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Abstract
We construct a system of interacting two-sided Bessel processes on the unit interval and show that
the associated empirical measure process converges to the Wasserstein Diffusion [18], assuming that
Markov uniqueness holds for the generating Wasserstein Dirichlet form. The proof is based on the
variational convergence of an associated sequence of Dirichlet forms in the generalized Mosco sense of
Kuwae and Shioya [14].

1 Introduction

As shown in [18], for B > 0 there exists a measure P2 and a Hunt process (Pnep([071]), (,ut)tzo) on
(P([0,1]), Tw), the space of Borel probabilities over [0, 1] equipped with the weak topology, such that

i) PP admits the formal representation P%(du) = %e‘ﬁEnt(”)PO(du) as a Gibbs-type measure on
P([0,1]) with the Boltzmann entropy Ent(u) = f[o 1 log(dp/dz)dp as Hamiltonian and

ii) (P,

by the quadratic Wasserstein distance dy .

eP([0,1])> (1)¢>0) is a PA-symmetric diffusion on (P([0,1]), 7,) with intrinsic distance given

Moreover, letting denote by (u.) the process obtained from the invariant starting distribution P?
we arrive at a solution of the following martingale problem. The initial law of (p):>0 satisfies

1
(f. o) ~ /0 F(DP)dt Vf € C(o, 1), (1)

where (Df )teo,1] is the real valued Dirichlet (or normalized Gamma) process over [0, 1] with parameter
B> 0, and for f € C?([0,1]) with #/(0) = f'(1) = 0 the process

t
My = (foe) — - /0 (", pa)ds

2 H 2

t ner_ nr "T1.) — (] an) sl
_/0 5 [f( )+ 1) ) — SU)] O+ )

Iegaps (us)

is a continuous martingale with quadratic variation process

M), =2 / ()2, 1s)ds. 3)

Here gaps(u) denotes the set of connected components in the complement of spt(pu).

*Technische Universitédt Berlin, email: [andres,mrenesse]@math.tu-berlin.de



Properties i) and ii) suggest to view (ut)t>0 as model for a diffusing fluid when its heat flow is
perturbed by a kinetically uniform random forcing. The actual construction of (p)s>0 in [18] uses
abstract Dirichlet form methods without direct reference to physical intuition. (Pne'p([O,l]), (Mt)tzo) is
generated from the L2(P([0,1]), P%)-closure & of the quadratic form

Q(F,F) = / IVUFI2BO(du), Fez
P([0,1])

on the class Z = {F : P([0,1]) = R|F(n) = f((¢1,1), (D2, 1), (dh, 1)), [ € C(RE), {pi}he, C
CP(R), k € N}, where |[VVF|, = H(D‘#F)’(')HLQ([OJLM and (D, F)(x) = OyoF (1 + t0z).

In this paper we aim at an approximation of (u.) by a sequence of interacting particle systems in
order to gain insight into some of its qualitative features.

In analytic terms the Wasserstein diffusion (p.) solves an SPDE with nonlinear (singular) drift and
non-Lipschitz multiplicative noise. It should be noted that the class of stochastic nonlinear evolution
equations admitting a rigorous particle approximation appears to be rather small. Some examples
of lattice systems with stochastic nonlinear hydrodynamic behaviour are reviewed in [9], the case of
exchangeable diffusions is studied e.g. in [17, 13] and [3, 5] deal with stochastic nonlinear scaling
limits of population models with interactive behaviour.

Given the singularity of the generator of (u.), here we choose an approximation by a sequence of
reversible particle systems. This allows to use Dirichlet form methods for the passage to the limit
instead of arguing along a sequence of martingale problems. For the identification of the limit we
have to assume that £ is a maximal element in the class of (not necessarily regular) Dirichlet forms
on L2(P([0,1]),PP), i.e. that Markov uniqueness holds for £.

The assumption on Markov uniqueness appears in several quite similar contexts as well [12, 10].
The verification is usually difficult, in particular in a non-Gaussian infinite dimensional setting in-
volving singular logarithmic derivatives [6]. Finally, by general principles the Markov uniqueness of
€ is weaker than the essential self-adjointness of the generator of (u):>0 on Z and stronger than the
well-posedness, i.e. uniqueness, of the martingale problem problem defined by (1), (2) and (3) in the
class of Hunt processes on P([0,1]), cf. [1, theorem 3.4].

