S (FL (p1,77) ,yle_T,T*) =S (TL (/)1,7'*)7916_7,7'*) =5
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and an analogous formula holds true for So. We introduce
E(pivyiaT*) = FL(pi,yi,T*)*TL(pi,T*), 1= 172
such that

gl - Sl =5 (FL (p177*> ayle_%vT*) -5 (TL (plaT*) ayle_%aT*)

= g_ji (TL (plaT*)) €1 (plaT*) .

Notice that it is enough to obtain the linear approximation, because all the terms above are
quadratic. Hence

((S1-m) (8- w2))
=((51-5) (8- 52)) (51 = 81) (¥ = 92)) = (0 =) (82 = 52))

o L. 0T

= o (rz (p1,77)) s (1, (p2, 7)) ((p1, 31, 7%) £2(p2, Y2, 7))
_ g—i (7“L (Pl,T*)) <g(p1,y1’7_*) (\112 _ 52» B

_ g_;l; (rr (p2, 7)) (U1 — S1) e(p2, y2, 7))

Now &(p1,y1,7") and Wy — So are uncorrelated, and the same is true for U1 —S7 and &(p2, y2, 7).
The we arrive at

<S(p1,y1,0) S(P2,y2,0)>

D ow 50 ) ) (5.16)
=V (p1) ¥ (p2) + lim ——(p1) 5— (p2) (e (1,91, 7") € (P2, Y2, 7)) -
T ——00 apl aPQ

In the final step we compute (€ (p1,y1,0,7*) € (p2,Y2,0, 7)) . Linearizing (4.16) we obtain

de(playlvT) _ i ( 1 11 TL) 5(p1 7_)+ ¢%<(y77_)

dr © org E Ty TL 3 L
E(playlvo) =0

whose solution is given by

e n = 1 ory (p1,7 / ¢(y ds
P1,Y, apl pl; BTL (pl’ )

y(s) =ye /3

Hence

(e (p1,77) € (2, *)>

7\/*571 p1,7") Orp (p2, 7).
8p1 apg (517)

T dS T dS —s —s
/ ; / 62 <C (yle 1/3751) ¢ (yze 2/3752)>
7+ 11 (p1,51) Gok (p1ys1) Joe 7 (p2,52) G (2, 52)
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Using (4.17) and the invariance of ¢ under translations we find

<C (ylefsl/g, 81) ¢ <y2€752/3, 82) > = <C(0,51)C <y€752/3782)>

o0 (5.18)

59—3571) X 50—3 59—3571)
_ \/afoe(23 1 A(y26_52/36(23 1),6_(23 1 )/ @(p)dp

£(0,51—352)

where
51 = min{sy, s2} , 52 = max{s1,s2}

We also recall that /1€, = (47B)~Y/2 = O(1).
We now use (5.17),(5.18) and the identity

/ O(p)dp = CeT,
rr(0,7)

for some suitable normalization constant C. For sufficiently large |7*| we arrive after some com-
putations at

/dy2K(y2) <5 (p1,y1,7")e (p2, ya, T* > [\/’g*} \/’arLa/;a )57“L§3222,T*)_

/T dsq /O d826252/3 2(51552)
. o oL
—o0 7L (p1,51) 2,31 (01751) —o0 7L (P2, 52) 2,31 (P2, 52)

2]

e_‘zle S — A
K (\) dzd\
| =

We can simplify this formula for p; &~ prsw. Indeed, in such a region ry, (p1,51) =~ prsw and
9L (p1,51) ~ 1. Then, combining (5.16) and (5.19), we find

ap1
o) = 252 [ 15 o) Qoo (1-2) dpe

(5.19)

where

o C ory (p2, )
Q(p2) ==~ Py [\/IE*} \/ELE)T

2(7—s2) T
d - s |z |e —\/\—z\
/ m/ 2 7 “2)//6 K (\) dzdA
oo T (p2, $2) (/)2,82 A — 2]

After integrating by parts we find

1 0% (p1)

I(p1) = — an

e i

It seems that @ is of order \/¢. Notice however, that %ﬂiﬁ*) converges to 0 as 7 — —oo if
p2 < prsw. Then [ ®(p2)Q(p2) dp2 = o(+/¢), whence this term is negligible in (4.18).
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