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Abstract

We study a random walk pinning model, where conditioned on a simple random walk Y on Z%
acting as a random medium, the path measure of a second independent simple random walk X up
to time ¢ is Gibbs transformed with Hamiltonian —L;(X,Y"), where L:(X,Y) is the collision local
time between X and Y up to time ¢. This model arises naturally in various contexts, including the
study of the parabolic Anderson model with moving catalysts, the parabolic Anderson model with
Brownian noise, and the directed polymer model. It falls in the same framework as the pinning and
copolymer models, and exhibits a localization-delocalization transition as the inverse temperature 3
varies. We show that in dimensions d = 1,2, the annealed and quenched critical values of 3 are both
0, while in dimensions d > 4, the quenched critical value of 3 is strictly larger than the annealed
critical value (which is positive). This implies the existence of certain intermediate regimes for the
parabolic Anderson model with Brownian noise and the directed polymer model. For d > 5, the same
result has recently been established by Birkner, Greven and den Hollander [BGAHO08| via a quenched
large deviation principle. Our proof is based on a fractional moment method used recently by Derrida,
Giacomin, Lacoin and Toninelli [DGLTO07] to establish the non-coincidence of annealed and quenched
critical points for the pinning model in the disorder-relevant regime. The critical case d = 3 remains
open.

AMS 2000 subject classification: 60K35, 82B44.

Keywords: random walks, pinning models, annealed and quenched critical points, collision local time,
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1 Introduction and main result

1.1 The model and main results

We first define the continuous time version of the random walk pinning model, which more precisely,
could be called the random walk pinned to random walk model. Let X and Y be two independent
continuous time simple random walks on Z% with jump rates 1 and p > 0 respectively. Let p; denote the
law of (X5)o<s<¢. For f € R, which plays the role of the inverse temperature (if § > 0), and for a fixed
realization of Y acting as a random medium, we define a Gibbs transformation of the path measure p.
Namely, we define a new path measure utﬁ y on (Xy)o<s<¢ which is absolutely continuous w.r.t. j; with
Radon-Nikodym derivative 7
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where Li(X,Y) = fg Lx,=v,}ds is the collision local time between X and Y up to time ¢, and
Z)y = Eg [P Y] (1.2)

is the quenched partition function which makes ,uf y @ probability measure, where EX[] denotes expec-
tation w.r.t. X starting from z € Z?. The quenched free energy of the model is defined by

.1
F(B.p) = lim ~log Z}). (13)

We will show below that the limit exists and is non-random. As a disordered system, it is also natural
to consider the annealed partition function E%/[Ztﬁ v and the annealed free energy

1
Fan(B,p) = lim ~log EY 2]} ]. (1.4)

Note that EY [Zf v] = B Y [ePH(X=Y0)] g also the partition function of a homogeneous pinning model
(see e.g. Giacomin [GO7]), namely a random walk pinning model where the random walk X — Y (with
jump rate 1 + p) is pinned to the site 0 instead of to a random trajectory.

To define the discrete time version of the random walk pinning model, let X, Y be discrete time simple
random walks on Z%. The Gibbs transformed path measure ﬂ]‘iﬁy, N € N, can be defined similarly as
n (1.1), where we replace Li(X,Y) by Ly(X,Y) = sz\il lix,—v;}- We then define Z]ﬁvyy, F(p), [‘]ﬂv,annv
f?’ann(ﬂ) similarly for the discrete time model as for the continuous time model. Note that the free
energies F (B) and Fann(ﬁ) now only depend on 3 since there are no more jump rates to adjust. To keep
things simple, we focus only on X and Y being simple random walks in this paper. However, we expect
much of the same results to hold and the proofs to be adaptable for general random walks, and we will
comment on possible adaptations when appropriate.

Our first result is the existence of the quenched free energies F(f,p) and F(f). Existence of the
annealed free energies Fynn (3, p) and Fann(0) is well known (see e.g. Chapter 2 in [G07]). Before stating
the result, we first introduce a two-parameter family of constrained partition functions for the random
walk pinning model, where apart from a shift in time for the disorder Y, the random walk X is subject
to the constraint X; = Y; in (1.1). In continuous time setting, for 0 < s < t < oo, define

. t—s

For 0 < m < n < oo with m,n € Ny, we define Z[én ;SY analogously for the discrete time model. For

simplicity, we will denote Z{%”%ig, by Zf g?in, and Z%’I])\ifiy by ZZBVI;}H

Theorem 1.1 [Existence of quenched free energy]
For any B € R and p > 0, there exists a non-random constant F((3, p) such that

0 L ioe 28— T Lo 250
F(B,p) = Jlim ; log Z,y = lim 7 log Z; 3, (1.6)
where the convergence are a.s. and in L' w.r.t. Y. Furthermore, we have the representation
1 .
F(B,p) = sup = EY [mg Zfiﬁ’m] . (1.7)
t>0 U ’
Analogous statements hold for the discrete time model.

Corollary 1.1 [Existence of critical points]
There exist 0 < 3™ < (. depending on p > 0 such that: Fan,(5,p) =0 if B < 82" and Fann(5,p) > 0
if B> 62" F(B,p) =0if < B and F(B,p) >0 if B> B.. Analogous statements hold for the discrete

time model with annealed and quenched critical points B2™ and (. respectively.



Remark. See (5.5) and (4.4) for the exact values of 2™ and 32

Remark. As in the pinning model (see e.g. [G07]), 8. marks the transition between a locahzed and a
delocalized phase: when 5 < (. and F(53,p) = 0, L;(X,Y) is typically of order o(t) w.r.t. ut y for t large;

when 8 > . and F(f3,p) > 0, L(X,Y) is typically of order ¢t w.r.t. utﬁy for ¢t large. Similarly, ga""
marks the transition between the localized and delocalized phase for the annealed homogeneous pinning
model.

One question of fundamental interest in the study of disordered systems is to determine when is the
disorder strong enough to shift the critical point of the model, i.e., when is 3" < 3.7 For the pinning
model, this question has recently been essentially fully resolved independently by Derrida, Giacomin,
Lacoin and Toninelli [DGLTO07], and Alexander and Zygouras [AZ08]. For the random walk pinning
model, our main result is the following.

Theorem 1.2 [Annealed vs quenched critical points]

In dimensions d = 1 and 2, we have 6““ = ﬂc = ﬂann = ﬂc = 0. In dimensions d > 4, we have
0 < g™ < B for each p >0 and 0 < ﬂann < ﬂc For d > 5, there exists a > 0 s.t. B — 2™ > ap for
all p € [0,1]. For d =4 and for each 6 > 0, there exists as > 0 s.t. fo — (2 > asp' ™ for all p € [0,1].

For purposes relevant to applications for the parabolic Anderson model with Brownian noise and the
directed polymer model, in d > 4, we prove instead a stronger version of Theorem 1.2. Define

ﬁgzsup{ﬁeRziupZﬁY<ooas w.r.t. Y} (1.8)

Define Bj for the discrete time model analogously. Clearly 5} < . and ﬁj < f3.. We have

Theorem 1.3 [Non-coincidence of critical points strengthened]

For d > 4, we have 3™ < (% for each p > 0 and B?nn < Bj For d > 5, there exists a > 0 s.t.
35— 32 > ap for all p € [0,1]. For d =4 and for each § > 0, there exists ag > 0 s.t. B — 2" > agp'™+°
for all p € [0,1].

Remark. Theorem 1.3 for d > 5 (without bounds on the gap) has recently been established by Birkner,
Greven, and den Hollander [BGAHOS8| as an application of a quenched large deviation principle for
renewal processes in random scenery. Our aim here is to give an alternative proof based on adaptations
of the fractional moment method used recently by Derrida et al [DGLTO07] in the pinning model context,
and to extend to the d = 4 case. Loosely speaking, because P(X,, = Y,) ~ Cn=4%2 = Cn=172 by the
local central limit theorem, d > 5 corresponds to the case o > 1 in [DGLTO7]; d = 4 corresponds to the
case o = 1, which was not covered in [DGLT07], but included in [AZ08]; while d = 3 corresponds to the
marginal case & = 1/2, which remains open from both [DGLT07] and [AZ08] for the pinning model, and
remains open for our model as well.

Remark. It is an interesting open question whether 37 = f., i.e., whether the quenched partition
function Ztﬁ y is uniformly bounded in ¢ a.s. w.r.t. Y in the entire delocalized phase. As communicated
to us by F.L.Toninelli, this question also remains open for the pinning and the copolymer models.

Theorem 1.3 for the continuous time model confirms Conjecture 1.8 of Greven and den Hollander
[GAHO7] (for d > 4) that the parabolic Anderson model with Brownian noise could admit an equilibrium
measure with an infinite second moment. Theorem 1.3 for the discrete time model can be used to disprove
a conjecture of Garel and Monthus [GMO06] that for the directed polymer model in random environment,
the transition from weak to strong disorder occurs at S3"". See Sec. 1.4 for more details. For some
special environments in special dimensions, this conjecture has already been disproved by Camanes and
Carmona [CCO7]. In Section 1.4, we will show that the results of Derrida et al [DGLTO07] on the pinning
model can also be used to disprove the Garel-Monthus conjecture in d > 4. The reader can also consult
Section 1.5 of [BGAHO08] for more detailed expositions on the implication of Theorem 1.3 for the various
models mentioned above.



In the remainder of the introduction, we point out a connection between the random walk pinning
model and the parabolic Anderson model with a single moving catalyst, and how does the random walk
pinning model fit in the same framework as the pinning and copolymer models. Lastly, we will introduce
a inhomogeneous random walk pinning model which generalizes both the pinning and the random walk
pinning model.