2 Set Up and Main Result

For N € Nlet XN = (z},---, 2l Hevy:={zeRV10<a' <22 <. <2V 1 <1} cRN?
denote the ordered vector of the positions of N — 1 particles in [0, 1]. Define the probability measure
gy on Xy by

1 N—-1y _ I'(s) a i -1\ -1, 1 N-1
gn(dz, - da™77) = T3/ [[@ =2~ dat .. da™,
i=1

where 29 = 0 and 2y = 1 by convention. The L?(Xy, qx)-closure of

EN(f, f) = / VFP()ax(da), | e C¥(Ey)

XN

defines a local regular Dirichlet form, which is again denoted by V. Let (X}¥);>0 be the associated
Markov process on X, starting from the invariant distribution ¢y and let

L N
= N1 z; 8y, € P([0, 1)),
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be the associated empirical measure process on [0, 1], considered on time scale N -t. Then we prove
the following assertion.

Theorem 2.1. Assume Markov-uniqueness holds for €, then (u™) Moge (n.) in Cr, ((P([0,1]), 7w))-

Remark 2.2. A careful integration by parts for ¢y shows that the domain the generator Ly of £V
contains the set of all smooth Neumann functions on . For such f

LNf(g;)—(ﬁ—l)NZ_l< L ! )af(a:)JrAf(a;) for & € Int(Zw)
—\N — pi— pi—l il _ i ) 9o N

Hence given initial conditions 0 < 2§ < 2% < --- < z)’™* < 1, (XY) is the formal solution to the
system of coupled Skorokhod SDEs

. 1 1 o :
dx;:(ﬁ_n( - i)dt+\/§dw§—|—dl§‘1—dl§, i=1,--,N—-1, (4)

i il
N Ty — Ty Ly — Ty

with independent real Brownian motions {w’} and local times I* satisfying
i >0, I— / Ui ooyl (5)
o T

(XN) may thus be considered as system of coupled two sided real Bessel processes with uniform
Bessel dimension § = % Similar to the real Bessel process BES(§) with Bessel dimension 6 < 1, the
existence of XV is not a trivial fact. By analogy one should expect that the Skorokhod-SDE defined
by (4) and (5) is ill-posed, but that nevertheless £V generates a Feller semigroup on X .

Remark 2.3. For simulation the dynamics of (XV) can be approximated by X = XL]X/’ZQ | t=0,
where (X,iv’e)nzo is the Markov chain on Yy with transition kernel p™*<(z, A) = %.

Alternatively one may integrate a regularized version of the formal SDE (4) and (5). The role of the
parameter (3 is illustrated by following results for the case of 4 = N — 1 particles at large times, which
we present by courtesy of Theresa Heeg, Bonn.




3 Proof of theorem 2.1

3.1 Tightness

As usual we show compactness of the laws of (uV) and, in a second step the uniqueness of the limit.

Proposition 3.1. The sequence (i) is tight in Cr, ((P([0,1]), Tw))-

Proof. According to theorem 3.7.1 in [4] it is sufficient to show that the sequence ({f,u"))yen is
tight, where f is taken from a dense subset in F C C([0,1]). Choose F := {f € C3([0,1]) |, f'(0) =
7(1) = 0}, then (f, u¥) = FN(X,) with

NNy DB f(@) — f(='1)
N-IVF (x)_N_1; S
N =iy P = £ N @) - i
+mi:1 (f (') — 2t i1 >+N—1 N _ pN-1 ’
such that
N N " B"f' "
IN-LVFN (@) < || £l 7+Hf e v 1 = CW M lloso)-

This implies a uniform in N Lipschitz bound for the BV part in the Doob-Meyer decomposition
of FN (X ]]\\,7 ). The process X N has continuous sample paths with square field operator ['(F,F) =
L(F?)—2F - LF = |VF|?. Hence the quadratic variation of the martingale part of FV (XY ) satisfies

t tN 1
PO YR = v [V PO = g [0 <209 [
Since
I S LB 8
FN(XY) = N1 2 f(DZ./N) — i f(DYds  QP-as.,

the law of FNV (Xév ) is convergent. Using now Aldous’ tightness criterion in an appropriate version on
sequences of semi-martingales the assertion follows, cf. corollary 3.6.7. in [4]. U

Remark 3.2. Using the symmetry of (XV) we could have used the Lyons-Zheng decomposition for
the tightness proof instead. The argument above shows the balance of first and second order parts of
N - LN as N tends to infinity.



3.2 Identification of the Limit

3.2.1 The G-Parameterization

In order to identify the limit of the sequence (')

right continuous quantile functions, cf. [18]. The set

we parameterize the space P([0,1]) in terms of

G={g:[0,1) — [0,1] | g cadlag nondecreasing},

equipped with the L?([0, 1], dz) distance d;2 is a compact subspace of L?([0,1],dx). It is homeomor-
phic to (P([0,1]), 7w) by means of the map

p:G—=P(0,1]),  g— g«ldo),
which takes a function g € G to the image measure of dz under g. The inverse map x = p~! :
P([0,1]) — G is realized by taking the right continuous quantile function.

