AN OPTIMAL TRANSPORT VIEW ON SCHRODINGER’S EQUATION

Max-K. von Renesse

Abstract

Rephrasing results by HALL and REGINATTO [9] in the language of Wasserstein geometry leads
to a representation of the Schrodinger flow as a Lagrangian system on the space of probability
measures P (M) of physical space M where the potential field y — (¢, u) is augmented by the
Fisher information functional yu — %2 J |V In p|%dps.

1 INTRODUCTION

Recent applications of optimal transport theory have demonstrated that certain analytical and geomet-
ric problems on finite dimensional Riemannian manifolds (M, g) or more general metric measure spaces
(X,d,m) can effectively be treated in the corresponding ("Wasserstein’) space of probability measures
Po(X) ={p e P(X)| [y d&(x,0)u(dx) < oo} equipped with the Wasserstein metric

dy (11, v) = inf {// (e, y)1(dz, dy) | TT € P(X?),TI(X x A) = 1, TI(A x X) = u(A), A € B(X)}'?,
X2
which defines a relaxed version of Monge’s optimal transportation problem on X with c(z,y) = d*(z,y)

inf{/ c(z, Ty)p(dx) |T:X—>X,T*,uzy}.
X

Here T.p denotes the image (push forward) measure of p € P(X) under the map 7.

The physical relevance of the Wasserstein distance was highlighted by the works of e.g. BRENIER [4] and
OTTO who established in [15] for the smooth Riemannian case X = M and smooth initial distribution u

d? (u,v) = inf {/0 /M Vi () () dt ¢ € C=(]0,1[xM),t — p, € C([0,1], P(M)) } |

fu = —div(Vyu), t €0, 1], po = p, pn = v

showing that d,, is associated to a formal Riemannian structure on P(M) given by

TP(M) = {: M — R, /qu(x)dx —0)

1 = [ V6, where v =~ div(uVo)

In view of the continuity equation '

fre = — div(Pepy)
for a smooth flow (¢,x) — ®;(z) on M, acting on a measures p through push forward p; = (). po, this
identifies the Riemannian energy of a curve t — p; € P(M) with the minimal required kinetic energy

t t
Eou() = / a2, pap ds = / /M (i, 5)|2us (da)ds.
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A crucial implication of this perspective on P (M) is the d,-gradient flow (’steepest descent’) interpretation
of evolution equations of the form

Oyu = div(u; VF'(u)),

where F’ is the Frechet derivative of some smooth functional F' on L*(M, dx), showing that the evolution
is completely determined by the geometric properties of F' with respect to d,. A particularly important
example is the Boltzmann entropy F'(u) = | 3 WInwdr inducing the heat equation as gradient flow, which
initiated substantial progress in a synthetic theory of generalized Ricci curvature bounds [5, 12, 18, 22].

In this note we propose a second class of dynamical systems associated with the formal Riemannian
structure on P(M) which is given by Lagrangian flows on T"P(M) associated to Lagrangians of the form

1
Lp:TP(M) = R;  Lp(V) = [[¥llr,p = Fp) for V= (v, ) € T,P(M)

where the functional F' : P(M) — R now plays the role of a potential field for the infinite dimensional
system. We do not aim to develop a full theory here but give an interesting example instead which leads
to a Lagrangian representation of the Schrodinger flow by putting

Flu) = [ dlohutdo) + 5100, )

where
1) = [ Vg
M

is known today as Fisher information functional. - In this form I appears already in the Hamiltonian of
BOHM’s famous 1952 paper [3, eq. (9)] as a consequence of the choice of polar coordinates ¥ = Re#?
but is not further analysed as such. The first detailed discussion of the meaning of I in the Schrédinger
context seems to be given in [17], using information-theoretic concepts. This was later complemented by
a simplified physical approach in [9].