1.2 Parabolic Anderson model with a single moving catalyst

As for the continuous time random walk pinning model, let Y be a continuous time simple random walk
on Z% with jump rate p > 0. The parabolic Anderson model with a single moving catalyst is the solution
of the following Cauchy problem for the heat equation in a time-dependent random potential

0

au(t,x) = Au(t, z) + By, (x) u(t, z),

zeZ t>0, (1.9)

where 8 € R and Af(z) = o > ly—z)=1(f(y) — f(z)) is the discrete Laplacian on 7%, Heuristically,
the time-dependent potential $dy,(z) can be interpreted as a single catalyst with strength § moving as
Y, u(t,x) is then simply the expected number of particles alive at position x at time ¢ for a branching
particle system, where initially one particle starts from each site of Z?, and independently, each particle
moves on Z¢ as a simple random walk, and whenever the particle is at the same location as the catalyst
Y, it splits into two particles with rate § if 3 > 0 and is killed with rate —3 if § < 0. For further
motivations and a survey on the parabolic Anderson model, see e.g. Gértner and Kénig [GKO05].

Quantities of special interest in the study of the parabolic Anderson model are the quenched and
annealed p-th moment Lyapunov exponents.

1 1
Ao = Jim —log ut,0),  Ap= lim - log EY [u(t, 0)7]. (1.10)

The annealed p-th moment Lyapunov exponents for p € N have been studied by Géartner and Heydenreich
in [GHO6]. Here we show that

Theorem 1.4 [Existence of quenched Lyapunov exponent]
For any B € R and p > 0, there exists a non-random constant Ao = Xo(3, p) such that for all x € Z¢,

1
Ao = tlim Zlogu(t,x) a.s. and in L' w.r.t. Y. (1.11)
— 00

Furthermore, \o(53,p) = F (5, p), where F([3,p) is as in (1.6).

Indeed, the solution of (1.9) admits the Feynman-Kac representation

u(t,z) = EX [exp {ﬁ/ot 1{th:Ys}d8}:| , (1.12)

where X is a simple random walk on Z% with jump rate 1 and Xy = . Except for the time reversal of
X in (1.12), u(t,x) has the same representation as that for Ztﬁy. The same proof as for Theorem 1.1
then applies, which gives rise to the same representation for \o as for FF (8, p) in (1.7) due to the fact
that the variational expression in (1.7) is invariant w.r.t. time reversal for X.

1.3 Relation to pinning and copolymer models

We now explain in what sense does the random walk pinning model belong to the same framework as
the pinning and the copolymer models. For simplicity, we will examine the discrete time random walk

pinning model with a path measure associated with the partition function Z[%’E\i;]l’y, c.f. (1.5).



The pinning and copolymer models are both Gibbs transformation of a renewal process. More
precisely, let 0 = (09 = 0,01,09,---) be a renewal process on Ny, where the inter-arrival times (o; —
oi—1)ien are iid. N U {oo}-valued random variables with distribution P(c; = i) = K(i) for some
probability kernel K on NU {oo}. Let (w;);en be i.i.d. real-valued random variables with E[w;] = 0 and
E[e*1] < oo for all A € R. Let h € R and 3 > 0. Then for a fixed N € N, the finite volume Gibbs
weight for a given realization of the renewal sequence o for both models are of the form

W(o) =

w(B,h, (Wj)e;_1<j<o;) if N = oy, for some m > 1,
H (8,1 (@)1 <i<0) s

0 otherwise,

where
efwnth pinning model,

w (B, hy (Wilo<j<n) = 4 BEjoa(@ith) | =BTy (wi+h) (1.14)
2 copolymer model.

See [GO7] for more on the pinning and copolymer models. For the discrete time random walk pinning
model, we can write

m

N
28 =B [ O] =30 Y TR oy =oi—o). (119

m=1o0p=0<01<-<om=N i=1

where 0,Y = (Yn+i — Yn)ien, denotes a shift in ¥, and 7v = 7y (X) = min{i > 1 : X; = Y;}. Let us
denote K (i) = EJ [Py (ry =1)] = Py Y (19 = i), then K with K(c0) = Py (19 = 00) is the return
time distribution of a renewal process on Ny. Let A; = Y; — Y;_1. We can then rewrite (1.15) as

N m
Alﬁ\f’liin = Z Z H (K(UZ - 0'1;1) w(ﬁ> (Aj)0i71<j§0i))v (1'16)

m=1o00=0<01< " <om=N i=1

where

PP (1y =n
w(B, (Ai)o<i<n) = %, Y; = ZAJ-. (1.17)

B3,pin
[0,N],Y

Gibbs transformation of a renewal process with inter-arrival law K, except that the disorder (A;);en take

In view of (1.16) and (1.17), we see that the random walk pinning model associated with Z, is also a
values in Z? and the Gibbs weight factor w(-) for each renewal gap has a more complicated dependence on
the disorder than for the pinning and copolymer models. Nevertheless, this simple observation motivates
us to try to adapt the fractional moment method from the pinning model to our context. In the actual
proof, we will use an alternative representation for ZA[%E\i,Ty, as well as for Z[%:It)]ig,, which admits a simpler
form for the weight factor w(-) than (1.17). See (4.3) and (5.3). We will see later on that despite the
entirely different nature of the disorder, the random walk pinning model turns out to be a close analogue
of the pinning model. Lastly we note that the fractional moment method has recently been successfully
applied also to the copolymer model, see Bodineau, Giacomin, Lacoin and Toninelli [BGLT08] and
Toninelli [T08].

1.4 An inhomogeneous random walk pinning model

Another common feature between the pinning and the random walk pinning model is that, for both
models, the annealed partition function is that of a homogeneous pinning model. A further intriguing
interplay between the two models is that we can define an inhomogeneous random walk pinning model,
from which both models can be obtained by partial annealing. More precisely, let X and Y be discrete



time simple random walks on Z¢, let (w;)ien be i.i.d. real-valued random variables with E[w] = 0,
and M(\) = logE[e*1] is well-defined for all A > 0. Let » € R and 8 > 0. Then the discrete time
inhomogeneous random walk pinning model is the Gibbs transformation of the path measure puy of X
up to time N with Radon-Nikodym derivative

dNNYw(X) _ exp{ SN, (Bwi + h)1x, Y}}

i Z.

(1.18)

where Zﬁ;f;w = Egf [exp { Efil(ﬁwi +h)1x,=v;) }] is the partition function, and we now have two sources
of disorder: the location of pinning as given by Y, and the strength of pinning as given by Sw; + h. Note
that under annealing w.r.t. Y,

N
B (23, ) =B Y [exp{z (Bwi + h)1{(x-y),= }} (1.19)
i=1

is the partition function of a pinning model (without boundary constraint (X — YY)y = 0), where the
underlying renewal process is given by the return times of X —Y to 0. On the other hand, under
annealing w.r.t. w,

Ew [iji’[f}l/w] By [e(M(/@)+h)LN(X7Y)]

is the partition function of a random walk pinning model with parameter M (3) + h.
The continuous time version of the inhomogeneous random walk pinning model can be defined simi-
larly with partition function

Ztﬁ;‘B = Ef [exp {B/Ot lix,=v,}dBs + htH,

where By is a standard Brownian motion.

The discrete time inhomogeneous random walk pinning model first appeared implicitly in Birkner
[BO4] in the study of the directed polymer model (the continuous time analogue can be found in Greven
and den Hollander [GdHO7]). Given a simple random walk X on Z%, \ > 0, i.i.d. real-valued random
variables (w(n, x))pen geza With M(N) = log E[eN“(1:1)] well-defined for all A > 0, the (normalized)
partition function of the directed polymer model is given by

Za ., =B [ezﬁl{w,xi)—M(M}].
Note that (Z R,w) NeN is a positive martingale. The critical point of the model can be defined by

Ae =sup{A >0: (Zﬁw)NeN is uniformly integrable} = sup{A > 0 : limy_,o0 Zﬁ,,w >0 a.s.}

(see, e.g., [CSY04] for an overview). The Garel-Monthus conjecture [GMO06] asserts that A = A2 :=
sup{A > 0 : supyey E[(ZNW)Q] < oo}. On the other hand, Birkner [B04] showed that if Y is an
independent copy of X, and (&(n,7)),en4ezd i an independent copy of (w(n,)),en zezd, then the
size-biased law of Z J/}Lw is the same as that of

Dy = | exp { i (1 Qi Xi) = MOV) + 1x,my (2036, X3) = 2M () ) . (1.20)
i=1

Namely, ]E[f(Z])\‘,ww y)] = E[ZZ){,wf(Z])\‘,w)] for all bounded f : Ry — ]R The uniform integrability of
(Z)‘ »)NeN is then equivalent to the uniform tightness of the laws of (23 Nwoy)Nen. If we integrate out
the disorder w in (1.20), then

E[Z3 v |0, Y] = B [eZim @AOGEX)-2M AL ix vy (1.21)

6



is precisely the partition function of the inhomogeneous random walk pinning model. Further integrating
out @ gives the partition function of a random walk pinning model with parameter B()\) = M(2\) —
2M (),

E[Zf\\hw,@’ﬂy] _ ]ng [elezl(M(2>\)_2M(/\))1{Xi:Yi}:|.

Since E[(ZJAV’W)Q] = IE[ZR,’W@’Y], B(Xa) = 2™ with 2™ being the annealed critical point as in Theorem
1.3. Since for non-degenerate w, (()\) is strictly increasing in A, Theorem 1.3 implies that in d > 4, there
exists ' > Ay such that E[Z])\‘,/M@y]Y] is uniformly bounded in N a.s. w.r.t. Y. Therefore the law of
(Zz)\\//,w,w,y) Nen is uniformly tight, and hence A\, > X > X2, which disproves the conjecture of Garel and
Monthus [GMO6].

Finally, let us observe that based on (1.20), the results of Derrida et al [DGLT07] can also be used to
disprove the Garel-Monthus conjecture: In (1.21), conditioned on Y, (@(7,Y;))1<i<n are i.i.d. Therefore
if we fix an i.i.d. sequence (@;);en equally distributed with ©(1,1), then E[Z]’§[7W7Q7Y|Q,Y] is equally

distributed with
Eg{ [ezle(2,\@—2M(,\))1{Xi:yi}].