For technical reasons we introduce the following modification of () which is better behaved in
terms of the map k.
Lemma 3.3. For N € N define the Markov process
N -1 1
vV i= —— N+ ~00 € P((0,1]),

N
then (vN') is convergent on Cr, ((P([0,1]),7w)) along any subsequence N' if and only if (uN') is. In
this case both limits coincide.

Proof. For any f € C([0,1]) the sequence ((f, V")) n+ is tight if and only if the same holds true for
the sequence ((f,N')) s, where the limits coincide. Using Theorem 3.7.1 in [4] again, this implies
(1) is tight in case (vN') is and vice versa. Since the map I : Cr, (P([0,1])) — Cr, (R), (mt)i>0 —
({my, f))s>0 is continous for f € C([0,1]) we conclude that the respective laws of Iy on Cr>o(R)
induced by any two potential limits of (1) and (#N') coincide. Hence those limits must in fact be
identical. O

Let (¢VV) := (k(v")) be the process (V) in the G-parameterization. It can also be obtained by
g = u(XN.)
with the imbedding ¢ = ¢V

N-1

SN =G @) =D a By
7=0

Similarly, let (g.) = (k(p.)) be the G-image of the Wasserstein diffusion under the map x with
invariant initial distribution Q°. In [18, theorem 7.5] it is shown that (g.) is generated by the Dirichlet
form, again denoted by £, which is obtained as the L*(G, Q%)-closure of

E(u,v) = /g<vu|g(')vvvlg(')>L2([0,1}) Q°(dg),  w,veC(G).

on the class

¢(G) ={u:G = Rlulg) =U({f1,9) 12, -+ (fm: 9)12), U € Cc(R™), { fi}i%y € L*([0,1]),m € N},
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where Vuy, is the L*([0, 1], dz)-gradient of u at g.

The convergence of (1) to (p.) in Cr, (P([0,1]), 7) is thus equivalent to the convergence of (g¥)
to (¢.) in Cr, (G,dz2). By proposition 3.1 and lemma 3.3 (¢/V)y is a tight sequence of processes on
G. The following statement idenitifies (g.) as the unique weak limit.

Proposition 3.4. Let £ be Markov-unique. Then for any f € C(G') and 0 < t; < ... < 1,
N—
E(f(gi]\lla e 791{;7)) —=° E(f(gtu' o >gtl))‘

3.2.2 Finite Dimensional Approximation of Dirichlet Forms in Mosco Sense

Proposition 3.4 is proved by showing that the sequence of generating Dirichlet forms N -V of (¢V) on
L?(Xn, qn) converges to £ on L?(G, Q) in the generalized Mosco sense of Kuwae and Shioya, allowing
for varying base L2-spaces. We recall the framework developed in [14].

Definition 3.5 (Convergence of Hilbert spaces). A sequence of Hilbert spaces HN converges to a
Hilbert space H if there exists a family of linear maps {® : H — HNYx such that

1i]1VrnH<I>NuHHN = |lull 4, for allu e H.

A sequence (uny)n with uy € Hy converges strongly to a vector u € H if there exists a sequence
(uny)n C H tending to u in H such that

li]{fnlimj\;up H@MﬁN —upt|| yyar =0,

and (un) converges weakly to u if
lij{fn<UN,’UN>HN = (u,v)q,

for any sequence (vy)n with vy € HY tending strongly to v € H. Moreover, a sequence (By)n of
bounded operators on HY converges strongly (resp. weakly) to an operator B on H if Byuy — Bu
strongly (resp. weakly) for any sequence (uy) tending to u strongly (resp. weakly).

Definition 3.6 (Mosco Convergence). A sequence (EN)x of quadratic forms EN on HN converges
to a quadratic form E on H in the Mosco sense if the following two conditions hold:

Mosco I: If a sequence (un)y with uy € HYN weakly converges to a u € H, then

E(u,u) < lirrjlvinf EN (uy,up).

Mosco I1: For any u € H there exists a sequence (uy)n with uy € HY which converges strongly to
u such that
E(u, u) = li]{anN(uN, uN).

Extending [16] it is shown in [14] that Mosco convergence of a sequence of Dirichlet forms is
equivalent to the strong convergence of the associated resolvents and semigroups. We will apply this
result when HY = L?(Zy,qn), H = L?(G,QP) and ®" is defined to be the conditional expectation
operator

oV H — HY;  (®Vu)(2) == E(ulgyn = zii=1,...,N —1).