Mathematically the connection between Wasserstein geometry and the Schrodinger flow is based on the
representation of the latter via a system of a generalized Hamilton-Jacobi and transport equations (4)
which is known since long [13]. (In fact this representation is the nucleus of the de Broglie-Bohm ’causal’
interpretation of the laws of quantum mechanics [6, 3|, cf. eg. [7, 10].) The Riemannian Wasserstein
formalism now allows to write this system as a geometric Euler-Lagrange equation (3) induced from L.

Hence our example (theorem 2.1 below) is interesting in two ways. Physically it shows how the Wasserstein
formalism can provide a unifying framework in which both classical and quantum behaviour of a particle
can be described in a seemingly classical fashion, cf. remark 2.2 ii). Mathematically it directs towards an
important class of dynamics on TP(M) which is worth systematic study.

2 RESULT - SCHRODINGER EQUATION FROM A LAGRANGIAN FLOW ON P(M)

The observation below is based on formal Riemannian calculations on the d,-dense subset P>(M) C
P2 (M) of fully supported smooth probability measures as conducted in [15, 16] and extended by LOTT
in [11], ignoring the question of full mathematical generality. (The relevant results from [11, 15] are

summarized in section 3.) In the sequel we shall often identify € P>(M) with its density p = du/dz.
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Theorem 2.1. For ¢ € C®(M) let F: P>*(M) — R defined as in (1). Then any smooth local Lagrangian
flow [0,€] 5t — 1, € TP>®(M) associated to Ly yields a local solution of the Schrédinger equation

ihoy U = —h*/2A0 + VU ¢ (2)

via the Madelung transform
U(t,z) =/ pult, m)ehs(“)

where .
S(z,t) = S(x,t) +/ L (S,, pio)do
0
and S(x,t) is the velocity potential of the flow p, i.e. satisfying [,, Sdp =0 and f, = —div(V.Sip).

Proof . The Lagrangian flow (p);>0 is a local critical point of the action functional
b1 ,
Suat) = [ 31615, = )| ot
defined on the set of smooth curves t — v, € P(M), i.e p solves the Euler-Lagrange equations

V= V" F(u) (3)

where V* is the Wasserstein gradient and V}ji is the (pulled back on I'(u*T"P(M))) covariant derivative
associated to the Levi-Civita connection on TP(M). Let (z,t) — S(x,t) denote the velocity potential of
£ (cf. section 3), then according to [11, proposition 4.24] the left hand side above is computed as

s (i (354 Ysr)).

where the right hand side equals (cf. section 3)

di \Y i Vn pf? 2A
1V<M (¢+§(| n p| T M)))

Since p; is fully supported on M this implies
72

0S + —\VS|2 +¢+ — (|Vln,u|2 - —A,u) = c(t)
for some function ¢(t). To compute ¢(t) note that due to the normalization (S, ) = 0
0 = 0y (S, put)
= et) ~ (VS du) — F(u) + (5. 1)
= c(t) ~ 5 (VP du) — F4) + (VP ) = cft) + Le(Se ).
Hence the pair t — (S, 1) with S(z,t) = S(x,t) + f(f Lr(Sy, po)do satisfies
0:S + —\VS]Q + ¢>+ (]Vlnu|2 - —A,u) =0
Ot + dlv(uVS) =0,

which is computed to provide a solution to Schrédinger’s equation via W(x,t) = (/u(x, t)e 5@ O
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Remarks 2.2. i) An equivalent version of theorem 2.1 puts ¥ =  /ju(z, t)er @b where t — (— div(V.Syuy), i)
is a Lagrangian flow for Lr and S is chosen to satisfy for all ¢t > 0

(Sts i) — (S0, po) = /Ot Lp(fis)ds.

ii) The case of a classicle particle moving in a potential field ¢ : M — R is embedded in the Lagrangian
formalism on T"P(M) by choosing h = 0 for initial condition py = d,, and ¢y = —div(Zgds,). The
case of h = 0 and an extended initial field p(0,z) € P>*(M) is delicate because of collisions of classical
Hamiltonian trajectories, i.e. after finite time f; will assume values outside TP(M) where the formalism
no longer applies.