Integrating out Y then gives the partition of a pinning model,

,w

Zﬁ,’h _ Eé{—y[ezi\il(2A@i_2M(A))1{(X7Y)i:O}:| (1.22)

with parameters 3(\) = 2\, h(\) = —M(2)) (c.f. (1.19)), and underlying renewal process K(n) =
]P)OX_Y(TO = n) where 79 is the first return time of X —Y to 0. It is easy to check that the critical curve
for the annealed pinning model is given by h2"(8) = —M(3) —log Py Y (19 < o0). By the definition of

A2, (B(A2), h(A2)) lies on this annealed critical curve. Since in d > 4, K(n) ~ cn™% has tail exponent
o = % —1 > 1, it follows from Derrida et al [DGLTO07] that there exists a continuous curve h*(3)

strictly above h2"([3), such that for all h < h*(3), Zﬁg is a.s. uniformly bounded in N. Therefore we
can choose N > Ay such that —M (2\') < h*(2)'), and hence Z]%,A;_M@’\/)

N. By the same reasoning as before, this implies the uniform tightness of (ZJ)\\TI,w@,Y) ~eN, and hence

is a.s. uniformly bounded in

Ae > N > Ao Lastly we remark that in [DGLTO07], only the constrained version of the partition function
Zf,]; is considered, i.e., the constraint 1;x, _y, is inserted in (1.22). However, the proof there can be
easily adapted to the non-constrained version, as can be seen later in our analysis of the random walk
pinning model.

1.5 Outline

The rest of the paper is organized as follows. In Section 2, we prove Theorem 1.1, Corollary 1.1, and
Theorem 1.4. In Section 3, we prove Theorem 1.2 for d = 1, 2. In Section 4, we prove Theorem 1.3 in the
discrete time case. Lastly in Section 5, we prove Theorem 1.3 in the continuous time case. The proof of
Theorem 1.3 does not rely on the existence of the quenched free energies. Readers interested in how the
fractional moment method is applied in this context can go directly to Sections 4 and 5.

2 Existence of the quenched free energy

In this section, we prove Theorems 1.1, 1.4 and Corollary 1.1.

Proof of Theorem 1.1. We only prove the continuous time case. The discrete time case is simpler.
First note that [t~!log Z£Y| < |B| uniformly in t+ > 0 and Y. Therefore [t~!log ny| is uniformly
integrable w.r.t. Y for ¢ > 0. By similar reasoning, it is not hard to verify also uniform integrability for
[t=11og Zfil,)in] w.r.t. Y for ¢ large despite the constraint 1;x,_y,} in Zfil,)in. Therefore it suffices to verify
the a.s. convergence in (1.6), and the L' convergence follows by uniform integrability.



Restricting to integer times m, n, clearly (— log Z&p;?y)0§m<n satisfies the conditions of the subad-

ditive ergodic theorem (see e.g. Sec. 6.6 in Durrett [D96]). Therefore there exists FP™ € R such that a.s.
w.r.t. Y,

FP = lim — log Zﬁ’pm = sup Ey[log Zg@in]. (2.1)

n—oon neN T

First we extend the convergence in (2.1) to t — oo, rather than just along the integers. We need two
crude estimates.

Proposition 2.1 Let (X;);>0 be a continuous time random walk on Z with jump rate 1. Let | - ||z
denote L' norm in Z¢. Then

(i) There exists C' > 0 such that a.s. || X¢|1 < Cv/tloglogt for all t sufficiently large.

d
2

(i1) PE (X, =z) > C(1+t)"2(2d)~ 1= wniformly for all t > 0 and x € Z% with ||z||, < t/2.

Proof. Part (i) is a consequence of the law of the iterated logarithm. Part (ii) follows by forcing X to
visit z after exactly ||z|[; number of jumps, and then return to x at time ¢. The factor (1 + t)_% arises
from the local central limit theorem. [ |

Note that for ¢ > 1, by super-additivity, we have

1 B,pin B;pin 1 B;pin 1 B,pin B,pin
n (log ZLt t2/3])Y +1log Z[\_t t2/3 ] 4], Y) < n log Zth } <log ZLt+t2/3J Y — log Z[t [t+t2/3]], Y) (2:2)

By (2.1), a.s. [P = tlggo t~!log Z’ﬁ’_p?;/%y = tli)rgo t~'log Zﬁtﬁg/?’j,if' On the other hand,

in —[t—t2/3
s gy < T BE(X, |y ) =Ye = Y] pss)), (2.3)
11 - —|t—t2/3 .
Zﬁtp Y > e 1Bl (t—[t—t*/°]) ]Plg( (th [t—t2/3] = Y: — YLt7t2/3J)'

By Proposition 2.1, for ¢ sufficiently large, ||Y; — YLt—t2/3J l1 < 2C/tloglogt < %, and hence
Pé{ (Xt— [t—2/3] = Y, — YLt—tz/SJ) > C(l +t— U — tz/gj)id/Q(Qd)_%jV tloglogt,

from which we obtain Jim t~!|log Zﬁ;pliz/g’ 14, y| = 0. Similarly, Jim ¢7 log Zf ftl-rllrtQ/i”J],Y’ = 0. This

establishes the a.s. convergence in (2.1) for t — oo instead of n — oo for n € N.

We now prove that a.s. FP" = hm t~'log Ztﬁy Clearly ny Zﬁ P For an upper bound, note
that
3/4
Zy <027 iy (2.4)
We claim that for ¢ sufficiently large,
X | _BL (X,Y) X | _BL (X,Y)
EO |:e +—43/4 1{HXt7t3/4”1§t2/3}:| 2 ]EO |:e +—43/4 1{||Xt,t3/4”1>t2/3} . (25)

By Proposition 2.1, for ¢ sufficiently large, we have supy< <, [|Ys|li < Cv/tloglogt. Define recursively
stopping times o1 = 0, and for n € N,
T = inf{s € (on,t — 34 : | X4|l1 > 232},

2.6
Ont1 = inf{s € (Tn,t—t3/4 Xl < Cy/tloglogt}, (2:6)



where we set oy, 7, to ¢t — t3/4 if the infimum is taken over an empty set. Then

o¢]
X BL _43/4 (va) _ X BLT (X7Y)
Eo [6 o Hix,_ ey = DB [P e o x sy

n=1

= ZE())( |:6ﬁLT”(X’Y)1{Tn<t_t3/4} ]P’é( (0n+1 =1— t3/4, | X, _ya/alln > tQ/S‘XTn)]

n=1

oo
< STEY [Py B (o =t = Xl < 20]X5) |

x [ 8L (X.Y)
S ]EO |:6 1—¢3/4 1{||Xt7t3/4”1§t2/3}i| 5 (27)
where in the first inequality we used the fact that ¢2/3 /2 >> /tloglogt >> \/t for t large. This proves
the claim (2.5). By Proposition 2.1, we have PY(X; = V3| X, ;54 = x) > C(1 + 153/4)_“’//2(2d)_2’52/3
uniformly for ||z|j; < t?/3. Hence

pi 3/4\—d/2 —2t2/3 __|8|t3/4mX | _BL (X,Y)
ZE}EID Z C(1+t /) /(2d) t e ‘ﬁ‘t ]EO [ t— t3/4 1{H‘Xt t3/4”1<t2/3}:|

Combined with (2.4) and (2.5), we find

Zpy < 2C7Y(1+ t3/4) 22 (227 2O 75 pin,

Since Z7, > ZPP™ (1.6) follows with F(f3, p) = FP™.
Lastly, (1.7) holds because (2.1) is valid with FP™™ = F(j3, p) if we take the limit in (2.1) along nt,
n € N, for any fixed t > 0. [ |

Proof of Corollary 1.1. From the theory for homogeneous pinning models (see e.g. Chapter 2 of
[G07]), it is known that 52" exists, and S2™ = 0 if the renewal process underlying the pinning model
is recurrent (i.e., the random walk X — Y is recurrent), and S2"™ > 0 if the random walk X — Y is
transient. The statement 53" < . follows from

F(B,p) = lim t7'Ef [log Z)y] < lim ¢+ log EY [Z]y] = Famn (8, 0)

by the L' convergence in Theorem 1.1 and Jensen’s inequality. The statement (3. > 0 follows from the
fact that for 5 < 0, F(8, p) = 0. Indeed, for 5 < 0, ZEY < 1, while

log 2y = log By [e71(X1)] > SEG[Ly(X, V) >ﬂ/ Wd = o(t),

where we used the local central limit theorem that P§ (X, = ) < C(1 + t)~%? uniformly in t > 0 and
x € Z%. The existence and finiteness of 3. then follows from (1.7) and the monotonicity of F(3, p) in 3.
The proof for the discrete time model is identical. [ |

Proof of Theorem 1.4. The difference between the Feynman-Kac representation of u(t,x) in (1.12)
and the representation for Z Y in (1.2) is: (1) time-reversal for X; (2) in (1.12), X starts at x instead

of on Y. The same proof as for Theorem 1.1 shows that tlim t~Yu(t,Y;) = F(B3,p) a.s. wr.t. Y where
— 00
F(B,p)is as in (1.7). To compare u(t, x) with u(t,Y?), note that

u(t,x) Z POX (th/g = }/t_tg/g — x)e‘\ﬁ|t2/3u(t — t2/37}/;5—t2/3)7 (28)

which a.s. gives the correct lower bound on the exponential scale as ¢ — oo. For the upper bound,
note that if 5 < 0, then w(¢,z) < 1, which suffices by Corollary 1.1. If > 0, then for any € > 0,



a.s. we can find T,y sufficiently large s.t. t~'logu(t,Y;) < F(B,p) + € for all t > T.y. In (1.12), let
7 =1inf{s € [0,t] : X = Y;_} with 7 = ¢ if the set is empty. Then for all t > T,y and = € Z%, we have

u(t,z) < PX(r >t —Toy)e™ + EX [u(t — 7, Yier)lrai1, yy] < €707 + FEATIE 0 (2.9)

Since € > 0 can be arbitrarily small, a.s. this provides the correct upper bound for u(¢,z) on the
exponential scale as t — oo. The L' convergence in (1.11) follows from the uniform boundedness of
|logu(t,x)| in ¢, z and Y. |

3 Coincidence of critical points in d =1 and 2

Proof of Theorem 1.2 for d =1 and 2. We only deal with the continuous time case. The discrete
time case is simpler. As pointed out in the proof of Corollary 1.1, because the random walk X — Y is
recurrent in d = 1 and 2, 2" = 0. By (1.7), to show 3. = 0, it suffices to show that for any 3 > 0,
there exists ¢ > 0 such that ]EY [log ng,pm] > (0. We can write

EY [log ZP™"] = By [log By (X, = V)] + By [1og EY [ | X, = YtH : (3.1)

We first we estimate E} [log Py (X; = Y3)] = 3, cz4 ppt(2) log pe(x), where py(z) denotes the transition
probability of a jump rate 1 continuous time simple random walk on Z?. We then find lower bounds for
the second term in (3.1) for d =1 and d = 2.