However, we shall prove that the sequence N - £V converges to £ in the Mosco sense in a slightly
modified fashion, namely the condition (Mosco II) will be replaced by
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Mosco II': There is a core K C D(E) such that for any u € K there ezists a sequence (un)n with
un € D(EN) which converges strongly to u such that E(u,u) = limy EN (uy, uy).

Theorem 3.7. Under the assumption that HY — H the conditions (Mosco I) and (Mosco II’) are
equivalent to the strong convergence of the associated resolvents.

Proof. We proceed as in the proof of theorem 2.4.1 in [16]. By theorem 2.4 of [14] strong convergence
of resolvents implies Mosco-convergence in the original stronger sense. Hence we need to show only
that our weakened notion of Mosco-convergence also implies strong convergence of resolvents.

Let {RY, A > 0} and {Ry, A\ > 0} be the resolvent operators associated with EV and F, respec-
tively. Then, for each A > 0 we have to prove that for every z € H and every sequence (zy) tending
strongly to z the sequence (uy) defined by un := RYzy € HY converges strongly to u := Ryz as
N — oo. The vector u is characterized as the unique minimizer of E(v,v) + A{v,v)g — 2(z,v) g over
H and a similar characterization holds for each uy. Since for each N the norm of Rﬁ\v as an operator
on HY is bounded by A~!, by Lemma 2.2 in [14] there exists a subsequence of (uy), still denoted by
(un), that converges weakly to some @ € H. By (Mosco II’) we find for every v € K a sequence (vy)
tending strongly to v such that limy E™ (vy,vy) = E(v,v). Since for every N

EN(’U,N,’U,N) + )\<'UJN7UN>HN — 2<ZN,UN>HN < EN(UN, ’UN) + )\(’UN, ’UN>HN — 2<ZN,’UN>HN,
using the condition (Mosco I) we obtain in the limit N — oo:
E(a,a) + MNa,t)g — 2(z, @) g < E(v,v) + XNv,v)g — 2(z,0) i,

which by the definition of the resolvent together with the density of K’ C D(E) implies that & = Ryz =
u. This establishes the weak convergence of resolvents. It remains to show strong convergence. Let
Uy = Rﬁ\v zn converge weakly to u = R)z and choose v € K with the respective strong approximations
vy € HY such that EV (vy,vn) — E(v,v), then the resolvent inequality for RV yields

EN(un,un) 4+ Aluy — 25/ Mlgn < BN (on,on) + Allow = 25/ Al -
Taking the limit for N — oo, one obtains

limsup A flux — 2 /Al < B(v,v) = E(u,u) + Ao — 2/A% -
N

Since K is a dense subset we may now let v — u € D(F), which yields

limj\fup lun — 25 /Al v < llu— 2/ Al -

Due to the weak lower semicontinuity of the norm this yields limy |[uxy — 25 /A|| = ||u — z/A||. Since
strong convergence in H is equivalent to weak convergence together with the convergence of the
associated norms the claim follows (cf. Lemma 2.3 in [14]). O

Proposition 3.4 will now essentially be implied by the following statement, which by the definitions
above summarizes the subsequent three propositions.

Theorem 3.8. Assume that £ is Markov-unique on L*(G,Q). Then (N-EN, HN) converges to (£, H)
along ® in Mosco sense.

Proposition 3.9. HV converges to H along ®V, for N — oo.



Proof.  We have to show that ||®Nul| v — |ully for each u € H. Let FV be the o-Algebra
on G generated by the projection maps {g — ¢(i/N)|i = 1,...,N — 1}. By abuse of notation
we identify ®Nu € H with E(u|FYN) of u, considered as an element of L?(Qf FV) c H. Since
the measure gy coincides with the respective finite dimensional distributions of Q° on ¥y we have
H(I)NUHHN = H@NuHH Hence the claim will follow once we show that ®Vu — w in H. For the latter
we use the following abstract result, whose proof can be found, e.g. in [2, lemma 1.3].

Lemma 3.10. Let (2, D, u) be a measure space and (Fp)nen a sequence of o-subalgebras of D. Then
E(f|Fn) — f forall f € LP, p € [1,00) if and only if for all A € D there is a sequence A,, € F, such
that p(Ap,AA) — 0 for n — oo.