iii) In [9] the authors argue that the Madelung transform is part of a unique canonical i.e. symplectic
transformation for the Hamiltonian structure associated with Lz under which the new coordinates de-
couple. From such a perspective the familiar complex valued form (2) of the Schrodinger equation would
appear to result from an ingenious choice of coordinates.

iv) The d,-gradient flow of F} gives the nonlinear 4th order 'Derrida-Lebowitz-Speer-Spohn’ or ’quantum
drift-diffusion’ equation, which is thoroughly analysed in [8].

v) Based on NELSON’s stochastic mechanics [14] the paper [20] aims to present a very different approach to
a potential link between (in this case ’stochastic’) optimal transport theory and the Schrédinger equation.

3 APPENDIX - FORMAL RIEMANNIAN CALCULUS ON P(M)

Let Po(M) denote the set of Borel probability measures p on a smooth closed finite dimensional Riemannian
manifold (M, g) having finite second moment [, d*(o,x)u(dx) < oo. As argued in [11] the subsequent
calculations make strict mathematical sense on the d,,-dense subset of smooth fully supported probabilities
P>=(M) C Py(M) which shall often be identified with the corresponding density p = dp/dz.

3.1 Vector Fields on P(M) and Velocity Potentials
A function ¢ € C°(M) induces a flow on P(M) via push forward
t— = (7)upto,

where t — @, is the local flow of difformorphisms on M induced from the vector field V¢ € I'(M) starting
from ®q = Idy. The the continuity equation yields the infinitesimal variation of u € P(M) as

ft = Oyr=ope = — div(Vop) € T,(P).
Hence the function ¢ induces a vector field V,, € I'(P(M)) by
Vo(p) = —div(Vop),
acting on smooth functionals F': P(M) — R via

Vo(F) (1) = Do F (1 — € div(Vp)) = DyooF (7))



with Riemannian norm
Vot = | V6P @lao)
Conversely, each smooth variation ¢ € T,(P) can be identified with
v ==Ve(n) with ¢ =Gy,

where G, is the Green operator for A* : ¢ — —div(uVe) on L2(M,dx) = Li(M,dz) N {{f,dz) = 0}.
Hence, for each ¢ € T, P there exists a unique ¢ € C>* N L*(M, dz) such that

¢ == le(MV¢) and <¢7 /JJ> = 07
which we call velocity potential for ¢ € T,/ P(M).

3.2 Riemannian Gradient on P(M)
The Riemannian gradient of a smooth functional ' : Dom(F) C P(M) — R is computed to be
VYF, = —=A*(DF,),
where @ — DF),(z) is the L?(M, dzx)-Frechet-derivative of F' in p, which is defined through the relation

ueoF -+ e€) = | DF,(w)¢(e)da,
M
for all £ chosen from a suitable dense set of test functions in L*(M, dz). The following examples are easily

obtained.

Linear case:

F(p) = [y o(@)p(de)  VUEF, =Vy(p) = —div(Vop)
Boltzmann entropy: F(u) = [,, plogudz  VVE, = —div(uVilegu) = —Apu
Renyi entropy: F(p) = [,, nPdx VYF, = —p(p — 1) div(p?~'Vp)
Fisher information: F(u) = [, |[VInpulPdy VYE, = —div(uV(|VInpul* - %Au)).

Here A denotes the Laplace-Beltrami operator on (M, g). As a consequence, the Boltzmann entropy
induces the heat equation as gradient flow on P(M), and the information functional is the norm-square
of its gradient, i.e.

w 2 .
[V Enty,||3, = = div(1uV log i) 17, = /M |V log pl*dp = I (1)

3.3  Covariant Derivative

The Koszul identity for the Levi-Civita connection and a straightforward computation of commutators
show [11] for the covariant derivative V* associtated to d,, that