Lemma 3.1 For all p > 0, we have

1
lim Lsez Ppt(®) 108 P (7) = —g. (3.2)
t—o0 logt 2

d
2

Proof. By the local central limit theorem, p;(z) < C(1+t)~2 uniformly for ¢ > 0 and = € Z?. Hence

lim sup ExEZ ppt(x) log py () <_ gi
t—so0 logt 2

(3.3)

For a matching lower bound, we need lower bounds for p;(z) for all x € Z¢. Note that if pil)( -) denotes
the transition probability kernel of a rate 1 simple random walk on Z, then p;(z) = Hd lpi /L)i( i), and

Y zezd Ppt(x)logp(x) =d Y- oy pf)i}d(x) 10%p§}21(£>' Hence it suffices to show

(1) (1)
i inf > vz Pyt () logp; () - _1_ (3.4)
t—o00 10gt - 2

For 0 < e < 1 < A < 00, we have the following estimates. There exist (', Cs, C3,T > 0 depending on
e and A, such that

(1) 1 Cpa?
p (x) > Cit 2e ¢ Vt>T, |z <et, (3.5)
pM@) > e st Vi>T, et < |z| < At (3.6)
PV (z) > e alloglal Vi>T, At < |zl (3.7)
To derive (3.4) from (3.5)~(3.7), we partition the sum }- 7 into 37, s D i izj<ar and 321 5 4 With

e < p<< A. By (3.5),

x2
Z p(l) log C’lt e~ - )

Z Pt () logp; ) (z) >
|| <et || <et
logt Cy 1 logt
> —0= —[logCu| = =2 Y a%ply) (1) = == —[log (1| = Cap. (38)



y (3.6) and the Markov inequality,

S py @) logpV (@) = —Cat > pli)(x) > —Cat 73 =-——". (3.9)

et<|z|<At |z|>et

And by (3.7), for ¢ sufficiently large, we have

|| 2p
Z ppt logpt ) > 2prt )|z|log x| > 2prt A’t > T log(At). (3.10)
|z|> At |z|> At |z|> At log(At

=

Combining (3.8)—(3.10), we obtain the lower bound

(1) (1)
- > vez Py (x)logp; ' (z) .

1 2p
t—o0 logt 2

Z .

(3.11)

Since A can be chosen arbitrarily large, (3.4) follows.
We now verify (3.5)—(3.7). Let P,(x) denote the probability that a discrete time simple random walk
starting from 0 visits « at time n. Then for z and n having the same parity, by Stirling’s formula,

1 n! (1+ 0()\/%()

+x n—x

&) 7y () ()

= (1+0(1)) e B se(ia ) (3.12)

Hence for n sufficiently large and |z|/n sufficiently small, we have

N

P,(z) > Cn~2e™ . (3.13)
If N; denotes a Poisson random variable with mean ¢, then (3.5) follows from (3.13) and the observation
that N/t — 1 in probability with |P(NV; is odd) — P(N; is even)| — 0 as t — oo.
For (3.6), note that for |z| < At, by (3.13),

[ €
pgl)(x) > Z P(N; =n)P,(x) > C ﬂe G P(At/e < Ny <2At/e, Ny = x mod 2)

At/e<n<2At/e
n=xz mod 2

€ _ el —
e eAte Ct>6 Cst

> .
> C 2 AL > , (3.14)

where we used the fact that N;/t satisfies a large deviation principle with a finite rate function on [0, co).

For |z| > At, we can bound p( )( ) from below by requiring that the random walk makes exactly |z|
jumps in the time interval [0, 1] so that the random walk is at x at time 1, and at time ¢ the random
walk returns to x. Thus, by the local central limit theorem, for ¢ large,

—l+|z[—[x|log x| C
O L oalC ¢ ~lal
z)> ——2""M—=(14+0(1) ——F—— —. 3.15
@)= o (o) g (3.19
It is then clear that (3.7) holds. n

Remark. We point out that, for general mean zero finite variance random walks, the estimates (3.5)—
(3.7) can still be established by adapting the proof here and decomposing the random walk transition
kernel to extract a simple random walk part.



Remark. The analogue of Lemma 3.1 also holds for discrete time simple random walks. The proof is
similar and omitted.

Lower bound for E} [logEf [eﬁLt(X’Y)|Xt =Y;]] for d = 1:
By Jensen’s inequality,

! s(Yo)pi—e (Vi — Y
By [logEg [ x, = ;]| > EY [Eéf[ﬁLt(X,Y)\Xt:n]]:g/o EY [P( JP—s) (Vi = Y)

pe(Yr)

By Donsker’s invariance principle, there exists a > 0 s.t. P} (supsefoq Vsl < Vt) > aforallt > 0. On the
other hand, if SUPseo,f] |Ys| < v/, then by the local central limit theorem, ps(Ys) Aps_s(Y; —Ys) > C/\/t
for all s € [t/3,2t/3] for some C independent of Y and ¢ > 1, while p;(Y;) < C’/+/t. Therefore

ot/3 . C
EY [nggf [ (X) | X, = YtH > af . ftgﬂ ds = C'Vi (3.16)
N

for some C’ > 0 independent of ¢. In view of (3.1) and Lemma 3.1, this proves that EY [log Z:2™] > 0
for ¢ large, and hence 8. = 0 for d = 1.

Lower bound for ]EE)/ [logEé( [eﬁLt(X’Y) |Xt = Yt]] for d = 2:

Since in d = 2, Ly(X,Y) is typically of order logt, the argument above for d = 1 fails for d = 2. Instead,

we apply an a.s. limit theorem for L;(X,Y")/logt conditioned on Y. More precisely, by Theorem 1.2 of

Gértner and Sun [GS07], a.s. w.r.t. Y, Ly(X,Y)/logt conditioned on Y converges in distribution to an

exponential random variable with mean 1/7(14 p). We only need to bypass the conditioning on X; = Y;.
Let f11/105¢ denote the law of (Xs)o<s<t/10g¢; and let ugj’i))gt denote the law of (X)o<g<t/10g+ condi-

(ty)

tioned on X; = y. Then p;/105¢ and p are equivalent with density

t/logt
(t, ) 7|\y*Xt/10gt||2
d'ut/%/ogt X) = ptft/logt(y - Xt/logt) _ 3 € tot/logt 4 0(1) (3 17)
d,u/t/logt pt(y) t_t/logt e*W —|—0(1) ’ '

where we applied the local central limit theorem. Since || X/ 105¢]|/v/t — 0 in probability as ¢t — oo, it is

clear that in total variational distance,
(ty)
sup H'u’t/logt - Mt/IOgtHTV — 0. (318)
Iyll<vi e

We can thus remove the conditioning at the cost of reducing the time interval from ¢ to ¢/ logt.
Fix A > 0. Let
G;}logt = {Y : Mt/logt(Lt/logt(X7Y) > Alogt) > e_aA}. (3.19)

By Theorem 1.2 of [GS07], if we choose a > 7(k + p), then P} (G4, ) — 1 as t — co. We now write

t/logt
EY [log By [¢74V)| X, = v;]|

Y X [ BLy 10gt(X,Y _
> B [1misvi, veas,, ) 08B |7 00X, = vi]

Y (t,Y2)
Z EO |:1{||)/t||§\/gy YGG}A/logt}(/BAlogt+10th/ngt(Lt/10gt(X’ Y) Z Alogt))i|
> BARY (IIVil € VE Y € G} opy) logt

Y
+ IEO |:1{||}Q||§\/Z,Y€Gz4/logt} log (:U't/logt(Lt/logt(X7Y) > Alog t) + 0(1))] :

> (C'—o0(1))(BAlogt +log(e 4 + o(1)), (3.20)

where C' = infyo P§ (||[Yi]| < V1) is positive and independent of A. Since A can be chosen arbitrarily
large, in view of (3.1) and Lemma 3.1, this proves that E} [log Z/*™] > 0 for ¢ large, and hence 3. = 0
for d = 2. n
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4 Gap between critical points: discrete time

4.1 Proof of Theorem 1.3 in discrete time: d > 5

Our proof is based on adaptations of the fractional moment method used recently by Derrida, Giacomin,
Lacoin and Toninelli [DGLT07] to show the non-coincidence of annealed and quenched critical points
for the pinning model in the disorder-relevant regime. TWO ingredients are needed for the adaptation.
First, a suitable representation for the partition function Z NY and its constrained counterpart A ’I;}n in
a similar form as in (1.16), except with a Gibbs weight factor w(-) that has a simpler dependence on the
disorder (A;)jen = (Yi+1 — Yi)ien than in (1.17). Second, a suitable change of measure for the disorder
Y when estimating fractional moments Eé/[(Zﬁ,I;n)V] for N on the order of the correlation length of the
annealed model. 7

We split the proof into three parts: representation for Zﬁ NY and Z N%’in, fractional moment method;
change of measure. To simplify notation, C,Cq,C’, etc, will denote generic constants whose precise
values may change from place to place.