In order to apply this lemma to the given case (G,B(G),Q%), where B(G) denotes the Borel o-
algebra on G, let f@ﬁ C B(G) denote the collection of all Borel sets F' C G which can be approximated
by elements Fy € FN with respect to Q° in the sense above. Note that Fgs is again a o-algebra,
cf. the appendix in [2]. Let M denote the system of finitely based open cylinder sets in G of the
form M = {g € G|gi, € O;,i=1,...,L} where t; € [0,1] and O; C [0,1] open. From the almost sure
right continuity of ¢ and the fact that ¢, is continuous at t1,...,t; for Q%-almost all g it follows that
My = {9 € Glg(rt, n1/n) € Oiyi = 1,...,L} € FN is an approximation of M in the sense above.
Since M generates B(G) we obtain B(G) C Fgs such that the assertion holds, due to lemma 3.10. [J

Remark 3.11. It is much simpler to prove proposition 3.9 for a dyadic subsequence N = 2™ m € N

. . /. . .
is nondecreasing and bounded, because ®V' is a projection operator

(IDN/UHHN/ is Cauchy and thus

’

when the sequence H<I>NIUH
HN

. . . . . /
in H with increasing range im(®"") as N’ grows. Hence,

!/ ! 2 ! 2 ! 2
H<I>Nu— @Mu) HCDN uHH - H@Mu ‘H —0 forM',N' — oo,

H pu—
i.e. the sequence ®V u converges to some v € H. Since obviously ®Nu — u weakly in H it follows
that u = v such that the claim is obtained from | H@N/u ‘H —lullg | < H<I>N/u - uHH

To simplify notation for f € L?([0, 1], dx) denote the functional g — (fs9) 20,17 on G by ly. We
introduce the set K of polynomials defined by

K = {u € C(9)|ulg) = Hl];:(g), ki €N, f; € C([0, 1])} :

i=1

Corollary 3.12. For a polynomial uw € K with u(g) =[], lk:' (9) let un =[], (CIDN(lfi))ki € HY,
then uy — u strongly.

Proof. Let @V =[], (CDN (1 fl))kz € H be the respective product of conditional expectations, where
as above ® also denotes the projection operator on H = L%*(G,Q%). Since each of the factors
®N(1;,) € H is uniformly bounded and converges strongly to Iy, in L?(G,Q%), the convergence also
holds true in any LP(G,Q”) with p > 0. This implies @ — w in H. Furthermore,

o ([0t - T

i=1 =1

lin lim {| @y — wnr || 0 = lim lim

H
n n

[T @)™ -1

i=1 i=1

= 0. g
H

= lim
N




Proposition 3.13 (Mosco II'). There is a core K C D(&) such that for all w € K there is a sequence
uy € D(EN) converging strongly to uw € H and N - EN (un,un) — E(u,u).

Proof. Tt follows from the chain rule for the L?-gradient operator V that the linear span of polynomials

of the form u(g) =[], l';z (9) with k; € N, f; € C([0,1]), k; € N, is a core of D(E). Hence it suffices

to prove the claim for such u. Let uy =[], (<I>N ( fz))k’ € HY as above then the strong convergence
of uV to u is assured by corollary 3.12. From lemma 3.15 below we obtain that ®(1;)(X) = (f, gx).
In particular

(VENI(X) = 5 (0 * ) ()

where 7"V denotes the convolution kernel t — 7 (t) = N - (1 —min(1,|N -t|)). By this the convergence
of N-En(u™,uN) to £(u,u) follows easily from Lebesgue’s dominated convergence theorem in L?(G x
0,1],Q° ® dx). O

Remark 3.14. For later use we observe that for v and uy as above and for Q%-a.e. g we have

[N (Vur(g(1/N), - g((N = 1)/N)) = V| gy — 0 a8 N — o0,

HL?(O,l)

with Y : R¥N=1 — D([0,1),R) defined as above.
Lemma 3.15. For X € X define gx € G by
. . 1 141
gx(t) =xi + (N -t —i)(zis1 — ;)  ifte [N’T)’ i=0,....,N -1,

then
E(g|Fn)(X) = gx.

Proof. The statement is a simple consequence of the explicit formula for the finite dimensional
distributions of the Dirichlet process, cf. [vRSO07]. O

For the verification of Mosco I we exploit that the respective integration by parts formulas of £V
and & converge. In case of a fixed state space a similar approach is discussed in [12].

Let TV := {f : ¥y — R¥~1} be equipped with the norm

I =57 [ 7)o ax (o)

then the corresponding integration by parts formula for gy on X reads

(Vs €)= = (s v €) v (©
To state the corresponding formula for £ we introduce the Hilbert space of vector fields on G by
T = L*G x [0,1],Q° ® dz),
with dense subset © C T'

© = span{¢ € T'|((g, 1) = w(g) - p(g(t)), w € K, € C*([0,1]) : ¢(0) = ¢(1) = 0}.