<Vz‘l/}¢l V¢2, V¢3>TM = / HGSS ¢2(V¢1, V¢2)dﬂ
M
For a smooth curve t — pu(t) with i = Vj, this yields

w
Vb= Voor Livgpe-



References

1]

2]

3]

[4]

[10]

[11]

[12]
[13]
[14]

[15]

[16]

R. Abraham and J. E. Marsden. Foundations of mechanics. Benjamin/Cummings Publishing Co.
Inc., Reading, Mass., 1978.

L. Ambrosio, N. Gigli, and G. Savaré. Gradient flows in metric spaces and in the space of probability
measures. Lectures in Mathematics ETH Ziirich. Birkhauser Verlag, Basel, 2005.

D. Bohm. A suggested interpretation of the quantum theory in terms of “hidden” variables. I and II.
Physical Rev. (2), 85:166-193, 1952.

Y. Brenier. The dual least action problem for an ideal, incompressible fluid. Arch. Rational Mech.
Anal., 122(4):323-351, 1993.

D. Cordero-Erausquin, R. J. McCann, and M. Schmuckenschldger. A Riemannian interpolation in-
equality a la Borell, Brascamp and Lieb. Invent. Math., 146(2):219-257, 2001.

L. de Broglie. La nouvelle Dynamique des Quanta. In Eletrons et Photons, V-éme Conseil de Physique
Solvay, 1927, pages 105-132. Gauthier-Villars, Paris.

D. Diirr, S. Goldstein, and N. Zanghi. Bohmian mechanics and the meaning of the wave function. In
Ezxperimental metaphysics (Boston, MA, 199/), volume 193 of Boston Stud. Philos. Sci., pages 25-38.
Kluwer Acad. Publ., Dordrecht, 1997.

U. Gianazza, G. Savare, and G. Toscani. The Wasserstein gradient flow of the Fisher information
and the quantum drift-diffusion equation. Arch. Rat. Mech. Anal. To appear.

M. J. W. Hall and M. Reginatto. Schrodinger equation from an exact uncertainty principle. J. Phys.
A, 35(14):3289-3303, 2002.

P. R. Holland. The quantum theory of motion. Cambridge University Press, Cambridge, 1995. An
account of the de Broglie-Bohm causal interpretation of quantum mechanics.

J. Lott. Some geometric calculations on Wasserstein space. Comm. Math. Phys., 277(2):423-437,
2008.

J. Lott and C. Villani. Ricci curvature for metric-measure spaces. Ann. of Math. To appear.
E. Madelung. Quantentheorie in hydrodynamischer Form. Z. Phys., 40:322-326, 1926.

E. Nelson. Quantum fluctuations. Princeton Series in Physics. Princeton University Press, Princeton,
NJ, 1985.

F. Otto. The geometry of dissipative evolution equations: the porous medium equation. Comm.
Partial Differential Equations, 26(1-2):101-174, 2001.

F. Otto and C. Villani. Generalization of an inequality by Talagrand and links with the logarithmic
Sobolev inequality. J. Funct. Anal., 173(2):361-400, 2000.



[17] M. Reginatto. Derivation of the equations of nonrelativistic quantum mechanics using the principle
of minimum Fisher information. Phys. Rev. A, 58:1775 — 1778, 1998.

[18] K.-T. Sturm. On the geometry of metric measure spaces. Acta Math., 196(1):65-177, 2006.

[19] C. Villani. Topics in optimal transportation, volume 58 of Graduate Studies in Mathematics. American
Mathematical Society, Providence, RI, 2003.

[20] S. Véllinger. Geometry of the Schrodinger equation and stochastic mass transportation. J. Math.
Phys., 46(8):082105, 35, 2005.

[21] M.-K. von Renesse and K.-T. Sturm. Entropic measure and Wasserstein diffusion. Ann. of Prob. To
appear.

[22] M.-K. von Renesse and K.-T. Sturm. Transport inequalities, gradient estimates, entropy, and Ricci
curvature. Comm. Pure Appl. Math., 58(7):923-940, 2005.