Representation for Z); A Ny and Zy A ’pm The representation we now derive was already used in [BGdHO8].
It is based on binomial expansion for (1+65—1)LN(X’Y). Let p;X (-), resp. p.X Y (-), be the n-step transition
probability kernel of X, resp. X =Y. Let GX=Y =3 pX=Y(0), K(n) = pX Y (0)/GXY, 2/ =€l —1,
2z =2GX7Y and vavy = Zjﬁ\,y Then

Mz

Zhy = EY[Q+2)EV] —E [1+

> COK | IR
i=1

=1op=0<01<"<om <N

N m
* Z Z (Z/)m Hpo)'(i_o'i—l(yoi - Y0i71)

m=1o0p=0<01<-<om <N =1

N
Z Z H K — 00— 1 (Za 03 — 0i—1, Yoi - Yaifl)v (41)

m=109=0<01<-<om<N i=1

where
w(z, 0; — 0i—1, YO'Z' - YU’i—l) = ng(q;—ai_1 (Y Uz 1)/]90'Z oi_ 1(0) (42)
If we denote ij\;f;i/n = N‘;in, then similarly,
ZR = B () ]

N
= > > HK i —oim)w(z, 00 — 041, Y, — Yo, ). (4.3)

m=1o00=0<01< " <om=N i=1

Note that (4.3) casts Zf\}%i/n in the same form as (1.16), except now K (n) equals p;X ¥ (0)/G*~Y instead
of PX~Y (75 = n), and w has a simpler dependence on the disorder (A;),, ,<j<o; (i-e. only on o; — oj_1
and ZJ Lo, ,4+14;) than in (1.17). Because K is the return time distribution of a recurrent renewal

process o on Ny, and ]EO [w(z,0i — 0i—1,Ys, — Yy, )] = 2, thq critical point for the annealed model
associated with Z ’I;l,n is 22" = 1, or equivalently, 1 = 22" = (e&™" — 1)GX~Y so0 that
ann 1

Fractional moment method. We now recall the fractional moment method used by Derrida et al in
[DGLT07]. Due to the common framework between pinning models and the random walk pinning model
as pointed out in Section 1.3, the basic strategy carries over without change. The only model dependent
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part of the argument lies in estimating E} [(Z]Z\}%i,n)ﬂ, v € (0,1), for N on the order of the correlation

length of the annealed model, where a change of measure argument for the disorder needs to be adapted.

In terms of the new variables z = (e — 1)GX~Y and vajy, Theorem 1.3 reduces to showing that for
some z > z¢™ =1, supyep, ZV]Z\LY < o0 a.s. w.r.t. Y. Since for z > 1, ZV]Z\LY is a.s. increasing in NV, it
suffices to show that for some z > 1 and v € (0, 1),

sup ]E(})/[(vavy)w] < 00. (4.5)
NeNy

The basic idea is to suitably group terms in the expansion for Z Ny in (4.1) and then apply the fractional

(Z |ai|>7 < Z la;|”, v € (0,1). (4.6)
i=1 i=1

However, the effectiveness of (4.6) depends crucially on how Z Ny is decomposed. In [DGLTO07], Derrida

moment inequality

et al studied analogues of the constrained partition function Zvi;p;/n, and their clever choice is to group

terms in (4.3) according to the starting and the ending position of the gap in the renewal sequence o
straddling a fixed position L € N. Namely,

L-1N-L
RN =33 ZEPNR(N — j = iyw(z, N = j =i, Yno; — Y)ZIE"

where 0,,Y = (Y;,1; — Yp)ien, denotes a shift in Y. For Z N,y We can perform a similar grouping of terms
in (4.1) and get
L-1N-L )
Ziy =Ziay+ >, Y, ZEPK(N = j —i)w(z,N = j —i,Yn_j = Y) Z g, v (4.7)
i=0 j=0
Fix v € (0,1). Denote A% = EY [(Z4y)7] and AZP™ = EY [(Z73")7]. Since

zpa_ . (YN_j =Y,
K(N—j—i)w(Z,N—j—i,YN_j _)/l) = pN_]_é(X]_VYJ ) < C(N_J _i)ig

for some C' > 0 independent of 7, j, N, Y and z € [1, 2] by the local central limit theorem, applying (4.6)
to (4.7) and taking expectation w.r.t. Y gives

L—1 N—-L p L-1 Az,pin
A% Az § : i%,pin 2 : . R 9% T2 i -
ANSALfl—i_C Aip (N—j—Z) 2A] SAL1+C< E W) 0<§2%\)7{7LAj. (48)
=0 7=0 i=0 — )2 SIS

If for some choice of z > 1 and L € N,

L—-1 Ag,pin
Q = C Z e d'y_l < 1, (49)

im0 (L—1i)2

then iterating (4.8) clearly implies that Af\, is uniformly bounded in NV, and hence (4.5). .

By Jensen’s inequality, A" < EY [Z]Z\}gl,n]“y. It is clear from (4.3) and (4.2) that E%/[Zf\;f;n] is the
partition function of a homogeneous pinning model with critical point z¢"™™ = 1. Hence Fon(2) =
lim N_llogE%/[Zf\;gl,n] exists, and Fppn(2) = Fann(8) with z = (e — 1)GX~Y. Since d > 5, K(-) has

N—o0

finite first moment, and hence by Theorem 2.1 of [GO7], Fopn(2) ~ C(z — 1) for some C > 0 as z | 1.
Since (EY [Z29"])nen is super-multiplicative, EY [Z35] < eNFam(2) < NG for all N € N. So if we
choose

Lor(s— (4.10)



where we abused notation and assumed L to be an integer for simplicity, then sup; ;< flf’pin < C for
some C' > 0 independent of z. Therefore

L—R
C AP -
¢ > —4 < <CR*% +C max A7P™ (4.11)

< - -
o o N a2
i=0 (L - Z) 21 i=L—R+1 (L - z) 3 1 L—-R<i<L

¢

IS

For d > 5, we can choose v < 1 close to 1 such that the first term on the RHS of (4.11) can be made
arbitrarily small (uniformly in z) by choosing R large. To show ¢ < 1 for some z > 1, it then suffices to
show that

lim  max AP =0, (4.12)
2]1 L—R<N<L

where R € N is large and fixed, and L = Z—il This summarizes the model independent part of the

fractional moment method as used in [DGLTO7].

Change of measure. The basic idea in [DGLTO07] to prove (4.12) is to apply a change of measure to
the disorder so that the cost of changing the measure is small, yet under the new disorder, the annealed
partition function for a system of size L is small. For the pinning model, the choice of changing the
measure in [DGLT07] is to make the disorder more repulsive, i.e., tilt the measure of w; in (1.14) by
a factor e * for some A > 0. In our setting, it turns out that for the continuous time model, the
appropriate change of measure is to increase the jump rate of the random walk Y. For the discrete
time model, the analogue is to increase the variance of the random walk increment each step without
changing the support of the random walk transition kernel. However, among nearest-neighbor random
walks on Z%, the variance of simple random walk is already maximal. To overcome this difficulty, we
change measure for Y two steps at a time. More precisely, for h € (0, 5 d) let (Y;"),en, be a process on
Z% with Yy = 0 and transition probabilities

1
¥ if n is even, or n is odd and e; # +(Y,! — Y ),
1+h
P(Yn—H Y,,il = €i|(Ykh)0§k§n) == ;—d if n is Odd, and €; = YT? - Ynh_l, (4'13)
1—nh
7 if n is odd, and e; = —(V;" — VI ),

for each of the 2d unit vectors e; € Zd Note that P(Y) = 2¢;) = P(Ya = 2¢;) + 4d2 for each unit vector
e; € Z4, P(Y) = 0) = P(Y2 = 0) — £, and P(Y) = 2) = P(Y2 = z) for all other z € Z¢. Thus Y has
larger variances than Y5. Clearly up to any time N € N, the distribution of ¥ and Y are equivalent.
Let f(N,Y) denote the Radon-Nikodym derivative of the law of (Y*)o<;<y w.r.t. (Y;)o<i<n. Then

A =B L)) < B Y )R 2

= EY[f(N,Y) ™" "B (25 (4.14)

Since (Yan+1 — Yon, Yant2 — Yan)nen, are i.i.d. and the distribution of Y3, — Y conditioned on Y3, is
the same as a simple random walk, we have

1 (14+h) T (1—h)_ﬁ>V¥J 2N

B [£(V,Y) ™) =B [fe )] - (1- 5+ 5 < 3=
for h sufficiently small. Therefore if we choose h = f’ then the first factor in (4.14) is uniformly bounded
for L — R < N < L, and to prove (4.12), it only remains to estimate EY"[Z NI;I,I}L] for h = \ﬁ =z 1
By (4.3), we have
N
By (2= (GX Y) 3 Eyh[Hpgz L (Y v ). (4.15)
m=1 op=0<01<-<om=N
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Note that when o;_; is even, by the properties of Y, we have
yh h h h yh h
E [ Poi—0;_ 1(Y Yo'l 1)‘(}/] )OSjSGi—1] E [ Poi—0;_ 1(Y0 —0i— 1)]
Similarly when o;_; is odd, by symmetry and translation invariance, we have

EY [ P, Yh Yah-, )‘(Y'h)oﬁjﬁaifl] EY [ P, - Ylh)b/lh = 61]7

h
—0i— 1( —0i— 1(Y0i_0'i—1+1

which is a constant independent of (Y ")o<j<o; .- Thus in (4.15), we can successively condition w.r.t.