The L?-derivative operator V defines a map
v:e @) —-T
which by [18, proposition 7.3], cf. [19], satisfies the following integration by parts formula, .
(Vu, ()7 = —(u, divgs)r, u€€(G),( €O, (7)
where, for ¢(g,t) = w(g) - ¢(9(t)),
divgs((g) = w(g) - VJ (9) + (Vw(9) (), 0(9(-)) 12(aa)
with

and

Vog) =Y [s@’(g(aﬂ) +¢/(9(a))  deog) )]
a€dy
Here J, C [0, 1] denotes the set of jump locations of g and
(pog) (@)= ¥ (g(at)) — ¢ (g9(a—))
dg g(a+) — g(a—)

By formula (7) one can extend V to a closed operator on D(E) such that €(u,u) = |[Vu|>. The
Markov uniqueness of £ now implies the converse which is a characterization of D(€) via (7).

Lemma 3.16 (Meyers-Serrin property). Assume Markov-uniqueness holds for €, then

(& (u,u))? = sup M

Sl ®)

Proof. We repeat the standard argument, cf. [6]. Denoting the r.h.s. of (8) by (€(u,u))"/? one
obtains that £ is a Markovian extension of £. Since £ is assumed maximal in the class of Markovian
forms it follows & = £. O

The convergence of (6) to (7) is established by the following lemma whose prove is given below.

Lemma 3.17. For( € © there exists a sequence of vector fields (- ©n — RN™! such that ddiNCN €
HN converges strongly to divgs( in H and such that HCNHTN — ¢l for N — oo.

Proposition 3.18 (Mosco I). Let £ be Markov-unique and let uy € D(EN) converge weakly tou € H,
then
E(u,u) <liminf N - EN (un, up).
N—o0

Proof. Let u € H and uny € HY converge weakly to u. Let ¢ € © and ¢ be as in lemma 3.17, then

—(u, diVQﬁOH  lim —(un, divgyCn) g
19|73 ¢Vl v

=lim N - W <liminf N - [|[Vuy|px = liminf (N - SN(uN,uN))l/Q,
TN

such that, using (8),

(E ()2 = sup 4 VerO)s

< lim inf (N-SN(uN,uN))l/Q. O
¢eo l[SiEs
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Proof of lemma 3.17. By linearity it suffices to consider the case ((g,t) = w(g) - ¢(g(t)) with w(g) =
H?zlll;ii(g). Choose
(M@, o)) == wn (@, ey 1) - ()
with wy =[], (®V(Iy,))%. Then
divgy (N = wy - V{, + (Vun, Grn-i,
with
(,5(%1, s 7$N—1) = (QO(.Z'l), ce QO(CUN_l))

$Z —|—ng

and

L 1
ngﬁp(xl”"aﬁN— ZW it

LTi+1 — T4

We recall that for all bounded measurable u : [0, 1]N LR
/2 w(ar, . ex-1) an(dr) = /g u(g(ty), .. gltn-1)) @ (dg),
N

with t; =i/N,i=0,...,N. Using this we get immediately

Il = /. 3 @) ) (o) — /g WRlolt), oty )3 S o001 Q(dg)

XN =1
- / w?(g) / o(9(5))2 ds Q% (dg) = |||
g 0

To prove strong convergence of divg, N to divgs(, by definition we have to show that there exists a
sequence (dV¢)y C H tending to divgs( in H such that

. . M/ N . M2 .
hj{fnhmj\;up“@ (d™¢) — divg,, ¢ HHM = 0.
The choice
dV¢(g) = divgy¢M(g(t), -, g(tn-1))

makes this convergence trivial, once we have proven that in fact (d’V¢)y converges to divgs( in H.
This is carried out in the following two lemmas. (I

Lemma 3.19. For Q%-a.s. g we have
V]€7w(g(t1),...,g<t1\[—1))—>Vf(g), aSN—)OOa
and we have also convergence in LP(G, Q%), p > 1.

Proof. We rewrite Vje (g(t1),...,9(tny-1)) as

N—-1
©(g(tiv1)) — o(g(t))
Vze,cp(g(h% g(tn-1) 5; ;:1) 9(t) (tig1 —t;)
plg(t) —plglte) | = e(g(tir1)) — plg(t)
9(t1) —glto) +Z< UEL () ) ®)

=1
o(g(tn)) — plg(tn-1))
) —g(tn-1)

+¢'(g(tn-1)) —



Note that all terms are uniformly bounded in g with a bound depending on the supremum norm of
¢ and ¢”, respectively. Since the same holds for Vf (g9) (cf. Lemma 5.1 in [vRS07]), it is sufficient to
show convergence Q%-a.s. By the support properties of QF ¢ is continuous at tx = 1, so that the last
line in (9) tends to zero. Using Taylor’s formula we obtain that the first term in (9) is equal to

N-1 1 N-1
B & (g(t) (tivn — ) + 5 D" (n) (gltinn) — g(t) (i — 1),
i=0 i=0

for some ~; € [g(ti), g(ti+1)]. Obviously, the first term tends to (3 fol ¢'(g(s)) ds and the second one to
zero as N — oo. Thus, it remains to show that the second line in (9) converges to

T [@’(g(a+))+¢’(g(a—)) 5(pog) (a)] PO+

2 - 4g 2

(10)
a€dy
Note that by the right-continuity of g the first term in the second line in (9) tends to —¢’(0). Let
now ag,...,a;—1 denote the I — 2 largest jumps of g on ]0,1[. For N very large (compared with [) we
may assume that ao,...,a;_o E]%,l — %[ Put a; := %, a=1-— % For j =1,...,l let k; denote
the index i € {1,..., N — 1}, for which a; € [t;,t;41[. In particular, &y = 1 and k; = N — 1. Then

z‘e{kggku}(p/(g(ti)) - SO(gg(Z;lB :j;((i;ti)) N—oo ;Z;”/(g(%—)) - 5((’;; 9) (a;)
— Y e - 2200w,
Provided [ and N are chosen so large that e
ot — (1] < 5

for alli € {0,...,N — 1}\{k1,..., ki }, where C' = sup, |¢"'(s)|/6, again by Taylor’s formula we get
for every j € {1,...,1—1}
kjy1—1
9(tit1) — g(t:)

izkj+1
kjy1—1
=— ) 1w”(g(lti)) (9(tiv1) — g(t:)) + 1so’”(%-) (9(tis1) — g(t:))?
2 6
izkj+1

1 A Vi -2 1 g(aj+1_) " -2
o) e rou =3 [T e ds+ou)
—oe a;+ gla;+)

Summation over j leads to

-1 kjy1—-1
Z \ /(g(t)) B @(g(tZJrl)) — 90(9(751))
=t 7 g(tit1) — g(ts)
j=1li=k;+1
1 =L reagia-) ' 1 1, 128 poleid) 1
e [ dstou =5 [ s Y [ s ds o
—00 = glaj+) 0 j=2 gla;—)
1 1
W) - PO 41 Y Plolat)) - P g(an)
a€dy
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Combining this with (11) yields that the second line of (9) converges in fact to (10), which completes
the proof. O

Since wy (g(t1),. .., g(tn_1) converges to w in LP(G,QP), p > 0 (cf. proof of corollary 3.12 above),
the last lemma ensures that the first term of dV( converges to the first term of divgs( in H, while
the following lemma deals with the second term.

Lemma 3.20. For Q%-a.s. g we have
(Vwn(g(t1), -, 9(tn-1)), B(g(t1), - - -, g(tn=1)))ry—1 — (Vwig, 0(9(.)) 20,1,  as N — oo,

and we have also convergence in H.

Proof. As in the proof of the last lemma it is enough to prove convergence QF%-a.s. Note that

(Vun (), (@))rv-1 = N (Vun (), Y (F(3) 20,1

writing § := (g(t1),...,9(tny_1)) and using the extension of :V on RN¥~!. By triangle and Cauchy-
Schwarz inequality we obtain

(N (Vun (), Y (E@))) L201) — (Vg ©(9())) L20.1)]
<N (Vwn(§)) — Vg, Y (B(@))) 20 + (Vg Y (8(3) = 0(9())) 2(0.0)]
< “NLN(VWN(g)) - Vw|gHL2(071) |‘LN(¢(§))|‘L2(071) + va|9HL2(0,1) “LN(ﬁ(g)) - @(g(‘))“LQ(OJ) )

K

which tends to zero by remark 3.14 and by the definition of ¢!. (I

3.2.3 Proof of proposition 3.4

Lemma 3.21. For u € C(G) let uy € HY be defined by uy(x) := u(wx), then uy — u strongly.
Moreover, for any sequence fx € HN with fy — f € H strongly, un - fx — u- f strongly.