(th)ogjggn, (Y}h)OS]SUn—N cey (th)0§j§o1 To write the result in a more compact form, let us denote
h

Ey [pn (V)]
Gh,even
h

Ey [po (Y n+1 Y)Y = e

Gh,odd

where  Gj even = Z Eoyh [ (V1]

n=1

where  Gjodd = ZEY o (Y, — Y)Y = e).

n=1

Kh,even (n) -

Kpodd(n) =

Let Kh(Z,]) = Kh,even(j - 7') when i is even, and Kh(zaj) = Kh,odd(j - 7’) when i is odd. Let + =
{0,¢1,t2,---} be a renewal process on Ny with parity-dependent inter-arrival law Kj(+,-), and denote
expectation w.r.t. ¢ by EX*[.]. Then (4.15) reduces to

Yh [ 5zpi K z [eN[1,N]] |teN[L,N]| ~|toN[L,N]| K Z(Gh,cven \/ Gh,odd) [N [1,N])
EO [Z]Z\fglfr;l] =RE=" |:<GX—Y> Gh ,even Gh ,odd 1{N€L}] < E5 |:( GX-Y ) :| 5
where ¢, and ¢, denote respectively the even and odd subsets of «. In d > 5, by the local central limit
theorem, it is easy to see that there exists an inter-arrival probability distribution K, (-) on N with finite
first moment, such that K, stochastically dominates both K}, cven(+) and K}, oqa(-) for b suﬂ"lciently small,

ey D iy K@) 2 3 s, Kneven(i) and 325, Ki(i) > 3 s, Kipoda (i) for all m € Noand h € [0, 3]. Recall

our choice h = ﬁ =z — 1. We will show that
z Gh7 \/Gh7 dd
( e\g;(,y oda) =l-cvVz—1+0(z-1) (4.16)
for some ¢ > 0. Then for all z > 1 sufficiently close to 1,
By [Z350] <ER[(1—evz =1+ o(vz— 1)) MM, (4.17)

where * is a renewal process with inter-arrival law K, and is independent of z. By the law of large
numbers, a.s. w.r.t. ¥,

1

: —1,*
nh_)rr;oN ¢ ﬁ[l,N]]—m>O,
and hence
lim max (1-cvVz—1+o0o(Vz— 1))‘”%[1’]\[]| =0.
2|1 (z—1)"1—=R<N<(2—1)"1
Thus )
lim | max EY" [Z33] =0, L=—7 h=vVz-1, (4.18)

which together with (4.14) implies (4.12).
It only remains to verify (4.16). For k = (ky,--- , kq) € R, we have

P(k) == Ef [eFX1] = Zcoskl,

O(k) = EY ") = (k)2 — L > sk (4.19)

. h
o(k) = Eoyh [elk'(YZh*YIh) Y/ =e1] = o(k) + ZE sin k.
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Since X and Y are independent, (Y4, — Y& _5)nen are i.i.d., YQ};L-FI Y3 is independent of (Y, (Y] "o<j<on
and is distributed as X7, while conditioned on Y{* = ey, YJ* — Y} is independent of (Yj - Y2 )j>2, we
obtain by Fourier inversion

G = (2;)d /[Wd (¢(k)2 + (k) + - )dk = # /{md %dk, (4.20)
Gheven = (2;)d /[M]d (¢(k:)2 + d(k)20(k) + p(k) (k) + (k) (k)2 + -- -)dk

= s a2
Ghodd = (in /[ o (t)6(k) + @(k)D(R)* + @(R)B(RV (k) + p(R)S(R) (k) + - - ) dk

kRO "= o o(k) (4.22)

where in (4.22) we have used the formula for ¢(k) and the fact that ¢(k) and (k) are even functions
while sin k1 is odd. Since (k) < ¢(k)? and ¢(k), (k) € [—1,1], we have G even < Gh odd, While

L L[ eeen), L e,
[—m,m]¢ [—,m] ,

. o SK ()Lt $(h)?)
G Ghowa = W/[ B G-l werr L
. h P(k)I S0 sin? k;
T i /[] T oD - sk2e() (4.23)
which implies (4.16) since h = /z — 1. |

Remark. Equation (4.16) reveals the close resemblance between the random walk pinning model and
the pinning model (compare (4.17) here with (4.12) in [DGLTO07])). In both cases, after changing the
measure, we end up comparing with a homogeneous pinning model of size N with weight factor e~/ VN
for each renewal return. The factor ¢/ VN partly explains why o = 1 /2, resp. d = 3, is the critical case
for the pinning, resp. random walk pinning model.

Remark. For general random walks, we can try to change measure for Y one-step at a time. More
precisely, let S = {y € Z? : p} (y) > 0}. Then for any A, B C S with AN B = (), for any transition
probability kernels p7'(-) and p?(-) with support resp. A and B, and for h € R sufficiently close to 0, we
can change measure for Y by replacing p} (-) with p}/h (x) = pY (x) + h(pi(x) —pP(x)). In (4.14), the

estimate involving the density f(N,Y) is similar, while the estimate for Eé/h [ZV]ZVI;I,I;L] reduces to estimating

X — X-Yh _ 1 1 _ 1
« e ~ (2m) /[_m]d (1 —ox(k)gy (k) 11— ¢x(k)$yf»(k)>dk

h Ox(dp — a)
- — ——dk,
(27T)d /[ m,m]e (1 - ¢X¢Y) (1 - ¢X¢Yh)

where ¢x (k) = >, e**p¥(z), ox (k) = dx(—k), and ¢y (k), d4(k) and dg(k) are defined similarly.
Note that in d > 4, [ ’w‘dkz < oo. Therefore based on Taylor expansion in h, all calculations

carry through as long as @ := [ %dk = (0 and h is chosen to have the same sign. When X and
- Y

Y are simple random walks, we have () = 0 for any choice of A, B, p‘f‘ and p{a due to symmetry. On
the other hand, if S contains enough points so as to break symmetry, then it is reasonable to expect the
existence of A, B, pf and pP which give Q # 0. However, it is not obvious how to formulate a more
explicit criterion.
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4.2 Proof of Theorem 1.3 in discrete time: d =4

For d = 4, in the representation (4.1), we have K(n) = pX =Y (0)/G*X~Y ~ Cn~2 which has infinite first
moment. Thus d = 4 corresponds to the case & = 1 in [DGLT07] for the pinning model. In [DGLT07],
the case a = 1 was left out. However, as we will show below, there is no difficulty in extending the
fractional moment method to the d = 4 case, and we expect the same to be true for the o = 1 case for
the pinning model.

As in d > 5, it suffices to verify (4.9). What differs in d = 4 is that Z;’iRil_dTw =3 2Rl =0
for any v € (0,1) and R € N. Hence a more careful estimate of ¢ than in (4.11) is needed. By Theorem
2.1 of [G07] and super-multiplicativity of (E} [ZVZ:?}H])%N, we have E} [Zvjz\,%l,n] < eNE=D for some C' > 0
uniformly in z > 1 sufficiently close to 1 and N € N. Therefore the same choice L = (z — 1)~! as in
d > 5 ensures that sup;<;<y, Af’pin < C < oo uniformly for z > 1 close to 1. Fix € > 0 small, then let
v € (0,1) such that 2y — 1 > 1 — . Analogous to (4.11), we have

Ll © L-1 Z,pn —
s CA7P CL'"* o _
-2y Z,pin
0= Z —1) 27 1 -~ (L —i)2-1 < (L — L)1 +CL ngﬁlgi'(gL A (4.24)
/L —€

Therefore to show ¢ < 1 for some z > 1, it suffices to show that with L = (z — 1)7!

lim L*2 max ALP™ =0. (4.25)
2l Li—e<n<r

Tracing through the arguments for d > 5, we see that analogous to (4.17), for h = 1/v/L = /z — 1,
uniformly for L'=¢ < N < L and z > 1 sufficiently close to 1, we have

A < CBY I < OB [exp {—evE TG - )T, (@

where (* is a renewal process on Ny with inter-arrival probability distribution K, satisfying the property

that K.(n) ~ Cn~2 for some C > 0. Set M = (z — 1)¢"!. Then

1
0 < lim L?~?7 max Af\}pm < lim CM =< = EK* [exp{—cM 2(1-9)
z]1 L1—e<N<L M—o0

L*m[l,M]\}F —0,

where we applied Proposition A.1 with §; = +@ and 1 — §o = Z(I oL which satisfy the condition

201
0 <dp <2 <1life>0issmall, and v € (0,1) is then chosen sufficiently close to 1. |

5 Gap between critical points: continuous time

5.1 Proof of Theorem 1.3 in continuous time: d > 5

As in discrete time, we split the proof into three parts: representation for Ztﬁ y and Ztﬁ g?in; fractional
moment method; change of measure. Compared to the discrete time case, the main complication here is
to suitably discretize time so that the fractional moment inequality (4.6) can be applied. The change of
measure argument however becomes much simpler.

Representation for Z’BY and ngfin. We now Taylor expand e?Lt(X:Y) " Let ps(+) be the transition
probability kernel of a rate 1 continuous time simple random walk on Z¢. Let Giyp = fooo P(14p) s(0)ds,
K1+p(s) = p(l-l—p)s( )/Glera ﬁ ﬁGlerv and Z Y = . Then
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>3 x [ s Bm i m
Zt,Y = EO 1 —|— Z W(/ 1{Xs:YS}dS>
- NJo
L m=1
[ oo
— Eég 1+ B / 1{X31:Y817,,_7X8m:YSm}d81 oodsy,
L M=l o<y <sm <t
oo
= 1+ Z g / ’ / Psq (Y;l)psg—sl (){92 - }/51) e ‘psm_smfl(Y;m — Y;mfl)dsl o ds,
m=1 0<s1 - <sm <t
oo m _
= 1+ Z // H <K1+p(3i — si—1)w(B,si — si-1,Ys, — Ysi,l))d& codsm,  (5.1)
m=1 i=1
50=0<sq1--<sm<t
where _
_ o (Y =Y.
w(/BJ Si — Si—lani - }/;7;_1) - ﬂpsl Sl_l( al 51—1) (52)
P1+p)(si—si—1)(0)
If we denote Zf ;Pin = ﬁZf gﬁ’in, then similarly,
m+1

— . _ oo _
Zfigln = K1+p(t)w(ﬁ7 tv )/t)“‘z / T / H K1+p(5i_3i—1)’w(ﬁ, S;i—8i—1, YSZ.—YSFl)dsl cee dsm. (5.3)
m=1 i=1

So=0<31"'<57n<5m+1=t

Note that (5.3) casts Ztﬁ gfin in the same form as (4.3), except that the underlying renewal process is in
continuous time with return time distribution K14 ,(s)ds. Since

]E(}]/[w(37s’i_8i—17}/;i_y )]:/87

sic1 (5.4)
and Ki4,(-) defines a recurrent renewal process on [0, 00), E%/[Ztﬁ g?in] is the partition function of a

homogeneous pinning model (in continuous time) with critical point 32" = 1, or equivalently,

Bann 1
[ = = . 5.5
¢ Gitp  Gigp (5:5)
Fractional moment method. Analogous to (4.7), for fixed L € N, we have the decomposition
7P, =20+ / Kiip(o — wpw(Byv — u, Yy — Vi) 2P 20 (1 + bo(w)dudv,  (5.6)

0<u<L<v<t

where 6,Y = (Y45 — Y,)s>0 denotes a shift in Y, dp(u) is the delta function at 0, and Zg’fiin = 1. In the
continuous setting, the analogue of (4.6), ([ |a(z)|dz)Y < [|a(x)|Ydx for v € (0,1), is false in general.
Therefore we need to discretize the integrals in (5.6). In order to obtain uniform control for the integrand

in (5.6) on intervals, it turns out to be more suitable to study the following quantities in place of Ztﬁ v
and Z{? i?in.

m

00 m
Zy= 1 + > /“'/HKH-p(Si —si1) [[w(B. si — i1, Ve, — Ve, )ds1 -+ dsp,
m=1 =1 =2
s0=0<s1 " <sm<t
_ o0 m+1 m+1 B
Z£$‘n1: Ki4,(t) —1—2// H K1+p(8i—81—1)H w(f, si—si—1,Ys,— Y, )dsy---dsp, (5.7)
m=1 i=1 =2
s50=0<s1 - <sm<syp 1=t
_ 00 m—+1 m B
Zgiglnzz Kl—i—p(t) +Z// H K1+p(8i_5i—l)Hw(ﬂ7Si_si—lani_nifl)dsl "'d5m7
m=1 =1 =2

s0=0<s1 - <sm<sy,41=t
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where [["ow = 1 if m = 1. Note that ZEYI differs from ZEY in that the factor w(j,s1,Ys,) in (5.1)
has been omitted, while Ztﬂil,’inl (resp. Ztﬁi?iﬂ) differs from Zf}fin in that the factors w(3,t,Y;) and

w(B, s1,Ys,) (resp. as well as w(B3,t — s, Yy — Ys,,)) in (5.3) have been omitted. Omitting these random

factors will provide flexibility in adjusting the lengths of the renewal gaps (s; — $i—1)ien-

Note that _
ﬂpv (Yo —Yy) < B pv—u(0)
P+p)(v-u)(0) T~ P1p)(v—u)(0)

w(B,v—u,Y, —Y,) = <C (5.8)

for some C € (1,00) independent of v —u > 0 and 3 € [1,2], which is furthermore uniformly bounded
for p € [0, 1]. Therefore

20, <z (5.9)

By the monotonicity of ny = ZEY in ¢, to show 8 < 3% (i.e., sup;> Ztﬁy < o0 a.s. w.r.t. Y), it suffices
to show that for 8 = 3G, there exists v € (0,1) such that

StEEEOY[(ZE#)V] < 0. (5.10)

Note that _tﬁ ; is increasing in ¢ for every Y, therefore we may assume ¢ € N. Similar to (5.6), we have

725 = Iy + /KHP )Ztﬁvaydv+/ Kip(v —wyw(B,o —u,Y, - V) Z0EM 20 dudv
O<u<L<v<t
A
- f Z/ 14p(v tvOYd (5.11)
=L
L-1t-1

—I-Z Z / Kiyp(v —w)w(B,v —u,Y, — Y, )Zﬁ’pletﬁ v.0,ydudv.

1=0 j= Lz<u<1+1
j<v<j+1

We will establish uniform estimates on the integrand for each integral in (5.11) by bounding ZtB_U g,y I

pinl p1n2

terms of Ztﬁ’] 16,41V and bounding Zﬁ’ in terms of Zﬁ’
We first make a few observations which will come in handy. Note that for all s € [0,1] and all
realizations of Y,

28, = 28, = Ef[PH) < &,

. (5.12)
Zg,};/)m _ ﬁZﬁ’}Em — IBEg([eﬁLs(X,Y)l{XS:YS}] < 565‘
Next note that K
C, = sup _Kupw) < 00, (5.13)
u>0 K1+p(“ + )
0<s<1

which is uniformly bounded for p € [0, 1].
If ve(j,j+1) for some L < j <t—1, then by the same decomposition as (5.6) with s1,s9,j + 1
now playing the roles of u,v, L and by the observations above, we have

Ztﬁva Y= ZJ'B+1U,0UY+/ Kiyp(s2 — s1)w(B, 52—31,1@2—)@1)Zﬁp‘39 thﬁ 52,059 y (1+0u(s1))ds1ds2
v<s1<j+1
jFl<sg<t
t
<C+C K1+p(82—j—1)Zt 52,05, Yd32 CZt’] 1,0
j+1

(5.14)

j+1Y

where C' < oo is independent of ¢,v,Y, 3 € [1,2], and furthermore is uniformly bounded for p € [0, 1].
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Ifue (i,i+1) for some 0 <i < L — 1, then by a similar decomposition as above, we have

Zf’,)r;inl - / K1+p(82)25’_p;;952y(1 + 0u(s2))dss
1<sa<u
+ / K1y p(s2 = s1)w(B, 82 — s1,Ys, — nl)Zi’f’Q“Ifo;E,eSzy(l +0u(s2))dsidss
0<s1<i<so<u
< CKip(i)+C / Kiep(i— 1) 203 ds) = CZP™. (5.15)
0<s1<1
Substituting the bounds (5.8), (5.13)—(5.15) into (5.11) gives
_ _ t—1 B L—1t-1 - B
_ﬁvl _ﬁvl y _ﬁvl y y _ﬂ7 in2 _ﬁzl
ty S 4yt o Z Ki4p(j + 1)Zt—j—1,9j+1Y +C Z Z Kipp(+1- l)Zum Zt—j—1,6j+1Y
j=L i=0 j=L
. L—1t-1 - .
53,1 . -\ 5B3,pin2 58,1
< ZPy+CY D K+ 1-0Z0 20, (5.16)
i=0 j=L

where C' < 0o is independent of ¢, Y, 3 € [1,2], and can be chosen uniformly for p € [0, 1]. .
Fix v € (0,1) such that 4 > 2 for d > 5. Denote AP —RY [(Zf;)v] and APPn2 — gY [(Ztﬁg})mz)y].
Then the same calculations as those leading to (4.8) yields

L-1 Aﬁ,pinz
], (5.17)

AP < A0 + o sup A% with o=C
! L 0<j<t—L 7 g (L—i)5!

where C' < oo is independent of ¢ and 3 € [1,2], and can be chosen uniformly for p € [0,1]. As in the
discrete time case, we aim to show p < 1. ) )

Note that AP < E(})/[Zﬁ’;/)inz]'y < IF‘J%/[ZQ’;;HI]”Y < EB{[Z&Y]V by Jensen and (5.4), where we see
from (5.1) that Eg[Zg y| is the partition function of a continuous time homogeneous pinning model with
return time distribution Ki4,(-) and critical point 42" = 1. For d > 5, it is easy to verify (by law of
large numbers and elementary large deviation estimates for the number of returns of the renewal process
before time s) that

EY[Z0,] < CeCB-Ds (5.18)

for some C' € (0,00) independent of s > 0 and 3 € [1,2], and is furthermore uniformly bounded for
p € 10,1]. As in the discrete time case, we choose

L=(F-1)"1 (5.19)

In view of (5.10) and (5.17), and by the same arguments as those leading to (4.12) in the discrete time
case, to show 37 > 2" for any p > 0, it suffices to show that

lim  sup Atﬁ,pinz =0, (5.20)
Bl L—R<t<L

where R € N is large and fixed and can be chosen uniformly for p € [0,1]. On the other hand, showing
Be =B =z ap (5.21)
for some a > 0 and all p € [0, 1] reduces to showing that: (1) the convergence in (5.20) is in fact uniform

for p € [po,1] for any 0 < po < 1, which implies that inf c(,, 1](3F — 1) > 0 where 3 = G14,0;, and
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hence inf ¢, (B — B2™) > 0; (2) for B =1+ ap with a > 0 sufficiently small, L = (5 —1)7!, and
R € N large and independent of p € [0, 1],

limsup sup Af’pin2<1, (5.22)
pl0  L—R<t<L

which implies that for some pg € (0,1], 85 — 1 = G14,(8; — B2™) > ap for all p € [0, po].