Proof. Let iy € H be defined by iin(g) := u(g"), where gV := Z£i1g(i/N)]J[i/N,(i+1)/N)v then
iy — u in H strongly. Moreover,

lim lim @M N — wn]| o = lim lim | @M iy — dinr|,, = lim [[an —ully =0,

where as above we have identified ® with the corresponding projection operator in L?(G, Q%). For the
proof of the second statement, let H 3 fy — f in H such that limy lim sups HtI)MfN — fMHHM =0.
From the uniform boundedness of @y it follows that also uy - fN — u - f in H. In order to show

HM s up - far — w- f write

H‘I)M(ﬂN - fN) = un fMHHM < H‘PM(@N - fN) = un ‘I)M(fM)H + HUM “fm = ‘I’M(fM)HHM :

HM

Identifying the map ®M with the associated conditional expectation operator, considered as an or-
thogonal projection in H, the claim follows from

HQ’M(??N - fn) = g - q’M(fM)‘

= H@M(QN - fn) = diag - ‘?M(fM)HH

= @ - fiv) = @M (an - fan)|

HM

H

< HﬂN - v — i - fMHH
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and
Jaas - far = wng - @M (Fan)|| |, < Nl || 2 = @M ()|,

+ lullo |[ @ () = @ (Far)
= lull |13 = @ (P,

+llulo || (F) = @ (Fan)|

< Nullo |[£3r = @ ()|

il =,

HM

HM

=0. O
HM

such that in fact limy lim sup,, H@M(&N . fN) —up - fM‘

Proof of proposition 3.4 It suffices to prove the claim for functions f € C(G!) of the form
flgr, .. q) = filgr) - folge) - - filg) with fi € C(G). Let PN : HY — HY be the semigroup
on HY induced by gV via Eg.qy[f(g)¥)] = (PN f,g) g~ . From theorem 3.8 and the abstract results in
[14] it follows that P}¥ converges to P; strongly, i.e. for any sequence u’¥ € HY converging to some
u € H strongly, the sequence PN ! also strongly converges to Pyu. Let fiN := f; 0., then inductive
application of lemma 3.21 yields

Py (PN (NP PN YY)

N—oo

— Ptl*tlfl (fl : Ptl,1*t172 (fl—l ' Ptz,gftlfg s f2 : Ptlfl) o ) Strongly7

which in particular implies the convergence of inner products. Hence, using the Markov property of
g~ and g we may conclude that

limE(f1(g) - filgy)) = EmE(AY (X)) - fY(X3)
= 111{[n<1, Pt]lv—tl,l(le : Pt]l\il—tl,z(fl]yl ’ Ptjl\iz—tl,i,» cee f2N : Ptzlvle) T )>HN

= (L, Py—t, (fi- Py =ty s(fic1 - Py gty 5--- o Py 1) ))H
=E(f1(9t,) - fi(gs))- a

4 Appendix: On a connection to V¢-interface models

We conclude with a remark on a link to stochastic interface models. Consider an interface on the
one-dimensional lattice I'y := {1,..., N — 1}. The location of the interface at time ¢ is represented
by the height variables ¢; = {¢¢(z), € Ty} € VN - Xy with dynamics determined by the generator
LV defined below and with the boundary conditions ¢¢(0) = 0 and ¢(N) = /N at dT'y := {0, N'}.

=N . ﬁ_ 1 _ 1 0
pIer=(y ”xezm<¢<w>—¢<x—1> Ao o O A

for ¢ € Int(v/N - Xy) and with ¢(0) := 0 and ¢(N) := v N. LV corresponds to L™ as an operator on
C(V/N - Xy) with domain

DY) :={f e C*(VN - )| LN f € C(VN - Zy)}.

14



Note that this system involves a non-convex interaction potential function V' on (0,00) given by
Vir)=01- %) log(r) and the Hamiltonian

N-1

Hy(¢) ==Y V(¢(x+1)—¢(x),  ¢(0):=0, ¢(N):=VN,

x=0

Then, the natural stationary distribution of the interface is the Gibbs measure py conditioned on

VN - Sy )
i (de) = 7= exp(=HN (@)Y pq),...ov-1yevizyy 11 49@),

zel'n

where Zp is a normalization constant. Note that uy is the corresponding measure of gN on the state
space VN - Y. Suppose now that (¢;);>0 is the stationary process generated by LY. Then the
space-time scaled process

~ 1
(I)iv(x) = W¢N2t(x)7 xr = 07" . 7N7

living on X is associated with the Dirichlet form N - £V. Introducing the G-valued fluctuation field

oY) = > V(@) dpyn, @iy (@), P E0,1),

zel' N

by our main result we have weak convergence for the law of the equilibrium fluctuation field ®V to
the law of the nonlinear diffusion on G, which is the G-parametrization of the Wasserstein diffusion.
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