Change of measure. We now prove (5.20) and (5.22), where the convergence in (5.20) will be shown
to be uniform in p € [pg, 1] for any 0 < py < 1. Here, the appropriate change of measure for the disorder
Y is simply to increase the jump rate of the random walk Y. Let Y?™" be a simple random walk on Z¢
with jump rate p + h for some h > 0, then the path measures (Y;)o<s<¢ and (Y5p+h)0§s§t are equivalent,
and the Radon-Nikodym derivative of the law of (Y;p+h)0§5§t w.r.t. that of (Y5)o<s<¢ is given by

FY) =e M1+ hp )M,

where N;(Y') is the number of jumps of Y in [0,¢]. Then as in (4.14),

AL =By [y )] < B e P R 6
Note that
h h
By [f(t,Y) 77 = e%Eg[(uhp—l) =] = et . Ze—pt L4 hp )5

- exp{(p(1+hp—1) = —p—l—%)t} §exp{%}, (5.24)

where second order Taylor expansion in A in the exponent provides a true upper bound. For L — R <

t < L, if we choose h = \\;_B, then the first term in (5.23) is bounded and independent of p, 3 and t.
Thus it only remains to estimate ]EYP+ [

First note that Eyp+h [Zf}f);ﬁ] < C’EYP+h [Zf}g:ih] for some C' > 0 independent of p > 0, 3 € [1,2]

Zﬁ,pan ]

t, Yp+h

and t > 0, because each term in the expansion for Ztﬁ iﬁ’m in (5.3) differs from the corresponding term in

(5.7) for Ztﬁ_i,piﬂ by at most two factors of w, and EOYPM [w(B,v—u,Y, —Y,)] = %W > C for
) p)(v—u

some C > 0 independent of p >0, h € [0,1], 3 € [1,2] and v — u > 0. Recall G14, = fo P(14p)s(0)ds,

yrth 3,pin
B 2000

ﬂ 3 m+1m+1 o )
G1 1+p+h)t )+ Z H p(1+p+h)(si—si,1)( )dsy - dsp,
i=1

Gy
m=lo_g <s). <8 <Sm1=t e
> 1m+1

(1L+p)8 / / "
K ; — Si—1)ds1 - dSp, 5.25
Tt h Kitpn(t 1+p+h ZUI Vepth(Si — si—1)dsy---dsm,  (5.25)

0=s09<sy-<sm<sm41=t B
here K G ith Gy pin = 0)ds = LG
where K14 ,44(s) = P(1+p+h)s (0)/G14p+n Wi 1+p+h = fo 1+p+h)s( )ds Ttoth

Denote 3’ = 11;;’25 Let o?*" = (0,07 h J§+h, -++) be a renewal sequence on [0, o) with inter-arrival

law K11,44(+), and let EX1+0+1[.] denote expectation w.r.t. ?". Then in view of (5.25),

_ . K u+s in
Bt ()70 1] > ing TS gy i)

0 Yp+h
>0, K U ¢
o%sgl 1+p+h( )

22



Recall the definition of C14, from (5.13), we then have

t YP+h

]EYP+h [Zﬁ,pln j| é Op+hEK1+P+h [(5,)1+‘o—p+hm[07t]|:| . (526)

Now to prove (5.22), we recall that L = (3 — 1)~! and hence h = % = +/p(B3 —1). Therefore there
exists By > 1 sufficiently small such that for all p > 0 and 3 € [1, Fo],

2/ (1 + ,O)B 2 P(B - 1)
= <o (1- YR, 5.27
b 1+p+h_( f-b 2(1+p) (5:27)
First note that by our choice 3 = 1 + ap, we have ' < 1 — p\/a/8 for all p € [0,1] if 0 < a < 1/64.
Next note that C,,y, is uniformly bounded for p € [0,1] and 8 € [1,2]. For d > 5, by the local central
limit theorem, there exists an inter-arrival probability distribution K, on (0, cc) with finite first moment
m = [;° sK,(s)ds, such that K, stochastically dominates K1, for all h € [0,1] and p € [0,1]. Namely,
[ K(s)ds > [ Ki4pyn(s)ds for allt > 0, h € [0,1] and p € [0,1]. Combining the above observations,
we have
limsup sup fl?’pin? <Climsup sup EY"™" [ngﬂh] <Climsup E¥[(1 — py/a/8)l NOL=HI - (5.28)
pl0 L—R<t<L pl0 L—R<t<L pl0
where (* is a renewal process on [0, c0) with return time distribution K. By the law of large numbers,
a.s. w.r.t. ¥,

—1
o W N0.L—R]| _ 1 _pva (ap) — R 1
1131{51(1 pVa/8) lplfgexp{ < p- P\ “gmTa )

which can be made arbitrarily small if @ > 0 is chosen sufficiently small. Inequality (5.22) then follows

by applying the dominated convergence theorem in (5.28).

The proof of (5.20) for any p > 0 and the uniform convergence in (5.20) for p € [po, 1] for any
po € (0,1] follows by similar arguments. It suffices to observe that 3 < 1 — C+/3 — 1 for some C > 0
uniformly in p € [po, 1] and 3 > 1 sufficiently small. This concludes the proof of Theorem 1.3. n

5.2 Proof of Theorem 1.3 in continuous time: d =4

As in d > 5, proving Theorem 1.3 reduces to proving ¢ < 1 (see (5.17)) for appropriate choices of /3
and L depending on the diffusion constant p. Since E%/[Zf y| is the partition function of a homogeneous
pinning model with parameter 3 > 1 and return time distribution Kiq,(t) ~ Ct~2, by comparing
K14, with a return time distribution K’ which is stochastically smaller than K, and has finite first
moment, we see that (5.18) also holds in d = 4. Therefore setting L = (3 —1)~" as in d > 5, we have

SUPg<i<, Atﬁ’pinz < C < o0, and analogous to (4.24), we have

1€ L—1 CA@,p1n2 CLl_e _— 3 pin2
0 < - L < ———— + CL"™ 7 sup AP 5.29
Z 2’Y ;_6 (L _ 1)27 1 (L _I1 e)2'y 1 Limeci<L t ( )

where € > 0, v € (0,1) is chosen so that 2y — 1> 1 —¢, and C € (0,00) is independent of 3 € [1,2] and
is furthermore uniformly bounded for p € [0,1]. Therefore, to show 3F > 2" for any p > 0, it suffices

to show -
lim L2~ sup flf’pm? =0. (5.30)
Bl1 [1—e<t<L

On the other hand, to show that for any 6 > 0, there exists ag > 0 such that

B — B > a5p' 0 W opeo,1], (5.31)

23



it suffices to show that: (1) the convergence in (5.30) is uniform for p € [pg, 1] for any 0 < pp < 1, which
implies that inf c(,, 1(35 — B2™) > 0; (2) for § =1+ p't0and L= (F—1)"1=p~ 179,

lim L2°% sup  APPM2 =, (5.32)
pl0 Li=e<t<L

which implies that for some pg € (0,1], 3 — 1 = G11,(8F — B2™) > p!*+? for all p € [0, po].
Proceeding exactly as in the d > 5 case, we note that (5.26) still holds in d = 4. By the choice
h = \/i% = p!*9/2 there exists p; € (0,1) such that

B 1446
7 (1+p)B  (A+p)(d+p ) <1- 2 <2y e 0, il (5.33)

S ldpth o 1+4p+ptt2

If we choose K, to be a return time distribution with [;~ K.(s)ds = 1 and K,(s) ~ Cs™? such that
K, stochastically dominates K4, for all p,h € [0,1], and let * be a renewal process on [0, 00) with
return time distribution K, then

0 <1lim L*~® sup Af’pinQ
pl0 Li-e<t<L

IN

Cli%p_(“r‘;)(z‘%f)EK* [exp {_%p1+é/2 ‘L* n o, p—(1+5)(1—e)] ‘ H !
P

. 2-2y 4o 1 _1+é/2 v
= C]\/}lm M =< E™ |exp —§M o= N[0, M]| =0

where we applied Proposition A.1 with §; = ﬁ%z_e) and 1 — o = %, which satisfy the condition
0 <91 < dy < 1ife>0issmall and « is then chosen sufficiently close to 1. This proves (5.32).

The proof of (5.30) for any p > 0 and the uniform convergence therein for p € [py, 1] for any py € (0, 1]
follows by similar arguments. It suffices to note that for each p > 0, there exists C' > 0 and 3y > 1 such
that 8’ <1—C+/p —1for all 3 € [1, Bo]. Furthermore, C' and 3y can be chosen uniformly for p € [pg, 1]

for any pg > 0. The rest of the proof proceeds exactly as for d = 4 in the discrete time case. |

A A renewal process estimate

The following proposition complements Proposition A.2 in [DGLTO07] for the case a = 1.

Proposition A.1 Let * = {19 = 0,1, -} be a renewal process on Ny with inter-arrival probability
distribution K, satisfying Y, cn K«(n) = 1 and K.(n) ~ Cn™% as n — co. Then for any ¢ > 0 and
0 <1 <o <1, we have

lim N!-92EK- [exp {—CN*‘S1 | n o, NHH = 0. (A.1)

N—o0

The same result holds if J* is a renewal process on [0,00) with inter-arrival distribution K, satisfying

IS Ki(s)ds =1 and K,(s) ~ Cs™2 as s — 0.

Proof. Let 03 € (01, 02). Note that

EX- [exp {—CN*JI * N [0, NH}] <P (0 < N0, N]| < N53) 4 emenN T (A.2)

Let (U;);en be i.i.d. random variables with distribution K. By our assumption on K, for each a € (0, 1),
we can find a constant C, > 0 and i.i.d. stable subordinators (V;);en with exponent a, i.e., P(V; > 0) =1

and V; & S Vi/n'/? such that P(U; > s) < P(V4 + Cy > s) for all s > 0. Therefore, for o € (3, 1),
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N3
IP(O < | N[0, N]| < N53) =P(Y U, >N
n=1

N3 N3

< PY(t+C) >N | =P Y V> N=CalN® | =P (V3 > NI70/0 - N» (1)
n=1 n=1

< CN%°, (A.3)

where we used the fact that P(V) > z) ~ Cz™® as x — oo. It is easy to see that (A.1) follows from (A.2)
and (A.3) if we choose o € (0,1) such that 1 — dy + d3 — a < 0. The case when ¢* is a renewal process
on [0,00) can be treated identically. ]
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